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RESUMEN

La funcién de Takagi es, probablemente, el ejemplo mds sencillo de una funcién continua
no derivable en ningtin punto. En notacién moderna, la funcion de Takagi 7:[0,1] — R se

define como o 1
T(x)=) 2—n¢(2”x) (D
n=0

siendo ¢(x) la distancia del punto x al entero mds cercano. Es importante destacar que la
definicion original dada por T. Takagi en [102] es completamente diferente a la presentada
anteriormente. Probablemente, este hecho junto con el aislamiento de Jap6n a principios
del siglo XX, justifican el paso inadvertido de la funcién de Takagi en el mundo occidental.
Como consecuencia, la funcién de Takagi fue redescubierta a lo largo del siglo XX por
numerosos autores como B. van der Waerden [107], R. Tambs-Lyche [104], G. de Rham [94]
y T. H. Hildebrandt [68] entre otros.

La funcién de Takagi posee sorprendentes propiedades desde diferentes perspectivas.
Por esta razon, ha sido estudiada por un extenso nimero de matemadticos dando lugar a una
gran cantidad de generalizaciones con el objetivo de extender las propiedades intrinsecas
de la funcién de Takagi a una familia mds amplia de funciones. En la literatura, estas
generalizaciones reciben el nombre de funciones de Takagi generalizadas.

El objetivo de esta memoria es presentar los resultados obtenidos como consecuencia
del estudio de ciertas propiedades para diferentes funciones de Takagi generalizadas. A
continuacién, exponemos la estructura de los capitulos que conforman dicha memoria.

En el Capitulo 1 se presentan las diferentes familias de funciones que se consideran
en este trabajo. Todas ellas tienen como denominador comun a la funciéon de Takagi, que

escribiremos como -
T(x)= ) gn(x)
n=1

siendo g, (x) = dist (x, D,) la distancia de x al conjunto D, = {k2""': k=0,1...,2"'}. Este
conjunto recibe el nombre de niimeros diddicos de orden n. En este primer capitulo de-
tallaremos la relacion existente entre la funcion de Takagi y la expansion binaria de los

nuameros pertenecientes al intervalo [0, 1]. Esto nos permitird establecer los cimientos sobre
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los que descansan las funciones de Takagi generalizadas que introduciremos a continuacién:
la Clase de Takagi, 1a funcion de Takagi-Van der Waerdeny la Clase Generalizada. Ademas,
presentaremos las caracteristicas intrinsecas de cada una de ellas, y mencionaremos los
resultados obtenidos por otros autores en relacién a las mismas, con el tinico objetivo de
poner en valor y contextualizar los resultados que presentamos en esta memoria.

El Capitulo 2 tiene por objetivo presentar los resultados obtenidos en relacion a las
propiedades de diferenciabilidad de orden dos de las funciones de la Clase de Takagi. Esta
generalizacion de la funcion de Takagi fue introducida por M. Hata y M. Yamaguti en el afio
1984 (ver [64]). Esta formada por todas las funciones Ty, : [0, 1] — R definidas como

Tw(x) = Z Wng&n(x)
n=1

siendo w = (w;,), una sucesiéon de pesos tal que 27" wy,), € £1, y gn(x) = dist(x, D) la
distancia del punto x al conjunto D, = {k2""1: k=0,1...,2" '}, En su articulo, M. Hata y
M. Yamaguti probaron que la Clase de Takagi es un subespacio cerrado de C[0, 1] isomorfo a
/.

Probablemente, la Clase de Takagi es la generalizacién mds famosa y estudiada de la
funcién de Takagi. Ademads, contiene numerosas funciones que habian sido estudiadas
anteriormente en la literatura, como por ejemplo, la funcién de G. Faber o las funciones de
A. S. Besicovitch y H. D. Ursell (ver [44] y [24]).

Entre los diversos resultados existentes sobre las funciones de la Clase de Takagi, el

teorema obtenido por N. Kono (ver [79]) es quizés el resultado mas conocido:
Teorema 1. Para cada funcion de la Clase de Takagi se verifica:

(1) T, esabsolutamente continua con derivada
(e,0]
T, (x) =) wng,(x)
n=1
en casi todo punto, si y solo si w € ¢».

(2) Ty, esderivable en un conjunto no numerable de medida nula y el rango de la derivada

estodoR, siysolo siw e cy\¥,.
(3) Ty es no derivable en ningtin punto, siy solo si w ¢ cy.

Este resultado determina completamente la diferenciabilidad de las funciones de la
Clase de Takagi en términos de la pertenencia de sucesion de pesos w = (wy), a cierto

espacio de sucesiones.
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En el Capitulo 2 estudiamos algunas propiedades de diferenciabilidad de orden dos para
las funciones de la Clase de Takagi. En particular, caracterizaremos cuando una funcién de
dicha clase es convexa o concava en términos de una condicion sobre la sucesion de pesos.
Ademaés, investigaremos cuando T, tiene un desarrollo de Taylor de orden dos en un punto,
o satisface la propiedad de Stepanoff de order dos en un punto. Veremos que el estudio de
estas propiedades debe realizarse necesariamente bajo la hip6tesis de que w = (wy,), es una
sucesion perteneciente a ¢;. En este caso, la funciéon Ty, es derivable en todo punto x ¢ D
con derivada dada por

T, (X) =) wygpx)
n=1

Ademés, es immediato ver que la funcién T, es Lipschitz siy solo si w € ¢;. Con respecto a

la convexidad, probamos el siguiente resultado:

Teorema 2. Sea w € ¢;. La funcion T,, es convexa a trozos siy solo si existe no = 1 tal que
o0
2" 2: Wi
k=n

es una sucesion no positiva y no decreciente.

n=ny

A continuacion, caracterizamos cuando la funcién T,, tiene un desarrollo de Taylor
de orden dos en un punto x ¢ D en términos de la sucesion de pesos y de una propiedad
relacionada con la expansién binaria de dicho punto. Otra forma de estudiar la diferencia-
bilidad de orden dos en un punto x ¢ D consiste en analizar la existencia de la derivada de la
funcién T,/ : [0,1] — R. Cuando w € ¢;, esta funcion esta totalmente definida y es continua
en todo punto x ¢ D. Por tanto, podemos estudiar la existencia del limite
T,y (1) =T, (x)

y—x

en un punto x ¢ D. Probamos el siguiente resultado:

+Y/ —1;
(T) () = lim

Teorema 3. Sea w € ¢,. La funcion T,, tiene un desarrollo de Taylor de orden dos en un punto

x ¢ D, siysolo si, la funcion T, es derivable en x.

Asimismo, investigamos cuando la funcién T, tiene un desarrollo de Taylor de orden

dos en casi todo punto de [0, 1]. Veremos que la sucesion 8 = (f,), definida como

o0
j=n+1

juega un papel fundamental en el estudio de dicha propiedad. Demostraremos este sorpren-

dente teorema:
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Teorema 4. Sea w € ¢;. Las siguientes afirmaciones son equivalentes:
(1) Ty tiene un desarrollo de Taylor de orden dos en casi todo punto.
(2) T, tiene variacién acotada.
(3) T} es derivable en casi todo punto.
(4) Bet,.
(5) Ty es ladiferencia de dos funciones convexas pertenecientes a la Clase de Takagi.

Ademads, probaremos que si la sucesién (2" w;), converge, entonces el conjunto de
puntos donde T, posee un desarrollo de Taylor de orden dos tiene medida nula y dimensién
de Hausdorff uno, si y solo si, la sucesion ¢ ¢;.

La condicién de Stepanoff de orden dos en un punto es més debil que la existencia de
desarrollo de Taylor de orden dos en un punto. Procediendo de manera andloga, caracteri-
zamos también cuando T, satisface dicha condicién para un punto x ¢ D en términos de la
sucesion de pesos y de una propiedad relacionada con la expansion binaria de dicho punto.

Con respecto a la diferenciabilidad de orden dos en un punto diddico, obtenemos el

siguiente resultado:
Teorema 5. Sea w € ¢;. Para cada funcion T,, se verifica:

(1) T, tiene un desarrollo de Taylor de orden dos en un punto x € D, si y solo si T,, es

derivable en x y la sucesion 2" wy), converge.

(2) T, satisface la condicion de Stepanoff orden dos en un punto x € D, siy solo si T, es

derivable en x ylimsup,, 2"|w| < co.

Los resultados obtenidos nos permiten construir funciones de la Clase de Takagi con
ciertas propiedades preescritas. Por ejemplo, sea a € R tal que @ > 1 y consideramos la
sucesion de pesos w = (w,) dada por w, = a~" para todo n. Si a =2 entonces T,, es
concava a trozos y por tanto, satisface la condicién de Stepanoff en casi todo punto. Ademas,

si a > 2 entonces

X 1-2¢ 1 X €
Ty, (x)=) == —22@—”, £,€1{0,1}

n — n
n=1 @ a-1 35

para todo x ¢ D. En consecuencia, el rango de T}, es un conjunto de Cantor con dimensién
de Hausdorfflog2/loga. Sin embargo, si 1 < a < 2 entonces T, satisface la condicién de

Stepanoff de orden dos en ningtin punto.
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Un resultado de A. P. Calderén and A. Zygmund afirma que si una funcién f: R —
R satisface la condicién de Stepanoff de orden dos en casi todo punto, entonces tiene
desarrollo de Taylor de orden dos en casi todo punto (ver Teorema 5 de [33]). Los conjuntos
de puntos en los que se satisfacen dichas propiedades no necesariamente coinciden. Para
sucesion w = (wy) definida por w, = % para todo n, se tiene que Ty, tiene desarrollo
de Taylor de orden dos en casi todo punto, y en consecuencia satisface la condicion de
Stepanoff de orden dos en casi todo punto. Sin embargo, construiremos un punto x € [0, 1]
tal que T, satisface la condicion de Stepanoff de orden dos en x pero no tiene desarrollo de
Taylor de orden dos en dicho punto.

Los resultados que aparecen en dicho capitulo han sido publicados en [53].

Tanto el Capitulo 3 como el Capitulo 4 tratan sobre la funcion de Takagi-Van der Waerden.
Como hemos comentado anteriormente, la funcién de Takagi fue redescubierta por varios
autores a lo largo de la primera mitad del siglo XX. Algunos de estos autores, construyeron
una funcién similar a la de Takagi pero sustituyendo la base dos que aparece en la definicién
(T) por otro ntimero entero mayor que dos.

En 1930, B. L. van der Waerden redescubri6 la funcién de Takagi utilizando base 10,
mientras que E. Landau la redescubrié empleando base 4 en 1934 (ver [107] y [83]).

Hasta donde sabemos, este tipo de funcion definida mediante una base entera r = 2
arbitraria aparece por primera vez en el trabajo de E A. Behrend, quién prueba su diferencia-
bilidad en ningtin punto (ver [21]).

Dado un ntiimero entero r = 2, la funcion de Takagi-Van der Waerden f; : [0,1] — R se

define como

fr(x) =) gnx)
n=1

donde g,(x) = dist(x,D,) es la distancia del punto x al conjunto D, =
{kr"‘1 :k=0,1..., r”‘l}. Ademads, denotamos por D el conjunto de los ntimero r-
adicos del intervalo unidad, es decir, D =", D;,. Del mismo modo que para la funcién de
Takagi, en la Seccion 1.3 del Capitulo 1 establecemos la relacion existente entre la funcion f;
y la expansion en base r de los niimeros del intervalo unidad.

Para cada n denotamos por D,, el conjunto de todos los puntos medios entre dos puntos
consecutivos de D, es decir

5n={x+y

:x,y€ D, con (x,y)mDn:QS},

y consideramos D = Us2, D,,. Cuando r es par, tenemos que D, c D, para todo n, y
por tanto, D c D. Sin embargo, cuando r es impar, tenemos que D, c D, para todo

n,y DND=g. De algin modo, estos hechos estdn detrds de la diferente naturaleza que
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tiene la funciéon de Takagi-Van der Waerden segin r sea un ntimero par o impar. Esto
quedara reflejado en los diferentes resultados que obtendremos a lo largo de los capitulos
mencionados anteriormente.

En el Capitulo 3 estudiamos la existencia de derivadas infinitas para la funcién de Takagi-
Van der Waerden. En particular, probamos que dicha funcion no tiene derivada lateral finita
en ningun punto. Para demostrar este resultado, generalizamos el argumento utilizado por
E S. Cater para obtener el resultado correspondiente a la funciéon de Takagi (ver [34]).

A continuacion, caracterizamos el conjunto de puntos en los que la funcién de Takagi-
Van der Waerden tiene una derivada lateral infinita en términos de una condicion sobre la
expansion en base r de dichos puntos. Este problema fue resuelto para la funcién de Takagi
por M. Kriippel (ver [81]), y de manera independiente, por P. C. Allaart y K. Kawamura (ver
[11]).

Comenzamos probando el siguiente resultado:
Teorema 6. Sear =2 un entero. Se verifica:
(1) Sixe D, entonces fi"(x) =+ooy fi~(x) = —
(2) Sir esimparyx € D, entonces fI*(x) = —ocoy fI=(x) =

De alguna manera, este resultado nos dice que la funcién de Takagi-Van der Waerden
tiene cuspides de la forma \/ en cada punto r-adico. Ademads, cuando r es impar, tiene
también ctspides de la forma /\ en cada punto de D. Este es un primer atisbo del diferente
comportamiento segun r sea par o impar.

Con respecto al caso cuando r es par, tenemos este resultado:
Teorema 7. Sear =2 un niimero entero pary sea x ¢ D. Entonces, se verifica:
(D) f;7(x)=+oo siysolosi Y3 | g.(x) = +0o0
@) fi"(x)=—oco siysolosi .32 g.(x) =~

Detras de este resultado estd la propiedad de que D,, c D, para todo 7, y por tanto, se
tiene D c D cuando r es un niimero par. No es posible obtener un resultado anélogo para el

caso impar. Veremos que para el punto
[e.@]
Z _”
a1 3"
siendo €, = 0 si n = 10¥ para algtin k, y £,, = 1 en otro caso, se tiene que Y2, 8. (x)=+o0y

L+ -fzx0)
; =

d* := liminf
(%) imin

Page xii



Con el objetivo de abordar este problema desde un enfoque general, introducimos
la siguiente notacién. Para cada punto x ¢ DU D con expresién en base r dada por x =
0.c1€2¢€3..., escribimos el conjunto {i : €; # (r —1)/2} como una sucesioén creciente (i) ;.
Observemos que si r es un nimero par, entonces i, = n para todo n. Probaremos el siguiente

resultado:

Teorema 8. Sear =2 un niimero enteroy sea x ¢ D U D. Entonces, 7 (x) = 400 si y solo si
In
lim | )" gi(x) = (g1 — in) +10g, (ins1 — in) | = +oo. (D)
n—oo k=1

Como era de esperar, cuando r es un niumero par, la condicion (R) es equivalente a la
convergencia a +oo de la serie de las derivadas.
De manera andloga, para un punto x ¢ D U D con expresion en base r dada por x =

0.€1€2€3..., escribimos el conjunto {m: €,, # 0} como una sucesion creciente (my) .

Teorema9. Sear =2 un ntimero enteroy sea x ¢ D U D. Entonces, fr’_ (x) = +o0 si y solo si

mp
lim | 3 g1.(x) = (Mps1 = mp) +10g, (M1 — my) | = +oo. )
k=1

El término logaritmico que aparece en (R) y (L) es especialmente llamativo. En la de-
mostracion de dichos resultados podemos apreciar c6mo surge este término de manera
natural. Ademas, ilustraremos la naturaleza de ambas condiciones mediante varios ejemp-
los.

Finalmente, los resultados para el caso en que la derivada lateral es —oco en un punto
x ¢ DU D, se obtienen aplicando los teoremas previos al punto 1 — x y haciendo uso de la
ecuacion f;(x) = f; (1 —x).

El teorema de Denjoy-Young-Saks (ver [30]) nos dice que el conjunto de puntos donde la
funcién de Takagi-Van der Waerden posee una derivada infinite tiene medida de Lebesgue
nula. La ultima parte del Capitulo 3 estd dedicada a probar que dicho conjunto tiene
dimensién de Hausdorff uno. Este resultado fue probado para la funcién de Takagi por P. C.
Allaart y K. Kawamura (ver [11]). Las técnicas empleadas por dichos autores no pueden ser
extrapoladas al caso de una base r arbitraria, por lo que nos veremos obligados a abordar
dicho problema utilizando un enfoque distinto.

Los resultados que aparecen en dicho capitulo han sido publicados en [54].

En el Capitulo 4 estudiamos la subdiferenciabilidad y la superdiferenciabilidad de la

funcién de Takagi-Van der Waerden. Ambas propiedades pertenecen al denominado andlisis
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Resumen

“nonsmooth”. Recordemos que la subdiferential de una funcién semicontinua inferiormente
f:R—Renunpunto x € R se define como el conjunto 0~ f(x) formado por todos ¢ € R tales

que
liminf fx+m—f)-¢h =0
h—0 |

Entre las diferentes propiedades de la subdiferencial de una funcién f : R — R, cabe destacar

dos de ellas: el conjunto {x e R: 0 f(x) # @} es denso en R (ver Teorema 4.21 de [47]), y
el cardinal del conjunto 0~ f(x) es menor o igual que uno en casi todo punto x € R (ver
Teorema 4.4.3 de [59]).

En 2011, P. Géray R. J. Stern probaron que la funcién de Takagi es una caso extremo en
relacion a las dos propiedades mencionadas anteriormente. Mds precisamente, obtuvieron
que si x es un numero diddico del intervalo unidad entonces 0~ T'(x) = R, y en otro caso,
la subdiferencial es vacia (ver [61]). En otras palabras, el conjunto de puntos donde la
subdiferencial es no vacia es “lo mds pequefio posible”, es decir, un conjunto numerable;
mientras que la subdiferencial en dichos puntos es “lo mas grande posible”, es decir, todo R.

Posteriormente, Juan Ferrera y Javier Gomez Gil definieron una funcién de tipo Takagi-
Van der Waerden a partir de un conjunto denso y numerable ee un espacio de Hilbert
arbitrario y probaron que esta funcién asi definida tiene el mismo comportamiento subd-
iferencial que la funcién de Takagi.

Aunque el resultado de Juan Ferrera y Javier Gomez Gil incluye el caso de la funcion
de Takagi-van der Waerden, debido a la importancia de dicho resultado, comenzamos el
Capitulo 4 dando una prueba alternativa del mismo para el caso concreto de la funcion f;.
Esta prueba es nueva, y ademads, hace uso de las herramientas desarrolladas a lo largo del
Capitulo 3. Esto nos permite obtener un argumento mas simple y conciso que el empleado
por P. Géray R. J. Stern para la funcién de Takagi.

De algin modo, el concepto de superdiferencial es complementario al concepto de subd-
iferencial. Recordemos que la superdiferencial de una funcién semicontinua superiormente
f:R—Renun punto x € R puede definirse como

0" f(x)=-0"(-f) ().

Ademas, es conocido que una funcién f : R — R es derivable en un punto x, siy solo si tanto
0~ (f)(x) como 0" f(x) son no vacios.

En 2019, Juan Ferrera y Javier Goémez Gil caracterizaron el conjunto de puntos en los
que la superdiferencial de la funcién de Takagi es no vacia (ver [50]). En el Capitulo 4
describimos la superdiferencial de la funcion de Takagi-Van der Waerden en un punto a

través de la expansion en base r de dicho punto.
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Con respecto al caso en que r es impar, obtenemos el siguiente resultado:

Teorema 10. Sea r =3 un niimero entero impar. Si x € D entonces 0" f,(x) = R, mientras que

0" fr(x) = @ en otro caso.

En 1984, Y. Baba (ver [16]) probo que si r es impar entonces la funcién f; alcanza su
maximo valor iinicamente en el punto x =1/2y
f r(1/2) = m
Como consecuencia del resultado anterior, cuando r es impar tenemos que la funcién de
Takagi-Van der Waerden tiene un maximo local en x siy solo si x € D.
El comportamiento superdiferencial de la funcion f, cambia drasticamente cuando r es

un nimero par. Probaremos el siguiente teorema.

Teorema 11. Sea r = 2 un niimero entero pary sea x € [0, 1] con expansion en base r dada por

x=0.€1€2€3.... Entonces, " f,(x) # @ si y solo si existe un niimero my = my(x) = 1 tal que
_r r .
(1) Emg+2i = 3~ Lyéemg+2i+1 = 5,0 bien
. r
(2) €mg+2i =5 Y Emp+2i+1 = 5 — L.

paratodo i = 0. En tal caso, si existe un niimero ny = my tal que € py12; = % —1yengr2i41 = %

para todoi =0, 0 bien €12 = 5 Y Epyr2i+1 < 5 — 1 para todo i = 0, entonces

. Gp (0 +[0,1]  si ep=5-1,

0 fr(x) = )
Gn0—1(x) +[-1,0] si €p =

N~

En otro caso, se tiene que
0" fr(x) = {Gpy—1 (0}

Este resultado nos permitird caracterizar el conjunto de maximos locales de la funcién de
Takagi-Van der Waerden cuando r es par. En este caso, Y. Baba también describi6 el conjunto
de puntos en los que la funcién f; alcanza su maximo valor en términos de la expansion en
base r? de dichos puntos. Ademés, demostré que dicho conjunto es un conjunto de Cantor
con dimension de Hausdorff 1/2.

Haciendo uso este ultimo resultado, veremos que el conjunto de puntos donde la su-
perdiferencial de la funcién f; es no vacia tiene también dimensién de Hausdorff 1/2.
Asimismo, probaremos que la medida de Hausdorff 1/2 dimensional de dicho conjunto es
infinito.

Finalizamos el Capitulo 4 probamos el siguiente resultado:
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Resumen

Teorema 12. Sear =2 un niimero entero par. La medida de Hausdorff1/2-dimensional del

conjunto de puntos donde f, alcanza su mdximo valores1/v'r + 1.

Es importante destacar que los resultados obtenidos en este capitulo completan el
estudio de los puntos extremos de la funcion de Takagi-Van der Waerden iniciado por Y.
baba yJ. P. Kahane. Todos los resultados que aparecen en dicho capitulo han sido publicados
en [55].

El Gltimo capitulo de esta memoria trata sobre la denominada Clase Generalizada. Fue
introducida por Juan Ferrera y Javier Gomez Gil en el aflo 2018 (ver [49]), y contiene todas
las familias de funciones que se han presentado anteriormente.

Para cada sucesion estrictamente creciente r = (r,),, de nimeros enteros no negativos
tales que r; = 1y rp4; divide a rj,, la Clase Generalizada estd formada por todas las funciones
fr.w:10,1] — R definidas como

fow®) =D wpgn(x)
n=1

donde w = (w,), es una sucesion de pesos tal que (r,;1 wn)n € ¢1,y gn(x) esla distancia
del punto x al conjunto D, = {kr,;1 :k=0,..., rn}. Es importante observar que si r,, = 2n-1
para todo n, entonces se obtiene la clase de Takagi. Del agin modo, la Clase Generalizada
incorpora las propiedades intrinsecas de todas las familias de funciones estudiadas en esta
memoria.

Comenzamos el Capitulo 5 estudiando algunas propiedades globales de las funciones

pertenecientes a la Clase Generalizada. En particular, obtenemos el siguiente resultado.
Teorema 13. Sea f;,,, una funcion de la Clase Generalizada. Se verifica:

(1) fr,w es Lipschitz siy solo si w € ¢;. En este caso, la norma Lipschitz de f;,,, viene dada

porlwl;.

(2) fr,w tiene la propiedad de Holder de orden 0 < a < 1, si y solo si
whl

: I
limsup ——
rn

<00

Como consecuencia, tenemos que si w € £, entonces f;,,, tiene la propiedad de Holder
para todo 0 < a < 1. Hasta donde sabemos, los resultados relativos a la propiedad de Holder
son nuevos para la Clase de Takagi.

El resto del Capitulo 5 esta dedicado a estudiar el concepto de diferenciabilidad aproxi-

mada para las funciones de la Clase Generalizada. Este concepto es una generalizacion del
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concepto de diferenciabilidad cldsico. Fue introducido por A. Y. Khinchin en el afio 1914 (ver
[78]), y ha adquirido una gran relevancia en del andlisis moderno a lo largo de los tltimos

anos. Probaremos el siguiente resultado para las funciones de la Clase Generalizada:

Teorema 14. Si la funcién f;w es approximadamente diferenciable en x € [0, 1], entonces la

serie
[o.0]
1+
> wigy (x)
k=1

converge.

Haciendo uso de los resultados obtenidos por Juan Ferrera y Javier Gémez Gil en [49],
veremos que la diferenciabilidad clasica y aproximada en un punto son propiedades equiva-
lentes para las funciones de la Clase Generalizada.

En 2020, Juan Ferrera and Javier G6mez Gil probaron que la funcién de Takagi es aprox-
imadamente diferenciable en ningtn punto (ver [51]). Ademads de su interés per se, la
relevancia de este resultado radica en la dificultad de encontrar en la literatura ejemplos
sencillos de funciones satisfaciendo dicha propiedad. Terminamos el Capitulo 5 con el

siguiente resultado:

Teorema 15. La funcion f;,,, es aproximadamente diferenciable en ningtin punto, siy solo si

wécy.

Todos los resultados que aparecen en este tltimo capitulo han sido publicados en [56].
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ABSTRACT

The Takagi function is probably the simplest example of a continuous nowhere differentiable

function. In modern notation, it is defined as
X 1
T(x)= ,;02—,1(/)(2%), x€[0,1], (T)

where ¢(x) is the distance from the point x to the nearest integer. It is important to note
that the original definition given by T. Takagi in [102] is entirely different from the one
presented above. Probably this, along with Japan’s isolation in the early 20th century, led to
the overlooked status of the Takagi function for several decades in the Western World. As
a result, the Takagi function was rediscovered throughout the 20th century by numerous
authors such as B. L. Van der Waerden [107], R. Tambs-Lyche [104], G. de Rham [94], and T.
H. Hildebrandt [68], among others.

The Takagi function exhibits remarkable properties from different perspectives. For this
reason, it has been extensively studied by a large number of mathematicians, leading to
numerous generalizations aiming to extend the intrinsic properties of the Takagi function
to a broader family of functions. In the literature, these generalizations are referred to as
"generalized Takagi functions."

The goal of this thesis is to present the results obtained as a consequence of studying
certain properties for different generalized Takagi functions. Below, we outline the structure
of the chapters comprising this thesis.

The families of functions considered in this work are presented in Chapter 1. All of them

share the Takagi function as a common denominator, which we write as
[e.°]
T(x)= ) gn(x), x€l0,1],
n=1

where g, (x) = dist(x, D,) is the distance from x to the set D, = {k2""':k=0,1,...,2""'}.
This set is known as the “dyadic numbers of order” n. In the first chapter, we detail the
relationship between the Takagi function and the dyadic numbers of the unit interval.

This allows us to establish the foundation for the generalized Takagi functions introduced



Abstract

later: the Takagi Class, the Takagi-Van der Waerden function and the Generalized Class.
Additionally, we present the intrinsic characteristics of each family of functions, while
mentioning the results obtained by other authors in relation to them. This is done solely to
highlight and contextualize the results presented in this thesis.

Chapter 2 is devoted to presenting the results obtained regarding the second order
differentiability properties of the functions in the Takagi Class. This generalization of the
Takagi function was introduced by M. Hata and M. Yamaguti in 1984 (see [64]). It consists of
all functions Ty, : [0,1] — R defined as

Tw(x) =) wpgn(x)
n=1

where w = (w,), is a sequence of weights such that 27" wy), € ¢1, and g, (x) = dist (x, D)
is the distance from the point x to the set D,, = {k2""!: k=0,1...,2"}. In their article, M.
Hata and M. Yamaguti proved that the Takagi Class is a closed subspace of C[0, 1] isomorphic
to /;.

It is likely that the Takagi Class is the most famous and studied generalization of the
Takagi function. Moreover, it contains numerous examples that had been studied earlier
in the literature, such as G. Faber’s function or the functions of A. S. Besicovitch and H. D.
Ursell (see [44] and [24]).

Among the various results on the functions in the Takagi Class, the theorem obtained by

N. Kono (see [79]) is perhaps the most well-known:
Theorem 1. The following statements hold:

(1) Ty, is absolutely continuous with derivative
(0,0]

Ty, () =) wng(x)
n=1

almost everywhere if and only if w € ¢,.

(2) Ty, is differentiable at an uncountable set of measure zero, and the range of the deriva-

tiveis all of R ifand only if w € ¢y \ €.
(3) Ty, is nowhere differentiable if and only if w ¢ cy.

This result completely determines the differentiability of the functions in the Takagi
Class in terms of whether or not the sequence of weights w = (w;,), belongs to a certain

space of sequences.
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In Chapter 2, we study some second order differentiability properties of the functions in
the Takagi Class. In particular, we characterize when a function from this Class is convex
or concave in terms of a condition on the sequence of weights w = (w},) ,. Additionally, we
investigate when T, has Taylor expansion of order two at a point or satisfies the Stepanoff
condition of order two at a point. We show that the study of these properties must be carried
out under the assumption that w = (w,), is a sequence belonging to ¢;. In this case, the

function T, is differentiable at every point x ¢ D with a derivative given by
[e.°]
Typ(X) = Y wngy(X)
n=1

Furthermore, it is observed that the function T, is Lipschitz if and only if w € ¢,. Regarding

convexity, we will prove the following result:

Theorem 2. Let w € ¢;. The function Ty, is piecewise convex if and only if there exists ny = 1
such that

v

is a non-positive and non-decreasing sequence.

n=np

Next, we characterize when the function T, has Taylor expansion of order two at a point
x ¢ D in terms of the sequence of weights and a property related to the binary expansion
of such a point. Another way to study second order differentiability at a point x ¢ D is to
analyze the existence of the derivative of the function T,’j :[0,1] — R. When w € ¢4, this
function is well-defined and continuous at every point x ¢ D. Therefore, we can study the

existence of the limit

Tl+ _ T/+
(1) (0 = tim T =T )
y—x y—x
at a point x ¢ D. We will prove the following result:

Theorem 3. The function T,, has Taylor expansion of order two at a point x ¢ D if and only if

the function T}/ is differentiable at x.

Similarly, we investigate when the function T, has Taylor expansion of order two almost

everywhere in [0, 1]. We show that the sequence f = (8,), defined as

ﬁn::Z”(—qun+- ii lUj)

j=n+l1

plays a fundamental role in studying this property. We will demonstrate this surprising

theorem:
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Theorem 4. Let w € ¢,. Then, the following statements are equivalent:
(1) Ty, has Taylor expansion of order two almost everywhere.
(2) T} has bounded variation.
(3) T} is differentiable almost everywhere.
4 Bet,.
(5) Ty, is the difference of two piecewise convex functions of the Takagi Class.

Furthermore, we will prove that if the sequence (2" w;,),, converges, then the set of points
where T, has Taylor expansion of order two has measure zero and Hausdorff dimension
one, ifand only if f ¢ ¢;.

The Stepanoff condition of order two at a point is weaker than having Taylor expansion
of order two at a point. Proceeding analogously, we also characterize when T, satisfies this
condition for a point x ¢ D in terms of the sequence of weights and a property related to the
binary expansion of such a point.

Concerning second order differentiability at a dyadic point, we will obtain the following
result:

Theorem 5. Let w € ¢,. Then, the following statements hold:

(1) Ty, has Taylor expansion of order two at a point x € D if and only if T, is differentiable

at x and the sequence (2" wy),, converges.

(2) T, satisfies the Stepanoff condition of order two at a point x € D if and only if Ty, is

differentiable at x andlimsup,, 2"|w;,| < co.

The results obtained allow us to construct functions in the Takagi Class with certain
predefined properties. For example, let @ € R such that a > 1, and consider the sequence of
weights w = (wy,) given by w, = a™" for every n. If @ = 2, then T, is piecewise concave and

consequently, satisfies the Stepanoff condition of order two almost everywhere. Moreover, if

a > 2, then
T (x)= = -2y =, g,€0,1
(%) n; praa b n;a” n €10,1}

for every x ¢ D. Therefore, the range of T}, is a Cantor set with Hausdorff dimension
log2/loga. However, if 1 < a < 2 then T, satisfies nowhere the Stepanoff condition of order
two.
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Aresult by A. P. Calderén and A. Zygmund states that if a function f : R — R satisfies the
Stepanoff condition of order two almost everywhere, then it has Taylor expansion of order
two almost everywhere (see Theorem 5 in [33]). The sets of points where these properties

_ =Dt
- n22n

are satisfied do not necessarily coincide. For the sequence w = (w;,) defined by w,
for every n, T,, has Taylor expansion of order two almost everywhere and consequently,
satisfies the Stepanoff condition of order two almost everywhere. However, we will construct
a point x € [0, 1] such that T}, satisfies the Stepanoff condition of order two at x but does not
have Taylor expansion of order two at such a point.

The results presented in this chapter have been published in [53].

Both Chapter 3 and Chapter 4 deal with the Takagi-Van der Waerden function. As
mentioned earlier, the Takagi function was rediscovered by several authors throughout the
first half of the 20th century. Some of these authors constructed a function similar to the
Takagi function but replaced the base two in the definition (T) with another integer greater
than two.

In 1930, B. L. van der Waerden rediscovered a version of the Takagi function using base
10, while E. Landau rediscovered it using base 4 in 1934 (see [107] and [83]).

To the best of our knowledge, this type of function defined with an arbitrary integer base
r = 2 first appeared in the work of E A. Behrend, who proved its nowhere differentiability
(see [21]).

Given an integer r = 2, the Takagi-Van der Waerden function f; : [0,1] — R is defined as

fr(x) =) gnlx),
n=1

where g,(x) = dist(x,D,) is the distance from the point x to the set D, =
{kr”_1 :k=0,1..., r”_l}. Additionally, we denote by D the set of all r-adic numbers in
the unit interval, thatis, D =}, Dy. Similar to what we did with the Takagi function, in
Section 1.3 of Chapter 1, we establish the relationship between the function f; and the base
r expansion of the numbers in the unit interval.

For each 7, we denote by D,, the set of all middle points between two consecutive points

of D, given by

~ +

and we consider D = Use, D,,. When r is even, we have D,, c D, for every n, and hence
D c D. However, when r is odd, we have D,, c D,,. for every n, and Dn D = @. In a way,
these facts underlie the different nature of the Takagi-Van der Waerden function depending
on whether r is even or odd. This will be reflected in the different results obtained throughout

the aforementioned chapters.
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In Chapter 3, we study the existence of infinite derivatives for the Takagi-Van der Waerden
function. In particular, we prove that this function has no finite one-sided derivatives at any
point. To demonstrate this result, we generalize the argument used by E S. Cater to obtain
the corresponding result for the Takagi function (see [34]).

Next, we characterize the set of points at which the Takagi-Van der Waerden function
has an infinite one-sided derivative in terms of a condition on the base-r expansion of
these points. This problem was solved for the Takagi function by M. Kriippel (see [81]), and
independently by P. C. Allaart and K. Kawamura (see [11]).

We start by proving the following result:

Theorem 6. Let r = 2 be an integer. The following statements hold.:
(1) Ifx€ D, then f}*(x) = +o0 and f;~ (x) = —oc0.
(2) Ifr is odd and x € D, then f!* (x) = —oo and f/~(x) =

In a sense, this result tells us that the Takagi-Van der Waerden function has cusps pointing
downwards at every r-adic point. Additionally, when r is odd, it also has cusps pointing
upwards at every point of D. This is a first glimpse of the different behavior depending on
whether r is even or odd.

Regarding the case when r is even, we will prove the following result:
Theorem 7. Letr =2 be an even integer and x ¢ D. Then, the following statements hold:
(1) fl*(x)=+o0o ifand only if I g,’c(x) = 400
@) f;~(x)=—oo ifandonlyif ¥3° g (x) =~

Behind this result is the property that D,, < D, for every n, and hence D c D provided
that r is an even number. A similar result is not possible for the odd case. We will see that for
the point

| S

=y
— 3n
where €,, = 0 if n = 10* for some k, and ¢,, = 1 otherwise, we have Z 1gk(x) +o00 and

St -f3(6) _
h

To address this problem from a general approach, we introduce the following notation.

d :=liminf
+f3(x) imin

For each point x ¢ D U D with a base-r expansion given by x = 0.£,£2¢3..., we write the set
{i :€; # (r —1)/2} as an increasing sequence (i,),. Note that if r is an even number, then

i, = nfor every n. We will prove the following result:
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Theorem 8. Letr = 2 be an integer, and let x ¢ DU D. Then, f!*(x) = +oo if and only if

In
lim 8 (X) = (in+1 — in) +108, (ins1 — i) | = +o0. ®R)
n—oo =1
As expected, when r is an even number, condition (R) is equivalent to the divergence to
+00 of the series of derivatives.
Similarly, for a point x ¢ DU D with a base-r expansion given by x = 0.£,£2¢€3..., we write

the set {m: ¢, # 0} as an increasing sequence (1) .

Theorem 9. Let r = 2 be an integer, and let x ¢ DU D. Then, f!~(x) = +oo if and only if

mpy
lim |5 g} (x) = (M1 — M) +108, (Mys1 = my) | = +o0. (L)

k=1

The logarithmic term in (R) and (L) is particularly interesting. In the proof of these
results, we will see how this term naturally arises. Additionally, we will illustrate the nature
of both conditions with several examples.

Finally, the results for the case when the one-sided derivative is —oco at a point x ¢ DU D
are obtained by applying the previous theorems to the point 1 — x and using the symmetry
equation f(x) = f;(1—x).

The Denjoy-Young-Saks theorem (see [30]) gives us that the set of points where the
Takagi-Van der Waerden function has an infinite derivative has Lebesgue measure zero. The
last part of Chapter 3 is dedicated to proving that this set has Hausdorff dimension one. This
result was proven for the Takagi function by P. C. Allaart and K. Kawamura (see [11]). The
techniques used by these authors cannot be extrapolated to the case of an arbitrary base r,
so we will have to address this problem using a different approach.

The results presented in this chapter have been published in [54].

In Chapter 4, we study the subdifferentiability and superdifferentiability of the Takagi-
Van der Waerden function. Both properties belong to the so-called “nonsmooth" analysis.
Recall that the subdifferential of a lower semicontinuous function f:R — R at a point x e R
is defined as the set 0~ f(x) consisting of all ¢ € R such that

liminf fxtm—f)=-¢h =0.
h—0 |h|

Among the different properties of the subdifferential of a function f: R — R, two noteworthy
ones are: the set {x e R: 0™ f(x) # @} is dense in R (see Theorem 4.21 in [47]), and the
cardinality of the set 0~ f(x) is less than or equal to one almost everywhere in R (see Theorem
4.4.3 in [59]).
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In 2011, P. G6ra and R. J. Stern proved that the Takagi function is an extreme case with
respect to the two properties mentioned earlier. More precisely, they obtained that if x
is a dyadic number in the unit interval then 0~ T'(x) = R, and the subdifferential is empty
otherwise (see [61]). Roughly speaking, the set of points where the subdifferential is non-
empty is “as small as possible”, which is a countable dense set. Whereas, the subdifferential
at those points is as “large as possible”, which is all of R.

Subsequently, Juan Ferrera and Javier Gémez Gil defined a Takagi-Van der Waerden type
function from a dense and countable set in an arbitrary Hilbert space and proved that this
function, as defined, has the same subdifferential behavior as the Takagi function ( see [48]).

Although the result of Juan Ferrera and Javier Gémez Gil includes the case of the Takagi-
Van der Waerden function, due to the importance of this result, we start Chapter 4 by
providing an alternative proof for the specific case of the function f;. This proof is new and
makes use of the tools developed throughout Chapter 3. This allows us to obtain a simpler
and a more concise argument than the one used by P. G6ra and R. J. Stern for the Takagi
function.

In a way, the concept of superdifferentiability is complementary to the concept of sub-
differentiability. Recall that the superdifferential of an upper semicontinuous function

f:R—Ratapoint x € R can be defined as
0" f(x)=-0" (- (x).

Additionally, it is known that a function f : R — R is differentiable at a point x if and only if
both 67 (f)(x) and 0" f(x) are non-empty.

In 2019, Juan Ferrera and Javier Gémez Gil characterized the set of points where the
superdifferential of the Takagi function is non-empty (see [50]). In Chapter 4, we describe
the superdifferential of the Takagi-Van der Waerden function at a point by means of its
base-r expansion.

Regarding the case where r is odd, we obtain the following result:
Theorem 10. Letr = 3 be an odd integer. Ifx € D thend* f;(x) =R, and 8™ f,(x) = @ otherwise.

In 1984, Y. Baba (see [16]) proved that if ris odd then the function f; attains its maximum

value only at the point x =1/2 and

£(/2) =

2r-1)°

As a consequence of our result, when r is odd, the Takagi-Van der Waerden function has a

local maximum at x if and only if x € D.
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The superdifferentiability behavior of the function f, changes dramatically when r is an

even number. We will prove the following theorem:

Theorem 11. Letr =2 be an even integer, and let x € [0, 1] with base-r expansion given by
x =0.£162€3.... Then, 8" f,(x) # @ if and only if there exists a number mgy = my(x) = 1 such
that

r r
(1) €mg+2i = Cha 1 and5m0+2i+1 =3,0r
_r r
() €mg+2i =5 And €my2i+1 <5 — 1

foralli = 0. In such a case, if there exists no = mg such that either € p 12, = % —landeéepy12i41 2

3 foralli =0, orepyi2i =5 and epgi2i41 < 5 —1 foralli = 0, then

/ ] =r_
0+fr(JC) = Gno—l(x) +10,1] if en= 21

G;io_l(x)+[—1,0] if &py=73.

Otherwise we have
0" fr(x) = {Glyyy 0},

This result will allow us to characterize the set of local maxima of the Takagi-Van der
Waerden function when r is even. In this case, Y. Baba also described the set of points where
the function f; attains its maximum value in terms of the base-r? expansion of those points.
Additionally, he showed that this set is a Cantor set with Hausdorff dimension 1/2.

Using this last result, we will see that the set of points where the superdifferential of the
function f; is non-empty also has a Hausdorff dimension of 1/2. Furthermore, we will prove
that the 1/2-dimensional Hausdorff measure of this set is infinite.

In the final part of Chapter 4, we will prove the following result:

Theorem 12. Let r =2 be an even integer. The 1/2-dimensional Hausdorff measure of the set

where f; attains its maximum value is1/v'r + 1.

It is important to highlight that the results obtained in this chapter complete the study
of the extreme points of the Takagi-Van der Waerden function initiated by Y. Baba and J. P.
Kahane. All the results presented in this chapter have been published in [55].

The last chapter of this dissertation deals with the so-called Generalized Class. It was
introduced by Juan Ferrera and Javier Gomez Gil in 2018 (see [49]), and it includes all the

families of functions presented earlier.
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Abstract

Given a strictly increasing sequence r = (r,) , of non-negative integers such that r; = 1
and ry4; divides r,, the Generalized Class is formed by all functions f; , : [0,1] — R defined

as oo
fow®X) =D wpgn(x)
n=1

where w = (wy), is a sequence of weights such that (r,j 1 wn)n € /1, and g, (x) is the distance
from the point x to the set D, = {kr,;l :k=0,..., rn}. It is important to note that if r,, = 2"~
for every n, then we obtain the Takagi class. In a way, the Generalized Class incorporates the
intrinsic properties of all the families of the functions studied in this dissertation.

We begin Chapter 5 by studying some global properties of functions belonging to the

Generalized Class. In particular, we will obtain the following result.
Theorem 13. Let f ., be a function of the Generalized Class. The following statements hold:

(1) frw is Lipschitz if and only if w € ¢,. In this case, the Lipschitz norm of fx ., is given by
lwll.

(2) fr,w is Holder continuous of order 0 < @ < 1 if and only if

li |wn|<
imsup 57 < oo

T'n

As a consequence, if w € £, then f; ,, is Holder continuous of order a for every 0 < a < 1.
To the best of our knowledge, the results regarding the Holder property are even new for the
Takagi Class.

The rest of Chapter 5 is dedicated to studying the concept of approximate differentia-
bility for functions in the Generalized Class. This concept is a generalization of classical
differentiability. It was introduced by A. Y. Khinchin in 1914 (see [78]), and it has gained
significant relevance in modern analysis in recent years. We will prove the following result

for functions in the Generalized Class:

Theorem 14. If the function f;w is approximately differentiable at x € [0, 1], then the series

- I+

Z w8 (x)

k=1
converges.

By using the results obtained by Juan Ferrera and Javier Gomez Gil in [49], we will see
that classical and approximate differentiability at a point are equivalent properties for the

functions in the Generalized Class.
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In 2020, Juan Ferrera and Javier Gémez Gil proved that the Takagi function is nowhere
approximately differentiable (see [51]). Besides its intrinsic interest, the relevance of this
result lies in the difficulty of finding simple examples in the literature of functions satisfying

this property. We will conclude Chapter 5 with the following result:
Theorem 15. The function fy,,, is nowhere approximately differentiable if and only if w ¢ cy.

All the results presented in this last chapter have been published in [56].
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CHAPTER

GENERALIZED TAKAGI FUNCTIONS

“A theory of the history of
mathematics I prefer is an
interesting and enjoyable theory

of history”

Teiji Takagi (1875 - 1960)

In 1872 K. Weierstrass presented his example of a continuous nowhere differentiable
function to the Prussian Academy of Sciences, commonly known today as the Weierstrass
function (see [109] and [110]). It was defined as

W =Y acos (brx), xelo1] (1.1)
k=0
where a is a real number with 0 < a < 1 and b is an odd integer satisfying ab > 1+ 3m/2.
Although the Bohemian mathematician B. Bolzano had constructed a function of this
type much earlier (see [73]), the publication of the Weierstrass function caused a tremendous
stir among the mathematicians of this period. This was due to the common belief that a
continuous function must have derivatives at a significant set of points. This belief was
certainly fueled by A. M. Ampeére, who attempted to give a “proof” of this “fact” in 1806 (see
(13]).
After the discovery of the Weierstrass example, many other mathematicians also con-
structed examples of continuous nowhere differentiable functions. For instance, we can
mention H. A. Schwarz [96], U. Dini [40], D. Hilbert [67], T. Takagi [102], B. van der Waer-
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den [107] and S. Banach [17] among others. We refer the reader to [74] and [37] for more
information about continuous nowhere differentiable functions and related topics.

The Takagi function is probably the simplest ex-
ample of a continuous nowhere differentiable func-
tion. It was introduced by Teiji Takagi in 1903 ( see
[102]). He was born in an agricultural area of the
Grifu prefecture, located in a mountainous region in
central Japan. At that time, Japan was isolated math-
ematically. He obtained his doctorate in 1903 with
a thesis supervised by D. Hilbert, where he proved
a conjecture of L. Kronecker (see [103]). In 1932 he
was vice-president of the International Congress of
Mathematicians celebrated in Zurich, and he was

also a member of the selection committee for the first

Fields Medal. Nowadays, he is considered the father

of Class Field Theory, and he is credited with bringing

modern mathematics to Japan at the beginning of Figure 1.1: Teiji Takagi

the twentieth century (see [71] and [90]). May these

words serve as a tribute to Professor Teiji Takagi, whose function is the seed of this thesis.
In this first chapter we will be walking through the different families of functions found

throughout this thesis. In addition, we will go into greater detail regarding the way they are

constructed and at the same time, we will establish the notation that will be used throughout

the entire work.

1.1 The Takagi function

In the literature, the Takagi function T ': [0, 1] — R is defined as
o0 1 n
T(x)=)_ 2—n<p(2 x) (1.2)
n=0

where ¢(x) denotes the distance from the point x to the nearest integer. Teiji Takagi ex-
pressed his function in a different way, since he defined it in terms of the binary expansion
of a point belonging to the unit interval. This fact together with the social and economic
isolation of Japan at the beginning of the twentieth century are probably the main reasons
why the Takagi function went unnoticed in the Western World. This led other authors to

rediscover the Takagi function throughout the first half of the twentieth century. For instance,

Page 2



1.1 - The Takagi function

we can mention G. de Rham (see [94]), J. R. Trollope (see [106]) and R. Tambs-Lyche (see
[104]), among others.

Although the definition (1.2) is the most common expression for the Takagi function, it
has been defined in different ways throughout the existing literature (see Section 4 of [10]).
The authors more or less chose the most convenient definition according to the property of
the Takagi function that interested them.

In this thesis we will use the following definition of the Takagi function, which was
introduced for the first time by Juan Ferrera and Javier Goémez Gil in their work [48]. For

every n we consider the set of all dyadic numbers of order n given by

on—1 :

k
Dn:{ -k:O,l...,Z"‘l}
and we observe that D, c D, for every n. The Takagi function can be defined as
T(x)= ) gn(x) (1.3)
n=1

where g, (x) = d(x, D,) denotes the distance from the point x to the set D,,. We also denote

by D the set of all dyadic points belonging to the unit interval, which is given by D = U?”., D,.

1.1.1 The binary expansion and the function g,

Throughout this thesis we will frequently use the relation between the binary expansion of a
point belonging to the unit interval, and the value of the function g, at such a point. Now,
we establish such a relationship.

Every real number x € [0, 1] can be written in terms of its binary expansion given by

X enlx
x=) n )=0.€1€2...€n.... with &, ¢€{0,1}.

The binary expansion of a point is unique except for the dyadic numbers different from
zero and one. The points belonging to this set, namely D\ {0, 1}, have two possible repre-
sentations: one ending in all zeros and the other ending in all ones. In this case, we choose
the representation ending in all zeros and consequently, the binary expansion of a point
belonging to D\ {0, 1} consists of a finite number of digits different from zero. More precisely,
for every n =2 we have x € D, \ {0,1} if and only if €4 (x) =0 for all k = n.

For every n the interval [0,1] is divided into 2""~! subintervals of equal length whose
endpoints are exactly the points belonging to D,,. Each of those subintervals will be referred

to as a dyadic interval of order n and it can be written as (x,, y,) with x,, y, € D, and

Page 3



Generalized Takagi functions

(Xn, yn) N Dy, = @. Furthermore, each of them unequivocally determines the first n — 1 digits
of the binary expansion of the points contained within them. More precisely, we have that
X € (xp, yp) ifand only if €4 (x) = € (xy,) forall k< n—1.

For every n the function g, is a piecewise affine map whose nodes are located at the
points belonging to the set D, ;. This means that g, is affine on each dyadic interval of
order n + 1. Moreover, we have that g,(x) = 0 if and only if x € D,,, whereas g, (x) =27" if
and only if x € D41 \ D,,. In addition, we must observe that the function g, is periodic with

period 2=~V This type of function is informally known as a “tent” or “sawtooth” map.

Figure 1.2: The graph of function g,

Once we have determined the value of the function g, at a point belonging to D1, we
consider the case when x € [0,1] \ D, 4. It isimmediately observed that it lies between two
consecutive dyadic points of order n, namely we denote by a,, = a,(x) the largest element
of D, smaller than x and by b,, = b, (x) the least element of D,, larger than x. We note that

b, = a, +2~""V_ Thus we may write
gn(x) =dist(x, D,) = min {x — a,, b, — x}.

Nonetheless, we can go further than this (see Figure 1.3 below). We denote by ¢, the
midpoint of the interval (ay,, by). It is worth noting that ¢, € D, 1, and hence g, (c,;) =27".
We have that g, (x) = x — a, if and only if a, < x < ¢,;, meanwhile we have g,(x) = b, — x if
and only if ¢, < x < b,,. Consequently, we must know the position of the point x with regard
to ¢,. However, this position is determined solely by the value of the n-th digit in the binary
expansion of x. More precisely, we have ¢, = 0 if and only if a,, < x < ¢;;, whereas ¢, = 1 if
and only if ¢, < x < by, Since ¢, € D11, we obtain that [a,+1, by+1] = [ay, ¢,,] if and only if
&, =0, meanwhile [a;+1, bp+1] = [cn, byl if and only if e, = 1.

In light of the previous discussion, we may determine the relation between the binary
expansion of a point and the value of the function g/, at such a point.

Firstly, if x € D41\ Dy, then g (x) € {~=1, 1} forall1< k< n-1, g, (x) = -land g;; (x) =1,
whereas g;"(x) =1and g;”(x) = -1forallk>n+1.

In contrast to this, for a point x ¢ D we have that the derivative of the function g, exists

and g/,(x) € {—1, 1} for all indices n. Moreover, we may write

gn(x) =1-2¢,(x)
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1.1 - The Takagi function

for every n. It is noteworthy that the previous formula is actually the definition of the n-th

Rademacher function. In 1987, N. Kéno was the first author who realized this fact (see [79]).

an Cn by,

Figure 1.3: The graph of function g, locally at a point

For every n the function g, is symmetric about the line x = 1/2. Hence, we have that
gn(x) = gn(1—x)forall x€[0,1], and g,(x) = —g,, (1 —x) forall x € [0,1] \ Dy4;.

For a given dyadic interval [x,, y,] of order n, that is x,, y, € D, with (x,, y,) N D, = @,
we have that g is affine on [x,, y,] for every k < n. Since such an interval determines
unequivocally the first n — 1 digits of the binary expansion of the points contained within it,

we have that g;: (x,) = gl’c(x) for all k < n—1 and for every x € (xp, y).

1.1.2 The graph of the Takagi function

The graph of the Takagi function has been studied by many authors. We present below
some of its main features. We refer the reader to the excellent surveys [10] and [82] for more
information about the graph of the Takagi function and related topics.

The Takagi function can be written as a limit of piecewise affine functions. We have
T(x) = lim G, (x)
n—oo

where G, = g1 +--- + g, is a polygonal function whose nodes are located at the points of
D, +1. These functions converge uniformly to the Takagi function and they approximate it

monotonically from below, namely
GIxX)=Gx)<s---=Gux)=<---=T(x)

for all x € [0,1]. Furthermore, if x € D, for some n, then T(x) = G,(x) since gi(x) =0 for

all k= n+ 1. In particular, we have T(0) = T(1) =0.
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5/8 . G 5/8 . Ga

1/2 . 1/2 .

0 1/2 1 0 1/2 1
Figure 1.4: The graph of G3 and G4

As outlined above, for every n we have g,(x) = g,(1 — x) for all x € [0,1], so we obtain
that the graph of the Takagi function is symmetric about the line x = 1/2. It satisfies the
symmetry equation

Tx)=T(1-x) (1.4)

for all x € [0,1]. Furthermore, the Takagi function is the unique continuous function that

satisfies (1.4) and
xy x T
r(g)-3- 1
2 2 2
for all x € [0,1] (see Theorem 4.1 of [82]).
The Takagi function also satisfies the following “self-affine” property: for every n and
x € D;, we have
1
2n-1

T(x+ ) =T+

2n

n—1
TW+y ) g
k=1

for all y € [0,1] (see Theorem 4.2 of [82]). Roughly speaking, it means that the graph of the
Takagi function above the dyadic interval of order n given by [x, x +2~"~1] is a miniature
version of a “tilted” Takagi function, reduced by a factor 2~*~1 and shifted by T'(x).

In 1959, J. P. Kahane investigated the extreme points of the Takagi function (see [75]).
Among his results, he showed that the maximum value of the Takagi function is 2/3 and
described the set of points where this maximum is attained in terms of the binary expansion
of such points. In addition, he also obtained that the graph of the Takagi function has local
minima at the dyadic numbers.

It is well-known that the graph of a Lipschitz function f : [0,1] — R has Hausdorff
dimension one. Although the Takagi function is very far from being a Lipschitz function, R.
D. Mauldin and S. C. Williams proved that the graph of the Takagi function has Hausdorff
dimension one (see [89]). Later, J. M. Anderson and L. D. Pitt showed that it has o-finite

linear measure (see [14]).
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2/3 -

1/2 -

Figure 1.5: The graph of the Takagi function

In 2008, Z. Buczolich decomposed the graph of the Takagi function into two sets: an
irregular 1-set satisfying that its projection onto the y-axis is of Lebesgue measure zero and
its projection onto the x-axis has Lebesgue measure one; whereas the remaining part of the
graph can be covered by countably many graphs of monotone functions (see [32]). We refer
the reader to [46] for an introduction to the theory of 1-sets.

As a consequence of such a decomposition, Z. Buczolich obtained that for almost every
ordinate y € [0,2/3] the level set L, = {x € [0,1] : T(x) = y} is finite. The cardinalities of the
finite level sets have been deeply investigated by P. C. Allaart, who proved that any even
positive integer is the cardinality of some level set (see [6]). Furthermore, he also showed
that the set of ordinates whose level set is uncountably large, is residual in the range of the
Takagi function (see [4] and [5]). Finally, we would also point out that E. de Amo, I. Bhouri,
M. Diaz Carrilo and J. Ferndndez-Sanchez proved that the Hausdorff dimension of each

level set is less than or equal to 1/2 (see [12]).

1.2 The Takagi class

One of the most famous generalizations of the Takagi function is the so-called Takagi class.
This family of functions was introduced by M. Hata and M. Yamaguti in 1984 and since then,
it has caught the eye of a large number of mathematicians (see [64]).

The motivation of M. Hata and M. Yamaguti to introduce the Takagi Class comes from
the point of view of dynamical systems. In their previous work [65], they obtained that for

b =2 and any 0 < a < 1 the Weierstrass function (1.1) is the solution of a functional equation
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involving the iterations of a certain chaotic one-dimensional dynamical system. In [64], they
were interested in finding the solutions of such a functional equation when considering the
one-dimensional dynamical system given by the tent map function ¥ (x) =2g;(x).

As above, for every n we denote by D, the set of all dyadic numbers of order n given by
Dy ={k2"V:k=0,1...,27" V1 and g,(x) denotes the distance from the point x to the
set D,,. We also denote by D the set of all dyadic numbers of the unit interval, which is given
by D =U5_, Dy.

The Takagi class is the set of all functions T}, : [0, 1] — R defined by

Tw(xX) =) wpgn(x)

n=1
where w = (wy,), is a sequence of weights satisfying (27" w,,), € £,. The study of the func-
tion T,, will be done in the interval [0, 1]; although, for the sake of convenience, we will
occasionally take advantage of the fact that the function T, can be extended periodically to
the whole real line.

As a first result, M. Hata and M. Yamaguti proved that the Takagi Class is a closed
subspace of the Banach space C|0, 1] of all continuous functions f : [0,1] — R endowed with
the supremum-norm, and it is isomorphic to ¢;. By looking at the Schauder expansion of
the function T, in the Faber-Schauder system of C[0, 1] (see [76]), they also obtained that

each function T}, is the unique continuous solution of the discrete boundary value problem

f(znk_l)Jrf k+1)_2f(2k+1) - Wy

2n—1 on = 2n—1
for k=0,...,2" ' ~1and ne N, with f(1) = f(0) =0.

Apart from the Takagi function, the Takagi class contains many examples of functions

that have been studied throughout the existing literature. For instance, G. Faber and J. P.
Kahane investigated the modulus of continuity and the non-differentiability of functions
in the Takagi Class given by highly lacunary series (see [44] and [75]). In addition, A. S.
Besicovitch and H. D. Ursell also studied the Hausdorff dimension of the graphs of such
functions in the Takagi class (see [24]).

When we consider the sequence w = (wy,), given by w,, = 2"""V1- with ¢ > 0, we
obtain the so-called Takagi-Landsberg function. According to B. Mandelbrot (see page 246
of [19]), this generalization of the Takagi function was introduced by G. Landsberg (see [84]).
In 1992, E Ledrappier proved that the Hausdorff dimension of the graph of this function is
2 —a for almost every 0 < a@ < 1. When 1 < a < 2, this function becomes the extreme case
with regard to an inequality concerning approximately midconvex functions (see [28], [66]
and [101]).
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Another particular subfamily of the Takagi Class is formed by the so-called signed Takagi
functions. It consists of all the functions T,, where the sequence w = (w;,), satisfies w;, €
{—1,1} for every n. In 2013, P. C. Allaart investigated the level sets of the functions belonging
to this subfamily and generalized the existing results for the Takagi function. Additionally,
he determined the extreme values of such a family of functions (see [7]).

Following this line of thought, P. C. Allaart introduced a random version of the signed Tak-
agi function. It is obtained by considering each w, € {—1,1} as an independent, identically
distributed random variable with P(w, =1) = pand P(w,, =—-1)=1—pwhere0< p < 1. He
determined the probability distributions of the maximum value of such a function in terms
of the sequence w = (w,),, as well as the size of the set of points where this maximum is
attained (see [8]).

With respect to the foregoing, it should be mentioned that the set of points where a
function of the Takagi Class attains its maximum value has recently been characterized by X.
Han and A. Shied (see [62]).

In 1987 N. Kéno proved Theorem 2.1 below, which completely determines the differen-
tiability behavior of the functions of the Takagi Class depending on whether the sequence
of weights w = (w;,) , belongs, or does not belong to ¢, and ¢y (see [79]). In order to obtain
such a result, N. Kono expressed the function T;, in terms of the Rademacher system and
took advantage of several probabilistic techniques. He also studied the uniform and local
modulus of continuity of a function in the Takagi Class. These results were later improved
by P. C. Allaart in [9]. Finally, N. Kéno also showed that the Takagi Class only contains one

family of functions which is smooth.

1.2.1 Smoothness in the Takagi Class

The concept of smoothness was first considered by Riemann in his classical paper on
trigonometric series and it was deeply investigated by A. Zygmund in 1945 (see [113]). A

continuous function f: [0,1] — R is smooth if for every € > 0 there exists § > 0 such that
[f(x+h)+f(x—h)-2f(x)|<eh

forall 0 < h <6 and x € [0,1]. According to A. Zygmund, the origin of this terminology
comes from the fact that the graph of a smooth function cannot have angular points. In
his work, N. Kéno proved that the only smooth function of the Takagi Class is obtained
by taking w, = M2~" for every n with M € R . In this case, T}, is a polynomial given by
T (x)=Mx(1-x)forall xe[0,1].
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A. Zygmund also studied a weaker condition named quasi-smoothness. A continuous
function f: [0,1] — R is quasi-smooth if there exist M > 0 and 6 > 0 such that

If(x+h)+f(x—h)-2f(x)|<Mh

forall 0 < h < ¢ and x € [0,1]. In contrast with the above, the graph of a quasi-smooth
function can have angular points but can have no cusps. In 1977, Z. Ciesielski (see [38])
proved that a continuous function f: [0, 1] — R is quasi-smooth if and only if it satisfies

|f(x+2 ™+ f(x-2"") =2f(x)|
sup sup — < 400
neN  xeDye1\{0,1} 2

(1.5)

Concerning the functions in the Takagi Class, S. Abbott, J. M. Anderson and L. D. Pitt
showed that the so-called alternating Takagi function, which is obtained by taking w,, =
(—1)" for every n, is a quasi-smooth function (see [1]). Here, we characterize when a function
in the Takagi Class is a quasi-smooth function. As far as we know, these results concerning
the quasi-smoothness property are new.

First, we observe that for every point x € D1 \ {0, 1} there exists an integer k < n such

that x € Dy \ Dg. Therefore, we may rewrite condition (1.5) as

|fx+2M+ f(x—2""=2f ()|
sup sup sup < +o00

neN 1<ksn x€Dyy1\Dg 27"

Lemma1.1. LetneN. Foreveryl < k<n and x € Dy, \ Dy we have

| Tw (X +27") + Ty (x = 27") = 2T, ()|
2—(n-1)

=| = Wi+ Wis1 + -+ + W)

Proof. Since x, x+27" and x—27" belong to D,,;+; we have
n

Tw(x+27")+ Tw(x—-27")=2Tw(x) = )_ wj(gj(x+27") + gj(x—27") —2g;(x))

j=1

The function g; is affine on (x —27",x+27") for every 1 < j < k-1 and consequently
gi(x+27")+gj(x-27")-2g;(x)=0

for every 0 < j < k— 1. As is customary, we denote a; = x —2~% and by = x +27¥, so we have

that x is the midpoint between a; and by. Hence,

-1
gr(x+27") +gr(x—2"") = 2gp(X) = b — (x +27") +x—27"— g —27FV = TR
Furthermore,
gj(x+27") +gj(x-27") -2g;(0 =g (x+27") + g (x-27") = =
for every k+1 < j < n. This gives us the result. O
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The space bs consists of all sequences x = (x,), such that

n

sup | Y x; ’ < 400.
neN j=1

Itis a Banach space isometrically isomorphic to ¢,. The following result follows immediately

from Lemma 1.1 and Z. Ciesielski ’s result.
Theorem 1.2. A function Ty, is quasi-smooth if and only if w € bs.

This completes the study of the smoothness property of the functions in the Takagi Class,
initiated by N. Kono.

1.3 The Takagi-Van der Waerden function

As previously mentioned in the opening of Section 1.1, a version of the Takagi function
has been rediscovered by several authors throughout the twentieth century. Some of those
authors used a base different from the base two that appears in the definition of the Takagi
function.

In 1930, B. L. van der Waerden rediscovered the Takagi function by using base ten instead
of base two (see [107]), whereas E. Landau provided a variant of the Takagi function by using
base four instead of base two in 1934 (see [83]).

The Takagi-Van der Waerden function is defined similarly to the Takagi function. Let
r = 2 be an integer. For every n = 1 we consider the set of all r-adic numbers of order n given
by

D= {rn—k_l : k:o,l...,r"‘l}

and we observe that D,, ¢ D,y for every n. The Takagi-Van der Waerden function f; :
[0,1] — Ris defined as

[r(x)=)" gnx)
n=1

where g,(x) = dist(x, D,) denotes the distance from x to the set D,,. Note that f; is the
Takagi function. In the literature, the function fj¢ is known as the Van der Waerden function
and f; is known as the Landau function.

Although the study of the function f; will be done in the unit interval; for the sake
of convenience, sometimes we will take advantage of the fact that f; can be extended
periodically to the whole real line. Therefore, the function f; becomes an even function.

As far as we know, this family of functions first appeared in the work of E A. Behrend (see

[21]), who proved that f; is a continuous nowhere differentiable function. In addition, the
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article of Y. Baba is the first occasion in which the function f; is referred to as the Takagi-Van

der Waerden function (see [16]).

1.3.1 The base-r expansion and the function g,

The relation between the base-r expansion of a point of the unit interval, and the value of
the function g, at such a point will play an important role in Chapter 3 and Chapter 4. We
proceed similarly to what we did in the previous section. We denote by D the set of all r-adic
numbers in the unit interval, which is given by D =% | Dj,.

Every real number x € [0, 1] can be written in terms of its base-r expansion given by

[o.0]
x=) =0.£162...€5.... €,€10,1,...,7—1}.

The base-r expansion of a point is unique except for those points belonging to the set
D\ {0,1}, which have two possible representations: one ending in all zeros and the other
ending in all (r — 1)-digits. In this case, we choose the representation ending in all zeros and
consequently, for every n =2 we have x € D, \ {0,1} if and only if £x(x) = 0 for all k = n.

For every n the interval [0,1] is divided into r"~! subintervals of equal length whose
endpoints are exactly the points belonging to D,,. Each of those subintervals receives the
name of r-adic interval of order n and it takes the form of (x,, y,) where x,,y, € D, and
(Xn, yn) N Dy, = @. In addition, every r-adic interval of order n unequivocally determines the
first n — 1 digits of the base-r expansion of the points contained within it. More precisely, we
have that x € (x,, y,) if and only if €4 (x) = €x(x,,) forall k < n—-1.

Up to this point, there are no significant changes with regard to the binary expansion.
However, the behavior of the function g, will begin to change. In order to provide a uniform
approach, we introduce the following notation.

For every n = 1 we consider the set of all middle points between two consecutive points
of D,, given by

ﬁn: {% X,y € D, with (x,y)ﬂDn:¢},
which will be referred to as the set of middle points of order n. Moreover, we denote by D
the set of all middle points of the unit interval, that is D = Usz, D,,. When considering the
Takagi function case, we have that l~)n = Dy41\ Dy, for every n.

For every n the function g, is a piecewise affine map whose nodes are located at the
points of D, U ﬁn, and it is periodic with period r~ =D Moreover, we have that gn(x) =0if

and only if x € D,,, meanwhile g,(x) = r~"*~1/2 if and only if x € D,,. Note that if r is odd
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1.3 - The Takagi-Van der Waerden function

then we have x € D,, if and only if £ (x) = (r — 1)/2 for all k = n, and consequently

1
gr(x) = m

forall k = n.

For a point x ¢ D, U D,, we have that it lies between two consecutive r-adic points of
order n, namely we denote by a,, = a,(x) the largest element of D,, smaller than x and by
b,, = b,(x) the least element of D,, larger than x. We observe that b, = a,, + r~"*~V, We also
denote by ¢, = ¢, (x) the midpoint between a,, and b,,, thatis ¢, = (a, + by) /2.

We are interested in determining the location of the point x ¢ D,, U D,, with respect
to the center ¢, by means of its base-r expansion. This location is determined solely by
the value of the n-digit in the base-r expansion of x. The interval [a,, b,] is divided into
r closed subintervals ]6‘, .. ,]f_l of r~" in length and the set D, N [ay, by] is formed by
the endpoints of such subintervals. In addition, the interval [a;,+1, b;,+1] will be one of such
subintervals determined by the n-th digit in the base-r representation of the point x. More
accurately, we have [a,,+1,bp+1]1 =T ,’C’ if and only if €,,(x) = k, which leads us to differentiate
between the case when r is even and the case when r is odd for the purpose of knowing the
exact position of the point x with respect to the center c;,.

When r is even, the interval [a,, b,] is divided into an even number of subintervals,
and hence the center c,, is the right-endpoint of the subinterval corresponding to the digit
(r —2)/2 and it is also the left-endpoint of the subinterval corresponding to the digit r/2.
Of course, we have ¢, € D;;;. Therefore, we conclude that g,(x) = x — a, if and only if
0<ep<(r-2)/2and g,(x) =b,—xifandonlyifr/2<e, <r-1.

En 0 1 2 3

Figure 1.6: Example for r =4

When r is odd, the center c, is not an endpoint of any of the subintervals ](’)1, e ?—1 but

itis the center of the subinterval corresponding to the digit (r —1)/2, because the interval
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[ayn, by is divided into an odd number of subintervals. Therefore, ¢, ¢ Dy41 but ¢, € Dy 1.

We have g, (x) = x — a, provided that 0 < ¢, < (r — 1)/2 meanwhile g, (x) = b,, — x provided

that (r —1)/2 <&, <r —1. However, when ¢,(x) = (r —1)/2 nothing can be said about the

location of x with respect to c,. In such a case, this information will be given by the first

digit that is subsequent to €, in the base-r expansion of x and is different from (r — 1)/2.
This leads us to define

kn=kp(x)=min{k=n:e #(r—-1)/2} (1.6)

and it is finite since x ¢ D,,. Thus, when €,, = (r — 1)/2 we have that g, (x) = x — a,, if and only
if e, < (r —1)/2 meanwhile g, (x) = b, — x if and only if £, > (r — 1)/2. Finally, it should be
acknowledged that the definition of k, also makes sense when r is even. However, we have

k,, = n for every n because the value (r — 1)/2 is not a digit in such a case.

o
En 0 1 2

Figure 1.7: Example for r =3

In light of the previous discussion, some remarks are required. We have that D,, € D,
for every n provided that r is an even integer. However, when r is odd, we have D, c D1
for every nand DN D = .

Now, we may determine the relation between the base-r expansion of a point, and the
value of the derivative of g, at such a point.

If x € Dy \ D,y for some n, then g;/ (x) = -1 and gj; (x) = 1 but g} (x) € {~1,1} for all
1 < k < n. Moreover, for a point x € D\ D,,—; we have g;"(x) = 1 and g;” (x) = —1forall k > n,
whereas gl’c(x) € {—1,1} forall 1 < k < n—1. In this latter case, when r is even it may happen
that x € D,,_; so then g, (x)=-1andg,_,(x) =1, whereas g,_, € {~1,1} otherwise.

However, the derivative of the function g, at a point x ¢ D U D exists for all indices 7,
and g/, (x) € {—1,1} for every n. Furhermore, we have g/,(x) = 1 if and only if £, <(r—-1)/2,

meanwhile g, (x) = —1ifand only if e, > (r — 1)/2, where k, = min{k = n: e # (r — 1)/2}.
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Finally, we observe that for every n the function g, is symmetric about the line x = 1/2.
Hence, for every n we have that g, (x) = g,(1 — x) for all x € [0,1], and gJ,(x) = —g},(1 — x) for
every x ¢ DU D. As mentioned earlier, sometimes we will take advantage of the fact that the
Takagi-Van der Waerden function can be extended periodically to the whole line. In such a

case, we also have g/, (x) = —g/,(-x) for every x ¢ DU D.

1.3.2 The graph of the Takagi-Van der Waerden function

The Takagi-Van der Waerden function can also be written as a limit of piecewise affine
functions. We have

fro= nlggo Gn(x)

where G, = g1 + -+ + g, is a polygonal function whose nodes are located precisely at the
points belonging to the set D,, U D,,. As before, we have

GIX)<=Gx) s =Gux) == fr (%)

for all x € [0, 1]. Furthermore, if x € D, for some n, then f;(x) = G, (x) since g (x) =0 for
all k = n+ 1. In particular, we have f;(0) = f,(1) = 0.

The graph of the Takagi-Van der Waerden function is symmetric about line x =1/2. In
other words, it satisfies the symmetry equation f;(x) = f;(1 — x) for all x € [0, 1].

In 1984, Y. Baba computed the maximum value of the Takagi-Van der Waerden function.
When r is odd, this maximum value is only attained at x = 1/2. However, when r is even, the
set of points where it is attained is a Cantor set of Hausdorff dimension 1/2 and he described
this set in terms of the base-r?2 expansion of its points (see [16]). He also characterized the
Takagi-Van der Waerden function as the unique continuous solution of certain functional
equations. In this sense, he generalized the results obtained by J. P. Kahane, M. Hata and M.
Yamaguti for the Takagi function (see [75] and [65]).

More recently, P. C. Allaart has examined the level sets of the Takagi-Van der Waerden
function (see [3]). He proved that for almost every ordinate y in the range of f; the level
set L, = {x € [0,1] : f;(x) = y} is finite, whereas for almost every x € [0,1] the level set
corresponding to f;(x) is uncountable. He also proved that the Hausdorff dimension of any
level set of f; is at most 1/2 whenever r is even. However, this problem remains unsolved
when r is odd. In this sense, he generalized the results obtained by Z. Buczolich and de Amo
et al. for the Takagi function (see [32] and [12]).

Throughout this thesis, we will be able to appreciate the different nature the Takagi-Van

der Waerden function has depending on whether r is odd or even.
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3/4 -

0 1/2 1
Figure 1.8: The graph of the function f3

1.4 The Generalized Class

The Generalized Class was introduced for the first time by J. Ferrera and J. Gdmez-Gil in the
year 2018 (see [49]). It contains all the families of functions that we have previously studied
in this thesis. In a sense, this generalization incorporates the intrinsic characteristics of the

functions we have presented in this thesis so far.

When we were dealing with the Takagi-Van der Waerden function, we outlined that every

r-adic interval [x,, y,] of order n was divided into r closed subintervals of r~"

in length
and the set D11 N [xy,, y,] consists of the endpoints of such subintervals. Observe that this

behavior remains the same for every index n.

For the Generalized function that we are about to introduce, every interval of the form
(X5, Yn]l with x,,, y, € D, and (x,, y») N Dy, = @ is divided into p, closed subintervals of equal
length and the set D,+1 N [x,, y,] consists of the endpoints of such subintervals. Here, the
number of intervals in which an interval of the form [x,,, y,] is divided, depends on the index
n.

In order to formalize this idea, we proceed as follows. Let r = (r,) , be a strictly increasing

sequence of non-negative integers such that r; = 1 and r, divides r,; for every n. We define

the set
k
Dn:{—ZkZO,...,rn}

T'n
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for every n = 1. We observe that D,, € D, since r,, divides r,; for every n. With respect to
the foregoing, it is important to highlight that we actually have r,,4+, = r,p, for every n. The

Generalized function f;: [0,1] — Ris defined as

fr) =) galx)
n=1

where g,(x) = dist(x,D,) denotes the distance from the point x to the set D,,. We also
denote D =7, D,. As might be expected, we obtain the Takagi-Van der Waerden function
f; by taking r,, = r"~! for every n with r > 2 an integer.

As is customary, for every n we consider the set of all middle points between two consec-
utive points of D, given by

~ +

which will be referred to as the set of middle points order 7. Moreover, we denote by D the
set of all middle points of the unit interval, thatis D =%, D,,.

Again, when we were dealing with the Takagi-Van der Waerden function we had that
D,, € D, for every n provided that r is an even integer, whereas D,, c D, for every
n whenever r is an odd integer. For the Generalized function, for each index n we have
D, c D, +1 provided that p, is an even integer, meanwhile D, c 5n+1 whenever p,, is an
odd integer.

For every n = 1 the function g, is a piecewise affine map whose nodes are located at
the points belonging to the set D,, U D,,, and it is periodic with period 1/r,. Moreover, we
have that g,,(x) = 0 if and only if x € D,,, meanwhile g,,(x) = r;;!/2 if and only if x € D,,. In
addition, for each interval of the form [x,, y,] with x,, y, € D,, and (x,, y,) N D, = @, we
have that gi is affine on [x,, ¢,;] and on [c,, y,] for all 1 < k < n, where ¢, is the midpoint of
the interval [x,, y,].

For a pointx ¢ D, U D,,, we denote by a, = a,(x) the biggest element of D,, smaller than
x and by b, = b,,(x) the least element of D, bigger than x. Observe that b,, = a,, + r,;l. We
also denote by ¢, = ¢, (x) the midpoint between a,, and b, that is ¢, = (a,, + b,;) /2. Recall
that g,,(x) = x—a, ifand only if a,, < x < ¢, whereas g,(x) = b, —xifand only if ¢, < x < b,,.

In the same line of thought as before, we may associate each Generalized function to
a certain representation system for numbers belonging to the unit interval. However, this
is not required for our purposes. We only need to take into consideration that for a point

x ¢ D, U D, we have g/ (x) = 1 ifand only if a, < x < c,, whereas g/,(x) = —1 otherwise.
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0 1/2 1

Figure 1.9: A Generalized function where r,+; = 4r, whenever n is even, and r,+; = 31,
otherwise

Following the same reasoning as M. Hata and M. Yamaguti, we introduce the so-called
Generalized Class. For a given strictly increasing sequence of non-negative integers r = (r,,)
satisfying that r; = 1 and r, divides r,4; for every n, the Generalized Class is formed by all
the functions f; ,, : [0,1] — R defined as

(o]

fow(X) =) wngn(x)
n=1
where w = (w,), is a sequence of weights such that (r, Yw,), € ¢1. This is an obvious
generalization of the Takagi Class. When r = (r""!),, with r = 2 an integer, we obtain the
so-called Takagi-Van der Waerden Class.
The Generalized Class will be investigated regarding Chapter 5. Nonetheless, there is
still plenty of work to do regarding this generalization. Further research will be undertaken

in the future.
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CHAPTER

SECOND ORDER DIFFERENTIABILITY IN THE TAKAGI CLASS

The publication of M. Hata and M. Yamaguti’s article drew the attention of many authors,
who investigated several properties of the functions in the Takagi Class. In 1987, N. Kéno
carried out a deep study of the differentiability properties of the functions in such a Class
(see [79]). He obtained the following striking result:

Theorem 2.1. For each function T,, belonging to the Takagi Class we have:

(1) Ty, is absolutely continuous with the derivative
oo
T, (x) =) wpg,(x)
n=1

almost everywhere, if and only if w € ¢,.

(2) Ty, is derivable at an uncountable null set and the range of the derivative is all of R, if

andonlyifw e cy\ €.
(3) Ty, is nowhere derivable, if and only if w ¢ cy.

This reveals that three qualitatively different cases may arise depending on the sequence
of weights we are considering. It is interesting to mention that this type of theorem can also
be found in a very different setting. For instance, P. D. Lax showed that Pélya’s space-filling
curve, which maps the unit interval onto a solid right triangle, has the same three qualitative
cases that appear in Kono’s theorem depending on the size of the smaller acute angle of the

triangle (see [85]).



Second order differentiability in the Takagi Class

Behind Kono’s theorem lies the fact that a function T, is derivable at x ¢ D if and only if
the series of the derivatives Y °° , w, g,,(x) converges. In such a case, we have

T,(X) = ) wng,(x). 2.1)
n=1

In 2020, Juan Ferrera and Javier Gémez Gil extended Kono’s theorem to a more general
family of functions named the Generalized Takagi Class (see [49]). Under the assumption

that w € ¢y, they obtained that the lateral derivatives of a function T,, are given by
o0 [e.°]
I+ I+ - -
T, =) wjgi and T, =) w;g;.
j=1 J=1

This brings us back to the behavior of the function g,, which is a piecewise affine map whose
nodes are located precisely at the points of D,,;;. In light of the discussion in Section 1.1 of

Chapter 1, we recall the following result:

Lemma 2.2. Ler x € [0, 1] with binary expansion given by x = }." , €,27". For every n, we

have the following:
(1) When x € D,,,1, we have:

(@) gn(x)=0ifandonlyifxe D,.
(b) gn(x)=2""ifand only ifx € D41\ Dy,.
© g, (x)=1andg, (x)=-1ifandonlyifxe D,.

@ gF(x)=-1andg, (x)=1ifandonlyifx€ Dps1\ Dy
(2) When x ¢ D,, 41, we have:

(@) gn(x)=x—ayandg,(x)=1, ifand only ife, = 0.

(b) gn(x) =b,—x and g),(x) = -1 ifand only ife,, = 1.

In light of K6no’s theorem, it is natural to wonder what can be said when considering the
case w € ¢;. That is the issue we will try to address in this chapter. In the sequel, and unless
expressly stated otherwise, we assume that w € 4.

It is immediately observed that T, is Lipschitz if and only if w € ¢;, and moreover the
Lipschitz norm is given by || w/||,. Moreover, the assumption w € ¢, yields that the series of

the derivatives at every non-dyadic point converges, and consequently, the function T, is
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derivable at every x ¢ D with the derivative given by (2.1). Concerning the differentiability at
a dyadic point, we have that if T, is differentiable at a point x € D1 \ D, then

n-1 [e)
T, (x) = Z w]-g;.(x) - (wn— Z wj), and
i=1

j=n+1

n-1 00
T ()= wjg}(x)+(wn— > wj),
j:l j:n+1
which implies
wy = Z wj. (2.2)
j=n+1

In addition, concerning the differentiability of the function T, at every dyadic point, we
have the following result:

Lemma 2.3. The following statements are equivalent:
(1) Thereis M € R such that w,, = M2~" for every n.
(2) Ty is a polynomial given by T,,(x) = Mx(1 — x) for some M € R.
(3) Ty isderivable at every x € D.

Proof. That (1) implies (2) follows from the following elementary differential equation:

T,,(x)=M o

=M(Q1-2x)

n=1

for every x ¢ D. That (2) implies (3) is immediate. Finally, in order to see that (3) implies

(1), we must observe that if T}, is differentiable at every x € D, then by (2.2) we get w,, =

2 ns1 wj forevery n. Itis not hard to see that this gives
= M M
M_j;wj_?+§+---+2n_l +2wy,
for every n, and the result follows immediately. O

It is interesting to recall that N. Kono also proved that the only smooth function of
the Takagi Class is obtained by taking w, = M2~" for every n with M € R (see Subsection
1.2.1). The proof of the following lemma is straightforward. It is enough to observe that if
x,y€ (k27" (k+1)27") for some n =1 and k € {0,...,2" — 1} then £;(x) = £;(y), and hence
g}. (x) = g}(y) foreveryl<j<n.
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Lemma 2.4. Let w € ¢;. Then, T, and T,, are continuous at every x ¢ D. Moreover T,f

(respectively, T}, ) is right continuous (respectively, left continuous) at every x € D.

Once we have determined the first order differentiability properties of the functions
in the Takagi Class provided that w € ¢;, we will investigate several second order differen-
tiability properties throughout this chapter. In this sense, our results will reveal a fourth
qualitatively different case. Furthermore, we will prove that the assumption w € ¢; consti-

tutes the necessary framework where the study of such properties must be done.

2.1 Second order differentiability properties to study

Firstly, we investigate the convexity of a function in the Takagi Class. An important theorem
due to A. D. Alexandrov states that a convex function f : R — R is twice differentiable almost
everywhere (see [2] or Section 3.11 of [92]). It is well-known that if a function is twice
differentiable at a point then it has Taylor expansion of order two at such a point. The
converse assertion is not true.
A function f: R — R has a Taylor expansion of order two at x, whenever there exist two
numbers d, and A, such that
},ii% flx+h) - f(a;)z— dih— Axh? _

It is immediately observed that if a function has a Taylor expansion of order two at x then it

0.

is derivable at x and we have d, = f’(x). Hence we may rewrite the condition as

~lim fx+h)-fx)-f (x)h.

h—0 h?

If a function has a Taylor expansion of order two at a point x then it satisfies the Stepanoff

condition of order two at such a point. This property is named after the Russian mathe-
matician M. W. Stepanoff, who proved that a function f : R?> — R is differentiable almost
everywhere in the set of points x satisfying

limsup fee+ ) = f ()] < 400
h—0 I

This last condition is more commonly known today as the Stepanoff condition of order one
(see [99] and [100]).

A function f : R — R satisfies the Stepanoff condition of order two at x provided that
there exists a constant d, such that

“I;?EEP |f(x+h) _h];(x) —dyhl < oo
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As above, it is immediately observed that if a function satisfies the Stepanoff condition of
order two at x then it is derivable at x and we have d, = f’(x). Of course, a function that
satisfies the Stepanoff condition of order two at a point, does not necessarily have a Taylor
expansion of order two at such a point (see Example 2.41 below).

Although the Stepanoff condition of order two is a weaker property than a Taylor ex-
pansion of order two, a celebrated result of A. P. Calder6n and A. Zygmund states that if
a function satisfies the Stepanoff condition of order two almost everywhere then it has a
Taylor expansion of order two almost everywhere, but not necessarily at the same points
(see Example 2.40 below).

Another way to view order two differentiability at a point x ¢ D is to consider the deriva-
tive of T}, : [0,1] — R. This function is defined everywhere and it is continuous at every

x ¢ D by Lemma 2.4. Hence, for every x ¢ D we may study the existence of

(T) (%) = lim Ty 1) =Ty ()
w y—x y—Xx '

Observe also that the existence of (7))’ (x) is equivalent to the existence of the limit

T, (y)-T),(x
i S

and if it exists then it is equal to(7;)' (x). The nontrivial implication follows since (T};)’(x)
is right continuous everywhere by Lemma 2.4.

For an arbitrary function the existence of the derivative of the right-hand derivative at
a point, and the existence of a Taylor expansion of order two at a point are independent
conditions, since there exist derivable functions which have Taylor expansion of order two at
points where they are not twice derivable; and although if a function has second derivative
at x, then it has a Taylor expansion of order two at x, it is not clear that a similar result holds
if we only require that the right derivative is derivable at x. The reason is that the Mean Value

Theorem is not true for the right derivative.

2.2 Convexity

We investigate the convexity of a function in the Takagi Class. Since w € ¢; we have that T,
is Lipschitz on [0, 1] and hence, it is absolutely continuous on [0,1]. Let0 < a < b < 1. The

Fundamental Theorem of Calculus for Lebesgue Integrals (see [57]) gives
X X
Tyw(x) :f T{,,(t)dr:f T.r () dr
a a
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for every x € (a, b). Therefore, if T, is non-decreasing on (a, b) then T,, is convex on (a, b)
(see Section 1.6. of [92]). Conversely, if T}, is convex on (a, b) then
T (x) < T (x) < T, (1) < T (y) 2.3)

whenever x, y € (a,b) and x < y. In particular, both T} and T, are non-decreasing on (a, b)
(see Theorem 1.3.3. of [92]). In summary, the function T}, is convex on (a, b) if and only if

T)f is non-decreasing on (a, b). This allows us to obtain the first result of this section.

Proposition 2.5. Let w € ¢,. Then, the function Ty, is piecewise convex if and only if there
exists ng = 1 such that

wps ), wj<O0 2.4)
for every n = ny.

Proof. First, we assume that T, is piecewise convex on [0, 1]. Let n be big enough such that
Ty, is convex while restricted to [x, y,] for some x,, y, € D, such that (x,, y,) N D, = ®. We
denote by ¢, the midpoint of such interval. We have

n—-1 00
I+ /
T (cn) =) w;g(cn) = wy + ) w; and
j:]_ j:n+1
n—-1 00
/— !
Ty (cn) = ) wigilen) +wn— Y wj.
j=1 Jj=n+1

Since T}, (cy) < T (cn) by (2.3), we obtain that w, <Y
T)f (x,) < T}, (yn) by (2.3) again. Since

5 .
ien+1 Wj. Furthermore, we have that

n-1 (o)
MESEDY w]-g}+(xn)+ ) w; and
i=1

j=n
n—-1 00

Ty (yn) =) wig; n) = ) wj,
j=1 j=n

we get 372 w;j < 0 because g}+(xn) = g}‘ (yn) foreveryl<j<n-1.

Conversely, we assume that Condition (2.4) holds for some ny = 1. It is enough to prove
that T, is convex while restricted to each connected component of [0,1] \. D,,. Let I be
one of those connected components and we prove that T, is non-decreasing on I. Indeed,
if x,y € I and x < y then there exists m = ny such that ¢;(x) = ¢;(y) for j < m, whereas
em(x) =0and ¢,,(y) = 1. Hence

Ty —Ty(x)=2 ) wn(en(x)—€n(y)

n=zm

= 2w, +2 ) wn(en(x)—en(y))zz(—wm+ Y wn)zo.

n>m n>m
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Observe that a sequence w = (wy,), satisfies Condition (2.4) for some ng = 1, if and only
if

00 00
2: wj <2 2: wj <0
j=n j=n+1

for every n = ny, and equivalently

[e.°] 1 [e.°]

n n+

2"y wj=2™ Y w;<0
j=n j=n+1

for every n = ny. Therefore, we obtain the following result:

Theorem 2.6. Let w € ¢,. Then, the function T, is piecewise convex if and only if there exists

ng =1 such that

the sequence
(2” Y wk) (CX)
n=ny

is non-positive and non-decreasing.

Proceeding in the same way, we obtain the following result concerning the concavity of a

function in the Takagi Class.

Theorem 2.7. Let w € ¢,. Then, the function T,, is piecewise concave if and only if there exists

no = 1 such that the sequence
[e.@]
(2” ) wk) (CO)
k=n n=ny

is non-negative and non-increasing.

It should be pointed out that if a sequence w = (w;,) , satisfies the Condition (CX) or (CC)
for some nj = 1, then the sequence (2" wy,), converges since it can be written as a difference

oftmm)convergentsequence&

Corollary 2.8. Let w € ¢;. If the function T, is piecewise convex or piecewise concave, then

the sequence (2" wy,),, converges.
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Second order differentiability in the Takagi Class

2.3 Taylor expansion of order two at a point

The aim of this section is to prove that the existence of a Taylor expansion of order two
at a non-dyadic point, and the differentiability of the lateral derivative at such a point are
properties that agree for the functions in the Takagi Class. Furthermore, we may characterize
them in terms of the sequence w = (wy), and the binary expansion of such a non-dyadic

point. Before proceeding, we observe the following reduction of the problem:

Lemma2.9. Letx ¢ D and w € ¢1. Then, we have

o Tules ) =T (@ = Ty (0h _
h—0 h? oo

if and only if
. Ty(x+h)-T,(x)-T,(x)h
lim =0
h—0 h?
where v = (vy,), is defined by v, = wy, + A2™".

Proof. It is enough to observe that Lemma 2.3 gives that T, (z) = T,,(z) + A,(z — z°) for all
z € [0,1], and the polynomial P(z) = A,(z — z?) satisfies P"(z) = —2A,. O

We deduce some consequences of the existence of a Taylor expansion of order two at a

point.

Proposition 2.10. Let w € ¢,. If T, has a Taylor expansion of order two at a point x € [0,1],

Proof. By Lemma 2.9 we have

h_n}) T,(x+h)— 7};,,2(x) -T,(x)h o 2.5)
where v = (v,,), is defined by v, = w, + Ax27". Since w, = —Ax27" + vy, it is enough to
prove that lim, v,2" = 0.

Assume first that x ¢ D. For every n, we consider x € (ay, b,) with a,, b, € D, and

(an,by) ND,, = @. From (2.5) and

Ty(by) — Ty(ay) — T; (x) (b, — ay) < T, (by) — Ty(x) - TL()C) (by, — x)
(bn — an)? B (by — x)?

+ Ty(ay) — Ty(x) — T,/,(x) (anp—x)
(an - x)Z

we deduce

Ty(by) — Ty(ay) — T, (x)(bp — ay)
m =

;
0 (by — an)?

0.
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2.3 - Taylor expansion of order two at a point

Since
Ty(by) — Ty(ay) — T (x) (b, — an) R
v\Wn v\ip l/2 n n :22(11 1) Z U](_g;(x)(bn_an))
(b, — an) j=n
=-2"1y vig;(x)
j=n
we have

. n - o' —
11;;1’12 Z U]gj(x) =0,

j=n
and consequently
lim 2"V, g (x) = lim 2" ) vigj(0) - Eli;lqn 2" Y vigi(x) =0,
j=n Jj=n+1

which implies that lim, 2" v,, = 0.

Finally, when x € D it is enough to observe that

Ty(x+2™") = Ty(x) - T, (x)27" _ _on i": v,
2-2n .
j=n+1
provided that 7 is big enough, and the result follows as above. O

In view of Proposition 2.10 above, keep in mind that if the function T,, is piecewise
convex, then the sequence (2" wy), converges by Corollary 2.8. The existence of the limit

L =1lim, 2"w, is equivalent to each of the following statements:

1) w,=L2""+v, with lim, 2"v,, =0.
(2.6)

2) lim,2"¥% | wi=L.

Regarding the dyadic case, we have the following result:

Proposition 2.11. Letx € D and w € ¢,. Assume thatlim, 2" w,, exists. Then, Ty, has a Taylor

expansion of order two at x if and only if T, is derivable at x.

Proof. Assume that x € D, 41\ D, for some n. Recall that if T, has a Taylor expansion of
order two at x, then T}, is derivable at x. Conversely, suppose that T}, is derivable at x. We

have

00 n-1
wp= Y w; and T, (x)= Zl w;g;(x). 2.7)
]:

j=n+1
By Lemma 2.3 and the first statement of (2.6), we may assume that lim,, 2" w,,, = 0. Given

€ > 0 there exists mgy = 1 such that |w,,| < €27 for every m = my. For h € R small enough
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Second order differentiability in the Takagi Class

there exists m = max{my, n} satisfying that 2="*Y < || < 2=, We have that g(x + h) —
gk (x) — g.(x)h = 0 since g is affine between x and x + h for every k < n. Moreover, g, (x +
h) — gn(x) = —|h| since x € D1 \ D,, and we also have g;(x + h) = |h| foreveryn+1< j < m.
Thus, by (2.7) we get

Tw(x+h) —Tyx)-T,(x)h 1 3
w(Xx ) w(X) w(X) — Wp(gn(x+h)—gn(x)+ Z wjgj(x+h)

h? h? j=n+1
1 o0
=12 —lhlw,+ ) w;gjlx+h)
j=n+1
1 & 1 &
= Y wigix+h)—1h)s— ) |wjl<2e.
he ;5 L e

O

Regarding the non-dyadic case, our main concern is to characterize when the function
T, has a Taylor expansion of order 2 at a non-dyadic point in terms of a property that the
binary expansion of such a point must satisfy. To do so, we introduce the following notation.

As is customary, for a point x ¢ D we consider its binary expansion givenby x =Y, £,27"
with €, € {0, 1}. We define the set

Ne={neN:e, #ep}.
and for every n we define ¢, = ¢,,(x) as the nonnegative integer satisfying

En="""=Epsl,  Enttp+1s

namely ¢,, is the length of the run of digits equal to ¢, starting at €,,. Here ¢,, =0 if &, # €,,41,
so we have that .4} can also be defined as the set of indices n such that Z,, = 0.

Theorem 2.14 below is the main result of this section. It states that the existence of a
Taylor expansion of order two at a point x ¢ D is equivalent to the existence of the derivative

of T} at such a point. The following lemma will enable us to simplify its proof.

Lemma 2.12. Let x ¢ D and Ny = {neN: ¢, # e,+1}. For every n € N, we consider h,;, =

g (x)2= 1) and the following statements hold:
(1) gj(x+hy,)—gjx) —g;.(x)hn =0 for every j < n.
@) gn(x+hy)+gj(x+hy)=2""=g,(x)+g;j(x) foreveryn+1=< j<n+/{,,.

(3) gj(x+hy) —gjx) —g}.(x)hn = —(gn(x+ hp) — gn(x) — g, (X)hy) foreveryn+1< j <
n+€n+1.
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2.3 - Taylor expansion of order two at a point

(4) —2lh,| < gnlx+ h,) - gn(x) — g;(x)hn < —|hpl.

(5) gj(x+hy)=g;j(x) forevery j>n+{,41.

Proof. For every n, we consider x € (ay,, b,) with a,, b, € D,, and (a,, b,) N D, = @. We also

denote by ¢, the midpoint of the interval (a,, b,).

1)

2)

3)

4)

)

It follows since x, x + hy, € (a,, by), and consequently g; is affine between x and x + hj,

for every j < n.

If £, (x) = 0, which implies gJ,(x) = 1, then €,4, (x) = 1 because n € .#;. Moreover, we

have €;,1(x) =---=€,4¢,,,(x) =1 and hence
gn(X)+gi(X)=x—ay+(cn—X)=cp—ap=2""

forevery n+1<j<n+¢,:. Now, since €,(x+ h,) =1 and €,41(x+ hy) = -+ =

Ep+e,,, (X + hy) =0 we obtain
The case when €, = 1 is similar.

It is an immediate consequence of case (2) since g/,(x) = — g;.(x) foreveryn+1<j<

n+€n+1.

If £,(x) =0then €, (x+ h;) =1 and hence

gn(x+hy) — gn(x) _g;(x)hn =b,—(x+hy) - (x—ay)—hy
=2(c,—x)—2h,;, <—h,

since ¢, — x < 2=+ [f ¢, (x) = 1 then €,(x + hy,) = 0 and hence

gn(x+hn)—gn(X)—g;(X)hn =x+hy,—a,—(b,—x)+h,
ZZ(X—Cn)—Zlhnl = _lhnl

since x — ¢, < 2~ 1+ ln)

It follows since the function g; is periodic with period 2=U=D forevery j > n+4€,,1.

O
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Lemma 2.13. Let f : [0,1] — R be an absolutely continuous function. If A ={x € (0,1) :
f'(x) exists}, x € A and there exists

/ el
lim ffn-1(x _

y—=x - X
YEA y

L,

then . .
lim fO)=fx)-fx)y—x _

y—x (y—x)? 2’

Proof. Given € > 0 there exists 6 > 0 such that

If' ) =0 - Ly-x) <ely—x|
if ye Aand |y — x| < 4. The absolute continuity of f implies

[fO = fO) -0 -3Ly-2? _|[Y(f'®-f'x)-Lit-x)di| -,
(y - x)2 B (y - x)? T

O

With respect to the sequence w = (w,,) ,, as we saw above in Proposition 2.10, if T, has
a Taylor expansion of order two at some point then the sequence (2" w,), converges. This

fact allows us to define the sequence = (f,), as

ﬂn::Z"(—qun+- Ei lUj)

j=n+1
for every n. The second statement of (2.6) yields that this sequence converges to 0.

Theorem 2.14. Letwe ¢}, x¢ D and Ny ={neN:¢g, # e,+1}. The following statements are

equivalent:
(D) (T)H) (x) exists.
(2) Ty has a Taylor expansion of order two at x.

(3) The sequence (2" wy,),, converges and

lim 2/%18, = 0. 2.8
ng}x Bn (2.8)

Proof. That (1) implies (2) follows from Lemma 2.13 since T, is absolutely continuous.
We prove that (2) implies (3). Suppose that T, has a Taylor expansion of order two at x.

From Proposition 2.10 we know that A, = —lim,, 2" w,,. Without loss of generality, we may
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2.3 - Taylor expansion of order two at a point

assume that lim, 2" w, = 0. This is due to the fact that if (2" w,), does not converge to zero,

then by Lemma 2.9 we have

. Ty(x+h) —T,(x)-Ty(x)h
lim =0
h—0 h?

where v = (v,), is defined by v, = w, + A,27"". Thus, we obtain lim, 2" v, = 0. Now, we
observe that if we prove (2.8) for the sequence v then we get the same result for w since
o0 o
—Wn+ Y, Wj=—Up+ Y. Uj
j=n+1 j=n+1

for every n.
Let us consider n € A%. If £,,.1 = 0 we have that 25"“,6” = f,, and we know that lim,, 8, =

0. If £,,41 > 0 then we take h,, = g/, (x)2~"*¢»+1) and we have

Tw(x+hy)—Ty(x)— TL,U (X)hy

hi
n+lp41 =
=220l N (g (x+ hg) = g5(0) — Mg () =20 Y wigh(n)
j=n j=n+1+0,41
n+fyq1 )
=220+l (g (x4 Iy) — g0 (%) — B gl (1) (Wn -2 wj) —amh N wigh ()
j:n+1 j:n+1+én+1

where we have used the statements (1), (3) and (5) of Lemma 2.12. Now, we define

Sn = _2n+€n+1 (gn(x+ hy) - gn(x)— hng;(x)) ,

we have that s, € (1,2) by statement (4) of Lemma 2.12. Hence, taking limits with £,,4; >0

we obtain
n+lp41
0= lim 2/%15,2"[—w, + Z w;j
neNx j=n+1
oo
= lim an["“,Bn— lim 3,12’”["*1 Z w;j= lim an[”“,Bn.
neNy neNy j=nt 1+l neNy

Therefore we conclude lim¢_y, 20n+1 Bn=0.
We prove that (3) implies (1). By Lemma 2.9 we may assume that lim, 2" w,, = 0, which
implies lim,, Z”Z‘]’.‘;n |lwj| = 0. We will prove that (T,;)’(x) = 0. Let 2-n+D) « <277 gnd

suppose that n is big enough such that £; = 0 for some j < n. If ¢, = 0 then

T (x+h) - Tl (x)
h

o g;. (x+h)— g} (x)
wj h

o0

j=n

j=n
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Second order differentiability in the Takagi Class

which tends to 0 as n — oco. If €, = 1, then we denote by m(n) the maximum of the set
{j <n:e; =0} We have that m(n) € Ay and m(n) + 1+ £ ,()+1 = n. Therefore,

T (x+h) - TS (%)

i &t -giw

= w
J
h j=mn) h
/ o / o
3 i gj(x+h) gj(x) 0 gj(x+h) g].(x)
< Wi + Wj
j=m(n) h j=n+1 h
2 n oo g}(x+ h) —g} (x)
=7 |~ Wmo + Y w4+ w; n
j=m(n)+1 j=n+l1
/ !/
00 00 00 g.(x+h)—g.(x)
2 2 J J
<2n* —Wmm) + Z w;j + 2" Z |LUj|+ Z w;j 7
J=mn+1 j=n+1 j=n+1
o0 o0
52n+2 —Wmmn) + Z w;j +2n+3 Z |LUj|
j=m(n)+1 j=n+1
¢ 3 o 3w
+omm+1+ +
j=m(n)+1 j=n+1
¢ 3 3w
+ +
=28 B i | +2" Z |wj|
j=n+1
which tends to 0 as n — co. The proof for i < 0 is similar. O

It should be noted that if we are assuming the hypotheses of Theorem 2.14 for a point
x ¢ D, then (T,7) (x) = 2A,x by Lemma 2.13 where
Tyw(x+h)—Ty(x)- T, (x0)h _

s T n
Ax—}ll_r}r(l) 2 = hrrlnz Wy

by Proposition 2.10.

As a consequence of Theorem 2.14, we can always find non-dyadic points at which T},
does not have a Taylor expansion of order two, unless we have f8,, = 0 eventually. If the latter
is the case, then there is a constant M such that w, = M2~" eventually. Nevertheless, the
convergence of the sequence (2" w,), guarantees that there are many points where T,, has
a Taylor expansion of order two.

For every N € N we define the set
dn={x¢D:¥¢,(x) < N for every n}.

and we also define
AN

R
Il
T8
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Thus, o is the set of all x ¢ D such that the sequence (¢,,), is bounded. It is not difficult to
see that «f is a Lebesgue null set with Hausdorff dimension one (see [26] for instance). We
observe that if the sequence (2" w;,), converges then Condition (2.8) holds for every point

of the set o . Therefore, we have the following result:

Corollary 2.15. If w = (wy,), satisfies that (2" wy,), converges, then T, has a Taylor expansion

of order two at a Lebesgue null set with Hausdorff dimension one.

2.4 How big is the set where T, has a Taylor expansion of

order two?

It is well-known that if a function has bounded variation, then it is derivable almost every-
where (see [57]). In particular, if T has bounded variation then T, is derivable almost
everywhere, which is equivalent to the existence of a Taylor expansion of order two almost ev-
erywhere by Theorem 2.14. Of course this situation happens when T, is piecewise concave
or piecewise convex, and more generally when T, is the difference of two piecewise convex
functions. For the functions in the Takagi class, we will see that the converse assertion is true
in the following strong sense: T, has bounded variation if and only if T}, is the difference of
two piecewise convex functions belonging to the Takagi class (see Corollary 2.23 below).
Recall that if we have a partition of the interval [0,1] givenby P={0=f(< 1 <:-- <t =

1}, then the variation of a function f : [0, 1] — R over the partition P is defined by
n
V(f,P)= )Y If(tp)— f(tj-1)l.
j=1
The total variation of f over [0, 1] is defined by
V(f)= sup V(f,P)
Pc(o,1]

where the supremum is taken over all partitions P of the interval [0, 1]. The function f has
bounded variation if V(f) < co. We refer the reader to [57] for more information about
functions of bounded variation.

Our next goal is to characterize when T, has bounded variation in terms of a property
that the sequence w = (w,), must satisfy.

Since the set D of all dyadic numbers is dense in [0,1] and T}, is continuous at every
x ¢ D, the total variation of T, on [0, 1] is given by

V(T') = sup V(T., P)
PcD
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where the supremum is taken over all partitions P of the interval [0, 1] whose elements are
dyadic numbers. For a given partition P < D we have that P c D,, for some 7, so we must
compute the value V (T}, D,), namely the variation of T/ with respect to the partition
given by the set D,,. To do so, we introduce the following notation.

For every n we denote by %, the family of connected components of [0,1] \. D,,. We
should note that every interval in %, has an endpoint belonging to D, \. D,_1, whereas
the other endpoint belongs to some set Dy with k < n. Thus, we denote by &, € %,
the family of intervals with one endpoint belonging to Dy \. Dy_; where Dy = . We have
that &, = UZ;% k- It is worth pointing out that %, ; consists of two intervals, and %, i

2k—1

consists of intervals provided that 1 < k < n.

Although the study of the function T}, takes place in the interval [0, 1], we may consider

that the function T}, is extended periodically to the whole real line. Therefore, we have
o0
T ) =) wy.
k=1
Lemma 2.16. For the partition %, = D,, we have

VT, D)= Y. |Tib) - Ty (@] =2"" w1l

(a,b)eF,
n-1 %
+2lwy+ ot woorl+ Y 25— woy + wg e+ Wy
k=2

Proof. Let (a, b) € &, and assume that (a, b) € &, ;. with k = 2.
Firstly, we consider the case a € D, D,,_; and b € Dy \ Dy_;. Note that there are exactly
2%-2 such pairs. We have

n-1
T =Ty @]=)| 2 wjlg;" )~ g (@)
J=k=

since g}*(b) = g}*(a) =1 for every j = n, and a, b € J for some interval J € %;_;, which
implies that g}* (a) = g}* (b) provided that j < k— 1. For the rest of the indices we have that
g;C“L_l(b) = -1 and gl’:_l(a) = 1, meanwhile g}+(b) =1 and g}+(a) = —1 for every k < j < n.
Hence, we get

| T (D) = T (@)| = 2] — wi—y + W + -+ + wp_1l.

Secondly, we consider the case b € D, \ D;,—; and a € Dy \ Dy_;. As before, note
that there are exactly 2¥-2 such pairs. We have g}*(b) = g}+(a) =1 for every j = n and
g}+(a) = g}*(b) for every j < k—1 as above. However, now we have g;,"  (b) = g," | (@) = -1

and g}*(b) = g;ff(a) =1 for every k < j < n—1, which gives
| T (D) = T (@)| = lwn-1(gh 1 (b) — g1 (@) = | - 2wp_1].
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Finally, when k = 1 we have

| T @7 = T 0)] = | - 2wy |
and
IT/H (1) = TiF A —27"" =2 wy + -+ + wy_1l.
The result follows by adding all items. O

Proposition 2.17. The function T,; has bounded variation if and only if
n-1
limsup 2”_1|wn_1| + Z 2k_1| — Wi+ Wi+ -+ Wy_1|]| < +o0. (2.9)
n k=2

Proof. The necessity of this condition follows easily from Lemma 2.16. Conversely, we first

observe that condition (2.9) implies w € ¢;. As outlined before, we have

V(T') = sup V(T., P)
PcD

and for a given a partition P c D, we have that P c D,, for some n. Therefore, the result

follows from Lemma 2.16 since 2|w; + -+ wy,_1| <2 | wll;. O

As we saw in Theorem 2.14, if (T L’(}L )/ (x) exists for some point x ¢ D then the sequence

(2"wy), converges. In such a case, the second statement of (2.6) yields

(o]
lim2"w, =lim2" )  w.
n n

k=n+1

Furthermore, since

n n f n
§:|ﬁk|—-§:2 )—luk+- z: ZUA
k=1 k=1

j=k+1

n o0 (0.0)
<Y 2f| Y wi|=2"] Y w
k=1 j

j=n+1 j=n+l1

we obtain

00
sz_ll—LUk_1+LUk+"'+wn_1|<+OO

k=2
if and only if the series
o0 o0 k o0
§:|ﬁk|: 2:2 ’—lvk+- z: uq‘
k=1 k=1 j:k+1

converges. Additionally, we observe that the sequence (2" w,), converges provided that

P € ¢,. Therefore, we have obtained the following result:
Theorem 2.18. The function T, has bounded variation if and only if f € ¢;.
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Recall that if T} has bounded variation then it is derivable almost everywhere, which
is equivalent to saying that T,, has a Taylor expansion of order two almost everywhere
by Theorem 2.14. The following result reveals that the converse assertion is true for the

functions in the Takagi Class.

Theorem 2.19. The function Ty, has a Taylor expansion of order two almost everywhere if
andonlyifpe ¢,.

Proof. If B € ¢, then T, has bounded variation, and consequently T}, has a Taylor expansion
of order 2 a.e. Conversely, assume that T, has a Taylor expansion of order two almost
everywhere. We know that the sequence (2" w,) converges by Theorem 2.14, and hence we

obtain f € ¢y. For the sake of contradiction assume that 8 ¢ ¢;. For every n, we define the set
B ={x€[0,1]:£,,(x) Z Pn, En-1(X) # €4 (%)}

where p, = —log, |f,-1]. We also define

oo [ oo
B=) ( ,%’j) = limsup %,,.

n=1\j=n n
In Example 6.6 of [26], a refinement of the second Borel-Cantelli lemma is used to prove
that for a sequence of positive reals (¢,),, the set {x € [0,1] : £,,(x) = ¢, infinitely often } has
measure one provided that the series Y.° ; 27'» = co. Therefore, we conclude that % has
measure one since the series } 3>, 276" diverges.

Finally, we observe that if x € 2 then ¢,(x) = o, and n—1 € A4 for infinitely many

indices n, and hence

limsupZ[’Hl |Bnl=1.
neNy

By Theorem 2.14 we get that T, fails to have a Taylor expansion of order two at every point

of 28, which is a set of measure one. This contradicts our assumption. O

As we may note, the condition f € ¢; plays an important role in our framework. Itis a
condition that only involves the sequence of weights w = (w;),. We can go further than
this. We can ask what kind of property of the sequence w is behind the condition € ¢;. We
will see that this assumption means that the sequence w can be written as the difference of
two sequences, each of them satisfying the Condition (CX) that we described in Section 2.2.
Recall that a sequence u = (u,) satisfies the Condition (CX) if there exists ny = 1 such that
the sequence

o0
2" ) ug (CX)
k=n

n=nop
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is non-positive and non-decreasing. Furthermore, recall that Theorem 2.6 states that T}, is
piecewise convex if and only if the sequence w satisfies the Condition (CX). Therefore, we
conclude that § € ¢, if and only if T}, is the difference of two convex functions that belong

to the Takagi Class. For our purposes we may assume that ng = 1.

Lemma 2.20. The sequence w = (wy,), is the difference of two sequences satisfying the Condi-

tion (CX) if and only if the sequence
o0
2" Z Wy
k=n n
is the difference of two non-positive non-decreasing sequences.

Proof. If w=u—v where u = (u,), and v = (v,), are two sequences satisfying the Condition
(CX) then

(o] (&) (&)
2" Z wy =2" Z u,—2" Z Uk
k=n k=n k=n
for every n, and the result follows immediately.

Conversely, if u = (1), and v = (v,), are non-positive and non-decreasing sequences
such that

o0
k=n

for every n, then
Wy = (Z_nun —2~(+) un+1) - (2—n Un— 2~ Un+1)y

for every n. It is immediate to see that both sequences (27", -2~ "*Vy,, 1) and (27" v, -
2~ Dy, 1), satisfy the Condition (CX). O

Lemma 2.21. A sequence (c;) is the difference of two non-decreasing and non-positive se-

quences (a,), and (by) », if and only if

o0
Z lcn — Cn+1l < +oo.
n=1

Proof. If (ay);, and (b,), are non-decreasing and non-positive sequences such that ¢, =
an, — by, for every n, then

lcn — Cnsi1l <lan — ans1l + by — b1l = aps1 — an + b1 — by,

and hence

(e.0]

Y len—cns1l < —ay +limay, — by +lim b, < +oo.
n n

n=1
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Conversely, assume that

o0
Z [cn — Cp+1l < 400
n=1

and consequently, the sequence (c,), is convergent. We define
o0
am=-Ilimcyl = 3 lep=cneal  and by =am—cm
n=m

for every m. Itis clear that ¢, = a;, — by, and that (a,;) ,, is non-positive and non-decreasing.

Moreover, we have

00
b =—|limcy,| - Z |Cn = Cn+1l — Cm
n n=m

o0 [e.0]
== 2 (en—cpe1) —limey = [limey| = ) len=cni1l <0

n=m n=m
and
by —bms1 = Cms1—Cm—ICm —Cm1l <0
for every m, which gives us the result. O

Proposition 2.22. The sequence w = (wy), is the difference of two sequences satisfying the
Condition (CX) ifand only if B ¢,.

Proof. We have that w = u— v where u and v are two sequences satisfying the Condition

(CX) if and only if the sequence
o0
(2” Z wk)
k=n n
is the difference of two non-decreasing and non-positive sequences by Lemma 2.20, which

is equivalent to saying that
o0 [e.°]
> 2= ¥ w=3
n=1

[e.°]
k=n+1 n=1
by Lemma 2.21. O

00 0
2"2 wk—2”+1 Z wk)<+oo
k=n k=n+1

Theorem 2.23. The function Ty, is the difference of two piecewise convex functions of the

Takagi class if and only if € ¢;.

Collecting the results that we have presented above we obtain the following striking

result:
Theorem 2.24. Let w € ¢;. Then, the following statements are equivalent:
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(1) Ty has a Taylor expansion of order two almost everywhere.

(2) T, has bounded variation.

(3) T.r is derivable almost everywhere.

4 Bet,.

(5) Ty, is the difference of two piecewise convex functions of the Takagi class.

Finally, we characterize when f € ¢, in terms of a more manageable condition. To do so,

we define the sequence a = (a,), as
an=2""Tw,.1-2"w,

for every n.

Lemma 2.25. We have that € ¢, ifand onlyifa € ¢;.

Proof. Since

(0 0] o0
2Bn =P =2 wpt Y wjtwea- Y wj)=2a, (2.10)
j=n+1 j=n+2
for every n, we obtain that a € ¢, provided that € ¢;.
Now, assume that a € ¢;. Then, for 1 < p < g we have
q-1 qg-1 q-1 p-1
29wy -2 wy =Y (-2"wp+2" " wp)= Y an=)Y an-Y a,
n=p n=p n=1 n=1

which implies that (2" w},),, is a Cauchy sequence and therefore it converges. The second
statement of 2.6 yields that S € ¢y. Finally, using the equality (2.10) we get

N N N N+1 N
2 Z 1Bnl < Z |Bn+1l+2 Z lanl = Z |Bnl +2 Z lanl,
n=1 n=1 n=1 n=2 n=1
and consequently
N N
Y 1Bal < IBnal=1B1l+2 ) lanl.
n=1 n=1
which implies that g € ¢;. O
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2.4.1 Adichotomy

In the sequel, we denote by £ the Lebesgue measure on R. As stated in Corollary 2.15, if
the sequence of weights w = (w,), satisfies that (2" w,), converges, then T,, has Taylor
expansion of order two at a Lebesgue null set with Hausdorff dimension one. Furthermore,
we know that T, has Taylor expansion of order two almost everywhere if and only if the
sequence f = (f,), belongs to ¢;. We may ask ourselves if we can say more when £ ¢ ¢, but

(2"wy), converges. The answer is “no” and the reason for this is the following result:

Lemma 2.26. The set I of those points x such that T,, has a Taylor expansion of order two at

X is either a null set or has measure one.

Proof. Recall that we have denoted by &, the family of connected components of [0, 1]\ D,,.
Let I; and I, be two different intervals of %,, and we consider the translation 7 that satisfies
7([1) = I,. We have that T,, has a Taylor expansion of order two at x € I; if and only if T}, has
a Taylor expansion of order two at 7(x). This is because this property does not depend on
the first n digits of the binary expansion of x, and we know that x and 7(x) have the same

digits ¢ for every k > n. From this fact we deduce
LUNT)=2""VLT)=2LDLIT)

for every I in &,,.

We may express every interval J  [0,1] as a disjoint union of a countable number of
intervals belonging to & plus a countable set. Hence £(Jn9) = L(J)Z£(J) for every
interval J. This implies that the density of 9 at a point x € [0, 1] is given by

. ZL((x-rx+nng)
rlirg ZL((x—rx+T1)) =Z7)

and the Lebesgue density theorem (see [43]) yields that 9 has measure either zero or

one. 0
We obtain the following result:

Proposition 2.27. Ifthe sequence (2" w,,),, converges, then the set of points where Ty, has a

Taylor expansion of order two is a null set with Hausdorff dimension one if and only iff ¢ ¢;.

In view of the results, we conclude that two mutually exclusive alternatives arise when

the sequence (2" w,,),, converges:

(1) T,’j has bounded variation and equivalently, T,, has a Taylor expansion of order two

almost everywhere, or
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(2) T,  does not have bounded variation and equivalently T,, has a Taylor expansion of

order two only on a null set of Hausdorff dimension one.

2.5 The Stepanoff condition of order two

The Stepanoff condition is the weakest property that we are examining. Our first result
reveals some requirements for the sequence of weights w = (w}), in order for T}, to satisfy
a Stepanoff condition of order two at some point. In particular, if T, satisfies a Stepanoff
condition of order two at a point, then we obtain that w € ¢;. This justifies why the study of
the second order differentiability properties that we are considering in this chapter must be

done under the assumption w € ¢;.

Lemma 2.28. Let w = (wy,), be a sequence such that (w,2™"), € ¢1. If T, satisfies a Stepanoff
condition of order two at a point x € [0, 1], then there exists M > 0 such that 2" |w,| < M for

every n. In particular, we have w € ¢,.

Proof. It is enough to prove that there is K > 0 such that 2"|w,| < K eventually. Let M > 0
and 6 > 0 satistying
| Ty (x + h) — Ty (x) — T),(x) | < Mh? (2.11)

provided that 0 < |h| < 6.
Assume first that x ¢ D. For every n we consider x € (a,, b,) € %,. We also denote by ¢,
the midpoint of such an interval. For every n such that 2~ < § we take h,, = 2(c, — X)

and we have the following:
(1) |hnl <2770
(2) gr(x+hy) - gk(x) — g (x) hy, = 0 for every k < n.
(3) gx(x+ hy,) = grx(x) for every k = n.

Therefore,

| Ty (X + hy) = Top(x) = T, (X) | = ‘_hn Y wig(x)
k=n

and by using (2.11) we obtain

3M

< Ml + Mihye| < 25

lwal =) weg(X)— Y wigL(x)

k=n k=n+1

for every n such that 2=~V < §.
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Finally, assume that x € D. For every n such that 2-"*~1 < § we take h, = 27"~V and

then, the proof follows in a similar way as above by replacing g; with g;". O

Proposition 2.29 below characterizes when T}, satisfies a Stepanoff condition of order
two at a dyadic point. Recall that if T, satisfies a Stepanoff condition of order two at

X € Dy41 \ Dy, then it must be derivable at such a point. Since

n—-1 [e’s) n-1 [e)
T (x) = Z wjg}(x)—(wn— Z wj) and T, (x)= Z wjg}(x)+(wn— Z wj),
i=1 j=n+1 j=1 j=n+1
we deduce that -
Wp= Y W (2.12)

j=n+1

is a necessary condition for T, to satisfy a Stepanoff condition of order two at x.

Proposition 2.29. Let w € ¢ and x € D. Then, T, satisfies a Stepanoff condition of order two
at x ifand only if Ty, is derivable at x and there exists M > 0 such that2"|w,| < M for every n.

Proof. Assume that x € D, \ D, for some n. By Lemma 2.28 and the previous comment it

is enough to prove the sufficiency part. Since T, is derivable at x we have
n-1
Ty, () = ) w;g;(x).
j=1

We consider 2~ < || < 27" for some m = n and we have that gj(x+h) - gi(x)— g, (x) h =

0 since g is affine between x and x + h for every k < n, so we get

|Tw(x+h) = Ty (x) = Ty, (X) Al = wu(gn(x+ h) — gu(X) + Y. w;gj(x+h)

j=n+1
=—|hlw,+ Y wgix+h)= ) wj(gjx+h)—Ihl)
j=n+1 j=n+1
= Y wj(gjx+m—Inl) <l Y |wjl<2Mh?
j=m+1 j=m+1
which gives us the result. O

Concerning the non-dyadic case, our purpose is to characterize when the function Ty,
satisfies a Stepanoff condition of order two at a non-dyadic point in terms of a property that
the binary expansion of such a point must satisfy. We will be working with the notation that

we introduced when considering the Taylor expansion of order two.
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Lemma 2.30. Let w € ¢,. If Ty, satisfies a Stepanoff condition of order two at x ¢ D, then there
exists M > 0 such that 2¢r+ |8l < M foreveryne N.

Proof. By using Lemma 2.28 we may take K >0 and 6 > 0 such that |w,| < K27" for every n,
and | Ty, (x + h) — Ty (x) — T/, (x) h| < Kh? provided that 0 < || < 6.
For every n € 4, such that 27" < § we take h,, = g}, (x)2~"**/»+1) and we have

n+lpi1 =
=| Y wilgthy) - g -gih)—hy Y. w;ghn)
j=n Jj=n+1+lp

by Lemma 2.12. Hence we obtain

n+ln+1 [e°]
Y. wi(gj(x+hy) —gj(x) - g;(x)hy) < K272+ Y w;g;(x)
j=n j=n+14+6,41

< 2K2_2(n+€"+1).

Now, we denote r,, = =241 (g, (x + hy) — gn(x) — g, (x)hy) and by Lemma 2.12 we have

that r,, € (1,2). From Lemma 2.12 again we obtain

2 ’ n+lyi1 ¢ n+fp41
+ / +
22l N (g + hy) — g(0) = g5 (0 )| = g2 —wy + Y w;
j=n j=n+1
¢ ¢ - ¢ ¢ S
> 1,241 B, | — rn2n+ n+l Z |wj| > 264118, —on+l+bn Z |wj|-
jEn+1+lp0 j=n+1+0y,4
Finally, we conclude
¢ bin+l N
+ +
2°m1| B < 2K 42" Y. lwjl=4K
j=7’l+[n+1+l
which gives us the result. O

Lemma 2.31. Let x ¢ D. If there exists M > 0 such that
(1) 2™ wy| < M for every n, and
2) 2¢nn 18] < M foreveryne A,

then Ty, satisfies a Stepanoff condition of order two at x.

Proof. For every n we consider x € (ay, b,) € %,. We also denote by c¢,, the midpoint of such

interval.
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We consider first the case when h > 0. We have 2-""*1) < < 27" for some 7, and we may
assume that 7 is big enough such that ¢;, =0 and ¢}, = 1 for some jy, j> < n.

If e, = 0 then x, x + h € (an, by) and consequently g; is affine on [x, x + k] for every j < n,

so we get
Tw(x+h)—Ty(x)—hT (x) 1|
w h“; w =3 Y wj(gj(x+h)—gj(x)—hg}(X))
j=n
2 & n+2 o Ad-_
SE];WMSZ ];IE—BM-

If £, = 1 then we denote m(n) = max{j < n: ¢; = 0} and we have that m(n) € .4, and
m(n) + 1+ 4,,(m+1 = n. We obtain

o0

Y wi(gjlx+h)—gj(x)~hgjx)

j=m(n)

| Tw(x+ h) = Ty (x) — AT, (x)| =

since X € (amn), Cmn)) Which implies that x+ h € (@), bmn))- In order to estimate the right

side of the formula, proceeding similarly to what we did in Lemma 2.12, we observe

gj(x+h) = gj(x) = hg;(x) = ~(gmm (X + 1) = §m(m (X) = hgp 1y (X))

for every m(n) < j < n. Hence we have

Y. wilgjx+h) -gj(x)-hgix)
j=m(n)
n
= |gm(n) (x+h) = gmm () — hg:vl(n) (x)| Wm(n) — Z wj
j=m(n)+1
o0
+| 2 wjlgGe+ h) - gj(x) — hgj(v)
j=n+1
<2h|Wmm— Y, wjl+2h Y |wjl< Sy P +4h Y lwjl
j=mn)+1 j=n+1 Jj=n+1
<8h22mmw+1|B | +8MHh? < 16 Mh?
which implies
. | Ty (x + h) = Ty (x) — Ty, (x)]
limsup < +o00.
h—0+ h?
The case when & < 0 is similar. O

We have proved the following result:
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Theorem 2.32. The function Ty, satisfies a Stepanoff condition of order two at x ¢ D if and
only if there exists M > 0 such that

(1) 2" |wy| < M for every n, and
2) 2¢n+1B,, < M for every n € N.

Now, we take a look at the set of points where T}, satisfies a Stepanoff condition of order
two. At the end of Section 2.3 we defined the set

o0
o= oy
N=1
where oy = {x ¢ D: ¢,(x) < N for every n}. Recall that «f is a Lebesgue null set with Haus-
dorff dimension 1. Observe that if the sequence of weights w = (w,,) satisfies that there is
M > 0 such that 2""|w,| < M for every n, then the second statement of Theorem 2.32 holds

for every point of the set «#. Hence, we have the following result:

Corollary 2.33. If there exists M > 0 such that 2"|wy,| < M for every n, then T, satisfies a

Stepanoff condition of order two at a Lebesgue null set with Hausdorff dimension one.

The result of A. P. Calderén and A. Zygmund mentioned above together with Theorem
2.24 gives the following result:

Theorem 2.34. The function T, satisfies a Stepanoff condition of order two almost everywhere
ifand only if e ¢*.

Proceeding in the same way as we did in Subsection 2.4.1, we deduce the next result

analogous to Proposition 2.27.

Proposition 2.35. Ifthere exists M > 0 such that2"|w,| < M for every n, then the set of points
where T, satisfies a Stepanoff condition of order two is a null set with Hausdorff dimension
oneifandonlyif ¢ (.

2.6 Final examples

The results we have obtained throughout this chapter allow us to construct functions in the
Takagi Class with prescribed properties. We end this chapter by presenting some of them.
It is worth noting that examples of functions with such properties are hard to find in the

literature and, in general, they are not as simple as the examples from the Takagi Class.
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It is well-known that every convex or concave function is differentiable at all but count-
ably many points (see Theorem 1.3.3 of [92] for instance). In the following example, the
function T, is piecewise concave when a > 2 and it is differentiable at every point except

for the dyadics. Recall that a function Ty, is differentiable at x € D, ;1 \ D, if and only if

o0
wp= ) wj.
j=n+1
Example 2.36. Let a € R be such that a > 1. We consider the sequence w = (w,) defined by
w;, = a~ " for every n. If « = 2 then T, is piecewise concave by Theorem 2.7, and hence it
satisfies a Stepanoff condition of order two almost everywhere. Moreover, for a > 2 we have

=Y L 2y 2 e
x) = = —~ —, € ,
v n=1 a” a-1 n=1 a’ "

for every x ¢ D. The range of T}, is a Cantor-like set of Hausdorff dimension log2/loga (see
Chapter 4 of [41]).
However, if 1 < a <2 then by Lemma 2.28 we get that T,, does not satisfy the Stepanoff

condition of order two anywhere.

Example 2.37. For the sequence w = (w,,) defined by w,, = (n+1)(n2") ! for every n, we

have that T, is piecewise concave by Theorem 2.7.

Example 2.38. For the sequence w = (w,) defined by w, = %, the function T;, has a

Taylor expansion of order two almost everywhere by Theorem 2.24 since f € ¢;. Observe
that Ty, is neither convex nor concave by Theorem 2.6 and Theorem 2.7. However, by
Theorem 2.24 again we know that it can be written as the difference of two piecewise

concave functions, as T,, — T, where u = (u,), is given by u, = ﬁ ifnisevenand u, =0

1

—=-if nis odd and v,, = 0 for n even.
ne2n

for n odd, whereas v = (v,,), is given by v, =

(="
n2n

Taylor expansion of order two only on a null set of Hausdorff dimension one by Proposition
2.27.

Example 2.39. For the sequence w = (w,) defined by w, = the function T,, has a

The result of P. Calderén and A. Zygmund yields that having a Taylor expansion of order
two almost everywhere is equivalent to satisfying the Stepanoff condition of order two almost
everywhere. However, the set of points where a function satisfies a Stepanoff condition of
order two may not agree with the set of points where it has Taylor expansion of order two.

The following example illustrates this fact.
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(=D~
n2an

T,, has a Taylor expansion of order two almost everywhere, and it satisfies the Stepanoff

Example 2.40. For the sequence w = (wy) defined by w, =

for every n, the function

condition of order two almost everywhere. However, there exist points x such that T,
satisfies the Stepanoff condition of order two at x but does not have a Taylor expansion of
order two at x.

Indeed, let us consider the point x =377 | e,27 " with €, € {0, 1} defined in the following
way: €, = 1if n = n,, for some m, and ¢, = 0 otherwise, where we define recursively the
increasing sequence (7)), by 11 = 1, and 111 = nyy, + [210g, 1y | + 2.

The sequence w satisfies lim,, 2" w, = 0 and f € ¢!. The point x satisfies that if n > 2
then ne A, ={n:¢, # €,+1} if and only if either n = n,, or n = n,;, — 1 for some m. Moreover,
we have ¢, =0and ¢,, .1 = [2log, n,,|. Hence, we obtain lim,, 2 8, _; =0, but

1 1 1
anmﬂ |ﬂnm| — 2[210g2 Nm] |ﬁnm| > _nfnlﬁnml > _nsnznmlwnml ——
2 2 2
which is bounded but does not converge to 0.

Example 2.41. Let us consider the sequence w defined by w,, = (—21n)" Then, T,, has nowhere

a Taylor expansion of order two but it satisfies the Stepanoff condition of order two at every
point of the set «f defined above.
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CHAPTER

INFINITE DERIVATIVES OF THE TAKAGI-VAN DER WAERDEN

FUNCTIONS

When it comes to studying a continuous nowhere differentiable function, it is natural to
ponder the existence, or non existence, of one-sided derivatives and infinite derivatives. In a
sense, this can be thought of as a measure of the degree of non-differentiability of such a

function.

G. C. Young (1868-1944) studied this issue in detail for the classical Weierstrass function
in the year 1916 (see [112] or Theorem 3.5.5 of [74]). She proved that it has cusps pointing up-
wards, which are points with a right-hand derivative equal to —oco and a left-hand derivative
equal to +oo, at a countable dense set. Whereas, it has cusps pointing downwards, which
are points with a right-hand derivative equal to +oo and a left-hand derivative equal to —oo,
at another countable dense set in [0,1]. She also obtained that the classical Weierstrass

function does not have infinite derivatives, a fact already known to K. Weierstrass.

Perhaps, the most extreme case is that given by A. S. Besicovitch, which admits neither
finite nor infinite unilateral derivatives at any point (see [22] or [23]). Nowadays, a function
satisfying this property is called a Besicovitch function and we refer to the survey [36] for

more information about this topic.

In 1933, T. H. Hildebrandt rediscovered the Takagi function and he provided another
proof of its nowhere differentiability (see [68]). An Editor’s note affixed to his paper suggested

characterizing those points (if any) where the Takagi function has an infinite derivative.

Three years later, E. G. Begle (1914-1978) and W. L. Ayres (1905-1976) proved that the



Infinite derivatives of the Takagi-Van der Waerden functions

Takagi function has right-hand derivative equal to +oo and left-hand derivative equal to —oco
at every dyadic point of the interval [0, 1]. Regarding the case when x € [0, 1] is not a dyadic

point, they showed that T'* (x) = +oo if the series of the derivatives

Y gnx) 3.1)
n=1

converges to +oo. They assumed that the proof for the case T'~ (x) = +oo was similar and
they wrongly claimed that the derivative of the Takagi function at a non-dyadic point is +oo
whenever the series of the derivatives at such point converges to +oo (see [20]). There is no
evidence in the literature that this mistake was ever noticed until a few years ago.

In 2010, M. Kriippel, unaware of Begle and Ayres’ article, published a counterexample
to their claim (see Section 7.2 of [80]). He provided a point of the unit interval by means of
its binary expansion such that the series of the derivatives at such a point converges to +oo
but the lower-left Dini derivative of the Takagi function at such a point is equal to —co. This
counterexample will be thoroughly examined later in Example 3.12.

P. C. Allaart and K. Kawamura (see [11]) and M. Kriippel (see [81]) independently char-
acterized the set of points where the Takagi function possesses an infinite derivative. On
the one hand, they obtained the “if and only if” statement concerning the case when the
right-hand derivative of the Takagi function at a non-dyadic point is equal to +oo. On the
other hand, taking advantage of the fact that every non-dyadic point x € [0, 1] can be written

as
S 1

X = =
n:12 "

where (mj,) is a strictly increasing sequence of positive integers determined uniquely by x,
they proved that 7'~ (x) = +oo if and only if

Lo

nlign Y 8L(X) = (Mps1 — My) +10g, (Mps1 — My) | = +oo. (3.2)
k=1

In connection with the base two expansion of the point x, let us observe that m,, corresponds
to the position of the n-th 1-digit in such a expansion. Finally, by using the symmetry of
the Takagi function, thatis T'(x) = T(1 — x) for every x € [0, 1], they obtained similar results
regarding the case when the right-hand and the left-hand derivative of the Takagi function
at a non-dyadic point is equal to —oo.

Moreover, P. C. Allaart and K. Kawamura showed that the set of points where the Takagi
function possesses an infinite derivative has Hausdorff dimension one.

The purpose of this chapter is to present a thorough study of the one-sided derivatives

of the Takagi-Van der Waerden function. Thus, we answer the question posed by P. C. Allaart
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and K. Kawamura in the survey [10], which suggested determining those points where the

Takagi-Van der Waerden function has an infinite derivative.

3.1 Behavior of the series of the derivatives

As was mentioned earlier, the right-hand derivative of the Takagi function at a non-dyadic
point is equal to +oo if and only if the series of the derivatives (3.1) at such a point converges
to +oo.

We continue by examining Condition (3.2), which characterizes when the left-hand
derivative of the Takagi function at a non-dyadic point is equal to +co. Recall that for a
non-dyadic point x € [0, 1] with binary expansion x = 0.€&2¢€3... we have g/,(x) = 1 —2¢,/(x)

for every n. It should be noted that Condition (3.2) implies
mp
lim ) g.(x) = +oo.
n—oo k=1

In addition, for every n we have €,,,(x) =1 and ¢, , (x) = 1, whereas if m, < j < m;4; then
£j(x) = 0. We have g, (x) =g, (x)=-1and g;. (x) = 1 for every my,, < j < my1, which

yields

my j Mp+1

2 8i0<) s ) g+l

k=1 k=1 k=1
whenever m,, < j < m,+1. Therefore, Condition (3.2) implies that the series of the derivatives
(3.1) at such a point converges to +oo.

On account of the role the convergence to +oo of the series of the derivatives plays in
the Takagi function case, in order to obtain similar results for the Takagi-Van der Waerden
function, it seems quite natural to investigate the appearance of the base-r expansion of a
point at which the series of the derivatives tends to +oo or —oco. To do so, we should bear in
mind the relation between the base-r expansion of a point of the unit interval, and the value
of the function g, at such a point. We discussed this relationship in Section 1.3 of Chapter 1

and it can be summarized in the following result:

Lemma 3.1. Letr = 2 be an integer and let x € [0,1] with base-r expansion given by x =

Y2 enr ™", For every n, we have the following:
(1) When x € D, U D,,, we have:

(@) gn(x)=0ifandonlyifxe D,.
() gn(x)=1"""V/2 ifand only ifx € Dy,.
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(©) g, (x)=1andg, (x)=-1ifandonlyifx € D,.
d) git(x)=-1andg! (x)=1ifand onlyifx € D,.

(2) When x ¢ D, U D,,, we have:
(@) gn(x)=x-apandg,(x)=1,ifand onlyife;, < (r—1)/2,
(b) gn(x)=b,—xand g (x)=-1, ifand only ifeg, > (r—-1)/12,
wherek, =min{k=n:e; # (r—1)/2}.

For a point belonging to D U D the derivative of the function g, at such a point will not
exist for large enough n. Hence, the study of the behavior of the series of the derivatives only
makes sense for a point x ¢ DU D. By virtue of Lemma 3.1 we may grasp the nature of the
base-r expansion of a point not belonging to D U D whose series of derivatives converges to

+00 or —oo. To do so, we introduce the following notation. For a point x ¢ D U D we define
Omx)=#{n<m:er, <(r—-1/2}, and IL,x)=#{n<m:e,>(r-1)/2}

where # stands for the cardinality of a set. Roughly speaking, we may say that O,,(x) counts
the number of indices j’s for which the digit £; contributes “+1”, meaning that g} (x) =+1,
and I,,(x) the number of indices j’s for which the digit € ; contributes “—17 that is g} (x)=-1,

among the first m digits of the base r expansion of x. We may write
m
Y 8n(%) = Op(x) = I;n(x) (3.3)
n=1

and the next result is immediate.

Lemma 3.2. Let r =2 be an integer and let x ¢ D U D be written as x = Yol €nl " where

€ €10,...,r —1}. Then, we have the following:
(1) X521 8,(x) = +oo ifand only if 1imy .o Oy (x) = In(x) = +o0o, and
2) X2, 8,(x) =—o0 ifandonlyif lim,_.o, Oy (x) — I,,(x) = —oc0.

Using the notation Oy, (x) and I,,(x) is motivated by the case r = 2, where O, (x) is the
number of 0’s and I,;,(x) is the number of 1’'s among the first m binary digits of x. In this

case, we have

In(X) =) €n, Opm(x) =m—ILy(x)
n=1

and the finite sum (3.3) reflects the excess of zeros over ones in the first m digits of the base
two expansion of the point.

Recall that £ stands for the Lebesgue measure on R.
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Theorem 3.3. Letr = 2 be an integer. Then, the sets A* = {x€[0,1]: X2, g,,(x) = +oo} and

A" ={x€[0,1]: X2, g},(x) = —co} have Lebesgue measure zero.

Proof. We consider the function S : [0,1] — [0,1] defined by S(x) = 1 — x. We have that
gn(x) = g,(S(x)) and g/, (x) = —g/,(S(x)) for all n and all x ¢ DU D. Furthermore, we also
observe that x ¢ DU D ifand only if 1 — x ¢ DU D. The sets A* and A~ are obviously disjoint,
and they have the same measure since A* = S(A7).

Foreveryn=1and k=0,...,r" — 1 we denote ]I’Cl = (kr " (k+1r~"). We have
n +_k n +
JynA :ﬁJf(]om‘l )
and hence £ (J;!n A*) = £ (J{! n A*) for every k = 0,..., 7" — 1, which implies
1
LUinaY)=2(A)=20)2L(aY).

forevery k=0,...,r" - 1.

We may write every interval I < [0,1] as a disjoint union of a countable number of
intervals J?* plus a null countable set. Therefore, £ (1N A*) = £(I)£ (A”) for every interval
I < [0,1]. This implies that the density of A* at a point x € [0,1] is given by

i Z((x—rx+rnA")

=% (A")
r—0t  ZLx—-rx+r))

and the Lebesgue density theorem (see [43]) gives that A* has measure either 0 or 1. However,
it cannot be 1 because A* and A~ are disjoint sets and they have the same measure. We
conclude Z (A7) = £ (A*) =0. O

3.2 One-sided derivatives and the series of the derivatives

In this section we investigate the one-sided derivative of the Takagi-Van der Waerden func-
tion at a point. To do so, we address the study of the right-hand derivative of the Takagi-Van
der Waerden function at a point x ¢ D U D and then, the analogous result for the left-hand
derivative is obtained by applying the previous result for the point 1 — x and using the
symmetry equation f;(x) = f;(1 — x).

We also shed light on the relationship between the behavior of the Dini derivatives of
the Takagi-Van der Waerden function at a point, and the convergence to +oo or —oo of the
series of the derivatives at such a point. This allows us to understand how the partial sum of

the series of the derivatives at a point not belonging to D U D appears in a natural way while
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carrying out this investigation. Furthermore, we will see the different nature the Takagi-Van
der Waerden function has depending on whether r is odd or even.
Recall that the four Dini derivatives of a function f: R — R at a point x € R are defined as

follows.

(1) Upper right Dini derivative:

(x+h)—fx)
o [

D" f(x) =limsu (3.4)
h_>0+ h
(2) Lower right Dini derivative:
d* f () = liminfL &M=/ 3.5)
h—0+* h
(3) Upper left Dini derivative:
D f(x) = limsup LEF M=), 3.6)
h—0- h
(4) Lower left Dini derivative:
d” f(x) = nhmgr_lff(“ h;_f(x). (3.7)

The four Dini derivatives exist at every point for every function defined on the real line and
they are named after the Italian mathematician U. Dini. It is immediate to see that a function
is derivable at a point if and only if all four Dini derivates are equal at that point, and it has a
one-sided derivative at a point if the two Dini derivates from that side are equal. We refer to
the book [105] for more information about the Dini derivatives and their applications.

As already stated in the opening of this chapter, Begle and Ayres (see [20]) proved that
the Takagi function has cusps pointing downwards at every dyadic point of the unit interval.
Although not explicitly stated, this result was extended to the Takagi-Van der Waerden
function case by Juan Ferrera and Javier Gomez Gil (see [48]). In a broader context, for an

integer r = 2 they obtained that
D™ fy(x)=-oco and d* f;(x)=+o0
whenever x € D, which gives us the following result.

Proposition 3.4. Let r =2 be an integer. If x € D, then f}* (x) = 400 and f~ (x) = —co.
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3.2 - One-sided derivatives and the series of the derivatives

When r is even, we have D,,  D,,,; and consequently, D c D. However, if r is odd then
DNnD =@ and D,, c Dy, for every n. In the latter case, the result concerning the one-
sided derivatives of the Takagi-Van der Waerden function at a point of D is an immediate

consequence of Theorem 4.2 in Chapter 4, which yields
D* fy(x)=—oco and d~ f;(x)=+oc0
whenever x € D.
Proposition 3.5. Letr =3 be an odd integer. If x € D, then f!* (x) = —oo and f!™ (x) = +oo.

The previous results reveal that the Takagi-Van der Waerden function has cusps pointing
downwards at every r-adic point, and when r is odd, it has cusps pointing upwards at every
middle-point. It is interesting to compare this property with the nature of the classical
Weierstrass function.

It should be recalled that every point x ¢ D U D lies between two consecutive r-adic
numbers of order n, and that we have denoted them by a, = max{y € D, : y < x} and
b, = min{y € D, : y > x}. Recall that €x(a,) = €x(x) for every k < n—1 and e (a,) = 0 for
every k = n. We also denote by ¢, the midpoint of the interval [a, b,].

The following lemma reveals how the partial sum of the series of the derivatives at a
point x ¢ DU D comes into play when considering the difference quotients of the Takagi-Van

der Waerden function over the intervals [a,,, x] and [x, b;,].

Lemma 3.6. Letr =2 be an integer and x ¢ DU D . For every n, we have

fr(bn)_fr(x) zn: ( ) < fr(an) fr(x)

b,—x a,—Xx
where a, =max{y € Dy :y<x} and b, =min{y € D, : y > x}.

Proof. It is enough to observe that

fr(bn)_fr(x) 1l 8 (bn) _gk(x) OO gr(x)
S 3

bn—x 1 by —x keme1 bn =X
L (b ) — gr(x) 1t
< Z 8k by xk < Z gk(X)
k=1 k=1

where the last inequality follows because for every 1 < k < n we have that the function
8k is 1-Lipschitz and is affine on [x, b,] provided that g;C (x) = —1. The other inequality is

similar. O
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For every n we recall that g, is a piecewise affine map with nodes located at the points
of D,,u D,, and consequently, for a point x ¢ D U D the function g is affine on [x, x + d,,] for

every 1 < k < n where
dp=dy(x) =min{y—x:y€D,UD, and y> x}.

Since the distance between two consecutive points of D,, U D, is r~"*~1/2 it follows that
0<d,<r " V/2andifd,; <d, then we necessarily have d,, > r="/2.

In order to prove Lemma 3.7 below, for every n = 1 we are interested in describing when
the situation d,, = dj+1 holds in terms of the base r expansion of x ¢ DU D. A brief reflection

on it suffices to reveal that d,, = d,+ if and only if one of the following situations occurs:

* Situation 1: ¢, =r—1and ¢,,, > (r—1)/2. Here, we have x+d,, = x+dy1 € D,
Dpy1.

an Cn An+1 Cns1 bn=bps

Figure 3.1: Situation 1

e Situation 2: ¢, = (r —2)/2 and €, = r/2. This case can only happen when r = 2 is an

even integer, and hence we have x + d,, = x + d;+1 € D, € Dy 1.

8n
X 8n+1
an An+1 Cn+1l bpr1 =y by

Figure 3.2: Situation 2

* Situation3: £, = (r —1)/2 and &i,,,, < (r —1)/2. This case can only happen when r > 2

is an odd integer, and hence we have x + d, = x + dy,+1 € D, € D1
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3.2 - One-sided derivatives and the series of the derivatives

Figure 3.3: Situation 3

Furthermore, for a point x ¢ DU D we have that (x+d,,) , is a non-increasing sequence of
points belonging to DU D that converges to x as n — co. We may extract a strictly decreasing

subsequence (x + dp, ) converging to x such that if ny < n < ny,; then

dy=dy,,, and x+dy,, €D,UD,.

where we consider ny = 0. Furthermore, since d, 1 < d,, we get

1

dy, < ST

—<
21"k

Lemma 3.7. Letr =2 be an integer and x ¢ D U D. There exist decreasing sequences (h,) and
(h!) converging to 0 such that

frx+hy) = fr(x)

n
———1 d
e RSO
—h— n
frix=h) - fr(x) Z ()+ 1
-h), = -1
Proof. Firstly, we observe
frix+dy) - fr(x) Zg](x"'dnk) gj(x)+ i gilx+dy)—gjx)
dn, dn, j=ng+l dny
>Zk8'(x)——1 > >§g’(x)——r 3.8)
= 2dny L T 3 r—1 .

where we have used that d,,, > r~"%/2 and that gj is affine on [x, x + d,, | for every 1 < j < ng.
Now, we construct the sequence (h;), as outlined below. Let n = 1 be fixed. If n = ny for
some k then h, = d,, and the result follows immediately by (3.8), meanwhile for n; < n <

ny+1 we distinguish two cases:
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If x+dy,,, = X+ dp.+1 € Dp,,, then we have either x + dy,+1 € Dy, +1, which implies
g;kﬂ(x) =1 (see Figure 3.2), or x + dy, +1 € Dy, +1 which implies g;kﬂ(x) = —1 (see Figure
3.1). In both cases, we take h, = d,,, which yields g}(x) =-1for ny+2<j < ngs; and
therefore, by (3.8) we get

frix+hy)—fr(x) & ' r L r
> (x)———= -1-—
hn ]Zzl g] (X) -1 Jg (X) r—1
Ifx+d, € ﬁnkﬂ then we take h, = dj,,,, which implies g}(x) =1for ng < j < ngs;
and hence, again by (3.8) we obtain

r
(x)——

-1

(x+ hn - Mg n
f (x h) fl‘(x) > Z g;(x)_ Z
n =1 j=1

This proves the first inequality. The second inequality for a point x ¢ D U D is obtained by
applying the previous one at 1 — x and using the property f(x) = f-(1 - x). O

The previous result together with Lemma 3.6 allows us to deduce some links between
the Dini derivatives of the Takagi-Van der Waerden function and the behavior of the series

of the derivatives at a point.
Proposition 3.8. Letr =2 be an integer and x ¢ D U D. Then, the following statements hold:
(1) Ifeither f;*(x) = +oo or f{”(x) = +oo, then Y32, g,.(x) =
(2) Ifeither f!*(x) = —oo or f/~(x) = —oo, then P I g;c(x) =
3) IfX32, 8.(x) = +oo then D™ f;(x) = D™ f(x) = +o0
(4) If¥X52, 8,.(x) = —oo then d fr(x) = d_ fr(x) = -

Proposition 3.8 yields that the Takagi-Van der Waerden function has cusps only at the
points belonging to D U D. A similar result was obtained by G. C. Young for the classical
Weierstrass function (see [112]).

Although the following result can be obtained as a consequence of the Denjoy-Young-
Saks theorem (see [30]), it also follows from Theorem 3.3, and statements (1) and (2) of

Proposition 3.8.

Corollary 3.9. Let r = 2 be an integer. Then, the sets {x : /" (x) = +oo}, {x: f/”(x) = +o0},

{x: fl*(x) = —oo} and {x: f]~(x) = —oo} are null sets for the Lebesgue measure.
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The following result shows that Proposition 3.8 can be improved when r = 2 is an even
integer. In this case, we have D,, € D,,, for every n and this plays a major role in the proof

of such a result.

Theorem 3.10. Let x¢ DU D. Ifr = 2 is an even integer, then the following statements hold:
(1) fl*(x)=+oo ifand only if P2 g,’c(x) = +00.
2) f}7(x)=—oo ifand onlyif .37 | g (x) = —c0.

Proof. It suffices to prove the first statement since f/~ (x) = —ooif and only if f/* (1 —-x) = +oo.

Let dp,,, < h < dj, for some k. By using that g; is affine on [x, x + h] for every 1 < j < n; we

get
[+ - fr) o, el gi(x+h)-gi(x) 1 X 1
= g(X) + - — —
h LEWF 2 Ty TP e
& Tkl gi(x+h) - gj(x) 1 r
!/

= . + —
]Z:lg](x) j:nzkﬂ h 2hres r—1
& e ogilx+h)-gix)

=) g+ ) 8 80 (3.9)
j=1 jeng+l h r—1

where the last inequality follows from d,,,, > r~"**1/2 since dy, , ,+1 < dp, -

If ng41 > ni + 1 then we have either x + dy,, ., = X +dp, +1 € Dy 1 0r X +dy,,, € 5”k+1' In
the former case, we have g}.(x) = —1forevery niy+1 < j < ny4 (see Figure 3.1) . In the latter
case, since r = 2 is an even integer we have an+1 < Dy, +2 and hence, we get g;k =1
and g} (x) = —1 for every ni + 2 < j < ni,4 (see Figure 3.2). In both cases, we obtain

fx+h) - fr(x) &

/ r
> (xX)—2———:. 3.10
Y >j;g](x) — (3.10)

Otherwise, that is ni.; = ni + 1, we also obtain (3.10) and it follows immediately from
(3.9). This proves the result. O

The following example illustrates that Theorem 3.10 does not hold for the function f;.
This example demonstrates the importance of r parity while dealing with these properties.
Roughly speaking, the point given in the next example contains long chains of “ones” sepa-
rated by a zero digit. This means that such a point is “very close” to the center of a 3-adic
interval, or better said, it is “very close” to the center of many 3-adic intervals because we
have D, c D, for every n. Therefore, the behavior of the difference quotients change

fiercely when considering a positive increment that is sufficiently small. Let us observe that
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similar examples exist when r = 2 is odd and the next one somehow reveals how the digit

(r —1)/2 makes a difference when considering the odd case.
Example 3.11. Let r = 3. We consider the point
o0
Z _”
=13
where €, = 0 if n = 10* for some k, and ¢, = 1 otherwise. From Lemma 3.1 it follows that
g, (x) =1 for every n, and hence Y77 | g;.(x) = +oo. However, we have d. f3(x) = —oo.

Proof. For every k we take
. 1 4
k= 310k-1 * 310f 310k

and we will compute the quotient

fa(x+hi) = f3(x)
hy

by looking at the base r expansion of x and x + hj. Firstly, because

10%-1-1 €n 10%-1- 1 © ]
A1 = ), —<X<X+Mp< ) Z — =gkt
=1 3 n=1 3 —Tok- 37

we get that g; is affine on [x, x+ hi] forevery 1 < j < 10%~1. Furthermore, for every n = 10X +1
the function g, is periodic of period 3"V, and consequently g, (x) = g, (x + hy) for every

n > 10* + 1. From these facts we obtain

fx+h) - fox) _ Z gn(x+hk) gnx) _ %lgn(xh %‘ gn(x+ 1) — g4 ()
h n=10%"1+1 hi
—10%1 + lik Enlx+ i) = gn () (3.11)
n=10k"141 hi

Furthermore, if 10! + 1 < n < 10 - 1 then &, (x) = 0 and &, (x + hy) = 2, which yields
gn(X+ i) —gn(x) _ bp— (x+ ) — (X —an) _ 2(¢px — %)
hi hi hi

by Lemma 3.1, where we recall that ¢« is the midpoint between a, and b,. Continuing

-1

from (3.11) and as . )
CIOk X= 5 slok 1

we conclude

+hy) — 1 —5.(10k1-1
L) 50 yger L gyt Zpy = 220 )
hy 4 4
which tends to —oo as k — oo. O
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As previously mentioned in the opening of this chapter, Begle and Ayres (see [20]) wrongly
claimed that the Takagi function has an infinite derivative at a non-dyadic point whenever
the series of the derivatives at such point converges to infinity. The next example, provided
by M. Kriippel in Section 7.2. of [80], shows that the derivative of the Takagi function at a
point need not exist even if the series of the derivatives at such a point converges to infinity.

Kriippel’s argument takes advantage of a formula for the value of the Takagi function at a
dyadic point, and the difference quotients of the Takagi function over dyadic intervals are
considered. Below we lay out the argument in a slightly different way with the goal of gaining
a better understanding. Roughly speaking, the binary expansion of the point contains long
chains of zeros separated by the digit one, which means that such a point is “very close" to a
dyadic point and hence, the behavior of the difference quotients change dramatically when

considering a negative increment that is small enough.
Example 3.12. Let r = 2. We consider the point
(e.9)
=Y _”
o1 2"
where €, = 1 if n = 4% for some k, and €, = 0 otherwise. We certainly have Y22, 8. (%) = +oo.
However, f;(x) # +oo since d_ f>(x) = —oo.

Proof. For every k = 2 we take hy = 2-4" -3 and we proceed in a similar way as in Example
3.11. We have

4k—1_1 € 4k—1_1 N 1
n
a4k71 — Z _2}1 <x_hk<x< Z _zn +—4k71_1 —b4k,1
n=1 n=1 2

and hence, the function g; is affine on [x — hg, x] for every 1 < j < 4%=1_ 1. Furthermore,
for every n = 4% — 2 the function g, is periodic of period 2"~V and consequently, g,,(x) =

g,(x— hy) for every n = 4% — 2. This yields

_h h 4k n _h n 4F Lo n _h —&n
folx _k;l fahe) _ Z 3gn(x _z;l) gnx) _ Z g+ Z gnl(x _I;l) gn(x)
k k 4k1 k
4k_3 oy
S p—)4 Y ST gm0 (3.12)

_hk

n=4k-1
Since €4k-1(x) = 1 and £4x-1(x — hy) = 0 we get by Lemma 3.1
8pk-1 (x— ]’lk) — 8yk-1 (x)=x-— hk — Ayk-1 — (b4k71 -x)=2(x- C4k—1) - hk,

Page 61



Infinite derivatives of the Takagi-Van der Waerden functions

meanwhile if 471 + 1 < n <4F -3 then £,,(x) = 0 and €,,(x — hy) = 1 which gives
gn(x—hy) — gn(x) = cpe-1 — (x— hi) —(x— Ch-1) = — [2(.76— Cqhe-1) — hk]

by Lemma 3.1 again. Continuing from (3.12) and as ¢ x-1 —x < 2-4"-D we conclude

—h) - 2(x — Cye-
—hyi —hi
2 =

:4k‘1—2k+3+[M+1](4—3-4k‘1)
k

k-1 3 k-1 7 k-1
<4 —2k+3+§(4—3-4 ):—54 —-2k+9
which tends to —oo as k — oo. O]

Finally, it should be underlined that a brief description of Kriippel’s counterexample can

be also found in Section 2 of [11].

3.2.1 Afinite one-sided derivative at no point

In 1982 P. Billingsley gave a simple and elegant proof of the nowhere differentiability of
the Takagi function (see [25]). Two years later, E S. Cater modified the argument given by
Billingsley in order to prove that the Takagi function has a finite one-sided derivative at
no point (see [34]). A generalization of Cater’s argument together with the tools we have
developed in this section, allow us to obtain a similar result for the Takagi-Van der Waerden

function.

Proposition 3.13. Let r = 2 be a integer. Then, the Takagi-Van der Waerden function has
finite one-sided derivative at no point.

Proof. Let x€[0,1]. If x € D then f/*(x) = +oo0 and f;~(x) = —oo by Proposition 3.4, mean-
while if 7 is odd and x € D then fI*(x) = —oo and f/~(x) = +oo by Proposition 3.5. From now
on, we assume x ¢ D U D. For the sake of contradiction, suppose f/*(x) = Le R. For every n,

we recall that b, = min{z € D,, : z > x} and we consider

1
Yn=bp+——

2rn-1’
which belongs to D,,. We write
fr(bn)_fr(x):(L+ tn)(bn_x)» and fr(yn)_fr(x):(L+3n)(J/n_x)-

Page 62



3.3 - Characterization of the points with an infinite derivative

Hence
Frm) = £ b) = [£r ) = £ = [ () = (0] = L+ $0) (Y = X) — (L+ 1) (b — )
=L(Yn—bn) + sn(yn—X) = ta(bp—x) = Tf;—l +Sn(Yn—x) = th(bp — x)
and consequently,
2r" o) = fr ()] = L+21" sy (= %) = 21" 1 (b — ).
Since0< b, —x<r " Vand0< y,-x<3/2r"! we get
[2r" = £ (y) = Fr(B)] ~ L] < 35l + 212,

which yields
Lim2r" " [ o (yn) = fr(bw)] = L (3.13)

because lim,, s, = lim,, t,, = 0. However, we have

r’*” l[fr(yn) fr(bn)] = Z

j=1 Yn—

8i(yn) — g](bn) Xn: Z 8i(yn)
j=1 j=n+1¥Yn— by,
where we have used that the function g; is affine on [by, y,] forevery 1 < j < n. If r is even

then g;(y,) = 0 for every j = n+1 since D,,, © D11 for every m. If r is odd then

1

> gim=2"" Y |

J/n I’l] n+1 ] n+12r] 1

since D,,, € D,,1 for every m. In both cases, the fact that
n
> 85
j=1

cannot converge to a finite limit contradicts (3.13). The argument for the left-hand derivative

is similar. O

3.3 Characterization of the points with an infinite derivative

This section is devoted to presenting a condition that the base r expansion of a point not
belonging to D U D must satisfy for the existence of an infinite one-sided derivative at
such a point. Theorem 3.15 deals with the right-hand derivative, meanwhile Theorem 3.16
concerns the left-hand derivative. It should be pointed out that the proofs of both theorems
are similar in structure and Examples 3.11 and 3.12 gave us a clear hint as to how these

proofs should be executed. The following result is used for proving both theorems.
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Lemma 3.14. Letr =2 be an integer and ¢ = 2. Then, there exists x € (0, ) satisfying that
r=% (¢ — xp) + xo <log, ¢ + 3.

Proof. Let ¢ :R — R be the function defined by ¢(x) = r (¢ —x) + x - %. We prove that
the function ¢ attains its minimum at a point xj € (0, ¢) and ¢(xp) < 3. Indeed, it is clear that
¢'(x) <0when x <0and ¢'(x) >0 when x = ¢. Therefore, ¢ attains its minimum at a point
X0 € (0,¢) and @' (x9) = —r (¢ — xp)logr +1—r~* = 0. Hence, we have r —1 = (¢ — xo)logr
and we obtain

Xo
@(xp)logr=r""(l—xp)logr+ xplogr—logl=r""(l—xy)log r +logr7

o 1+ (€ —xp)l
:l—r'x°+logr—:1—r'x°+log (£~ xo)logr
¢ ¢
<1+log(l+logr)<1+logr <3logr
which gives us the result. O

When r = 2 is an even integer, Theorem 3.10 states that the right-hand derivative of
the Takagi-Van der Waerden function at a point not belonging to D U D is +oo if and only
the series of the derivatives converges to +oo at such a point. Example 3.11 shows that
this theorem does not hold when r = 2 is an odd integer, however it leads us to focus our
attention on the digit (r —1)/2 in order to obtain the corresponding result for this case.

For a pointx¢ Du D with base-r expansion x = 0.€1€2€3... we arrange the infinite set
{i:€; # (r —1)/2} as an increasing sequence (i,),. We note that i,, = n for every n whenever
r = 2 is even, and hence Theorem 3.15 below is equivalent to Theorem 3.10 in this case. At
first glance, the logarithmic term that appears in Condition (3.14) below may seem a little
surprising. For this reason, we will finish this section with some examples in order to gain a
better understanding of its meaning.

We advise the reader to recall the discussion in Section 3.2 from before, where we
described when the situation d;, = d;+, holds in terms of the base r expansion of x ¢ DuU D.

It is repeatedly used throughout the proof of the following result.

Theorem 3.15. Letr =2 be an integer and x ¢ DU D. Then, f'*(x) = +oo if and only if

in

lim | ) g1.(%) = (in+1 — in) +10g, (in+1 — in) | = +oo0. (3.14)

n—oo k=1

Proof. We only have to prove the case when r is odd, because if r is even then i, = n for
every n, so Condition (3.14) becomes equivalent to the convergence to +oo of the series of

the derivatives, and hence the result follows from Theorem 3.10.
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3.3 - Characterization of the points with an infinite derivative

We assume first that Condition (3.14) holds. Let r~?*) < 2h < r~P for some non-

negative integer p and let n be such that i,, < p < i;;+1. In the sequel we denote

gr(x+h)— gr(x)
h

Ay(h) =

and let us observe that Ax(h) € [-1,1] for every k. Now, if s = p then

] ) — ] s fo%e) 1 00 1 2
froes ) f(x)_ZAk(h)‘: Y Ab|s3 Y ggs-—. B9
h k=1 k=s+1 2h k=s+1 T r=

Letl < k < i,. Ifg; #r—1then, by the discussion in Section 3.2 it follows that d; 1, < d;,
and therefore dy = d;, > r=inj2 = r=P=D/2 > h. Hence, gk is affine on [x, x + h] for every
1 < k < i, and consequently A (h) = g, (x) for every 1 < k < i,. If &;, = r — 1 then we take
ko = max{k <i,: e <r—1}. If theset {k <i,: € <r—1}is empty, then ky = 0. By the
discussion in Section 3.2, we have dy, > di,+1 and dj, > r~ko/2 = r=Un+D 2 > j. Therefore,
gk is affine on [x, x + h] for every 1 < k < ko and hence Ag(h) = g; (x) for every 1 < k < k.
Since g, (x) = —1 provided that ko < k < i,, we get Ax(h) = g, (x) for every ko < k < i.

Thus, in both cases we obtain

Y Ar(h)z ) gL(x). (3.16)
k=1 k=1

In particular, if p = i,,+; = i, + 1 then by (3.15) and (3.16) we get

_ 00 in+1 2
ARy CINN ST gLt -2-——
h k=1 k=1 .

and we are done. Therefore, in the sequel we suppose i+ —i, > 1.
Ife;,,, > (r—1)/2 then g; (x) = —1forall i, < k < i,+1 and hence, by (3.15) and (3.16), we

obtain

in+1 r2

Y A= ) gr(x) -
k=1 k=1

r—1

Ife; ., < (r—1)/2 then x +dy € Dy for all i, < k < i,,41 and, by the discussion in Section

3.2, we obtain that d; 41 =+--=d;,,, <r U= V/2 Ifh<d;  then
o0 int1 I’Z
Y A=) g x) - —
k=1 k=1

If h>d; . wehavethat x+di<x+h<x+r P/2andthen

in+1

grx(x+h)—grx)=x+di+

2rk-1

—(x+h)—(x—(x+(7lk—2rk_1

)) =2dy,-h  (3.17)
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Infinite derivatives of the Takagi-Van der Waerden functions

for every k such that i,, < k < p. By the discussion in Section 3.2, we have d;,,, > d;,,,+1 and
then d; ,, > r~"»+1/2. Therefore,

p P dy . .
Y A= ) =1z (p-i)(=1+rPT ) = —(p—ip) + (p—ip)rP i
k=i,+1 k=ip+1 h

=—(ip+1—1p) — (P —ip+D) + (ips1 — in)rp_erI —(ip+1— P)rp_l”“
= —(ips1— in) +108, (ins1 — in) — (ipg1 — p)rP~ '+t

= —(ip+1—in) +10gr(in+1 —iy)— L (3.18)

Finally, we conclude

7’2

[’} in
Y AR = ) 81(0) = (ine1 —in) +108, (ins1 —in) —1— ——
k=1 k=1 r—1
which gives us the result.
Conversely, let us suppose that f/*(x) = +oo. Without loss of generality, we may assume

in+1— iy =5, since otherwise

in in
81 (%) = (in+1— in) +10g, (ins1 — in) = ) g(x) —4
k=1 k=1
and the result follows from Proposition 3.8.
If ;,,, > (r —1)/2 then, by the discussion in Section 3.2, we have d; ,,1 > d;, ., and
henced; 1> r~Una1=1 /2 Therefore, if we take 2h,41 = r~Un17D then Ay (hy41) = g;c(x)

forevery 1<k <i,+; —1and, by (3.15) we obtain

00 ins1 7'2
Y Ap(hpi) < Y g0+ ——. (3.19)
k=1 k=1 r—1
Ife;,,, <(r—1)/2 then
1

dipyy <dip, and dj,,, <

by discussion 3.2. Assume i, < p < i+1 — 3. As we have seen in (3.17), if we take hj;+1 >0

satisfying r~P*V < 2h,, .1 = r~P*® < 1P for certain a > 0 that will be specified below, then

p in zd in .
Y Ap(hne) = Y 80+ (p—in) (—1 - 1) <) gX)+(p-in (r’f’*“‘l"“+2 - 1). (3.20)
k=1 k=1 1 k=1

Let xo be as in Lemma 3.14 for ¢ = i,,4+1 — i, —3 and let p = i;,+1 — 3 — [xp] where [xp] stands

for the integer part of xy. It is clear that i, < p < i,+1 —3. We take a = [xp] + 1 — xp and recall
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3.3 - Characterization of the points with an infinite derivative

that 2h,,1 = r~P*®_ Therefore, xo = —(p + & — ip41 +2) and £ — xo = p — in + [X] — Xo. From

Lemma 3.14 we get
(P — in+ [X0] — Xo) PP~ Ine1%2 4 o <log (in41 —in—3) +3

and consequently,

(p—in) (rP+a—in+1+2 _ 1) < (=i + [xo] - X0) (rp+0c—in+1+2 _ 1)
= (p—in+ [x0] = x0) rPTET 172 Ly — (P — i + [X0])
<log, (in+1—ip—3)+3—(ins1—in—3)
< —(in+1— ipn) +10g, (in+1 — in) +6.

This together with (3.15) and (3.20) yields

X+ hnn) = frx) _ & S L r’
Ir n) ~ Jr <Y 8 (X) = (in+1— in) +108, (ins1 — in) +6+ —. (3.21)
hn+1 k=1 -1
Finally, by (3.19) and (3.21) we conclude
X+ hpr) = fr(0) & L L L r?
I ns) = fr8) Y Aklhps)) < Y gL = (ing1 — in) +10g, (ins1 — in) +6+——
hn+1 k=1 k=1 -1
for every n, and this gives the result. O

It is worth noting that i,, = 10" for every n when considering the point given in Example
3.11, and hence
in
lim (Z g;c(x) —(fns1—In) +10gr(in+1 - ln)) = ’}Hgo (Zin —int1 +10gr(in+1 - ln)) = -0

n—oo

k=1
which gives f;* (x) # +oco by Theorem 3.15.
Regarding the left-hand derivative of the Takagi-Van der Waerden function, we should
recall that Allaart and Kawamura (see [11]) and Kriippel (see [81]) proved that 7'~ (x) = +oo
if and only if

lim (Z 8 (X) — (My41 — myp) +1og, (M1 — mn)) = +00. (3.22)

oo k=1
where m, is the position of the n-th 1-digit in the binary expansion of the non-dyadic point
x. This together with Example 3.12 lead us to introduce the following notation.

For a point x ¢ D U D with base-r expansion x = ££,¢3... we arrange the infinite set
{m: €, # 0} as an increasing sequence (m,,) ,. This allows us to present the Theorem 3.16
below, and as in Theorem 3.15, we must emphasize the appearance of the logarithmic term
in Condition (3.23).
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Theorem 3.16. Letr =2 be an integer and x ¢ DU D. Then, f!~(x) = +oo if and only if

mp
lim Y 80 = (Mys1 — my) +10g, (Mpi1 — my) | = +oo. (3.23)
k=1

Proof. We assume first that Condition (3.23) holds. Let r~P*Y < 25 < r~P for some non-

negative integer p and let n such that m, < p < m;+;. As we did in Theorem 3.15, we

denote S .
k\X — 1) — g lX
Ar(h) =
k(h) _p
and if s = p then
2
Z Ac(h) <r—1 (3.24)
k=s+1

Let 1 < k < m,, and recall that a; denotes the biggest element of Dy smaller than x, that
is ay = Z?;} £]~r—j. If g;.(x) =1 then g (x) = x—ay, and gx(x—h) = x—h—agsince h< 177 <
r~"n < x— ap, < x— ai, where the third inequality holds because ¢,,, # 0. Therefore,

Ar(h) =g (x) =1 (3.25)
and hence we obtain
Z Ag(h) = Z g.(x). (3.26)
k=1

In particular, if m;+, = m, + 1 then, by (3.24) and (3.26) we get

2

Y A=Y ghx) - —
k=1 k=1 r—1

and we are done. Therefore, in the sequel we suppose m,,+; — m;, > 1.
Let m, < k < p. We have g;c(x) =1 and ay = ap. On the one hand, if x — a, > h then
gk(x—h)=x—h-ayand Ar(h) = g,.(x) = 1, which gives

2

0o my r
Y Az ) gL(x)———
k=1 k=1 r—1

by (3.24) and (3.26). On the other hand, if x - a, < h then gr(x - h) = a, — (x — h) and

consequently

—(x=h)-(x— 2(x —
Ac(hy = 22 S _)h S a”):—1+—(xha”) (3.27)
=-1+— —=—1+—=
h];grf h ;’
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3.3 - Characterization of the points with an infinite derivative

since €,,, # 0, which yields

Ap(h)y=-1+ > _1447P M0l > _1 4 pP M1,

hrMn+1
Proceeding in a similar way as we did in (3.18), we obtain
p
Z Ax(h) = (p—my) (_1 + rp—mn+1) = —(Muy1—my) +10gr(mn+1 —my)—1
k=mu+1
and finally, we conclude

2

o) mp r
Z Ak(h) = Z g;c(x) - (mn+1 - mn) +10gr(mn+l - mn) -1-
k=1 k=1 r—1

which gives us the result.
Conversely, let us suppose that f,™ (x) = +oo. Without loss of generality, we may assume

that m,; — m, = 6, since otherwise

mpy mp
Y 81(%) = (Myy1 — my) +10g, (Mp1 —mp) = ) g1 (x)—5
k=1 k=1

and the result follows from statement (2) of Proposition 3.8.

Let m, < p < my;1 —4 and we take h,; > 0 satisfying r~P*Y < 2h,, ., = r~PT® < y=P
for a certain a > 0 that will be specified below. Let us note that if Ax(h,4+1) = g,’c(x) for
some k, then Aj(hy1) = g}(x) forall 1 < j < k. As we have seen in (3.25), if g;, (x) =1 then
Am,(hps1) = g, (x) = 1 and observe that if £,,, = (r —1)/2 then g;,, (x) =1 since &,,,41 =0.
Therefore, only the case when ¢,,, > (r —1)/2 remains to be considered:

If £, > r/2 then g, (x) =—1and gm, (X — hys1) = ap,, + 1~ "D = (x = hyi1) since

1 1 _em, 1 1

h < < < - =Xx—a -
ML orp T opma T - 2pma1 M ppma-1’

which gives A, (hp+1) = g;nn (x)=-1.
If €,,,, = r/2, which occurs only when r is even, we distinguish the following cases: If
Em,—1=T12then Ap, —1(hps1) = g;ﬂn_l(x) = —1 since

1 < 1 <Emn _Emn—] Emn 1 <x-a 1
2rP T 2rMa T pma pma=l o opmp o Qpmp=2 = M=l pm=2?

hn+l <

meanwhile if £,,,_1 # r/2 then the function g, is affine on [x— K1, x] because €, = 1/2,

and hence A, —1(hp41) = g;nn_l (x). From the previous argument we deduce

muy—1 muy—1

Y Ap(hpe) = Y 800 (3.28)
k=1 k=1
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Now, let us consider m, < k < p. We have x — ay = x — a, < hy41 and, as we have seen in

(3.27), we also get

2(x—ay)
Ap(hpy1) = -1+ ——2
hn+1
This together with (3.28) yield
p Mmn—1 2(x—ay)
Ae(ns) = Y. §u(0) + Ay, (ps1) + (p— my) (—1 + —”)
k=1 k=1 hn+1

mp
<Y g ) +2+(p—my) (rPremmmt o),
k=1

where the last inequality holds since ap, = an,,, ;-

Once we come to this point, we proceed as we did in Theorem 3.15 in order to choose
the appropriate value of @ and consequently, the value of /. Then, the result follows as in
Theorem 3.15. O

It is worth noting that for the point defined in Example 3.11, that is

where e, =0ifn= 10* for some k, and £, =1 otherwise. We have fg’_ (x) = +oo.

Finally, we will take advantage of the previous theorems together with the symmetry
equation to deduce the following result concerning the case when f; has derivative —oo at
a point. To do so, for every x ¢ D U D with base r expansion x = 0.£,£,¢3... we arrange the

infinite set {p : £, # r — 1} as an increasing sequence {p,} .
Corollary 3.17. Letr =2 be an integer and x ¢ D U D. The following statements hold:

1. fl*(x) = —oco ifand only if
Pn ,
lim | " g, (x) + (Pns1 = pn) =108, (Pns1 = pn) | = —00.
k=1
2. fl7(x) = —oco ifand only if
in
nlggo (Z 8. (0) + (ins1 — in) — 108, (ins1 — in)) = —oo0.
k=1

Proof. It is enough to observe that

o (r—1)—¢gg
l1-x= Z e
k=1
and the result follows immediately from the previous theorems. O
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3.3.1 Some examples

Theorems 3.15 and 3.16 together with Corollary 3.17 completely characterize the set of
points where the Takagi-Van der Waerden function has an infinite one-sided derivative. In
particular, they generalize Theorem 3.1. of [11] and Proposition 4.5. of [80] for the Takagi
function. Since the conditions that appear in such results may look a bit mysterious, we set

out below some examples in order to provide further insight into these conditions.

Example 3.18. Let r = 3 and we consider the point

S 1 1 &1

1
XxX=-—— n: _— m
2 32 Z3" = 32

n=1

Then, we have f;(x) = +oo.

Proof. Firstly, using the notation of Theorem 3.15, we have i, = 2" since €,(x) = 0 and

em = 1if m # 2" for every n. From Lemma 3.1 it follows g/, (x) = 1 for every m, and hence

in
lim (Z 81 () = (in+1— in) +10g5 (ins1 = in))
k=1
= lim (2" - (""" -2") +logg(2"*! —2™) = +o0 (3.29)
which implies f;* (x) = +oo by Theorem 3.15.
Secondly, using the notation of Theorem 3.16, we have m,.; — m, <2 and consequently

mp
lim (Z 81 (%) — (Mpi1 — my) +1ogg (M1 — mn)) = 400,

n—oo k=1
which implies f;~ (x) = +oo by Theorem 3.16. O

The previous example shows the role the term log, (i1 — i,) plays in this matter, since

without that term the limit (3.29) would be zero.

Example 3.19. Let r = 3 and we consider the point

1 &1

=3 Z 3

Then, we have f;" (x) # too and f;~ (x) = +oo.

Proof. From Lemma 3.1 it follows that g; (x) = 1 for every k. This implies f;*(x) # —oo by
statement (2) of Proposition 3.8. Furthermore, using the notation of Theorem 3.15, we have

in = 3" for every n and hence
in
lim Z g];(x) —(ip+1—1n) +10g3(in+1 —ip) | =—oo0.
n—oo k=1

Page 71



Infinite derivatives of the Takagi-Van der Waerden functions

Therefore, f;*(x) # +oo. In order to see that f;~(x) = +oo, using the notation of Theorem

3.16 we have m,,+1 — m, < 2 for every n, and the result follows by Theorem 3.16. O

3.4 Hausdorff dimension of the set of points with an infinite

derivative

Once it is known that the set of points where the Takagi-Van der Waerden function has an
infinite derivative has Lebesgue measure zero (see Corollary 3.9), it is natural to ask about
the Hausdorff dimension of such a set.

Following this line of thought, Allaart and Kawamura (see [11]) proved that the set of
points where the Takagi function possesses an infinite derivative has Hausdorff dimension
one. This motivates us to address this issue for the Takagi-Van der Waerden function. In
order to prove their result, Allaart and Kawamura realized that {x € [0, 1] : T'(x) = oo} contains
the sets {x € [0,1] : d; (x) = a} for 0 < a@ < 1/2, where d; (x) denotes the density of the point
x=35,€,27", €,€{0,1} defined by

1 m
dy(x) = nltl—r}’(l)og Y en.
n=1

A result proved by H. G. Eggleston (see [42]) states that the Hausdorff dimension of the set

{xe[0,1]:d;(x) = a} is
—alog(a) - (1-a)log(l-a)

log2

(3.30)

and hence, the Hausdorff dimension of the set {x € [0, 1] : T'(x) = oo} is greater than or equal
to the supremum of (3.30) when 0 < @ < 1/2, which gives us the result.

The previous technique can be used to obtain the corresponding result for the Takagi-
Van der Waerden function when r = 2 is even, but it is not trivial to extend this technique in
a simple way when considering the odd case. This justifies the approach we adopt below.

In Section 3.1, for a point x ¢ D U D with base-r expansion given by

o0
)
x:Zr—Z, €,€1{0,...,r— 1} (3.31)

n=1

we have defined the numbers
Omx)=#{ns=m:er, <(r—-1/2}, and I,x)=#{n<=m:ex,>r-1)/2}

where k, =min{k = n: ¢y # (r —1)/2}. In addition, we recall that a,, = a,,(x) is the biggest

element of D,, smaller than or equal to x which is given by

m-1

an=Y.

k=1 ri’

)
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3.4 - Hausdorff dimension of the set of points with an infinite derivative

Let m = 3 be an odd integer. We define the set

Bm:{z: Y g—j.>0:Om(z)—Im(z)zl,em;«é(r—l)/Z}
=7

and we observe B, € Dy,4+1 \ {0, 1}. Moreover, for every k =0, 1,2,... we also define

k k
Ami = {x € 10,11 : "™ ams1y+1 — [T Amie+1)41] € Bm}

where [x] stands for the greatest integer smaller than or equal to x.

It should be acknowledged that if x € A, ;. with base r expansion given by (3.31) then

f v mk+m €,
" Q) — [rm am(k+1)] = Z —mk €Bm
n=mk+1 "
which yields €,,5+m # (r —1)/2 and we have
mk+m mk+m mk+m
Om| Y enr ™™™ —Lp| Y eur™™ = Y gl (3.32)
n=mk+1 n=mk+1 n=mk+1

by equation (3.3). To summarize, a point belongs to A, i if and only if the (k +1)-th block of
m digits long of its base r expansion satisfies the condition in the definition of B,,. Finally,

we define

o0
Am = ﬂ Am,k
k=0

and, continuing in the same line of thought, we may conclude that the binary expansion of
any point belonging to A,, consists of a sequence of m-digits blocks where each of them
satisfies the condition in the definition of B,,.

The approach we have adopted in the following lemmas is based on looking at the set
A, as a self-similar set and computing its similarity dimension, which coincides with its
Hausdorff dimension whenever the open set condition is fulfilled.

We recall that a mapping ¢ : [0,1] — [0, 1] is a similarity of ratio 0 < r < 1 if [ (x) — p(y)| =
rix -yl for all x, y € [0,1]. It is well-known that a finite family of similarities ¢, @2,...,¢p
with ratios ry, r2,..., rp respectively, determines a unique non-empty compact subset F of
[0, 1] satisfying

p
F=J gu(P).

n=1
This set receives the name of attractor for such a collection of similarities. Since it is a
union of a number of smaller copies of itself, it is called a self-similar set and its similarity

dimension is defined as the number s that satisfies

p
Y =1 (3.33)
n=1
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It is also well-known that, under fairly general conditions, the Hausdorff dimension of
the set F agrees with its similarity dimension. More precisely, if the family of similarities
@1, 92,...,¢p fulfils the “open set condition”, that is, there exists a non-empty bounded open

set V such that )

Pn(V)cV (3.34)

n=1
with this union disjoint, then the self-similar set F has Hausdorff dimension given by its
similarity dimension. We refer to the books [41] and [45] for details on self-similar sets and

their similarity dimension.

Lemma 3.20. Let r = 3 be an odd integer. If m = 3 is an odd integer, then the Hausdorff
dimension of the set A, is greater than or equal to

- logr+1
mlogr
Proof. For every m we partition the interval [0,1] into " equal length intervals and we
denote each of them by J; = [d,d + r~"*] where d € D+ \ {1}. We also define the function
@q:10,1] = Ja by @oa(x) =d+xr~
set Ay, is the attractor for the family of similarities (¢,) deB,,’ that is, A,, is the unique

" which is a similarity of ratio r~"". We claim that the

non-empty compact set that satisfies

Am= U @a(An) (3.35)
deB,,

Indeed, we observe first that if y € ¢ 4(A,) for some d € By, then there is x € A,, such that
@q(x) = y. Moreover, if x € A, x for some k then ¢;(x) € Ay, k41, and hence y € A,,. Sec-
ondly, if x € A;, then y = r"" (x — a+1) belongs to A,, as well, and consequently ¢, ., (¥) = x.
This proves (3.35).

The set A, is a self-similar set and by (3.33), its similarity dimension is the unique non-
negative number s satisfying #B,, = r’*. Furthermore, the family of similarities (¢,)

deB;,
satisfies the “open set condition” (3.34) for V = (0, 1) since

U ¢a(0,1)<(0,1)

deB,

and consequently, the Hausdorff dimension of the set A, is given by its similarity dimension.

Now, we compute the cardinality of the set B,,,. As we did in the proof of Theorem 3.3,
we consider the symmetry function S: [0, 1] — [0, 1] defined by S(x) = 1 — x and we have that
SUa) N Jg = @ for every d € By, because the m-th digit of d is different from (r —1)/2. In
addition, for dy, d» € D41 \ {1} it is easy to see that S(J4,) = Jg4, ifand only if d» = S(dy) —r~"™.
In this case, we make the following observations:
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e The m-th digit in the base-r expansion of d; is (r — 1)/2 if and only if the m-th digit in

the base-r expansion of d, is (r —1)/2.

* Assume that the m-th digit in the base-r expansion of d; is not (r —1)/2. Then, d; € By,
if and only if d» & B, U {0}.

From these facts we deduce
rmlr—1)
#B,, = T -1

and hence, the Hausdorff dimension of A, is

1( 1)
log(#B,,) log( — - 1) log(r’””‘1 -1) _ (m- Dlogr-1 _ - logr+1
mlogr mlogr - mlogr mlogr mlogr

O

Lemma 3.21. Letr = 2 be an even integer. If m = 3 is an odd integer, then the Hausdorff

dimension of the set A, is greater than or equal to

log2+1
mlogr

Proof. Itis enoughto observe #B,, = r""/2—1 provided that r is even, and the same argument

that we used in Lemma 3.20 gives the result. O

Theorem 3.22. Let r = 2 be an integer. The set {x : f](x) = +oo} has Lebesgue measure zero

and Hausdorf{f dimension one.

Proof. As previously mentioned in the opening of the section, this set has Lebesgue measure
zero by Corollary 3.9. Concerning the Hausdorff dimension, this is a consequence of the fact
that

(A~ (DUD)) c{x: fl(x) = +oo}

for every m. Indeed, if x ¢ DU D belongs to A,, then x € A, ; for every k and by (3.32), we

get
[e) oo m(k+1)
Y g w=) Y g= Z 1 = +oo.
n=1 k=0n=mk+1

Furthermore, according to Theorem 3.15 and Theorem 3.16, for every n we have m,,; —m, <
2m because 0 ¢ B;;,, meanwhile i,,.1 — i, < m when r is odd and i,,;1 — i, = 1 when r is even.

Finally, the result follows from Lemmas 3.20 and 3.21. O

The next result follows from Theorem 3.22 by using the symmetry equation f;(x) =

frd—=x).
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Theorem 3.23. Let r =2 be an integer. The set {x : f](x) = —oo} has Lebesgue measure zero

and Hausdorff dimension one.
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CHAPTER

NONSMOOTH ANALYSIS OF THE TAKAGI-VAN DER WAERDEN

FUNCTIONS

In the absence of differentiability, it is very natural to wonder about properties involving
nonsmooth concepts. Among the wide variety of nonsmooth concepts that can be found in
the literature (see [93] or [59]), the concept of the (Fréchet) subdifferential has proved to be
very efficient in the non-differentiable framework; it has been deeply investigated during the
last few years. In turn, a rich and practical calculus has come to the forefront when working
with the subdifferential (see [47] or [39]).

By the same token, S. X. Wang studied the subdifferential of the classical Weierstrass
function. He obtained that the subdifferential is non-empty only on a countable dense set,
and that the subdifferential at each point of that set is all of R (see Example 3.7.11 of [108]).
We must point out that S. X. Wang’s result was based on the work of K. M. Garg, who had
previously described the Dini derivatives of the Weierstrass function (see Section 4 of [60]).

Among the properties of the subdifferential of a function f : R — R, we must mention that
the set of points with non-empty subdifferential is dense in the domain of f (see Theorem
4.21 of [47]), and the cardinality of the subdifferential of f is less than or equal to one at
almost every point in the domain of f (see Theorem 4.4.3 of [59]). In light of these properties,
the Weierstrass function is an extreme example with regard to these two properties of the
subdifferential; the set of points where the subdifferential is non-empty is as “small as
possible”, which is a countable dense set. Whereas, the subdifferential at those points is as
“large as possible”, which is all of R.

In 2011, P. Gora and R. J. Stern proved that the Takagi function shares the same property
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as the Weierstrass function when it comes to subdifferentiability behavior. They obtained
that the subdifferential of the Takagi function is R at every dyadic point; whereas, it is
empty otherwise (see [61]). In this sense, the Takagi function is an extreme case for the
subdifferential and it is a much simpler example for this property than the Weierstrass

function.

Seven years later, Juan Ferrera and Javier Goémez Gil showed that such an extreme subd-
ifferentiability behavior can also be obtained for certain functions defined on a separable
real Hilbert space (see [48]). For every dense and countable subset D of a separable real
Hilbert space ./, they constructed a Takagi-Van der Waerden type function with non-empty
subdifferential only on the set D, and its subdifferential is .# at every point of D. As might

be expected, their result includes the Takagi-Van der Waerden function as a particular case.

In consideration of the subdifferentiability behavior of the Takagi-Van der Waerden
function, it seems natural to wonder about its superdifferentiability behavior. Roughly
speaking, the superdifferential is the “complementary concept” to the subdifferential since a
function is differentiable at a point if and only if the superdifferential and the subdifferential
at such a point are both non-empty. Following this line of thought, Juan Ferrera and Javier
Gomez Gil described the superdifferential of the Takagi function at a point in terms of its

binary expansion (see [50]).

The purpose of this chapter is to present a characterization of the superdifferential of
the Takagi-Van der Waerden function at a point in terms of the base-r expansion of such a
point. Of course, this extends the previous result obtained by Juan Ferrera and Javier Gbmez
Gil for the Takagi function. As a consequence of our results, we can state that the Takagi-Van

der Waerden function has empty subdifferential and superdifferential almost everywhere.

We take advantage of the fact that if a function has a local maximum at a point then
zero is an element of the superdifferential. We also characterize the set of points where
the Takagi-Van der Waerden function attains a local maximum. This extends the results
obtained by J. P. Kahane concerning the local maxima of the Takagi function (see [75]), and
completes the study of the extrema of the Takagi-Van der Waerden function initiated by Y.
Baba (see [16]). This latter author proved that the set of global maxima of the Takagi-Van der
Waerden function has Hausdorff dimension 1/2 whenever r is even. We also compute the
1/2- dimensional Hausdorff measure of such a set, which was not even known for the Takagi

function.
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4.1 An extreme case for the subdifferential

The aim of this section is to give a new demonstration of the subdifferentiability behavior of
the Takagi-Van der Waerden function. It is based on the arguments that Juan Ferrera and
Javier Gomez Gil used and the tools we have developed in Chapter 3. It should be underlined
that the argument we present below is simpler and more concise than the argument used by
P. Goéra and R. S. Stern for the Takagi function.

A function f :R — R is lower semicontinuous at x € R provided that
f(x) <liminf f(y),
y—x
while it is upper semicontinuous at x whenever

f(x) =limsup f(y).
y—x
Of course, the function f is continuous at x if and only if it is both upper and lower semicon-
tinuous at x.
For a lower semicontinuous function f:R — R and a point x € R, the subdifferential of f

at x, denoted by 0~ f(x), is defined as the set of ¢ € R that satisfy
fx+h) —f(x)-<¢h -

liminf > 0.
e I

The function f is said to be subdifferentiable at x whenever 0~ f(x) # @.
The subdifferential of a function at a point can be characterized in terms of the upper

left Dini derivative (3.6) and the lower right Dini derivative (3.5). More precisely, a lower

semicontinuous function f : R — R is subdifferentiable at x € dom f if and only if

D f(x)<d"f(x) and [D f(x),d" f(X)INR# . 4.1)
In such a case, we have 0~ f(x) = [D™ f(x), d* f(x)] NR.
Theorem 4.1. Letr =2 be an integer. If x € D, then 0~ f,(x) = R. Otherwise, 0~ f,(x) = @.

Proof. If x € D, then there exists an integer ny = 1 such that x € Dy, \ D,,—; where Dy = @.
For every ¢ € R we choose an integer n > 1 such that n > 2ng + |€]. If |h| < ="~V /2 then

gx(x+ h) =|h| for all ny < k < n, and hence

no—1 (o)
frx+h) = fr(0)—¢Eh=) grlx+h)-ge(x)+ Y gr(x+h) —Eh
k=1 k=ng
no—1 n
=) gi(x+h) —gr)+ ) gelx+h)—¢h
k=1 k=nyg

= —(no—DIhl+ (n—no+ 1|kl - [SlIAl = |hl
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which implies ¢ € 07 f-(x). Thus, 0™ f;(x) = R. As a matter of fact, we have proved that the
function f;(y) — ¢y attains a local minimum at x.

When r > 2 is an even integer, we have D c D. However, when r is odd, Dn D = @. In
this latter case, if x € D then there exists an integer n; > 1 such that x € Dy, \ Dy, where
Dy = @. For every n = 2n; we take a, = x — r~"=D/2 which belongs to D,, and we have

gr(an) — gr(x) = —(x— ay) for all ny < k < n. Thus,

fr(an) _fr(x) _ gk(an)_gk(x) _ 1 Z gk(X)

M=

an—X k=1 an—X n =X k=n+1
3 i 8k(an) — gk (X) N 1 <1
- - - k-1
k=1  4n—X X = Gn 2y 27

H
|

ni—1
ay) — X 1 !
— M+(n_nl+1)+—2n—2n1+
1 an,—X r—1 r=1

=~
Il

which goes to +co as n — oo. This yields D™ f; (x) = +oo, and hence 0~ f;(x) = @ by (4.1).
In the sequel, we suppose x ¢ DU D. We have Lemma 3.6 in Chapter 3, which states that
for every n we have
(bp) = fr(x) & (a@n) — fr(x)
fr n fr szgllc(x)sfr n fr ,
k=1

b,—x a,—Xx

where a, = max{y € D, : y < x} and b, = min{y € D, : y > x}. This implies

b, — x

d* f;(x) <liminf
n n

n
<liminf ) g, (x), and
A

— n
D™ fy(x) = limsup Jrlan) = [r(x) >limsup ) gi.(x).
n an—X nook=1
Therefore, if limsup,Y}_,g.(x) = +oo then D™ f,(x) = +oo, meanwhile if

liminfnzzzlg;c(x) = —oo then d* f;(x) = —oo. In both cases, we get 0~ f;(x) = @ by
(4.1). If both limits are finite, then

n n
limsup ) _ g;(x) =liminf ) g;(x) +1
nook=1 k=1

since 7', g;.(x) cannot converge to a finite number. Hence,

n n
D~ f;(x) = limsup Z g (x) = lin}?infz g +1=d" fr(x)+1>d" fr(x)
n k=1 k=1

which yields 0™ f; (x) = @ by (4.1). O
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4.2 Superdifferential analysis

We turn now to the superdifferential analysis of the Takagi-Van der Waerden function. We
refer to the books [47] and [91] for information about the superdifferential and related topics.
For an upper semicontinuous function f: R — R and a point x € R, the superdifferential
of f at x, denoted by 0" f(x), is defined as the set of ¢ € R that satisfy
fx+h) —f(x)—<¢h

limsu <0.
o I

The function f is said to be superdifferentiable at x whenever 0" f(x) # @.

It is worth noting that a function f is superdifferentiable at x if and only if — f is subdif-

ferentiable at x, and in this case we have
0" f(x)=-0" (- (x). 4.2)

Many subdifferentiability results can be transformed into superdifferentiability ones via the
above formula. For instance, 0" f(x) is a closed convex subset of R and if f attains a local
maximum at x, then 0 € 8" f(x). In addition, if f is differentiable at x then 8" f(x) = {f'(x)}.

As a matter of fact, a continuous function f is differentiable at x if and only if both
0~ f(x) and 0" f(x) are non-empty. In such a case, we have 0~ f(x) = 0" f(x) = {f'(x)} (see
Proposition 4.8 of [47]).

A characterization of the superdifferential in terms of the Dini derivatives can also be
obtained from the corresponding one for the subdifferential (4.1) and by using formula (4.2).
To be more specific, an upper semicontinuous function f : R — R is superdifferentiable at
x € Rif and only if

D*f(x)<d_f(x) and [D"f(x),d_f(D)]INR# Q. (4.3)

In such a case, we have 0" f(x) = [D* f(x),d- f(x)] NR.
Now, recall that the Takagi-Van der Waerden function can be extended periodically to
the whole real line, and hence it becomes an even function. For every x ¢ D U D we have

g, (x) = — g, (—x) for every n, and

p frix+h)— fr(x) _ limsup fr(=x+h)— fr(=x)

D f;(x) =limsu lim 4.4)
h—0* h h—0- -h
r\— h —Jr\—
:_lihril.(i)l—lff( = })z e =—d_fr(-x).
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4.2.1 The case when r is odd

When r = 3 is odd, we have to bear in mind that Dn D = @ and D,, € D, for every n.

Theorem 4.2. Let r =3 be an odd integer. If x € D then the function f;(z) — z¢ attains a local

maximum at x for every & € R, and in particular we have 6" f.(x) = R, otherwise 8" f,(x) = @.

Proof. Firstly, if x € D then 0" f(x) = @ necessarily, because 0~ f; (x) = R by Theorem 4.1 and
the function f; is nowhere differentiable.

Secondly, if x € D then there exists an index n; > 1 such that x € D, \ Dy, _1. For every
¢ € R we choose an integer n > 1 satisfying that n > 2ny + |£]. Now, if |h] < r~"*~D/2 then
gx(x+h)—gr(x) = —|h| for every n; < k < n, and gi(x+ h) — gr(x) < 0 since gx(x) = r=k=1yo
for every k > n. Therefore, we obtain

ni—1

frx+h) = fr0)—¢Eh< ) (grlx+h) — gk(x) — (n—ny)|hl + & Al
k=1

<|h|@2Cn+él-n-1)<0

which yields ¢ € 0" f(x) and hence 0™ f; (x) = R. It also proves that f;(z) — z¢ attains a local
maximum at x.

Thirdly, if x ¢ D U D then we may consider the function

o0

EEDY G% - gn(z)) =5~ @,
which is a Generalized Takagi-Van der Waerden function associated to the set D in the sense
defined in [48], and by Theorem 1.2. of [48] we have d¢(x) = @. Thus the result follows
immediately since d¢(x) = —d* f,(x). However, for the sake of self-containment, we give
below another demonstration. For every n, we recall that k,(x) =min{k=n: e # (r —1)/2}

and we consider

*.
Xy

) 2¢k,41—x ifg;CnH(x) =-1
2ap,1—x if gl’cnﬂ(x) =1.

We observe that x,, < x. In the former case, x;, is the symmetric point to x about the point
Ck,+1 and we obtain g;(2ck,+1 — x) = gj(—x) = g;(x) for every j = k;, + 1 since 2¢g, 41 =
ak,+1 + bi,+1. In the latter case, x;, is the symmetric point to x about the point ay,,; and we
have g;(2ay,+1 —x) = gj(—x) = g;(x) for every j = k; + 1. In both cases, we get

ky

fre) = fr(x) =) (gj(xy) — gj(x)).
i=1

]:
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If g;cnﬂ(x) = -1, then x;, = 2¢k,+1 — X € (ak,+1, bk,+1) and (ak,+1, bk,+1) N ﬁj = ¢ for every
J < kn, sowe get

frxn) = fr(x)

v x Gy, (0. (4.5)

Otherwise, there is an integer m < k, such that a,, < a;4+1 = --- = ai,+1 for some m <

k,, which implies €41 = --- = €¢, = 0. Since X, = 2a;+1 — X € (Am+1 — r=%n/2, a,,.1) and
gj(x,) = gj(x) forall j = m+1 we get

Jroa) = 1) _ G (%) < G (%), (4.6)

Xp—X

From (4.5) and (4.6) we obtain

d_ fy(x) <liminf . <liminfG)_(x).
n n n

n

frxn) = fr(x)
- X

Since G;cn(—x) = —G;Cn (x) we get
DY fr(x)=—d_f,(-x) = —lirr}linfG;Cn (—x) = lim:up G ().

Therefore,
d- fr(x) <liminf Gy (0) <lim sup G}, (x) < D* f;(x).

Finally, if 0" f; (x) # @, then by (4.3), we deduce that lim,, G;Cn (x) exists. However, this limit

can not exist since

G;CrH—l (.X') - G;c,, (X) = g;cnﬂ (X) (kn+1 - kn)

and lim,, k,, = +o0. This proves the result. O

As a consequence of the previous theorem we have that when r is odd the function f;
has a local maximum at x if and only if x € D, and as this set is countable, the Hausdorff

dimension of the local maxima set is zero.

4.2.2 The case when r is even

When r = 2 is even, we recall that l~)n c Dy, for every n, and hence DcD. Fora point x € D
we have 0~ f; (x) = R by Theorem 4.1, and consequently 8" f (x) = @ because the function
fr is nowhere differentiable. Therefore, it only remains to study the case when x ¢ D. Our
approach is based on determining how the Dini derivatives involved in the definition of the

superdifferential (4.3) are related to liminf, G},(x) and limsup,, G/, (x).
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Lemma 4.3. Let r =2 be an even integer and x ¢ D. Then,
d_fr(x) < 1in}11nfG;l (x)+1, and D f(x)= lim:up G, (x)—1.

Proof. For every n we consider x;, = 2a,.; — x, which is less than x, and we have

d_ f;(x) < liminf M
n Xp—X

We observe that g;(x;,) = gj(—x) = g;j(x) for every j = n+1, and consequently

Fr(x) = fr(x) =) _(gj(x;) — gj(x)).
=1

J

If an+1 = ¢y then g,(x) = —1 and 2a,41 = 2¢, = a, + by, € Dy, which yields g, (x;) = g, (x).

Thus,
frxn) = fr(x)

S x G,_1(x) =G (x)+1.
n

If a,, < a,.1 # ¢, then
frxp) = fr(x)

=G (x).
Xh—x "
Ifa, < ape1 =+ = a, = a,+1 for some m < n then g}(x) =1foreverym+1<j<n.

Hence,
frxn) = fr(x)

e G 1(X) =G (0)+1<G(x)+1
n

provided that a,,+1 = ¢, and

frxy) = fr(x)

v x G, (x) <G (x)

otherwise.

From these facts we deduce

frxn) = fr(x)

*

d_ fr(x) <liminf
n Xp—X

< lirr}linfGil(x) +1.
Since g}(x) = —g}(—x) for all j =1 we obtain

D* fr(x)=—d_f;(-x) = —lin}linfG;(—x) —1=limsup G, (x) — 1.
n

Lemma 4.4. Letr =2 be an even integer and x ¢ D. Then,

r
gn(X) + gna1(x) < ﬁ

for every n. Furthermore, equality holds if and only if one of the following situations arises:
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(1) gn———land£n+1 =<, o0r

2)
2) en—— and£n+1<——1

Proof. Firstly, we prove g;(x) + g2(x) < 1/2 for all x € [0, 1]. Indeed, since g; + g» is differen-

11 1,1 1, 1
3= 355 2r)wehavethatltlsconstanton[2 2r,2+2r

Moreover, due to the periodicity of g» it is clear that [ 3

tiable with null derivative on ( +

] is the set where g1 + g2

2r’ 2
attains its maximum. Moreover, g;(1/ 2) + gg(ll 2)=1/2.
In addition, we have that x € [— - 5, E if and only if £;(x) = 5 — 1 and &2(x) = 5, and
x€[33+5]ifandonlyife;(x) = § and e(x) < 5 — 1.

Recall that the functions g; and g» may be extended periodically to the whole real line,

so we have g,,;1(x) = r~""g,(r"x) for every m and we get

1 n-1 1 n
gn(X) + gn+1(x) = Tn1 gir™ " x)+ —gl(r x)
1

2rn-1°

1
= g (r"” x)+—g (r"lx) <

rn—l

Finally, observe that for a point x € [0, 1] we have " lx=¢169...€6p-1.€nEn+1.... The period-

icity of g; and g» gives that g; (r'*1x) = 81(0.£4€p41...) and gg(r”‘lx) =g2(0.€,€141...), S0
we get the result. O

81 81+ 8

1/2 . 1/2 .

0 1/2 1 0 1/2 1
Figure 4.1: Functions g;(x) and g»(x) for r = 6.

Lemma 4.3 provides a necessary condition that a point x ¢ D with non-empty su-
perdifferential must satisfy. Indeed, if limsup,, G, (x) = +oo then D™ f;(x) = +oo and if
liminf, G),(x) = —oo then d_ f; (x) = —oo by Lemma 4.3. In both cases we obtain 9" f; (x) =

When both limits are finite, we necessarily have
limsup G, (x) = lirr}l inf G} (x) + 1.
n
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In addition to this, if limsup,, G, (x) —liminf, G},(x) > 2 then
D" f,(x)—d_f;(x) = limnsup G,(x) - limninfG'n(x) -2>0,
and by (4.3), we obtain 8" f; (x) = @ again. Therefore, if 0" f; (x) # @ then
lim:up G, (x) — lirrlllinfG;1 (x) € {1,2}.

Our next result unveils the appearance of the base-r expansion of a point with non-empty

superdifferential.

Theorem 4.5. Let r = 2 be an even integer and x = Y5, €,1~ " withe, €{0,1,...,r =1}. If
0" f,(x) # @ then there exists my = 1 such that for all i = 0 one of the following situations

arises:

_ T r
(D) emgr2i=5—1 and Emys2i+12=3, OF S
( mo)

_r r
(2) emg+2i=35 and Emyr2ie1 <51

Proof. We denote S =limsup,, G,,(x) and I = liminf, G, (x). As previously mentioned, we
necessarily have that S and I are finite and S — I € {1, 2}. Thus, there exists an integer m = 1
such that I < G,(x) < S for all n = m — 1. Without loss of generality we may assume that
G,,_,(x) = I+1 and we have |G,(x) - G},_,(x)| = 1 for all n = m. In particular, we have

G} 5,1 (X) = I+1and necessarily for all i > 0 either
(@) €m+2i <5 —1and€myzis1 =5, 01
r r
(D) €m+2i =5 and €pi2i41 =5 1.

If there are infinitely many indices (i) j>1 such that £,,42;; < 5—1, then Em+2ij+1 2 5. We

consider y}? = 2bm+2,~j+1 — x> x and we have

fr(y;)_fr(x) ) )
T = Gm+2ij (x) = Gm+2l~j_1(x) +1=1+2,
j

so we obtain D* f;(x) = I + 2. By Lemma 4.3 we obtain D* f,(x) = I+2> I+ 1= d_f,(x)
which implies 8% f; (x) = @.

Otherwise, suppose there are infinitely many indices (i;) j>1 such that £,,2; P> g Then
we have that —x satisfies that Em+2i; (=x) < % —1 for all j = 1, so we are under the previ-
ous situation. Thus, we obtain D* f,(—x) > d_ f;(—x) and hence d_ f;(x) = —=D* f,(—x) <
—d_ f;(—x) = D" f,(x), which implies 0" f; (x) = @.

If we are not under either of the previous situations then there exists my = m such that

Property (Sy,) is satisfied. O
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Our purpose is to prove that a point has non-empty superdifferential if and only if such
a point satisfies Property (S;,,). To do so, we calculate the Dini derivatives d_ f;(x) and
D* f.(x) for each point x ¢ D fulfilling Property (S,,)-

Proposition 4.6. Let r = 2 be an even integer and x ¢ D be satisfying Property (S,,,). Then,
d_f(x) = lin}linfG;(x) +1 and D*f,(x)= lim:up G, (x)—1.

Proof. We denote S =limsup,, G,,(x) and I = liminf, G,,(x). Without loss of generality we
() = I+1foralli=0.

If x* € (am,,x), then we consider the least index n > my such that £,_1(x) = % and

may assume that G;no_l (x) = I+1 and consequently, we have G’mO 420

x* ¢ (an,byp). Thus, g, _,(x) =-1and G,,_,(x) = G,,_,(x) +1 = I + 1 where the inequality
holds since G}(x) > ] for all j = my. Hence we have

&= fr 9 _ LI < RN
— _Gn_z(x)+x*_xj:2n:_1(g](x) gj(x))
1 & *
2I+1+—— Y (gj(x)—gj(x").

j=n-1

From Lemma 4.4 we get

Emo+2i (X) + &mg+2i+1(X) — (gm0+2i(x*) + 8mo+2i+1 (x*) =0

for all i = 0, and consequently we obtain

o0

Z (gj(x)—gj(x™) = Z [gmo+2i () + Gmo+2i+1 (%) — (8mo+2i (X™) + Emg+2i+1(x™))] =0
Jj=mo+2p i=p

where p = 0 is any integer. With the previous fact in mind, we distinguish two cases: if

n=my+2p+1forsome p =0, then

fr(x®) = fr(x) >

x*—x

I+1.

If n=moy+2pforsome p =0, then G, _,(x) =G, ,(x) =I+1. As g, ,(x) = —1 we necessarily

have g)_,(x) = 1, which implies G/, _,(x) = I +2. Hence we get

X" —X X" —X

N o0 1
8n 1(x3 8n 1(x)+ Z *_x(gj(x*)—gj(x))

Jj=mo+2p
gn—1(X*) —gn-1(x)
X*—x

=]+1

> G _,(x)+

which implies d_f;(x) = I +1 by Lemma 4.3. The other equality follows from the fact
D+fr(x) :_d_fr(_x). D
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Theorem 4.7. Let r = 2 be an even integer and x ¢ D be satisfying Property (Sp,). The

following statements hold:

(1) Ifthere exists ng = mg such that either e 2; = 5 — 1 and €py12i+1 2 5 foralli = 0, or

Eng+2i = 5 AN Epy12i+1 < 5 — 1 forall i =0, then

o f () = G (0 +00,1]  if en=5-1,
Gl () +1=1,01 if €n =1

(2) Otherwise we have
0" fr(x) ={G, 1 ()}

Proof. If there exists ng = mg such that either £,,,12; = 5 — 1 and €,,42;11 2 5 forall i 2 0, or

Eng+2i = 5 and £y 42441 < 5 — 1 forall i 2 0, then gj,(x) + gj,,, (x) = 0 for all n = ny. Therefore,
i
Glno+2i(x) = Glno (x) + .Zl(g:m+2j—l(x) + gl/”lo+2]'(x)) = G;lo (x) = Gilo—l(x) + g;”lo (x)
]:
and
i
Glno+2i+1(x) = G;zo—l(x) + Z (g;/10+2j(x) + g;10+2j+1(x)) = Ggao—l(x)

j=0

forall i 0. If £, = 5 — 1 then g;ZO (x) = 1, which implies liminf, G} (x) = G’no_l(x) and
limsup,, G, (x) = G;lo_l (x) + 1. Furthermore, Proposition 4.6 gives that D* f; (x) = G;O_l (x)
and d-f;(x) =G, _,(x) +1, so we get

0" fr(x) = Gy, (x) + [0, 1].

If £, = % then g,’10 (x) = —1, which implies liminf, G, (x) = G;lo_l(x) — 1 and limsup,, G} (x) =
G:lo_l (x). As above, Proposition 4.6 gives that D* f; (x) = G;O_l (x)—-land d_f;(x) = G;lo_l (x),
so we get

0" fr(x) = G, 1 (x) +[=1,0].

Now, assume that condition (1) is not fulfilled. We have g .,.(x) + &, . 5;.,(x) =0 for

all i =0, so we obtain
i
Grngr2i41 ) = Gy 1 () + 3 (8012 (0 + &g 4241 (1) = Gy 1 (%)
j=0
and

G;n()+2i(x) = G:’i’lo+2i—l(x) + g;n()+2i(x) = G,Tno—l(x) + g:?’lo+2i(x)
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for all i = 0. Furthermore, due to the fact that x does not fulfill condition (1) we obtain
liminf; g, .,;(x) =-1andlimsup; g .,,(x) =1, which yields liminf, G},(x) = G, _;(x) —
1 and limsup,, G,,(x) = G, _,(x) + 1. By Proposition 4.6 we get D" f;(x) = G, _,(x) and
d- fr(x) = G,,,_, (x), which implies 0" f;(x) = {G}, _, (x)}, and this completes the proof of the

result. O

In summary, Theorem 4.5 together with Theorem 4.7 yields that a point x € [0,1] at
which f; has non-empty superdifferential if and only if x satisfies Property (S;,,): there exists

mo = mp(x) = 1 such that we have either
. T
(1) emge2i =51 and €y +2i+1 = 5, 0r
. r
(2) Emg+2i =5 and Epy2i+1 <5 —1

forall i = 0. It should be pointed out that if a point x satisfies Property (S,,,) then the value
of G’mO_1 (x) is independent of the choice of my.

In 1959, J. P. Kahane studied the extreme points of the Takagi function (see [75]). Among
other results, Kahane proved that the Takagi function has a local maximum at a point

x=357,€,27", with €, € {0,1}, if and only if there is an integer m > 1 such that
Gp1(X)=0 and €pmi2i+Emrzis1 =1

for all i = 0. In this regard, the results obtained in this section allow us to extend Kahane’s

result to the Takagi-Van der Waerden function.

Corollary 4.8. Letr =2 be an even integer and x € [0,1]. Then, f; has a local maximum at x

if and only if there is an integer m; = 1 such that G;nl_l (x) =0 and for all i = 0 we have either

r r
, or 5m1+2i:£ and 5m1+2i+15§_1-

N~

-
Emi+2i =5~ 1 and €pm,+2i41 2

Proof. If there is such an integer m; = 1, then for every y € (a,,, b;,,) we have

o0
- =&=-0G, 1)+ ) gix)-gj(y)=0
j=m
by Lemma 4.4, so we get that f; has a local maximum at x.
Conversely, assume that f; has a local maximum at x. This implies 0 € 0" f(x) and
by Theorem 4.5, there is an integer mg = 1 such that x satisfies Property (S,,,). According
to Theorem 4.7 we have two possibilities: If the second statement of Theorem 4.7 holds,

then 0" f(x) = {G;nO_1 (x)} and hence, Gino_l (x) = 0. Otherwise, let ng = mg be as in the first
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Nonsmooth analysis of the Takagi-Van der Waerden functions

statement of Theorem 4.7. We consider the case when €, = 5 — 1 and the remaining one is
similar.

Since 0 € 0" f; (x) we have that G, _, (x) € {~1,0}. Suppose that G), _,(x) =—1. Lete >0
such that f,(x) = f,(y) forevery ye (x —¢,x + €).

If there exists an integer k = 0 such that £, 12k+14+2; = % for all i = 0, then we take
my=ng+2k+1and G, pioc(®) = Gy, (x) = 0. Otherwise, we may take i; = 0 sufficiently large
such that &,,424,+1 > % and

o0
r . .
—(no+2i1+2j+1
y=x+), (§—5n0+2i1+2j+1)r (ro+2h+2]+1)
j=0

/

belongs to (x — ¢, x). Since Gno+2i1

is zero on [y, x] we have G 42, (X) = Gpy424, (¥), and by

Lemma 4.4 we get

fl‘ (J/) = Gn0+2i1 (x) + Z gn0+2i1+2k—1 (y) + gno+2i1+2k(y)
k=1

o0
> Gpy+2i) (X) + Y ng+2iy+2k—1(%) + §ng+2iy +2k (%) = fr(X),
k=1

which is a contradiction. This gives that G;,lo_l (x) = 0 necessarily. O

4.3 Hausdorff measure of the points with non-empty

superdifferential when r is even

J. P. Kahane also showed that the maximum value of the Takagi function is 2/3 and the set of
points where the Takagi function attains its maximum value consists of all x € [0, 1] whose

binary expansion x = 0.£1€2¢€3... satisfies
€2i+tE2i41 =1

for all i = 0. This is equivalent to saying that x has a base-4 expansion consisting only of
digits 1 and 2. Thus, the global maxima set of the Takagi function is a Cantor set of Hausdorff
dimension 1/2 (see Theorem 3.1 of [10]).

In 1984, Y. Baba extended the Kahane result mentioned above to the Takagi-Van der
Waerden function (see [16]). When r = 3 is an odd integer, Y. Baba proved that the Takagi-Van

der Waerden function attains its global maximum only at the point x = 1/2 and

fr(1/2) = T

Page 90
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When r = 2 is an even integer, Y. Baba obtained that the maximum value of the Takagi-Van

der Waerden function is

r2

2(r2-1)
and characterized those points where the Takagi-Van der Waerden function attains its
maximum value in terms of their base-r? expansion. More precisely, every number x € [0,1]

has a representation in the form

S wi(x
x=) :Z(H) =0.010;...0;... 4.7)
n=1

where w, € {0,1,...,r% — 1} for every n. Then, the Takagi-Van der Waerden function has a

global maximum at a point x € [0, 1] if and only if its base-r? expansion (4.7) satisfies

r2—r< <r2+r—2 4.8)
<w,<— .
2 " 2

for every n. Thus, the global maxima set of the Takagi-Van der Waerden function is a Cantor-
like set where at each step the remaining r2-adic intervals are divided into r? subintervals of
equal length and the r? — r outside subintervals are removed from each of them (see Figure
4.2). Y. Baba obtained that the Hausdorff dimension of the global maxima set is 1/2.

4-adic
interval

H HH H HH

Figure 4.2: Global maxima set for r =2

As might be anticipated, Y. Baba’s result can also be obtained from Lemma 4.4. Indeed,
the Takagi-Van der Waerden function attains its maximum value at a point x € [0, 1] with
base-r expansion x = 0.1 €2¢€3.. ., if and only if either

(1) e2p-1=5—-1and ez, = 5, o1
(2) e2n-1=%and ez, <5 -

for every n. In such a case, by Lemma 4.4 we get

00 © r 7'2
fr(x) = n:182n—1(x) +82n(X) = ’;1 2r2n-1" 22 _17)
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We denote by E; the global maxima set of the Takagi-Van der Waerden function and by <7, the
set of points where the Takagi-Van der Waerden function has non-empty superdifferential.

By Theorem 4.5 and Theorem 4.7 we may write
© 1

m=1

and consequently, the set o, has Hausdorff dimension 1/2.

Theorem 4.9. Letr =2 be an even integer. Then, the 1/2-dimensional Hausdorff measure of
the set o, is infinity.

Proof. For a set F c R we denote by #'/?(F) the 1/2-dimensional Hausdorff measure of the

set F. In view of (4.9), for every m we calculate

1 rm-1
A1 Dm\{1}+mEr)=#(Dm\{1}) Jf”z( Er)z—if”z(Er)

N

where the first equality holds since D, \ {1} + r~""VE, is a disjoint union of #(D,, \ {1})

rm—l

smaller similar copies of E,. From the standard theory of self-similar sets (see Section 9.2 of
[45]) it follows that .#°/2(E,) is finite and strictly positive, and hence

E,) > rm-172V2(E,)

Jf”z(,sz{r)zjfl’z(Dm\{lH -
rm 1

for every m, which gives us the result. O

Taking advantage of Corollary 4.8 and proceeding in a similar way as above, the following

result is obtained:

Proposition 4.10. Let r =2 be an even integer. Then, the set of points where f, attains a local

maximum has Hausdorff dimension 1/2 and its 1/2-Hausdorff measure is infinity.

4.3.1 Hausdorff measure of the global maxima set

As previously mentioned, Y. Baba obtained that the Hausdorff dimension of the global
maxima set is 1/2 when r is even. In addition, we must observe that the exact value of the
1/2-dimensional Hausdorff measure of such a set is not needed in the proof of Theorem 4.9.
However, it has not been calculated and up until now, it even was not known for the Takagi
function.

This last part of the chapter is devoted to proving that the 1/2-dimensional Hausdorff

measure of the global maxima set E, is 1/v/r + 1 provided that r is even (see Theorem 4.13
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below). To do so, we need to have a better understanding of how this set is constructed. We
recall that a point x € [0, 1] belongs to E, if and only if its base-r? expansion x = 0.0 wow3...

satisfies

<w,< 7% (4.10)

for every n.

For every n = 1 we consider the set

"W rP-r r’+r-2
An:{];lﬂ. 2 S(I)kST

and we arrange this set as A, = {xy, ..., X;n_1} satisfying that xy < x; <--- < x;n_;. Further-

more, we may write

2 n
re—r 1
X = Y — (4.11)
2 = r2k
andfor0<i= ):Z;é er* < r" where 0 < €4 < r we have
n—-1
€k
Xi =Xg+ Z Tk (4.12)
k=0T

For every 0 < i < j < r” we define the closed interval

2 oo 2 o)
re—r 1 re+r—2 1
Iln]: x,—+ Z Tk,x]'-i'— Z Tk .
2 G Siar 2 k=n+1T

It is worth noting that the left endpoint of 1 l."j is the smallest element of E, that is bigger than
x; and the right endpoint of 1 l?’j is the biggest element of E; that is smaller than x; + ro2n, of

course, we have
[e.0]
E, = ﬂ U [lffi, (4.13)

which implies that E;, is a compact set.

The intervals l” i will play an important role in the proof of Theorem 4.13 and we are
interested in obtaining a lower estimate for their length. The following two results are
devoted to this.

Lemma 4.11. Let r =2 be an even integer and let m = 0 be an integer. Then, the function

F:[1-rr—-11"x[1,r — 1] — R defined by

2

m m

FYoreoyym) = (r+1) Y ypr?k - (Z yerk+ 1) +1 (4.14)
k=0 k=0

is nonnegative.
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Proof. When m = 0 we have F(yp) = yo(r —1—y9) = 0, so we suppose m = 1. Since F
is a concave function, it necessarily attains its minimum at some vertex of the simplex
[1—-r,r—=11"x[1,r—1]. Let V. ={1—r,r —1}’" x {1, r — 1} be the set of vertices of such simplex.

Ify=0o,....,ym) € Vand y, =1 then

m m—1 m-1
Zykrk:rm+ Y yrk<rm+(r—1) > rk=2rm_1
k:0 k:O k:O

and
m m-—1
T+ Y e =2+ - =D+ Y PR =2l g
k=0 k=0

2m+l _4r2m 4 2 which is greater than or equal to zero provided that r > 4.

soweget F(y)=r
The case when r =2 is included in the next case.

Ify=(yo,...,ym) € V and y,, = r — 1 then we distinguish two cases: if there exists

pefl,...,m}suchthat y,,=---=y,=r—1and y,-1 =1-r, then
m m p-2
Yk Y o-nrf--nrPt - Y = o1-2( - P!
k=0 k:p k=0
and
m m p-1
r+1) Y yr** = (r+1) (r—=Dr2f—(r—1) Y r?*| = P20 220 1
k=0 k:p k=0

so we get

F(y) = P20 _ 222 1 - [ _o(r = 1)rP 1] 41
=[2r™ =20 =DrP2(r =Pt - 2rP 42
=A4(r=1)r"P —4(r—1)%r?P2 —2r%P 42

=4(r—1)r"™P -2’3 +2r2)+8r2P" 142 >0.
Otherwise, we have
Fr—1,..,r-1)=r*"2_14+1-"1)?2 =0.
O

Proposition 4.12. Letr =2 be an even integer and n € N. For every0<i < j<r", the length

. n o
of the interval Il.y]. is greater than or equal to

(j—i+1)?
r2n(r+1)°
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Proof. Firstly, we have
1 1

0o
I = r—1 S
Had=r=0 2 o= g

k=n+1

(4.15)

and consequently, it only remains to prove the result for i < j. Let
n-1 n-1
i= Zekrk, j= Ze’krk, with O0seg el <r
k:o k=0

Taking advantage of (4.11) and (4.12), we write

x 1 'l g 1
k
I |=xj—xi+(r—1) — = + .
S k:zn‘;l kS r R A+ )

Now, we consider m = max{k : €} — € # 0} and let F be the function defined by (4.14). We
have

r(r+ DI = (G =i+ 1) = F(eh = €0y, €y —Em) 20
by Lemma 4.11. O

In Theorem 4.13 below, we calculate the 1/2-dimensional Hausdorff measure of the
global maxima set E, by means of its own definition. For the reader’s convenience, we recall
the definition of the s-dimensional Hausdorff measure of a set and we refer to the books
[41] and [45] for more information about it and related topics.

Let AcRbeasetand s = 0. The diameter of A is denoted by |A| =sup{lx—y|: x,y € A}.
For each 6 > 0, we recall that a §-cover of a set A R is a countable collection of sets {U;}

with diameters 0 < |U;| < 6 that cover A and we define

o0
5 (A) = inf{ Z |U;|® : {U;} is a 6-cover ofA} .
i=1
Note that we can take each U; to be an open interval. The s-dimensional Hausdorff measure
of Ais given by
A (A) = (Slir{)1+ FE3(A).

This limit always exists and the limiting value can be 0 or co.

Theorem 4.13. Letr =2 be an even integer. Then, the 1/2-dimensional Hausdorff measure of
the global maxima set of f is1/vVr + 1.

Proof. Inview of (4.13) and (4.15), for every n > 1 we take the intervals I'; fori =0,...,r" -1

as a 0 ,-cover of E, where

1

X 1
Sp=(r—-1) ) 2T L)

k=n+1

Page 95



Nonsmooth analysis of the Takagi-Van der Waerden functions

and we get
1

Vitl

As &, tends to 0 as n — oo, we obtain that #V/2(E,) < 1/vVr +1.

A3 (E) <1"\/6, =

Now, it only remains to prove the other inequality. Let {Ux}}?, be a covering of E,
consisting of open intervals. The compactness of E; tells us that it is covered by a finite
number of them, so suppose E, [_ka:1 U with E, nU # @ for k=1,..., m. Without loss of
generality we may suppose that U; nU;N Uy = ¢ for any three differentindices 1< i, j,k < m
and we have U; ¢ U;j and U; ¢ U; for i # j. We also may assume that for k = 1,...,m the
endpoints of Uy not belong to E,.

We claim that if we take an 7 sufficiently large, then for every k =1, ..., m there are a pair

of indices 0 < i} < ji < r'" such that

M) I . cUy.

L Jk

(2) The family of intervals {I l’; e ,’3’:1 is pairwise disjoint and covers E;.

Indeed, let I = (a, b) and J = (¢, d) be two intervals of Uy, ..., Uy, such that INnJ#@. We may
assume that InJ = [c, b]. If ¢ # b then we may pick x € [c, b] \ E, since E, does not contain
any interval, and otherwise we take x = ¢ = b. Furthermore, as E; is a closed set there is
a>0suchthat (x—a,x+a)cTUJ\ E,. Then, we have

(@, x—a)u(x+a,d)nE=(IUJ)NE;.

Repeating this process for the m — 1 possible intersections we obtain a new covering of E;,
named Iy,... I;,, formed by open intervals such that I; n1; = @ for i # j and Iy < Uy for
every k =1,...,m. Now, let § > 0 be the minimum of the distance between the intervals
I,...I,. If we take n sufficiently large that 6 > 1/r2"(r +1) then every interval of the form
Ilf?i is contained in only one interval of I1,... I;;,. Hence, for every k = 1,..., m if we denote
ir = min{i : Il.’fl. c I} and ji = max{;j : I]’.fj c It} then we have i < jr and Ili,jk c Ii. Since

I,...I,, are pairwise disjoint intervals and they cover E,, we obtain that the family of

m
k=1

Therefore, if we conveniently reorder the family {I l’i i " _, then it can be written as

intervals {I l’]lc i is pairwise disjoint and it covers E,. This proves the claim.

k=1’

n n
IO,pl’I

n
P1+1,P2""’I

Pm-1+1,r"-1
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and consequently, by Lemma 4.12 we get

MYOAEDY
|Uk| = 17 .|
k=1 = Ve
> ! (p1+1+p2—p1+---+1" 1) =
z————=(p 2=p1+--: —Pm-1—-1)=
NS P Vil
which gives us the result. O
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CHAPTER

GLOBAL PROPERTIES AND APPROXIMATE DIFFERENTIABILITY IN
THE GENERALIZED CLASS

For a given strictly increasing sequence of non-negative integers r = (r,,), satisfying that
r1 =1 and r, divides r,4; for every n, the Generalized Class is formed by all the functions
frw 10,11 — R defined as

fow@) =) wpgn(x)
n=1

where w = (w,), is a sequence of weights such that (r; 1 wn) . €¢1, and g,(x) denotes the
distance from the point x to the set D,, = {kr,;' : k=0,...,r,}. A detailed introduction to
this family of functions is developed in Section 1.4 of Chapter 1.

Keep in mind the Takagi class is obtained by taking r,.; = 2r, for every n and such a
class has been deeply investigated in the literature (see Section 1.2 of Chapter 1). In a sense,
this earlier study of the properties of the functions belonging to the Generalized Class, was
guided in the beginning by the well-known results for the Takagi Class.

Following this line of thought, we begin this chapter by studying some global properties
of the functions belonging to the Generalized Class. We characterize when a function of the
Generalized Class is Lipschitz, or it satisfies the Holder property of any order 0 < a < 1. As
far as we know, this last result is even new for the functions belonging to the Takagi class.

Once the survey of the global properties is completed, we devote our full attention to
the study of approximate differentiability in the Generalized Class. It should be mentioned

that such a study is the harvest of an improvement in the techniques developed in the
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work [52], where we obtained that a function belonging to the Generalized Class is nowhere
differentiable if and only if the sequence of weights does not belong to cy.

The notion of approximate differentiability is a generalization of the concept of differen-
tiability obtained by replacing the ordinary limit by an approximate limit (see Section 5.2
below). It was introduced by A. Y. Khinchin in the paper [78], which was presented for the
first time at a meeting of a student mathematical club on 6 November 1914. This notion has
been deeply investigated over the years, and it plays an important role in various questions
of real analysis such as, for example, in the theory of Lusin-type properties of functions (see
[43] and [58]).

Afunction f : R — R has the Lusin property of class C! if for every & > 0 there is a function
g :R—Rofclass C! such that the set {x € R: f(x) # g(x)} has Lebesgue measure less than ¢.
E C. Liu and W. S. Tai obtained that a function f : R — R has the Lusin property of class C! if
and only if it is approximately differentiable almost everywhere.

In 1951, H. Whitney stated, without giving any demonstration, that the Takagi-Van der
Waerden function does not have the Lusin property of class C! for a sufficiently large r = 2
(see [111]). In 2003, J. B. Brown and G. Kozlowski proved that for every integer r = 2 the
Takagi-Van der Waerden function agrees with no function of class C! on any set of positive
measure (see [29]).

From these facts we deduce that the Takagi-Van der Waerden function is not approxi-
mately differentiable almost everywhere. In 2020, Juan Ferrera and Javier Gémez Gil proved
a stronger result for the Takagi function, namely it is nowhere approximately differentiable
(see [51]). A typical (in the Baire category sense) continuous function f: R — R is nowhere
approximately differentiable (see [72]) . However, the examples of such functions in the
existing literature are more complicated than the Takagi function (see [72] or [88]).

Coming back to the Generalized Class, we prove that differentiability and approximate
differentiability are equivalent properties when dealing with a function belonging to the
Generalized Class. As a consequence, we obtain that a function in such a Class is nowhere
approximately differentiable if and only if the sequence of weights does not belong to cy. This

may be considered an improvement of Kéno’s theorem via the approximate differentiability.

5.1 Global properties

In Chapter 2, we outlined that a function of the Takagi class T,, is Lipschitz if and only if
w € ¢1, and the Lipschitz norm is given by ||w|;. We extend this result to the Generalized

Takagi-Van der Waerden class.

Page 100



5.1 - Global properties

Proposition 5.1. The function fy,,, is Lipschitz if and only if w € ¢,. If this is the case, the

Lipschitz norm of f;, is |wll;.

Proof. If w e ¢, then

(&)

[ few@) = frw@I <) willge(y) — g < llwlly |y — xI.
k=1

Conversely, assume that f;, ,, is Lipschitz for some Lipschitz constant K = 0. For every n, we

define the set C,, as the closure of
{x€[0,1]\ (D,uDy,): 8 (X wi = |wy| for every k < n}.

Observe that C,, is a finite union of closed intervals of length r,,!/2, whose endpoints belong
toD,U l~)n.

Since # < i we may take two consecutive points x, y € C, N D1 with x < y and we
have

FowW = frow@®) = wi(gr(y) - ge) =Y wrgi(2)(y—x)
k=1 k=1

with z € (x, y). Hence we get
2w (=2 =1 few W) — frw@)] < K(y - x),
k=1

and therefore ;' _, |w| < K. Letting n to infinity we obtain the result. O

Along with the Lipschitz property we may consider the Holder property. For 0 < a <
1, recall that a function f : [0,1] — R is Holder continuous of order « if there is C > 0
such that | f(x) — f(p)| < Clx — y|* for all x,y € [0,1]. It must be noted that if a function
f:10,1] — R is Lipschitz then it is Holder continuous of order a for any 0 < a < 1. The
converse assertion is not true; the Takagi-Van der Waerden function is not Lipschitz since it
is nowhere differentiable; nonetheless, it is Holder continuous of order @ forany0 < a <1
(see [97] and [98]).

Proposition 5.2. The function fy,,, is Holder continuous of order 0 < a < 1 if and only if there

exists K > 0 such that |\w;,| < Kr}[“ for every n.

Proof. We assume first that f; ,, is Holder continuous of order 0 < a < 1 for some M = 0. As

we did in Proposition 5.1, for every n we define the set C,, as the closure of
{x€[0,11\ (DU D,): g (W) wi = |wy| for every k < n}
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and recall that C,, is a finite union of closed intervals of length r;,!/2, whose endpoints
belong to D, U D,,. Let I be one of the closed intervals of C,,. We take x = min I N D,,;+; and
y=maxInD,.;. We have
_ 1 Yn
y—X=o—-5
2rn  2rp41
where v, = 0 provided that r,,4+1/r, is even and y,, = 1 otherwise. Since r,; = 2r,, we obtain

1
that y—x=> T and hence

< 4l-apprl,

L - X M
Z lwy| = |fi‘,w(y) fr,w( )| < —
k=1 y—Xx (y—x)
Conversely, assume that there is K > 0 such that |w,| < K r,%“" for every n. Let x € [0, 1]
and h € Rsuch that x+ h € [0,1]. Let n € N be such that 1/r,+; <|h| < 1/r,. Hence we get

|h|a n

> Jwgl

l1-a
I'n k=1

n

n
|willge(x+ h) — gr(X) < |kl ) lwl <
k=]. k:l

a L Tg\l-a a

<kih*y (Z£] =il

k=1Tn

for some constant Q; > 0. In addition, we have

3 1 & Jwl _K & 1
Y Jwiligkx+ ) -gr)l=s= Y —=— ) —
k=n+1 20500 Tk 2 50Ty
K1 & (r a
= — 2 ( n+1 S%SQzlhla
2 Tyt k2ns1 s Tk n+1
for some constant Q» > 0. The result follows by adding both items. O

Corollary 5.3. If w € ¢, then f;,, is Holder continuous of order a for every0 < a < 1.

5.2 The approximate derivative

The notion of approximate derivative of a function at a point relies on the concept of
approximate limit, which is a generalization of the ordinary concept of limit.
For a function f : R — R, we say that / € R is the approximate limit of f at a point x,

written
ap }I_rg fy=1,
if for every € > 0 we have

-~ z({ye(x—r,x;r):lf(y)—ll > ¢}) o,
r—0%t r
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It is worth mentioning that we could have defined the approximate limit in terms of
the concept of a density point for a given Lebesgue measurable subset of R (see [77] and
Proposition 1.5 of [58]). Moreover, it must be noted that an approximate limit, if it exists, is
unique (see Theorem 1.36 of [43]).

The concept of approximate limit allows us to obtain a generalization of continuity,
named approximate continuity. A function f : R — R is approximately continuous at a point

x provided that
ap lim £ (y) = f(x).

It is well-known that Lebesgue measurable functions can be described in terms of approxi-
mate continuity. More precisely, a function f : R — R is Lebesgue measurable if and only if it
is approximately continuous almost everywhere (see Theorem 5.2 of [30]).

The approximate derivative of a function f : R — R at a point x, denoted by ap f’(x), is
defined as

ap}}{}}c f(y))/:i:(x)

provided either that this limit exists or is infinite. When ap f’(x) is finite, we say f is ap-
proximately differentiable at x. If this is the case, then f is also approximately continuous
at x. Whereas, if f is differentiable at x, then f is approximately differentiable at x and
apf'(x) = f'(x).

The following auxiliary lemma will be very useful for our purposes. For the sake of

completeness, we present its proof below.

Lemma5.4. Let f : R — R be a function, x € R and suppose that f is approximately differen-

tiable at x with approximate derivative apf’' (x). Then, for any real number A > apf'(x) we

have ) fo
Llyex-rx+r)\{x: L2 > )
i 21 me)
r—0+ 2r
Similarly, for any real number u < apf’'(x) we have
f-fx)
LIiyex—rx+r\{x}:—=——=<u
i 1 e
r—0+ 2r

Proof. We prove the first statement and the proof of the remaining one is completely analo-
gous, so it is left to the reader. Let €9 > 0 be such that ap f’(x) + €9 < A. Since f approximately
differentiable at x we know that

_ N D-f)
rli%f({ye(x r,x+r)\{x}.2r = apf,(X)‘ZgO}):()_
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The result follows immediately because

:f({ye(x—r,x+r)\{x} f(y) f() f’(x)‘zm})
z:f({ye(x—r,x+r)\{x}:%2apf’(x)+eo})
2$({y€(x—r,x+r)\{x}:w2)[}).

y—Xx

The following result is an immediate consequence of Lemma 5.4 above.

Lemma 5.5. Let f : R — R be a function, x € R and suppose that [ is approximately dif-
ferentiable at x with approximate derivative apf'(x). Let (I,),, be a decreasing sequence of

intervals with positive length such that(,, I, = {x}. Then, for any real number A > apf'(x) we

have
)
lim =0.
n z(ln)
Similarly, for any real number u < apf’'(x) we have
olfyen: ety

lim
n ZL(Iy)

5.3 Approximate differentiability in the Generalized class

Firstly, we investigate the approximate differentiability of a function in the Generalized Class
ata point x ¢ DU D. As is customary, for every n we denote by a,, = a,,(x) the largest element
of D, smaller than x and by b, = b, (x) the least element of D,, larger than x. The midpoint
of the interval (a,, b,) is denoted by ¢, = ¢,(x). For every n we have x € (a,, c,) provided
that g}, (x) = 1, meanwhile x € (cy, b,) otherwise. Accordingly, we denote that interval by
Jn(x) = J, whenever x € J,,.

The following result will play an important role in the proof of Proposition 5.7 below.

Lemma 5.6. Let0< 6 <2* and x ¢ DuD. For every n such that either ry1/r, = 3, or
Tnel =2Tp and |x — cps1| =2 272 2L,,), there exist two intervals I, I,  J,, and an affine map

L: I — I, satisfying the following properties:
(1) x is an endpoint of I.
@) L) =2L(L)=6%Ln.
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(3) dist(ly,I;) =232 ,).
4) gr(y)=gr(L(y)) foreveryyel, andk=n+1.

Proof. Firstly, we assume r,4+1/r, = 3. Therefore, there exist at least two more points
21,29 € J, such that g,.1(x) = gn+1(21) = gn+1(22). Moreover, one of the points fulfilling

that property, which we denote by z, satisfies
1 2
g«ff(]n) <lx-z|= gz(]n)

The affine map L must satisfy L(x) = z, and it will be a translation provided that g, (x) =
g,.,(2) and a point reflection otherwise. The intervals I; and I, are defined such that
L(I)) = I, x and z are endpoints of I; and I, respectively, £ (1)) = £(Iy) = 6% (J,), and

I, I, c J,. This last condition is always possible since
2
26L(Jn) + gg(fn) <Zn)-
Properties (1) and (2) are immediate, meanwhile property (3) holds since |x — z| = %2( In)
and £(I,) = £(I,) < 5; £ (J,), which implies
. 1 1 1
dist (I}, ) = gf(fn) - ﬁg(]n) = 2_33(]11)-
Property (4) is also immediate because if L is a translation then L(x) = x + T”zl for some
m, whereas if L is a point reflection then it is a point reflection over a point belonging to
Dy U 5n+1 .
Secondly, we assume 1,11 =2r, and |x — cp4+1] = 274%£(J,). Then, the affine map Lisa
point reflection over ¢, 41, and using the same reasoning as previously gives the result.
O

Proposition 5.7. Letx ¢ DU D. If f;,, is approximately differentiable at x, then the series

Y22, Wkg(x) converges and

apfy ., (x) =Y wig(x).
k=1

Proof. For every y # x we denote

A(y) =

frow) = fr,w(x)
y—x

and for every n we write

= 8r(y) — gk (x)
5n(y) = W—m.
k§+1 y—x
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It is important to observe that if y € J,, then

n

A(y) = ) wig(x) + 8, ().
k=1

We also denote d,p, = apfy ,(x) and we take M = |dg)| + 1. For every n we define
En={z€J,:|A(2)| = M}

and by Lemma 5.5 we have
. ZL(Ep)
lim =0.
n Ln)

For the sake of contradiction, we suppose that ¥ | wig,.(x) does not converge or

(5.1)

dap # Y32, Wk, (x). Hence, we have either d,), is bigger than liminf, }}'_, wyg; (x), or
smaller than limsup, Y., wi g (x) . We assume that we are in the first situation and the

second one is completely analogous. Therefore, there are numbers «@ and f such that

n
liminf )" wycgi(x) < B<a <dap
k=1

and consequently, there exist infinitely many indices n such that

n
Y wig(x) < B. (5.2)
k=1

If there are infinitely many indices n satisfying (5.2) together with r,,+; = 2r, and |x —

Cnt1l < 2i4££( J»), then we consider S: J,, — J, the point reflection over c;+; and the set
A, ={yen:6,(») <0}

For every y € J, such that |y — ¢;+11 = |x — cu+11, we have either y or S(y) belongs to 4;,, and
hence
_. 1 _3 1
ZL(A) = 5(1 -2 )ﬁf(]n) > Zg(]”)'

Moreover, if y € A, then A(y) < < a, so we get

L{Eyeli:Ay) <a}) L4y 1
ZLUn) XU 4

which contradicts Lemma 5.5.
Otherwise, there are infinitely many indices 7 satisfying (5.2) such that either r;;, = 3ry,,
Or ryy1 =2rpand | X — ¢cpe1] = 2i4££(]n). Now, we invoke Lemma 5.6 with

a—-p 1}

2(1B[+M) 2% 3

0<6<min{
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and we obtain two intervals I}, I, < J, and an affine map L : I; — I, satisfying the four

properties indicated in Lemma 5.6. Recall that
En={z€],:|A(2)| = M}

and let y € I, \. L(E;). We denote

LYy —x
Mot = L=
and we have

1 o0
<‘>‘n(y)=y— Y wi(gk(()) — gr(x)

“ N k=n+1

1 [e.0]
=—— Y wigk(L7' () - gx(x)

V=X =nn1
% LYy) - ge(0)
L Y w _ly) 8k
k=n+1 L (y)—x

= (AL ) - Y wigp).
k=1

Since £ (I}) = £L(I,) = 6. £ (J,) and dist (I, I,) = 273.%£(J,,) we obtain |1, (y)| < 236, so we get

AW =(1-2,()) Y. wigr(x) + A (MAL™ ()
k=1

n
<(1-2.(0) Y wrgi(x)+2°6M
k=1
<(1-A,(»)p+2°6M
where we have used that L™1(y) ¢ E,,. Therefore, we obtain

Ay) < B+2%81B1+236M = B+235(1Bl+ M) < a

by (5.3). Thus, we conclude A(y) < a for every y € I, \. L(E,), so we have

Z{yeln: AW =a}) LU -LED) _ LE)
£Un) S ZUn 0 20U

and by (5.1) we obtain

< niA(Y) <
limsup ({yE;U gy) =) >0>0,

which contradicts Lemma 5.5. O
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Juan Ferrera and Javier G6mez Gil carried out a deep study of the differentiability proper-
ties of a wide family of functions, which contains the Generalized Takagi-Van der Waerden
class. As a consequence of Theorem 2.10 of [49], we have that f; ,, is derivable at a point

x ¢ DU D if and only if the series Y72, w8, (x) converges. In such a case, we have

i@ =) wigL(x).
k=1

Proposition 5.7 above allows us to improve their result via the approximate differentiability.
Theorem 5.8. For every x ¢ DU D the following statements are equivalent:

(1) fr.w is approximately differentiable at x.

(2) fr,w is differentiable at x.

(3) Theseries Y37 | wi g;c (x) converges.
If this is the case, then

fiw@=apf; ,(0) =) wig.(x).
k=1

The remainder of this section will deal with the case when x € D u D. We will slightly
modify the argument that we used in Proposition 5.7 in order to obtain the corresponding
result for this case. Moreover, taking advantage of the results obtained by Juan Ferrera and

Javier Gémez Gil in their paper [49], we prove an analogous result to Theorem 5.8 above.

Proposition 5.9. Let x € D. If f;,,, is approximately differentiable at x, then both series

Y0, wig, () and 2 | wig,” (x) converge. Moreover,

apfe(0) =) wigl (0 =) wigy ().
k=1 k=1

Proof. There exists an index ng = 1 such that x € D, \ D,,—; and we observe

Y owkgl () =- Y wegp (0
k=n0 k=l’l0

so both series converge or diverge simultaneously. We consider the case concerning
Z%"Zl wkg;c+ (x) and the case concerning Z%"Zl wkg;c‘ (x) is similar. As before, we denote

dap = apfr’,w(x) and we take M = |d,| + 1. Moreover, for every y # x we write

fr,w(y) _fr,w(x)

A(y) = —

Page 108



5.3 - Approximate differentiability in the Generalized class

For the sake of contradiction, we suppose that Y7, wg," (x) does not converge or
dap #1324 wkg]’:r (x). We have either d,, is bigger than liminf, ;" _, wkg;c+ (x) or smaller

than limsup, Y7, wi g’ (x). We assume that we are in the first situation and the second

I+
k
one is completely analogous. Therefore, there are numbers a and 8 such that
n
lim inf wi8y (%) < B<a<dap,
k=1

and consequently, there exist infinitely many indices 7 such that
n
Y wig (%) < B
k=1

For all those indices n, we may assume that x € D,, and we take z,+1 € Dy41 with z,,4; >
x such that (x,z,4+1) N Dyy1 = @. Furthermore, we consider the interval I, = (zn+1 -

61,1, Zn+1) where

0<5<min{3(a—_’6),1} (5.4)
4161+ M) 4
and we define Ej+; = {z € [x, 2p+1] : |A(2)| = M}. From Lemma 5.5 we get

li’IlIl In+1Z (Epy1) = 0. (5.5)

Let y € I,+1 . S(E,+1) where S is the point reflection over the midpoint of (x, z,,+1) and

we denote )
ST (y)—-x

np= S0

3

We know S™'(y) —x < §r,},. Since § <1/4 we have y —x = 2

An(y) < 3—15. Hence,

r-1, and consequently, 0 <

A=Y wigt 0+ Y wyEEY 8D
k=1
=2

k=n+1 y—x

©  g(STry) - gk
wigF(x)+A,() w
k=1 c8 Y k:%ﬂ ¢ STy -x

1-A,(3)) Y. wiglt () + A (NA(S' ()
k=1

4
< (1—7Ln(y))ﬁ+§5M
where we have used that S™(y) ¢ E,,,,. Therefore, we obtain
4 4
AY) < B+I1BIA(y) + §5Ms B+ 56(|,6| +M)<a
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by (5.4). Thus, we conclude A(y) < a for every y € I,+1 . S(Ep+1), SO we have

ZL{yelx, znml: A < a}) _ ort — L(Ens)

n+l
-1 -1
n+1 rn+l

- :6_rn+1$(En+1)

and by (5.5) we obtain
limsupry 1 Z({y€(x,zps1]: A(Y) <a}) =6 >0
n
which contradicts Lemma 5.5. O

Proposition 5.10. Let x € D~ D. If f,.,, is approximately differentiable at x, then both series

Y2, wig (x) and Y2 | wi g (x) converge. Moreover,
apfe (X)) =Y wigl () =) wig (x).
k=1 k=1

Proof. For every n, recall that if r,,4, /7, is even then D,, © D,,.1, whereas if r,41 /1, is odd
then D,, € D,,11. Let ng be the first index such that x € 5,10. Since x ¢ D we have that ry, /1y

is an odd number for every n = ng, and consequently x € D,, for every n = ng. Therefore,
o0 o0
/ /—
Y w8l () =— ) wigp )
k:no k:no
so both series converge or diverge simultaneously. We consider the case concerning
,_ . /+ . . . .

T2 Wi & (%) and the case concerning 377 | wi g, () is similar. As is customary, we denote

dap = apﬂw(x) and we take M = |d4p| + 1. Moreover, for every y # x we write

fr,w(y) _fr,w(x)

y—x

A(y) =

For the sake of contradiction, we suppose that Y2, wig, (x) does not converge or
dap # X732, Wk, (x). Proceeding as we did in Proposition 5.9, we assume that there are

numbers a and f such that

n
liminf ) wiegy (x) < < a<dap
k=1

and consequently, there exist infinitely many indices n such that

Y wi g (x) <.
k=1

-1

For all those indices n, we may assume that x € D,, and we take z,.1 = x — r,.,- Moreover,
we consider the interval 1,41 = (2p+1 — 67,1, 2n+1) With
3(a— 1
0<5<min{(—'6),—} (5.6)
45(1B1+ M) 4
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and we define E,41 = {z € [2441,x] : |A(2)| = M}. Let y € Iy \ 7(En+1) where 7 is the

. . -1 3.-1 :
translation 7 : [z;41, X] — [zn+1 — T zn+1]. Now, we observe that y—x = 3r,;, and g is

affine on I, for every k < n, so we have

1 _ = (¥) — 8x(x)
k=1 k=n+1 y—x
L _ iy -x & 7 H(y)) — gk (%)
:Zwkg;c (x) + y Z w gk( _13’) 8k
k=1 - k=n+1 () —x
4
5/3+§6(|,B|+M) <a
by (5.6), and the proof follows as in Proposition 5.9. O

For a point x € DU D we take ng = 1 as the first index such that x € Dy, U 13,10. Since
we have either ﬁn c Dy, or 5,, c 5n+1 for every n, it follows that g;: (x)=- g;c_ (x) for all
k = ng. Therefore, if both series Y.7° | wig;" (x) and X% | wig, (x) converge and agree with

apfy ,(x), we have

I’lo—l o] o0
apfy () — Y wig )= > wigl () =— ) wig (x)
k=1 k=ng k=no
which implies
o0 [e.°]
Y wigl (=Y wegy (x)=0. (5.7)
k=n0 k:no

When x € D~ D or x € Dn D, Proposition 2.15 and Proposition 2.16 of [49] yield that
fr,w is derivable at x if and only if Condition (5.7) holds. The same reasoning done by the
authors in Proposition 2.15 of [49] gives the same result for the remaining case x € D~ D.

Thus, we obtain the following result.
Theorem 5.11. For every x € DU D the following statements are equivalent:
(1) frw is approximately differentiable at x.
(2) fr,w isderivable at x.
(3) Both series Y37, wig, (x) and L3 | wig, (x) converge and agree.
If this is the case, then
fow@® =apf.,(x)= r:z_ll Wi g (x)

where ny is the first index such that x € D, U ﬁno.
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Theorem 5.8 together with Theorem 5.11 yields that if f; ,, is approximately differentiable
at some point of [0, 1], then w € ¢y. As a consequence of Theorem 2.13 of [49], if w € ¢y \ ¢,
then f; , is derivable at an uncountable set and the range of the derivative is R. Whereas,
if w € ¢, then f;,, is Lipchitz by Proposition 5.1, and consequently it is derivable almost
everywhere by Rademacher’s Theorem. From these facts, we obtain an improvement of

Ko6no’s theorem via the approximate differentiability.

Corollary 5.12. The function f,,, is nowhere approximately differentiable if and only if
wé cy.
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CONCLUSIONES

La funcién de Takagi y sus generalizaciones han sido estudiadas por numerosos autores a lo
largo de los afnos. En esta tesis se resuelven algunas cuestiones que se han planteado a lo
largo de los afios sobre determinadas propiedades de las funciones de Takagi generalizadas.

El Teorema de Kono es probablemente el resultado més sorprendente y conocido para
las funciones de la Clase de Takagi. Este teorema ilustra tres diferentes comportamiendos
de diferenciabilidad de las funciones de la Clase de Takagi. En el Capitulo 2 abordamos el
estudio de algunas propiedades de diferenciabilidad de orden dos para las funciones de
Takagi. Quizas, el resultado més sorprendente que obtenemos, es el Teorema 2.24 en el que
probamos que un conjunto de propiedades, en principio distintas para funciones arbitrarias,
son equivalentes para las funciones de la Clase de Takagi y que pueden caracterizarse en
términos de un condicién sencilla sobre la sucesion de pesos. Para obtener este resultado, se
desarrollan técnicas nuevas en las que el desarrollo binario de los puntos del intervalo [0, 1]
juega un papel fundamental. Los resultados obtenidos en este capitulo pueden ver como un
cuarto comportamiendo cualitativo que no estaba contemplado en el clasico teorema de
Kono.

En [11], P. C. Allaart and K. Kawamura caracterizaron el conjunto de puntos en los que la
funcién de Takagi tiene una derivada infinita. En el survey [10] realizado por ambos autores,
propusieron como problema abierto caracterizar dicho conjunto de puntos para la funcién
de Takagi-Van der Waerden. La solucion a este problema es presentada en el Capitulo 3 y
realizamos dicha caracterizacién en términos de la expansién en base r de los puntos. Esta
fue la primera vez en la que pudimos atisbar la importancia de la paridad de r en el estudio
de esta propiedad. Esto supuso el desarrollo de nuevas técnicas que nos permitieran abordar
dicho problema desde un enfoque global. Una generalizacién immediata de la funcién de
Takagi-Van der Waerden es la denominada funcion Generalizada que presentamos en el
Capitulo 1. Alaluz de los resultados obtenidos en Capitulo 3, parece natural preguntarnos
si es posible caracterizar dichos puntos para la funcién Generalizada en términos de la
expansion de tales puntos en cierto sistema de representacion numérico que podriamos

asociar a cada funcién Generalizada. El estudio de dicho sistema de numeracién seria un
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problema interesante en si mismo.

En 2011, P Géray R. J. Stern probaron que la funcion de Takagi tiene un comportamiento
muy singular desde el punto de vista de la subdiferenciabilidad. Esto llev6 a Juan Ferrera
y Javier Gémez a estudiar el comportamiendo de dicha funcién desde la perspectiva de
la superdiferencial. En vista de los resultados que obtuvieron, nos planteamos extender
este estudio para la funcion de Takagi-Van der Waerden. Ademds, debido a la relacion
existente entre la superdiferencial y los méximos locales, podriamos caracterizar el conjunto
de méaximos locales de la funcién de Takagi-Van der Waerden. Esto permitiria completar
el estudio de los puntos extremos de dicha funcién que habia iniciado Y. Baba en 1984.
Cuando r es par, Y. Baba probé que el conjunto de puntos donde la funcién de Takagi-Van
der Waerden alcanza su méximo global es un conjunto de Cantor de dimensiéon de Hausdorff
1/2. Esto nos llev6 a preguntarnos sobre la medida de Hausdorff 1/2-dimensional de dicho
conjunto. En el Capitulo 4 damos respuestas a todas estas cuestiones. Para ello, utilizamos
técnicas provenientes del andlisis nonsmooth y de la geometria fractal.

En 2020, Juan Ferrera and Javier Gémez Gil probaron que la funcién de Takagi es aprox-
imadamente diferenciable en ningin punto. En un primer momento, nos planteamos si
seria posible mejorar el teorema de K6no probando que las funciones de la Clase de Takagi
son aproximadamente diferenciables en ningtin punto si y solo si la sucesién de pesos no
estd en ¢p. Sin embargo, los argumentos que emplearon Juan Ferrera and Javier Gomez
Gil en su articulo estaban basados en que las funciones G,, que aproximan a la funcién
de Takagi por debajo, tienen pendientes enteras. Por tanto, el estudio de dicho problema
requeria el desarrollo de nuevas técnicas. Los nuevos argumentos que obtuvimos tenian un
fuerte componente geométrico que estaba basado el la regularidad de los puntos diddicos.
De algtin modo, las funciones de la Clase Generalizada también tienen ese componente
y pudimos obtener una version del teorema de Kono en términos de la diferenciabilidad
aproximada. Esto nos lleva a plantearnos si es posible obtener un teorema de Kéno en su
totalidad para la clase Generalizada. En [49], ambos autores intentaron obtener una version
de Kono en un contexto mds general, pero sus resultados solamente son aplicables cuando
rn+1/ 7, €s un nimero par eventualmente. De nuevo, vemos la importancia de la paridad en
relacion a este tipo de propiedades.

Como podemos observar, en esta tesis se han resuelto diversos problemas sobre las
funciones de Takagi generalizadas que abren la puerta a otros problemas relacionados
mas generales, para los que las técnicas que se han desarrollado a lo largo de dicha tesis

constituyen un primer paso hacia su investigacion.
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The Takagi function and its generalizations have been deeply investigated by numerous
authors over the years. In this thesis, some questions raised regarding certain properties of
the generalized Takagi functions have been addressed.

Koéno’s theorem is arguably the most surprising and well-known result for functions
in the Takagi Class. This theorem illustrates three different behaviors of differentiability
for functions in such a Class. In Chapter 2, we delve into the study of some second order
differentiability properties for the functions in the Takagi Class. Perhaps the most surprising
result obtained is Theorem 2.24, where we prove that several properties are equivalent for
the functions in the Takagi Class. However, for arbitrary functions these properties are not
even related. Moreover, they can be characterized in terms of a simple condition on the
sequence of weights. To achieve this result, new techniques are developed in which the
binary expansion of the points in the interval [0, 1] plays a fundamental role. The results
obtained in this chapter can be seen as a fourth qualitative behavior that was not considered
in the classic Kono’s theorem.

In [11], P. C. Allaart and K. Kawamura characterized the set of points where the Takagi
function has an infinite derivative. In the survey [10] conducted by both authors, they posed
an open problem to characterize this set of points for the Takagi-Van der Waerden function.
The solution to this problem is presented in Chapter 3, and we perform this characterization
in terms of the base-r expansion of such points. This was the first time we glimpsed the
importance of the r parity while dealing with this property. This led to the development
of new techniques to approach this problem from a global perspective. An immediate
generalization of the Takagi-Van der Waerden function is the so-called Generalized Function,
presented in Chapter 1. In light of the results obtained in Chapter 3, it seems natural to
ask if it is possible to characterize these points for the Generalized Function in terms of
the expansion of such points in a certain numerical representation system that we could
associate with each Generalized Function. The study of such a numbering system would be
an interesting problem in itself.

In 2011, P. Gora and R. J. Stern proved that the Takagi function has a very singular
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subdifferentiability behavior. This led Juan Ferrera and Javier Goémez to study the behavior of
this function from the superdifferential perspective. In view of the results they obtained, we
set out to extend this study to the Takagi-Van der Waerden function. Additionally, due to the
relationship between the superdifferential and local maxima of a function, we characterized
the set of local maxima of the Takagi-Van der Waerden function. This completes the study of
the extreme points of this function that Y. Baba initiated in 1984. When r is even, Y. Baba
also proved that the set of points where the Takagi-Van der Waerden function attains its
global maximum is a Cantor set with Hausdorff dimension 1/2. This led us to inquire about
the Hausdorff measure 1/2-dimensional of this set. In Chapter 4, we provide answers to all
these questions. To do so, we use techniques from nonsmooth analysis and fractal geometry.

In 2020, Juan Ferrera and Javier Gémez Gil proved that the Takagi function is nowhere
approximately differentiable. Initially, we wondered if it would be possible to improve
Kono’s theorem by proving that the functions of the Takagi Class are nowhere approximately
differentiable if and only if the sequence of weights does not belong to ¢y. However, the
arguments used by Juan Ferrera and Javier Gomez Gil in their article were based on the
fact that the polygonal functions G, which approximate the Takagi function from below,
have integer slopes. Therefore, the study of this problem required the development of new
techniques. The arguments we obtained have a strong geometric component based on the
regularity of the dyadic points. In a way, the Generalized Class functions also have that
component, and we were able to obtain a version of Kobno’s theorem via the approximate
differentiability. This leads us to consider whether it is possible to obtain a complete version
of Kono'’s theorem for the Generalized Class. In [49], both authors attempted to obtain a
Ko6no’s type theorem in a more general context, but their results are only applicable when
rn+1/ 1y is eventually an even number. Again, we see the importance of parity in relation to
this type of property.

As we can see, in this thesis, various problems about generalized Takagi functions have
been solved, opening the door to other related, more general problems. The techniques

developed throughout this thesis constitute a first step toward their investigation.
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