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Abstract

We study the asymptotic behavior, as € — 0, of the optimal control and the op-
timal state of an initial boundary value problem in a domain that is e-periodically
perforated by balls (or, equivalently it is the complementary to a set of spherical
particles). On the boundary of the perforations (or of the particles) we assume a
dynamic condition with a large growth coefficient in the time derivative. The con-
trol region is a possible small subregion and the cost functional includes a balance
between the prize of the controls and the error with respect to a given target pro-
file. We consider the so-called “critical case” concerning a certain relation between
the structure’s period, the diameter of the balls, and the growth coefficient of the
boundary condition. We show that the homogenized problem contains in the limit
state equation a nonlocal "strange term", given as a solution to a suitable ordinary
differential equation. We prove the weak convergence of the state and the optimal
control to the state and the optimal control associated with the limit cost functional
which now contains an unexpected new “strange” term.

Keywords Homogenization, Critical case, optimal control, «Strange» term, Dynamic
boundary condition, homogenized cost functional.
Subject Classification 35B27, 35K20, 49K20, 93C20.

1 Introduction

It is well-known that important problems of Chemical Engineering lead to the optimiza-
tion of some cost functionals (see, e.g. [34] and the survey [26]). Here, we will consider
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the optimal control problem associated with the distributed case in which the chemical
reactor consists of a fixed bed and a dynamic reaction flow on the boundary of the par-
ticles. The problem also arises in other frameworks linked to porous media in which the
word “particle” must be replaced by “perforation” (see, e.g. [21], [20], [8], [28], [19], [22],
[32], [1] and the many other references quoted in the monograph [9]). The state equation
of our control problem is the parabolic problem with dynamic boundary conditions

Btug(v) — Aug(v) = f + Xw:V, (x7t) € QZ’

e V0 (v) + dyue(v) =0, (z,t) € ST,
us(v)(x,0) =0, x € Qe (1)
ue(v)(z,0) =0 x € 5,
us(v)(x,t) =0, (z,t) e T,
where we are using the notation (considering 0 < 7' < 00)
Q. =0\ G, S. = 0G,, 0Q. = S: U 09,

QT =0, x (0,7), TT =00 x(0,T), SI'=8.x(0,T), QT =Qx(0,7), 2)

which will be detailed in the next section, G is the set of small particles ( e-periodically
distributed and homothetic to a ball) in an open bounded regular set 2 of R, n > 3,
f € L*QT), and the control v € L?(w!) is acting on a possibly small open part w. of Q.
(here, x.,. denotes the characteristic function of w.): i.e. we introduce an open domain
w such that w C €, and then we consider the sets

we=wNQ, wl=w.x(07T), wl=wx(0,T).

The parameter v > 0 plays crucial role since in this paper we will consider the so-called
“critical case” in which each particle is a translation of a small particle a.Gg, where G
is the unit ball and a. = Cpe?, with v = 5 and Cy some positive constant.

Notice, since problem (1) is a linear problem, we can assume without loss of generality
that the initial data are zero. We also assume f € L?(QT) and the control regularity
v € L?(w!l). The existence of a unique weak solution u.(v) € L2(0,T; H' (2, 09)) with
Opus(v) € L2(0,T; L*(€2.)), dyus(v) € L?(0,T; L*(S.)) can be obtained by the Galerkin
approximations (see [11]). The application of the abstract theory for subdifferential of
convex functions also leads to some existence results, see Remark 1.

The formulation of the optimal problem ends with the definition of the cost functional
Jo o L*(wl) — R. We assume to be given a “target” function, a given profile observed
at the final time T, ur € H(0,T; H}(Q)) N C(QT), and we try to optimize a weighted
functional making the balance between the “prize” of each control v € L%(w!) and the
“error with respect to the target function” at the final time 7" (over €2, and over S¢) but
in the same time trying to have a spatial gradient of the state u.(v)(x,t) close to the
one of the target profile ur when t € (0,7") (notice that we know that the trace of ur



on S; is well defined), i.e. we consider the cost functional
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Some comments on the application of this optimal control problem to the study of the
approximate controllability of solutions of (1) will be given later (see Remark 2). By
applying different results in the literature, see [24], [17], [33], [18], it is well known that
there exists a unique optimal control v. € L?(w!) such that

Je(ve) = velilgl(waT) Je(v). (4)

The main goal of this paper is to apply a homogenization process to the above optimal
control problem when ¢ — 0. As in many other formulations, the kind of homogenized
limit problem depends, strongly, on the size of the particles radii Coe®, Cy > 0 (see, e.g.
[32], [1] and the exposition made in [9]). Here, we will consider the critical case in which
a = =mn/(n—2). For some different elliptic and parabolic problems, it is well-known
that this critical choice leads to the emergence of a new “strange” term (the naming is
due to [6]) in the effective partial differential equation (see [21], [6], [23], [35], and the
monograph [9]).

In the framework of elliptic equations with a dynamic boundary condition on the
boundary of the particles, it was shown that the above-mentioned “strange” term be-
comes a “non-local” operator obtained by solving a suitable ordinary differential equation
(we refer to [10, 13]). In this paper, we will show that a new unexpected term appears
in the limit cost functional (in contrast with previous results in the literature for re-
lated formulations, e.g. see [30, 27, 29, 15]). Although, the detailed statements of our
results will be presented later, we summarize now that we will prove the convergence of
the optimal controls v. — vg strongly in L?(w?), the convergence of the corresponding
states (extended to ) . — ug weakly in L2(0,T; H} (9,09)) and 9yi. — Opup weakly
in L2(QT), with the limit state problem given by

drug — Aug + An(ug — BnH (ug)(2,1)) = f + xwvo, (z,t) € QT,
UO(x’O) =0, T €, (5)
up(z,t) =0, (z,t) e TT,

for suitable constants A, B,, and a suitable non-local in time operator H (ug), and that
vo is the optimal control associated to the limit cost functional Jy(v) (i.e. Jo(vg) =
inf{Jo(v)|v € L*(wT)} ) that is defined by

1 1 N
Jofv) = 5V (uo(0) = ur) 2a gy + 3 (o) (- T) = ur (-, TlZa(gy + 5 0l +

Cn—lwn
2

A (6)
[(ur (-, T) = BpH (ug () (-, T) 720y + TTLHatH(UO(U))”%%QT)-
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A new consequence of the critical size of the particles is the presence of the last two
terms of Jy(v): this is not expected if we compare what arises in this critical case with
similar results obtained for non-critical cases. Some comments on the application of this
optimal control limit problem to the study of the approximate controllability of solutions
to the problem (5) will be given later (see Remark 6).

In order to get the proof of these convergence results, we will use the extension
of Pontryagin’s method to the case of distributed problems (following the main ideas
introduced in [24]). The delicate question is to get a priori estimates under the presence
of suitable balances appearing in this critical case and to identify the limit of several
auxiliary expressions. In Section 2, we give the details of the formulation of the direct
problem as well as the coupled system arising in terms of the adjoint optimal state p., we
will show that the optimal control is given by v. = —N"'p.x... The a priori estimates
allow to pass to the limit in the couple (u., p;) (and thus in the controls v.) is presented
in Section 3. A detailed formulation of the main theorems of this paper is collected
in Section 4. For the proofs, we start by characterizing the limit couple (ug,po) of the
couple (ug,p.), which is presented in Section 5, and finally, we prove the identification
of the limit cost functional Jy(v) in Section 6.

2 Problem formulation and coupled system with the ad-
joint state

Let Q be a bounded domain in R™, n > 3 with a smooth boundary 9 (the case of n = 2
can be considered but requires a different approach: e.g. see Section 4.7.2 of [9] and its
references). Let Y = (—1/2,1/2)" — a unit cube centered at the coordinate’s origin, and
Go = {z||z| < 1}. Define 6B = {z|6~'x € B} for § > 0. We set, for ¢ > 0,

Q. = {z € Q|dist(z, Q) > 2¢}.

By Z", we denote the set of all vectors z = (z1,..., 2,) with integer coordinates z;,
i € 1,n. Next, we define the set

G: = U (a:Go +¢j) = U Gg’

JEY, JET:

where Y. = {j € Z"|GL C YI = Y +¢j,GINQ. # 0}. We consider a. = Coe?,
v = %5, Cp is a positive constant. Also, note that |Y.| = de™™ for some constant d.
Next, the set G, is used to define the sets in (2).

We say that the function u. € L2(0,T; H'(Q.,00)) with dyu. € L*(0,T; L?*(£.)) and
Opu. € L%(0,T; L?(S.)) is a weak solution to the initial boundary value problem (1) if
u(z,0) =0 for a.e. x € Q. and a.e. x € S, and it satisfies the integral identity

/8tu5<pdxdt+/VuEVgodxdt—i-E_v/@tueapdsdt: /(f—i—xwgv)apdmdt (7)
QT QT ST QT



for an arbitrary function ¢ € L2(0,T; H' (2, 052)).

For a given control function v € L%(w!), we will denote by u.(v) a unique weak
solution to the initial boundary-value problem (1).The existence and uniqueness of u.(v)
was shown in [11] by means of the Galerkin method. In addition, the following a priori
estimate is valid

Hatue(v)H%%Qg) + 5_W/Hatue(v)||i2(sg) +t1g[13>7€] Ve () (- D)l|72 .y <
< K1 2200 + 0]2200m):
here and below, we suppose that K is independent of €.

Remark 1. The existence and uniqueness of solutions to the problem (1) can be obtained
via the abstract theory of subdifferential of convex functions. Indeed, by an easy adap-
tation of the proof of Theorem 1.3 of [4], we know that the vectorial operator associated
to this system is a self-adjoint operator Ay on the Hilbert space H = L?(Q.) x L*(S.)
and thus, by Proposition 2.15 of [5], it is the subdifferential of a convex function defined
through the square root of Ap. Finally, to take into account the coefficient €7 in the
dynamic boundary condition, we apply Propositions 3.2 and 3.3 of [31] with B the matriz

I 0
B:(o E’YI>'

As mentioned in the Introduction, along with the problem (1), we consider the cost
functional J. : L?(w!’) — R that is defined in (3) for a given ur € H(0,T; H}(Q)) N C(QT).
By well-known results [24], [17], [33], [18], there exists a unique optimal control v. €

L*(w!) such that J.(v.) = veggl(fwg) Je(v).

We define the adjoin problem associated to the given state problem (1) and the cost
functional (3)

e + Ape = Alus — ur), (z,t) € QT
aupe - €_V8tp€ = au(us - UT), (x’t) € Sg’
pe(z,T) = (ue —up)(z,T), T € ., (8)
pe(z,T) = (ue —ur)(z,T), r e S,,
pe(x,t) =0, (z,t) eT'T,

We say that the function p. € L?(0,T; H*(Qe,09)) with 9yp. € L%(0,T; L?*(£.)) and
Oipe € L?(0,T; L?(S.)) is a weak solution to the problem (8) if p.(x,T) = (ue —ur)(z, T)
for a.e. x € Q). and a.e. x € S; and if it satisfies the integral identity

—/atpegpdacdt—i—/VpEVgodmdt—e_v/@pegodsdt: /V(us—uT)Vgpdxdt, (9)
QT QT sT QT

for any test function ¢ € L2(0,T; H'(92.,09)). The following results are a version of
the Pontryagin’s principle for this optimality system.



Theorem 1. Let the pair of function (us(ve),v:) be an optimal solution of the problem
(4), then v. = —N"1p.xw., where p. is the solution to (8). The converse is also true.

Proof. Let v be an arbitrary function from L?(w!) and A > 0. By u, we denote the
solution of (4) with the control v, + Mv, i.e. u2 = uc(ve + Av). We use u. = u-(v.) to
simplify the notation.

Indeed, we have

1 1
Je(ve + Av) = Je(ve) = §HV(U? —ur)||72gr) + 5”(“2\ —ur) (@, T) T2+

€ N
+7||(U? —ur)(z, T)||725.) + 5 llve + M0l[72 1)~

1 1
=5 IV (e = ur)lZ2gr) = 5ll(ue = ur) (@ D720~
—7”(“5 - UT)(%T)H%%sE) - 5”1%”%2(0)2) =

1 1
=3 / V(ud — u)V(ud + ue — 2ur)dedt + 3 /(ug‘ — ue)(ud + ue — 2up)(x, T)dz+
QT Qe

N
+7 (u2 — ue)(ud 4 ue — 2ur)(x, T)ds + 5 /(2)\1)61) + A\20?)dzdt

T
Se We

Next, we define the function ) = u} — u.. It is easy to see that this function is a
solution to the problem

8,56@‘ — AH? = \oxuw., (z,t)€ Qg,
6‘781595/\ + 8,,92‘ =0, (a,t)e ST,

02 (x,0) = 0, x € Qe
02 (x,0) = 0, T €S,
02 (x,t) = 0, (z,t) e I'T,

The solution to this problem satisfies the estimate

10102\l 2 (ory + & 110162 2 (57 +

A - A
+t§3§] IVOZ( D)2, +€ 7t§3§] 102, ) 250y < KMl L2y

)

Thus, we have the following convergences as A — 0
A 2 real A 72 .72
uz — ug in L7(0, 75 H (Q,09)), 0Ol — Opue in L*(0,T; L7 (2)),

dud = dyue in L2(0,T; L%(S.)), ul(-,T) = ue(-,T) in L*(Q.),
ug‘(-,T) — ue(-,T) in L*(S.).



We define the function 6. = 9? /A that is a solution to the following problem

00 — Ab, = VXwe» (x, t) € Qz,
e 100 + 0,0 =0, (x,t) € ST,

0.(z,0) =0, T € Qe,
Oc(z,0) =0, x € Se,
0. (z,t) =0, (z,t) € TT.

Now, as usual, we divide J.(ve + Av) — Jz(ve) by A and pass to the limit as A\ — 0. Thus,
we get

JL(ve)v = lim (Je(ve + Av) — Jo(v2)) /A =
A—=0
= / VOV (us — up)dxdt + /95(x,T)(uE —up)(z, T)dx+
QT Q-
%—a?fﬂf/ﬂe(x,T)(u6 —ur)(z,T)ds + N / vevdzdt

Se wl
Using the definition of the function p., we transform the last expression into
JL(ve)v = /pgvdxdt +N / vevdzdt.
wT wl

The function v, is the optimal control, hence, J!(v.)v = 0 for an arbitrary function
v € L?(w!). This implies that ve = —N"!p.x,..
O

According to the above theorem, the optimality conditions for (u.,pc) lead to the
study of the coupled system

Oue — Au, = f - Nilp.Ewa (.%', t
atpe + Aps = A(ue - uT)a (x,t

Opue + €77 0. = 0, (x’t) € SaT’
Oupe — € 7Ope = Oy(ue —ur), (v,1) € S??
ue(x,0) =0, x € (X, (10)
ue(2,0) =0, x €5,
pE(xaT) = (UE - uT)(x>T)’ US 95’
pe(z,T) = (ue —ur)(z,T), x €5,
ue(z,t) = pe(x,t) =0, (z,t) € TT.

Remark 2. By following some arguments introduced by J.-L. Lions in [25] (see also,
e.g., Section 1.6 in the book [18]), it is possible to use the study of a small adaptation
of the above optimal control problem to prove the “approximate controllability property”
for solutions of problem (1), provided we know a result on “unique continuation” for
this problem. Given up € H'(0,T; H}(Q)) ﬂC’(@) and an arbitrarily small § > 0, the



“approzimate controllability property” consists in finding a control vs € L*(wl) such
that ||ue(-,T) — ur (- T)ll 120y < 6 and |lue(-,T) — ur(-, T)| 12(s.) < 0. By using some
a priori estimates on the adjoint state pc(z,t), it can be shown that if we introduce a
new parameter k > 0 in the cost functional

JE(v) = g / Ve (v) — Vur|*dzdt + g /(ug(v) — up)*(x, T)dx
QT Q.

ke Y
2

/(ue(v) —up)*(x, T)ds + g / v2dxdt,

T
3. W

then a such searched control vs can be found by considering the set of optimal con-
trols v, € L*(wl) associated to J(v) and by taking vs = v. for k large enough.
As a matter of facts, the presence of the gradient difference term (the first term) in
JE(v) leads to conclude that the associated state will also satisfy the additional property

|ue — UTHLQ(QET) <.

3 A priori estimates on u. and p.

Taking p. as a test function in the integral identity for u., we get

1
/8tu5p5dmdt+€_y/Btuapgdsdt—i—/VuEVpgdmdt: /fpedxdt— N/pgdxdt.
ST wT

QT QT QT
(11)
Now, taking u. as a test function in the integral identity for p., we get

—/@peuedacdt—e*“’/atpeuedsdt+/Vp€Vu€dxdt: / |Vu€|2dxdt—/Vu€Vquxdt.

Qr ST Qr Qr Qr
(12)

Next, we subtract (11) from (12) and obtain the expression
—/8t(u€p€)dxdt—677/8t(u€p€)dsdt =
et s

1
= / ]Vue\zdmdt—/fpedxdt— /Vu5Vqumdt+N/pgdmdt.
Qf QT Qr wl

Transforming this equality, we get

_ 1
190 ey + e (T By + 27 e T Bags,) + 196l Bary =

= /fpgdmdt—i—/Vu5Vquxdt+/ue(m,T)uT(m,T)dm+€_7/u5(x,T)uT(x,T)ds.
Qf Qf Qe S



From here, we immediately derive
IVuelF2qry + llus( T2,y + € e (T 2,y + IPellF2ry <
< K(Ifllz2@my Ipell 2 ory + I Vurllizgry + max jur (z,T)[?).
x
Then, we take p. as a test function in the integral identity for p. and get
g Yy g
199: B gry < K1V (e = ur) Baqgry + 10 —ur) (. D)+
+e 7| (ue = ur) (5 D)l 72s.y) < K fll2onyllpell 2 qry + IVurlfagry + max lur (2, T) ).
xT
Now, for the function from H'(€).,0Q), we have Friedrichs’s inequality
1Pl 2.y < Kl Vpellp2(a.)-
Applying it to the previous inequality, we derive
P 117201y < K1 llL2qr) el z2qry + IVurl|F2ory + max u(z, T)[?).
x
Hence, we obtain the estimation
lp:l172(gr) < K(If72qry + IVurlizgr + max ur(z, T)[?).
€T

Then, we immediately derive the estimations
2 2 - 2 2
IVuellz2gry + llue(, Tllze o, + & lue( Tllze s,y + [Ipellz2gry <
IVpell72(gry < K(If172gry + Vur| T2 gr) + max |ur(z, T)[?).

Next, we get estimations for the time derivatives of u. and p.. Following the work
[11], we construct Galerkin’s approximations of u. and p. which we denote by u* and p*
respectively, where m = 1,2,.... Note that for «]* and p*, we have the same estimates
as in (13) for u. and p..

Taking O:ul" as a test function in the equation for u]* and integrating from 0 to an
arbitrary 6 € [0,T], we have

0132 gry + € 10l 132 57y + e IVul'|Z2 . <
1 1
< K[ (If1+ 57 1pe"Ixw.)| O | dwdt < 5|!3tu2”|!iz@g> + K (£ 72qr) + P2 720y
T

Q

where constant K is independent of € and m. From here, we immediately derive

072 qr) + e N0 7257y < K(If72gr) + IVur |z gy + max fur (z, T)P).
x

9



Passing to the limit as m — oo, we get the estimation
_ 2
”atuEH%Q(Qg“) +e Wuatueué(sg) < K(Hf”%,Q(QT) + HVUT”%Q(QT) + max lur(z, T)[7).
x
Again using Galerkin’s approximation, we have for a.e. t € (0,7))
~ 1002 122 () — €70 125, + (VP 0eVDE) 120, =
= —(0wul", 0" ) 1200y — € (Oul", Oepl") 12(50)+
H((f = N7 ), ) 20y — (Vur, VO 20,
Integrating this expression with respect to ¢ from 0 to T', we get
1 1 _

022 e, + SNV T ey = 5 IVEEC Oy — & IORE sy =

. / Dl D p dzdt — e / DDy p dsdt+

Qf sT
+ /(f — N7y, )OpTdadt — /VuTvatpgndxdt =
QT QT
= — / Opu*Opltdadt — e /Btu?atp?dsdt—i—
Qt sT
+ /(f — N7y, )Opdxdt + / VOoiurVpl'dxdt—
Qf Qf

—/VUT(x,T)vp?L(,I,T)dQT+/VUT($,0)vng($,0)d$.
Qe Qe

From here, we derive the estimate

_ 1 1
102 2y + 10 2 + 190 0) By + 52, Ol 2oy <

m
er—l\j

< SV @l = ur) (- D)2 0. + 105ull 2 192 | 2y +
+e M Owul | 2 sy l|0pZ | L2 sy + [1f | 2@y 1062 | 2@y +
ol = ur) s,y + IVOr | aion) IVP2 | 2ory +

HIVur (s D)l 2@V (ud = ur)( Tl 2 + 1Vur (-, 0)|| 22 ) IVPE (5 0)ll 22 (q.) -
Next, we get

_ 1 1
18272 gy + € 10PN 25y + ZHVP?(',O)H%%Qe) + WHP?(%O)H%N%) =

1 m 2 1 m||2 e m||2
< SIVue G Dz, + 7102 [12Qry + — 1002 25y +
FE ([0 122 gry + € N0l 72 5ry + 1l (5 T 72 gy +
2 2 2 2
220y + IVOurlz2 ory + e, [Vur|[72q) + max lur(z, T)[7).

10



Eventually, using the estimates for u*, we obtain

HatP?H%%QET) + 5_”\51519?“%2(59 < K(Hf”%%QT) + HVUT”%%QT)"‘

Vourl? Vurl? %),
+ tuT”LQ(QT)—i_tg%g:%H uT”LQ(Q)—i_I;?%’uT(x )1%)

(14)

where constant K is independent of m and e. Passing to the limit as m — oo, we get
the estimate for O;p.

Hatpe|’%2(QET) + 5_“/H({“)tp5|]%2(sg) < ,
< K(Hf”%Q(QT) + ||V8tUT||%2(QT) +trer[l(?}7{“] HVUT(.’t)H%Q(Q) + meag |uT($,T)|2). (15)

Thus, we got uniform in ¢ estimates for u. and p., and their time derivatives.
There exists the extension operator P. : HY(QT) — HY(QT) (see. [7], [28]) such that
| P ()| 1 oy < lull grory-

Let g, p. be the extensions of the functions u., p. then the following estimations are
valid

10:t: 72 gry + IVEe 72 gr) < K (|100uell72(gry + | Vel Z2gr)s (16)
10eP< 172y + IVPE N2 (ory < K (10l 72(qry + IV PEll72qry)- (17)

The estimations (16), (17) imply that there exist subsequences for which we preserve
the notation of the original, i.e. . and p., such that, as ¢ — 0, we have

. — ug weakly in L2(0,T; Ha (),
p- — po weakly in L2(0,T; H} (Q)),
Ol — Oyug weakly in L*(QT)

Oep= — Oppo weakly in L*(QT)

(18)

)

Moreover, the embedding theorem implies that . — ug and p. — pg in L2(Q7).

4 Main results

The following theorem characterizes the limit functions ug and pg defined in (18).

Theorem 2. Let n > 3, a. = Cype?, where Cy >0, v =n/(n —2). If the pair (uc,p.) is
a solution to the problem (10), then, the pair (ug,pg) is a solution to the system

8,5’[1,0 - AUO + An(uo - BnH(UO) = f - NﬁlePOa (.%'7 t) € QTa
—0ipo — Apo + Ay (po — BnH*(po))
~A(ug — ur) + An(ug — BEH*(H (ug)) — eBn(t*T)uT(x,T)), (z,t) € QT,

ug(z,0) =0, x €, (19)
po(x,T) = (up — ur)(z,T), x € €,
uo(x,t) = po(z,t) =0, (z,t) eI'T,

11



where QT = Q x (0,T), A, = (n — 2)Cy 2wy, H(p)(x,t) is given as a solution to

OH(p) + B,H(p) =¢, te(0,T),
{ H(Lp)(.%’, O) =0, (20)

where By, = (n —2)Cy ', and H*(¢)(x,t) is a solution to the adjoint problem

—0:H*(p) + BuH*(9) = ¢, t€(0,T), (21)
H*(¢)(z,T) = 0.

Remark 3. In the problems (20), (21), we can view x as a parameter, and for a.e. x,
we have

T
/ H(p)dt — / H()(~0H* (1) + B H*(v))dt =
0

T
- / BuH (o) H* ()it — H(Q)H ()], + [ () (w)de =
’ T ’ T
— [@H(g) + BuH ()" @)t = [ o (v)dt.
0 0
Thus, we have
T T
H(o)bdt = | oH* (¢ (22)

o]

Remark 4. The solutions to the problems (20) and (21) can be found explicitly using
the standard methods. We have

t T
H(p)(z,t) = /e_B”(t_T)Lp(m,T)dT, H*(¢)(z,t) = /eB”(t_T)ap(x,T)dT. (23)
0 t

This explains the non-local in time nature of the “strange terms” H (ug)(z,t) and H*(po)(z,t)
arising in the homogenized system (19).

The pair of functions (ug,pg) can be used now to characterize the the optimal con-
trol problem is given by the homogenized state problem (5) and a suitable limit cost
functional Jy(v) which we will show to be given by expression (6).

Theorem 3. Under the same conditions as in Theorem 2, we have

;ig% Je(ve) = Jo(vo),

where v. is the optimal control of the problem (1), (3), and vy is the optimal control of
the problem (5), (6).

12



Remark 5. The optimal control vy of the problem (5), (6) is characterized by the coupled
system (19) and we have the relation vy = —N~"Yupo. Thus, the theorem similar to
Theorem 1 is also valid.

Proof. We begin the proof of the Theorem 2 that is split into two parts. First, we derive
effective equations for ug in Section 5. Second, based on the derived problem for ug, we
find the limit problem for py on Section 6.

5 Characterization of vy

First, we define auxiliary functions w?! as a solution to the boundary value problem

Awl =0, =€ Tg/4\@,

wl =1, x € 0GY.
The solution to (24) is given explicitly by
;e P (ca -
wE 2—n 2 . ( )
az” " — (e/4)?>n

Next, we define o
wl, x€ TEJ/4\G£, Je T,
We=1¢ 1, x € G,
0, zeR"\Ujer, T,
It is easy to see that W. € H}(Q,09) and W, — 0 weakly in H}(Q2) as ¢ — 0. The
embedding theorem implies that W, — 0 strongly in L?(€2).
We take W.H*(¢), where ¢ = (x)n(t) with o(x) € C§°(Q), n(t) € C1([0,T)), as a
test function in the integral identity (7) and get
/8tu€W€H*(g0)dxdt—|—e_7/8tu€H*(g0)d5dt—|— / VuV(W.H*(p))dxdt =
Qf s Qf
= [ = N N W () dadr
Qf

Using convergences (18) and the properties of W, we have

lim / OuW-H*(p)dxdt =0,
e—0

Qf
lim [ (f - Nﬁlespe)WaH*(‘P)dxdt =0,
e—0
Qr
lim [ Vu.V(W.H*(¢))dzdt = lim [ V(u-H"(p))VW.dzdt.
e—0 e—0
Qf Qf

13



Thus, we get

€ “’/@us p)dsdt = /VWEV(ugH*(Lp))dmdt—i-aLg,
QT

where a1 . — 0 as € — 0. Then, we make the decomposition

/ VWV (uH* (p))dxdt =

QT
Z/ / 8wu5H* dsdt—l—Z//@wugH* )dsdt =
€Y= 0 o, e
= —eCy~ 2)4n 1 Z / / usH*(p)dsdt + Bpe™ 7/ H*(p)dsdt + g e,
]GTE 0 8TJ Sg—v

e/4

where a . — 0 as ¢ — 0. For the first integral, we use Lemma 1 from [35] to get

hmeCO (n—2)4"! Z/ / uH*(p)dsdt = A, /uoH* p)dzdt = A, /Huo pdxdt,

JETe0 gy QT QT
e/4

where the last equality is due to (22). Thus, we derive
hm e / OuH* (p)dsdt = A, / H(up)pdzdt — hm e /BnueH*( )dsdt  (26)
QT ST
Then, we have

/Btug p)dsdt = /(ug(x,T)H*(go)(x,T) — us(z,0)H*(p)(x,0))ds—

Se
- /ue(?tH*(go)dsdt =— / ueOy H™ (p)dsdt, (27)
ST ST
the last equality follows from the fact that u.(z,0) = 0 and H*(¢)(x,T) =0 for z € S..
Thus, from (26), (27), we conclude that
li_r>r(1) e’ / ue(—OLH™ () + B, H" (p))dsdt = A, / H (up)pdxdt.
£
s QT

Using the definition of H*(y), we get

lime™7 /uegodsdt =A, / H (up)pdxdt. (28)

e—0
ST QT

14



Now, we take W, in the integral identity (7) and, similarly to the above, using (28),

we derive
hme v /@uegodsdt A, / ugpdxdt — lirr(l]edan/uegpdsdt =
ér o e— A
=A, / ugpdrdt — A, By, / H(up)pdzdt = A, /(uo — B, H (up))pdxdt.
QT QT QT

Now, we can pass to the limit as € — 0 in the integral identity (7). Doing so, we conclude
that ug satisfies the integral identity

/ Orupvdzdt + / VuogVoudzdt + A, /(uo — B H (up))vdxdt = /(f — N~ yupo)vdadt.
QT QT QT QT

6 Characterization of p

We take ¢ = W.H(p), where ¢ = (x)n(t) with ¢ € C5°(Q), n € C([0,T]) as a test
function in the integral identity (9) and get

/ VWV (p-H(p))dxdt — ™7 / O (pe — ue)H(p)dsdt =
QT s

= / O(pe — ue)W-H (p)dzdt + /(f — N_lstpg)WEH(w)dmdt + Be = ke,
QT QT

where 5; — 0 as € — 0. Due to the properties of u., p., We, we have that k. — 0 as
€ — 0. Hence, by decomposing the first integral, we derive

e B, /p€ p)dsdt + Z/ / (9,,w€p€ p)dsdt — e~ q//&g e — ue)H(p)dsdt = Ky,

Te
10 o1y,
(29)
where k1. — 0 as € — 0. For the last integral, we have
e /825 (p)dsdt =7 / Ot(pe — ue +ur)H (p)dsdt — ™7 /&guTH(go)dsdt =
ST ST
= [ = e+ un) (@, TIH )@, Thds = 7 [ (e = e -+ ur) (.0 H(o) (. 0)ds -
Se Se
—e7 /BtH(go)(pg — Uz + ur)dsdt —e™ 7 / Oyur H (p)dsdt.
s

15



From the definitions of H(y) and p., we have H(p)(z,0) = 0 and pe(z,T) — us(z,T) +
ur(z,T) = 0, hence, we obtain

5 7/(% (p)dsdt = —¢ V/BtuTH p)dsdt — e~ 7/(% ©)(pe — ue + ur)dsdt.
ST ST

Thus, substituting this expression into (29), we get

677/p€(BnH(Q0) + 0 H(p))dsdt = Z / / dywlp. H(p)dsdt—

T
st €T 0 BTEJM

— 7 /(&guTH(go) + O H (p)ur)dsdt + &7 / OcH (p)ucdsdt + Pz,
ST ST

where 1. — 0 as ¢ — 0. Using the definition of H(y), we obtain

e_v/pegodsdt Z/ / (9,,w€p€ p)dsdt—

T
sT 7€te0 8Tg/4

e / (Opur H(g) + 0uH (0)ur)dsdt + e / (¢ — BoH(@))uedsdt + Bre. (30)
ST sT

The limit of the first integral on the equality’s right-hand side can be found using Lemma
1 from [35]. For the third integral, we use the convergence for u. obtained above. Let
us find the limit of the second integral. Using the definition of H, we have

e /(8tuTH(<p) + O H (p)ur)dsdt = e /(BtuTH(Lp) + (¢ — BoH(p))ur)dsdt =

ST sr
=e7 /(atuT — Buur)H (p)dsdt + 77 / uredsdt =77 /(H*(BtuT — Buur) + ur)edsdt.
& s& ST

(31)
Using (23), we get

T
H*(Oyup — Buur)(x,t) = /eB"(t_T)((?tuT — Bur)dr =
t

T T
= Bty T 4 /BneB"(t*T)quT — /BneB"(t*T)quT = BNy (2, T) — up(, t).
t t

From here, it follows that

e /(H*((?tuT — Bpur) + ur)pdsdt =7 / By (2, T p(ax, t)dsdl. (32)
ST ST
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Using the regularity of the function ¢ and ur, we get the convergence
lir%a_y/eB"(t_T)uT(x,T)Lpdsdt = w, / By (z, T p(x, t)dadt.  (33)
ﬁ.
: sT QT
Using Lemma 1 from [35] and (31)-(33), from (30), we have

lin%ff_v /pggodsdt =A, /poH(go)dmdt—i-

_>

) ST QT

—}—;i_I)% e /(gp — By H(p))uedsdt — C 1w, / BT yp (2, T pdadt.
s QT

For the second integral on the right-hand side of the expression above, we use the results
of the previous section and get

lim g_v/pagodsdt =A, /poH(go)dmdt—i-

e—0
S QT
+ A, [ (H(up)p — BnH (ug) H(p))dzdt — Cy~ w, / B =)y (2, T pdxdt =
QT QT
=A, / H*(po)pdzdt + A, /(H(uo) — B, H*(H(up)))pdzdt — Ci 1w, / By (&, T pdadt.
QT QT QT

Again, we take W, as the test function in the integral identity (9) and derive

—6_“//8tp5<pdsdt = —E_’an/pgtpdsdt—

ST ST
— Z / / 19) wepggodsdt—e v /(9tu€god5dt—i—oz€,
JEY: 0 BTJ

e/4

where a. — 0 as € — 0. From here, we have (note that Cgilwan =A,)

lim —< 'Y/atpegpdsdt —A,B, / (H*(po) + H(uo) — By H* (H (uo))) pddi+

e—0
ST QT
+A, / BTy (z, T pdudt + Ay /pogodxdt - A, /(uo — H(ug))pdzdt =
QT QT QT
=A, /((po — B,H*(po)) — (up — BLH*(H (up))))pdxdt + A, / eB”(t_T)uT(m,T)godxdt.
QT QT

17



Thus, passing to the limit in the integral identity (9), we conclude that py satisfies the
integral identity

—/thowdxdt—l—/Vpodexdt—i-

QT QT
+An /(PO — B H™ (po))pddt + Ay, / B =Dy (z, T)pdadt = (34)
QT QT
= / V(uy — ur)Vedzdt + A, /(uo — B2H*(H (up)))pdxdt.
QT QT
This concludes the proof of the Theorem 2. ]

7 Cost functional limit

Proof. Here, we give the proof of Theorem 3.
Let us find the limit of the cost functional J. as ¢ — 0. As v. = N~ !p., we have

2
Qf

1
+— /(uE —up)*(x, T)ds + N p2dadt.

T
S W

1 1
Je(ve) = = / |V, — up>dzdt + 2 /(ua —up)?(z, T)dz+
Qe

Using integral identity (7), we transform the functional J. and get

1 1
Je(ve) = 3 / |V (ue — ur)|?dedt + 3 /(uE —up)?(z, T)dx+
QT Qe

—y 1
—i—% /(ug —ug)?(z, T)ds + 3 / fpedadt—
Se QT

1 1 -
-3 / Vu:Vpedzdt — 3 / Oruepdxdt — 57 /&guspedsdt.
QT Qf ST
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Next, we have

1 1 -
—§/Vu€Vp€dxdt—§/8tu€p€dxdt—%/8tu€p€d5dt:

Qr QT s
1 1 e
=5 / Vu:Vpedrdt + 3 / Ospeucdrdt + > / Opeucdsdt—
et Qf ST
1 577
) /ue(:v,T)(ue —up)(z, T)dx — - ue(x, T)(ue — up)(z, T)ds =
Qe Se
1 1
=5 / V(ue — ur)Vusdzdt — 3 /ue(x,T)(uE —up)(z, T)dx—
QT Qe
877
— /ug(gzc,T)(u6 —ur)(x,T)ds.
Se

Thus, we can further transform the expression for the cost functional

1 1
Je(ve) = 3 / VurV (ur — u.)dzdt + 3 /uT(ac,T)(uT —ug)(x, T)dz+
QT Qe

—i—% /uT(:U,T)(uT —ug)(z, T)ds + % / fpedxdt =

Se QT
1 1
=3 / VurV (ur — ue)dzdt + 3 / fpedxdt+
Qf Qf
1/, 1
—{—5 /uT(az,T)dw ~3 /(atuguT + Oyurus)drdt+
Q. QT
e 2 e
+T /uT(m,T)ds - /(@uEuT + Opurue)dxdt.
3. ST

Now, we should pass to the limit in the obtained expressions. First, properties of u.,
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Oyue and p. imply that, as e — 0,

/ VurV(ur — us)dzdt — / VurV (ur — up)dzdt,

Qf QT
/ fpedxdt — / fpodxdt,
QT QT
/(BtuguT + Opurue ) dxdt — /(Btuou:r + Oyurug)dzdt,
QF QT
/uQT(x,T)dx — /ugp(x,T)dx.
Qe Q

Next, we find the limit of the integrals over S. based on the convergences obtained in

the previous sections

lim ™" / Oyuruc.dsdt = A, / H (up)Oyupdxdt,

e—0
ST QT
liH(l) e / Ousurdsdt = A, /(uo — B, H (up))updzdt,
E—> Sg QT
lir%a_y/uQT(x,T)ds = Cgilwn/ugp(x,T)dx.
E—
Se Q

Combining all of the above convergences, we derive

1 1
lim J.(v:) = = / VurV(ur — ugp)dzdt + = / fpodzdt+
e—0 2 2

QT QT
L 2 Cp~wn 2
+§/UT(CC,T)d$—|— T/UT(x,T)dx - /(&guouT + Oyurug)drdt—
) ) QT
An An
— 5 / H (up)Opurdzdt — - /(uo — B H (up))urdzdt.
QT QT

Again, we have

N |

1 1
3 /u%(:v,T)dx ~3 /(@uouT + Qyurug)drdt =
Q QT Q

20
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Also, using the definition of H, we get

% / H (ug)Oyurdzdt + % /(uo — B H (up))updzdt =

QT or
- % / (Qpur H (uo) + 0y H (uo)ur)dadt = % / O (ur H (ug))dwdt =
QT or
Ap
— 7/uT(JE,T)H(uo)(az,T)dac. (37)
Q

From the integral identities for ug and pgy, we get

— / fpodxdt = % / Orugpodxdt + % / VugVpodrdt+
QT QT QT
A, 1 2
+— /(uo — B H (ugp))podxdt + N /podxdt =
QT UJT
1 1 1
=3 /uo(ac,T)(uo —ur)(z,T)dx — 5 / Oypouodxdt + 3 / VuoVpodxdt+
Q QT QT
An * 1 2
—i—7 /(po — B, H"(po))updxdt + N /podacdt =

QT wT

1 1 1
=3 /uo(x,T)(uo —ur)(z,T)dx + 3 / VuoV(ug — ur)drdt + N /pgdmdt—i-
Q

QT wT
e / (uo — B2 H* (H (uo)) Juodawdt — % / BTy (2, Tyugdzdt.  (38)
QT QT
Next, we substitute (36)-(38) into (35) and derive

. 1 1 1
lim Je (ve) = 5[V (uo — ur)|[Z2iqry + 2l (uo = ur) (@, T)|F2(q) + ﬁ“po\ﬁ%w)*‘

Cn—lwn -An
2 T gy + S5 [ (0 BEH (o) dndt~
QT
An [ B.t-T) An
-5 | up(z, T)ugdzdt — > H(uo)(x, T)ur(z,T)dx. (39)
QT Q
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Using the definition of H and H*, we make the transform

/ By (2, Tugdadt = /(H*(atuT — Bpur)(x,t) + ur(z,t))ugdrdt =

QT QT
= /(@uT — Bpur)H (ug)dzdt + / urugdxdt =
QT QT
_ / (@curH (uo) + (wo — By H (u) yur )dadt = / (0 (ur H (uo)))dadt =
QT QT
_ / wp(w, TYH (ug) (2, T)dadt.
Q

Substituting this into (39), we get

. 1 1 1
lim Je(ve) = 5[V (uo — ur)|[Z2iqry + 2l (uo = ur) (@, T)|F2(q) + ﬁ“po\ﬁ%w)*‘

Cown Ay Ay
0% HuT(m,T)H%z(Q) +5 /(u% — B2H?(ug))dxdt — <5 /ZuT(x,T)H(uo)(x,T)dx.
Q

QT

_l’_

Using the definition of H (ug), we derive
uy — By H(uo) = (9:H (uo) + BnH (uo))* — By H* (ug) =
= (8tH(u0))2 + 2Bn6tH(u0)H(u0)
Hence, we have
/ (2 — B2 H?(ug))ddt = / (0, H (up))2dzdt + B, / H2(uo) (x, T)da.
QT QT Q

Thus, we further transform the limit of J. and get

. 1 1 1
lim Je(ve) = 5[V (uo — ur)|[Z2iqry + 2l (uo = ur) (@, T)|F2(q) + ﬁ“po\ﬁ%w)*‘

Cn—lwn An
Sl - B H(uo)) (2, T)||72(0) + TH@H(UO)H%z(QT) = Jo(vo)-

_l’_

This concludes the proof. ]

Remark 6. As indicated in Remark 2, the mentioned arguments by J.-L. Lions in [25]
(see also, e.g., Section 1.6 in the book [18]), allow to get some results on the “approxi-
mate controllability property” for solutions of problem (5). Givenur € HY(0,T; H}(Q)) N C(QT)
and an arbitrarily small 6 > 0, the “approximate controllability property” consists now
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in finding a control vs € L*(wl) such that |jus(-,T) — ur (-, T)| 12y < 6. We introduce
a new parameter k > 0 in the cost functional

" K K N
Jo(v) = 5V (uo(v) — ur)||72gry + 5 luo()(-,T) = ur (-, )72 () + 5Hv\liz(oﬂ)+

/-@Cgflwn

A

(. T) = Bl (o ) D)y + 5 10 (o 0) gy

(40)
and if we know a result on “unique continuation” for problem (5), then, by using some a
priori estimates on the adjoint state po(x,t), it can be shown that such searched control
vs can be found by considering the set of optimal controls v, € L2(w€T) assoctated to
J§(v) and by taking vs = v, for k large enough. Again, the presence of the first, fourth
and fifth terms in J§(v) leads to conclude that the the associated state will also satisfy
some additional properties: ||V (uo—ur)|r2qry < 6, [lur (- T)—BnH (uo) (-, T)||lp2() <6
and H(?tH(uo)H%Q(QT) <.
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