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It is shown that for any local Lie group G of transformations in R X R" there exist differential
systems of the form x" = f(z,x,...,x'™ ~ 1), which are symmetrical under G. The order m of
these systems is related to r, the number of essential parameters of G.

I. INTRODUCTION

In a recent paper' it was shown that for normal systems
of differential equations of type

X" = f(1,x,%,... " " xeR", (1)

the maximal number of its pointlike symmetry vectors is (1)
infinite, when m = 1; (ii) not greater than n® 4 4n + 3,
when m = 2; (iii) not greater than 2n° + nm + 2, when
m> 2. Since the number 21?4+ nm + 2 increases without
limit with m, the question arises of whether or not it is possi-
ble to find a system of type (1) symmetrical under a given
group G, for a sufficiently high value of m. We prove that the
reply to this question is affirmative. Our result is local, in the
sense that the function fof (1), whose existence we prove,
will be, in general, only locally defined.

Note that since a first-order (m = 1) system always
possesses an infinite number of pointlike symmetry vectors,
one could naively expect to find for any G a first-order sys-
tem possessing G among its symrmetries. That this is not gen-
erally possible is seen if G is, for instance, a group acting
transitively on the (£,x,X) space. For an example see Part (1)
of Sec. L

Note also that the construction given here does not
guarantee that G is the maximal group of pointlike symme-
tries Gy, of (1), but only that GCG,,.

Il. MAIN RESULT

Assume that S, (£,x), i =1,...,7, is a basis of generators
of G. Calling S¢ the e-order extension of S; we have’

(5511 = 3 eSSt

e=0,12,...,

where ¢, are the structure constants of G associated with
the basis {S; (£,x)}. On the other hand, the necessary and
sufficient condition in order that G be a symmetry group of
equations (1) is?

ij=1.r, (2)

Slgm(x(m _ f) — 0,

x"=f
Conditions (3) indicate that the manifold M™ of
(¢,x,...,x'"™) space defined by Eq. (1) is invariant under the
action of the vector fields 8{™,...,8{". We are going to prove
that given G, one can find a sufficiently high m such that, for
a certain f, Egs. (1) do possess G as a group of symmetries.

i=1,.,r (3)
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The idea of the proof is to eliminate the possible transitivity
of the action of G¢ on D° = {(¢,x,...,x* )} for low values of ¢
by making e bigger and bigger. This is made possible, essen-
tially, due to property (2), implying that at any point of D*
the vector fields S!° generate an involutive distribution & ¢
(Ref. 3) of dimension not greater than r. To avoid singular-
ity points where the dimension of the distribution Z¢
changes value, we restrict conveniently the domain D° in
order that in this restricted domain D¢, dim(Z°) keeps a
constant and maximum value d,. Of course
dim @°~' =d, — 1 in the projection of D¢ along the x‘¢
axis. See Ref. 4 for details.

Therefore let S{%,...,S5° be a local basis of Z°. Note that
it might be necessary to renumber the generators of G for the
basis of Z° to appear in this way. Conditions (3) for the
symmetry of (1) under G now take the form

Sxm =D =0, i=1l..d (4)
x\M=f
Writing Eq. (1) in the implicit form
E(tx,...,x") =0, (5
where E is a vector of m components, Egs. (4) take the form
S"(E)goo =0, i=1,.4d,. 6)

A sufficient condition necessary for Egs. (6) to be satisfied is
that the m components of the function E of (6) be local first
integrals of 8{™, that is, if E satisfies

S™E) =0, i=1,.d,. N

But according to the Frobenius theorem?® the number of lo-
cally independent first integrals 7 of an involutive distribu-
tion like 2™ is d;, =dim(D™) —d,, =1 +n(l +m)
—d,, . Now, since d,, <rit follows that 4, >n for sufficiently
large m. Assuming d,>n, in order to satisfy (7) it is suffi-
cient to choose # first integrals 7 of S such that they satisfy
the additional requirement

al.
rank( ! ): n k=1,.,n (8)
axim

Condition (8) guarantees, via the implicit function theorem,
that the system of differential equations

I1,=C,
: )]
=C

n
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can be locally written in the normal form (1). The symbols
C,,...,C, in Egs. (9) are real numbers, and they appear since
Egs. (7) are clearly equivalent to

S{"(E—-C) = (10)
for any CeR" . Let us see that condition (8) can be satisfied if
m is chosen such that

dim(Z™) =dim(Z™" ). (11

In fact, if (8) were not satisfied by an appropriate choice of
1,,....I, between the d, first integrals of Z ™, we would have

a =0, i=1.2,.4d, (12)
kgl * ax( !
where a, are functions on D™.
But (12) implies that the vector field Z defined by
z=% a2 (13)

x=1 8x§;’"

has I,,...,.1,; , as first integrals. Therefore ZeZ ™ and we can
write

d,,
z=Y

¢ S{", (14)
i=1
for certain functions ¢; defined on D™.
Projecting (14) on the vectors
4.9 d =
peevy ’ 0= C,S,gM_ l. 15
3’ ox; 8x§‘ ax{m—1 .-;1 1

But (15) and (11) are contradictory since from the fact that
S{™,....8" are a basis of ™ it immediately follows (note
that ST~ ' does not depend on x) that §{" ~',...,S{" !
generate 2™~ !, Hence by (16),dim 9™~ ' <d,, and (12)
is contradicted. Therefore (11) implies (8).

It remains only to prove that (11) can always be satis-
fied by choosing m conveniently. But this follows from the
fact® that

dim(Z")<dim(Z"+"). (16)

Indeed, since the dimension is a positive integer, nondecreas-
ing by (16), and bounded by r (the number of parameters of
the group) it is obvious that for a certain m (12) holds.
Furthermore, m satisfies

m<r —dim(Z2°) +1=r, (17)

since the worst situation that can occur concerning (11) is
that

dim(Z°) =dim(Z*~ ") + 1,

in which case (17) would hold with the equal sign.

Note that if we require m to be greater than (or equal to)
a given k (k = 1,2,...) then the above considerations lead to
the inequality

s<m, (18)

m<r—dim(Z*~ Y+ k=r, (19)

the equality sign being valid only when the sequence of di-
mensions dim(Z* '), dim(Z* ),... is strictly increasing by
1 at each step and condition (11) is fulfilled when
dim(Z") =dim(Z" Y =r.
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Note also that calling 7(G) the minimum integer such
that for k> 7(G), dim (2 * ) maintains a constant value, that
is, dim(2*) = dim(Z*') for every k,k '>r(G), by (11) we
can say that for every m > r(G) there are systems of differen-
tial equations of order m invariant under G.

Note finally that [see Eq. (11)] the construction given
here actually assures the existence of n-parameter families of
systems of type (1) invariant, for any value of the param-
eters, under G. Let us now see, with two examples, that con-
dition (11) is not necessary for the existence of individual
systems of type (1) invariant under G.

I.EXAMPLES SHOWING THAT CONDITION (11} ISNOT
NECESSARY

(1) Letustake as G the Poincaré groupin R X R 2 (two
spatial dimensions). We shall see that (11) is not satisfied
either for m = 1 or for m = 2. Nevertheless, as has been
shown elsewhere’ ¥ = O is a second-order differential system
(in fact the only one) invariant under the Poincaré group in
R X R*. In fact the six generators of the group are

d d J Jd
PTG Tt T g T T g
g, . d\ .
S o omE e ! — = 1,2. 20
4+ ( o ax) : (20)
Since dim(#°) =3 the group acts transitively on D°
= (1,Xx},X,).

The corresponding generators of the first extension of G
are given by

d J
S(l___. a ==
gt e Ox;
ad aJ
Si'=8,+% —— 21
+ ¥ 13x2 xzé‘x‘ @b
c?
S =8, + (& *l)g-{-xx Frs

One can immediately check that dim(Z'') = 5. Indeed, the
singular points of &' are only those satisfying 1 — x?
— %2 =0. Therefore D, = {(t,x,x5%,%,|1 —x3 — X2
#0}. Here G ! acts transitively in each of the two unconnect-
ed components of D, and also in the set 1 — x? — x2 =0.
Accordingly, it is impossible to find a single first-order sys-
tem of type (1) symmetric under G.
The second-order extension of G is defined by

3 J
S(zz____; S(2i=——’
at 14 axi
s£2=si‘+( xz—a—+x. 9 )
o%, 9%, (22)
S =8¢ + (35:15&1 _3_ + (2x,%, + X,%,) i):
ax, 9%,
S = ((szxl +x,x2) + 3%,%, 9 )
xl g% Xy

We can see that dim Z2=6. Since dim Z°=6
>dim(Z") = § condition (11) is not satisfied. But from
this fact one cannot conclude, in general, that there are not
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systems of type (1), for m = 2, symmetrical under G. In fact
the system x = 0 is a system invariant under G.

Note that since dim &2 = 6 and the group has six pa-
rameters it is clear that for k>2 we will have dim( 2% ) = 6.
Therefore (12) is satisfied for every m > 2 and by the results
of Sec. II we can say that there are two-parameter families of
m-order (m > 2) differential systems symmetrical under G.

(2) Let us take now as G the conformal groupin R X R.
(Note that the space is now only one dimensional. )

The six generators of this group can be taken as

d d d ad
Y 2T ax 37 8t+x Bx
a a ad
S,=t— i Sg= (2 2tx —, 23
4 Em +xat ( +x) + xa (23)

F)
so=20c L 4 124y 2,
s o ) —

and therefore the third-order extension of them will be given
by

S(3 a Sé]___i’
at’ ax
s¢=s,-x9 29
ox ax
2 a
S4+(1—x)———2x—
ax ax
_4--.-—302 —_’
+( XX x)J)’c‘
SP =8, + (2x — zxx)——
9% (24)
+ (2% — 25 — 251 — 6xx) 2
ox

+ { — 6x(2x% + xX) —4>'c'(t+2xx)}-%,
X

S =8¢+ 2t(1 — x%) —o;
ax

+{2(1 = %) — 28(x + 3000} 2

ax

+{ — 6%(2x + t¥%) —45'c'(x+2t3'c)}—§7.
X

From (24) it follows immediately that

dim 2°=2; dimZ'=3; dim 22=4; dim 2P>=>5.
(25)

Wesee in (25) that condition (11) is not fulfilled for m = 1,
m = 2, and m = 3. This implies, as we shall prove in Sec. IV,
that there are no one-parameter families of differential equa-
tions of first-, second-, or third-order invariant under this
group. Nevertheless, as we show now, there is one (and only
one) third-order differential equation invariant under G.

Indeed, invariance under S, and S, implies that the
third-order equation will have the form

¥=f(xX%). (26)

Invariance under S, implies

620 J. Math. Phys., Vol. 29, No. 3, March 1988

X a_ =2f, 27)
dx

that is,

f=a(x)3?, (28)
where a(x) is an arbitrary function.

Invariance under S, implies

(1-32) % _64a— —axa -3, (29)

dx

and therefore,

a(x) = (3x — b)/(x* - 1). (30)

Finally invariance under S, implies & = 0. The resulting
third-order differential equation is automatically invariant
under Sq.
Therefore we have obtained the differential equation
o 3xx?
X= , 31
-1 Gb

which is the only one invariant under the conformal group in
R XR.

Note that since &' does not act transitively on the
whole (z,x,X) space it is possible to have also first-order dif-
ferential equations invariant under G. This is precisely what
happens with the two differential equations

x=1,

x=—1, (32)

which are the only ones (of first order) invariant under G.

Observe that the set {(#,x,%)|1 — x* = 0} defines the
singular points of &, that is, the points where &' has (in
this case) dimension 2.

Although 22 also has singular points, where its dimen-
sion does not attain the maximum value, it is easy to check by
direct computation that there do not exist second-order
equations invariant under the conformal group in R XR.
(The generators S3,82,S3,S{?imply ¥ = 0, but this equation
is incompatible with the two generators S§* and S&.)

IV. n-PARAMETER FAMILIES OF EQUATIONS
INVARIANT UNDER G

The above examples show that condition (11) is, in gen-
eral, not necessary for the existence of isolated systems of
order m invariant under G. We prove here that (11) is neces-
sary and sufficient for the existence of n-parameter families
of equations, each of them being invariant under G.

In fact, the necessary and sufficient conditions in order
that the n-parameter family defined by

E(2,%,%,..,.x'") =G, det( )960 (33)
be invariant under G are
SI"E)jg—c =0, i=1,.,d,. (34)

Since Eqgs. (34) hold as identities in CeR” we must have

S"(E) =0 (35)
Let us see that (35) and
dim(Z2" ') <dim(Z™) (36)
are contradictory.
F. Gonzalez-Gascon and A. Gonzalez-L6pez 620
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In fact, as explained in Sec. II, if ${",...,S§ is a basis of
2™ then 8{"~',...,8{" ' is a basis of £ ~'. Therefore if
(36) holds we must have

dm

Z c;(ta,.,am HSm-1 =0, 37)
i=1
where not all of the c; are equal to zero.
Therefore
3z IE) Py (38)

2 c; S(M(E) — 2 zip(m (m ’

i=1 i=1 Jj=1 (9
contradicting the hypothesis of det(d E/ dx‘™ ) #0 imposed
in (33). Note that this hypothesis concerning the determi-
nant is essential in order to be able to apply the implicit
function theorem to the variables x{™,...,x\" and put Egs.
(33) in the normal form (1). To conclude, we give an exam-
ple of a one-parameter family of second-order differential
equations invariant under the Poincaré group in R X R.

In this case, the generators of G can be taken as

J a d J
Si=—, S=—, S;=x—+1t—. 39
' o 27 ox 3 ot + ox (39)
The first and second extensions are given by
d a 2, O
Sl==", S§!'=—": S{'=8,+ (1 —5*) —,
Ve Tt ox 2t s
(40)
and
J d Loy O
SE==; S§2=—,; S8=8§8{ — 3x¥) —.
> ax b STESE A (=30 o
(41)
621 J. Math. Phys., Vol. 29, No. 3, March 1988

One can immediately see that
dim 2°=2, dim%'=3. (42)

Since the group has three parameters it is clear that
dim &* = 3 for any k> 1. Therefore there are one-param-
eter families of differential equations of order m (for any
m>2) invariant under this group. Taking for simplicity
m = 2, the symmetry of the equation

X=f(txx) (43)
under S, and S, implies

Yoo Lo, (44)

at ox

that is, f (¢,x,x) = g(x). The symmetry under the boosts .5,
implies

—3xg=i1$—(1-x2) (45)

dx
which leads, after integration, to the one-parameter family
X=c(1—x%%2 (46)
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