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Gauge symmetries remove unphysical states and guarantee that field theories are free from the
pathologies associated with these states. In this work we find a set of general conditions that guarantee the
removal of unphysical states in field theories describing interacting vector fields. These conditions are
obtained through the extension of a mechanism for the emergence of gauge symmetries proposed in a
previous article [C. Barceló et al. J. High Energy Phys. 10 (2016) 084] in order to account for non-Abelian
gauge symmetries, and are the following: low-energy Lorentz invariance, emergence of massless vector
fields describable by an action quadratic in those fields and their derivatives, and self-coupling to a
conserved current associated with specific rigid symmetries. Using a bootstrapping procedure, we prove
that these conditions are equivalent to the emergence of gauge symmetries and, therefore, guarantee that
any theory satisfying them must be equivalent to a Yang-Mills theory at low energies.

DOI: 10.1103/PhysRevD.104.025017

I. INTRODUCTION

The search for a theory of quantum gravity, i.e., a theory
which combines the principles of general relativity and
quantum mechanics, has been one of the key cornerstones
in fundamental physics of the last century. Until now, it has
not been possible to find a completely satisfactory theory,
although there are many illuminating approaches [1].
Among these approaches toward constructing a theory of
quantum gravity, we could distinguish whether the geo-
metrical and spacetime notions, characteristic of general
relativity, are emergent or not. On the one hand, we have
the theories that consider the geometrical degrees of free-
dom and the dynamics of spacetime as fundamental. Such
theories typically try to apply quantization schemes to these
degrees of freedom seeking for a background independent
theory of quantum gravity. Canonical quantum gravity in
its modern formulation in terms of loop quantization [2] is
the most popular approach within this category. On the

other hand, we have approaches in which the fundamental
degrees of freedom are not taken to be the spacetime itself
but such a concept emerges with all of the properties of
general relativity in some regimes of the theory, typically in
low-energy limits. Within this category, we would include
string theory [3,4], but also theories that start from systems
akin to a condensed-matter system as the substratum for
emergence [5]. One of the main challenges of this last
approach is to explain when and how a diffeomorphism
gauge symmetry can emerge in physical systems that do not
include it in their microscopic description [6]. A related
problem is the possible emergence of gauge symmetries in
particle physics [7]. The emergent paradigm is, somehow,
the opposite direction to the one that has been explored the
most by the community, which is enlarging the gauge
symmetry group of the Standard Model at high energies,
instead of breaking it [8]. Grand unified theories [9] or
technicolor [10] are archetypal examples of this direction
of work.
In this work we pursue a program for understanding

emergent gauge symmetries in general, introduced by some
of the authors in a previous work [11]. In that work we
presented a linear system closely related to electrodynamics
and described how an effective gauge symmetry naturally
emerges, with the only prerequisite of having a Lorentz
covariant description with massless fields. Before address-
ing the more convoluted problem of diffeomorphism
emergence, in this work we shall analyze how the
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Abelian description in [11] generalizes to non-Abelian
symmetries, and then, also interacting nonlinear theories of
relativistic fields. Such a theory offers new difficulties that
are not present in the linear theory, and would bridge the
gap between the simple linear electromagnetic case and the
more complicated gravitational case, that we leave for a
future work.
We begin by reviewing in abstract terms (Sec. II) the

main ideas of the mechanism presented in [11] for
the emergence of gauge symmetries. We emphasize the
differences between physical and gauge symmetries. In
[11] it was proved that these abstract ideas are clearly
implemented in a linear model tightly related to electro-
dynamics. In Sec. III we will introduce an equivalent linear
system but now with a collection of Lorentzian fields Aa

μ

which in a second stage will be subject to interactions
among them. At this stage we again find an emergence of
gauge symmetries. We approach the problem by studying
the most general Lorentz-invariant quadratic action for a set
of relativistic fields and see how the gauge symmetry of a
system of uncoupled Maxwell systems emerges.
The more novel issues of the present work start when

discussing how to deform the linear theory into a nonlinear
theory (Sec. IV). To generate a nonlinear theory we apply a
bootstrapping mechanism. The bootstrapping of theories of
Yang-Mills type was worked out already in the seminal
work by Deser [12], with the starting point being a linear
theory of vector fields invariant under both Lorentz and
gauge transformations. Here we drop the assumption of
gauge invariance for the linear theory, which is essential in
order to discuss the emergence of gauge symmetries
following the ideas discussed in [11]. Hence, our boot-
strapping procedure represents an extension of Deser’s
analysis. In fact, we show that the results in the latter work
carry out to this extended framework and are therefore
more general, in the sense that they still apply even when
the assumption of gauge invariance of the linear theory is
relaxed. We will explain that the reason behind the result is
the existence of consistency conditions necessary for the
bootstrapping procedure to work and that turn out to be
equivalent to the nonlinear theory being gauge invariant.
We will discuss how these consistency conditions lead to
the construction of a family of theories with emergent
gauge symmetries, characterized by the choice of a specific
Lie algebra of the same dimension as the number of
relativistic fields involved in the construction. This emer-
gent gauge symmetry guarantees that the theory is free of
ghosts or any other sort of classical instability (in other
words, the bootstrapping procedure implies the decoupling
of unphysical states that would give rise to pathologies).
Our analysis will also illustrate some aspects that were not
addressed explicitly in previous works, such as the role
played by boundary terms in the iterative procedure and
their interplay with the possible uniqueness of the latter.
We will also discuss the bootstrapping procedure for the

charged matter sector, and discuss related issues such as the
physical interpretation in our formalism of the so-called
Gribov copies.
Weinberg-Witten theorems [13] and Marolf’s theorem

[14] are often invoked as impediments toward having a
successful framework in which gauge symmetries of
Yang-Mills and gravitational character can emerge. In
fact, these results are often used to state that such a
program is condemned to fail from the beginning. One of
the aims of this work is to provide a concrete framework
which illustrates how these impediments can be bypassed,
while also allowing us to describe the emergence of
gauge symmetries.
Notation and conventions. We work in four dimensions,

using Minkowskian coordinates and the signature
ð−;þ;þ;þÞ. The symbol ∂μ represents the ordinary
derivative in Minkowski spacetime. We use greek
ðμ; ν…Þ indices for the spacetime indices, latin indices
from the beginning of the alphabet ða; b…Þ for the internal
indices on the space of gauge fields, and from the middle of
the alphabet ði; j…Þ for the internal indices within the
flavor space of matter fields.

II. EMERGENCE OF GAUGE SYMMETRIES

In this section, we first clarify the meaning of gauge
symmetries, making special emphasis on the fact that local
symmetries, i.e., those whose generators are functions of the
position in spacetime, are not necessarily gauge symmetries.
We then review the mechanism presented in [11] for the
emergence of gauge symmetries in certain systems.

A. What are gauge symmetries?

For finite-dimensional systems it is straightforward to
discern whether a given symmetry is physical or gauge by
looking at the group parameters; physical symmetries have
a finite set of parameters, while gauge symmetries are
always parametrized by functions [15,16]. In the infinite-
dimensional case of a field theory, this shortcut does no
longer work because all symmetries are now parametrized
by functions [15].
To circumvent this problem, one can perform a canonical

analysis in phase space following the procedure introduced
by Dirac [17], in which the existence of gauge symmetries
will manifest in the appearance of first-class constraints
[18]. Alternatively, one can study the Noether currents
associated with symmetries, given that gauge symmetries
are characterized by having identically zero Noether
charges, contrary to physical symmetries whose charges
are nontrivial and can be used as coordinates parametrizing
the space of solutions of the theory. Throughout this work
we will follow the second procedure, although both are
equivalent.
More specifically, the current associated with a general

gauge symmetry can be written as
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Jμ ¼ Wμ þ Sμ; ð1Þ

whereWμ is zero on-shell (WμjS ¼ 0, being S the space of
solutions of the theory) and Sμ ¼ ∂νN½νμ� is a superpoten-
tial, i.e., the divergence of an antisymmetric tensorNμν, that
is identically (i.e., not only on-shell) conserved. Once the
charge is computed on-shell as an integral of J0, it is clear
that the first term does not contribute. Furthermore, the
second term always produces a boundary term evaluated at
the spatial boundary of the spacetime in virtue of Gauss
theorem. Suitable boundary conditions supplementing the
equations of motion typically guarantee fall-off conditions
such that this contribution also vanishes, rendering a trivial
Noether charge [19].

B. A mechanism for the emergence of gauge
symmetries from physical ones

The mechanism presented in [11] for the emergence
of gauge symmetries is based on this characterization of
gauge symmetries. In a system displaying no gauge
symmetries a priori, all Noether currents are nontrivial.
However, if certain conditions are met that turn out to make
some of these Noether currents trivial, the corresponding
symmetries could be considered as emergent gauge
symmetries.
Let us consider a field theory depending on a collection

of fields fϕaga∈J. Let us refer to them collectively as Φ.
For simplicity we require that the system is free of gauge
symmetries [20]. This means that all of the symmetries
the theory might display will have nonvanishing Noether
charges. These charges can be used to parametrize the
space of solutions to the equations of motion S. This
follows from the fact that there always exists a complete set
of symmetries whose Noether charges parametrize the
space of initial conditions of the dynamical equations of
the theory [21].
These are in general complicated, contact and nonpoint

symmetries [21] that cannot be generally found explicitly,
although their existence is always guaranteed as long as the
initial value problem is well posed. Otherwise, we would
have that every system can be explicitly solved in terms of
these charges, which is not the case. Integrable systems
are those for which these symmetries can be explicitly
found out.
Let us now introduce a set of constraints defined as

Ψ ¼ 0. This set of constraints, that might be satisfied only
approximately, can be understood as the decoupling of
some of the degrees of freedom. The situations we are
interested in are those in which the subspace U ⊂ S which
we define as the subspace of S for which Ψ ¼ 0 is
nontrivial, in the sense that there are nontrivial solutions
Φ ≠ 0 for which Ψ ¼ 0. Requiring the subspace U to be
nontrivial is a necessary condition that determines whether
a choice of constraints Ψ ¼ 0 is suitable for our aim.

In terms of Noether charges, we can define Q as the
complete set of charges that parametrize S. One can always
find a parametrization such that the condition Ψ ¼ 0

amounts to the selection of a subset Q⊥
Ψ ⊂ Q with the

requirement Q⊥
Ψ ¼ 0. There exist other sets of charges Q⊥

Ψ
which parametrize the different solutions within the set U,
i.e., there are different systems of Noether-charge coor-
dinates that one can use to distinguish solutions inside U. In
principle, one can decide to use as internal Noether
coordinates in U, those associated with symmetries that
can be defined within U, i.e., symmetries which leave the

condition Ψ ¼ 0 untouched. Let us denote by Qk
Ψ those

coordinates. Then, depending of the specific system and the
condition Ψ, we can have two different scenarios.
Nonemergence of gauge symmetry: One can find that

the set of Noether charges associated with symmetriesQk
Ψ

that preserve the subspace U (by assumption there will
always be some of them) is a proper system of Noether
coordinates in U. This is the standard situation one can
find. These charges essentially parametrize U without
redundancies. Then, the projection onto U solely removes
the freedom associated with the value of Ψ, or, equiv-
alently it only leaves the freedom parametrized by the

Noether charges Qk
Ψ.

Emergence of gauge symmetry: This happens when
some of the physical symmetries preserving the subset U
have trivial Noether charges when restricted to U, i.e., when
Ψ ¼ 0. In this case, we cannot find a properly constructed
internal Noether coordinate system in U. Not all the
different physical solutions in U can be distinguished by
using only operations within U. However, they are clearly
distinguishable from the point of view of the entire theory.
If all the probes one has about the system were through
these charges, one could conclude that there exist equiv-
alent classes of solutions in U which, being indistinguish-
able, can be understood as representing a single physical
configuration. These equivalence classes correspond to the
emergent gauge orbits that appear within this subspace.
Then, apart from the reduction of freedom intrinsic to the
projection onto U, in practice there is an additional
reduction of freedom since some of the configurations
within U are physically identified (they belong to the same
equivalence class that we have introduced). All in all, this
process can be interpreted as the entire elimination of
dynamical degrees of freedom (meaning whole solutions;
recall that each degree of freedom is defined by a pair of
initial conditions) when looking only at the sector of the
theory characterized by U.
This mechanism for the emergence of gauge symmetries

strongly relies on the naturalness with which a specific
system of effective equations and constraints Ψ ¼ 0 might
appear in a low-energy regime of a possibly much more
complicated theory. Although quite abstract, as here for-
mulated, this mechanism for the emergence of gauge
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symmetries has been proved to work for an extension of
electrodynamics in [11]. We will pursue here a generali-
zation of the mechanism for Yang-Mills theory, the main
novelty being the nonlinear nature of the latter theory. The
existence of a suitable bootstrapping procedure connecting
nonlinear theories with their linear limit will prove crucial
for the definition of the decoupling conditions in the
nonlinear theory.

III. LINEARIZED YANG-MILLS THEORY:
THE EMERGENCE PARADIGM

Let us begin with the emergence of the linearized Yang-
Mills gauge symmetry. The starting point of our discussion
will be the most general Lorentz invariant action quadratic
in a collection of vector fields Aa

μ and their first-order
derivatives, where the latin indices (a; b; c…) run from 1
to N. At this level, these indices are just labels without a
deeper physical meaning. Modulo boundary terms which
do not modify the equations of motion, the most general
action that we can construct for such a theory is the
following:

S ¼
Z

d4x

�
−Pab

1

4
Fa
μνFbμν þ 1

2
ξabð∂μAaμÞð∂νAbνÞ

−
1

2
MabAa

μAbμ þ Aaμjaμ
�
; ð2Þ

where the tensor Fa
μν is defined as

Fa
μν ¼ 2∂ ½μAa

ν�; ð3Þ

Pab; ξab;Mab are symmetric, constant matrices; and jaμ

are conserved currents ∂μjaμ ¼ 0 representing the matter
field content. Furthermore, we require that the matrix Pab
be nondegenerate and positive definite, as otherwise some
of the equations of motion will not be of second order and
the system will not correspond to 4N local propagating
degrees of freedom with the appropriate sign for the
kinetic term. We can eliminate the matrix Pab at the
expense of changing the matrices ξab and Mab. Since Pab
is a real symmetric matrix, we can always find an
invertible matrix Ra

b that transforms it to the identity,
i.e., that Ra

bR
c
dPac ¼ δbd. Then the field transformation

Aa
μ → Ra

bA
b
μ (which also changes the matrices ξab;Mab,

and the current jaμ, although we will keep the same
symbols to avoid a more cumbersome notation), provides
the following general action:

S0 ¼
Z

d4x

�
−
1

4
Fa
μνFbμν þ 1

2
ξabð∂μAaμÞð∂νAbνÞ

−
1

2
MabAa

μAbμ þ Aaμjaμ
�
: ð4Þ

The Euler-Lagrange equations derived from this action are

∂μF
μν
b − ξab∂ν∂μAaμ −MabAaν ¼ jνb: ð5Þ

The case ξab ¼ Mab ¼ 0 corresponds to the linearization
of a Yang-Mills theory whose gauge group is of
dimension N. This linearization is equivalent to a system
of decoupled Maxwell equations.
Let us focus on the general case in which both matrices

ξab and Mab are nondegenerate. Since the currents jaμ are
conserved, there is a physical symmetry of the theory, given
by the following transformations:

Aa
μ → Aa

μ þ ∂μχ
a; jaμ → jaμ; ð6Þ

where χa are not arbitrary functions as in the linearized
Yang-Mills case, but they need to obey

ðξab□þMabÞχa ¼ 0: ð7Þ

Clearly, we need to impose boundary conditions such that
χa vanish at infinity, ensuring that there are no zero modes.
We can compute the conserved quantities associated with
such symmetries by considering the previous transforma-
tion to be infinitesimal and applying Noether’s theorem. If
we compute the current Jμχ associated with the infinitesimal
transformations δAa

μ ¼ ϵ∂μχ
a we obtain

Jμχ ¼ −Fμν
a ∂νχ

a þ ξab∂νAaν∂μχb þ jaμχa þMabAaμχb:

ð8Þ

This expression can be rewritten as

Jμχ ¼ −∂νðFμν
a χaÞ þ ξab∂νAaν∂μχb

þ ∂νF
μν
a χa þ jaμχa þMabAaμχb; ð9Þ

which has the form of a divergence of a superpotential (first
term) plus additional terms. Once we evaluate this current
on-shell we find

Jμχ jon-shell ¼ −∂νðFaμνχaÞ þ ξabð∂νAaν∂μχb − χb∂μ∂νAaνÞ:
ð10Þ

As in the electrodynamics case [11], these symmetries are
physical symmetries and not gauge. Actually, they are
equivalent to the local symmetries discussed in the electro-
dynamics case for a collection of real fields φa ¼ ∂μAaμ.
This can be made explicit by noticing that, under the
hypothesis of a conserved matter current, the divergence of
the equations of motion

ðξab□þMabÞ∂μAaμ ¼ 0; ð11Þ
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are always source-free Klein-Gordon equations for the
scalar fields φa. Thus, the local symmetries we have
introduced carry nontrivial Noether charges. Indeed, they
can be seen to correspond to the Fourier components of the
free field expansion [11].
If we restrict ourselves to the subspace U given by the set

of fields obeying

φa ¼ ∂μAaμ ¼ 0; ð12Þ

which is quite natural since there are no Lorentz invariant
sources that might produce excitations on this scalar sector
of the theory, the local transformations (6) and (7) become
gauge symmetries as long as the matrix Mab identically
vanishes, Mab ¼ 0. That is, the Noether charges in (10) all
become zero. This is completely analogous to the electro-
dynamics case, where we required the mass to vanish for
the gauge symmetry to emerge. This is because the gauge
transformations (6) do not leave the subspace U invariant
unless the mass matrix Mab is equal zero, since they have
the form [see (6) and (7)]

φa → φa − ðξ−1ÞabMbcχ
c ∉ U: ð13Þ

It is just for Mab ¼ 0 that we have

φa → φa; ð14Þ

under the transformations (6). Moreover, as we have
mentioned, once we restrict ourselves to that subspace,
the Noether charges associated with these transformations
(10) become trivial as it should happen:

Qχ ¼
Z
Σ
d3x∂μðFa0μχaÞ

¼
Z
∂Σ∞

ffiffiffi
γ

p
d2xnμFa0μχa ¼ 0; ð15Þ

where Σ is a generic t ¼ constant spacelike surface, ∂Σ∞ is
the boundary of Σ whose normal vector we call nμ, and γ is
the corresponding induced metric on ∂Σ∞. Here we have
used Gauss theorem and the last equality follows immedi-
ately from choosing appropriate boundary conditions to
exclude unphysical solutions with nonvanishing field
strength at infinity. To summarize, we have a subset U
of solutions selected by φa ¼ 0 that, when Mab ¼ 0, is
invariant under symmetry transformations (6) and such that
the Noether charges identically vanish in it, although not in
the whole set of solutions. So, we have precisely all the
conditions described in the previous section for the emer-
gence of gauge symmetries. Actually, we can identify these
emergent gauge symmetries with the linearization of Yang-
Mills gauge symmetries, which constitute a gauge theory
whose gauge group is Uð1Þ⊗N . In fact, the analysis up to

now is completely equivalent to that in [11], but now
having several copies of vector fields.
We have seen how linearized Yang-Mills theory in the

Lorenz gauge has emerged from a theory without this
gauge symmetry. The emergence of a linearized gauge
symmetry is equivalent to the decoupling of degrees of
freedom that would correspond to ghosts, and therefore
renders classical instabilities that would be present
otherwise irrelevant. This will be even more clear when
dealing with the whole nonlinear theory in the following
section, where we will apply a bootstrapping procedure.
For the moment, let us discuss in this linearized frame-
work two observables that are fundamental in the theory:
the energy-momentum tensor and the Yang-Mills current.
We will omit the matter content and focus on the
contribution from the Aa

μ fields exclusively in the rest
of this section.
Applying Hilbert’s prescription, we can find the sym-

metric energy-momentum tensor Tμν which agrees with the
one obtained following Belinfante’s prescription [22,23]

Tμν ¼ −Fa
μρF

ρ
aν −

1

4
ημνFaρσFaρσ þ 1

2
ημνξab∂ρAaρ∂σAbσ

þ 2ξabAa
ðμ∂νÞ∂ρAbρ − ξabημν∂ρðAaρ∂σAbσÞ: ð16Þ

The projection of Tμν onto the subspace U is clearly built
out of the tensor Fa

μν, being by construction invariant under
the transformations (6). Therefore, the stress-energy tensor
is unable to tell the difference between elements of the
equivalent classes of solutions within U.
On the other hand, we can build Yang-Mills currents

in the system. These currents are associated with rotations
in the internal space represented by the latin index a.
Starting from the action S0 given in (4), we can see that,
for general ξab and Mab, there are no such symmetries
in the complete theory. However, under certain restrictions
we notice that the action is invariant under the rigid
transformations

Aaμ → Aaμ þ fabcAμ
bζc; ð17Þ

where ζc is an arbitrary set of constants and the constants
fabc need to verify

fabc ¼ f½ab�c: ð18Þ

Let us stress that this condition is weaker than the
Jacobi identity for fabc. The necessary restrictions are
the fields being massless, Mab ¼ 0, and ξab satisfying the
following condition (written for simplicity in terms of
Ξacd ¼ ξabf

bcd):

Ξacd ¼ Ξ½ac�d: ð19Þ
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This condition guarantees that the term in the action
proportional to ξab is invariant under the transformations
(17). This condition is satisfied for instance if

ξab ¼ λδab: ð20Þ

There may be more general situations in which Eq. (19) is
satisfied. However, for simplicity we will restrict our
analysis below to theories in which ξab satisfies Eq. (20).
According to Noether’s theorem, associated with any

symmetry of this sort we have a conserved current, which
reads

Jð1Þaμ ¼ fbca½Fμν
b Acν − λð∂νAbνÞAcμ�: ð21Þ

It is instructive to check that this current is conserved upon
imposing the equations of motion. Taking the divergence of
Eq. (21) and suitably grouping the terms we find

∂μJð1Þaμ ¼ fbcað∂μF
μν
b − λ∂ν∂μAbμÞAνc

þ fbcaðFμν
b ∂μAcν − λ∂νAν

b∂μA
μ
cÞ: ð22Þ

We have four terms in this divergence. The first two terms
vanish on-shell, i.e., imposing the equations of motion,
Eq. (5), withMab ¼ 0 and jaμ ¼ 0. The third term vanishes
due to the symmetry structure of the Lorentz and internal
indices. Since the tensor Fμν

b is antisymmetric in its Lorentz

indices Fμν
b ¼ F½μν�

b , its contraction with another tensor just
picks the antisymmetric part of such tensor. In our case, the
antisymmetric part of ∂μAνc is proportional to Fμνc. This
means that the third term can be written as

1

2
fbcaFμν

b Fμνc ¼
1

2
f½bc�aFμν

ðbjFμνjcÞ ¼ 0; ð23Þ

where we have taken into account the antisymmetry of fbca

in its two first indices, and the fact that the contraction of
the Lorentz indices of the F-tensors is symmetric in the
internal indices. Finally, the fourth term is manifestly the
same kind of contraction of a symmetric object with an
antisymmetric one

fbca∂νAν
b∂μA

μ
c ¼ f½bc�a∂νAν

ðbj∂μA
μ
jcÞ ¼ 0: ð24Þ

Thus, we have proved that the current given by Eq. (21) is
conserved on-shell.
Here we find the first difference with the respect to a

single vector field. Having several copies of vector fields
allows us to prescribe interactions between them, which in
turn allows for the Aa

μ fields to become charged themselves.
As we will see, there are many different possibilities to
prescribe interactions, essentially as many as different Lie
algebras of dimension N. But the important observation at
this stage is the following: even restricting to the constraint

surface φa ¼ ∂μAaμ ¼ 0, which eliminates the second term
in (21), none of the currents that we can build are invariant
under the emergent gauge transformations. Notice however
that the charges Qa obtained by integrating the zero
component of the currents are indeed invariant under these
transformations and nontrivial.
Therefore, these charges are in principle observables that

one could use to distinguish between different solutions
within the equivalence classes associated with emergent
gauge symmetries. The presence of these charges can be
interpreted as traces of the complete theory, recalling that
it is not a gauge theory, ab initio. We will continue the
discussion of this important issue in the discussion section.
To finish the section, let us just mention that the currents
(21) are the ones that we will use to couple the fields Aa

μ

with themselves at first order, on the way toward building a
proper Yang-Mills theory.

IV. BOOTSTRAPPING LORENTZ-INVARIANT
VECTOR FIELDS

Up to now we have seen that if in a complicated theory
there is a low-energy regime with an emergent Lorentz
symmetry for a collection of Lorentz-invariant vector
fields, then one will immediately deduce that the system
develops for free, under the massless assumption, the
appearance of emergent gauge symmetries. But once the
linearization of Yang-Mills theory has emerged in our
system, it is natural to analyze whether this emergence can
be extended (perhaps in a unique way) to the nonlinear
regime. This question will be explored in this section.

A. General idea and bootstrap procedure

To answer this question, let us assume for simplicity that
we are dealing with the theory in vacuum (vanishing source
currents, jaμ ¼ 0). Including the matter content back in the
equations of motion will be straightforward and we will
comment on that in Sec. IV C.
Let us recall that the projection that we have made onto

the subspace U for which the gauge invariance emerges
is defined by the constraints (12), i.e., ∂μAaμ ¼ 0. These
constraints emerged when analyzing the equations of
motion of the linear theory, and can be therefore considered
on-shell from this perspective. Given that the bootstrapping
procedure aims at deriving the action of a suitable nonlinear
completion of a given linear theory, the most straightfor-
ward procedure is not to include these constraints as a part
of the bootstrapping procedure (otherwise, the problem
would be equivalent to a gauge-fixed version of the one
considered by Deser in [12]). In other words, we will be
analyzing the bootstrapping of Lorentz-invariant linear
theories of vector fields with no gauge invariance a priori.
In practice, the starting point for the bootstrapping pro-

cedure is the action S0 defined in Eq. (4) with ξab ¼ λδab,
Mab ¼ 0, and jaμ ¼ 0, namely
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S0 ¼
Z

d4x

�
−
1

4
Fa
μνF

μν
a þ λ

2
ð∂μA

μ
aÞð∂νAaνÞ

�
; ð25Þ

Let us recall that Fa
μν was defined in Eq. (3). The additional

condition that wewill have in this perturbative reconstruction
of the theory will be preserving the order of the equations of
motion: We want the most general theory compatible with
having second order differential equations.
The case λ ¼ 0 corresponds to the usual description of

the bootstrapping of Yang-Mills theory. In that case, for
consistency reasons, any kind of self-interactions that we
add to the equations of motion of the free theory need to be
introduced via a conserved current [12,24]. The idea is to
consider a small coupling constant g and introduce a
conserved current present on the free theory on the right
hand side, that is any of the currents Jð1Þaμ in (21) without
the second term (as the latter vanishes when λ ¼ 0):
Jð1Þaμ ¼ fbcaFμν

b Acν. Any current on this set is bilinear
in the Aaμ fields, and will introduce the first nonlinearities
in the theory. In other words, we will consider that
J aμ ¼ gJð1Þaμ to first order. While for λ ≠ 0 one does
not need to consider conserved currents, our discussions of
the electrodynamics case in [11] and linearized Yang-Mills
in the previous section strongly suggest that this will be a
necessary ingredient for the emergence of gauge sym-
metries at the nonlinear level. In any case, it has been
discussed in [24–26] that, even when considering con-
served currents, there is no unique current that can be
chosen at this stage of the procedure in a natural way.
A complementary approach toward making a consistent
nonlinear extension of the linear spin-1 and spin-2 theories
was put forward by Ogievetsky and Polubarinov [27–29]
(see also the brief review in [30]).
This ambiguity in the choice of current comes from the

possibility of adding boundary terms to the action which
translate into identically conserved additional pieces for
the current computed via Noether’s procedure. For the first
nontrivial interaction Jð1Þaμ, such pieces come from the
possible boundary terms that we can add to the quadratic
action S0 while keeping its linear, second order character
and containing at most quadratic terms in the time
derivatives,

S0;B ¼
Z

d4xQab
μνρσ∂μðAaν∂ρAbσÞ; ð26Þ

where Qab
μνσρ is constructed with the tensorial quantities

available, namely δab and ημν:

Qab
μνρσ ¼ δabBðημσηνρ − ημνηρσÞ; ð27Þ

with B an arbitrary constants. The contribution of this
boundary term to Jð1Þaμ can be straightforwardly computed,
adding to the current in Eq. (21) terms of the form

Jð1;BÞaμ ¼ ðfdcaQdb
μνρσ þ fdcaQbd

ρσμν

þ fdbaQcd
μνρσ − fdcaQbd

μσρνÞAcν∂ρAbσ: ð28Þ

When using Eq. (27) this expression is simplified to

Jð1;BÞaμ ¼ Bfbcaðημσηνρ − ημνηρσÞAcν∂ρAbσ: ð29Þ

It is straightforward to check that the tensor
fbcdðημσηνρ − ημνηρσÞ in the equation above is antisym-
metric under the exchanges μ ↔ ρ, ν ↔ σ and b ↔ c

independently, which in particular implies that Jð1;BÞaμ is
identically conserved. These ambiguity is inherent to the
bootstrapping procedure, as this procedure by itself does
not prefer one choice of current or another. The specific
current that we use (namely, the specific value of B) needs
to be given as an input.
In summary, we will consider the conserved source given

in Eq. (21) (with possible contributions from boundary
terms added to it) as the source of the equations of motion
at first order, even if such conservation is not required from
the perspective of bootstrapping. Hence, this represents an
additional assumption of our construction, that at this stage
can be motivated by the invariance under the rigid trans-
formations (17), which singles out this conserved current.
We will provide additional motivation for this choice
below, once the implications that it has for the boot-
strapping procedure become clear. We will also keep in
mind the inherent ambiguity in the choice of a current that
is associated with boundary terms, as discussed above, and
eventually explain how to deal with it.
Now, to be able to derive these currents from an action

principle, we need to add a term of order g to the action,
S ¼ S0 þ gS1, such that

Jð1Þaμ ¼ δS1
δAaμ

: ð30Þ

Adding this new term to the action will modify the current
obtained via Noether’s procedure by a term of orderOðg2Þ,
in addition to possibly imposing some consistency con-
ditions on the original symmetry that we identified in the
free theory. Thus, we will have J aμ ¼ gJð1Þaμ þ g2Jð2Þaμ.
We have again the presence of ambiguities in the choice
of Jð2Þaμ. These come now from the possibility of adding
additional boundary terms to S1 of the same order and
containing the same number of fields it contains. This new
piece added to the action will require adding a term of order
Oðg2Þ to the action S ¼ S0 þ gS1 þ g2S2 such that

Jð2Þaμ ¼ δS2
δAaμ

: ð31Þ

This will iteratively generate an action of the form
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S ¼
X∞
n¼0

gnSn; ð32Þ

where at each step we may produce additional constraints
and the functionals Sn are built in order to match the
contribution to the current generated by the n − 1 term. At
each step, we produce ambiguities with the same nature as
the ones we have already discussed, as at each order we can
add additional boundary terms to the action that translate
into additional pieces for the current.
At the end of the day, we will have that we can break the

action into a free and an interacting part S ¼ S0 þ SI , such
that the variation of the interacting part will give us the
whole current to which we couple the free term

δSI
δAaμ

¼ J aμ: ð33Þ

Although when applied to gravity this procedure requires
the sum of an infinite series [26], we will see that for the
Yang-Mills theory this procedure stops at order Oðg2Þ and
Sn ≡ 0, for n > 2. As an additional part of the boot-
strapping procedure we will also discuss how this affects
the charged matter sector. Then in the next section we will
discuss what happens when applying the bootstrapping to
the unconstrained theory.

B. Explicit integration and summation of the series

Let us begin the process with the action S0 given in
Eqs. (25) and (26). We have already discussed that we will
select the current in Eq. (21), plus possible contributions
from boundary terms (45), as the source Jð1Þaμ at first order.
Before discussing the role of boundary terms, let us focus
on the term in this current that is proportional to λ, namely

Jð1ÞaμðλÞ ¼ λfbca∂νAν
bA

μ
c: ð34Þ

As the equation to be solved in order to obtain S1, namely
Eq. (30), is a linear equation, we can consider independ-
ently the piece of the action S1ðλÞ that leads to the piece of
the current above under its variation. As it is discussed in
Appendix, there is no choice of S1ðλÞ that can lead to this
current. This implies that the bootstrapping procedure can
be completed for the current associated with the rigid

symmetries (17) if and only if Jð1ÞaμðλÞ vanishes, which

generically leads to the same condition that we identified
at the linear level when discussing the emergence of gauge
symmetries, namely ∂μAaμ ¼ 0.
This condition now appears as a requirement that must

be satisfied in order to be able to find an action (and
therefore, to proceed with the bootstrapping) for the choice
of current at first order. This constraint appears then as a
structural requirement of the bootstrapping procedure.

As in the analysis of the linear theory described in
Sec. II, this constraint ensures that the scalar degrees of
freedom encoded in Aaμ decouple. The resulting theory is
by construction equivalent to Yang-Mills in the Lorenz
gauge and is therefore free of ghosts and other pathologies
expected in the absence of gauge symmetries. Let us stress
that the ambiguity associated with boundary terms cannot
change this conclusion, as shown in Appendix. In physical
terms, this implies that this decoupling is a robust condition
that must be satisfied for every conserved current associ-
ated with the symmetry under the transformations (17).
Hence, in the following we will assume that the fields are

divergenceless, which we will implement in the action
through a Lagrange multiplier to be added to S1, which we
can write without loss of generality (more details are
provided in Appendix) as

S1 ¼
Z

d4xPbca
μνρσ∂μAbνAcρAaσ; ð35Þ

where

Pabc
μνρσ ¼ ημνηρσαðfabc − fcabÞ

þ ημρηνσðβ1fabc þ β2fcab þ β3fbcaÞ
− ημσηνρðβ2fabc þ β1fcab þ β3fbcaÞ: ð36Þ

The condition that this action leads to Jð1Þaμ when varia-
tions with respect to Aaμ are considered implies the
following algebraic relation:

Pbca
σνρμ − Pabc

σμνρ ¼ fbcaðημσηνρ − ημνηρσÞ
þ Bfbcaðημνηρσ − ημρηνσÞ: ð37Þ

This translates into an incompatible set of equations for the
parameters ðα; fβig3i¼1; BÞ. Thus, the system of equations
that follows from (37) has no solution as long as we do
not impose further constraints on the components of the
tensor fabc. This system of equations has no solution as
long as we do not impose further constraints on the
components of the tensor fabc that reduce its number of
independent components, which may result in a compatible
system. A natural condition to impose is full antisymmetry
of fabc. The naturalness of this choice stems from the
fact that, once we consider the action (35), requiring the
constants fabc to obey the Jacobi identity

fadefbcd þ fbdefcad þ fcdefabd ¼ 0 ð38Þ

ensures that the transformations (17) remain symmetries
of the theory with action S0 þ gS1. Hence, Eq. (38) is an
additional consistency condition to the antisymmetry in
Eq. (18), being these imposed to guarantee that the rigid
transformation (17) is a symmetry at first and zeroth order,
respectively. Without this additional consistency condition,
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the iterative procedure cannot be continued. Taking into
account that the tensor fabc obeys the Jacobi identity and
we have an Euclidean metric δab in that space, we conclude
that fabc needs to be completely antisymmetric. Hence,
fabc can be understood as the structure constants of a
compact semisimple Lie algebra [31]. Our latin indices
run from 1 to N, meaning that the dimension of the Lie
algebra and its corresponding group is the number N of
independent generators. If we want the structure constants
to close an suðMÞ algebra, for instance, we would addi-
tionally require N ¼ M2 − 1. Imposing this ansatz with the
full antisymmetry of fabc, the tensor Pbca

σνρμ reduces to

Pbca
σνρμ ¼ βfabcðημσηνρ − βημνηρσÞ: ð39Þ

Plugging this ansatz in the algebraic relation (37), we
obtain the a compatible system of equations for the
parameters ðβ; BÞ whose unique solution is β ¼ B ¼ −1.
We have thus obtained

S1 ¼ −
1

2

Z
d4x½fabcFaμνA

μ
bA

ν
c − ϑa∂μAaμ�; ð40Þ

where we have added explicitly the Lagrange multipliers ϑa

that enforce the required constraints on the fields Aaμ

for the self-consistency of the bootstrapping. As already
noticed by Deser [12], the direct current Jð1Þaμ in Eq. (21)
does not lead to the action in Eq. (40). The ambiguity in the
definition of the current due to boundary terms in S0 must
be taken into account in order to provide additional
contributions to the current necessary for the bootstrapping
procedure to work. We notice that these general ambiguities
were not emphasized enough in the past, as it was
considered that the bootstrapping procedure did not require
to take these ambiguities into account. The reason for this
was that the fist-order formalism used by Deser in [12]
leads to Yang-Mills for a trivial choice of these boundary
terms, while this is no longer true for the second-order
formalism defined using the vector fields Aaμ. However,
this does not imply that the second-order formalism cannot
be used for the bootstrapping procedure, as we have seen
explicitly that the self-consistency of the iterative procedure
is enough to select the necessary boundary terms so that
there is a unique solution, up to a choice of a semisimple
Lie algebra of the same dimension as the number of fields
involved in the construction. The important role played by
boundary terms in the gravitational case was discussed in
[25,26,32]. It would be interesting to have a clear under-
standing of the similarities and differences between Yang-
Mills and gravitational theories from this perspective.
In the next step, the first term from S1 produces a

contribution to the current given by

Jð2Þμa ¼ fbcdfbeaA
μ
dA

σ
cAe

σ: ð41Þ

The second term from S1 gives a current of the form

Jaμ ¼ 1

2
fabcϑbA

μ
c; ð42Þ

which cannot be derived from variational principle for Aaμ.
The only term that might give rise to a current proportional
to Aaμ is a term of the form Aa

μAbμ. However, we would
need to contract this with fabc, which is antisymmetric and
hence this term would identically vanish. Thus, this second
contribution to the current would apparently break the
bootstrapping procedure. To avoid breaking the bootstrap-
ping procedure, we need to add a boundary term that
cancels the contribution from (42) once it is evaluated on-
shell. The equations of motion of the constrained theory
(after imposing the transverse condition) are such that the
Lagrange multipliers need to be constants.
Notice that the equations of motion when we add the

Lagrange multipliers are the following

∂μFaμν − ∂ν∂μAaμ − g∂μθa ¼ Jaμ1 þOg2;

∂μAaμ ¼ 0; ð43Þ

where we have explicitly indicated that the first equation is
correct up to order g2 (since it is obtained through a
bootstrapping procedure). Taking the divergence of the first
equation, using the second equation and additionally taking
into account that the current Jaμ1 is conserved up to order g2,
we have that to the desired order the equations for the
Lagrange multipliers θa reduce to a set of sourceless wave
equations

∂μ∂μθa ¼ 0: ð44Þ

The same arguments that we have put forward below
Eq. (12) apply to the θa fields here. Hence, the Lagrange
multiplier reduce to be constants on-shell. If we ask for
them to vanish asymptotically, as we do for the Aaμ fields,
these zero-modes need to be equal to zero. However, for
our purposes it is irrelevant what the actual value of the
zero-modes is.
Hence, on-shell we have that ϑa ¼ κa ∈ R. Thus, the

addition of a boundary term of the form

Sb ¼ −
1

2
g
Z

d4xκa∂μAμa; ð45Þ

identically cancels the contribution from Eq. (42). Notice
that we have not added any other boundary terms to S1 to

build Jð2Þμa , except the one from Eq. (45). This choice is
precisely the choice that fulfills our criteria of providing a
nonlinear theory obtained through a bootstrapping pro-
cedure that implements a deformation of the original gauge
symmetry and preserves the number of degrees of freedom.
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For the sake of completeness, let us mention the
existence of an alternative procedure that, while being
equivalent on-shell, is arguably simpler. In this alternative
procedure, the constraint ∂μAaμ is implemented quadrati-
cally instead of linearly, using a scalar Lagrange multiplier
that enforces ∂μAaμ∂νAν

a ¼ 0. In this implementation, the
corresponding contributions to the current vanish on-shell
without the necessity of further considerations.
The action that leads to this current is

S2 ¼
1

4

Z
d4xfbcdfbeaA

μ
dA

σ
cAe

σAa
μ: ð46Þ

The iterative procedure happens to stop here. The reason is
that the S2 term does not contribute to the current J aμ: It
contains no derivatives of the Aa

μ fields and it is strictly
invariant under the rigid transformations (17), thus making
its contribution to the current computed via Noether’s
procedure identically zero.
The final action S¼S0þgS1þg2S2 can then be written,

after conveniently reorganizing the terms, as

S ¼
Z

d4x
�
−
1

4
F a

μνF
μν
a þ ϑa∂μAμa ð47Þ

þ λ

2
ð∂μA

μ
aÞð∂νAaνÞ

�
; ð48Þ

where ϑa are Lagrange multipliers and the nonlinear field
strength tensor F a

μν has the Yang-Mills field form

F a
μν ¼ 2∂ ½μAa

ν� þ gfbcaAbμAcν: ð49Þ

In this way we have found the free Lagrangian of a non-
Abelian Yang-Mills theory in the Lorenz gauge. The
conditions (18) and (38) on the coefficients fabc that
determine the symmetry transformations prescribe the
structure of a particular Lie algebra (they are the structure
constant of the corresponding algebra). In the process of
making the theory nonlinear we are selecting a particular
form of Lie algebra among those of dimension N. Then, we
can write Aμ ¼ AaμTa, with Ta representing the generators
of a semi-simple and compact Lie algebra which satisfy the
algebraic relations ½Ta; Tb� ¼ ifabcTc.
The equations of motion resulting from this action

are invariant under the deformation of the linear trans-
formations (6). These transformations are given by the
exponentiation of the transformations

Aa
μ → Aa

μ þ ∂μχ
a þ gfabcAbμχc; ð50Þ

with χa obeying the following constraints that guarantee
that the transformations above do not make the fields leave
the subspace U defined by the Lorenz condition:

□χa þ gfabcAμ
b∂μχc ¼ 0: ð51Þ

For the purposes of doing perturbative calculations, the
propagator associated with the quadratic part of the action
can be worked out directly as that of N free Maxwell fields
within the subspace of transverse fields; See [33] for an
explicit and straightforward derivation of such propagator.

C. Inclusion of matter

The coupling to the matter content can also be obtained
perturbatively via another bootstrapping process, as we
have advanced in the previous section. Let us make explicit
how this is done, for instance, for a set of fermionic fields
as if we aimed at constructing an emergent QCD theory.
Let us represent the label corresponding to diferent flavors
of fermions ψ i with latin indices i, j, k and assume that
those indices run from 1 to M. In the logic of our iterative
construction we first use as source of the Aaμ fields a free
fermionic current which has the form

jaμ ¼ ψ̄ iγμT̃a
ijψ

j; ð52Þ

where the matrices γμ are Dirac gamma matrices and T̃a
ij are

certain unspecified matrices. The free equation for the
fermionic fields guarantees that this current is conserved no
matter what T̃a we use. To see this, we just need to take the
divergence of this current and use the equations of motion
at zero order. Under these conditions, the decoupling of
longitudinal degrees of freedom is ensured and we have
the emergent gauge symmetries that we already had in the
electrodynamics example.
We want to obtain the equations for Aaμ from a

Lagrangian in such a way that the source of the field
includes both the first order nonlinearities of the fields Aaμ

and this fermionic source current. In a first iteration, we
therefore prescribe an action of the form S0 þ S1 þ Sf1
[see (40)] with

Sf1 ¼
Z

d4x½ψ̄ jγμðiδij∂μ − qaT̃
a
ijA

a
μÞψ i�: ð53Þ

Here the constants qa represent the charges associated with
each of the Uð1Þ copies of the system that we found in the
linearized theory. From a physical point of view, it implies
that the fermionic source not only affects the fields Aaμ but
that in return they also affect the fermionic fields. Then, the
resulting new equation for the fermions no longer need to
fulfill an exact conservation condition, only conservation
up to OðqaÞ. This is reasonable, as potentially only a sum
of fermionic plus Yang-Mills currents should be conserved,
and moreover, a proper conservation will only appear when
closing the bootstrapping procedure. As an aside, let us
mention that by choosing the matrices T̃a to be commuting
matrices, or equivalently, multiples of the identity, one
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would be able to maintain the conservation of the fermionic
current at this first order, but at the cost of killing any
possibility for the action to be invariant under rigid
rotations of Yang-Mills type. This structure for the fer-
mionic current would be consistent with a theory without
the S1 term, that is a linear theory in which a set of
noninteracting Maxwell field are coupled to a set of
noninteracting fermionic fields. But this is not what we
are seeking for here.
The previous action for the fermions has another

problem equivalent to that appearing with the action S1
in Eq. (40) for the field Aaμ: As it stands it is not directly
invariant under rigid rotations (17). On the one hand, it is
clear that this action can only have the chance to be
invariant under rigid rotations if the fermionic fields
simultaneously transform as

ψ i → ψ i − iχaT̃a
ijψ

j: ð54Þ

On the other hand, not all sets of couplings qa and matrices
T̃a
ij allow for a rigid symmetry, which one needs to continue

the bootstrapping procedure. In the case of the S1 action,
requiring the existence of a rigid symmetry restricted the
form of the coefficients f½ab�c to those closing a Lie algebra
(Jacobi property). In the bootstrapping process one has
to actively select a specific Lie algebra. It is now clear that
the bootstrapping procedure does not select or point toward
a concrete one. Now, requiring the presence of a rigid
symmetry in the fermionic sector implies setting all the qa
to a single g and requiring the matrices T̃a

ij to be precisely
fermionic-space representation of the same Lie algebra
selected for the Aaμ sector:

½T̃a; T̃b� ¼ ifabcT̃c: ð55Þ

We will denote these specific matrices Ta
ij (without a tilde).

Again, unless one forces the theory to follow this specific
rule one does not obtain a consistent theory.
Once we make this choice, there do not appear any more

restrictions in the fermionic sector at the next order Oðg2Þ
and, as such, the bootstrapping process is identical in its
next step to the one described in previous sections. The
result is that we need to add the matter term

Sf ¼
Z

d4x½ψ̄ jγμðiδij∂μ − gTa
ijAaμÞψ i�; ð56Þ

to the action (48).
Once the iterative process has finished, the final fer-

mionic current plus the Yang-Mills current is the one that is
conserved; neither of them is divergenceless separately.
Equivalently, we can rephrase this assertion saying that the
fermionic current is not conserved but covariantly con-
served. For instance, the covariant conservation of the
matter current is the necessary condition in the nonlinear

theory for the decoupling of degrees of freedom. Moreover,
this action is invariant with respect to the infinitesimal
gauge transformations (50), if we additionally perform an
infinitesimal local transformation of the form

ψ i → ψ i − iχaðxÞT̃a
ijψ

j: ð57Þ

in the fermionic sector.
Thus, we arrive to the conclusion that the result of the

bootstrapping process is that in order to have a consistent
theory we need all the coupling constants qa to be the
same g. Furthermore, we need the matrices Ta

ij (that
determine the interactions between fermions and Aa

μ fields)
to be representations of the Lie algebra defined by the
selected constants fabc. Similar comments apply straight-
forwardly to other kind of matter coupled to the fields Aa

μ.
Spin-zero and spin-one matter fields were considered

in detail for field theories displaying gauge symmetries
ab initio in [34]. We notice that these results can be
straightforwardly extrapolated to our framework of emer-
gent gauge theories, as the bootstrapping in the matter
sector does not interfere with the bootstrapping in the
gauge sector.

D. Gribov copies in this framework

The standard approach to construct a gauge theory
assumes that there are redundancies in our description
from the start. Configurations related by gauge trans-
formations, i.e., those with vanishing Noether charges,
represent the same physical state. Gauge symmetries define
classes of equivalence within the configuration space of
fields. In such situations, the gauge fixing conditions, like
the Lorenz gauge

∂μAaμ ¼ 0: ð58Þ

are introduced in order to choose a representative of each
class of equivalence. However, such conditions do their
job well if there is a unique representative of those classes
that respects the condition. The problem is that for non-
linear gauge theories, the Lorenz gauge does not cross each
gauge orbit [35] once, as was shown by Gribov [36,37].
In general there exist more than one configuration of the
fields Aa

μ related by gauge transformations, all of them
obeying the condition (58). They are typically referred to
as Gribov copies.
This is, for instance, problematic from the point of view

of defining the quantum theory via path integral techniques.
The gauge fixing conditions are needed in order to make
sense of the theory by summing over physically inequiva-
lent configuration and the Lorenz gauge condition is
typically used because it is explicitly Lorentz invariant.
At the perturbative level, this ambiguities are not relevant
because we are exploring small deviations in field space
from the background solution (which is typically the

EMERGENT GAUGE SYMMETRIES: YANG-MILLS THEORY PHYS. REV. D 104, 025017 (2021)

025017-11



Aa
μ ¼ 0 configuration, although it could be any other

stationary point of the action where we can base our
Gaussian perturbative expansion of the theory [38]). The
Lorenz gauge condition is good enough to ensure that there
are no Gribov copies around these saddle points but, when
exploring the nonperturbative regime of the theory, nothing
forbids them to appear. Thus, one enters in conflict with
defining the theory nonperturbatively. Gribov actually
argued that these ambiguities could have a huge impact
in the structure of the quantum theory. He even provided
arguments supporting how an appropriate treatment of these
features (for example, reducing the path integral to a region
absent of Gribov copies, often called a fundamental modular
region) could be related to the color confinement character-
istic of gauge theories. This is because the restriction of the
integration to that region has the effect of generating a linear
increase of the interactions between color charges in the
deep infrared. Thus, it is a possible mechanism for the
explanation of confinement, although a conclusive analysis
is not yet available: The theory becomes strongly coupled in
that regime and the typical perturbative computations are
not reliable [36,37].
The procedure we have followed to construct a gauge

theory is quite different from the standard approach. In our
formalism, we began with a theory that had no physical
symmetries and the gauge symmetries emerged after a
suitable projection onto a natural subspace of the theory
described, precisely, by the Lorenz condition (58). The
emergent gauge symmetries we refer to are the trans-
formations given by the exponentiation of (50). This means
that these symmetries are the set of transformations acting
on the Aμ ¼ Aa

μTa fields as

Aμ → ΩðxÞAμΩ−1ðxÞ þ iΩðxÞ∂μΩ−1ðxÞ; ð59Þ

with ΩðxÞ ¼ exp ½iχaðxÞTa�, where the functions χaðxÞ
have to vanish asymptotically.
Our construction points out that the configurations

related by these emergent gauge transformations are really
different physical solutions, it is only that it is difficult to
operationally differentiate them. Therefore, being faithful
with our construction we should not eliminate these
redundancies from the path integral. This offers the first
instance of a distinction between the standard Yang-Mills
theory and our emergent Yang-Mills theory. Any such
difference would appear in the nonperturbative regime.

E. Internal and external observers

The emergent Yang-Mills construction that we have
developed leads to several interesting observations that
go beyond the electrodynamics case discussed in [11].
When studying standard Yang-Mills theory it is usual to
read that the theory does not possess meaningful local
currents (see Sec. 2.6 of [39] for a discussion of this point).
We have seen that this is already a characteristic of the

linear theory: there are no gauge-invariant Yang-Mills
currents. In fact, this is just an instance of the Weinberg-
Witten theorem [13]. However, this cannot be taken as
evidence that Weinberg-Witten implies that no Yang-Mills
theory can emerge from a system akin to a condensed-matter
system, the very reason behind this being the emergent
nature of gauge symmetries in such a framework. If gauge
symmetries are emergent, field configurations that are
equivalent at low energies are not equivalent from the
perspective of the high-energy theory. Alternatively, internal
observers that experience only the low-energy physics
cannot distinguish operationally between certain configura-
tions, while external observers that are aware that the
description used by the internal observer is limited to low
energies can certainly distinguish between them (see e.g.,
[40] for another example in which the distinctions between
internal and external observers are discussed explicitly).
Hence, it is not needed to demand the existence of certain
observables (e.g., a current) that are gauge invariant as a self-
consistency condition necessary for emergence. Conversely,
that such a current does not exist in the low-energy
description cannot be taken as an indication of the impos-
sibility of embedding this description in an emergent
framework in which the difference between configurations
that are equivalent at low energies has a definite operational
meaning. We hope that this clarifies that claims in the
literature that the Weinberg-Witten theorem forbids the
emergence of certain theories are using a too narrow notion
of emergence. At most, Weinberg-Witten theorem could be
taken as an indication that Lorentz and gauge symmetries
must emerge simultaneously, which is indeed compatible
with our discussion.
If we were only talking about interpretative choices,

then the internal observer position could be argued to be
superior. However, it is well known that the importance
of having alternative interpretations is that they suggest
different extensions when the time comes. Here we have
already identified one potential physical difference between
both interpretations: the need to eliminate or not Gribov
copies from the path integral. This might already go beyond
an interpretative issue.

V. DISCUSSION AND CONCLUSIONS

In this work we have presented how an emergent
Yang-Mills theory with an emergent gauge invariance
can represent part of the dynamics of a system with more
degrees of freedom and no gauge invariance a priori. Our
main result is the existence of a natural coupling scheme
that leads to the emergence of gauge symmetries. The logic
underneath the construction is the following:
(1) One can start from a very complex theory, for instance

from a system akin to a condensed-matter system,
with a very large but finite number of degrees of
freedom.
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(2) We restrict our attention to theories in which there
is a low-energy regime which can be effectively
described in terms of a set of weakly coupled
relativistic fields Aa

μ and fermionic matter fields
ψ i (examples of how this can happen can be found
in [40] and references therein). The important point
here is that some collective excitations acquire a
relativistic behavior which, in systems akin to a
condensed-matter system, is typically associated
with the presence of Fermi points [41–43].

(3) In addition, it is typically not difficult to find
situations in which the effective fields by themselves
are massless (representing soundlike excitations).
Later, there might be a Higgs-like mechanism giving
mass to some of the fields.

(4) Then, one can write down the most generic quadratic
Lagrangian compatible with these considerations
and show the existence of a symmetry under rigid
transformations that provides with a conserved
current. The existence of this symmetry allows us
to define a nonlinear completion in which the
relativistic vector fields couple to this current. For
the nonlinear completion to be derivable from an
action principle, the vector fields must satisfy a
constraint under which the nonlinear theory devel-
ops emergent gauge symmetries.

In summary, the emergence of gauge symmetries relies
only on a few simple principles: low-energy Lorentz
invariance, emergence of massless vector fields describable
by an action quadratic in these fields and their derivatives,
and self-coupling to a conserved current associated with
specific rigid symmetries. Self-consistency between these
principles leads to the emergence of gauge symmetries
described by semisimple Lie algebras of the same dimension
as the number of massless vector fields. Any theory
satisfying these conditions at low energies must therefore
be describable by a Yang-Mills theory, which in particular
implies that these conditions suffice to guarantee the absence
of classical instabilities when expanding around a classical
solution to the equations of motion. Equivalently, unphysical
states are removed from the nonlinear theory.
The emergence process can be understood as depending

on a particular parameter, something like the temperature in
a condensed matter system. Using this language, we would
say that below a certain temperature this effective field
theory provides a convenient description of the system;
above this temperature the description could be very differ-
ent and not easily related to the former. Therefore, we need
not imagine the emergence procedure as something that can
be described in terms of an effective field theory (with
more degrees of freedom than the one presented here), and
such that the Lorenz condition is nonzero in one regime
of the theory but becomes zero dynamically in another
regime. There are indications that dynamical mechanisms
which completely suppress degrees of freedom in an

effective field theory are accompanied by different
pathologies.
We finish this work by recalling the structural similarity

between Yang-Mills theory and general relativity. We will
devote a future work to investigate whether we can extend
the scheme of this paper to gravity. In fact, the motivation to
analyze the electromagnetic and Yang-Mills cases comes
from the gravitational case. It is indeed reasonable to
assume that, if gravity is emergent, being this force special
in the sense that describes the causal structure of the
spacetime itself, then most surely the rest of interactions
would also be emergent. In any case, we expect that the
present analysis will pave the way toward the more
complicated gravitational case.
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APPENDIX: SOME ALGEBRAIC
CONSIDERATIONS

In this Appendix we show that there is no action that,
after variation with respect to Aaμ, leads to the contribution
proportional to λ, namely Eq. (34), to the current Jð1Þaμ.
Let us consider a generic Lagrangian at first order

Lð1Þ
ðλÞ ¼ Pbca

μνρσ∂μAbνAcρAaσ: ðA1Þ

Its variational derivative is given by

δLð1Þ
ðλÞ

δAμ
a
¼ Pbca

σνρμ∂σAbνAcρ

þ Pbac
ρνμσ∂ρAbνAcσ − Pacb

νμρσ∂νðAcρAbσÞ: ðA2Þ

This variational derivative can be rewritten as

δLð1Þ
ðλÞ

δAμ
a
¼ ðPbca

σνρμ þ Pbac
σνμρ

− Pabc
σμνρ − Pacb

σμρνÞ∂σAbνAcρ: ðA3Þ
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Hence, if we use the equation above for the piece of the
current in Eq. (34), we obtain the equation

Pbca
σνρμ þ Pbac

σνμρ − Pabc
σμνρ − Pacb

σμρν ∝ γbcaημρηνσ:

ðA4Þ

Let us note that we have replaced fbca with a generic (that
is, not satisfying specific antisymmetry requirements)
tensor γbca.
The equation above can be further simplified using the

fact that Pbca
σνρμ is symmetric under the simultaneous

exchange of c ↔ a and ρ ↔ μ. As a result, we have the
simplified equation

Pbca
σνρμ − Pabc

σμνρ ∝ γbcaημρηνσ: ðA5Þ

Let us make the ansatz for Pbca
σνρμ consisting in the most

generic tensor linear in γabc and quadratic in ημν. The
symmetries ofPbca

σνρμ allow us towrite the following ansatz:

Pbca
σνρμ ¼ ημρηνσðα1γabc þ α2γ

acb þ α3γ
bac þ α3γ

bca þ α2γ
cab þ α1γ

cbaÞ
þ ημσηνρðβ1γabc þ β2γ

acb þ β3γ
bac þ β4γ

bca þ β5γ
cab þ β6γ

cbaÞ
þ ημνηρσðβ6γabc þ β5γ

acb þ β4γ
bac þ β3γ

bca þ β2γ
cab þ β1γ

cbaÞ: ðA6Þ

Plugging this ansatz in Eq. (A5), we obtain a system
of algebraic equations for the coefficients fαig3i¼1 and
fβi; g6i¼1, which turns out to be an incompatible system.
Given that Noether currents are not unique as discussed
above, it is necessary to check that the introduction of
boundary terms given in Eq. (26) does not allow for a
solution to exist. In the presence of boundary terms,
Eq. (A5) is modified to

Pbca
σνρμ −Pabc

σμνρ ¼ γbcaημρηνσ þBγbcaðημνηρσ − ημρηνσÞ:
ðA7Þ

Let us recall that, for the purposes of the discussion
in this Appendix, we are replacing fabc with a more

general γabc. The analysis of the corresponding system
of equations for the coefficients fαig3i¼1 and fβi; g6i¼1

shows also that there is no solution.
For completeness, let us also consider the case in which

γabc ¼ fabc is totally antisymmetric, which as we have
discussed in Sec. IV appears as a necessary condition
for the bootstrapping procedure to work. In this case, the
most general ansatz we can make for Pabc

μνρσ is given by
Eq. (39). Plugging this ansatz in Eq. (A7) leads to an
incompatible system for the parameters ðβ; BÞ. Thus, we
conclude that it is not possible to derive the piece of the
current in Eq. (34) (plus identically conserved pieces
coming from boundary terms) from a Lagrangian contain-
ing only the vector fields Aaμ.
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