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ABSTRACT

We analyze the contribution of the inhomogeneous magnetic field induced by an electrical current to the spin Hall effect in metals. The Zeeman coupling between the
field and the electron spin leads to a spin dependent force, and to spin accumulation at the edges. We compare the effect of this relativistic correction to the electron
dynamics to the features induced by the spin-orbit interaction. The effect of current induced magnetic fields on the spin Hall effect can be comparable to the extrinsic
contribution from the spin-orbit interaction, although it does not require the presence of heavy elements with a strong spin-orbit interaction.

1. Introduction

The passage of an electric current in a metallic sheet leads to the ac-
cumulation of spin at its edges, the Spin Hall Effect (SHE). This phenom-
enon, related to the accumulation of charge when a current is induced in
a ferromagnet, the Anomalous Hall Effect (AHE) has opened new ways
of manipulating spins in metals. A natural explanation of the SHE and
AHE can be given in terms of the spin-orbit interaction [1]. For the SHE,
either spin dependent scattering due to impurities [2], or the action of
an intrinsic interaction on accelerating carriers [3,4] can lead to the de-
flection of spin currents, and to spin accumulation at the edges, see Fig.
1. The nature of the SHE and the AHE are discussed in detail in Refs.
[4,5].

In the following, we analyze an additional contribution to the SHE,
arising from the existence of non-homogeneous magnetic fields within
the metallic sheet, see Fig. 2. These fields give rise to a spatially depen-
dent Zeeman energy, and to lateral forces on the carriers, whose sign
depends on the spin. As a result, a gradient in the spin density within
the sample is induced. It is worth noting that the possibility that the cur-
rent-induced magnetic field plays a role in the orientation of the spin
accumulation at the edges was pointed out in Ref. [2]. In this article, it
will be shown that this mechanism gives rise to spin imbalances compa-
rable to those derived from the extrinsic and intrinsic mechanisms men-
tioned earlier.

Our analysis does not rely explicitly on the existence of a strong
spin orbit coupling, so that it can be generalized to metals made from
light elements (note, however, that the Zeeman energy can be consid-
ered a relativistic effect which arises from the Dirac equation which
describes the electrons). The main features of the model are described
next. Then, semi quantitative estimates of the spin accumulation in-
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duced by inhomogeneous magnetic fields are made, and compared to
the results derived from the contributions to the SHE from extrinsic and
intrinsic spin-orbit interactions. Finally, the main conclusions and possi-
ble extensions will be presented. We use CGS units throughout the man-
uscript. This choice helps to highlight the way in which relativistic cor-
rections enter in the analysis.

2. Results and discussion
2.1. Inhomogeneous magnetic fields in current carrying metallic sheets

We consider a thin metallic sheet, of dimensions ¢y, ¢, and 7., with
¢, < 7,7, see Fig. 1. We assume a constant current density per unit
area, J, along the ¥ direction. This current induces at the plane of the
sheet, a magnetic field along the z direction. In the limit £, > ¢, 2. and
¢, < ¢, the field is [6] (see also Section 1 of the Appendix):

2,7, /2 +x
[ _ x
B_(x) = " log <—fx/2 _x> @

The label jstands for the current density, j, =1/ (¢,¢.), wherel is
the total current. Throughout most of the sheet the field can be well ap-
proximated by function proportional to the x coordinate [6],

X
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x

This is the field measured in a frame of reference at rest. In the frame
of reference where the current carriers are at rest a positive current, as-
sociated with the ions, can be defined. This current induces magnetic
field, which is felt by the carriers. This field is the same field that is ob-
served in the laboratory system. The Zeeman energy associated to this
field is
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Fig. 1. Sketch of the spin currents induced by the magnetic field created by an electrical
current in a Hall bar. The black arrows inside the charge carriers (yellow spheres) stand
for the magnetic moment of the carriers. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Sketch of the inhomogeneous magnetic field created by a current, and the associ-
ated Zeeman forces. The magnetic moment of the charge carriers (yellow spheres) is rep-
resented as black arrows inside the carriers. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

By = [ s (3) b (), ) 9

where pp = (eh) / (2mc) is Bohr’s magneton. As a result, a force acting
on the spin of the carriers arises

Hply € upl
Fln 48— 2 = 1872
B T e )

This force is sketched in Fig. 2.
2.2. Numerical estimates. Magnetic field

The magnetic field induced by the current, given in Eq. (1), is maxi-
mum at the edges of the sample, x ~ ¢,/2,
By 82 &

max

()

For typical current densities, j, ~ 10’A x m~2 and ¢, ~ 100nm we ob-
tain B, ~ 1072G. This field is much lower than typical fields used in
experiments. We assume that the orbital polarization induced by a mag-
netic field of this magnitude is negligible. As mentioned before, we focus
on the spin dependent forces induced by the gradient of this field.

2.3. Numerical estimates. Hall angle

The spin Hall angle, obtained from Eq. (4), is described in Section
2 of the Appendix. An approximation based on a three dimensional
nearly free electron model for the carriers gives, see Eq. (A5):
arn S ety O
1372 322 7 £, ©)

where « is the Hall angle, kx is the Fermi wavevector, ag =~ 0.53A is the
Bohr radius, and ¢ is the mean free path. The factor 1/137 in the de-
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nominator of the r.h.s. in Eq. (6) is the fine structure constant, and it
highlights the relativistic origin of the effect.

Eq. (6) applies to metallic samples with light elements. Experiments
with Al samples were reported in [6]. We assume that i/ ~ 1.7A7Y
k;‘;’f ~ 10% and 7./¢, ~ 1/5. We obtain « ~ 2.3 x 10~%. This value is of
the same order of magnitude as the results reported in [8,9] (see also
[10,11]). The estimate in Eq. (6) is valid for nearly free electron sys-
tems, where the effective mass is approximately equal to the free elec-
tron mass, e ¥ Me, The value of @ in Eq. (6) is enhanced by a factor
myy/m, if the two masses differ significantly, as in transition metals.

A similar analysis to the one leading to Eq. (6), but for a quasi-two
dimensional electron gas where only one subband is occupied gives, see
Eq. (A6)
a5 Ly o2

WA 7

The dependence of the angle on relativistic effects, a « ¢, is the
same as the one expected for the extrinsic contribution from skew scat-
tering effects, see below. This may complicate the experimental separa-
tion of the contribution from the field gradient discussed here from that
of skew scattering. A plot of the dependence of @ on elastic scattering
and on the aspect ratio of the sample, using. Eq. (6), is shown in Fig. 3.

Ref. [2] suggested the measurement of the Spin Hall Effect through
the voltage induced in a strip connecting the edges of the sample. That
setup does not necessarily work for the detecting the contribution dis-
cussed here, as the current induced magnetic field can also affect the
electrons in the strip, see discussion in [2] and Appendix Sect. 5.

2.4. Numerical estimates. Spin accumulation at the edges

The net spin at the edges, if the spin diffusion length is smaller
than the width of the sample, 7,, is determined by the difference

in the chemical potential for the spin up and spin down electrons,
fX
2
(1). This expression has been obtained in the limit £, < ¢, and it

breaks close to the edges, when

My — My X 2ugB, <x == ) The expression for the field is given in Eq.

¢

53— le‘ <7,. We take the average

of B. over distances from the edge comparable to ¢,, and obtain
Ytz

(B)~ 2

edges, in units of electrons per area is

log (% ) We finally obtain that the spin accumulation at the

Fig. 3. Spin Hall angle, @, due to the current induced magnetic field, as function of the
product of the Fermi wavelength and the mean free path, kz¢ and the aspect ratio of the
sample, £./¢x. See Eq. (6).
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where 7 (€x) is the density of states of the metal at the Fermi energy. We
assume ¢, = lym, £, =0.1ym, j = 10°A/mm? and » (ep) = lev-1A73
Inserting these parameters in Eq. (8) we obtain n; —nj » 10'8cm=3,

2.5. Comparison to the skew scattering contribution to the Spin Hall Effect

We first estimate the combined effect of the spin scattering interac-
tion and defect scattering following Ref. [2]. We assume that the ef-
fect of the impurities is roughly equivalent to the effect of a magnetic
field equal to the magnetization due to the carriers with a given spin,
By~ ,e,,_f(l;"T where 1 is the density per unit volume of carriers with spin

up. The associated force is

FSH o veBeff vé2h

~
ext c mc2

ny 9

where v is the carrier velocity. Using / ~ ev (n; + n,) £,£., we obtain

extr "~ Tme2t e L, 10
Which leads to a spin Hall angle
1 kpag
Aoxyy ~ ﬁ 322 F! (11)
So that, using Eq. (6), we obtain
a; g ¢,
o 12
aextr fx ( )

Note that this estimate of F:Efj in Eq. (10) gives an upper bound to its
actual value, as the analysis assumes that the spin dependent scattering
induced by impurities leads to an effective field comparable to the one
generated by the total spin of the carriers. A general discussion of skew
scattering effects, following the original ideas [12-14], can be found
in [15]. A different estimate of ng based on a two dimensional nearly
free electron model and the Boltzmann equation is given in Section 3
of the Appendix, see Eq. (A17), and it gives

o0 ~ (kFaB)2 4

~ —_— 13
extr 1 3 7 2 Z’ﬂSOI ( )

where Zso; is a mean free path associated to the impurities which induce
the skew scattering. Using this estimate, and comparing to Eq. (7), we
find

2D
o 8 Lsor

2D "
Foxtr kF 4 fx

(14)

It is finally interesting to note that three dimensional scattering by
impurities with spin-orbit coupling, described generically by terms such
as Vi (7) ® VyLs6 (7), do not favor a particular spin orientation. This
scattering is expected to dominate in metallic systems where many sub-
bands are occupied, such that ¢, > k;‘. In these samples, there is no
preferred spin orientation which spontaneously will accumulate at the
edges (note this in not the case for experiments where a spin polarized
current is injected). On the other hand, the magnetic field induced by
the current considered here selects a spin orientation, and always leads
to a spin accumulation at the edges.
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2.6. Other contributions to the Spin Hall Effect

A similar analytical semi-quantitative comparison between the cur-
rent induced SHE discussed here and the intrinsic contribution of the
spin orbit interaction is not possible. Simple estimates based on the
Rashba interaction give vanishing effects [16], once leading effects due
to impurities are taken into account [4-6]. More involved calculations
using the Berry curvature in complex, spin dependent, models for the
bands of transition metals suggest the SHE conductivity can be written
as [17,18]:

<7§>FS (15)

Here, a is the lattice constant, and <I§>FS is the average over the

Fermi surface of the product of the orbital angular momentum and the
spin, which depends on the strength of the spin orbit interaction. The

value of <7§>FS is determined by the intrinsic spin orbit interaction in

the material, which typically scales as ¢~2. Hence, while the current con-
tribution to the spin Hall voltage, the contribution from skew scattering,
and the intrinsic contribution all arise from relativistic effects, and show
the same dependence on the velocity of light. Note that the intrinsic con-
tribution changes the conductivity, see Eq. (15).

There is finally a contribution to the spin Hall effect from side jump
scattering. To our knowledge, there are not reliable techniques to ex-
tract simple estimates of the magnitude of these processes. We cannot
compare the role of the current induced field considered here to that of
side jump scattering.

3. Conclusions

We have analyzed the contribution to the spin Hall effect of the mag-
netic field associated to the current flowing through a metallic sample.
The spin accumulation at the edges arises from the Zeeman coupling to
the inhomogeneous magnetic field which exists within the sample. The
gradient of the Zeeman coupling acts like a force which accelerates the
carriers in the direction perpendicular to the current, in opposite way
for spin up and spin down electrons, where the spins are oriented along
the magnetic field. This effect is relativistic in nature, and its contribu-
tion to the spin Hall angle depends on the value of the velocity of light
as a « ¢72, similarly to the (extrinsic) contribution from skew scattering
processes.

The current induced spin accumulation is linearly proportional to the
scattering time or the transport mean free path, also like the contribu-
tion from skew scattering. Hence, it should dominate in clean samples,
with k£ > 1, Estimates from simple models suggest that the effect of
the current induced magnetic field should be at least comparable to that
of skew scattering.

The current induced spin Hall effect depends on the aspect ratio of
the sample, through the ratio ¢./7,, where . is the thickness, and ¢, is
the width. Hence, it is not a unique property of the material. This can
explain the broad distribution of Hall angles for the same material re-
ported in the literature. In contrast with the effect of skew scattering,
the current induced spin Hall effect does not require the existence of a
strong spin-orbit interaction, either due to heavy ion impurities or in-
trinsic to the material. Hence, it should be present in any sample, and
play a significant role in light metal materials, such as Al.

Samples which are far from being quasi-two dimensional, kz¢, > 1
, typically do not have a preferred spin orientation, so that transverse
spin currents due to skew scattering will average to zero. The current in-
duced magnetic field provides a preferred spin direction, enhancing the
robustness of the spin Hall effect.
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Appendix:. Expanded Calculations

Calculation of the magnetic field in a thin slab

We analyze a slab which is infinite in the ¥ direction, and with di-
mensions 7y, 7, in the X,Z directions. Then, the field at a position (x,,z)
inside the slab, —¢,/2 <x < ¢,/2,-¢./2 <z < £,/2can be written, using
the Biot Savart law, as

B(x,y,2) =
£./2 t.)2 e e
/ @ / o / & (2= 3—(x—¥')2 - (A1)
/2 02 [ PP

where ¥ and 7 are unit vectors along the x and z directions. Integrating
over x’ and )’, we obtain

2j, —£7/2 - szf"/z
B .(x,y,2) = _‘/ dZ' tan <x x,)
¢ J-t:2 27 =ty
27'L'j, —£2/2
2 dZ'sign (z - 2') (A2)
¢ Jt,2
27jC,
R+ i
c
B, (x,y,2) =
2} =¢z/2 X'=y/2
-= dz'llog[(x—x')2+(z—z')2]
¢Jtp 2 W=ty/2 (A3)
¢, |x+ fX/zl
= log | ———
¢ x—7./2

Where, in order to obtain the last result, the assumption £, < Z, has
been made. Note that the integral of the field along a contour defined as
a section of the stripe of width 2x is given by

x 8mj Xt
D (x) ~ 2/ dxB, (x,y,2) = (A%
Spin Hall angle due to the current induced magnetic field
The spin Hall angle can be written as
@~ I” (A5)

where F] is given in Eq. (4) of the main text, and E| is the field which
induces the longitudinal current

nekyt nek 4

L T (A6)

where 7 is the carrier density, v is the drift velocity, 7 is the scatter-
ing time, VF is the Fermi velocity, and # is the mean free path. For a
three dimensional metal and using a nearly free electron description, we
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have
3
372
Rk
[ (A7)

where k. is the Fermi wavevector. From Egs. (A5)—(A7) we obtain

8 ki ze,
m62 32 .

8 kpag fz
AT T RS

(A8)

where az = 0.53A is the Bohr radius.
For a two dimensional system where only one subband is occupied,
the carrier density is

=
_
T2t (49
The spin Hall angle becomes
a5 L g%
2D R 1372 27 F z, (A10)

Skew scattering and mean free path

The contribution from skew scattering to the spin Hall conductivity
arises from the spin dependence of the scattering rates in the presence of
the spin-orbit interaction [3-5]. We use a nearly free electron approxi-
mation to the electron band, and assume that the impurity induced ma-
trix elements between scattering states can be written as

(ZJ,S' |V|%,s> =Vip [5“/ * s ((s’lols) le) ] (A1D)

We analyze a quasi-two dimensional system, where the Fermi sur-
face can be approximated by a circle of radius kr. The momenta % and
# lie in the x = plane. The transition rates near the Fermi surface can
be written as function of the angle § between % and %'. Using Eq. (A11),
and considering higher order scattering processes, we approximate the
transition rates by
W2 l + L hz};%jz
T Tgor mAc

sin (6) (A12)
where s, = i% describes the spin of the electron, and we have distin-
guished two scattering processes described by two scattering rates, T
, which describe symmetric scattering, and Zsor which describes skew
scattering induced by impurities with spin-orbit coupling. The transport
properties can be computed from the Boltzmann equation, which can be
written as

ofy __of, (e)
—p =0=cEv— ng o (7= 12)

(A13)
where fj(€) is the unperturbed Fermi-Dirac distribution and 3 hk

There are two 1ndependent equations which describe the dlstrlbutlon of
electrons with s, = + . We split fy into a - independent term, f,, and a
term which describes the skew scattering, *6fy, where the sign refers to

the spin. We assume that | /5| > |6/s| and obtain
- ke |E|reos ) o7 (o)

~— (A14)
Jo m de
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The shift in the carriers’ velocity is

=1

e

|«
(A15)

VH ~

m

Inserting this expression into the Boltzmann equation, we obtain

hkge |E cos (0) -
o Ml @i 1 (o)
m de T
- . (Al6)
hzk% . hkpe E) sin (0) o (€)

+ G
2m2c2 Tsor m Oe

This equation can be understood as if the function }9 + 6f, is induced
by a field which is rotated with respect to the applied field by an angle
ik .

— X+

2m%c? Tsor

(kFaB)z 14

L (A17)
1377 Esor

a~x+

where 93 is the Bohr radius, and Zso; is a mean free path related to the
impurities which induce the skew scattering.

Note that the estimate in Eq. (A17) is valid only when one two di-
mensional subband is occupied. In the limit ;! < kz the sample must
be approximated using a three dimensional Fermi surface. In that case,
the ansatz for the spin-orbit matrix elements defined in Eq. (A5) does
not favor a particular spin direction, when scattering processes are aver-
aged over the Fermi surface. As a result, an unpolarized current will not
lead to a net spin polarization at the edges of the sample.

Effect of Lorentz force due to the field produced by the primary current j,

The field associated with the current B; (x) exerts a force on the car-
riers that move along the x axis. This force is given by F (x) = evB, (x) /c
and induces a perturbation of the uniform density of carriers. However
the value of the maximum Lorentz force for the density currents consid-
ered in this article (Hall effect with an applied field of 1 G) is four orders
of magnitude smaller than F (x) = u0,B; (x). Therefore, the charge im-
balance generated by the magnetic field induced by the current can be
neglected.

Experimental techniques capable of measuring the contribution of the
magnetic field induced by the current to the spin Hall effect

Ref. [2] in the main text argues that the magnetic field induced by a
current will not generate a voltage on a metallic bridge which contacts
both edges of a Hall bar. This argument is correct, and it is based on the
fact that, when the bridge is close to the Hall bar, the magnetic field in-
duced by the current will thread both the bar and the bridge, preventing
any spin current to flow along the bar, and to induce a voltage across it.
On the other hand, the combination of a spin gradient and spin depen-
dent scattering by impurities will lead to the voltage discussed in Ref.
[2].

This situation changes if the magnetic field threading the bridge
is different from the field threading the bar. This can be achieved by
changing the distance between the bridge and the Hall bar. Any tech-
nique which does not require a contact between the edges of the bar will
be sensitive to the spin accumulation induced by the field associated to
the current. Possible experimental techniques are. i) injection of a spin
polarized current using a ferromagnet, Refs. [7], and [9] of the main
text, ii) spin pumping from a magnetic insulator, Ref. [10] of the main
text, iii) measurement of the Kerr rotation by optical means, Ref. [8]
of the main text. A general overview of techniques used to measure the
spin Hall effect can be found in the reviews cited in the main text, Refs.
[5] and [11].
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