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a b s t r a c t

An event-based modification of the classical relay feedback experiment without the inclusion of
additional elements (integrator, time delay, . . . ) for identification of the spectrum of stable processes
between zero and the phase cross-over frequency is presented. By inserting an event-based sampler
in the control loop, the natural behaviour of a classical relay is simulated and the system is forced to
work in two modes. The event-based sampler activates the first mode by sending control actions to
the process every time the error signal crosses zero; this mode is to discover the approximated value
of the cross-over frequency ω180◦ . During the second mode, the event-based sampler sends samples to
the process simulating that the error signal crosses zero at ω180◦/N where N is the number of points
to identify in the range 0 ≤ ω ≤ ω180◦ . One advantage of this procedure is that the logic used in
an already existing relay feedback experiment to fit a transfer function model or tune a controller
could be maintained just replacing the relay block by the event-based sampler block presented in the
paper. Simulations and experiments with different processes and in presence of noise demonstrate the
effectivity of the procedure.
© 2023 The Author(s). Published by Elsevier Ltd on behalf of ISA. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The relay feedback experiment is a very well-known method
n system identification. In its basic mode it allows to approxi-
ate the phase cross-over frequency ω180◦ and the critical gain
180◦ of a process G(s) from the describing function (DF) analy-
is [1]. Many modifications and extensions of this procedure have
een developed during last 30 years with different purposes [2,3].
ut the works of interest for the subject of this paper is the
esearch focused in extracting two or more points located at
requencies lower than the oscillation frequency, ωosc , determined
y a relay-feedback procedure.
The most common procedures to identify additional points in

he Nyquist map at lower frequencies than ωosc are the inclusion
n the loop of an additional time delay [4–7] or an integrator [8–
1]. In both cases, the rationale is to force a clockwise rolling of
(s) around the zero of the Nyquist map by adding a phase shift
hich produces a new virtual plant G′(s) whose intersection with

the negative reciprocal of the relay describing function occurs at
a lower frequency ω′osc than the original ωosc . In the case of the
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delay, G′(s) = G(s)e−sLadd introduces an additional phase delay of
Laddω′osc , where ω′osc is the new oscillation frequency. Here, the
oint G(jω′osc) is located at a lower frequency than the frequency
osc obtained during the normal relay experiment without delay;
hat is, ω′osc < ωosc . In the case of the integrator, the additional
hase delay is always π/2. Regardless the procedure chosen
nd once the relay test is concluded, the point G′(ω′osc) can be

estimated in both cases as

Ĝ′(jω′osc) =
Y (jω′osc)
U(jω′osc)

=

∫ 2π/ω′osc
0 y(t)e−jω

′
osc tdt∫ 2π/ω′osc

0 u(t)e−jω′osc tdt
(1)

here ω′osc , y(t), and u(t) are data obtained from the test [12]. It
ust be noticed that Eq. (1) cannot be applied to determine the
teady gain G′(0), unless a bias is added to the relay. If there is
o bias, the oscillations produced by the relay are symmetric, and
he integration of the periods at ω′osc = 0 and the even harmonics
ill all be zero [13,14]. Finally, to estimate G(jω′osc) the effect of
he added phase delay must be discounted, that is,

ˆ (jω′osc) =
Ĝ′(jω′osc)
e−jω′osc Ladd

(2)

or

Ĝ(jω′osc) =
Ĝ′(jω′osc)

′
(3)
jωosc
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Notation

N Number of points to identify in the experiment.
Fixed by the user.

G′(s) Virtual process created by adding an artificial
delay to the process

Ĝ(jωk) Estimated point of Ĝ(jωk)
K180◦ Critical gain
Ladd Artificial delay
T1 Period of the synthetic signal generated by the

EBS
tlast Last time that u(t) was sent to G(s)
ω1 Frequency of the synthetic signal generated by

the EBS
ω180◦ Cross-over frequency
ωk Frequency between ωosc and ω1 identified after

the experiment with the EBS
ωosc Oscillation frequency of G(s) produced by a

simple relay experiment
±D Control action values sent to G(s) by the EBS
e(t) Error signal
EBS Event-based sampler
FOPTD First order plus time delay
G(0) Steady gain of G(s)
SOPTD Second order plus time delay
G′(0) Steady gain of G′(s)
G(s) Process to identify
u(t) Control action
y(t) Process output
δ Hysteresis band of a relay
ρ Asymmetry factor which determines the length

of the semi periods of u(t)
ω′osc Oscillation frequency of G′(s) produced by a

relay experiment
n0 Noise level

Other approaches to discover additional points below the
ross-over frequency focus on modifying the hysteresis or the
ertical asymmetry of the relay [1], a parasitic relay [12], using
cascade relay [15], or adding filters [16,17].
It is also possible to obtain more than two points of the spec-

rum between the cross-over frequency and zero using a simple
elay experiment [18–22]. In these methods, the process infor-
ation comes from the transient relay response before reaching

he stationary cycle. The signals y(t) and u(t) are decomposed
into the periodic stationary cycle and the transient parts because
they are neither periodic nor absolutely integrable. The procedure
explained in this paper has the same goal: to identify N points of
the frequency spectrum of a process from zero to the cross-over
frequency.

This paper presents an event-based sampler approach where
a classical relay feedback experiment is modified by replacing the
relay by an event-based sampler (EBS) to identify a set of points
in the spectrum of G(s) going from 0 to the phase-crossover fre-
quency ω180◦ . The purpose of this approach is to provide an event-
based identification procedure that can be easily integrated into
an existent event-based control structure, for example, one based
in a SSOD-PI controller [23,24] providing a complete event-based
autotuning solution.

The structure of the paper is as follow. Section 2 is dedicated to
explaining the event-based sampling strategy while Section 3 dis-
cusses the selection of the parameter’s setup. Section 4 presents
511
the results of identification experiments with different processes
and a comparison with other similar identification methods. In
Section 5, a study of the impact of noise in the procedure perfor-
mance is presented. Section 6 shows the results of the application
of the method to a real system: a DC motor. A discussion of the
procedure is included in Section 7. Finally, Section 8 presents the
conclusions.

2. Frequency response data identification through event-
based sampling

It is theoretically feasible from Eq. (1) to obtain a specific point
of G(s) located at any frequency of the spectrum (e.g., harmonics
located into the fourth quadrant of the Nyquist map) just by
forcing the system to oscillate at the desired frequency. As it was
indicated in Section 1, it is not possible to reach very low fre-
quencies just by analysing the periodic stationary cycle produced
by the classical relay feedback experiment.

However, if the sampling is done by fulfilling some require-
ments of time, the feedback response can be forced to oscillate
at a low frequency. A solution to achieve that is to replace the
relay with an EBS that manages when control actions are sent
to the process and, therefore, force the oscillation frequency (see
Fig. 1). Thus, each event triggered will produce sending of a
control action u(t) to the process, forcing the oscillation of the
system at a specific frequency. The advantage of such setup is that
the original procedure used to identify the critical points by the
relay feedback response experiment does not need to be modified
and can be maintained.

The rationale of the method to identify the spectrum of a
stable process between zero and ω180◦ is that the EBS must be
designed to generate two types of patterns of events. Each type
is designed to force switching at different frequencies: ωosc , that
corresponds to the generated by a simple relay experiment (i.e,
the approximation of ω180◦ ), and a lower frequency, ω1, defined
by the user (see Fig. 2).

To generate two patterns of events, the EBS must consecu-
tively work in two modes:

Mode 1. In this mode, it is possible to approximate the cross-over
frequency ω180◦ by simulating the behaviour of a classical relay.
During this mode, a signal u(t) = ±D is sent to the process only
when the following triggering rule is satisfied:

if sgn(e(t)) ̸= sgn(e(tlast )) ∧ e(t) ̸= 0 then u(t) = sgn(e(t)) · D (4)

where tlast is the last time that u(t) was sent to the process. At
he end of this working mode, it is possible to approximate ω180◦

y

180◦ ∼= ωosc =
2π
Tosc
=

π

t − tlast
(5)

because the semi period length is defined by t − tlast .

Mode 2. This mode starts when the EBS working with Mode 1 has
concluded and ωosc has been determined. The goal of this mode
is to force the process to oscillate at a frequency ω1 ≪ ωosc . In
this case, the triggering rule is

if (t − tlast ) ≥ ρT1 then u(t) = −sgn(u(tlast )) · D (6)

here ρ is an asymmetry factor which determines the length
f each of the semi periods of u(t), and T1 is the period of the
ynthetic signal that the EBS generates when it remains in this
ode. Every time the triggering rule is fulfilled, a control action

s sent, and the asymmetry factor switches in this way:

← 1− ρ (7)
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Fig. 1. Event-based feedback control loop.
Fig. 2. Working modes generated by the event-based sampler.
w
N
i
a

c

3

t
p
t
d
2
2
T
t
t
E

m

The reason for introducing asymmetry is to identify G(0) and
oints of G(s) corresponding to even harmonics of ω1. It is well
nown that a symmetric signal produced by a simple relay cannot
e used to obtain such points as the sum of the semi periods is
ero.
Once the experiment running in Mode 2 is concluded, it is

ossible to obtain a range of the spectrum of G(s) from the
xperimental data by extending Eq. (1) in this way

ˆ (jkω1) =

∫ 2π/ω1
0 y(t)e−jkω1tdt∫ 2π/ω1
0 u(t)e−jkω1tdt

(8)

with k = 0, 1, 2...,N [25] or by the n-shifting procedure [7,26]. It
must be noticed that the steady gain Ĝ(0) is obtained with k = 0
and Ĝ(jkω180◦ ) with k = N .

3. Parameter choices

3.1. Number of frequency response points

The number of frequency response points to identify in the
spectrum of G(s) must be initially specified to define T . Assuming
N as the number of points to identify in the interval [0, ωosc], the
frequencies of the N points are defined by

ωk = k
ωosc

N
(9)

with K = 1, 2, . . . ,N . As w1 = ωosc/N , the period of the synthetic
signal is given by

T1 =
2πN
ωosc

(10)

In this way, the synthetic signal generated by the EBS during
ode 2 would contain all the harmonics corresponding to the

requencies (ω1, ω2, . . . , ωosc). The number of frequency response
oints, N , is a user-defined parameter. The direct consequence of
he identification of more points is an increase of the duration of
he experiment (see Section 3.3).

.2. Selection of ρ

As ρ is expressed as a normalization of T1 between 0 an 1
n Eq. (7), the conditions that must be satisfied to introduce
512
assymetry in the semi periods are that ρ ∈ (0, 1) and ρ ̸= 0.5. Ac-
cording to [27], experimental results indicate that an asymmetry
as high as possible should be chosen to get good low-frequency
excitation and good estimates of G(jωosc) and G(0). However, it
has been demonstrated in [28] that there exist several combina-
tions of ρ and N that should be avoided to improve the accuracy
on the estimation of each harmonic G(jωk). So, according with the
results described in [28], the values of ρ to be avoided for a given
number of points N can be expressed as

ρ ̸=
j
i

(11)

ith i = 1...N and j = 0...i. So, for example, if we consider
= 3, the list of ρ to avoid are: 0, 1/3, 1/2, 2/3, 1. However,

f we consider N = 4, two more values (1/4 and 3/4) should be
dded to the list.
A study on the influence of ρ is presented in Example 4. The

onclusions of the study agree with the results described in [23].

.3. Duration of the experiment

The number of cycles to run the experiment depends on
hree factors: the time needed to converge to regular cycles, the
resence of noise, and the number of points N . The first factor,
he number of cycles needed to converge to a regular period,
epends on the process. According to [27,29] it is enough to wait
–3 cycles in most of the cases. In the examples, Modes 1 and
of the EBS are configured to run 2 and 3 cycles, respectively.
he additional cycle added to the Mode 2 is due to the irregular
ransition between both modes, but the data corresponding to
his extra cycle have not been considered for the calculations of
q. (8).
The second factor, the presence of noise, can produce that

ore cycles must be considered to average in Eq. (8) the y(t)
samples collected from the oscillations exhibited in the tests. It
is observed in [29] that if more samples are involved in the av-
eraging, we can achieve a reduced relative error in the frequency
response. In the tests executed in this paper, we have considered
only cycles to reduce the experimentation time to the minimum.

Regarding N , in Eq. (10) we can appreciate that the number of
identified points, N , has an impact on the duration of the cycles in
Mode 2. A high N implies a high value of T because the frequency
1
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Fig. 3. Simulation of G1 oscillating at ωosc = 1.32 during Mode 1 and at w1 = 0.132 during Mode 2.
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Table 1
Relative errors of the identification experiments for N = 10 with valid and
nvalid ρ’s.
ρ ErrN [%]

G1(s) G2(s) G3(s) G4(s)

0.7 (7/10) 13.24 21.68 5.092 5.130
0.725 0.048 0.034 0.015 0.015
0.75 (6/8) 13.55 6281 10.16 11.54
0.777 (7/9) 6.279 7.698 7.362 3.359
0.8 (8/10) 16.55 106.4 9.962 12.09
0.833 (5/6) 5.430 10.76 9.133 7.025
0.85 0.054 0.033 0.016 0.017
0.857 (6/7) 11.75 62.22 6.928 9.685
0.875 (7/8) 4.760 29.28 5.845 5.259
0.888 (8/9) 5.198 6.309 8.699 2.775
0.9 (9/10) 6.639 9.801 4.699 5.857
0.925 0.039 0.032 0.012 0.013
0.95 0.045 0.041 0.014 0.016
0.99 0.172 0.158 0.051 0.048

ω1 corresponding to the critical point G(jω1) will tend to zero
ω1 = ωosc/N). At the end of Example 1 (see Table 1) and in
ection 7 (see Table 7), we present a comparative study of the
nfluence of N in the total duration of an experiment.

4. Results from simulations

4.1. Example 1: Identification of a second order process plus time
delay (SOPTD)

Consider the system

1(s) =
e−s

(s+ 1)2
(12)

The setup of the experiment is fixed to D = ±0.2, ρ = 0.95,
nd N = 10. Modes 1 and 2 of the EBS are configured to run

2 cycles. During Mode 1, the EBS detects that ωosc = 1.32 and
his allows programming the EBS for the Mode 2 obtaining a real
1 = 47.59 s (Fig. 3). Applying Eq. (2) to the experimental data,
e obtain G1(0) and the N points that can be shown in Fig. 4.
It must be noticed that the procedure can be used to fit com-

on transfer function models used for tuning of PID controllers.
or example, of the 11 identified points in the experiment, the
th and 10th points that correspond to ω137.6◦ = 7ω1 and

◦ = 10ω are selected for fitting a FOPTD and a SOPTD
180.03 1

513
odels, respectively. These two points are chosen because the
ecommendation is to estimate the behaviour of the process at
135◦ and ω180◦ depending on whether PI or PID control are to

be applied. So, using the procedure described in [23], the fitted
models are:

ĜFOPTD(s) =
1.0000023e−1.538s

1.681s+ 1
(13)

and

ĜSOPTD(s) =
1.0000023e−1.0027s

(1.0002s+ 1)2
(14)

Fig. 5 shows the step responses of the original system and of the
two models. The response of G1 overlaps with the one of ĜSOPTD(s).

.2. Example 2: Identification of a non-minimum phase process

The second example corresponds to a non-minimum phase
ystem

2(s) =
1− s

(s+ 1)3
(15)

The setup of the experiment is D = ±1, ρ = 0.95, and
N = 10. At the end of Mode 1, the EBS measures ωosc = 0.974 that
produces a real T1 = 64.45 s in Mode 2. Figs. 6 and 7 present the
temporal evolution of the experiments and the identified points,
respectively. It must be noticed that the steady gains of G1 and
G2 are equal, that is, G1(0) = G2(0) = 1, but the oscillation
amplitudes in the simulations are different due to the control
actions applied; that is consequence of the relay control values
used in each experiment: D = ±0.2 for G1 and D = ±1 for
G2. So, the control action applied to G2 is five times the control
action applied to G1, producing the differences in the oscillation
amplitudes.

4.3. Example 3: Comparison with other similar identification meth-
ods of the frequency spectrum

The study cases presented in this comparison are based in two
processes used in [19,20], where frequency response identifica-
tion methods based on a relay experiment are described. The first
process to identify is

G3(s) =
e−5s

(16)

5s+ 1
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Fig. 4. Nyquist map showing G1 and the 11 identified points.
Fig. 5. Step responses of G1 (red line), ĜFOPTD (dotted line), and ĜSOPTD (black line).
The setup of the experiment is D = ±1 and N = 10 that corre-
sponds to the same setup employed in the research papers used
for the comparison. The assymetry factor is ρ = 0.95 and Modes 1
and 2 are fixed to run 2 and 3 cycles as in previous examples. The
EBS measures ωosc = 0.421 at the end of Mode 1, that produces
a T1 = 149 s in Mode 2. Figs. 8 and 9 show the evolution of the
experiments and the identified points, respectively.
514
The second process to identify is a high-order system:

G4(s) =
1

(s+ 1)8
(17)

and the setup applied is the same that for G3(s). In this case, the
EBS measures ωosc = 0.417 at the end of Mode 1, producing a
T = 150 s in Mode 2. Results are presented in Figs. 10 and 11.
1
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Fig. 6. Simulation of G2 oscillating at ωosc = 0.974 and ω1 = 0.097 during Mode 1 and 2, respectively.
Fig. 7. Nyquist map showing G2 and the 11 identified points.
In both cases, the results can be considered good and alike to
he ones presented in [19,20]. The frequency spectrum is com-
letely discovered between 0 and ωosc for the two processes. The
ain advantages when compared to these two methods are that

he event-based approach can obtain the steady state because it
s not based on a symmetric relay and that it produces better
esults at low frequencies in presence of noise (Section 5 shows
he outcomes with more detail).
 T

515
4.4. Example 4: Influence of ρ in the identification process

A study of the influence of ρ is presented using the four
processes of the previous examples. The setup of the experiments
is the same that in the previous examples, but different values
of ρ are used to study their impact in the quality of the results.
o measure the influence of ρ in the identification process, the
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Fig. 8. Simulation of G3 oscillating at ωosc = 0.421 at w1 = 0.042 during Mode 1 and 2, respectively.
Fig. 9. Nyquist map showing G3 and the 11 identified points.
ollowing error criterion was calculated for each simulation:

rrN [%] = 100 ·
N∑

k=0

|G(jkω1)− Ĝ(jkω1)|
|G(jkω1)|

(18)

Table 1 presents the results of the experiments. For N = 10,
he set of ρ to avoid according to Eq. (11) includes 33 values.
or the sake of simplicity, Table 1 only presents the results with
alues of ρ from 0.7 to 0.99 where the ones in bold are the invalid
alues in the range (0.7, 0.99) according to Eq. (11). The j and i

numbers that produce the invalid ρ values are presented to the
right, between brackets. The five valid ρ values in the interval
(0.7,0.99) have been selected to uniformize the distribution of
such values within this interval.
516
Observing the error criterion, all valid ρ values generate very
good results, but some of the invalid ones can produce conve-
nient results too (for example, ρ = 8/9). However, there is no
guarantee if the value of ρ is randomly selected. It can be stated
that the results generated by the procedure are always accurate
if (N−1)/N < ρ < 1 according with Eq. (11). These experimental
results agree with the conclusions in [28].

5. Coping with the noise at the process output

Observing the control scheme of Fig. 1, the EBS is not pro-
tected against the presence of noise. The noise in the error signal
will produce incorrect triggering of the EBS and the oscillation
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Fig. 10. Simulation of G4 oscillating at ωosc = 0.417 at w1 = 0.041 during Mode 1 and 2, respectively.
Fig. 11. Nyquist map showing G4 and the 11 identified points.
frequency ωosc detected during the Mode 1 will be false, spoiling
the identification experiment completely. In a classical relay feed-
back experiment, a common solution is to introduce a hysteresis
whose value is slightly greater than the noise amplitude.

The solution proposed is similar and can be appreciated in
Fig. 12. The hysteresis can be square because its only purpose is to
free e(t) of noise and avoid false triggerings of the EBS. The only
condition of the hysteresis is that output and input must have the
same sign; the magnitude of the hysteresis output is indifferent
as the control action u(t) is sent to the process by the EBS, and it
is ±D (see Eqs. (4) and (6)).
517
5.1. Example 5: Study of the influence of the noise

To check the robustness of the hysteresis against the noise,
the processes of the Examples 1, 2, and 3 were simulated with
three different noise levels n0 whose peak-to-peak amplitude are
0.1, 0.2, and 0.3, and different values of ρ (0.85, 0.95, 0.99). The
noise was introduced to the process output and the same seed
was used by the noise block in all the simulations. The square
hysteresis band was fixed to 1.5n0 to protect the EBS, while
the rest of parameters of the simulations are the same as in
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Table 2
Relative errors of the estimated points for G1(s).
ErrN [%] n0 = 0.1, δ = 0.075 n0 = 0.2, δ = 0.15 n0 = 0.3, δ = 0.225

ρ = 0.85 1.390 2.310 2.436
ρ = 0.95 0.810 1.380 1.650
ρ = 0.99 3.157 5.797 6.786

ωosc = 1.157 ωosc = 1.043 ωosc = 0.937

Table 3
Relative errors of the estimated points for G2(s).
ErrN [%] n0 = 0.1, δ = 0.075 n0 = 0.2, δ = 0.15 n0 = 0.3, δ = 0.225

ρ = 0.85 0.169 0.338 0.638
ρ = 0.95 0.138 0.221 0.348
ρ = 0.99 0.432 1.012 1.460

ωosc = 0.946 ωosc = 0.926 ωosc = 0.902

Table 4
Relative errors of the estimated points for G3(s).
ErrN [%] n0 = 0.1, δ = 0.075 n0 = 0.2, δ = 0.15 n0 = 0.3, δ = 0.225

ρ = 0.85 0.197 0.384 0.500
ρ = 0.95 0.196 0.238 0.271
ρ = 0.99 0.504 0.824 1.131

ωosc = 0.411 ωosc = 0.402 ωosc = 0.392

Examples 1, 2, and 3. To measure the influence of the noise in
the identification process, the error criterion of Eq. (18) has been
applied. The results are presented in Tables 2, 3, 4, and 5.

From the data of the tables, it can be stated that the iden-
ification procedure works well with the protection against the
oise based in the hysteresis. In general, the error is below or
lose to 1%, except for the first process (Table 2). In this case, the
ncrease of the relative errors is consequence of the ratio between
he control action and the noise amplitudes. In the experiments
ssociated to Table 2, D = ±0.2 and the peak-to-peak amplitude
f the error goes from 0.1 to 0.3; in the other three tables, D =
1. In any case, all the results can be considered acceptable.
Comparing our results in presence of noise with the obtained

n [19,20], the relative errors are smaller than those in these two
orks. In both papers, the relative errors are always over 5% and
he biggest differences are in the identified points at the lowest
requencies of the spectrum. That could be a consequence of the
pproach followed in these two papers. They obtain the points
orresponding to the frequencies below ωosc by the measured
nformation of y(t) from the start of the experiment until the
rocess enters in the periodic oscillation status. The influence
f the noise in that short period of time can have an excessive
mpact in the results; however, in the event-based approach, the
nformation is extracted from regular cycles of y(t) of T1 length,
nd the impact of the noise is attenuated.
It must be noticed that the inclusion of the hysteresis produces
phase shifting of the critical point detected during the Mode
, that is, Ĝ(jωosc). In the examples without noise, the oscillation
requency detected during the Mode 1 were 1.32, 0.974, 0.421,
nd 0.417 for the processes G , G , G , and G , respectively; the
1 2 3 4
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Table 5
Relative errors of the estimated points for G4(s).
ErrN [%] n0 = 0.1, δ = 0.075 n0 = 0.2, δ = 0.15 n0 = 0.3, δ = 0.225

ρ = 0.85 0.155 0.319 0.421
ρ = 0.95 0.114 0.206 0.252
ρ = 0.99 0.438 0.734 0.966

ωosc = 0.410 ωosc = 0.405 ωosc = 0.398

last row of Tables 2, 3, 4, and 5 show the oscillation frequencies
detected during the Mode 1 with the hysteresis.

Also, the higher the noise, the more the frequency detected
during the Mode 1 decreases. For example, the difference in ωosc
etween the free-noise experiment of the Example 1 and the
ame experiment with n0 = 0.1 is 0.162 that corresponds to a
hase difference of −15◦. If the noise is n0 = 0.3, the difference
s 0.383 and the phase difference becomes −40.04◦. To explain
he phase shifting phenomena it is necessary to use the describing
unction theory. The negative reciprocal of the describing function
DF) of a rectangular hysteresis is
−1

N(A, δ)
=
−π

4D

√
A2 − δ2 +

−πδ

4D
j (19)

here A > δ is the amplitude of e(t) and D is the output.
lthough the hysteresis in Fig. 12 is square and its output is
δ, the true output sent to the process during the Mode 1 is

he output of the EBS, that is, ±D. Eq. (19) is represented in
he Nyquist map as a straight line parallel to the real axis. By
ncreasing δ, the line is moved down along the imaginary axis of
he Nyquist map. As the intersection of G(s) with that line means
he existence of an oscillation, the critical point G(jωosc) where the
ntersection happens is modified by the hysteresis. From Eq. (19),
he theoretically phase margin obtained by applying hysteresis is
efined by

m = tan−1(
δ

√
A2 − δ2

) (20)

where it can be appreciated that an increase of the hysteresis
produces an increase of the phase shifting of the critical point
G(jωosc).

The true consequence of the phase shifting produced by the
hysteresis is that the spectrum of G(s) in the third quadrant is not
completely discovered by the experiment. As indicated before, in
the Example 1 with n0 = 0.1 the spectrum is identified until
−165◦ (Fig. 13); and with n0 = 0.3 until −140◦. This issue can
be solved by identifying additional points to cover completely the
spectrum in the third quadrant of the Nyquist map. To do that it
is necessary to increase the value of k in Eq. (8) in the following
way

Ĝ(jkω1) =

∫ 2π
ω1

0 y(t)e−jkω1tdt∫ 2π
ω1

0 u(t)e−jkω1tdt
(21)

with k = 0, 1, . . . ,N+M whereM are the extra points to identify.
So, in the Experiment 1 with n0 = 0.1, ρ = 0.95, N = 10, and

M = 2, we obtain the Nyquist plot presented in Fig. 13. The two
extra points added let us completely discover the spectrum of G1
in the third quadrant.
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Fig. 13. Nyquist map showing G1 and the N = 10 and additional M = 2 identified points (circles and solid dots, respectively).
Fig. 14. DC motor of the experimental setup.
6. Real experiments

Real experiments for the identification of the spectrum of a DC
motor (Fig. 14) are presented in this section. The experimental
setup is a DC motor with a rev counter. The motor moves a
load which consists in a steel disc. An adjustable magnetic break
applies a viscous friction effect, allowing therefore the modi-
fication of the time constant of this first order system, which
also includes a dead zone in the area close to where the control
signal is null (u = 0 V.) The angular position and velocity of the
519
motor are controlled adjusting the input voltage, and the position
is measured with a potentiometer connected to the axis of the
motor. The output signal presents a low level of noise that allows
us adjusting the hysteresis to a minimum.

In the setup of this first experiment, ρ = 0.9 and N = 8. At the
end of Mode 1, the EBS measures ωosc = 38 that produces a real
T1 = 1.32 in Mode 2. Figs. 15 and 16 present the identified points
and the temporal evolution of the experiments, respectively.

In a second testing scenario, the DC motor has been replaced
by another similar, but faulty, to check the procedure in a more
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Fig. 15. Nyquist map showing the 10 identified points.
Fig. 16. Signals from the experiment with the DC motor. It can be clearly appreciated the two modes.
realistic scenario: a very noisy output signal that requires to in-
crease the hysteresis to ±4◦; and inner frictions in the gears that
produce very irregular cycles of y(t). The experiments have been
run with D = ±2 V, ρ = 0.95, and N = 3, 5, 10, and 20. Fig. 17
shows the identified spectrums in the four experiments; it can
be observed the high impact of the hysteresis that produces that
G(jωosc) is in the fourth quadrant. Table 6 presents the frequencies
measured in both modes for the four experiments; the frequency
detected during the Mode 1 is similar and in the Mode 2 is
function of N .
520
Table 6
Frequencies measured in the two modes for different values of N .
N ωosc ω1

3 13.560 4.520
5 14.151 2.803
10 13.620 1.362
20 13.628 0.681
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o

Fig. 17. Nyquist map showing the identified points for N = 3, 5, 10, and 20 (black circles, red circles, black asterisks, and red asterisks, respectively). (For interpretation
f the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 18. Signals from an experiment with the faulty DC motor.
Fig. 18 presents the signals of the test for N = 10, where the
irregular cycles and the high noise are appreciated. The results
with the faulty DC motor should be considered valid because its
spectrum is clearly depicted, and it matches the spectrum of the
first DC motor (Fig. 15).

7. Discussions

The approach seems to work well in all the simulations in the
absence of noise. However, if the process output contains noise,
it is necessary to protect the EBS from false triggerings that spoil
the results of the identification procedure. To solve this, a square
hysteresis is placed into the control loop before the EBS. This
solution works very well in simulations and real experiments,
reducing the impact of the noise in the quality of the results to a
521
minimum. It is important to remark that results are very accurate
if N−1/N < ρ < 1 according with Eq. (11). An aleatory selection
of ρ could produce good results but the most accurate results will
always come from choosing a ρ near 1 (or zero).

In the comparison with other identification procedures with
equivalent purposes (Example 3), the accuracy of the current
method is similar; however, the duration of the experiments is
longer to estimate the same amount of points. The duration of an
experimentation can be considerably decreased by a reduction of
the number of points to estimate.

Table 7 presents a comparative of the duration of the exper-
iment of Example 1 for different values of N . From the data of
the Table 7, it is obvious that the selection of N depends on
the data necessary to fulfil the pursued goals. For example, the
tuning of a PID controller for a high-order process [30] demands
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Table 7
Duration of the experiment with G1(s) for different values of N .
N Duration T1
3 52.40 s. 14.27 s.
5 80.48 s. 23.79 s.
10 150.61 s. 47.59 s.
15 220.87 s. 71.38 s.
20 291.08 s. 95.18 s.

Table 8
Comparative of the experimentation time for different values of N .
N G1(s) G2(s) G3(s) G4(s)

2 39 s. 50 s. 122 s. 118 s.
3 52 s. 70 s. 167 s. 162 s.
10 150 s. 204 s. 474 s. 473 s.

to know many points of the spectrum for fitting the transfer
function template; however, a template of a first order system
with time delay can be fitted with only N = 2.

Thus, if the procedure is just applied to discover 2 or 3 points
(as most of the relay-based identification procedures do), the
experimentation time can be reduced considerably: around 75%
for N = 2, and 66% for N = 3 (see Table 8).

To sum up the advantages of the described method, it can
be mentioned its low mathematical complexity that simplifies
its programming, its robustness against the noise than can be
obtained by adding a hysteresis, the estimation of G(0) thanks to
the asymmetry of u(t), its flexibility to identify many or just a few
points below the cross-over frequency, and the possibility of dis-
covering M additional points located at frequencies higher than
ωosc . A final advantage is that the logic used in an already existing
relay feedback experiment could be maintained by substituting
the relay by the EBS block.

8. Conclusions

An event-based approach for discovering the frequency spec-
trum of stable process in the fourth and third quadrant of the
Nyquist map has been presented in the paper. The approach
consists in introducing an EBS working in two modes in the
control loop to force the oscillation of the system at two different
frequencies. During the first mode, the behaviour of the EBS is like
a relay and lets us approximate the cross-over frequency ωosc .

ith this data and the number of points, N , to discover of the
requency spectrum, the second mode of the EBS is programmed
nd the system is forced to oscillate at a low frequency ω1.
This identification approach can be considered a step forward

n providing a complete event-based autotuning solution. The
ampler of, for example, a SSOD-PI controller, can be easily repro-
rammed to include the two modes of the identification approach
nd use the information to tune the controller using some method
f the literature (for example, [24,31]).
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