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A computation of the dynamical structure factor of topologically disordered systems, where the
disorder can be described in terms of Euclidean random matrices, is presented. Among others,
structural glasses and supercooled liquids belong to that class of systems. The computation describes
their relevant spectral features in the region of the high frequency sound. The analytical results are
tested with numerical simulations and are found to be in very good agreement with them. Our results
may explain the findings of inelastic x-ray scattering experiments in various glassy systems.
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I. INTRODUCTION tions of these topologically disordered systémegard the
origin of the Boson pealor the importance of localization

. . . _9 .
Inelastic x-ray scatteringlXS) experiments™® and in- properties to understand the dynamics of supercooled

elastic neutron scatteriffy** on structural glasses and super- liquids 23
cooled liquids provided useful information on the dynamics ) . o . .
. . The variety of materials in which the? broadening ap-
of their amorphous structure, at frequencies larger than 0.1 . . o
pears suggests a straightforward physical motivation. How-

THz. Those experiments show a regime, when the wave*- ; . S
ever, the simplest conceivable approximation, a wave propa-

length of the plane wave is comparable with the interparticle”” ) . )
g P P b ting on an elastic medium in the presence of random

distance, where the vibrational spectrum can be understo t elds Ravleiah di dien Thi It
in terms of propagation of quasielastic sound waves, the socd erirs,t.yle s Rayleigh disperst 5\ - (IS resu f|s
called high-frequency sound. This high-frequency sound ha¥€ry robust: as soon as one assumes the presence ot an un-

also been observed in molecular dynamical simulations ofi€¥ing medium on which the sound waves would propa-
strond?" and fragild®™® liquids, and it displays several 9ate undisturbed, as in the disordered-solid métiElthep

rather universal featur&=12-19(see, however, Ref. 11 for a scaling appears even if one studies the interaction with the
dissenting view regarding the silica properlids particular, ~ SCatterers nonpe_rtlljrba.ltwezﬁ/ln this paper we want to show
a peak is observed in the dynamical structure factor at 1@t when the distinction between the propagating medium
frequency which depends linearly on the exchanged momerfind the scatterers is meaningléas it happens for topologi-
tum p, in the region 0.fy—1.00y, Po being the position of ~cally disordered systemsthe p= scaling is recovered. Re-
the first maximum in the static structure factor. When ex-cently, it has been showhthat the numerical solution of the
trapolated to zero momentum, this linear dispersion relatiofinode coupling equations, modified for the study of the
yields the macroscopic speed of sound. The width of th@lassy phase, describes in a qualitatively correct way the

spectral line [ is well fitted by range of frequencies explored by IXS, including the high-
. frequency sound and the boson peak. In that theoretical ap-
I'(p)=Ap, x~2, 1) proach though, one cannot find a clear scaling [Bviheing

with A displaying a very mild(if any) temperature depen- Proportional top? only at very low momentum and follow-
dence. Although the same scaling of the spectral line i$ng @ more complicated law for higher values.

found in hydrodynamic& in this computation the propor- We want to investigate the problem from the point of
tionality constant is basically the viscosity, which shows aview of statistical mechanics of random matriéésyy as-
very strong temperature dependence which is not observeg8uming that vibrations are the only motions allowed in the
Moreover, the same scaling bfhas been found in harmonic System. The formalism we shall introduce, however, is not
Lennard-Jones glass&sand one can safely conclude that limited to the investigation of the high-frequency sound and
the p? broadening of the high-frequency sound has a physiit could be straightforwardly applied in different physical
cal origin different from hydrodynamics. Other interesting contexts.

problems related with the high-frequency vibrational excita- Let us look more carefully at the relation between the
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high-frequency behavior and vibrational dynamics in glasseassuming that this structure corresponds to one of the many
and at the relation between vibrations and random matricesninima of the potential energy, one can introduce a har-
The dynamical structure factor for a systemMfidentical monic approximation where only the vibrations around these

particles is defined 4% minima are considered, and all the dynamical information is
encoded in the spectral properties of the Hessian matrix

S(p,w)= 1 E dt eiwt<eip-(rj(t)—ri(0))>, 2) evaluated on the rest positions, where it has no negative ei-

N 7] genvalues. It has been shown using molecular dynamics

simulation that below the experimental glass transition tem-

where( . - -) denotes the average over the particles POSherature the thermodynamical properties of typical strong
tionsr; with the canonical ensemble.

. glasse¥® are in a good agreement with such an assumption.

. A wgll-known approach to t.he calculgtlon of tﬁgp,g) Let us note that, within this assumption, the dynamical struc-
in the h|gh;frek<]quer.1tc):)('l'.Hz) Ireglc(;n, C?cni'Sts n takln% mtt)o ture factor(4) depend on the minimum around which the

Zggﬁumn;tg;lyotf ?h;/sl EZtIISLTIZti(r)nnC;I estr?c\tégf/ Sigsttﬁ;rt" t:]_eree iiSI art?cles osciIIate,_hence the knowledge of an infinite number
f disordered positiong seems to be needed. Here we shall

leef?r sgpr?]ravt\;ﬁp r? mronguthe t'm:;’l scr:;llzs IOf dtges vfigftti dﬁgrziaake the reasonable assumption that the dynamical structure
otireedom, which are supposedly modele afions, ctor is self-averaging, a type of assumption which gener-

thet_ Tlowoones, Wht'Chthglve rse t? th? dt;ffusmn of gl]e ally turns out to be correct for macroscopic observables in
particles. One expects this assumption to be reasonably ag:- 1o 4 systems.

cura\}\(/ahm t?e 9"?55 an(Ij n tht(;su%er(iotgled Iquld p?ﬁtse.l Hence we have turned our problem into the study of
Vvhen focusing only on . €s Of, Ime region, e.sowspectral properties of a kind of random matrix, once the

motions can be thought as “frozen,” hence one studies th

displacementsi around “quenched” positiong, by writing

the position of thdth particle asr;(t)=x;+ u;(t), and lin-

%robability distribution of the elements of the matrix is
given. More precisely, the problem of the high-frequency

2 . . \ namics of the system can be reduced, in its simplest ver-
earizing the equations of motion. Then one is naturally lea y y P

; ider th ¢ f the Hessi trix of th ; ion, to the consideration of a very particular type of random
0 consider the spectrum ot the Hessian matrix ol the '30 ®Mhatrices, the Euclidean matric¥sin which the entries are
tial, evaluated on the positionsof the particles. Callingo;,

: . ) i deterministic functiongthe derivatives of the potentjabf
the eigenvalues of the Hessian matrix aydi) the corre- . P a

- . o o the random positions of the particles. If the system has a
sponding eigenvectors, the one excitation approximation t%onservation law such as momentum conservation in our
the S(p,w) at nonzero frequency is given in the classical

case, due to translational invariance, all the realizations of

limit by the random matrix have a common normal mode with zero
KeT N eigenvalue: the uniform translation of the system. An Euclid-
S(p,w)=—= 2 Qu(p)d(w—wy), (3)  ean matrix is determined by the particular deterministic func-
Me*® n=1 tion that we are considering, and by the probabilistic distri-

2 bution function of the particles. However, for the sake of

(4 simplicity we shall concentrate here on the simplest kind of
Euclidean matriced’ We considem particles placed at po-

However, in the supercooled liquid phase, one canno?'t'qnj_xigzlaz" --N (ljr)s_lde a box OT. V(;)“J_I_T]é‘/’ V\;]here |
always assume that in a typical configuration at equilibriumperlo Ic boundary conditions are applied. Then, the scalar

all the normal modes have positive eigenvalues, negative eEuchdean matrices are

Qn(p):Ei p-e(i)eP

genvalues representing the situation where some particles are N

moving away from the positior. This observation has mo- Mi;= 6 > f(xi—x)—f(xi—x%)), i,j=12,...N.
tivated the so-called instantaneous normal mod&iv) k=1 ®)
approach’32 in the study of supercooled liquids. In that

approach the normal modes in a typical configuration ardn the above expressiofn(x) is an arbitrary but deterministic
supposed to describe the short time dynamics of the particlegcalar function depending on the distance between pairs of
in the liquid phase, while it has been sugge&tehat diffu-  particles, and the positiorg} of the particles are drawn by a
sion properties could be studied by considering the localizaProbabilistic lawP[x]. Notice that the matrix5) preserves
tion properties of the normal modes of negative eigenvaluegranslation invariance, since the uniform vecteg(i)

On the other hand, it has been argued that in a very const is an eigenvector ®fl with zero eigenvalue. Let us
broad class of glassy systems below a critical temperature,note furthermore that there are no internal indices, since for
called dynamica| '[emperatumD (for Spin g|assesor mode the sake of SImp'ICIty the particle displacements are re-
coupling temperaturd e (for structural glassésthe par-  stricted to be all collinear. Of course, in the study of the
ticles spend the most of their time around the minima of thevibrations of glasses, one should take into account the vec-
potential energy surface. Recent numerical simulations seefrial nature of those vibrations and split the Hessian matrix
to confirm that picturé*3® in its transversal and longitudin@lvith respect to the direc-

As a consequence, in the glassy phase the hightions of the external momentuﬁ1) parts. A careful analysis
frequency window £0.1 Tha of the dynamical structure of that feature will be presented elsewhéfte.
factor is supposed to be well described by the propagation of Simple as these matrices are, many physical problems
quasiharmonic excitations aroundjaenchedstructuré’’ By ~ ranging from vibrational spectra in amorphous systems and
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electron hopping in amorphous semiconductdis INM in 1 _ _
liquids?®~32 and combinatorial optimizatioff, can be de- =— - lim Imlm G(p,E+i7). (12
scribed with them using an appropriate choicePofin this 7—0" P

Paper .We_W'"_ study the simplest case, in whiefis a uni- We shall set up a perturbative expansion in the inverse
form dlstrlbutloq function. . density of particles, . The zeroth order of this expansion
Thg dY”am'Ca' structure factor for a scalar EUCIIde"’m(to be calculated in Sec. Il)Acorresponds to the limit of
matrix is given by infinite density, in which the system is equivalent to an elas-
tic medium. In this limit the resolvent turns out to be ex-

SE(va):; Qn(p)S(E-Ey), (6)  tremely simple:

1] o ]? -
Q= | enlire? o PTGy 13
S(p,»)=2wSe(p,w?), (8) e(p)=p[T(0)=T(p)]. (14

where the overbar stands for the average over the particlda the above expressio(p) is the Fourier transform of the
position and we have given the definition either in the eigenfunction f defined in Eq.(5), that due to its spherical sym-
value space[Sg(p,E)] and in the frequency space metry, behaves like(p)=O(p?) for small p. We see that
[S(p,w)]. the dynamical structure function has two delta functions at
Finally, let us mention that not all the topologically dis- frequencies linear ip: = */e(p). It is then clear that Eq.
ordered systems are represented by an Euclidean random n{a3) represents the undamped propagation of sound in our
trix. For instance, diffusion on random grapfi¢' and on elastic medium, with a dispersion relation controlled by the
small-world network? where the connecting sites are chosenfunction e(p). The order 14 corrections to Eq(13) will be
with a probabilistic law, are described by the Laplacian op-calculated in Sec. |IB. They take the form of a complex
eratorV;; . The matrix elementV,;, i#j is 1 if i andj are  self-energy % (p,z), yielding
connected and O otherwise, while the diagonal part is tai-
lored to haveX;W;;=0, as required by the conservation of G(p,2)= 1
the number of diffused particles. ' z—e(p)—2(p,2)’
The layout of the rest of this paper is organized as fol-
lows. In Sec. Il we shall apply an expansion in the inverse ofS (0.E) 1 Im3(p,E)
the particle density formulation to the problem of calculating=e(P.E)=— — 2 5"
the Sg(p,E). The same calculation can be performed using ™ (E=e(p)—Rex(p.B)) +(Im2(p,E))(16)
the field theory of Ref. 37, adapted to this probl&hwith
identical resulté® The analytical computations will be con- The dynamical structure factor, is no longer a delta function,
fronted with a numerical simulation in Sec. Ill. In Sec. IV we but close to its maxima it has a Lorentzian shape. From Eq.
shall briefly consider the problem of including particle cor- (16) we see that the real part of the self-energy renormalizes
relations on our calculation, which shall produce some qualithe dispersion relation, and thus it should behave proportion-
tatively new results, regarding the exponential tail of theally to p? at small momentum. The width of the spectral line
density of states. In Sec. V we shall present our conclusionss instead controlled by the imaginary part of the self-energy,
and at this order in p, it scales likep* for small momen-
tum: at this level of accuracy we recover Rayleigh scattering.
II. THE 1/p EXPANSION The aqalytic_ calcu_lation to this order can be confronted with
numerical simulationgsee Sec. I, and it turns out to be
The basic object that we will calculate is the resolvent rather accurate for momenta of the order of the inverse in-
terparticle distance. The density of states for small values of
L 9 w is also well reproduced. The maybe most interesting result
z—M ij’ © of this paper is obtained in Sec. Il C, where the calculation of
the self-energy is pushed up to ordep/The order 14>
from which the dynamical structure factor is recovered USing;ontribution to the Spectra| linewidth is proportionab:%for

(15

G(p,2)= EE elP(xi—x))

the distribution identity 1K+i0") =P (1/x)—im&(x): small momentum, which is a qualitatively new feature. Even
1 if the density of the system is high, for small-enough mo-
Se(p,E)=——1Iim ImG(p,E+in). (10 menta the two-loops contribution to the imaginary part of the
ot self-energy is dominating. We believe this to be the under-

The resolvent will also give us access to the density of statelgmg phgs'cal reason for th_e widespread expe rimental find-
of the system: ing of p~ scaling of the width of the dynamical structure
factor. On the other hand, for larger momenta the order 1/

1 } contribution is dominating, but it grows witp significantly
i '

N

1
E)=——1im Im
ge(E) anﬂm =

Erio—M (11 more slowly tharp?. This may be of some importance in the
K experimentally relevant momentum range.
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A. The leading order Since we are interested in the singularitisanch cuts or

Our strategy for computing the resolvei®) is straight-  Poles on the complex plane of the resolver(p,2), see
forward: we consider it as the sum of a geometric series. OnEds-(13) and(15), it will be crucial to sum the series in Eq.
expands in series of Athe Fourier transform of the resol- (18) at all orders in Z. From now on we shall assume that
vent, see Eq(9), in the following way: the functionf has a Fourier transforrtdenoted byf in the

1 1\R following) which is a rather severe limitation. In Sec. IV we
G(p.2)=+ ; (T) M®(p) (17)  will see that, provided that particle correlations are taken into
account on the calculation, this limitation should not bother
with us. One can readily check from Ed.8) that the contribution
_ of the terms where the two particle labels in the argument of
M%(p)= N « kE . e anyf function are the same, vanish. This can be taken care of
o ® automatically by settindg(0)=0. Since we have changed the
S K E (X =Xy )= F (X =X ) |+ value of the function at a single point, this will have no
0" Z 0 1 0 1 . . s .
1 consequences while averaging over the positions of different
particles.

The very first step is to split the parentheses in @§),

into 2R sums(we keep the Kronecker deltas as a reminder of

X

X, ( 5kR—1’kRZE f(XkR—l_XZN)
R

—f(kal—ka)> e PXcg, (18)  whichk; index should be equal to whigh
|
eip(xko_XkR)
MR = X L8 i F Ot = Xe) I8 i, T Otk = X)) ]
ko.zgs -+ Zr—1
alP (i, —Xip)
X0k kef Xk =%z, )]+ L O X ) 108k ke, f Ok, =%z )]+
R-1'XR R-1 R-1 KooKy Zors - ZRo1 N 1 1 1 1
X [0k ke f iy = %g )]+
el P (X, = %ig)
+ko,k12__ I v S (GO ) [ E e D R B (CPRI ) (19
|
The Qisorder average in E¢L9) is simply obtained by per- MR(p)=pRIqu)(p)+pR‘lI(RR_)l(p)+ . +pI(1R)(p).
forming the integrals: (21)

dPx. SinceMR(p=0)=0, for everyparticle configuration, all the
MR—(IO)=f T =2MR(p). (20) coefficientZ{P(p) in Eq. (21) vanish at zero external mo-
PV mentum,p=0.
Our zeroth-order approximation will consist in keeping
Let us estimate the order of magnitude of the generic term i®nly the leading term
Eq. (19), after the disorder average is performed. If there are  ———— ®
no index repetitions, we will have an overall™ R factor M7 (p)~p"IR"(P), (22)
from the disorder_ average, becau_se alt_houg_h ther®are the first 1p correction will consist in setting
independent particles the translational invariance allows one
to eliminate one integral. We hawé!/(N—R— 1)!~NRil MR(p)~pRZP(p)+pR 17 (p), (23)
ways of choosing the particles labeling, and an edra
factor from the definition of the resolveri®). Therefore, and so on.
each of the above 2sums will be proportional teR (p Let us now calculatg & (p). As for any multidimen-
=N/V is the particle densily When two particle labels co- sional integral, choosing with care the order in which the
incide, we will have a missing\ factor from the sums, and integrations are performed can tremendously simplify the
another missing/ ! factor from the position average, and task. In the case of Eq19) the matrix product yields a fairly
the sum will be of ordep® . It is thus clear that th&1R(p) natural ordering: from left to right, and when we encounter a
will be a polynomial of ordeR in p, with no term of order ~ diagonal term § . .,) we shall first average the position of
p°. In fact, the lowest order ip arise when there are only the z particle. One easily shows thatrecall that the
two different particle labels on the sums of Efj9), which is ~ Kronecker delta is simply @eminder sincek; is actually
easily seen to be linear in: equal tok; ;1)
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. R-17(R)
fdxzie'pxk‘aki,k (X —x,) =ePk.T(0), PT Tr=a(P)

R+1
(24 i
J dx, €[ —F(xi — X )]=€Pa[~T(p)]. -y [p(f(0)—Tf(p))]® [p(f(0)—T(p))]°
atbfc=R-2 7221 £+
Therefore every integral simply shifts the external moment,
p, one step forward, and leaves behindi(@) or a—f(p). Xf Fp—q)=T(@)
When one arrives to thR+1 particle, there is no integral p(2m )D[p P4 Ul
left to be done, and both exponentials cancel. Then we find . ~ b
that [p(f(0)—f(q))]
X Zb+1 ! (28)
PRI (p) =[pf(0)—pf(P)I®, (25
which is easily seen to yield
and therefore we obtain the result already anticipated in Eq.
(13), = pRL (R)
(D) dq
S =Gz S f 27y 00l
Go(p,2)=——. 26
o(P2)= ) (26)

X[p(fF(p—a)—TF(a))]% (29)
We see that at leading order, a plane wave with mometum
is actually an eigenstate of the matik with eigenvalueE, We want to obtain the self-energy term (h5), which
and the disorder does not play any relevant role. In othewill receive contributions of all powers in A/
words, inside a wavelength#Zp there is always an infinite
number of particles, smoothing out the density fluctuations  =(p,z)=21(p,2) +3,(p,2)+- - - . (30)
of the particles: the system reacts as an elastic medium.
Let us finally obtain the density of states at this level of The relation between the above expression and the resolvent

accuracy, using Eq12) andGy: is given by the Dyson resummation:
ge(E)= 8(E—pf(0)). (27) G(p,2)—Go(p,2)=Go(p,2)[21(p,2)

We obtain a single delta function af (0), which is some- +Go(p,z)2§(p,z)+22(p,z)

how contradictory with our result for the dynamical structure +---1Go(p,2). (31
factor: from the density of states one would say that the

dispersion relation is Einstein type, without any momentumcomparing Eqs(31) and(29), we conclude that
dependence! The way out of this contradiction is of course

that in the limit of infinitep both e(p) and pr(O) diverge. 1 d
The delta function in Eq(27) is the leading term ip, while 1(p,2) f 3
the states which contribute to the dynamical structure factor Pl (2m
appear only in the subleading terms in the density of states.

Go(a,2)[pf(p—q)—pf(a) ]2
(32

B. One loop The 1p? contributions to the self-energy will provide the

3 2 H
For the calculation of the(®,(p) term, we need to Go(p,2)21(p,2) term of Eq.(31), and also the more physi-

consider only one particle label repetition. In other words, ifcaIIyLlr:terest;ngEZ_(p,dz)ttglrmt.h | h q i
we call Ny the average number of particles within the inter- . € us study in defalls the 'ow exchanged momentum

action range of the potential, we are calculating thegl/ I|m|t_ of Eq. (32). It. Is clear that atp:? the.self-.energy
_ SRR i vanishes, as required by the translational invariance. We
correction of the formuldM™=M", which neglects the sta-

tistical fluctuation of the matrisd due to disorder. need to expandi(p—aq) for smallp, which due to the spheri-
The easiest way to proceed is as follows: one first iden@l Symmetry off yields

tifies the places where the particle label repetition arises in
the sequence of particle labels T'(a)

fp—a)=F(a)—(p: q)—+0(p ) (33
(voedeeede0),
and then one shifts the moment using E@4) until the =F(q)+(p-q) €'(a) +0(p?) (34)
place of the first repeated particle label. Then, one applies the ap ’

backward version of the moment shift idea, frémuntil the

second particle label repetition, and one finally integratesvhere we have used E({L4) for the derivative off. Substi-
over the position of the repeated particle. In this way oneuting (34) in (32), and performing explicitly the trivial an-
gets gular integrations in dimensiorgswe obtain
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1-d o [€(q)]? It is then straightforward to obtain in three dimensions
ST UL
1(P.2)=p pdw92T(d/2) Jo ad z—€(q) 39 20° (emax  G(q(€),p)
21(p,2)= = df—z_e ,
2 21_d J’E(q:m)d [q(é)]d_l (43)
=P E—., 2
pd792T(d/2) Jo q’(€)(z—e) G(q.p)=ge~ o (@) 1+e_gzpzsf(2«r pq)
(36) ’ 20%pq
In the last equation, we have denoted wiffe) the inverse 5
of the functione(q). Setting nonz=E+i0", and observing _2e702<p2/2)3}"(0 pa) .
that e(p) ~Ap? for small p, we readily obtain a?pq
21-d Therefore, setting=E+i0", we find
ReEl(p,EJriO*)%pzd/—P
p dm92T(d/2) ) 20°  (emax. G(Q(€),p)
ReX,(p,E+i0")= —Pf de————, (49
— d-1 T 0 E—e
«@==)  [q(e)]
x f de—" (37 |
0 q'(e)(E—e) Im3,(p,E+i0")=—270?G(q(E),p). (45)
2—d One can easily check that the imaginary part of the self-
Im El(p,E+i0+)~—Tp2[q(E)]d. (38 energy on the peak is of ordg®"2, as previously an-
pdm=e(d/2) nounced.

Since the principal part is a number of order one, the real ~ Turning now to the density of states, using Etp), Egs.
part of the self-energy scales lik& (possibly with logarith- ~ (44) and (45), simplify now to
mic correctiony and thus the speed of sound of the system 552 . q(e)e*"zq“)z’z
renormalizes due to the d/corrections. As a consequence, ReS 1 (,E+i0T)= 1 /7 pf e

0

the functionq(E) is proportional toEY?~ p at the maximum E-e '

of the function ofp, Sg(p,E), and the width of the peak of (46)

the Sg(p,E) will scale like pd*2. It is then easy to check N — 2 R(E)2

[see(8)] that in frequency space the width of the spectral line Im 24(0,B+107) 2matq(E)e ' (47)

will scale like The zeroth order approximatiomg(E)= 6(E— €nad, EQ.
[ocpd+l (39 (27), is largely modified at one loop. The imaginary part of

the self-energy vanishes at 0 aag,, since bothG(q(0),p)
as one would expect from Rayleigh scattering considerandG(q(emna,p) are zero. The zeroth order delta function is
ations. The result39) for the asymptotic regim@<1 has moved to a valu&* which verifies the relatich
been found at the one loop level. In order to predict correctly *_ *
the spectral properties at very low external momenpyrit B = €mact Re2 (=, BY), (48)
turns out that one must study the behavior of the two-loopand the density of states at this order is
contribution, as we shall see in the next section. Neverthe- 5 —o2q(E)212
less, the one-loop result is already a good starting point to _.\/%e q(B)e””*

’ P yadg 9p 9e(BE)=\— 72>
perform detailed comparisons with the numerical simula- T (E—34(,E))?+q(E)%e 7 4E)

tions. To this end it will be useful in the following to intro- 0<E< (49)
duce a concrete example with a specific choice of the func- =5 Emax
tion f(x), allowing a complete analytical computation. 1
— _ *

1. The Gaussian case ge(E)= [d[ReS 1(».E) J/dE | or| S(E—E™),

Our choice for the functio shall be the following: (50

E> €may-
f(x)=e~ (<¥20%), (40)
'F(p) — (277,0,2)d/267(r2 (p2/2). (41)

C. Two loops
The parametet sets our length scale, and for phenomeno- 5 . (R
logical purposes might be identified with the inverse of the 1€ order 14 arises from includingl ~,(p) on the

first maximum of the static structure factor. With this choice, 9€0Metric series for the resolvent. The particle label repeti-
we have tions can basically arise in four ways, that we schematically

oo depict as
= lim =p(2 ,
emax—qﬂxe(q) p(2ma’) el 200020001 (52)
G(Q)Zemag(l—e_gz(qzlz)), (42) 12000100200 (52
1W B TP TP [P (53)
q(e)=; 2|n€max—6' el 20020 (54)
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The repetitions depicted if51) and(52) are genuine contri- At very high densities there exists a characteristic value
butions to the self-energy. The repetitiof#e}) are contribu- p, where there is a crossover from th& ! regime to the
tions to the Dyson resumation &, [the G3(p,z)2%(p,z) «pd*1 regime. From(58) the crossover momentum is easily
term in Eq.(31)], while the repetitiong53) contribute both  found:
to 3, and toG3(p,2)32(p,z).

In the Appendix we list all the two-loops terms giving (o pc)zzg ixi (59)
the contribution to the self-energy,. Because of the com- Al p6® Ng

plexity of the result, we shall focus hereafter only onto the For p>p, the one-loop term mainly contributes and the

low momentum regime. Fop=0, there is a cancellation . 3 : .
. . . _broadening is controlled byX;. In this regime, the
among all the various diagrams and the self-energy vanishes : .
) ) - . . asymptotic result39) has to be taken with a lot of care. In
as it should. The leading contribution to the imaginary part o .
of the self-eneray scales as fact it is supposed to be correct only fep<<1, a regime
ay which basically is dominated by the two-loops contributions.
Im3,(p,E)=Cp?q* %(E). (55) If op. is not small enough to be still in the same regime we
are no longer legitimate to assume tk@@) gives the correct

In the low energy, low momentum region, close to the peakggits and we have to consider the full one-loop re .

p~E2 of the structure factor, it becomes

EZOCpZE(d*Z)/Zoc pd. (56)

Consequently, for small values of the external momenpum lll. COMPARISON WITH NUMERICAL SIMULATIONS

the contribution to the width arising from thepf/ order is The dynamical structure fact@(q,E) can be numeri-
much broader than the contribution from the dkder. Inthe  c4)1y computed. Its definition, Eq6), implies that it is a
frequency domain, the expressiab6) gives indeed the \yel-normalized distribution function

broadening

Pocpdt, 57 Se(p.E)=0, f

©

dE S(p,E)=1. (60)
. 2 . . . .
i.e., p” in the three dimensional case, very different from thene moments of this distribution function can be calculated

result(39). _ _ . interms of the powers of the matrM defined in Eq(5),
Putting all together, our final expression for the imagi-

nary part of the self-energy in the low momentum regime,
for a functionf(r)=f(r/o), is up to second order:

F dE S(p,E) ERzé > ePHTX(MR), (61)
e <

_ 1 1 \?2 If the functionf is non-negative, one can cut the previous
Im3 =pf(0)| — (po) " ?A+|{ —| (po)Az], integrals atE=0, since the quadratic form associated to the
i i matrix M is semi—positive—definite:
(58)
- 1
where the coefficient®\; and A, are pure number€)(1) 2 <Pi'V|i,j<Pi:§ IEJ f(Xi—Xj)(<Pi—<P,—)2>0- (62)

which can be determined after choosing the adimensional 1.
function f(x) (the Gaussian case will be studied in the ”eXtSimiIarIy, one can obtain the density of states replacing Eq.
section. From the qualitative point of view it is worthwhile (61) by
to note that(58) describes the most general case. It is quite
easy to realize that even considering other multiloops terms, % R 1 viv; R
for a small momentum, the leading order term would be of f dE ge(E)E N > (M%), (63)
—® ] EKUk
the form (57).

Let us note that the parameter of such expansions i&here thev; are random numbers chosen with uniform prob-
actually the inverse of the number of particlbig=po?, ability between—1 and 1, and the overbar now means aver-
lying inside a cube whose dimensions are given by the rangage over the particle positioradthev;. Thus we see that
of the interaction. Let us picture the whole scenario as ibne can use the method of moménisomplemented with a
emerges from two-loops computation. truncation proceduré Using the Gaussian functidnof Eq.

As a very general feature of topologically disordered(40) truncated at fouw’s, we have been able to reconstruct
systems, we obtain the broadening® ! of the resonance the Sg(p,E) on systems with up to 32768 (32particles,
peak of theS(p,w) at low enough momentump, where the  using 100 moments. All the simulations in this paper have
two-loop contributions is dominant. Because of fife ! be-  been done generating 10 samples of the disordered configu-
havior, topologically disordered systems spread the energsations: on a box of sidé =320, we place at randorpL3
of an incoming plane wave on a wider range of frequencieparticles. We apply periodic boundary conditions, the mini-
than nontopologically disordered systems. This is a quantitamum available momentum thus beingriB320. Regarding
tive characterization of the intuitive impression that they arethe choice of the density, let us recall that our natural length
“more disordered.” However, this feature is rather subtleunit is o, that can be considered as the analogous of the
and only appears when the contributiom;/Nﬁ to the self-  wavelength corresponding to the first maximum of the dy-
energy are considered. namical structure factor. It is therefore clear that the densities
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that correspond with the experimental situation are of the g S .°i5, — .1i°. — .1i5. — .2i°. — .zf_
order of o~ 3. In this paper we have explored the range 2 3
0.20 3<p=<10~3. In what follows, momentum will be : ]
measured in units of ! and density in units o~ 3. 15F- p=1 =

The choice of the number of calculated moments is con-"g 1.0§— -
ditioned by two conflicting goals. On the one hand, the ir- §  ,5E

20F —

w

regularities on the reconstructed probability distribution &y
grows significantly with the number of calculated momenta,
which is due either to the statistical fluctuations on the finite
number of generated samples, or to round-off errors on the ¢
Lanczos recursion. On the other hand, using a too smal 04f
number of moments can smooth-out real features of the
curves. As a rule we show the curve reconstructed with the
minimum number of moments for which the width of the 00’ o8 o s '2!0' : e
Se(p,E) is stable. We should emphasize that the moments E/e
method is a statistical one. With a finite number of particles,
there are 0n|yp|_3 available eigenvalues. If the number of FIG. 1. Density of states at densities: 1 and 0.2. They have been obtained
eigenvalues around the maximum of t8g(p,E) is small, computing numericall_y 10 momentsee text TheX‘axis has been resce_tled
the method of moments does not yield meaningful resultsl.)y €max, and theY axis has been also rescaled in order to have unit area
under the curves.
Moreover, since thé&sc(p,E) is a statistical quantity itself,
meaningful results cannot be obtained even with a full diago-
nalization of the matriM. In order to get a feeling on what pointed out in Ref. 37, the high density expansion is not
difficulties might be encountered, it is useful to calculate thereally suitable to describe the DOS in the neighborhood of

(

maz BE

p=0.2 —

max

first and second moments of ti$€p,E): the maximum. In fact, we have shown that at one loop the
" zeroth order delta function splits from the continuous part of
f dE S(p,E)E=€(p), (64)  the DOS, carrying still a finite weight. Furthermore the con-

tinuous part(50) is defined only forE<ep,,,; in order to

correctly compute the density of states in this region we need
f dk (k) at least a partial resummation of the higher orders ingthe

expansion, in the same way that it was done in Ref. 37 for
~ ~ nontranslational invariant potentials. This task is not out of

X[f(k) = f(p—k)]. (65 reach, however, it goes beyond the scope of this paper. Be-

It is clear in what sense in thp—o limit the Sg(p,E) cause of this limitation, here only the low eigenvalues region
becomes a Dirac delta: its mean valeép), grows likep, of the spectrum can be safely compared. We see that the
while its variance only grows like/p. In particular, one can humerical curve obtained with a large number of moments is
take thep—c limit in the above equations, and see whatbadly oscillating, because the single delta functions which
happens with the density of available eigenvalues. For théorm the spectrum of a finite matrix are correctly reproduced
model described in Eq40), one obtains

2p
d

” 2_ 2
f_wdESt(p,E)E €(p) t 2

© 0 5 10 15 20
J dE gE(E)E=p(27702)3/2, (66) 0'15__- L A I A |/-_\1\ L
O N // \\
" 0.10 :— 1 loop / g %
J dE ge(E)E2=p%(2ma?)3+ 2p(ma?)32. (67) S 10 mom. kY
0 — 005 ¢ %
The above results are rather discouraging, because one in & i .

mediately observes that at fixgg the larger isp, the lesser O?dgg_ !
states are arounelp). Figure 1 may help in clarifying this 2

5
\E F 1 loop
point. w o008 i 10 wos
isti i i ianifi i o T T T Y A T 50 mom
The statistical sampling improves significantly with de- oooald 11 oBE L a aiNd o

creasing densities, where however our analytical calculatior N
is less likely to work. In practice, the above considerations 0002
imply that the smaller i, the smaller is the minimum mo-
mentum for which theSg(p,E) can be safely estimated on a
finite box.

As a first comparison between the analytical and the nurIG. 2. Numerical DOS compared with the analytical prediction at one-loop
merical computations, in Fig2) we show the DOS obtained level (neglecting the contribution of the delta functjoiThe upper figure
numerically and thécontinuous pajtof the DOS at a one- shows the comparison on the whole range of eigenvalues, and in the theo-

. . retical curve we have not drawn the delta function. The lower figure focuses
loop level as obtained by means of E§0) (neglecting the

eveE ! x onto the low eigenvalues part of the spectrum, showing the dependence of
contribution of the delta function As it has been already the numerical data with the number of moments.

0.000 &<
0
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FIG. 3. Dynamical structure factors at dengity 1, the momentum is given ~ FIG. 4. Dynamical structure factors at density-0.2, the momentum is
by p=0.1%/0, with n=5,7,9,11. The numerical curves are obtained with given byp=0.1%/0, with n=4,6,8,10. The numerical curves are obtained
30 moments. with 10 moments.

by the method of moments. If we consider the curve obtainediata. When the momentum is too large<(9,11 in the fig-
considering only 10 moments instead, there is a smoothingre), E ., becomes comparable 9, and the agreement
of the previous curves and we see that it is in very nicecan no longer be so good. The analytical curve indeed is
agreement with the one-loop computation. defined only up toe,. (at all orders in perturbation thegry

Let us turn to the comparison of the dynamical structureand the tail which follows the peak cannot be reproduced by
factor. One would like to check whether all the scaling re-the theory without further developments.

gimes identified in Sec. |1 C really hold. One should there-  The next comparison is at densipy=0.2. Even if one
fore know at which value of the exchanged momentum thenight expect that this density is too low for thepléxpan-
one-loop result will start to be dominating. The two coeffi- sion to be accurate, the one-loop computation still describes
cients of Eq.(58), for the Gaussian choicgt0), in the 3D quite well the numerical curves, up to the region WhEpg,

case turn out to be and e,,,, become comparable. One is tempted to conclude

A, =T7/120;, (68) that the differe_nce in Fig. 4 between theory and num(_arics for
the curves which are not strongly affected by the tail effect
Azwl.ZEﬂg (69) (n=4,6) are due mainly to the following terms of the series
with in the 1p expansion. In particular, the correction of the
broadening is of order-10% while the position of the peak
dQ, seems to be less affected by higher order corrections, espe-
szf 2m) (70 cially for then=4 curve.

As we have pointed out in the introduction, a controver-
The crossover momentum can then be estimated to besf.315ial point is the existence of a scaling law for the broadening

for p=10"2 and 0.71¢ for p=0.20"3. In a box of sizeL of the spectral peak with respect pp in the range of mo-
=320 the first available momentum is0.19/r, but unfor- menta explored by x-rays scattering experiments. On the
tunately this is not the first momentum for which one canother hand, there is a general agreement on the existence of
reconstruct accurately th&(p,E). Therefore, we should the dispersion law for the peak position of the KiBgeax
expect that our data can be accurately described using ontyp? (wP*¥xp), up to momenta where the corresponding
the full one-loop expressions. Of course, one could try tovavelength is comparable with the mean separation of the
compare with still lower densities, but this would be both particles, which enable us to identify the peak as an acoustic
risky (ours is a 14 expansiomand unphysicalglasses have one. Having shown that our numerical data are reasonably
densities of order one, if measured in the natural length unitdescribed by the one-loop computation, let us see what are
of their interaction potentials the predictions for these spectral features at this level of ac-
The first comparison is for the densipy=1. As can be curacy. In Fig. 5 we plot the real and the imaginary part of
seen from Fig. 2, for a box with 82particles, when the 3 at the poINntE 4, Obtained by means @¢#4) and(45) as
position of the peak is d&,.,<1— 2 there are too few states functions ofp, for the densityp=1.
and the numerical results have no statistical significance. The real part follows the dispersion lawp? up to mo-
Hence, the lowest value of the external momentum which isnentum of order X, and no significant dependence on the
possible to compare safely with the theory turns out to belensity is observed while that scaling law still holds, see
p=0.95k (i.e., n=5). The corresponding results are dis- Egs.(37) and(38). For the imaginary part, we already know
played in Fig. 3. We can see that for=5,7 the one-loop from the asymptotic analysis of the—0 regime, that the
computation is in very good agreement with the numericabne-loop low momentum behavior g (p* in the frequency
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o ,°v?5, , ,9~|1° — ,°<f°, , ,1,-|°° 500 It is not difficult to see that, to the lowest order irpl/
O o ® E the superposition approximation can be embedded in our cal-
o T ° - culation if we make the substitution
o _ ]
FoOTE . E f()—g(nNtr). (73
- O numerical T
1079 5 i i i icati
3 This is rather important, because, for typical applications, the
| | s Lol R . . . .
e T T , T oe® function f being badly divergent at low distances, does not
N © have a Fourier transform. On the other hand, the function
a o r ] g(r) typically tends to zero at the origin exponentially, thus
g 107t — taking care of the algebraic divergencefdf).
= 0 © numerical | However, the substitutiof¥3) cannot be blindly applied
10 — B 1 loop+2 loop asymp. — . . .
L 1 to the calculation of the p/corrections. Let us consider for
1078 | i — NI P — instance the second mome®b), that in the correlated case
0.05 0.10 0.50 1.00 5.00 . .
po yield [let F be the Fourier transform df(r)g(r)]
FIG. 5. The real and the imaginary part of the self-energy computed at g(p)=pF(O)—pF(p), (74

Epeas fOr densityp=1. The open circles are the numerical results, which
cannot be extended safely at lowest momenta. Full circles are the results of

the exact one-loop computation. The squares contain the exact one-loop |\ Z(p) = [;(p)]2+ zpf dx g(x)fz(x)(l— eiPX) (75)
computation corrected by the smallexpansion of the two-loop result.

while the substitution(73) would have produced a factor
9%(x)f?(x) in the above integral. A little thought reveals
domain, however the range of momenta which are studiecthat, for the 14 calculation reported in Eq28), this problem
by numerical simulationgand by IXS experimenjssurely  will arise whenever there is a string of only diagonal terms
are not in that asymptotic regime. The figure shows clearly 5ki vki+1f(xki_xzi)] between the two repeated particle la-
that the lowest momentum that we are able to numericallyyo|s The diagonal terms are simplyF (0)]%/2°** that add
study is already in a region where that scaling law does noLtjp to
hold anymore. As a matter of fact, the embarrassing conclu-

sion is reached that the scaling of the width of the dynamical 1

structure factor at one loofwhich coincides with the nu- m-

merical simulatioh could mimic ap? behavior if the range

of momenta which is studied is not wide enough. Therefore, we conclude that the self-energy at ordgrid/

the superposition approximation is

IV. ABOUT PARTICLE CORRELATIONS 1 dq
S1(p2)= —f [pF(p— )~ pF(q) ]2

. . . pJ (27)P
The formula(17) is a good starting point to speculate

about the possibility of extending our computation to the
case where the particles are not chosen with a random dis- X
tribution but, for example, with the equilibrium Gibbs distri-

1 )
z—e(q) 2 pF(0)

bution. In that case, the average on the position of the par- , (1—e'PX)
ticles is made usu?@ +2pf dx g(x)f (x)m. (76)
1 R+1
R J 1_.[ d% g™ I(xq - - - Xgy1), (71  Itis clear that none of the two new terms contribute to the

imaginary part close te(p), and therefore our discussion of
where g(R*1) is the R+ 1-points correlation function. Al- the broadening of the spectral line, at this order of the 1/
though the computation using the full correlation function€expansion is basically unchanged. One could similarly dis-
would be exceedingly difficult, some progress can be madeuss the peculiarities of the dff term, but this is left for

by using the so-called superposition approximation: future work. However, the single term
9(X1 - Xre1) =9(X1=X2)g(X2—X3) - - - G(Xg—XRr+1), ,  (1—eP¥)
(72 ZPJ dx g(x)f (X)m, (77)

where the pair correlation function is used to take into ac-

count the correlation of the position of the particles. Thepoints to the possibility of a qualitatively new behavior. In-
superposition approximation has been probed to be reasodeed, this term is the first of a full category, in which the
ably correct in describing the high order static correlationrepeated particle labels always correspond tosidume pair
functions of the supercooled liquids, both in the computatiorof particles separated by a string of diagonal terms. It is not
of the coupling coefficients in the mode coupling thédry hard to show that the contribution to the self-energy of this
and in the computation of the vibrational entrd{3y’® family of terms is
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o [2f(x)]t ues, comparable with the ones explored by the IXS experi-
> > f dx g(x)(l—e"”‘)—n ments. Even in that computation no clear scaling law actu-
n=1 [z=pF(0)] ally emerges and qualitatively that scenario is quite similar to

(1—eiPX) the one emerging from our approach. A quantitative com-
. (79 parison though, is not straightforward because our analytic
—pF(0)—2f(x) . ;
computation does not concern any particular model of topo-
This result implies that when the functidifx) diverge at logically disordered system, the choit#0) being quite ge-
small distance, the density of state will have a tail to infinity, neric in order to understand which are the main features
exponentially suppressed by tlggx) function. This expo- which determine the particular kind of broadening of the
nential tail is of a different origin from the instantonic con- resonance peak.
tribution recently calculated in Ref. 49. Indeed the instan-  The main point, however, is the reliability of our com-
tonic exponential tail arises also for a fully reguigx), due  putation in understanding the experimental findings and, pos-

=2pf dx g(x)f?(x) .

to anomalously dense regions. sibly, in predicting features not yet observed. Apparently, if
one wants to apply the computation presented here to the
V. DISCUSSION, CONCLUSIONS, AND OUTLOOKS study of the spectral properties of realistic systems, such as

ilica or fragile glasses, one faces the following limitations.

of Euclidean random matrices using an expansion on the The comput_atlon has been expllCltIy_per_formed n _the
inverse particle density number. That approach is suppose(ﬂ?‘s’e where pa}rtlck_-:-s are unc_orrelated which is deeply d'ff‘?‘r'
to describe correctly topologically disordered systems, in thgnt from the situation found in glasses and supercooled liq-
context of the instantaneous normal modes approach to therS' - .

high-frequency dynamics. In particular, we have performed a The values of the coefﬁuents_l andA, in (.58) SeeT“S to
two-loop computation of the dynamical structure factor,depend very badly on .the choice of the mtgractrt(m)
where the expansion parameter is the inverse of the densigen.Ce at this level is quite qnclear the generality of the bre-
of particles. The results have been analytically studied in th ictions that' one could Ot,’ta'n' Ffo@) before performing
low momentum regime, where the disorder reveals itself b)}he appropriate computations for a given system.

the broadening of the resonance peak. The width of that However, in Sec. IV it has been shown that the correla-

spectral line has been computed up to ordNZR],/whereN tions between the particles can be at least partially taken into
R . . .
is the number of particles which effectively interact with g account by performing the transformatiofv3), which

given particle. The behavior of the widithin the frequency e}mounts tajressthe bare mterachorﬁ(r) b.e_twee.n two par-
domain, as function of the momentumhas been shown to t|cle_s at a given distanae with the probability, given by the
follow a quite complicated law. When the exchanged mo-S.tat'C structure fact.ay(r) of the real SVS‘e”.‘ to be studied, to
mentum,p, is quite smaller that the inverse wavelength offlnd them at that distance Furthermore. .thls procedyre cor
the first maximum of the static structure factor, the width Ofresponds to the well-known superposition approximation of

the spectral line follows = p2. This seems to be an intrinsic the correlation functions of the theory of liquids, a kind of

difference between topologically ordered and topologically2PProximation that has been largely exploited previously in

disordered random systems, the Raylejfhscaling being different analytical approaches fo the S.tL.’dy of the_glag,sy
always found for the former. At a momentum depending Or]phase. More interestingly, the superposition approximation
the particle density and the details of the potential, tié1/ makes even the latter limitation less severe. As a matter of
contribution to the self-energy becomes dominant, angthe facF the Gaussian choid@0) must not mimic the bare mter_—
scaling appears. Finally, when the exchanged momentum ctionf(r), Fhat would be a hopel_ess task, but the function
of the order of the inverse wavelength of the first maximum (r)gt(rr]) Vch'Ch sfoundrsT n;]oiﬁ feasl;bltgt. ¥Ve havef also shown
of the static structure factor, the dynamical structure factoF1OW tf) ermj or whic ¢ € substitu I?r(lr'z—; E‘rt)r?(gl) i
starts its collapse onto the density of states. The width of thg?m:ot € mfa e, gl;/e ['Se_ oan eép?nin 1al tal OM € density
spectral line cannot grow at such a violent pac@4sand if of states, of nomstantonic (see Ref. . 9 origin. Vore in

a not too large momentum range is explored, it can certainl etail, by considering only the bare interaction one should
mimic ap? scaling. It is possible that the? scaling found in

the IXS experiments correspond to the later transient behav-

The aim of this work was to study the spectral propertiess

ior. Nevertheless, it would be very interesting to explore ex- f(r)= d?v(r) (79
perimentally a wider range of exchanged momentomaybe dr? '

combining several scattering probe@ order to test this

scaling picture with three separated regimes. whereV(r) is the pair potential of the particles, which typi-

It would also be very useful to compare the predictionscally has a strong repulsive barrier rat>0, missing in the
of this computation with the ones which have been obtainedaussian choice. The static structure faoggr), on the
in the framework of the mode coupling approximatfdn. other hand, is~e #V(" at r—0, hence the function
There, an hard sphere system is investigated aptlaw is  f(r)g(r) is typically formed by a single peak in the position
obtained only for very low values of the frequency of ther,, where the static structure factor has its maximum, is not
peak, which at the moment are not accessible to the expersingular atr —0 and it does have a finite Fourier transform
ments, while a crossover to a quite different behavior idooking quite similar to(41). As a first approximation, the
present when the external momentum moves to higher vakbove argument yields~r, i.e., a few Angstrom for real-
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istic systems, implying that x-ray experiments surely cannot 5 j ddg o

explore the low momentum region but they can observe the Gg(q)GS(k)(p?(p—q))z(pr(q— k))2.

region po>0.2—-0.3, which is roughly the same region as (2m)*
that investigated in the numerical simulations.

Hence we expect that the computation we have pre- Diagrams: B
sented here, if suitably modified for including the details of
the system under study, will allow to compute the dynamical p—k
structure factor of structural glasses and supercooled liquids. p—q

P q k P
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Go()Go(p—q—k)Ge(K)pf(p—q)pT (p—K),
G(A)G(p—q—K)Gs(K)pf(a) (pF(p—K))2,

Go()Gs(p—q—K)Ge(K) (pf (p—1))?

ddq d% B ~ _
_f (2m)% Gs(a)Gs(k)pf(p—q)pf(p—k)pf(p—g—k).

APPENDIX
_ _ _ Diagrams: C
In this appendix we shall show the two-loops integrals
and the corresponding diagrams arising from the éx{pan-
sion of the resolvent to orderd. It turns out to be useful to

express the integrals in terms of the propagapdi)) and k
G4(q), where

p q k p

1
Gy(a)=a%| Go(a)~ 7|
—f Py X T (p—a— KTk T(p— ),
Diagrams: A (2m)
pP—q 10 [ dYq d% ~ ~
— | S5 64(0)64KpT (p-a)pT(a—K),
m a*) (2m)
m 6 ddqddk _ ~ )
P 9 k g p ;fWGS(Q)Gs(k)pf(p—q)(pf(q—k)),
Fo—a) Fla— 6  digd ~ ~
f(Z )2d Gi(Q)Gs(k)Pf(p q)pf(a—k), _4f #GS(Q)Gs(k)(Pf(D—q))zpf(k)(q—k),
~ ~ d ~ ~
—J 2 Gi(q)Gs(k)pf(p—q)(pf(q—k))z. f‘?zq ?Zd G(9)G«(K)(pf(p—q))%(pf(p—k))?,
diq d% 4 ( dig d ~
@ 2m ——=GA(@)G(K)(pf (p—))2pT(q—k), —fWGS(Q)Gs(k)Gs(p—q—k)pf(p—q),
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ddqdd ,
= [ e @edp-a-keuk AT (p-a))

(2 )2d

Diagrams: D
k

—J 2 )Zd GXa)(pf(K)?

f s 62016,

Diagrams: E

qg—k

&

p p

f(z )sz 2A@)Gs(a-k)pf(K),

_J 2 )ZdG 2(@)Gs(a—K)(pf (k)2

Diagrams: F

_J (21 )Zd S(C{)p?(p—Q)(p?(k))z,

ddq d%

(2n )ZdG 2@ (pf(p—a)2(pf(K)2,

f(z )sz 2(@)Gs(K)pf(p—a),

Martin-Mayor et al.

—J 2 )ZdG Gk (pf(p—a))°.

Diagrams: G

_f (2m )Zd Gs(q)Gs k)pf(p Q)Pf(p k),

ddqdd ,
_f (2m) Go(a)G(K)pf(p—a)(pf(p—K))?,

1 ( did% - _
;J (;Tst(q)Gs(k)(pf(p—q))z(pf(p—k))z_

Diagrams: H

-

p p—qAkP

ddq d%k
J(z 2 Gs(q)Gs(k)Gs(p—a—k),

f(z 2 Ge(@)pf(k)pf(p—q—k),

4 [ d9 d% ~ -
;J (z(j_rjes(q)(pf(k))zpf(p'q—k%

f(z 2 Gs(9)(pf(k)X(pf(p—g—k))2
Diagrams: J

p p

ddqdd
f(z 2 Gy(0)Gs(q—k)pf(k),

2  di d ~
) Gy G a1k
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ddq d%
=] S i@tosia-b.

Diagrams: K

p—4q

qu D

k

j(z 7 Go(a)Gy(K)pf(p—0),

ddqd
(27 Go(@)Gs(K) (pf(p—))?,
dqd ~ o

— (2n )Zd Gy(a)(pf(k)“pf(p—0q),

f o) K i@ (T2 (6T(p—))?

Diagrams: L

q
Yy Yy
K
dYq d% ~
- (zq)Zd G (pT (K2

J(z T (pT(@)(pF(K))2.
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