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1. Introduction

The classical Riesz-Kolmogorov compactness theorem in L,-spaces (1 < p < o0) has
been recently extended to the context of variable exponent Lebesgue spaces LP()(Q) (or
Nakano spaces) by Gérka and Macios [12], Gérka and Bandaliyev [11] and Dong et al. [g].
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These authors give useful versions of the theorem according with the underlying measure
space considered (€, 1) (f.i. Euclidean spaces, metric measure spaces or locally compact
groups). In [8], applications to the study of the compactness of Riemann-Liouville frac-
tional integral operators in the variable exponent Lp(')(Q) setting are given. Along the
last two decades, variable exponent Lebesgue spaces LP(')(Q) (and their corresponding
Sobolev spaces) are being used successfully in several areas of harmonic analysis and
related differential equations and applications (cf. [22], [5], [3])-

Variable exponent Lebesgue spaces belong to the general class of non-symmetric
Musielak-Orlicz spaces ([19], [13]). In this paper we are interested in describing the
weakly compact sets in non-reflexive variable exponent spaces Lp(')(Q). This topic has
been widely studied for symmetric (or rearrangement invariant) function spaces. Recall
the classical Dunford and Pettis result for L;(£2) describing the relative weakly compact
subsets as the equi-integrable sets. For Orlicz spaces L¥?(€)) with the Ay-condition, use-
ful weak compactness criteria were given by Ando in [2] (see [21] chapter 4). Later on,
many extensions have been given for general symmetric function spaces (see f.i. [7] and
references within) and also for the vectorial case of Orlicz-Bochner spaces in ([20]).

One of our goals in this paper is to extend And6 weak compactness characterizations
in Orlicz spaces to the variable exponent Lp(')(Q) setting. Also, equi-integrable subsets
in LP()(Q) spaces are studied, obtaining a De la Vallée Poussin type theorem ([4]) in
LPC) () spaces. Recall that De la Vallée Poussin’s classical result characterizes equi-
integrable sets in L1 () by their boundness in certain Orlicz spaces. As an application,
we will obtain criteria for when the inclusions between two variable exponent spaces
L10)(Q) ¢ LPO)(Q) are weakly compact or L-weakly compact operators (this means that
the unit ball By is equi-integrable in LP()(Q)). Tt turns out that, even for “closed”
exponent functions p(-) and ¢(-) (i.e. essinf(q(-) — p(-)) = 0), the inclusion L()(Q) C
LPO)(Q) can be L-weakly compact.

The obtained weak compactness criteria are used later to study the weak Banach-
Saks property in LP(") (Q) spaces (i.e. when every weakly convergent sequence in Lp(")(Q)
contain a subsequence which is Cesaro convergent).

We point out that no extra conditions on the regularity of the exponent functions
(like the log-Hélder continuous conditions) will be assumed along the paper.

The paper is organized as follows. After a preliminary section, we give in section 3
a characterization for Lp(')(Q)—equi—integrable subsets obtaining a De la Vallée Poussin
type result in LP()(Q) spaces (Theorem 3.2). In section 4, we obtain the And6 type
criteria for a subset S of LP()(Q) with p™ < oo and u(p~'{1}) = 0 to be relatively
weakly compact (Theorem 4.3), namely

1

li < [ M) POdu = 0.

AIEB?QEA/U()' 1
Q

In particular, weakly convergent sequences in LP()(Q)-spaces are characterized (see
Propositions 4.5 and 4.6). In the next section 5, we apply previous results to study the
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weak Banach-Saks property in LP()(Q) spaces, showing that all separable LP()(Q) spaces
are weakly Banack-Saks (Theorem 5.1). In the last section 6, we obtain another Andé
type characterization of weak compactness of a set S in a LP()(Q) space in terms of the
existence of a Musielak-Orlicz function U(¢, ) increasing uniformly more rapidly than
2P® such that S is bounded in the Musielak-Orlicz space LY (Q).

2. Preliminaries

Throughout the paper (2, %, 1) is a finite separable non-atomic measurable space and
Ly(9) is the space of all real measurable function classes. Given a y-measurable function
p: Q — [1,00), the Variable Ezponent Lebesgue space (or Nakano space) LP()(Q) is
defined by the set of all measurable scalar function classes f € Lo(€2) such that the
modular pp,.)(f/r) is finite for some r > 0, where

Py () = / FOPOdu(t) < oo,
Q

The associated Luxemburg norm is defined as

[fllpey 7= nf{r >0 ppy(f/r) < 1}

With the usual pointwise order, (LP()(Q),]|||,()) is a Banach lattice.

We write p~ := essinf{p(t) : t € Q} and pT = esssup{p(t) : t € Q}. Equally, p|tx
and p, will denote the essential supremum and infimum of the function p(-) over a
measurable subset A C Q. The conjugate function p*(-) of p(+) is defined by the equation
Tlt) + p%(t) = 1 almost everywhere ¢ € Q. Thus, the topological dual of the space LP()(Q),
for pT < o0, is the variable exponent space LP ()(Q).

A LPO)(Q) space is separable if and only if pt < oo or, equivalently, if and only
if LP()(Q) contains no isomorphic copy of £s. In the sequel, only separable variable
exponent Lebesgue spaces LP()(Q) will be considered. An space LP() () is reflexive if
and only if 1 < p~ < pt < oco. This is also equivalent to LP()(Q) being uniformly convex
([17] Theorem 3.3).

Notice that, for p* < oo, || f||,(.y = 1if and only if the modular p,.y(f) = 1. Also, every
sequence (f,) C LPO)(Q) satisfies lim,, [ fnllpcy = 0 if and only if lim,, 0 pp(y (fn) =
0 ([5]). By By we denote the closed unit ball of LP()(Q). The essential range of the
exponent function p(-) is defined as

Ry ={q€[l,00): Ve>0 ulp~'(¢g—e,q+¢)) >0}

It is a closed subset of [1,00) and it is compact when p(-) is essentially bounded. The
values p~ and pT are always in the set R,.). It holds for p* < co that a L) (Q) space
has a lattice isomorphic copy of ¢, if and only if ¢ € R,y ([14] Theorem 3.5). Indeed,
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for every ¢ € R,y there exists a suitable sequence of disjoint measurable subsets (Ay)
such that the normalized sequence

XAy

is equivalent to the canonical basis of £,. Even more, we can choose suitable sets (Ay)
in order to get that the orthogonal projection

S f(s) XAy
P = —————du(s) | ——=+—
n=2 g{/ﬂ?h)f“” Sy PRES

is bounded ([14] Proposition 4.4).

Variable exponent spaces are a special class of Musielak-Orlicz spaces. Recall that an
Orlicz function ¢ : [0, 00) — [0, 00] is a convex increasing function that satisfies p(0) = 0,
lim, o+ ¢(z) = 0 and lim, o p(z) = co. We say that a function ® : Q2 x [0, 00) — [0, o0
is a Musielak-Orlicz function if ®(¢, -) is an Orlicz function for every t € Q and ¢t — D (¢, x)
is measurable for every x > 0. Given a Musielak-Orlicz function ®(¢,z), the Musielak-
Orlicz space L® () is defined by the set of all measurable scalar functions on € such
that pe(f/r) is finite for some r > 0, where pg(-) is the modular defined by

paﬂ=/¢muwwmw<w
Q

The associated Luxemburg norm is defined as

[flle := inf{r > 0: pa(f/r) <1}

With the usual pointwise order, (L*(9), |-]l¢) is a Banach lattice. In the special cases
of (i) ®(t,z) = 2P® we get L*(Q) = LPO)(Q); (ii) ®(t, ) = ¢(x) for every t € Q we get
the Orlicz space L¥((2).

We refer the reader to ([3], [5] and [16]) for other definitions and basic facts regarding
variable exponent spaces, Musielak-Orlicz spaces and Banach lattices.

3. LP() equi-integrability

Recall that, given a Banach function space E(f2), a bounded subset S C E(Q) is
equi-integrable if

lim sup|/fxallg =0.
w(A)—=0 fesH |
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As in classical L, spaces, equi-integrability plays an important role in the study of
Lp(')(Q) spaces. Let us mention, for example, Riesz-Kolmogorov compactness type the-
orems in LP()(Q) spaces (see [8] Theorem 2.1, [12]).

The classical De la Vallée Poussin’s result ([4]) characterizes the equi-integrable sub-
sets in L1 () by their boundedness in some suitable Orlicz space L¥ () (cf. [21] Theorem
1.2). Here we will present an extension of this result to LP()(Q) spaces. First, we give
an equivalent statement of LP()-equi-integrability:

Proposition 3.1. Let LP)(Q) with p* < oo and S C LP)(Q) bounded. Then S is equi-
integrable if and only if

lim sup / |£ ()P dp = 0. (1)

T—r00 cs

{If1>x}
Proof. Suppose that S is equi-integrable. Let us show that
Jm supll /X710 o) =0,
which is equivalent to (1) since p* < oo. Let sup;cg|fllp) < C < oo. Define the
sets A} = {t € Q : [f(t)] > x}. By the hypothesis, we just need to show that

limg o0 SUPfeg #(AF) = 0, but this follows from || fxaz |1 < (14 (@)l fxagllpc) (cf.
[3] Corollary 2.48), as

(1 + u(92)).

8|Q

1 1
sup (A7) < sup — || fxaz [l < sup =(1+ u(2)[fxazllp) <
fes fes fes &

Conversely, given € > 0, there exists « > 1 such that sup cg|[fxaz(lp¢) < 5. Then,

for every measurable subset A with (u(A))»* < 5., We have

IN

sup || fxallpcy < sup (”fXAﬂA*Hp() + 1 fxanqi <=t lpe) )
fes fes
€
2

IN

+-—=c. O

sup (IIfXA;; Iy + (u(A4)) 7 x)

Theorem 3.2. Let LPC)(Q) with pt < co. A bounded subset S C LPC)(Q) is equi-integrable
if and only if there exists an Orlicz function ¢ with lim,_, @ = 00 such that

sup [lo(f)llp) < oo
fes

Proof. Assume S is equi-integrable. Using the above equivalence, consider a sequence
(25,) such that
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Sup }X f T, ) =

and x,41 > 2x, for each natural n. Define the function

o0
E T —Tp)t

for « > 0. Clearly, ¢ is an increasing convex function with ¢(0) = 0. Moreover,
e(@)

x

limg, oo = c0. Indeed, for x € [z, p4+1) We have

n n
E xka_kfnxfg T > NT — 2T,
k=1 k=1

hence @ >n— 2% > n — 2. Finally, for each f € S, we have

o0 (e ] 1
le(Nllpey < DI x> 2atlloe) < Z RO

n=1

Conversely, let us assume sup jcs||¢(f)[|p()= C < oo. Given ¢ > 0, by hypothesis there
exists x. > 0 such that, for all # > x., we have © < Gp(x). Then, for every f € S, we
have

£ £
< — < —s§ <
I xqs>es ey < GleXqassasllpe < C;lelgllw(f)IIp(-) <e

and so the previous proposition ends the proof. O

Note that the above result can be reformulated saying that a bounded subset S C
LPC)(Q) is equi-integrable if and only if S is norm bounded in the Musielak-Orlicz space
L®(Q), where ®(t, z) = ((2))P®) and ¢ is a certain Orlicz function with lim,_, @ =
0o. In Section 6 we will extend this statement to the family of relative weakly compact
subsets in LP()(Q).

If we consider now a pair of exponent functions p(-) < ¢(-), we have the continuous
inclusion L) (Q) ¢ LPO)(Q). The inclusion LIC)(Q) ¢ LPO)(Q) is said to be L-weakly
compact when the unit ball By is an equi-integrable set in LP()(Q). L-weakly compact
inclusions for symmetric function spaces have been studied in [15]. For variable exponent
spaces, taking the set S as the unit ball B4, in the above theorem we get the following:

is L-weakly compact if and only if there exists an Orlicz function ¢ with limg, ;

oo such that LI(Q) Cc L®(Q) where ® is the Musielak-Orlicz function ®(t,x) =
(i(2)P®.

\/

Proposition 3.3. Let p(-) < q(-) be exponent functions. The inclusion L) (Q) c LP0)(Q)
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We give now an easy sufficient condition to use for when the inclusion L) (Q) C
LP0)(Q) is L-weakly compact.

Proposition 3.4. Let p(-) < q(-) be exponent functions. If essinf(g(x) — p(x)) =6 > 0,
then the inclusion L) (Q) ¢ LPC)(Q) is L-weakly compact.

Proof. It is enough to show that

lim sup  ppy(fxa) =0.
H(A) 20| <1 p(fx4)

Let us denote by r(z) = % > 1 the exponent function with conjugate function

*(x) = % for x € Q. It holds that (r*)* < % < oo. Using Holder’s inequality

r
([3] Theorem 2.26, Remark 2.27), we have

Pp()(fxa) :/|f|p(t)XAd# <A PN llxallcy-
Q

Now, as

pro(#70) = [ 1710 du < 115, < 1
Q

we have || fP0)|,) < 1. Hence, since ||-

=(.) is order continuous, we conclude that

lim  sup  ppy(fxa) <

() = 0. O
HA) =0 £l <1 #(

li 4
lim 4l
The above condition essinf(q(z) — p(z)) = § > 0 is far from be necessary for the L-

weak compactness of the inclusion L()(Q) ¢ LP()(Q). Here we give a weaker condition
(see also [9]):

Proposition 3.5. Let p(-) < q(-) be exponent functions in Q = [0,1] with ¢t < co and
(¢ —p)(-) decreasing. Suppose that

(1) limg_y1 (1 —2)@P)@) =0, and
(i1) There exists a sequence (x,,) defined by x, = Z"’TIH form>1,and 0 < zy < 1
satisfying that

0 Tn1
1 (a=p)(t)
E ﬁ (SL’n+1 - Zn) a@ dt < oo.
n—0 n+1 n :

Then, the inclusion LI)[0,1] € LP)[0,1] is L-weakly compact.
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Proof. Let ¢ > 0 and ng € N such that

e Tn41
(a—p)(t)
D — / (Tnri =) T At <2 (%)
n=no Tp+1 — Tn 3
Ty
and
(g—p)(x) (a—pP)(zn+41) g
(Tng1 — ) @ < (1 =xpq1) M < 3 (%)

for every x € [y, Tpni1), n > ng and M = ¢t.
Let r = (¢ — p)(xpn,) > 0. Take an arbitrary function f € Bjq) and any measurable
M
set E with u(E) < (5) " "1 We define the two sets

By = {x € [0,20) N E : |f(2)] < <§>}EQ - {x € [0,20) N E: |f(2)] > (g)}

M
This way, using that f € Byq) and p(FE) < (%) " +1, we get that

[ upva= [igeoas 1o
E1 E2

[0,zng) N E

M

(5) uey+ / 7120 090

A Py
6 /|f| 6 6 3

IN

IN

On the other hand,

0o Tnt+1

1
/ PO pdi= 3 / PO g dt

T n=no g
ng n
- / frOxsde+ [ 1At
n= noE” 1 En2
where
1
oy = B({& € [, 20s1) ¢ |f(@)] € ——————}

(Tng1 — ) 7@

and
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V
—

E, 2= Eﬂ{x € [Tn, Zng1) 1 | f(2)

Then, using (), we have

Tn41

o0 o0 1
> furasy [
n=nog” n=ng ;. ($n+1 - xn) a®
o T 1 (a=p)(®)
a—p)(t E
< [ ) B <
n=no 4 Tntl = Tn 3
and, using (xx) and f € Brqc),
00 0o Tn+1
Z / |fIPDdt < Z / |20 f| =D gy
n=nog" n=no .
0o Tn+1

(a—p)(t)
19O (@1 — 220) 0 dt

(]

Tn

oo Fntl

q(t)fdt<§
> [ irmosars< s,

n=no Tn

IN

which ends the proof. O

We give an example applying the above result. Take any bounded exponent function
p(-) and consider the function in (0, 1)

In ([log,(1 — )]
—logy(1 — )

r(x) = )
for some natural j > 0. If we define ¢(-) = p(-) +7(1 — 27°)x[0,1—2-¢) + 7(-)X[1—2-< 1]
then
. : . _In(y*
essinf(q(z) — p(z)) = essinfycp_g- 1)(r(z)) < lim r(z) = lim =0,

rx—1 Y—00 Yy

yet the inclusion LP()[0,1] ¢ L90)[0,1] is L-weakly compact for j large enough. Indeed,
let us see that the conditions in the above proposition are satisfied:

(¢) The limit

In([logz (v)]27)
lim (1 — 2)@7P@) = lim (1 — 2)"@® = lim y = —*=® =0,
x—1 x—1 y—0
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.. 1 1
(Zl) Let Ty = 1-— DIESE SO Tp+1 — Tpn = DIE=R Then,
Tn41 (g—pP)(Zp41)

1 (a=p) (1) > 1 a
/(”C"“‘x") o d’fSZ(gm)
n=0

x — X
n—0 n+1 n

oo

Tn

Now, for ng and j large enough (for example j > p™), using the Cauchy condensation
test, we conclude

(a=p)(Tn41) (Zp41) 1n<<n+2)2j)
s 1 q e 1 q e 1 qt (n+2)
Z on+2 - Z on+2 - Z on+2 < oo
n=no n=ngo n=no

4. Weakly compact subsets of LP()(£2)

In this section we are interested in finding criteria for when a subset of a non reflexive
LPO)(Q) is relatively weakly compact.

First note that every equi-integrable subset in a L”(')(Q) space with p™ < oo is
relatively weakly compact. This follows from a general statement in Banach lattices
(cf. [18] Proposition 3.6.5). The converse is not true in general. For example, any space
LP(')(Q) with 1 < pT < oo contains relative weakly compact subsets which are not equi-

integrable. Indeed, let p* = ¢ and consider disjoint subsets A,, C p~*(q — n%rl, q— %)
of positive measure (or even A,, C p~!({q}) if possible) and the normalized disjoint
functions
XATL
fr = —=
(n(An) 7D

Then, the sequence (f,) is equivalent to the canonical basis of ¢, (cf. [14] Proposition
3.2). Hence, (fy) is weakly convergent to 0 and, as (f,,) is normalized and u(£2) < oo,
we have 1(A,) — 0 and so it is a non-equi-integrable relatively weakly compact subset
of LP()(Q2). On the other hand, when p* = 1, i.e. in a L1(Q) space, it is well known that
a bounded set is equi-integrable if and only if it is relatively weakly compact (Dunford-
Pettis theorem, cf. [1] Theorem 5.2.9).

Recall that, by the classical Eberlian-Smulian Theorem (cf. [1] Theorem 1.6.3), a
subset is weakly compact if and only if it is sequentially weakly compact. The following
proposition is a consequence of ([16] Theorem 1.c.4), since the space LP()(Q) does not
have any isomorphic copy of cg when p™ < oo:

Proposition 4.1. A LP)(Q) space is weakly sequentially complete if and only if pt < oc.

We will give now weak compactness criteria in LP(")(Q) spaces. We adapt the technique
developed by Andd ([2]) in the context of Orlicz spaces to the non-symmetric setting of
LPC)(Q) spaces.
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Theorem 4.2. Let LP()(Q) be with pT < co. A subset S C LPC)(Q) is relatively weakly
compact if and only if S is norm bounded and, for every g € LP"()(Q),

lim sup/ fgldu = 0. 2
w05 ] | fgldp (2)

Proof. (=): Clearly, S is weakly bounded and hence norm bounded. Suppose now that
(2) does not hold, i.e. there exist ¢ > 0, a function gy € L? (), a sequence (E,,) with
w(Eyp) — 0 and (f,) C S such that

/ Fugoldu > e.
E,

Since S is relatively weakly compact, there exists a subsequence (f,,) — f € LP()(Q)
weakly. Thus, for every A € 3,

k—o0
/fnkgOXAdM 2=, /fgodu < Q.
Q A

Considering now the measures vy (A) := [, fn,godp, which are p-absolutely continuous,

we have, by the Vitali-Hahn-Saks Theorem ([6] page 89), that the sequence (vy) is

uniformly absolutely p-continuous, i.e. it holds that lim,,_, o supy vk (4,) = 0 for every
k—o0

sequence (A,) such that u(A,) — 0. In particular, we get that vy (F,,) — 0, which
is a contradiction with the election of gg and (E,,).

(<): Let S be norm bounded and a sequence (f,,) C S with || f,[|p) < M < oc. In virtue
of Proposition 4.1 we have to find a weakly Cauchy subsequence, i.e. a subsequence (f, )
such that, for every g € LP"()(Q),

k,l—o0
/(fnk - fm)gd,u ; 0.

Q

As ¥ is separable, we first take a sequence (Aj)(;.;l of subsets of 2 that generates
¥. Thus, (xa,); C L )(Q) and, for every A € {A;}, the sequence ([, faXxadp)n is a
bounded scalar sequence. Then, by the Cantor diagonal process, we can take a subse-
quence (fp, ) such that the sequence ([, fn, Xadu)r converges for each A € {A;}. Thus,
if we define the sequence of measures

Vi(A) = A/ Folpt = Q/ Fuxad
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we get that the measure v(A) := limy_, o v (A) is well defined for every A € {A;} and
it can be extended to any measurable subset E € ¥ (cf. [6] page 91). Therefore, given a
simple function g, = Zf\il a;x g, where the sets (E;) are disjoint, we have

N N
/fnkgsdu = Zaiz/k(Ei) LN a;v(E;),
o i=1

i=1

so we get that

k,l—o0
/(f’fbk - fm)gsdlu ; 0.

Q

Our aim now is to get the same for every function g € L?" (). Thus, fixed g and ¢ > 0,
by hypothesis there exist § > 0 such that, if u(E) < 6 and n € N,

9
[ gl < £
E

Let us denote G, := {t €  : |g(t)] < m}. Since g € L1(2), consider m € N large

enough so that ;(G¢,) < d. Then, given g,, := g- x¢,,, using the dominated convergence

m?

Theorem, consider a simple function g, such that ||gm — gs|lp-() < s577- ([3] Theorem
2.26). Thus, for k, ! large enough so that fQ |(frw — fri)gsldp < §, we can use the Holder
inequality ([3] Theorem 2.26) to get

/ (e — fu)adpt| < / (o — fo )l + / [(Foe = Fn)gldp
Gs,

Q Gm

< /‘(fnk_fnz)gmw/ﬁ“"%

Q
< [ = 200 = g0t [ 1 = Fodouldre+
Q Q

g g
< 4ank - fnz ||p(~)Hgm - gsHp*(~) + g + 5

<

Thus, we conclude that (f,,) is a weakly Cauchy sequence so, by Proposition 4.1, (f,,)
is weakly convergent to a function f € LP()(Q) and S is relatively weakly compact. 0O

Given a variable exponent space LP()(Q), let us denote Q; := p~*({1}).
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Theorem 4.3. Let LPO)(Q) with py < oo and p(Qy) = 0. A subset S C LPO)(Q) is
relatively weakly compact if and only if it is norm bounded and

lim sup ~ [ |Af(t)[P®du = 0. ()
]

A—0 fES

Proof. In the case p_ > 1 it is clear, since LP()(Q) is reflexive so the relative weak com-
pactness is equivalent to the norm boundless and, if that condition is met, the equation
(¢) holds. Assume in the following that p~ = 1.

(=): Clearly S is norm bounded and we can suppose S C By (.y. Thus, for every f € S,
we have [, | f(t)|P®du < 1. Suppose that () does not hold, so there exist £ > 0, (A,) N\, 0
and a sequence (f,) in S such that, for every n € N,

/ Pfn (POt > Ay (3)
Q

and let us find a contradiction.

Since p— = 1 and p(£21) = 0, we can take a sequence (d,) N\, 1 such that the sets
Ay i={t € Q:p(t) < 0,} satisfy 0 < pu(A,) < 5 and thus (up to subsequence) we can
suppose that (\,,) verifies the properties:

(t) n
0< M\ <3 1 s YomAn <1, » SUDye e (")‘:\‘)p S(”é\) <t

Now, consider the functions g, (t) := |Anfn (t)[PP~1. For a.e. t € Q we have
2\ fn (8)gn (D) = [An fu(O)PD + |gn ()7
Indeed, since 2|\, fr ()gn ()] = 2|\ fn(£)[P® and p(t) = p(t) - p*(t) — p*(t), we have
lgn (B[P0 = (|)\nfn(t)\1’(t)—1>p*(t) = A fu[POP O=PTO) = | X £ (4) PO

Define now g(t) := sup,, |g,(t)|. We claim that g € LP"()(Q). Since g*" ) < 3" gn ),
we get, using the properties above, that

/|g T du<2/|g PO dy= Z/\M‘Ip(

n= IQ n= IQ

i /|fn\p(t)dué ZAn <1.
n=1 n=1

Q
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Considering the sets B,, = {t € Q : | f,(t)| > n}, we get that

tgg np(t) /|f |p(t dp <1,

so pu(By) < supsep. np<t> 272, 0. In consequence, by Theorem 4.2, there exists ng such

that, for every n > ny,

/lfn ld/J< 6

Therefore, we conclude that

/MJNW”W=/MJNW“W+/MJ#“W
Q

B'ﬂr BTgL

= / A Fu(OPOdp+ sup (nA,)" O (B, 0 As)
teAe
By

+ sup (nA,)PP (B, N Ay)
teA,

S/%AfMQ MOl A+ A

<2\, /\fn Idu+/\

<Ané&,
which is a contradiction with (3).

(«<): Let g € LP")(Q) and r > 0 such that [, [rg(t)[P"®du < co. By hypothesis, given
e > 0, there exists A\g > 0 such that

1 er
sup = Mo f(O)PPdp < 3
jes Mo J

Take § > 0 such that, for every measurable set E with u(F) < 4,

/ rg(t)P"d SAOT

Then, using Young inequality ([5] Lemma 3.2.20), we have:
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sup/\f Dldu < 1 sup/\Aof |“>du+/|rg Al

fes

1 er 1 e)lor
<r(2)+)\0r( 2

) =
Thus, applying Theorem 4.2, we conclude that .S is relatively weakly compact. 0O

A characterization of weakly compact subsets in general Lp(')(Q) spaces (without
the restriction p(£23) = 0) follows now putting together the above criterion and the
classical Dunford-Pettis theorem for L1 () (cf. [1] Theorem 5.2.9). Indeed, as LP()(Q) =
Li(Q) © LPO(Q\ Qy), a sequence (f,) is weakly convergent in LP()(Q) if and only if
the sequences (fnXxq,) and (fnxo\o,) are weakly convergent in L;(£2;) and LPO(Q\ Q)
respectively. Thus:

Theorem 4.4. Let LP()(Q) with pt < oo. A subset S C LPU)(Q) is relatively weakly
compact if and only if it is norm bounded,

1
lim sup — / INF()[POdp =0
>\—>Of
Q\Ql

and

lim su / t)|du = 0.
(i sup |f(®)|dp
ANQq

Criteria to be a weakly convergent sequence in LP()(Q) spaces follow now:

Proposition 4.5. Let LP()(Q) with pt < 0o and a sequence (f,,) and f in LPC)(Q). Then,
fn — [ weakly if and only if

(¢) limy, [,(fn — f)dp =0 for each A € &, and
(4) limyay—osup, [, |(fa — f)gldu =0 for each function g € PO (Q).

Proof. (=): Clearly (i) holds since x4 € L? () and condition () follows from above
Theorem 4.2.

(«<): We can assume w.l.o.g. f = 0. If g € LP ()(Q) is a simple function then it follows
directly from () that lim, fQ frngdp = 0. Assume now that g is a bounded function.

Given € > 0 there exists a simple function gs such that ||g — gs||eo < £, SO

£
2

3
[1uslan < [15at0 = g+ [ 1ugeldn <5 [10aldn+ [15ugila
Q Q Q Q Q
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and hence fﬂ | fngldu < € from a big enough n € N.

Now, for an arbitrary g € LP ()(Q), by condition (i), there exists § > 0 such that
Jalfngldp < 5 if u(A) < 6. Consider Gy, = {t € Q : [g(t)] < m} with m large enough
so that u(GS,) < d. Then,

13
/Ifngldu= / | fngldp + / |fngldp < §+/|fng><cmldu
Q Ge, Gm Q

Hence, we have fQ | fngldp < e from a big enough n € N as gxg,, is bounded. O

Proposition 4.6. Let LP()(Q) with pt < oo and (1) = 0. A sequence (f,) in LP)(Q)
converges weakly to f € LPC)(Q) if and only if

(¢) limy, [, fadp = [, fdu for each A€ %, and
(i1) Hmy_osup, + Jo [AN(fo — HPOdu = 0.

Proof. Clearly, if f,, — f weakly the necessity condition (i) holds, and using Theorem
4.3 we get also condition (i7). Conversely, reasoning as in the proof of Theorem 4.3
(using Young inequality), we get easily that condition (i¢) of the above Proposition 4.5
is satisfied. Thus, we conclude that (f,) is weakly convergent to f. O

In particular, it follows that in reflexive LP()(Q) spaces, a sequence (f,) is weakly
convergent to f € LP()(Q) if and only if (f,) is norm bounded and Sy fndp — [, fdu,
for every measurable A € X. Moreover, it holds that if (f,) is weakly convergent to f
and || f,|lp() converges to || f]l,(.), then f, — f in LPO)(Q), since all reflexive LP() ()
spaces are uniformly convex (cf. [17] Theorem 3.3).

Finally, a direct consequence of Theorem 4.4 is a characterization for the inclusion
L1O)(Q) C LPO)(Q) to be weakly compact:

Proposition 4.7. Let p(-) < q(-) be exponent functions. The inclusion L) (Q) c LPO)(Q)
is weakly compact if and only if

1
lim  sup - / NP Ddp =0
A—0 A
1fllgy<1
o0,

and

m  sup /|f(t>|du:o,

#(A)=0 IflaeyS1

where Q1 = p~1({1}).
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5. Banach-Saks property

Let us apply now the above criteria to show that all LP()(Q) spaces with pt < oo are
weakly Banach-Saks. First, let us recall some definitions:

A Banach space X is said to be Banach-Saks if for every bounded sequence (z,) in
X there exists a subsequence (x,, ) which is Cesaro convergent, i.e. there exists z € X
such that

Tpy + oo + oy, -
k X

A Banach space X is said to be weakly Banach-Saks if for every weakly convergent

=0.

lim
k—o0

sequence (z,) in X there exists a subsequence (z,, ) which is Cesaro convergent.

Obviously, every Banach-Saks space is also weakly Banach-Saks. The property of a
Banach space being Banach-Saks (or weakly Banach-Saks) passes to closed subspaces.
Uniformly convex spaces are Banach-Saks. In particular, every reflexive LP()(Q) space is
Banach-Saks because reflexives LP(*)(Q) spaces are always uniformly convex ([17] Theo-
rem 3.3). However, when p~ = 1, spaces LP()(Q) are never Banach-Saks. Indeed, there
exist ¢1-subspaces generated by normalized sequences (f,,) in LPC)(Q) ([14] Proposition
3.2).

Theorem 5.1. A LP()(Q) space is weakly Banach-Saks if and only if pt < oc.

Proof. (=): If pt = oo, then LP1)(Q) has an isomorphic copy of £, which is not weakly
Banach-Saks, so neither is LP()(Q).

(«=): Since LP)(Q) is a pT-concave lattice, we have that LP()(Q) satisfies the subse-
quence splitting property ([24]). Thus, by ([10] Corollary 3.4), it is enough to prove the
weak Banach-Saks property for disjoint sequences.

Assume that (f,,) is a pairwise disjoint weakly convergent sequence in LP()(€2). Then,
the sequences (f,Xxo,) and (foxo\q,) are weakly convergent in Ly () and LPO)(Q\ Q)
respectively. As L;(2;) is weakly Banach-Saks ([23]), there exists a subsequence ( fn, X, )
which is Cesaro convergent. On the other hand, as

we just need to prove that ( fr, X\, ) is Cesaro convergent for some subsequence ( fr, ).

fixeno, + -+ faXorvo,
n

fit+ .+ fa
n

fixe, + .+ faxao,
n

)

p()

< ’

il

p() p()

To simplify the notation, let’s just suppose that (f,,) is in LP()(Q\ Q). As it is a weakly
convergent sequence, it is a relatively weakly compact set. So, by Theorem 4.3, we have

N
imosupwzo_

1
lim - PO gt — |
DD e )\/|/\fk<t)| = keN
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Hence, we get
: fit ot fn R fr R fm
02 Jim ey (P ) = i S () < i 3 s (5
k=1 k=1"

= lim sup {7 pp() f—m =
n—00 N p n

This finishes the proof since, as p™ < oo, the modular convergence and the norm con-
vergence are equivalent. O

6. Weak compactness and Musielak-Orlicz spaces

In this section we study the weak compactness of subsets of LP()(Q) in relation with
their norm boundedness in certain Musielak-Orlicz space L¥(Q) c LP()(Q).
The following definition generalizes the one given by Andé ([2]) for Orlicz functions.

Definition 6.1. A Musielak-Orlicz function W(¢, z) increases uniformly more rapidly than
another function ®(¢, ) if for each ¢ > 0 there exist some 6 > 0 and xy > 0 such that
for all x > xp and all ¢t € Q,

eV(t,z) > —D(t,0x).

| =

With this definition we characterize the relatively weak compact subsets of LP()(Q)
through their embedding in certain Musielak-Orlicz spaces. We follow a similar reasoning
as the done for Orlicz spaces in [2].

Theorem 6.2. Let LP()(Q) with py < oo and u(Q1) = 0. A subset S C LP)(Q) is
relatively weakly compact if and only if there exists a Musielak-Orlicz function ¥(t,x)

increasing uniformly more rapidly than ®(t,z) = 2P such that S is norm bounded in
LY(9).

Proof. Assume that S is norm bounded in the Musielak-Orlicz space LY (Q) with W(¢, z)
increasing uniformly more rapidly than zP(*). Let us prove that S satisfies the conditions
in Theorem 4.3, so it is a relatively weakly compact set in Lp(')(Q). Suppose w.l.o.g. that
S C Brw. Given ¢ > 0, there exist § > 0 and ¢ > 1 such that, for all x > z,

g\ll(t,m) >

> %(&L’)I](t).

Now, let v > 0 be small enough so that the set A = p~((1,1 + 7)) has measure

u(A) < 5 =+ Let 6o = min {1,6, <;+) ’ } Then,

Zo 3u(Ac)zf
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1

1
%(50x)p(t) g((;x)p(t)
and, for every t € A° and = < xo,
1 S + €
Sz )P <% p(t) <& p(t) « 570" < )
60( 0z)? 5 5 7 0To " =0Ty = 3p(A°)

Now, for each f € S, define the set By := {t € Q : |f(t)| > x0}. Then, for each X < 4y,
we get

sup [ Bt AF(O)dn

res
Q

1 1 1
—sup | [ SO+ [ S@POdas [ SO Od
fes
By ANBS AN BS
1
<swp | [505@rOdus [ lropVans [ S issord
re By ANBS A°NBS
< sup /E\I/(t |f(t)|)du+/a?p+d,u+/éd,u
=5l ) s ° (4]
Bf A Ac
pt 9
< sup S [ Wi 70D+ o p(4) +
fes 3 3
Q
€L E,E .
-3 3 3 7

Conversely, let S be relatively weakly compact in LP() (). Two cases are considered.
First, assume that there exists M > 0 so that ||f||cc < M for all f € S. Then S is norm
bounded in any L9)(Q) with ¢(-) > p(-), in particular in L>(£2), which is defined by a
function increasing uniformly more rapidly than zP().

Suppose now that sups¢g || fllc = 00. Even more, assume that for each ¢ € (2 we have
Y(t) = supjeg | f(t)| = oo. If this were not the case, we can divide the space (2 in E and
E° (for E = {t : v(t) = c0}) and we study the set E repeating the latter argument in
E¢. Now, by Theorem 4.3, there exists a sequence (\,) N\, 0 with

1 1
il A p(D) g, < 4
S Anf @)V du < 550 (4)

for every n € N. Let us define now the Musielak-Orlicz function
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_ Z_Hq)t)\ — ﬁ)\ p(t)

Then, by Beppo-Levi Theorem, we get
/ (t, f(t))dp < Z /|k FOPPdp < Zﬁgl

It is clear that U(¢, f(t)) < oo for every f € S ae. t € Q, so U(t,z) < oo for every
x < f(t). As y(t) = oo for every t, we get that ¥(¢,z) < oo for all ¢t and z, thus U(¢, x)
is a Musielak-Orlicz function increasing uniformly more rapidly than the function xP®),
Indeed, since U(t, x) > i Az|P®) for each natural i, we take n so that § = 2" > 5
getting eV (t, z) > |5x|p(t Furthermore, S is clearly norm bounded in LY (Q). O

We can get rid of the condition p(2;) = 0 in above result. Indeed, assume that
(1) > 0, then a subset S C L*(4) is weakly compact if and only if there is an Orlicz
space L?(Q;) with “"(:”) 222, 50 such that S is norm bounded in L#(Q;) (by Dunford-
Pettis and De la Vallee Poussin theorems). Hence, considering the Musielak-Orlicz sum
function

we get:

Corollary 6.3. Let LPO)(Q) with pT < oco. A subset S C LPO)(Q) is relatively weakly
compact if and only if there exists a Musielak-Orlicz function W(z,t) increasing uniformly
more rapidly than xP®) such that S is norm bounded in L¥ ().

Note that the Musielak-Orlicz function W(z,t) = (¢(z))P®) associated to the Orlicz
function ¢ defined in Theorem 3.2 increases uniformly more rapid than the function z?®),
Indeed, given € > 0, take g > 0 and 0 < § < 1 such that %‘?) > % and 6P-~1 < 1.
Then, for every x > xg and ¢ € 2, it holds

E(QO(:;E))P@) > 6p,—1 > 5p(t)—1'

In the case of comparing exponent functions p(-) and ¢(-), the meaning of increasing
more rapidly is easily characterized:

Proposition 6.4. Let p(-) < () exponent functions. Then, U (t,z) = 291 increases uni-
formly more rapidly than ®(t,z) = 2PY if and only if ¢~ > 1.

Proof. First note that in variable exponent spaces the inequality relation is simplified to

ex?®—p(t) > sp(t)-1
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Suppose that ¢~ = 1. Let (¢,,) be a sequence such that ¢(¢,) — 1 (and hence p(t,) — 1).
Let ¢ = % For any positives § and z( there exists t,, such that xg(t"o)_p(t"o) and

6P(tno) =1 are sufficiently close to 1 and

}xguno)—p(tno) < §Ptng) =1

showing that 29() does not increase uniformly more rapidly than zP(").
Conversely, suppose ¢~ > 1. Given € > 0, consider the set A = {t: p(t) > HTq} On
q —1
one hand, taking x; > 1 and J; < 1 small enough with £ > (51( : ), we get that, for all
t € A and for all x > zq,

g —1

exd()—p(t) >e> 51( 2 ) > 5f(t)_1'

On the other hand, taking d2 < 1 and x5 > 1 large enough to arg : ) > 1, we get that,
for all t € A° and for all x > x5,

q  —

epd(®)—p(t) > E.’Eg ) >1> 55@)*1
Thus, taking xg = x2 and § = &1, we get the desired inequality for all t € Q. O

Corollary 6.5. Let S € LP0O)(Q) with pt < oo. If S is bounded in some L) (Q) with
q(-) > p(-) and q_ > 1, then S is relatively weakly compact in LP()(Q).

The converse, however, is not true:

Proposition 6.6. Let LP()[0,1] with 1 = p~ < pt < co. There exists a null sequence (fy,)
in LP)[0,1] such that (f,) is not norm bounded in LI)[0,1] for any exponent function
q(-) = p(-) with g > 1.

Proof. Let (g,) N\, 1 be a sequence in the interval [1, p*]. We can take a disjoint sequence
of subsets (A,,) of positive measure satisfying

1+ qn
AnCpl(l, +q)

2

and thus pTAn < H'% < qn.

By Proposition 3.4 we know that, for every n € N, the inclusion L, (4,) C LP()(A,)
is L-weakly compact. Let (B, x)x be a disjoint partition of each A,, for n € N and define
the functions

. XBy k

Sn,k = 1

, (B k) @
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which are normalized in Lg,[0,1]. For every n € N, p(By k) E2%, 0, so there exists
some k,, such that, for every k > k,,

[$n.kllp) <

S|

Then, the sequence (s, x, )n converges to 0 in LP()[0,1]. So, let us see that (s, , ) is not
norm bounded in any L)[0,1] with ¢(-) > p(-) and ¢~ > 1. Given such an exponent
function ¢(-), there exist ng € N and ¢ > 0 such that ?1_; > 1+ ¢ for all n > ng. Thus,

1 q(t) 1 1
Pa() (Sn.kn) = / — | dt= / —dt > PE
Bo ok, #(Br k) o Bo ey, (B k, ) o (B k)
and‘fl—;—1>5forn2n0,so
li > i L =
T T

and (sp x,) is not norm bounded in L¢0)[0,1]. O

A tentative characterization of a weakly compact subset of LP()(Q) in terms of norm
boundness in some smaller L) () space for some exponent functions ¢(-) with ¢~ =1
is left as an open question.

References

[1] F. Albiac, N. Kalton, Topics in Banach Space Theory, Springer, 2006.

[2] T. Andd, Weakly compact sets in Orlicz spaces, Can. J. Math. 14 (1962) 170-176.

[3] D. Cruz-Uribe, A. Fiorenza, Variable Lebesgue Spaces: Foundations and Harmonic Analysis,
Birkhauser, Basel, 2013.

[4] C.J. de la Vallée Poussin, Sur I'intégrale de lebesgue, Trans. Am. Math. Soc. 16 (1912) 435-501.

[5] L. Diening, P. Harjulehto, P. H&sto, M. Ruzicka, Lebesgue and Sobolev Spaces with Variable Ex-
ponents, Lecture Notes in Math., vol. 2017, 2011.

[6] J. Diestel, Sequences and Series in Banach Spaces, Springer, 1984.

[7] P.G. Dodds, F.A. Sukochev, G. Schliichtermann, Weak compactness criteria in symmetric spaces of
measurable operators, Math. Proc. Camb. Philos. Soc. 131 (2001) 363-384.

[8] B. Dong, Z. Fu, J. Xu, Riesz-Kolmogorov theorem in variable exponent Lebesgue spaces and its
applications to Riemann-Liouville fractional differential equations, Sci. China Math. 61 (2018)
1807-1824.

[9] J. Flores, F.L. Hernandez, C. Ruiz, M. Sanchiz, On the structure of variable exponent spaces, Indag.
Math. 31 (2020) 831-841.

[10] J. Flores, C. Ruiz, Domination by positive Banach-Saks operators, Stud. Math. 173 (2006) 185-192.

[11] P. Gérka, R. Bandaliyev, Relatively compact sets in variable-exponent Lebesgue spaces, Banach J.
Math. Anal. 12 (2018) 331-346.

[12] P. Gérka, A. Macios, Almost everything you need to know about relatively compact sets in variable
Lebesgue spaces, J. Funct. Anal. 269 (2015) 1925-1949.

[13] P. Harjulehto, P. Hésto, Orlicz Spaces and Generalized Orlicz Spaces, Lecture Notes in Math.,
vol. 2236, Springer, 2019.


http://refhub.elsevier.com/S0022-1236(21)00169-5/bib631DE3EAB18D35E667A73157E91A8AA6s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib6A3441C04BEEFE670609A2C15E84105Fs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib758951CAC5E62129E654698C8CA0333Bs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib758951CAC5E62129E654698C8CA0333Bs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib1495342C40680BC1A930464FD253C5DEs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib649FD42084EF3A56B4C4DB974B393514s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib649FD42084EF3A56B4C4DB974B393514s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib5961102BBF53B3AC0B9085F1EF3CE3F0s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib55B0309F6F574D949D302760CEBCFADEs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib55B0309F6F574D949D302760CEBCFADEs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibC882562A8D769253400F7BC8B045573Es1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibC882562A8D769253400F7BC8B045573Es1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibC882562A8D769253400F7BC8B045573Es1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibB2FD79B85281BF59928627789E37ECC6s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibB2FD79B85281BF59928627789E37ECC6s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib11AEDD0E432747C2BCD97B82808D24A0s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibCF9831FFCCFE82C580C828787A65EF78s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibCF9831FFCCFE82C580C828787A65EF78s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFDF1639D3CFC43F818C744595F0F19FBs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFDF1639D3CFC43F818C744595F0F19FBs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFAAFC315B95987FC2B071BCD8F698B81s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFAAFC315B95987FC2B071BCD8F698B81s1

F.L. Herndndez et al. / Journal of Functional Analysis 281 (2021) 109087 23

[14] F.L. Herndndez, C. Ruiz, {4-structure of variable exponent spaces, J. Math. Anal. Appl. 389 (2012)
899-907.

[15] F.L. Hernéndez, Y. Raynaud, E.M. Semenov, Bernstein widths and super strictly singular inclusions,
Oper. Theory, Adv. Appl. 218 (2012) 359-376.

[16] J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces II, Springer-Verlag, 1979.

[17] J. Lukes, L. Pick, D. Pokorny, On geometric properties of the spaces LP(®) Rev. Mat. Complut. 24
(2011) 115-130.

[18] P. Meyer-Nieberg, Banach Lattices, Springer-Verlag, Berlin, Heidelberg, 1991.

[19] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math., vol. 1034, Springer, 1983.

[20] M. Nowak, Weak compactness in Kéthe-Bocher spaces and Orlicz-Bocher spaces, Indag. Math. 10
(1999) 73-86.

[21] M.M. Rao, Z.D. Ren, Theory of Orlicz Spaces, Marcel Dekker, Inc., New York, 1991.

[22] M. Ruzicka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in Math.,
vol. 1748, Springer, 2001.

[23] W. Szlenk, Sur les suites faiblements convergentes dans l’espace L, Stud. Math. 25 (1965) 337-341.

[24] L. Weis, Banach lattices with the subsequence splitting property, Proc. Am. Math. Soc. 105 (1989)
87-96.


http://refhub.elsevier.com/S0022-1236(21)00169-5/bib5A38D273DAC0D2027232E01D26C5220Fs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib5A38D273DAC0D2027232E01D26C5220Fs1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib8E2F5D23316CDF793C772CD7DA195EC5s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib8E2F5D23316CDF793C772CD7DA195EC5s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib8E15AA370164733CADB45AAB768FA983s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibF4614AF299DD16A1E42517558B87EA93s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibF4614AF299DD16A1E42517558B87EA93s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib246D155780B0827EDE6772955F1854B3s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib28C1E162E10D69B4BF8C2906BF5BB63Ds1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFCA5956FBDA9AC2F4272F7680C3C1650s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibFCA5956FBDA9AC2F4272F7680C3C1650s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibD5A5AE383D912DDC78B42BF80D4DB7E4s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibCECE0BA400877887CDC1D67B3165FC4Ds1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bibCECE0BA400877887CDC1D67B3165FC4Ds1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib173962D1EF307173ED57CFCE878211D5s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib41C0E332141A07A99DD1FC5B9E218C11s1
http://refhub.elsevier.com/S0022-1236(21)00169-5/bib41C0E332141A07A99DD1FC5B9E218C11s1

	Weak compactness in variable exponent spaces
	1 Introduction
	2 Preliminaries
	3 Lp(·) equi-integrability
	4 Weakly compact subsets of Lp(·)(Ω)
	5 Banach-Saks property
	6 Weak compactness and Musielak-Orlicz spaces
	References


