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ABSTRACT: A coupled massive Thirring model of two interacting Dirac spinors in 1+ 1
dimensions with fields taking values in a Grassmann algebra is introduced, which is closely
related to a SU(1, 1) version of the Grassmannian Thirring model also introduced in this
work. The Lax pair for the system is constructed, and its equations of motion are obtained
from a zero curvature condition. It is shown that the system possesses several infinite
hierarchies of conserved quantities, which strongly confirms its integrability. The model
admits a canonical formulation and is invariant under space-time translations, Lorentz
boosts and global U(1) gauge transformations, as well as discrete symmetries like parity and
time reversal. The conserved quantities associated to the continuous symmetries are derived
using Noether’s theorem, and their relation to the lower-order integrals of motion is spelled
out. New nonlocal integrable models are constructed through consistent nonlocal reductions
between the field components of the general model. The Lagrangian, the Hamiltonian, the
Lax pair and several infinite hierarchies of conserved quantities for each of these nonlocal
models are obtained substituting its reduction in the expressions of the analogous quantities
for the general model. It is shown that, although the Lorentz symmetry of the general
model breaks down for its nonlocal reductions, these reductions remain invariant under
parity, time reversal, global U(1) gauge transformations and space-time translations.
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1 Introduction

The massive Thirring model (MTM) has attracted considerable attention in the literature
as a rare example of an exactly solvable relativistic model in 1 + 1 dimensions, which is
relevant in different branches of physics. The MTM was originally introduced as a toy
model in the realm of quantum field theory, with the purpose of understanding the non-
perturbative physical phenomena arising in realistic (3 + 1)-dimensional systems [1]. Further
developments such as the Coleman correspondence [2] between the quantum sine-Gordon
model and the zero charge sector of the quantum MTM stimulated the study of the Thirring
model as an integrable quantum field theory. In fact, subsequent work established the
complete integrability of the MTM both in its quantum [3-5] and classical variants [6-9].
More precisely, at the classical level there exist two versions of the MTM, depending on
whether the field variables take values in the complex numbers field or in a Grassmann
algebra. The first version, often referred to as the bosonic massive Thirring model (BMTM),
has important physical applications including pulse propagation in Bragg nonlinear optical
media [10-14] and dipole-dipole interactions among many-body bosonic atoms [15]. A great



deal of research has been devoted to the BMTM applying well-known techniques such as
the inverse scattering transform, Backlund or Darboux transformations, and various types
of soliton solutions and rogue waves thereof have been obtained [6, 7, 16-25]. Further
interesting results include the proof of the existence of soliton solutions in a nonvanishing
background [26-28] and the construction of general bright and dark soliton solutions via
KP hierarchy reductions [29], or the study of the integrability of the model in the presence
of defects [30, 31] and of balanced loss and gain [32].

The study of the integrability of the classical MTM with fields taking values in a
Grassmann algebra (GMTM for short) is important in the context of quantization, in
which case the fermionic fields are taken as operators satisfying canonical anticommutation
relations. The integrability of the GMTM at the classical level was established early on
in refs. [8, 9]. The Lax pair for this model was constructed in the latter reference, and
an infinite number of conserved quantities were obtained. Furthermore, by employing the
inverse scattering transform it was shown that the usual soliton solution is absent in this
model. A study of the GMTM in the presence of defects was also undertaken in refs. [30, 31].

A coupled BMTM describing the interaction between two independent self-interacting
Dirac spinors was recently introduced in ref. [33], where the model’s Lagrangian and
Hamiltonian were constructed. It was shown that the action of the system is invariant
under parity, time reversal, global U(1) gauge transformations and Lorentz boosts, as is the
case for the original MTM. The new model possesses a Lax pair which yields the equations
of motion as a zero curvature condition. The linear equations associated with this Lax pair
can be used to construct an infinite number of conserved quantities, which confirms the
integrability of the system. A detailed study of the complete integrability (in the Liouville
sense) of the coupled BMTM was also carried out in ref. [33], and some novel nonlocal
nonlinear integrable systems related to different reductions of the coupled BMTM were
constructed and analyzed.

The integrability of both the bosonic and Grassmannian versions of the original MTM,
as well as the new coupled MTM introduced in ref. [33], strongly suggest that this might
also be the case for the Grassmannian version of the latter model. In fact, the main aim
of the present paper is to investigate the integrability properties of the classical version of
the coupled MTM with fields taking values in a Grassmann algebra. To this end, we first
construct the model’s Lax pair, which consists of 3 x 3 matrices instead of 2 x 2 matrices as
is the case in its bosonic version. We then show that the compatibility condition between
the two linear Lax equations yields the equations of motion for the coupled GMTM via a
zero curvature condition.

Another interesting outcome of the present investigation is that the original Lagrangian
for this coupled GMTM can be written in a new form by introducing a pair of new
Grassmann fields related to the old ones through a rotation by an angle —m /4 in the internal
space of the field variables. We show that in this form the model is closely related to a
SU(1,1) generalization of the GMTM model that, to the best of our knowledge, has not
been previously discussed in the literature. On the other hand, the quantized version of this
new form of the Lagrangian of the coupled GMTM may also be interpreted as describing the
mutual interaction between a self-interacting Thirring fermion and a ghost Thirring fermion
of the same mass but with opposite sign of the coupling constant. It should be noted in



this respect that this type of ghost fields has recently been considered in the literature in
the context of the bosonic field theory of quantized gravity [34].

Apart from the Lax pair, a fundamental aspect for the integrability of a given system
is the existence of conserved quantities. The construction of the conserved quantities of
the new model is accomplished by exploiting the linear equations coming from the Lax
pair and the zero curvature condition. In this way several infinite hierarchies of conserved
quantities are obtained, which ensure the integrability of the system. As in the case of the
ordinary GMTM, some of the conserved quantities of the new coupled GMTM are local
whereas others turn out to be nonlocal (by contrast, all the conserved quantities of the
coupled BMTM are local). The Hamiltonian formulation of the coupled GMTM is presented
following the standard canonical formalism for Grassmann-valued field theories [35, 36].
The action for the coupled GMTM is shown to be manifestly invariant under space-time
translations and U(1) global gauge transformations, and the corresponding conserved charges
are obtained through Noether’s theorem. These conserved charges, which may readily be
identified as the system’s Hamiltonian, total momentum and charge, are in fact related to
the local integrals of motion constructed using the Lax pair formalism. Finally, the Noether
current arising from the invariance of the system under Lorentz boosts is also obtained.
Apart from these continuous symmetries, the system is also invariant under several discrete
symmetries, namely parity (P) and time reversal (7 ), and hence under their composition
(PT). Interestingly, the lower-order integrals of motion of the coupled GMTM are found to
Poisson commute among themselves, a fact strongly suggesting that the system might be
completely integrable in Liouville’s sense as in the case of the coupled BMTM. However,
a full proof of the complete integrability for the coupled GMTM is not considered in the
present study and will be the subject of future work.

A systematic study of the reductions of the field components of the coupled GMTM
shows that its Lax pair can be used to generate new integrable systems. Apart from the
ordinary GMTM, we obtain two nonlocal reductions with real reverse space and real reverse
time, producing new integrable systems. These two models are nonlocal in the sense that
the value of the interaction potential at (x,¢) depends on the value of the fields at (—z,t)
(space inversion) or at (x,—t) (time inversion). It should be mentioned here that the type
of nonlocal integrable models discussed in the present paper were first introduced in the
context of the nonlinear Schrédinger equation (NLSE) with a space inversion interaction [37].
Since then, a vast amount of research has been carried out on several types of nonlocal
integrable dynamical systems, including different generalized versions of the NLSE [38-44],
nonlocal derivative NLSE [45, 46] and nonlocal sine-Gordon model [47]. To the best of
our knowledge, however, such nonlocal integrable models had not been constructed so far
for field theories with Grassmann-valued variables. In our present study, the Lax pair
and integrals of motion for the new nonlocal integrable models are simply constructed by
reduction of the analogous expressions for the coupled GMTM. The Lagrangian and the
corresponding Hamiltonian are also derived in the same way. It is also shown that the
new nonlocal reductions break the Lorentz invariance of the coupled GMTM. However,
they remain invariant under global U(1) gauge transformations and discrete space-time
symmetries (parity, time reversal and their composition).



The paper’s organization is as follows. In the next section we introduce the coupled
MTM with field values in a Grassmann algebra. The Lax pair of the model is constructed,
and the equations of motion are derived as the corresponding zero curvature condition.
Sections 3 and 4 respectively deal with the construction of several infinite hierarchies of
nonlocal and local conserved quantities by using the Lax equations and the zero curvature
condition. In section 5 the canonical formulation of the model is presented. The continuous
symmetries of the system —space-time translations, global U(1) gauge transformations and
Lorentz boosts— are discussed, and the corresponding conserved quantities are obtained
by applying Noether’s theorem. The invariance of the system under discrete symmetries

—parity and time reversal— is also discussed in this section. The nonlocal integrable models
obtained by considering different reductions between the field components of the coupled
GMTM are presented in section 6. Finally, in the last section we make a brief summary of
the results obtained and outline some future developments.

2 The model

2.1 Definition and Lax pair

A (bosonic) coupled MTM in 1 + 1 dimensions incorporating the interaction between two
Lorentz spinors ¢ and ¢ was recently introduced in ref. [33]. The Lagrangian density for
this model is given by

1 1- 1- < - —
L= igﬁ(ify“@u —m)y + §w(iwaﬂ —m)¢p — igb(ify“ﬁu +m)p — =p(iy" 9, +m)o

+ LG (7") + (57,0) (679)], (2.1)

DN | =

where ¢ = (¢1,$2)7, ¢ = ¢'7" (and similarly for v), the two-dimensional gamma matrices

are taken as 7* = o,, 7! = —ioy, and the spacetime metric tensor is diag(1, —1). The last

term in square brackets represents the interaction between the fields ¢ and ¢, g being the

(real) coupling constant. In the present study we consider the fields ¢;,1; (withi,j =1,2) as

functions taking values in the odd (fermionic) sector of an (infinite-dimensional) Grassmann

algebra G. In other words, the fields ¢; and v; anticommute among themselves and with
wy

their conjugates ¢; and ¢, where “+" denotes the involution (complex conjugation) in
G [48]. The Euler-Lagrange equations of motion for the fields ¢ and v are thus

(iv"0y — m)¢ + 9(W1ud)*é =0,

("0 — m) + g(dyu)yHp =0,

while the fields ¢* and ¥* obey the conjugate equations
— — — —_
G(ir" 0y +m) — gy () = 0, (2.4)
_ — _ —
V(i 0y +m) — gy* (Pyue) = 0. (2.5)

These equations are clearly invariant under the exchange ¢ <> 1. Moreover, for g = 0 the
fields ¢ and 1 both satisfy the free Dirac equation, while for ¢ = ¢ egs. (2.2) and (2.3)
reduce to the equation of motion of the original (Grassmannian) MTM.



Before proceeding further it is convenient to perform the change of scale

1 1
.f—)*ﬂ?, t_>7t7 ¢_> ¢7 ¢_> w7 j:1727 (26)
m m 2l 2lg| ™’

which transforms egs. (2.2)—(2.3) into

(0 + 02)P1 — P2 — 2e(V3¢2) 1 = 0,
(0 — Op)p2 — 1 — 2e(1P1p1)p2 = 0 @7
(0 + 0x)h1 — o — 2e(d39P2)1h1 = 0, .
i(0F — Ox)th2 — b1 — 2e(¢1¢P1)b2 = 0

with € := —sgng. The component form of the conjugate equations (2.4)—(2.5) is easily

obtained by taking the complex conjugate of egs. (2.7). Moreover, since the change of
variables ¢ — —¢ (or ¢ — —1)) reverses the sign of the term proportional to ¢ in egs. (2.7),
we shall take from now on € = 1 without loss of generality.

In order to study the integrability properties of the coupled GMTM (2.7) we shall
employ the zero curvature formulation, which relies on constructing a Lax pair for the
system. The U, V matrices in this Lax pair can be expressed as U = Uy and V = U_, with

ipr+s(A2FA72) 0 —rf
Uy = 0 —ipr + SN2 FAZ) —rF : (2.8)
3 e (A2 FA72)

where

p+ = P3tha £ P11, ri = —i(A\g3 £ A1), ry =i £ X)) (2.9)

and A\ € C is a spectral parameter independent of x and ¢. The linear equations of the Lax
pair associated to the latter matrices are

wy = Uw, wy = Vw, (2.10)

where w(z,t) is the three-component column vector w = (w1, ws,w3)", w, = %—i’, and
wy = %—f. Note that from the form of the matrices U and V it follows that the auxiliary
field components (w1, wy) and ws must have opposite parity. The compatibility condition
Wyt = Wy, of the equations in (2.10) yields the zero curvature condition

U=V +[U, V] =0, (2.11)

where [U, V] is the usual commutator. It can be readily checked that, when written in
component form, eq. (2.11) reduces to equations (2.7). This shows that the equations of
motion of the coupled GMTM are indeed obtained as the zero curvature condition (2.11) of
the Lax pair (2.10).



2.2 Connection to the SU(1,1) Thirring model

The non-standard form of the kinetic energy terms in the Lagrangian (2.1) can be easily
remedied by performing a rotation of angle —m/4 in internal (field) space, i.e., introducing
a pair of new two-component fermionic fields (®, ¥) through the relation

1 1

S@-0), v= 5@ (2.12)

Indeed, in terms of the new fields (®, ¥) the Lagrangian (2.1) becomes

¢

L = Lrn(P;m,g/2) — Lrn(¥5m, —g/2) + Li, (2.13)
where
1o in Lou 95 1
Lrn(m, g) = 5x (17" —m)x = x (17" 0 +m)x + 5 (1) (0r*x) (2.14)
is the usual (Grassmannian) Thirring Lagrangian, and the interaction Lagrangian Ly is
given by
L= [ (27, 9) (D7) + (07, D) (07" @) - 2(B7, D) (11 ) ~2(87, V) (BD) . (2.15)

The minus sign in front of the second Thirring Lagrangian in eq. (2.14) suggests a connection
of the present model with an SU(1, 1) version of the massive Thirring model that we shall
now make explicit. To this end, we regard the pair F' = (®, V)T as a (Grassmann-valued)
vector field whose components F! = ® and F? = ¥ transform under the fundamental
representation of the SU(1, 1) group. This is of course motivated by the fact that the kinetic
energy and mass terms of the Lagrangian (2.13)—(2.15) can be written as

_ _ —
%nab [F“(i'yuau — m)Fb — F(iv" 9, + m)Fb} = Ksu,1)» (2.16)
where (as in what follows) we are implicitly summing over repeated indices, F'¢ = (F®)T~?
and 111 = —n9g = 1, n12 = n21 = 0. This term is easily seen to be invariant under the global
SU(1,1) transformation F + AF, where A is a 2 x 2 complex matrix satisfying ATnA =7
and det A = 1. More generally, inspired by the definition of the SU(NN) (massless) Thirring
model in ref. [49], we define the SU(1, 1) massive Thirring model Lagrangian as

Lsu1) = Ksu,1) + 900" + giisetiaa(F*y, FP) (FA  FY), (2.17)

where
JE = nabFa’Y,uFbv n= 0’ 17

is the U(1,1) current and go, g1 are arbitrary real parameters. It is straightforward to
check that Lguy(y, 1) is real, due to the identities (7°)* = ~% and 707;70 = 1, satisfied by
the gamma matrices. The Lagrangian (2.17) is also readily seen to be invariant under the
global SU(1,1) transformation

F— AF, A e SU(1,1),



since both interaction terms in eq. (2.17) are in fact separately invariant. The La-
grangian (2.17) can also be written in terms of the three currents

T} = F(nt") PP, i=1,2,3, (2.18)

associated to the su(1,1) generators! t* (i = 1,2,3) in the fundamental representation,
which we shall take as
t' =i0”®, t? =10V, 3 = o7,

Note that ¢! and #? are anti-Hermitian while ¢3 is Hermitian, and that
trt! =0, ('p—nti=0, i=1,2,3.
Indeed, the trace formulas
tr(titj) = 2€;0;5, with 3= —e1 = —e9 =1,
imply the identity

Eia’aNe ctapted = 2Ma'd Mo’ — Na/bMe'ds

and hence
el T = 200 gty (F@ , FP) (FE Ay FY) — J0 01, (2.19)

From this equation it immediately follows that the SU(1, 1) Thirring model Lagrangian (2.17)

can be written as
S (1,1) S (171) gO 2 j gl 1 I . ( . )

Note that, as is the case for the SU(N) Thirring model studied in ref. [49], the last term
has the same structure as the su(1,1) Casimir g;''.

In order to elucidate the precise relation between the SU(1,1) Thirring model (2.20)
(or (2.17)) and our model (cf. egs. (2.13)—(2.15)), it suffices to expand the interaction terms
in eq. (2.17), namely:

JO T = (07, & — Ty, U) (D — Uy D)
= (07, @) (2" @)+ (U7, V) (U ) —2(D, D) (U W), 2.21
MeNad(F Y, FP)(FA* FY) = (07, 0) (9" @)+ (U, V) (TyH 1) —2(Dy, U) (T4 D) 2.22)

We thus find that the SU(1,1) Thirring model Lagrangian (2.17) —or, equivalently, (2.20)—
can be written as

£SU(1,1) = ’CSU(1,1) + (90 + 1) [@w@)(@v%) + (‘i”m‘l’)(‘i’”yu‘y)]
— 2g0(®y,®) (YY" T) — 291 (D7, W) (LY D). (2.23)

'Here, and in what follows, we shall use the term “generator” adhering to the physicists’ convention,
according to which the one-parameter group generated by a generator X is e** instead of e'* (with t € R
the group parameter).



It is apparent that the terms
(P 0) (VW) + (U7, D) (V" D)

in the Lagrangian (2.13)—(2.15) of the coupled GMTM do not appear in eq. (2.23), nor is it
possible to reproduce the coefficients of the remaining terms in (2.15) for any choice of g
and g;. We thus conclude that the Lagrangian (2.13)—(2.15) is not of the SU(1, 1) invariant
form (2.17). On the other hand, (2.13)—(2.15) can be expressed in terms of su(1, 1) currents
in a remarkably simple way. Indeed, eq. (2.21) and the identity

JELJl“ = — (D, ¥ — Uy, @)(P1" T — UA" D)
= —(27 V) (VYY) — (¥, @) (V@) + 2(Dy, V) (U, D),
imply that g
£ = Ksupn + 5 (000 — ). (2.24)

It is straightforward to check that each su(1,1) current J/’f is invariant under the one-
parameter group olft* (with 6 € R) generated by its corresponding generator t* € su(1,1).
Indeed, under a general SU(1, 1) transformation F' +— AF the current Jl’f is mapped to

F* (ATntkA)ab'yﬂFb,
and we have
e*ia(tk)fntkeietk = ntk, k=1,23.
For instance, for the current J ﬁ
e—i@(tl)Tntleith _ e—@az (iazo_:c)e—eaz _ _e—QUz O_ye—eaz
= —(cosh @ — sinh 6 6*)oY(cosh @ — sinh § 0%) = —0¥ = ic?0® = ntl.

Since the first two terms in the Lagrangian (2.24) are obviously SU(1, 1) invariant, it follows
from the previous remark that the latter Lagrangian is invariant under the one-parameter

group of transformations F — e F (with 6 € R) generated by the su(1,1) generator t!.
From the fact that eq. (2.12) can be written in matrix form as

(6, 9)T =e 5 (0, )7,

it follows that the original Lagrangian (2.1) is invariant under the one-parameter group
(6, 0)7 = e T e T (6, 4)T = 7 (9,07,

i.e., the obvious scaling symmetry

& e, ¥ e 0. (2.25)

The relation between the coupled GMTM model studied in this work and the SU(1,1)
Thirring model (2.17) is thus akin to the relation between the quantum XXX Heisenberg
model (invariant under the full rotation group SO(3)) and its XXZ counterpart (only
invariant under rotations around an axis). It should be noted, in this respect, that this
residual invariance of the XXZ spin chain plays a key role in the construction of the Bethe
eigenstates of this model.



Remark 1. In the quantized version of the Lagrangian (2.14)—(2.15), the minus sign in
front of the second Thirring Lagrangian could perhaps be explained by regarding the ¥
field as a kind of fermionic ghost field. With this interpretation, the quantum counterpart
of (2.14) would describe the mutual interaction of a (self-interacting) Thirring fermion
with a ghost Thirring fermion, with the same mass m and opposite coupling constants
+g/2. This type of ghost fields has recently been discussed in bosonic field theories in the
context of quantized gravity, where the propagator of the (four-derivative) graviton can be
effectively expressed as the sum of the standard propagators of a massless graviton field
and a massive ghost field with negative kinetic energy [34].

3 Nonlocal conserved quantities

One of the key aspects in the study of the integrability of a given system is the construction
of an infinite set of conserved quantities. In this section we shall exploit the zero curvature
formulation of the equations of motion of the coupled GMTM developed above in order
to obtain several infinite hierarchies of conserved quantities. Following ref. [31], we shall
derive these conserved quantities from the quotients

)

71wi =ww, = = ,

Lij = w; J w,

where i # j and w; is assumed to be bosonic (even) and with nonvanishing body (complex
number part) to guarantee that w;l exists and is also even [48]. From the identity

O (wj’l(?ij) =0, (w]-’l(?twj)
and the Lax pair equations (2.10) it then follows that

o(Ujs+ > Usilyy) = 0u (Vig + 3 Viallyy). (3.1)
i5i£] (RE]

If the fields vanish sufficiently fast as |x| — oo, from these equations we deduce that?

Ii(t) = /dl‘(Ujj + ‘Z;;Ujil“ij), (3.2)
i5i#£]

is the generating function for an infinite hierarchy of conserved quantities [31]. It is also
immediate to show that the auxiliary functions I';; (with i # j) satisfy the following pair of
coupled Riccati equations:

O, Tij =Uij —UjTig + > (Uik - FijUjk>ij7 (33)
=y

Oy =Vij — Vil + > (Vzk - Fij‘/jk>rkj) (3.4)
k#j

2Here and in what follows, unless otherwise stated we shall assume that the integration range is the
whole real line.



where U;; and V;; denote the elements of the matrices U and V. It can be readily checked
that the compatibility condition 0,0;I';; = 0;0,1';; for the latter system is automatically
satisfied once the equations of motion for the fields ¢, ¢ are taken into account.

In this section we shall assume that w; and wy are even (and with nonvanishing body),
so that ws is odd, and shall compute the conserved quantities obtained from the quotients
I';1 with 4 = 2, 3. Note that the conserved quantities constructed from I';o with ¢ = 1,3 can
be derived from the former by the substitutions

P1 > Y1, ¢35 <> —tha. (3.5)
Indeed, under this mapping the functions in eq. (2.9) transforms as
+ T
P+ < —p4, ry Ty,

which by eq. (2.8) is equivalent to reversing the roles of w; and ws in the Lax pair. In fact,
from the previous argument it follows that (3.5) is a symmetry of the field equations (2.7)
themselves, and thus maps any conserved quantity of these equations into another conserved
quantity.

3.1 Expansion in negative powers of A

The equations (3.3)—(3.4) satisfied by the quotients I's; and I'y; can be more explicitly
written as the system of coupled equations

1
Ool's1 =15 +1{To +1i 5()\2 —A7?) — p_ |3,
0:T91 = —2ip_To1 — 15 T31 + 77 To1 31, (3-6)
OT91 = —2ip Ty — ry Tap + ri T la1.

We have omitted the equation for 0:I's;, since we shall see below that it is not actually
needed. In order to solve this system, we first expand I's; and I's; in negative powers of
the spectral parameter A, namely

Ti(z,t;\) = Z)\ ™ (), i=2,3. (3.7)

(n)

The expansion coefficients I';;” can be computed substituting the previous expansions in
the Riccati equations (3.6). In this way we obtain the equations

T = 2(41603 — ad) + TS +2(=i), + p )05
+2(asT8 Y + gl Y), (3.8)

id F(l) =2 F21 + @ZJQF(nH +7/)1F:(;1hl)

+ </>2 Z F n+1 k) F31 ¢1 Z P(n 1-k) éli : (39)

~10 -



1015 =2p T4 + Tt — ™Y

n n—2
k n+1—k’ ]C k n—l—k k
DI SHECD SR O e (3.10)
k=1 k=1

where n > 1 and T:({ll) = Tgf) = 0 for n < 0. The previous equations can be recursively
solved as follows. To begin with, eq. (3.8) with n = 1,2 yields

T = 20y, T =265 (3.11)
(1)

Substituting the previous expressions for F311 and Fézl) into eq. (3.9) we then obtain a

first-order homogeneous equation for I‘211 , namely

0pTsy) = ~2ip-Thy) — 2ithag3Ty) + 2id5unTly) = 2ip, TGy

Integrating this equation we obtain
r{) = A1 R(z, 1), (3.12)

where

Rz, 1) i= o2 oo WP (1) (3.13)

and A; is a bosonic function of ¢ alone. We still must enforce eq. (3.10) with n = 1, which
reads
oTg) = 2ip. Ty

Using the explicit expression (3.12) for Fgll) and the relation
E?tp+ = (%p_, (314)

which easily follows from the equations of motion, we obtain (taking into account that Ay
is even and denoting the derivative with respect to ¢ by a dot)

. z .
R(i‘, t)_lﬁtfg)l) = Qip,Al = Ay + 2iA / dy athr(y, t) =A + 21141,0,.
—0oQ
Thus A; is a constant. This determines Fgll), which yields I‘:(fl) through eq. (3.11).
In general, assume that Fgﬁ) (with k <n—1) and I‘g]i) (with & < mn) have been computed.

Combining egs. (3.8) (with n + 1 instead of n) and (3.9)—(3.10) we easily obtain a linear
inhomogeneous system of the form

8,T% = 2ip, T + B,, oI =2ip_ T + C,, (3.15)
where B, and C,, depend on the known functions I’gll), - 711&71171) and Fgll), Cees I‘gll) by the

induction hypothesis. Note that these equations are automatically compatible, due to the
compatibility of egs. (3.3)—(3.4). From eq. (3.14) and the compatibility condition for the
system (3.15) we arrive at the identity

(81’ - 2ip+)cn = (8t - 2ip—)Bn' (316)
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Integrating the first equation in (3.15) with respect to = we easily obtain:

() — Rz, 1) (An(t) + /_ ; dy R(y, 1)~ By (v, t)) . (3.17)

The (bosonic) function A, (t) is then determined (up to an arbitrary constant) substituting
this expression into the second eq. (3.15), which yields the differential equation

An(t) = R71C, — [ "; dy R~ (y,4) (9 — 2ip— (1)) Bu(, ). (3.18)

Note that the right-hand side (r.h.s.) of this equation is indeed a function of ¢ alone, since
its derivative with respect to x,

R [(—2ip+0n + 0;Cr — (0 — 2ip_)Bn] ,

vanishes on account of eq. (3.16). In this way we can determine Fgf), which in turn yields

Fggﬂ) through eq. (3.8) with n replaced by n + 1.
By eq. (3.2) with j = 1, the generating function for the conserved quantities constructed
from I's; and I'gy reads

I = /dm (U1 + UhsTs1) = i/dx -+ (A5 — 27195 Tan . (3.19)

where we have discarded the trivial constant term in Uyy. Substituting the expansion (3.7)
of I's; into the above equation we obtain a corresponding expansion

L=iY A",
n=0

)

where each coefficient I {n is a conserved quantity. The general expression for these conserved

quantities is given by
™ = /dx(p,(sno + et —giti ), m=0,1,. (3.20)

The explicit form of the conserved quantities (3.20) can be obtained recursively from
eq. (3.8). The first two nontrivial conserved quantities turn out to be local, and are given by

10 = - [ dw (611 + 6302), (321)
1 =2 [ da (2050 + divn + O3t + 201016300 ). (3.22)

while I {1) vanishes identically. On the other hand, the conserved quantities I {n) withn > 3
(4)

are nonlocal. For instance, from eq. (3.20) with n = 3 and the expressions for '3, F?ﬁ we
readily obtain

19 =4 [anas (61— i¢5. )T = a1 [dags(6i —i05.) Rt (3:23)
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where A; is a bosonic constant and R(z, t) is defined by eq. (3.13) (cf. eq. (3.12)). Proceeding
in the same way, a long but straightforward calculation yields

1{4) =2 / dx (21<¢T¢2,z + P5101,2) — AP502 po + 4 G105 (Vo)1 2 — 20102 1)
+ 4G50}, + pi +203(105, — DTS ). (3.24)

The bosonic function I‘g) is obtained integrating egs. (3.9)—(3.10) with n = 2, which in this
case can be seen to reduce to the system (3.15) with

By = dpo(Pop —i¢1),  C2 = dihoihas.
From eq. (3.17) with n = 2 we then obtain

o) = R[4 +4 [ ayRe) M) (val) —10i0) ] 629

where for the sake of simplicity, we have dropped the ¢t dependence of the fields and the
function R. The bosonic function As(¢) is determined (up to a constant) by eq. (3.18) with
n = 2, namely

Agft) = AR g —1 | ”; dy R~ (y) (9 —2ip- (1)) (Y2 () (9) +i 01 (1)¥2(y) ) - (3.26)

As explained above, it is guaranteed that the r.h.s. of the latter equation is independent
of . This can also be explicitly checked by noting that the = derivative of the r.h.s. of
eq. (3.26) multiplied by R(x,t)/4 is explicitly given by

— 2i ppapotha g + Yotho g — (O — 21 p—) (Y22 & + ith1902)
= 4i QT V122 5 + Voth2 gu — Or (V212 » + 1)112),

which is readily seen to vanish using the equations of motion of the fields.
By the remark at the beginning of this section, the conserved quantities 1'2(”) constructed
from I';o with ¢ # 2 can be derived from the ones obtained above through the mapping (3.5).

In this way we obtain the explicit formulas

1 = [z (g1 + o), (3.27)
1 =2 [ do (2205, + 670 + 63001 + 26016302), (3.25)
1) = 44, / dz o (V1 + ithse ) R, 1), (3.29)
159 = =2 [ da(2i( - 165, — 1201 ,) — b2} gy + 4ir052(5307 , — 26763,,)
+ 4ig]@3at e — py + 2(ithae + 1)), (3.30)
where A; is again an arbitrary bosonic constant,
M = k@) a0 +4 [ RO (5.0 +igiw)|. @3

and As(t) is a bosonic function determined (up to a constant) by the equation

Aa(t) =aRg305,—1 [ : dy R(y) (9i+2ip- () (65(0) 5. (1) ~161(W)65(v) ). (3.32)
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3.2 Expansion in positive powers of A\

A second hierarchy of conserved quantities can be obtained by expanding I';; with ¢ £ 1 in
positive powers of A\ as follows:

it (z,t;\) Zr 1=2,3. (3.33)

)

in a recursive way from the Riccati equations (3.6), which yield system

T = 2(1hads — 16,) + D5 + 2(i0, — p_) T2

Using the procedure described above, the expansion coefficients F(1 can easily be obtained

2ol + it ), (3.34)

iazfgll) = 2Pff‘(n) + 1/)2f§f{_1) + 1/)1f‘:(371L+1)
L T

k=1

10,05 = 2p, TS + L5 Y — gy T Y

+ 0} Zr FTITE ogr SOTHTPTR), (3.36)
k=1

where n > 1 and Fgll) = Fgll) = 0 for n < 0. Substituting the expansion (3.33) of T's; into

q. (3.19) we obtain an expansion of the form

L=iY ALY
n=0
whose coefficients
i /dx(p_(sno TIPSR vy y ) S 1 IO (3.37)

are conserved quantities. The explicit form of the first few nontrivial conserved quantities
is as follows:

o / dz (651 + ¢3eba),

= 2/dw (Qiﬁ{wlz — P12 — P3¢ — 2¢>’f¢1¢§¢2)7

1 =4, [ 4wai (63 +161,) R0, (3.38)
(

where A is a bosonic constant. As was the case with the conserved quantities I ln) discussed
above, all the conserved quantities .Fff") with n > 3 are nonlocal. The corresponding
conserved quantities constructed from I';o with i # 2 are obtained from the above through
the mapping (3.5), namely

o / dz (¢1e1 + g5ibn),
f(z = 2/df’j 209107, + P1b2 + Poth1 — 2¢1¢1¢2¢2)
I =4y [ davis (2 + i10) RGa, ), (3.39)

where again A; is an arbitrary bosonic constant.
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Remark 2. As is also the case with the ordinary GMTM [31], the conserved quantities I J(k),

f](k) with k& < 2 are local, while the ones with k > 3 are nonlocal. Note, however, that all

the conserved quantities of the coupled BMTM introduced in ref. [33] are local.

Remark 3. There are some obvious relations among the lowest-order conserved quantities
derived above, namely

Ifo) _ I~2(o) _ ffo) _ 12(0)’ IfQ) _ 152)7 j?)

7(2)

2
where for the last two equalities we have taken into account that the integral of a total x
derivative vanishes due to the boundary conditions imposed on the fields. Note, however,
that no such relations are apparent for the conserved quantities of order greater than 2.

Remark 4. Setting

I'31
c ix 21,
the Riccati system (3.6) can be rewritten as follows:

Oze = 2 — A2y — (95 + A6} )be,
0zb = —2ip_b+ (XNta + Y1 )c + (\2¢5 — ¢})bc,
b = —2ip b+ (A2po — 1) e+ (N2ph + ¢])be.

Since the r.h.s. of the latter equations depends on A only through A2, it is clear that it
admits solutions in which ¢ and b are functions of A2. Hence the original equations (3.6)
also admit solutions in which I's; is odd in A and I'y; is even in A. By egs. (3.20)—(3.37),
the conserved quantities I§") and .FT}”) constructed from these solutions vanish identically
when n is odd. Applying the symmetry transformation (3.5) we deduce that the same is
true for the functions I';o with ¢ # 2 and their corresponding conserved quantities Iz(n), fz(n)
of odd order.

4 Local conserved quantities

In this section we shall regard the auxiliary fields w2 as fermionic and w3 as bosonic, and
construct the conserved quantities derived from the quotients I';3 with ¢ # 3. According to
the general equation (3.2), the generating function for these quantities is

13:/d$<U31F13+U32F23) Zi/dx[(/\wg—)\_11/11)F13—(}\gb;—‘y-)\_ld{)rgg}, (4.1)

where we have again dropped the trivial constant term Uss. The differential equations for
the functions I';3 (with i # 3) read

(A2 = X\72)| T3 + ) T13las,

N
SN—
L )

0,13 = —r] +i|p- —

N 1 N _
OT13 = —r{ +i|py — 5()\2 + A7) T3 4+ 77 Ti3T3,

i 1 N _
8361“23 = —7”2+ —1|p— + 5()\2 — )\ 2) Fgg — T’2 F13F23,

_ 1 _
0’93 = —ry — i|p4+ + §(A2 + AiQ) Tos — T;P13F23.
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The structure of these equations makes it convenient to introduce light-cone coordinates

E=ttra), n=i@-u),

2 2
so that
O¢ = O + Oy, Op=0r — 0.
Setting
E =c % — b
2\ ’ 2

we obtain the system

O¢e = iy + (2ip2 — p)c + 4pgybe, (4
Deb = —ithy — (2ipa + p)b + duhabe, (4.
Oye = —p " dF + (2ipy + p e — digibe, (4
Onb = —p~ by — (2ip1 — p~ )b + dinhrbe, (4

where p = i\? is a new (complex) spectral parameter and

pi = 5, i=1,2.

Using the field equations (2.7), it can be readily checked that the compatibility conditions
for the previous system are automatically verified. The main difference with the procedure
followed in the previous section is that, as we shall show below, when the functions ¢ and b
are expanded in powers of the spectral parameter p either eqgs. (4.2)—(4.3) (when expanding
in negative powers) or (4.4)—(4.5) (when expanding in positive powers) can be used to
generate a pure recursion relation for the expansion coefficients of the latter functions. In
this way these coeflicients can be recursively determined in terms of the fields without

having to perform any integrations.

Remark 5. Equations (4.2)—(4.4) are easily seen to be invariant under the transformation
C < b*7 ¢Z A Q/JZ

Since our model reduces to two identical copies of the original Thirring mode when ¢ = 1,
it follows that (with suitable boundary conditions) one can take b = ¢* in the latter model.
This simplification, actually used in ref. [9], is of course impossible in our case.

4.1 Negative powers of u

Let us start by expanding the (fermionic) functions ¢ and b in negative powers of the

spectral parameter p, namely

c= Z e ", b= Z bpp ™.

n>1 n=1
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Substituting into eqs. (4.2)—(4.3) we immediately obtain the coupled recursion relations

n
Cng1 = 10500 + (2ip2 — Oe)en + 495 > buy1—kCh, (4.6)
k=1
n
bn+1 = —it90p0 — (21,02 + 8§)bn + 41y Z bn—l—l—kck (47)
k=1
with n =0,1,.... Since the r.h.s. of these equations contain only functions ¢ and by with

1 < k < n, it is obvious that they allow the recursive computation of ¢, and b, for all n > 1.
Once this is done, the corresponding conserved quantities Ig(,n) are obtained expanding the
generating function (4.1), which can be written as

Iy =2 [ da (2 — i)e = (u5 + i67)0) (48)

in powers of u. Setting
13 —9 Z M_nI?En)

n=0

we thus obtain the explicit expression

Ign) = /dx [¢2cn+1 - ¢§bn+1 - i(d’lcn + qb){bn)}a nz=0. (49)

From the latter expression it is obvious that these conserved quantities are all local. The

first of these quantities, I?EO), is easily seen to vanish, since from eqs. (4.6)—(4.7) we have

C1 = i(Z);, bl = —i¢2 .

The first nontrivial conserved density is easily obtained setting n = 1 in the recursion
relations (4.6)—(4.7), which yields

ca = (2ip2 — Og)er + 4dsbicr = —i(2ip2 + 0¢) 5 = —igs ¢

Although bs can be computed in a similar way from eq. (4.7) with n = 1, it is easier to note
that ¢ = T'13/(2)\) is mapped into b = I'y3/(2)) under the symmetry transformation (3.5).
In this way we obtain

b2 = in,fa
and from eq. (4.9) with n = 1 we have

19:_/¢¢wm%+@w@+ﬂw+@m]

Using the field equations (2.7) we can express the £ derivatives of 19 and ¢} in terms of
their = derivatives as follows:

Yo = 2P p —ithy — 2ip1¢Pa, P3¢ = 205, +1i¢] + 2ip195.

Substituting into the previous expression for Iél) we finally obtain the explicit formula

é”zﬂ/M$@wm—@ﬂ@+ﬁw+@m+mW4 (4.10)
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Integrating by parts we obtain the equivalent expression

i) = *Q/dv’ﬂ (21¢§¢2,x + 12 + b1 + 2P1P2>- (4.11)
Similarly, from egs. (4.6)—(4.7) with n = 2 we obtain

3 =idyee — 2p2de, by = —iaec — 2p202.

However, the corresponding conserved quantity I§2) is trivial, since using the field equations
it can be shown that

19 o / Ao 0, (465020 + G102 + G561 + dpr1pa) =0

is the integral of a total x derivative, which vanishes on account of the boundary conditions
at infinity.

The calculation of the conserved quantities of order higher than 2 becomes increasingly
more involved. For example, for n = 3 we have

cy = =193 cee + 4p20s ¢ — 60305 (Yo, by = iha gee + 4dpathage + 62102 h3 ¢,

and hence

I?(,g) = /d$ ( — 1500 cee — 1203 e — P26 + V103 ¢¢
+ 20 (i1 c + UG5 e + 665 o) )

where the £ derivatives must be expressed in terms of z derivatives using the field equa-
tions (2.7). When this is done we obtain the explicit expression

1§ =2 [ da[107 o0 +405 10— ST 651 02+ 24(p1-+ p2) 05 1
=8 Y203 1.2 —8P50107] V2.0 — 812 105+ P12+ 511 +18p1p2
214035 0 e + 0701 2+ 205020+ 201 (V20 o+ $5001.2) +10p2 (970020411 03,0) ),

where we have discarded a total derivative with respect to x in the integrand. We have
74

verified with Mathematica™ that the even-order conserved quantities I3~ and I§6) are
trivial, as their densities are a total x derivative. In fact, we conjecture that this is the case
for all conserved quantities of even order.

4.2 Positive powers of p

We shall next expand the fermionic functions ¢ and b in positive powers of the spectral

c= ZM”EH, b= Zu"gn,

n=0 n=>0

parameter p, namely
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where the inclusion of the term independent of p is justified by the structure of eqs. (4.4)—
(4.5). Substituting this expansion into the latter equations we obtain the coupled recur-
sion relation

Cnil = G0n,—1 + (O — 2ip1)Ey + 4id] > by, (4.12)
k=0

bp1 = 1001 + (8 + 2ip1)bn — 4igy Zgn—kgk' (4.13)
k=0

Likewise, from the expansion

n=0

and eq. (4.8) it follows that

f:gn) = /dx {1#2071_1 — ¢3bn—1 —i(P1cn + ¢’1ﬂbn)}a nz0. (4.14)

The calculation of the expansion coefficients ¢,, ¢, from the recursion relations (4.12)—(4.13)
1"

and the corresponding first integrals from (4.14) proceeds along the same line as in the

previous subsection. The first nontrivial conserved quantities are
1Y = 2 [ e (<i67010 — 101 1 + 61002 + 0301 + 20102)
= =2 [ (= 261010 + 610 + 631 + 2p172), (4.15)
B =2 [ 4o 80200161 1o — 614100 + 01,010) + 240100 w01+ 401 ot + 405,000
+ ¢l + d3th1 + 18p1p2 — 21(4¢T,m¢1,m + 20197, + V295,
1001 (301 + 0201) + 202(010s + 103, (4.16)

where in the last equation we have discarded total x derivatives in the integrand to simplify
the expression for the corresponding conserved quantity. As before, the conserved quantity
féo) is identically zero, while f§2) is easily seen to vanish on account of the boundary
conditions at spatial infinity:

1 =2 [ avo,(~4idivne + 1vn + 6501 + dp1p2) = 0.

We again conjecture that all the even-order integrals fz,(,gn) with n = 0,1,... are trivial;
in fact, we have verified this conjecture for the additional cases n = 2,3 with the help of
Mathematica™.

Remark 6. The conserved quantities of order 1 are obviously related to the local conserved
quantities obtained in the previous section, namely

1 2 F(1 F(2
PO )

Note, however, that the zeroth order local conserved quantity [ dz p; does not appear
among the conserved quantities obtained in this section.
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Remark 7. None of the conserved quantities computed above are real. Note, however, that
if I is a conserved quantity so is its complex conjugate I*. It follows that the complex
conjugates of the quantities Ii(n), fi(n) (with ¢ = 1,2, 3) are also conserved, and can be used
to obtain the real conserved quantities

Re ™ = é([i(”) +(@)),  mI = l([(”) — (1),

K3 21 K3 1

.

and similarly for I; For instance, from the complex conserved quantity [dzpy we

obtained the real conserved quantities
1 *k k * k 1 * * * *
5 /da: <¢1¢1 + ¢392 + 11 + P302), Z/dl‘ (¢1¢1 + @32 — Vi d1 — P502).

The first of these quantities reduces to the fermion number of the standard (Grassmannian)
Thirring model if we set ¢ = 1, while the second one vanishes.

5 Canonical formulation

In this section we shall present the canonical (Hamiltonian) formulation of the coupled
massive Thirring model defined by the field equations (2.7). To begin with, the Lagrangian
generating these equations is given by eq. (2.1) with m = —g = 1, or more explicitly

L= %[szwa +ada — (_1)“(¢Z¢a,x + wzgﬁa@)} — Py — Plby — 28T s + coc.,

where the dot denotes partial derivative with respect to the time ¢, c.c. stands for the
complex conjugate, and (as in what follows) summation over repeated indices a = 1,2 is
understood. In fact, in order to derive the canonical formulation of the field equations it is
more convenient to work with the equivalent (complex) Lagrangian

L=i[¢5ba+Vida— (—1)" (00as+Vidas)| - (S1ta+d5ur +26701 d5u +ec),  (5.1)

which differs from the previous one by a trivial spacetime divergence. We shall next construct
the model’s Hamiltonian following the canonical formalism for Grassmann-valued field
theories outlined in refs. [35, 36]. We start by defining the canonical momenta associated
to the field variables (y, x*), with

X = (¢a 1/}) - (Xa)1<a<47

as
oL o
Tk o

where the partial derivatives, as in the sequel, are left derivatives. With this convention the

Tx

Hamiltonian is defined as

H = XaTxa + XaT™xs — L, (5.2)
where summation over repeated indices a = 1,...,4 is again understood. In our case
we have

g, = —iy, Ty, = —i0y, Tgr = Tyr =0, (5.3)

—90 —



and thus the Hamiltonian of the model is simply
H=Xamya —L=1(=1)" (93 bas+¥ibaz) + (St + o501 +201n g3 +ec ). (54)

At this point it is important to note that eqs. (5.3) cannot be used (as is usual with bosonic
field theories) to express the generalized velocities x4, X%, in terms of the corresponding
canonical momenta, but are rather constraints relating the canonical momenta to the field
variables. Thus in this case the canonical formalism should be developed using Dirac’s
method for constrained systems [50] as presented, e.g., in ref. [51]. However, the vanishing
of the canonical momenta associated to the conjugate field variables x7, suggests that we can
simply regard the fields x, and their conjugate momenta 7, as the fundamental canonical
variables, using the first two equations in (5.3) to relate the complex conjugate fields x7, to
the canonical momenta ,, (see the appendix for a detailed justification of this statement).
Taking into account our convention of using left derivatives, it is then easily checked that
the field equations (2.7) adopt indeed the canonical form

OH oH
o = — Tye = ——— 5.5
Xo 67TX0¢ 7 WXQ 5XOL ’ ( )
where ((;%'i, 5;?:&) are variational derivatives defined by the relation®

0H OH . .
0H = /dx(éxaw +57TX&57TXQ(I))7 with H := /dx’H.

Following refs. [35, 36], we define the Poisson bracket of two dynamical variables
FlXa»Ty.] = [dz F and G[xq,my,] = [dz G by

oOF 8¢ _OF &G
OXa() 0myo (2) Oy, (%) OXa(T)

(F,G} = (—1)|F|/dm< )::/dx{}',g}, (5.6)

where |F| is the grading of F' (i.e., |[F| =0 if F' is even and |F| =1 if F' is odd). With this
definition the fundamental Poisson brackets are given by*

{Xa(2), x5(y)} = {mya (), Ty, ()} = 0,
{Xa (), mys ()} = {7xa (2), X8 (Y)} = —0apd(z —y).

(Note the minus sign, which is due to our choice of left derivatives.) Using egs. (5.3) we

(5.7)

obtain the fundamental Poisson brackets

{¢a($)7¢§ (y)} - *WZ (y)a¢a(x>} = {¢a(x)a¢z (y)} = {¢Z (Z/),wa(l“)} = —iéabé(x—y). (58)

In particular, the local first integrals computed in the previous sections are of the form

F = /d:zf(xmxz,@xxmaxxz,---,3£Xa,3$x2), (5.9)

3In this section we shall often drop the time dependence of the fields and the canonical momenta, writing
for instance x«(z) instead of xa(z,t).
4Recall that the Poisson bracket between two odd dynamical functions is symmetric.
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where as remarked above the complex conjugates of the fields are related to the canonical
momenta by the first two equations in (5.3). Taking this into account, the Poisson bracket
between two (even) dynamical variables F; and Fy of the latter type is explicitly given by
eq. (5.6) with

. 0F1 0Fo 0F1 0F5 0F1 0F5 0F1 0Fo
PP =i 5oty 5 * T 5 T B Pt SR B

where

), (5.10)

= LN ()R =12 5.11
e o T 22V O R (5-11)

0F;
oxa
The action [dtdz £ of the Lagrangian (5.1) is manifestly invariant under constant

and similarly for

spacetime translations
ot gt = gt 4 et e#eR, wp=0,1, (5.12)
as well as under global U(1) gauge transformations
X — €€y, X* ey, eeR, (5.13)

and global SU(1,1) scaling transformation (2.25). Moreover, in view of eq. (2.1) the action
is also invariant under Lorentz boosts

(z,t) > (2/,t') = (v coshe — tsinhe, —zsinhe + t coshe), e eR. (5.14)

Indeed, in light-cone coordinates £ = (t 4+ z)/2, n = (t — x)/2 the Lorentz boost (5.14)
becomes

(&mn) = (1) = (e7°¢, e"n)
and the Lagrangian (5.1) reads

L£=i(0101¢+050on i dre+ 1300, ) — (910a+0501+201vr St +c.c.)
—jec (qzbwl,g/ +w?¢1,g/) Tief (¢§¢2,,7, +w;¢2m/) - (¢’{¢2+¢§w1 +2¢’;¢1¢;¢2+C,C.),

Hence the action will be invariant under the Lorentz boost (5.14) provided that the fields
transform as

P(x,t) = ¢ (2 1) = e 372 p(x, 1), (@, t) = Y (@) = e 2% 4(a, 1), (5.15)

and similarly for (¢*,1*). Note, in particular, that each field component transforms under
a different irreducible representation (e**) of the Lorentz group.”

The conserved current associated to the invariance under spacetime translations by
Noether’s theorem is the energy-momentum tensor

oL
OXau

", = Xaw — oM, L, w,v=0,1,

5Note that, since the Lorentz group in two spacetime dimensions is one-dimensional, all its irreducible
representations are necessarily one-dimensional.
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where we have used the fact that the Lagrangian (5.1) does not contain derivatives of the
complex conjugates of the fields. The corresponding conserved quantities are

/ dzT% = H, / dzT% =i / dx(w:;gﬁw + ¢;wa,x) = —P,

where P is the total linear momentum of the fields. Note that H and P can be easily
expressed in terms of the lower-order local conserved quantities computed in the previous
section as follows:

H= —% Re (i) + 1),  P= %Re (" - 1Y),

Likewise, from the global U(1) gauge invariance of the Lagrangian we deduce the conservation
of the current

oL
]M:_iXCV 9 Mzo,l.
IXau

The corresponding conserved quantity is the system’s total charge (or fermion number)

Qri= [ de® = [ do (g +vi0,) = 2Re [ dop..

Similarly, the invariance of the Lagrangian under the SU(1, 1) transformation (2.25) yields
the conserved current

or. ., oL
Oboy Oy’

whose conserved quantity is given by

j# = ¢a H = 07 17
Qi i= [ di(i — vi60) = ~21m [ deps.

Finally, from the invariance of the action under the Lorentz boosts (5.14)—(5.15) it follows
that the current

_ (—1)a ( oL oL )
[T TH
gt =aT"y +tT" + 5 %8%7“4_%8%7“ ;

is conserved (see, e.g., ref. [52]). The corresponding conserved quantity is given by

[dei® = [ dalot + S0 (61 + vion)| - P (5.16)

Note that the time-dependent conservation law (5.16) amounts to the equation of motion

/dx [:UH + %(—1)“(@‘2% + Zl):gba)} = tP + const.

In particular, the left-hand side of the latter relation is conserved in the system’s center of
momentum frame, in which P = 0.

Remark 8. Apart from the continuous symmetries discussed above, the Lagrangian (2.1) is
manifestly invariant under the following transformations:
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i) Parity P: (x,t) = (—z,t), o(z,t) = opp(—x,t), U(x,t) = opb(—z,t).
ii) Time reversal 7: (z,t) — (x,—t), &(z,t) = 0.0 (x,—t), P(x,t) = —o" (x, —1).

In particular, the field equations (2.7) are invariant under the P7T mapping
(CC, t) — (—.I, _t)7 (QZ)(.CL', t)? 1/1(% t)) — (¢*(_$) _t)u —1/’*(_% _t))

Using eqgs. (5.10)—(5.11), it is straightforward to compute the Poisson brackets of the

lowest-order local conserved quantities [ dx py = 50)7 él), and fél) derived in the previous

section. To begin with, if F' is of the form (5.9) we have

_ §F . 6F
(17,7 =3 f s (0o 355~ 055 )

For F = I:,El), the integrand in the r.h.s. of this equation is (omitting the argument of the
fields)

— 2[11(— 5 — 207 ¢3a) + Y225, — 61 — 2670163)
— 61 (¥ + 206105) — G5 (2tae + Un + 20701)| = 4i(G5020 — Vadh, ) = 4iDups,

which vanishes upon integration. Thus
0 1

and a similar calculation shows that {Iéo),jgl)} vanishes as well. Finally, if we denote by
I:gl) and Iél) the densities of the first integrals Ig(,l) and j;(,l) from eqs. (4.11)—(4.15) it easily
follows that

(T T} =81 a0, 6100+ 0301 + 20701650 |
~ 8 [mx(—qﬁ;—2¢’;¢;wz>+¢2,x<—¢’; 2650165) + 6} (Yo + 200 50s)
+¢T,x(¢2+2¢1¢§¢2)+¢§,z(¢1+2¢T1/11¢2)] =—80, (¢T¢2+¢§¢1 +2,01/02>,

and hence
(0,50 =0
I(O) (1)

The previous explicit calculations show that the conserved quantities I, ", I3, fg()l) derived
in the previous section Poisson commute among each other. In fact, with the help of
Mathematica™ we have checked that I:g?’) and f§3) are also in involution with the lat-
ter quantities and among themselves. This strongly suggests that the coupled Thirring
model (2.7) is completely integrable in Liouville’s sense, as was shown to be the case for its
bosonic counterpart [33]. The analysis of this conjecture will in fact be the subject of a
forthcoming publication.
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6 Nonlocal reductions and their symmetries

In the previous sections we have regarded the fields ¢ and v as independent, obeying the
coupled field equations (2.7). However, as is the case with the bosonic version of the model
studied in ref. [33], these equations admit several interesting reductions that we shall now
analyze in detail.

As mentioned in section 2, the simplest reduction of eqs. (2.7) is obtained setting ¢ = v,
in which case the 1 (or ¢ field) obeys the equations of the original (Grassmannian) Thirring
model. More precisely, when ¢ = ¢ the Lagrangian (2.1) reduces to (twice) the Lagrangian
of the ordinary Grassmannian MTM, and similarly for the corresponding Hamiltonian.
Likewise, the Lax pair and the integrals of motion of the coupled GMTM turn into the Lax
pair and the integrals of motion of the ordinary GMTM under the replacement of ¢ by .
Apart from this trivial reduction, only two of the five nonlocal reductions of the coupled
bosonic MTM studied in ref. [33] survive in our case, namely the real space/time reflections
defined by

I) Real space reflection: x+— —z, ¢(x,t) = op¢(—z,t)
IT) Real time reflection: t— —t, ¢(z,t) = —ioy(z, —t)

The equations of motion of the 1 field in each of these reductions are respectively

(0 + Oz)t1 — o + 20T (—x, t)h11hy = 0, (6.1)
10y — D )bg — 1 + 2005 (—z, t)thathy = 0 ‘

and

(0 + Op)th1 — o + 297 (2, —t)11h2 = 0,
(0 — Oz)2 — 1 — 203 (x, —t)harpy = 0,

where for the sake of simplicity we have suppressed the usual argument (x,t) wherever

(6.2)

appropriate. In both cases, the Lax pair and the integrals of motion are obtained from
those of the coupled GMTM replacing the ¢ field by its expression in terms of 1 (—zx,t)
or Y (xz, —t), and the same is true for the Lagrangian and the corresponding Hamiltonian.
For instance, the Lax pair for egs. (6.1)~(6.2) is given by eq. (2.8)—(2.10) with ps and 5
defined by

D pe =izt £95(—a, )1, i = =i\ (—a, 1) £ A3 (-, 1)),
) pe=¢i(—a, 0 F3(—2, 01, i = =M (=, ) F A5 (=, 1))

The above reductions clearly remain invariant under spacetime translations (5.12) and
global U(1) gauge transformations (5.13). It should be noted, however, that these reductions
break the Lorentz invariance of the original coupled model (2.1). This is ultimately due to
the fact that in both of them the second (resp. first) component of the ¢ field is related
to the first (resp. second) component of the 1 field, whereas according to eq. (5.15) these
components transform under different irreducible representations of the Lorentz group.
The breakdown of Lorentz invariance can also be directly checked from the field equations,
which in light-cone coordinates can be written in terms of the transformed variables

(1) = (e7°¢,en) as
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I) ie %y e —aho + 2005(n, §)h1¢he = 0, ie*tg  — 1 + 205(n, £)hothr = 0,
I) ie™%vy ¢ — o + 207 (—n, =&)Y11h2 = 0, ie%thg y — Y1 — 2905 (—n, —&)hathy = 0.

It is clear that no scaling transformation (i1, 12) = (A1}, A2tbh) can eliminate the e*®
factors in both equations of motion.

On the other hand, it is straightforward to show that both nonlocal reductions (6.1)—(6.2)
preserve the invariance under space/time reflections of the original equations (2.7). Indeed,
the type I) field equations (6.1) are easily seen to be invariant under the transformations

P r— -, Y(x,t) = o (—x,t), (6.3)

T: t — —t, P(x,t) = —ioyp(z, —t). '
Likewise, the type II) reduction equations of motion (6.2) are invariant under

P r— —x, P(x,t) = ioy™ (—z,t), (6.4)

T: t——t, Pz, t) = ot (z, —t). '

In particular, both reductions (6.1)—(6.2) are PT-symmetric, i.e., invariant under the
composition of the mappings P and 7, which in both cases is explicitly given by

PT : (z,t) = (—z, —1), P(z,t) = o.(—x, —t). (6.5)

7 Conclusions and outlook

In this paper we introduce a model of two interacting Dirac fermions with Thirring self-
interactions whose fields take values in a Grassmann algebra, which can be regarded as
the fermionic version of the bosonic model recently studied in ref. [33]. The model is
relativistically invariant, and is in addition symmetric under space and time reflections and
U(1) global gauge transformations. It contains as particular cases the free Dirac equation
(when its coupling constant vanishes) or the Grassmannian massive Thirring model (when
its two independent field variables are set to be equal). We start by constructing a Lax
pair for the model, from which the field equations are derived as a zero curvature condition.
We also show that the model is closely related to an SU(1,1) version of the Grassmannian
Thirring model that we introduce in this work. Following the approach of ref. [31] for the
Grassmannian Thirring model, from the Riccati-type equations satisfied by the quotient of
suitable components of the auxiliary vector variable in the Lax pair we obtain four infinite
hierarchies of conserved quantities. All of these quantities turn out to be nonlocal, with the
exception of the two lowest-order ones. A variant of this method, going back to refs. [8, 9],
is then used to construct four additional infinite hierarchies of local conserved quantities.
Using Dirac’s method for constrained systems, we develop in detail the Hamiltonian
formulation of the model. As is the case with the Dirac equation, the definitions of the
canonical momenta turn out to be second-class constraints allowing the determination of
all the Lagrange multipliers associated to the constraints. A consistent Poisson bracket for
the system can then be constructed by eliminating the complex conjugates of the fields
and the corresponding canonical momenta. Using this bracket, we show that the first few
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lower-order local first integrals previously computed Poisson commute with each other,
which strongly suggests that the model is completely integrable in Liouville’s sense.

Following the work in ref. [37] on nonlocal integrable reductions of the nonlinear
Schrodinger equation, and the analogous results for the bosonic coupled Thirring model in
ref. [33], we investigate the existence of such reductions for the present model. We construct
two nonlocal integrable reductions based on real space and time reflections, and investigate
their symmetries. Although the Lorentz invariance of the general model is not preserved,
we show that both of these reductions are invariant under parity (P) and time reversal (7),
and are thus PT-invariant. We also show that the Lax pair, Lagrangian, Hamiltonian and
hierarchies of conserved quantities of the nonlocal reductions can be easily constructed by
suitable reductions of their counterparts for the general model.

The present work suggests several lines for future work. In the first place, it should be
of interest to study the complete integrability of the model by a suitable generalization of
the method used in ref. [33] to establish this property for its bosonic counterpart. Another
natural problem is to investigate the existence of solitonic solutions —which the standard
Grassmannian Thirring model does not possess [9]— using the inverse scattering method.
Likewise, it would be of interest to construct particular solutions of the model using
Bécklund transformations, as done in ref. [53] for the Grassmannian Thirring model. A
natural continuation of the present work would be the construction of the quantized version
of the model and the analysis of its properties (integrability, spectrum, symmetries, etc),
including its unitarity. Finally, it would also be of interest to investigate the integrability
properties of the SU(1, 1) generalization of the GMTM introduced in this paper. Work on
some of this topics is currently going on and will appear in future publications.

A Derivation of the fundamental Poisson brackets (5.7) through
Dirac’s method for constrained systems

In this appendix we shall apply Dirac’s method for systems with constraints to justify
eq. (5.7) for the fundamental Poisson brackets of the coupled Thirring model used in
section 5. Our starting point is the Lagrangian (5.1), which leads to the expressions (5.3)
for the conjugate momenta (7, my+) of the field variables (x, x*) = (¢, ¥, ¢*,¥*). Since
these expressions do not involve the generalized velocities (x, x*), they give rise to the set
of primary constraints

I'= (Ta)icacs = (g + 17, Ty + 107, mge, Tye ). (A1)
Following Dirac’s method, we then define the primary Hamiltonian density
Hp=H+ Aal4,

where H is the canonical Hamiltonian (5.4) obtained from eq. (5.2), and the A4 are (odd)
Lagrange multipliers depending on the spacetime coordinates (x,t) but independent of the
field variables and their conjugate momenta. The canonical equations of motion generated
by the primary Hamiltonian

Hp:/d:z (H(2) + Aa(@)Ta(@)) :H+/da:)\A(:c)FA(1:)
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are the most general equations of motion compatible with variations of the fields and their
conjugate momenta respecting the constraints. As is the case for the Dirac equation (see,
e.g., ref. [51]), all the primary constraints turn out to be second class. In other words,
imposing that the primary constraints be consistent with the time evolution, i.e., that®

(DA, Hp}~0, 1<AKS, (A.2)

determines the Lagrange multipliers A 4. It should be noted that the Poisson bracket in
eq. (A.2) is the canonical one, computed regarding the fields (x, x*) and their conjugate mo-

menta (7, T+ ) as independent (anticommuting) variables satisfying the standard canonical

relations”

{Xa(2), x5 ()} = {mxa (2), X8 (W)} = {Xa(2), Ty (W)} = {miz (), X5(¥) } = —dapd(z —y)

(all other Poisson brackets vanishing identically). For instance, from the Poisson bracket

(T1(@), Hp} = {mon (o) + 0i(@). H + [ dyha@lato)}

= {mon (@), HY = [ dye(y){ms @) + 07(@), mos 1)
= i, (x) — U5 (x) — 205 ()05 (@)a(z) + iAr(o)
we obtain
=i, — (5 + 201030s).

Proceeding in this way we arrive at the following expressions for the Lagrange multipliers
Aa(x):

M= =61 —i(d2 +2010562), Ao = o — (61 +2020701),
o= =t —i(ve +20n6502), A= vne — (v + 200610 ),
o= 01, — (65 +2610502), A = —¢5, — (0] + 2056701),
Mo=vi.—i(U5+20i0500),  As = —us, — (] + 205016 ).

As expected, the Lagrange multipliers coincide with the generalized velocities (x, x*)
expressed in terms of the fields and their space derivatives (cf. egs. (2.7)). Furthermore,
since egs. (A.2) have not produced any new constraints the primary constraints (A.1l) are
the only constraints in the system. In addition, since all the Lagrange multipliers have been
determined the Dirac matrix with elements

Cap(z,y) :={Ta(x),T'py)}, 1< A B<LS,

S5As is customary, we shall use the symbol ~ to denote an equality modulo the constraints.
"Throughout this appendix we shall omit the time variable, whose value is the same for all fields
and momenta.
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is invertible, and the Dirac bracket of the densities F(x),G(y) of any two dynamical variables
is given by the standard formula

{F(2),5W)}p ={F(2),6(y)} - /dzdw {F(2),Ta(z)}(C ™) ap(z,w){Tp(w),G(y)}.

(A.3)
In our case the Dirac matrix is easily computed, with the result®
0001
0010
C = —id ,
(e.9) = =i6.9) | L 0 o
1000

where 1 denotes the 2 x 2 identity matrix. For instance,

{T1(2), Tp(y)} = {7y, (z) +iY](2),LB(y)} = dpr{iv(x), my: ()} = —10p76(z — ¥).

Since C~1(z,y) = —C(z,y), from eq. (A.3) we immediately obtain the following explicit
expression for the Dirac bracket:

(P26 = (F@), 00} ~1 [ 4| {F(@). 7m0, (2) + 103 Hrmiz (). 90)

+{F (@), my, (2) +104(2) Hmg; (2), G (y)}
+{F (@), 7y (2) Hmya (2) +10,(2), G(y)}
+{F (@), my (2) Hm, (2) +195(2),G(y) |- (A4)

Using eq. (A.4) it is straightforward to show that the only nonvanishing Dirac brackets
between the fields (x, x*) appearing in the canonical Hamiltonian (5.4) turn out to be

{ba(@), vy (W)} = {Wal2), o5 (¥)} 0 = {¢a(2), Yo (y)}p = {¥a(@), & (y)} o = —i6apd(z — y).
(A.5)

Indeed,
{¢a(),v5 ()} D = {dalx), ¥y (y)} — i/dz{%(%)v%c(z) 1Yz (2) Hmy: (2), 4y (9)}
= —i/dz(—éacé(z —2))(=0ped(z —y)) = —i0apd(z — ),

etc. Comparing with egs. (5.8) we conclude that the prescription used in section 5 of replacing
X4 by its expression (5.3) in terms of the canonical momenta 7, in the computation of
Poisson brackets of dynamical variables of the form (5.9) —which amounts to using the

constraints to eliminate the canonical variables (x*,m~) is justified if we interpret the

Poisson bracket as a Dirac bracket. Note, in this respect, that by construction all the
constraints I'4(x) have vanishing Dirac bracket with any dynamical variable F(z), i.e.,

{F(),Taly)}p =0,

8Note that in this case the Dirac matrix is not antisymmetric but rather symmetric, as the Poisson

bracket of two odd variables is symmetric.
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and therefore
{F(2), Hp}p = {F(x), H}p.
Thus we can use the canonical Hamiltonian H instead of the primary one Hp to compute

the time evolution of dynamical variables, as we did in section 5. In particular, the fields’
equations of motion can be written in the canonical form (5.5).
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