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SUBVARIEDAD FUNDAMENTAL RESPECTO DFE
UNA CORRESPONDENCIA ALGEBRAICA

PrDRO ABELLANAS (¥)

Introduccion.—Hemos probado [1] que si § es una sub-
variedad irreducible de V, regular respecto de una correspon-
dencia algebraica T, y si R’ es una componente irreducible de
su transformada, se verificaba que dim.(B)=dim.(B)+a—b,
cuando rera PF=R* (| 1].pag. 225), v que dim. (R)+a—b
<dim.(P)<dim.(P,)+a—0>b, cuando R* ¢ P* En el § 1-deb
presente trabajo probamos que, si R es fundamental v la com-
ponente B’ de su transformada no lo es en la transformacién
inversa, se verifica que

dim. (P'y>dim. (R) +a—b. el

Este teorema caracteriza a las subvariedades fundamentales
cuando R*=PBP*, v sélo en este caso.

Si b=0, [1], la condicién (a) es caracteristica para las sub-
variedades fundamentales, si, ademés, se cumple que no exis-
ten subvariedades fundamentales en V' para la correspondencia
mmversa. ) ;

En el § 2 construimos el ideal que representa a la subvarie-
dad fundamental respecto de una correspondencia algebraica
v obtenemos como corolario ‘que la dimensién de esta subva-
riedad no es mayor a la dimensién de V disminuida en dos
unidades. :

HIPOTESIS Y NOTACIONES.: k es un cuerpo base arbitrario con
infinitos elementos ; {%,, ...,.%,} e {¥,, ..., ¥ son dos sucesio-
nes de indeterminadas sobre k ; o ' ‘

A=kl ooy %5 Yoo v Wls (1]
b B s 7)ol 0 D )

siendo I un ideal primo vy 'bihomogéneo. Representaremos por
B a la variedad correspondiente a I en el espacio provectivo do-
ble vy porle,, oo, By, ey ) 2ty punto general.der B.

(*) Trabajo presentado al! Congreso Internacional de Matematicas. ce-
iebrado en Cambridge, U. S. A.. del 3G de agosto al 6 de septiembre de
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Pondremos, como en [1],

g)"i \ 20y *- En: T&ov o T(m,v ).:_/V"(Ern 7 !:ny x,_/ﬁ‘ﬁo» Aoty Tl'm\) 1:3]
P*-—/CIEO * !sn; YlOy 4 7ﬂm] P k‘EO! "‘vE'n P kln()’ "'7‘qm]'

Representaremos por 7+1, s+1, a+1, b+1, a los grados de
transcendencia de X y X' sobre k y de Q sobre £ y X', respéc-
tivamente.

Llamaremos T a la correspondencia algebraica definida por
B y V y V' a las variedades original e imagen de esta corres-
oondencia. (&, ..., &) v (n,, ..., m,) Son puntos generales de V
v MYy respectwamente

Sean i 1, =0, ..., m, (m+1)® indeterminadas sobre Q, ‘in-
dependientes entre 51, pongamos

1~ .
g E N 300 gt i By =m0 ..., om 4]

7=0 ' )\U | j=0

en donde Ay es el adjunto de %; en ().
Pondremos :
K=1Fk (k)
Al F= ]C [)\‘007 S )\m,m; ‘rO’ e . xn; in A ':ym];
W N Y UREEO L Gy oLt IR e S
1= K[y, - ooy s 9%, - -5 3k
s =k [Reg, -1y )‘mm; Boy 1+ s o T
o K[Em £ '7‘)271,;‘ s i s gl
i Belhogs « 3y Bt 9% eions 9%k
s = K& [5%, - ., %,

OU:OW

Otﬁ

B, =k [hyg, - lmm; Bos 40 SR P R l‘, [5]
VR AR TR (

By = X [y - - oy )‘mm; Yo oo 1 8%ul;

Cs =K@ %, .-, %,
O N R R ] P

Do Py vy B 8o s cibn Gy i
E=Z[Xm, "")\mm]v I
. F =k, ¢ o3 M
Gk veeny B5b




Eatipis

; 2)
T T A
J,=B,I=B1,
L, = 0,1, :

J, = Jy/B, (I n &),
L, = 1,/C (0 n Gy,

s ) 6]
L3 = C3 L?, !
Ji=30n By
']JA e Lg n C4‘
Js =B, J,,
IJ',—): }5144‘ i
N A :
[ =AL;.

Representaremos por letras alemanas maytsculas a . los idea-
les homogéneos y bihomogéneos de P, P''y P* y por letras
alemanas minusculas a los no homogéneos. Escribiremos R y
p, respectivamente, para representar a los ideales primos homo-
géneos vy no homogéneos, respectivamente, y emplearemos la
misma letra para representar a un ideal y a su variedad corres-
pondiente, : v

§ 1. Transformade de una subvariedod fundamental.

Sea P una subvariedad de V, fundamental e irreducible
({11, def. 1.10) y 8’ una componente irreducible de su transfor-
mada. Entonces, existe un d. m. p., $* de P* $ que yace
sobre § v R'. Representaremos, como en [1], por R* al
d. p. m. de P* R’, que es un mdltiplo, propio o impropio, de
$* v pondremos B,= L*nP.

TeoremMA 1. Si R es fundamental para T v R no lo es
hara T-* se verifica que

dim. (RY>dim. (R) +a—Dh.

Demostraciéon. Sean Q, Q, ¥ v X' los cuerpos de cocientes
de P*/R* P*/R*, P/}, P/R’, respectivamente.



a) Sea R*'=P*. En este caso es Q=0 y,'como R’ no es
tundamental respecto de T, resulta, (def. 1.10, [1]) que
grad. trans. [Q: X' ]=b+1. Como B es fundamental respecto de
T, es grad. trans. [Q: .E]*.=a+1>a“_+ 1. Ahora bien, grad trans.
10 k]=grad. trans. [Q: Y] +grad. trans, [3: k]l=a+ 14 dim.
(P)+1, y grad. trans. LQ:k].:grad. trans. [Q: ') +grad.
trans. [Y': k]=0b+1+dim. (B +1.

Por tanto, dim.(R')=dim.(R)+a—b>dim. (B)+a—b.

b) Si B*'cP*, -es. dim(P*)>dim.(P*), ‘o bien " grad.
trans. (Q : 2')': b+1>grad. trans. (Q - ﬁ’)‘:'b“—l—l, de donde,
(7) dim. (R'y>dim. (R) +a—g>dim.(R)+a—b, q. e. d.

Escolio. Si @ fuera regular tendriamos dim. ()=
=dim. () @—p, por consiguiente, la primera desigualdad [7]
muestra que si R es fundamental y B’ no lo esen la transfor-

macion inversa, la dimension de B’ es mayor que la que ten-
dria si P fuese regular respecto de R'.

El lema siguiente contiene al T. 8.12 [1].

LemMa 1. Si b=0 y Q' no es fundamental en la correspon-
dencia inversa se verifica que [BF'= P*.

Demostracion. Empleando las notaciones anteriores y te-
niendo en cuenta las relaciones R*CR* ¥ R*'NP'= P*nP =R’
resulta que grad. trans. (Q): é')}grad. trans. (Q:3); pero,
como b=0y P’ no es fundamental, resulta (Def. 1.10 [1]) que
grad. trans. (fl : i‘,’)\:l y, como ) es un cuerpo homogéneo res-
pecto de Y, resulta que grad. trans. (Q:3)>1, de donde
g'réd.. trans. () : 2')=grad. trans. (Q: =1 y dim.(R*)=
=grad trans. (ﬁ):ﬁ]')+grad. trans. (3': ky=dim.(R*), q. e. d.

TeEOREMA 2. Si en la correspondencia algebraica T es b=0
y no existen subvariedades fundamenlales en V' para T, una
condicidn mecesaria y suficiente para que sea fundamental una
subvariedad, 3, de V es que dim.(R'V>dim. (R)+a.

La necesidad ha sido probada en el T. 1, y la suficiencia es

consecuencia del lema precedente v del T. 219 |1t




§ 2, Subvariedad fundamental respecto de una corresponden-
cia algebraica.

De las definiciones (5) se deducen inmediatamente las si-
guientes relaciones :

1 A, cB,.
2) Cy=A, =B,

3. . B,= . B/B(lnG).

B G, = GG NGy Cy= By,

5 B,=B,.

6) Cy=GCy =By, = By, -

7 By =B,

8 C;=0,-

Y= T ot & 4% - os v

De estas relaciones y de (5) y (6) se deducen las siguientes
proposiciones :

10) I, es un ideal primo e [,nA=I.

11) ], es un ideal primo y JnA=1I.

12) L,=C,I,=C,]J, es primo y, como no existen polinomios
de F contenidos en I, ni en J,, se verifica que L,nA;=I,,
L. oBy=..

13) J, y L, son primos y L,=C,],, J,=L,nB,:

14) No exislen polinomios de D en los ideales [,, L,, [, Ly,
,A, L,. Si existiese un polinomio, f(&;2), tal que f=0(J,), exis-
tirfa un polinomio, F(x;x;¥*) en J, tal que F(&;%; ¥y )=f(5;2),
de donde F(x;h; v*)=flx; N+F,(x;x;9%), v Fi(E;x;9%)=0;
de esta Ultima relacién resulta F(x;x; ¥)=0(B . (InG)) vy, a for-
tori, F,=0(],) vy, como F=0(],), se deduce que f(x;n=0(],),
por tanto, f(x;N)=0(k[x ;2] (InG)) e. e., f(5;X1)=0. Anéloga de-
mostracién sirve para L,. De las relaciones [,=B,J,=BJ, I., y
por no pertenecer ningun polinomio de P al ideal J,, resulta
que, J,=],nB,, y, de aqui, que no existe ningtin polinomio de
D en J,. Como L,nC,=L,, se deduce que ningtn polinomio
de D pertenece a L,. Finalmente, de J,=],nB, y L,=L,nC,
se deduce que ningtn polinomio de D pertenece a J, ni a L,.



15) J, v L, son prifnos. :

' 16) ‘De 14) se deduce que J, y L, son ideales primos y que
f=knB; Li=L,nC,,

17 Dim.(L,)=a+1.: Como la dimensién de L, (respecto
. de K) es igual a la de T (respecto de k), resulta dim. (L,)=n+d+2.
Por otra parte, de C,/L,= C,/L, se deduce que dim.(L;)=
dim. (L, )y=q+2.

Finalmente, como la dimensién de L, es igual al grado de
transcendencia del cuerpo de cocientes de e) /L, sobre K(¢) y,
en virtud de 14), el cuerpo de cocientes de C,/L, es igual al de
C,/L,, resulta que dim.(L,)=grad, trans. (C,/L,: K(§))=dim:.
(L,)—grad. trans. (K(&): K))=a+1, ,

Hipo'tesis.wEn virtud de 17), supondremos en lo que sigue
que y*, ..., ¥¥, son algebraicamente 1ndepend1emes méd. (La)
18) 'De De 6), (6) y 13) se deduce que

T‘3 3 Cyly=GCsds = B3n (Jo) = B3D (By Jo) = Gy Jy

y de aqui se sigue que y*;, ..., ¥, son algebraicamente indepen-
dientes mod. (J,).

19} L.=C.],=C,].. En efecto, de 13} se deduce que L.~
(1. ¥, por tanto, k=€ LAC iy L eC ] nC =
:Cs(CstnBA)':‘C:;(szanD"— 5(]2.0134)\.-— C;]4=C,J;.

. 20) De 14) y 19 se deduce Jj=L.nB,.

21) Dim. (J,)=dim. (J,)=dim.(L,)+grad. trans. (K: k))_:
g+ 2+ (412, Y dim.(L)=r+a+2, x

99) De (6) v 14) se deduce di,m.(],,):dim!(]dv)—grad. trans.
(T: R)y=a+14+(m+1)>.

23) De (6), 21) vy 14) se deduce que dim.(L )=dim. (L4)-
—grad, trans. (K(&): K)=a+1.

M) Como L =C.L,=C(L,aC,)=C.(L.aC nC)=C,(L,nC,),
fas ¥*,, . 9%, son qlgebraicamente independientes mdd. (L;) y

por tanto I es primo e InC =L.. De aqui y de 23) resulta

dim. (I) dim. (L) (a+1)=0.

25) Siendo i\ un anillo de p()hnomlos con una tUnica inde-
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A
terminada y coeficientes de un cuerpo, es euclideo y el ideal I
es principal

T=(TE ;K5 5%, oo Yo ar))s

: . g % . A
siendo ¥ un polinomio irreducible de A, que puede Suponerse
perteneciente a B, e irreducible en B;. En lo que sigue supon-
dremos que W satisface estas condiciones.

26) El polinomio ¥ posee la siguiente forma:

WAttt ) S HE R+ a A o s gD A

asq ‘ a4y « a4y

+ .04 ap(E; I\;y;, Sava )

Ta

en donde H mo contiene ninguna (y*) y ¥ puede suponerse ho-
mogéneo respecto de las (£) y de las (y*;, ..., ¥*a,). Como I
es homogéneo respecto de las (x) y de las (y), lo es también
L,=C,I respecto de las (x) y de las (y*), asi como L,=
= L,/C,(InG) lo es respecto de las (§) e (y*), y L,=L,nC, lo sera
respectg’ de“las (E) e (v%,i i 9%.5). Siendo las (%, ..., ¥*)

algebraicamente independientes mod. L, es L_j:/}r\C5 y, como
hemos tomado ¥ irreducible en C,, el ideal C () es primo v,
en virtud de 238), es L,=C,(¥).

De 14) y (6) se deduce que L, =L nC, y, por tanto, C,(¥)EL,.
Si ¥ no fuera bihomogéneo respecto de las () v de las (y*,, ...,
y*.4,), como L, lo es, todas sus componentes bihomogéneas
pertenecerfan a L. y, como las (y*,. ..., ¥*,;,) son indetermina-
das sobre K(&), resulta que ¥ es homogéneo respecto de las

(v*). Sea =T, 5+ ... + V¥, 3 una descomposicién de ¥ en

sus componentes bihomogéneas; entonces serd W, s =0(L;) v
Es

g = TGN de donde T=0(C,T, ) v CyT, )=

ap gE:N
=C,(W). En lo que sigue supondrempos, por tanto, que W es bi-
hromogéneo respecto de las () vy de las (v¥).
Si H(t ;) contuviese alguna de las (y*,, .... ¥*,), efectuando

a+1
la sustituciéon y*;= S‘ 7,, V5 Ve = L 7=0. .... a, obten-
driamos /—0 R

[H (En )‘7 )\i, n+1\) + ay (E' }‘7 )\O,a+l7 & el Sy )\0,1;+1\ + & 2 +

+ Ap (E )\: ‘A'O.(H-]': 2 sy .)\nu&'l)],y:;tl + SR [81
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en donde y es el grado de ¥ respecto de.las (y*). Como las
Ni,a+1 se han supuesto pardmetros y el grado de H respecto de
ellas es p—¢ y el de a; es p—p+1, si el coeficiente de y" en (8)
fuese cero lo serfan también H vy las a, i=1, ..., p, y también lo
serfa W. Bastarfa, por tanto, tomar las indeterminadas g, -+, %,
en lugar de las y*, ..., y*.

21 L,=B, J,=0,J,.  De (6) v 13) se deduce .que L, =
=B, J, v lL,= B J, -respectivamente, y, por 14),. L, = B,,
J:n B4F = B4‘.~(B2p Jy n By = B@l;j(B‘:p' 2N By 084] = B4[,<'J72 n B =
=B, J,=CJ,.

28) J.=B. (W), Ep ecfecto, de 2y y 96) se deduce que
B,(W)=0(],). Puesto que ¥ es irreducible en B, y éste es ua
anillo de polinomios, el ideal B (W) es primo y, por 22), resulta
que J,=B,(®).

LEMA 2. Si R es un ideal primo y homogéneo de P y si
D es divisor de D(H(E;)), el ideal B, es divisor de B, ().

Demostracion. Sea

O sl = BiOD, S am ) B

e ha 19,

0 o
Va+1,0’ prtJrl,l’ 7 Vatt, atl

en donde las (g;) son indeterminadas independientes sobre A,

e ,
a fodid e n:(R‘ o (o}
e N Ly
U la matriz unidad, ¥
’ ThE : A
A e — AR: (11]
G e

Entonces,
(oo ol = MO0 Sulys o =gl il = a b B s gl m (12

Si empleamos la sustitucién (12) en lugar de la (4) y segui-




£ g =

mos el mismo proceso. empleado para obtener W, obtendremos
un polinomio, W¥*, que diferird de ¥ en que el primero tendra
(¥**) y (z) en lugar de las (y*) y (1) del segundo. Ahora bien,
podemos obtener W* efectuando las sustituciones A=TR™ y (9)
en WE;n;v*, ..., ¥¥.,). Efectuando en W sélo esta dltima,
obtenemos

\‘;-(2:7\;3,3. S i '*IH“' /\A()(H] n”%_
+»”1(25 A Pocasi® o P ent) ‘o:;:'““ + .+
+ ap (2; & ‘(l<m+’,‘ kst ‘Ou.w—]}]y:i{'] +
e L S T DO . K Rl SR f13]

v, efectuando ahora en (13) la sustitucién A=TR™, resulta

l'(g: -\v:-.’\’:;w, (e "+1 = (H(F ){((HX a1 T
+ a, lE, oo Youaws! i .(1(,.(”.1" P::J]AHH RaREE
+ap S P(m % ‘Ou.zH—l\] .1,(5;'701_%_
de donde resulta que
H(";; D=HENE, T OE R L ) r;"M‘ s
R L ST NPT R [14]

Ahora bien, de las hipdtesis se deduce que D(H( ;)=
=0(D%®R), por tanto, k[&;<](H(%;<)=0(k[£;<]B), y como
kl&;7]Ck[E;h; o] resulta que B[E; X ; p](H(E; ) =0(k[E; X5 61B)
y como las (1) y las (o) son indeterminadas sobre P, independien-
tes entre si, de las relaciones anteriores y de las (6) resulta que
todos los coeficientes de la derecha de (14) respecto de las (\) v
de las (¢) estdn contenidos en Q. Finalmente, si en el segundo
miembro de (14) se sustituven las (o, a1y -+» 9at1,ars) POT las
(¥o*, wer, Y*ap) se obtiene W(E;n; ¥*, ..., '), luego,
B/U—0(B, B), q. e. d.

LEMA 3. Si DR es un d. p.m. de D(H(5;))), stendo R un
wdeal primo v homogéneo de P, la subvariedad B no es funda-
mental.
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Demostracion. Si R fuese fundamental, poniendo B,=C, %},
como las (3) e (¥*) son indeterminadas respecto de X, el idel R,

serfa primo y = R,nP, luego, si §=E(D), i=0, ...,'n, seria

i

Col Ba 2 R i inn it 9% woer ¥l
Siendo $ fundamental (def. 1.10, [1]) existe un d. p. m. de
(L,, ®,), que representaremos por P,, tal que dim.(p,)—dim.
(B,)>a+1 y, por tanto, no existe ningin polinomio de K[&,, ..,
5.5 V¥, oo V*.] contenido en ?1'%2/5132; pero, como L,=0(R,)

y existen polinomios de K[&,, ..., &; ¥*,, ..., ¥*.4,] contenidos
en L,, ¥ entre ellos, resulta que si en todos estos polinomios se
sustituyen las (£) por las () todos ellos se anulardn, luego, sus
coeficientes respecto de las (\) e (y*) estdn contenidos en P v
L,=L,aC,=0(C,B). Como D(H( ;1)) es un ideal principal, es
puro y de dimensién 7, luego dim.,. (DB)y=r y dim., (C,B)=
=r+a+2. Ahora bien, de 21) y L,=0(C, ) se deduce, ya que
.ambos son ideales primos, que L,=C, %R ; pero, de 14) se deduce
que L ,nP =(0), que contradice a C,BnP=%x, q. e. d.

Definicion. Representaremos por F a la interseccién de to-
dos los d. p. m. de D(H(% ;%)) que no poseen bases totalmente
contenidas en P.

TrOREMA 3. La condicidn necesaria y suficiente para que la
subvariedad R de V sea fundamental para T es que

F=0D%R)

. Demostracion. La condicion es mecesaria. Supongamos que
L fuese fundamental y que

FE0(DR)
Siendo § fundamental, resulta, por el T. 3.10-[1], que
H(z; D=0(Dp).
Si ponemos en lé igualdad (11) T'=A, A=Ty

F05 0 e
o Aty e
R=1p 0o Ve, [16]




PR R

serobtiene : ‘
A=TR, £ -~ {17)
v (14) se escribira
HE: n=HE; T)yz’i]‘—{— a, (&; < A vy Y A
' ‘ + o (B X5 %0 ey 9 (18]
P:)y‘nga‘n\ms Bi=&lt,0 -y Tmm; By ~-os En§ Y¥or -oos ¥al. De (A7)
se deduce que
B,EB, [19]

¥ como

Poga - U5 e (=2 0%
O an =1 4%
e e i, O
[\ -
i Ay o0 0 [~y
Joatl
0 fVma+1_'
V¥ an
resulta que B, C B, . .y, como y*,;, no estd contenida en nin-

gin d. p. m. de B,(H(&; X)), si.
O OBEEW =GN ... A

es una descomposicién normal de B,(H) en ideales primarios,
siendo 3, el ideal primo correspondiente a &;, =1, ..., I, sera

. AR 5 i . = " ; D 5
R4(.,,v;=“+l)(H E:m)n B, (.B4(y=-ﬁa+|) QnBjin... n{‘B4(y*a+,) QN By [21]

una descomposicién de By, L (H)nB, en ideales primarios, sien=
g Y oad

do B4(y,;a+‘)SB,-nI-;1 el ideal primo correspondiente a B4(y*a+l)&,~n_b4,
ra = AR
De (18) v (21) se deduce que
B;X<y:3:u+‘> (ql" (E' T; ’V&:))ﬂ §4 e (B"‘(y*nﬂ) ai nEﬂf\ ... N (Bll(y:e:u_‘_x) alnB—d) :
y como ‘
My = Biggiay © PaneEO(BW) s By, (NINB,=By(¥)

y, por tanto,

B,(W)=(B,, & nB)n...nB,, ,&nB)

141)
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Como D(H(2; M))=0DR) v T £ 0(DP), DR divide a un
d. p. m. de D(H) que posee una base perteneciente a P y no
divide a ningtn d. p. m. de D(H) que no posea una base per-
teneciente a P. Este hecho lo expresaremos brevemente diciendo
que DR no posee la «propiedad 'p» respecto de D(H). Ahora
bien, como H(& ;) se transforma mediante (17) en W y teniendo

s(yasy (H)y se obtiene
que B, SB no posee la propiedad b respecto de B, (). Pero,

en cuenta la descomposicion antermr de B

], es un d. p. m. de B,(¥) con la propiedad p, por tanto,
J. # 0B, ). De esta relacion se deduce que existe un polinomio
g(E;2;9%) que pertenece a J, v que no debe de pertenecer a
B, . Efectuando, si ello'es preciso, una transformacién lineal,
tal como hemos indicado en 26), es posible suponer que g tiene
la siguiente forma :

o o i e g2 IES B ES1 2 Tl m s s KT LI
‘gr(;’l\’j,o’ '...”\4”-1) _‘g“(:'/\]yaﬂ &iter /‘“10’ “"’I,:Uu»] %)
e BRI, )

en donde g (850 #£0DP) v como gE;h;5 0%, vony 1%0)=0 (en
donde 1%, es el resultado de sustituir en y*, las (v) por las (v)), va
que g = 0(],), se deduce que (T. 3.10) ® no es fundamental, lo
que esta en contradiccién con la hipodtesis.

La condicion es sufi‘,cievnie. Supongamos que F=0(D%R) v
que P no es fundamental. Como en el teorema 2.10 [1], serfa po-
sible determinar m-a formas de I, F (v ;¥), ..., F,_, (\ y), tales

que los ideales S[YI(F,E;9), oy Foo3 ) v EWIEE; )0 o
F.;,r_a(g;y)) (en donde 51--:—2($), i=0, ..., n) tendrian la misma

N m

dimensién a+1. Efectuando la sustitucién y,:‘,_\_‘)\ij*',- y elimi-
j=0

nando las indeterminadas Y*sas - ¥*, entre las ecuaciones

F. (& ; Dhy*)=0 ..., F,_.(8;Zx»*=0, se obtiene, l. c., la resul-
tante
LY . kN _ B 0 A0 B Yoot K
WolEs X3 H5s wvns y”ﬂ\ = A (& SR S + a, (%5 ks 9, ....»1”\

Como k posee infinitos elementos, existen infinitas especiali-
zaciones de las (1) sobre elementos de k tales que A(E ; p) 7 0(B)
por tanto,

CA(E5 00 (DR). g (21]



Pero, como ¥ =0(];), de 28) se deduce que

FE; R 9%y oo Py |
gie)

W= I ‘E; )"5 Poi o ¥ FE B gEP

de donde g(&)A(E; N)=0(D(H(E;2)) y, por tanto g(E)A(E;N)=
= 0(F). :

Vamos a ver que st R, es un d. p. m. de (H(E;2)) que no
posee la propiedad p no existe ningin polinomio de P en ,. En
efecto, como (H) es un ideal puro, por ser principal, se deduce
que dim. (,)=grad. trans.(D: k)—1=m+1)*+7r. Si f(&) fuese
un polinomio tal que f(€)€P y f(E)=0(R,), B, seria un divisor
de D(f), y como este ideal es también puro y su dimensién es
(ml4+1)2+7, B, serfa un d. p. m. de D(f) ; pero, todos los d. p. m.
de D(f) son extensiones a D de d. p. m. de P(f) y, por tanto, po-
seerfan la propiedad p, en contradiccién con la hipdtesis.

De esta proposicién y de lo que antecede, resulta

AE N =0(F)
y por la hipétesis
AE; N=0DB)

en contradiccién con (21), q. e. d.
De este teorema y del lema 3 resulta inmediatamente :

COROLARIO. -La dimension de la subvariedad fundamental de
V no es mayor que dim.(V)-2.
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FUNDAMENTAL SUBVARIETY
FOR AN ALGEBRAIC CORRFESPONDENCE, )
dieln” i & PRl i ;o by ¢ .
PEDRO ABELLANAS

~ Intfoduction.—In our paper [1] we have shown that if $ .is
an irreducible subvariety of V; regular for an algebraic corres-
pondence, T, and if §’ is an irreducible component of its trans-
form [1], then it was verified that dim. (R)=dim. (Ry+a—">,
when $*=R* (|1], pag. 225), and that dim.(PB)+ae—=b<
<dim. (Py<dim. (B,)+a—"b, when $*'c $*. In § 1 of the pre-
sent paper-we show that if P is fundamental and the component '
of its transform is not fundamental for the inverse correspondence,
it is verified that :

dim.(')>dim. (R)+a—>b. 18]

This theorem gives a characteristic propriety of the fundamen-
tal subvarieties when $¥=$* and only in this case.

If b=0, |1], the condition (I) is a characteristic one for the
tundamental subvarieties such that their transform is not funda-
mental for the inverse correspondence.

We construct in § 2 the fundamental subvariety for an alge-
braic correspondence, that is, the subvariety that is the topo-
logical union of all fundamental subvatieties of V. As a corolla-
ry, we show that the dimension of this subvariety is most like
the dimensién of V diminished by two unities.

HYPOTHESIS AND NOTATIONS. k is an arbitrary ground field with
infinite elements; {«x,, ..., x,} and {y,::., ¥m{ are two sequen-
ces of indeterminates over k ;

A)_:’klxm seey ‘:x*n; yuv seey :V‘m] 5 [”

I=|\Fe;9), ..., Folw:9), 121
this I is a prime and bihomogeneous ideal ; we shall denote by

9B the variety corresponding to I in the double projective space
and By (E,, ..., Enj N +-» M) a-general point of B.

(*) This paper was presented to the International Congress of Mathe-
maticiens in the sceance of the september, 4, P. M, 1950.
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We shall put, as in [1]:

Q k(-O’ ey 2 -n? l()r o lm) L k COv sty En 24 k( gy == T‘m) [3]
k[EO’ s20y :n' T&m pe nm]’ sz[go ey En]v zk[ﬁm s “"l}

We shall call n+1 and si+1 the transcendency degrees of X
and X' over k, respectively, and a+1 and b+1 those of Q over
2 and X', respectively.

We shall denote by T the algebraic correspondence defined
by ¥ ; and by V and V' the original and image varieties, with
the general points (&, ..., &, and (qy, ..., nm), respectively.

Let ay 1, j=0, ..., m, be (m+1)* indeterminates over Q
and let ’

m
Vi = Z )\ii y.i*v yj* =
=0

N

AV, t=0U,...,m 4]

where A, is the adjoint of 2 in ().
Also we shall put: ,
K=4% |
A=k R eos Mgmy Loisomy Ty Vs o 55 Vimls 1
Be= [hg s~ vn s Ky Tgero e oy Bl Wygoony 951, '
@ K e sny 205 s s o | 230 K [y 0000 Bt 955 s, 075015
B [Kopr -+ oy Mg Bgs 6o o9 Bl 550 o s 4505

C = K[; ) ’En: .')’0‘ = )ym[ = 1&[\0, ¥Rty En7 :V;}:()v o) y*m]?

B,=X [007"')lm,m;ym"')y'm],
= K{E [ym "‘vym Kla[ﬁ/ 04 ""yé:ml!
B, :761)\00,..-,)\7)1,1%; Bos e men Bud 3Py oo oy ¥ urrly (5]

G — TRC] 2 eV T

B; =X Mgy + o o5 hamms 9%, ey ¥l
9\5 = KE %, ..\ 9%ul
A=K - B % - 57D [0l
10k /5 Vit Sl ,E"]
B2 bl
=k o],

sz [mo» "'7xn]’
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And
A O \
=B =B, L, \
LT,

J. % JiB, (I n G),
L, = IJI//Cl InG),

'Ja = "Bsti l()]
Ly=GC Ly,

Ji= J2 B,

; L4 = Lg n 04,

Js = B5 J41

s = 05 Ly, |

/A A )

1 = A Lﬁ- f

We shall denote by capital German letters the homogeneous
and bihomogeneous ideals of P, P' and P* and by small
German letters the non homogeneous ideals; we shall write B
and p to represent the prime homogeneous and non homoge-
neous ideals, respectively, and we shall use the same letters to
denote a prime ideal and its corresponding subvariety.

§ 1. Transform of a fundamental subvariety.

Let  be an irreducible and fundamental subvariety of V
({1], def. 1.10) and R’ an irreducible component of its transforrvn,’
then there is a m. p. d. *), 8%, of P* § which lies over ¥ and
over '. We shall denote, as in [1], by $* a m. p. d. of
P* 9’ which is a proper or improper multiple of $* and we
shall let §,=F*'nP.

THEOREM 1. If R is fundamental for T and B’ is not fun-
damental for T-*, then

dim. (R'y>dim. (R)+a—Db.

Proof. Let Q, Q, 3 and X' be the quotients fields of P*/$*,
Pxig*, P/B, PR, respectively,

#)  We shall denote briefly by m. p. d. the minimal prime divisors.
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a) Le! §F =% In this case it is Q=0 and, as W' is not
fundamental for T, it result (def. 1.10, [1]) that trans. degr.
(Q:3)=b+1. As R is fundamental for T, it is trans. degr.
(O : Py=a+1>a+1. If we denote by k the ground field of Q,
it results that trans. degr. (O : k)=trans. degr. (Q: E)Hrtraﬁs.
degr.‘ (3 : k)=a+L+dim. (R)+1, and trans. degr. (Q: k)=
=trans. degr. (Q: ) +trans. degr. (X : R)=b+1+dim. ($)+1.

Hence dim. (P)=dim. (B)+a—b>dim. (R)+a—>b.

by If B*¥'cB* we have dim. (%’*')‘>ﬁ(lixn.(ﬂ$‘*), or also,
trans. degr. (Q: ¥)y=b+1>trans. degr. (Q: ¥)=@+1, hen-
ce, () dim. (R)=dim. (RY+o—0>dim. (L I+a—¢> dim.
(B)+a—>b, q. e. d.

Observation. If § were regular we should have dim. (R')=
=dim. (P)+ae—8, hence the first inequality (7) shows that if
% is fundamental and R’ is not for the inverse correspondence,
then the dimension of B is grealer than the dimension that it
would have if L were regular with relation to T'.

- The following lemme comprise the Th. 3.12 [1].

LemMe 1. If b=0 and V' is not fundamental for the inver-

se correspondence 1t is wverified that R*'= P*.

Proof. Employing the foregoing notations, we obtain, of
the relations R¥ER* and R¥NP’ = R*nP’ = P’ that trans.
degr. (€ : Sy>trans. degr. (Q:i"\, but, as b=0 and R’ is
not fundamental, it is obtained (def. 1.10, [1]) that trans. degr.
(9 :3)=1"and as Q is a homogeneous field with relation to ¥,
trans. degr. (Q: 3)>1, hence trans. degr. (fi: 2').:trans.degr.
(©:¥)=1, and dim.(p*)=trans. degr. (Q: fz)l.:trans. degr.
G': 3+ trans. degr. (3 : ky=trans. degr. (O : 3y +trans, degr.
(3 : ky=trns. degr. (Q:ky=dim. (%%}, q. e. d.

THEOREM 2. If in the algebraic correspondence T is b=0
" and there are no fundamental subvarieties in V' for T, a neces-

sary and sufficient condition for a subvariety, B, of V to be
jundamental for T is that

dim. (RY>dim. (R)+a.
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The necessarity has been shown in the Th. 1 and the suffi-
ciency is a consequence of the foregoing Lemme and the
Th, 9.12 [1].

§ 2. Fundamental subvariety for an algebraic correspondence.

Of the definitions (5) follows inmediately the relations :

—

) A, C B,
Y Cy=A, =B,

3) B,= B/B,([n G).

4 C, = C/C,(NG, C=1,,

o

5) By;=B,,.

6) U= Czn — sz . BSD'

7) B5 = B4p'

8) (;\5 = C,,-

b G"’K(Z) IS B Coetns 25 40, .o v

From these relations and from the (5) and (6) follows the
propositions :

10) I, is a prime ideal and I,nA=1.

11) J, is a prime ideal and J,nA=1.

12) L,=C,1,=C,J, is a prime ideal and, since there are
not polynomials of F contained in I, nor [, it is verified that
Lln‘Al':Il) LlnBI‘:]l'

18) ], and L, are prime .ideals and L,=C,J,, ].=L,nB,.

14) There are nol any polynomial of D in [, L, ], L,
Jo L,. 1f it had a polynomial, f(£; 1), so that f=0(],) a poly-
romial, F(x; Xx; »*), would exist in J, so that F(&; 1; y*)=
=f(E; ), ‘hence, F(x; \;3*y=f(x; MD+F (x; x; y*), where
F.(&; A5 ¥*)=0 and hence F (x; %; ¥*}=0(B,(InG)) and, a
fortiori, F,=0(J,) and as F=0(],), it follows that f(x; \)=0(],),
hence f(x; M=0(k|x; ¥](InG)), this is, f(¢; »)=0. An analogous
proof can be employed for L,. As J,=B.J,=B, ], and no
polynomial of P is contained in J,, it follows that J,=J.nB,,
hence there is not a polynomial of D contained in J,; as
L.nC,=L,, it follows that no polinomial of D is contained in
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L.. From J,=],nB, and L ,=L,nC, it follows that there is no
polynomial of D in J, nor L.

15) J, and L, are prime ideals.

16) Of 14) it follows that J, and L, are prime ideals and
J:=J].:nB,, Ly=LnC,.

17) Dim. (L,)=a+1. Since the dimension of L, with
respect to K is like that of I with respect k, and C,/L,
» C,/C,(InG)/L,/C (InG) » C,/L,, it follows that dim. (L,)=
=dim. (L,)=¢+2. Since dim. (L,)=trans. degr. (C,/L, : K(g)),
and from 14) follows that the quotients field of C,/L, is
like the quotients field of C,/L,, it follows that dim.(L,)=
=trans. degr. (C,/L,: K(&))=dim. (L,)—trans. degr. (K(&):
: Ky=g+2—(r+1)=a+1.

Hypothesis.  According to 17), we shall suppose that y*,,
..., ¥*, are algebraically independent mod. (L,).

18) From 6), (6) and 13) follows: I, = C, L, = Gy (0", J,' =
= CyJ, =By (J,)) = By 1B, J) =8B, J;=C;J,. and, hence y*, ...,
y*, are algebraically independent mod. (J,).

19) Ly=C,],=C,],. From 13) follows L,=C,J,, hence
L;=C,],nC, and L;=C,L,=C;(C,].nC)=C,(C,],nB,)=
=C,(B, ]QnBAA)‘:Cs(Janﬂ;)“: Ci o= Ci(B; J3=C,J;-

20) From 14) and 19) follows J.=L.,nB,.

21) Dim. (J,)=dim. (J,}=dim. (L,)+trans degr. (K: k)=
=q+2+@m+1)2. And dim. (L )=#+a+2.

22y From (6) and 14) follows dim. (J,)=dim. (J,)—trans.
degr. (B: kR)=q¢+2+(m+1)*—(r+1y=a+1+(m+1)2.

23) From (6), 14) and 21) follows dim. (I.)=dim. (L,)—
rans. degr. (K(&): Ky=a +1.

2 siice Ly=C,L,=C,(L.nC,)=CL,AC,NC)=C,(L:nC,),

the y*, ..., ¥*, are alg. indep. mod. (L.,), hence I is a prime ideal
i i

and InCy=L,. This and 23} give dim. (I)=dim. (L,)—(a+1)=0.

A
25) Since A is a polinomial ring with only one indeterminate
and coefficients of a field, K(&;v* , ..., ¥%,), it is an euclidean

/
ring and hence the ideal I is principal : T=(W(& ;% ; 9%, ..., ¥*ur1)



where ¥ is an irreducible polynomial of A, which can be sup-
posed as belonging to B, and irreducible in B;, and in the fol-
lowing we shall suppose that ¥ satisfies these conditions. .

26) The polynomial W has the following form :

WE R, e V= HE WYY +a By, NA

a1

+ ... +CT() 2: }~;f";7 "’1.7;1)

where H does not contain any one (y*) and W can be laken as
homogencous with respect to the (&) and Lhe (y*,, ...,v¥ui1).
Since I is bihomogeneous with relation to the (x) and the (y)
s0 is L, =C,I too with relation to the (x) and (y*), L,» L /C(InG)
ic so with respect to the (&) and the (y*) and L ,=L,nC, will be
so with respect to the (&) and (¥*,, ..., ¥%u4,). Since the (¥*,, .
v*) are algebraically independent mod. (L;) it follows that

I,.,,:l\nC._, and hence ¥ is supposed to be irreducible in C;, the
ideal C,(W) is a prime one and, because of 23), it follows that

L,=C,(T).

From 14) and (6) it follows that L,=1.nC,, and therefore
C,(IEL, ; if ¥ were not bihomogeneous with respect to the (&)
and (v*,, ..., ¥*,,), as L, is bihomogeneous, every bihomoge-
neous component of & would belong to L and as the (yv*, ...,

v*,.,) are indeterminates over K(&), it follows that ¥ is homoge-
rieous with relation to the (y*). If ¥= N Ak where
A is a bihomogeneous form w1th respec to the (E) and the
{v*) of degrees ¢, and B, respectively, it would be ¥ (,_,..a_o(Ls)

(50
and ¢, = -f—f’; ¥, therefore ¥=0(C (¥, ) and C(V
i P f (E. IN] ? EA 'j

== C, (). Hence, in the following we shall suppose thal ¥ is bi-
homogencous with respect to the (£) and (y*).
If H(g;2) contained some of the (y*, ..., y*), we should

a+1
. . . W 3 ek s & o
make the substitution ¥ —Eluy}. y Y =y, =0 . oa,
and we should get - g=0

[ N M et + 6 5 g aray ooy Royars) o ee

EEPR R TR WS V) [ JE SUCPI |:
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where p. is the degree of ¥ with respect to the (y*;, ..., ¥*u1)-
As the & 4, are parameters and the degree of H with respect to
them is p.—¢ and that of @, is p—p+1, if the coefficient of ¥,
in (8) were zero, H and a,, i=1, ..., o would be so too and the-
refore W,

27y L,=B,, ],=C,],- From (6) it follows that L =B, J,
and from 13) that L,=B, ],. Because of 14) L;=B, J,nB, =
B, (B, J.n B) =B, [(B,,J,n By n B]=DB, (J,nBy=B, J, =
=0,

28) Jy=B,(V). Effectively, from 20) and 26) it follows that
B,(1)=0(],). Since ¥ is irreducible in B, and this is a poly-
nomial ring, the ideal B,(¥) is a prime one and, because of 22),
it follows that J,=B, ().

LEMME 2. If B is a prime and homogeneous ideai of P and
DR is divisor of D(H(%; 1)), then the ideal B, is a divisor of
B,(W).

Proof. Let

(jzgy o 's iniy y:;l), = R1 (\y;;i:y seiely y:’:])': RI =

700 pm’ 7 V0a+l
ot e ' e vt S ARG bt 9]
Pu+1,0’ Vatil" 7 Va+1,a+1
where the (p;) are indeterminates over A,
‘AOO’ 7\‘0 n
) ) R 0
N . R= ( : ) [10]
0o U,
)\71107 ey )\mm,
U the unit matrix, and
“00 o tom
JRESH | = AR. (11]
T T

w0y Ny

- Then
@y ~ s 9 =T (955 e i) 97 =05 i=a+2,...om [12]

~ If 'we employ the substitution (12) instead of that of (4) and
we follow the same process that we have followed to obtain W,
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we shall obtain a polynomial, W* which will differ tfrom W in
that the first one will have (y**) and (r) instead of the (y*) and
0) of the latter s WH(E3 =5 3%, oy Y5, )=TE; A3 3% ..o
Y*.4,). But we can obtain W* effecting the substitutions A:=TR™’
and (9) in W(E;x;v*, ..., ¥*..,); effecting now in T enly this
. latter one we get

‘I (E: l; y() 2 qa+1 a+l.a+l
+a Bk ‘00,(1,4—1' s ‘(J(v.u-i-ly) PZ:WH Hios s o
R TR (-0 S N A | & e ol
+h BN 059 - I f13]

and executing now in (13) the substitution A=T R~ we get :

U C‘ = ,,4- EEd o e, (.O

[ (a_v L7«1’0 r "ya+1) {H':-’ )\')‘)u+l.a+1 +

+a E; ko . yeth
1S, ? Vo, a+1? P Vaya+1’ Varl, avt

T e o
+ap 3 )L7 l,)OcHrl’ S ‘Oa,,a+] }ym‘"l ERREE

of, wich follows

HE o =HE: 0

a+l, a+l

53 p-1 e
T a4 (E’ /\7 ‘OO,(H-I’ ey Pn.a+1> ’O(H—l.nﬂ !
(14]

s B + ap (Ey kv P(nH—l’ R Ry ‘Oa.n*-l)

From the hypothesis follows that D(H(& ; »))=0(D ), hence
RLE; <J(H(E: 0))=0(klE; <]P) and as k[&; <]C k[&; %5 o], it fo-
llows that k[&; »; oJ(H(E; ©))=0 (k[E ;% ; ¢]R) and as the (A) and
(¢) are independent indeterminates over P, considering the (6)
and foregoing relations it results that, all coefficients on the right
hand side of (14) with relation to the (1) and (p) are contained
in PB. If the substitution of the (o, .....0 ) by the y*
ey ¥, respectively, is now executed in this right hand side
of (14), WI(E; }; 55, ..., 9. ) is obtained, hence B,T=0 (B,B),
g e i .

LemMeE 3. If DB is a m. p. d. of D(H(%; %)), R being a pri-
me and homogeneous ideal of P, the subvariety B is not funda-
mental, !

0’
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Proof. If § were fundamental and we put $,=C,%, since
the () and (y*) are indeterminates with relation to X, the ideal %,
would be a prime one and = %,nP, hence, if&i‘_—zgi(‘fs), =00,
n, it Would be CZ/S‘Bz&KLéo) coey gn) y%oy sy y*m] Because Of SE
Lieing fundamental (def. 1-10 [1]) there is a m. p. d. of (L,, B,),
which we will represent by $,, so that dim. (R,)—dim. (B>
>al+1 and hence there is no polynomial of KE: b ot
vsy ¥*e,] contained in §,/%,, but, since L,=0 (T,) and there
are polynomials of K[&y, ..., & ; ¥*, .-, ¥*es,] contained in L,,
¥ among them, it follows that if in all these polynomials the (&)
are substituted by the () they will all vanish, hence all their
coefficients with relation to the () and (y*) are contained in %,
hence L,=L,nC,=0(C%B). As D(H(&; »)) is a principal ideal, it
ic unmixed and all their m. p. d. will have dimension 7, hence
dim.(D9)=r and dim.(C,R)=r+a+2.Of 21) and L,=0(C,%)
follows, since both are prime ideals, that L,=C,%, but of 14)
tollows L,nP=(0), which is in contradiction with C, RnP=13,
q..e.d. 4

Definition. We shall denote with F the radical of D(H(&; »))
when are neglected all their, eventuals, m. p. d. which can be
represented by a base contained in P.

THEOREM 3. An irreductible s%tlvva?ietj;, R, of V is funda-
mental for T if and only if

F=00D%)
Proof. The condition is necessary. We shall suppose that T
is fundamental and that
F E0(DRP)
Since 9 is fundamental it follows, from Th. 3.10 [1], that

H(E ; 1)=0 (D). If we put T=A and A=T in the equality (11)
and too

1 V¥
0-1 ¥ 0 |
5 0 0 ....... ;),;e(;+.1 , 6]
1 {
0 oot
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it will be (17) A=TR, and (14) will be

H (& M= HE D%, + & w00y o d el i

+ap B N0 s 0 (18]

Let B,=k[t, .-- Tons Boy i Cnlt I won Voaidly from (AT} iCL0M
lows that (19) B,EB, and as ‘

i PO | IR ‘ (=" o5,
ey war S =110 ,’J’*o
1 B o i e ebingtf U 0
L= - A 0 0 ( 1>2a+2
Va1
0 g y*aﬂ_.
y*a+1
it follows that (19) B.€ B, , and asy*,,, is not contained in any

m. p.d. of B,(H(g;)), if B H(&,)\)\— Q, n...n Q isan irreducible
(‘escomposmon of B, (H) in primary ideals and %, is the prime
ideal corresponding to &;, i=1, ..., I, it will be B, . o (HE; W)=
= P s Q, n...nB,i(y*m) Loty (H) in
primary ideals and B“w‘*m) P, the prime ideal corresponding to

foa Q;, i=1; il FErom  (19) it follows ‘now . that . (20)

by (HE M aBr=i(B,., &0 b, a...0(B, 808,
Wthh is a descomposition of BW i (H)nB in 0r1mary ideals

and that B

Q a descompoqxtlon of B

o) $.nB, will be the prime ideal correspondlng. to

dpagy 2 Boy =1, oy L
From (18) and (20) follows B, . . Pag; B yNa B = (B,
Q,nB)n vos By s al_nTS;), and as BM%H) Bg(u, yand 9

% 0 (B, (1)), then B, 0 B, = B,(¥), hence B, (V) = (B
AL R R (Bide, i Ql nB,.

~ Since D(H(E ; W)=0 (D) and F£0 (DR), DB divide some
m. p. d. of D(H) which has a basis belonging to P and does
not divide to some'm. p. d. of D(H) which does not posses this

Yyt Yyaty)

propriety. We shall say that the ideal, B, has the «property p»
with relation to B,(¥) if and onl-y if B,;® divide to one m. p. d.
of B,() which is not an extension to B, of a prime ideal of P.
Hence DP does not posses the «property Py with relation to D(H).
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As H(&; 1) is transformed by (17) into W and taking into account
the foregoing descomposition of B,(T), it follows that 34513 can-
not have the propriety p with respect to B, (V). But J, is a m. p. d.
of B,(W¥) with the propriety p, hence J,5 0(B, ). From this rela-
tion it follows that there is a polynomial, g(&;%;y*) belonging to
J.» which does not belong to B, ; executing, if it is. necessary,
a linear transformation, as we have done in 26) it is possible to
suppose that g has the following form :

Bl V=g BN

1 a+1

. = % ep— 1
+Af1{2 /\;y' ..-,’l/i-‘)/\)*p' +

0’ Yo Ya+l

| P2 i) £ &
ool (' Bl vy ¥
= 'Q‘U. Q‘- o ? y(l’ 7 u)

in which g(&; 220 (DR) and as g(&; x; %, ..., 1%)=0
(where %, is obtained substituting in v*; the (v) by the (v) #=0,
., m), because g=0 (]J,), it follows, by the Th. 8.10 [1], that §
is not fundamental, which is in contradiction with our hypo-

thesis,

The condition is sufficient. We shall suppose that F =0
(D) and that §§ is not fundamental, As in the theorem 2.10 [1],
it would be possible find m-a forms of T, F,(x; v), ..., Fo_dx; ¥)
s¢ that the ideals Z|y] (Fy&; ) ..., Fa_6; y)) and i[y]

<F1(é; y)) ceey F'm~a(é§ 3’))) (‘Whel‘e ‘EIEEI(SB)' ’I=O, veny n); would
have the same dimension: da+1. By means of the substitution

m 5
yi:Z‘)\i_iyj*, and eliminating the indeterminates y*,.,, ..., ¥*a
Jj=0
between the equations F,(&; Eny*)=0, ..., Fn_(&; Zny*)=0,
we get (1.c.) the resultant
Yo B 095 o V) = AE MY+ o+ @ E Ay 0y

a

As there are infinite elements in k, there are infinite speciali-
zations of the (1) over elements () of k such that A(£; p)£0 (B),
hence,

A5 M) #0 (DP). 211
But as W =0 (J,), from 28) it follows that

. f(E7)";y;) ~-'~,J’Z+1)
IJO:: g(E)

W& &g 9o in By



— 28— .

(of which g(£) A(&; M)=0(D(Hg; »)) and hence g(&) A(t; »)=0
Fi,

We are going to show that if B, is a m. p. d. of (H(E; W)
which has nol the propriety p there is no polynomial of P con-
tained in ,. Certainly, as (H) is an unmixed ideal, then it is
a principal one, and it follows that dim (9 ,)=trans. degr. (D:
: Ry—li=(m+1)*>+r. If f(£) were a polynomial so that f(§}¢ P and
fl)=0 (B,), B, would be a divisor of D(f) and as this ideal is
also unmixed and its dimension is (mi+ 1)2+7, B, would be a
m. p. d. of D(f) ; but all the m. p. d. of D(f) are the extensions
to D of the m. p. d. of P(f), hence they all have the propriety $
in contradiction with the hipothesis.

From this last proposition and of the foregoing follows

A (E: 0= 00
and by the hypothesis,
AE; =0 (DB),

in contradiction with (21), q. e. d.
From the foregoing theorem and from the lemme 3 follows
inmediately :

- CoroLLARY. The dimension of the fundamental subvariety of
V is not greater then dim. (V)-2.
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