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Experimental Quantum Computations on a Topologically Encoded Qubit
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The construction of a quantum computer remains a fundamental scientific and technological
challenge, in particular due to unavoidable noise. Quantum states and operations can be protected
from errors using protocols for fault-tolerant quantum computing (FTQC). Here we present a step
towards this by implementing a quantum error correcting code, encoding one qubit in entangled
states distributed over 7 trapped-ion qubits. We demonstrate the capability of the code to detect
one bit flip, phase flip or a combined error of both, regardless on which of the qubits they occur.
Furthermore, we apply combinations of the entire set of logical single-qubit Clifford gates on the
encoded qubit to explore its computational capabilities. The implemented 7-qubit code is the first
realization of a complete Calderbank-Shor-Steane (CSS) code and constitutes a central building
block for FTQC schemes based on concatenated elementary quantum codes. It also represents the
smallest fully functional instance of the color code, opening a route towards topological FTQC.

PACS numbers: 03.67.Pp, 03.67.Bg, 03.67.Lx

A fully-fledged quantum computer can be used to
efficiently solve notoriously difficult problems, such as
factoring large numbers or simulating the dynamics of
many-body quantum systems [I]. Enormous technolog-
ical progress has enabled the implementation of small-
scale prototype quantum computing devices on diverse
physical platforms [2]. Similarly, sophisticated FTQC
techniques have been developed, which aim at the sys-
tematic correction of errors that dynamically occur dur-
ing storage and manipulation of quantum information [3-
5]. For quantum error correction, CSS codes [ [5] offer
the advantage that they allow one to independently de-
tect and correct bit and phase flip errors, as well as com-
binations thereof. Furthermore, quantum information
processing is substantially facilitated in quantum codes,
in which logical operations on encoded qubits are realized
by the bitwise application of the corresponding opera-
tions to the underlying physical qubits, i.e. in a transver-
sal way. This property prevents uncontrolled propagation
of errors through the quantum hardware, which in turn
is essential to enter the FTQC regime [I]. Ultimately, re-
liable quantum memories and arbitrarily long quantum
computations are predicted to become feasible for ap-
propriately designed quantum codes, once all elementary
operations are realized in a fault-tolerant way and with
sufficiently low error rates [6} [7].

To date topological quantum computing (TQC) stands
up as the most promising and realistic approach towards
FTQC: here, encoding of quantum information in global
properties of a many-particle system provides protection
against noise sources that act locally on individual or
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small sets of qubits [§]. Most prominently, TQC offers
highly competitive error thresholds as high as 1% per
operation [9HI2], which is within reach of current ex-
perimental capabilities [I3HI5] and typically about two
orders of magnitude larger than in schemes using con-
catenated quantum codes [7].

Within TQC, topological color codes [16, [I7] offer the
distinctive feature that the entire group of Clifford gate
operations can be implemented transversally [I]. This
versatile set of operations directly enables protocols for
quantum distillation of entanglement, quantum telepor-
tation and dense coding with topological protection [16].
Moreover, a universal gate set, enabling the implemen-
tation of arbitrary quantum algorithms, can be achieved
by complementing the Clifford operations with a single
non-Clifford gate [I]. For color codes in two-dimensional
(2D) architectures [I6], such an additional gate can be
realized by a technique known as magic-state injection
[18]. Remarkably, this method is not needed in 3D color
codes that allow one to implement a universal gate set
using exclusively transversal operations [17].

Previous experiments have demonstrated the correc-
tion of a single type of error by the 3-qubit repetition
code [T9H2T], correction of bit and phase flip errors by
the non-CSS-type 5-qubit code in NMR systems [22] 23],
as well as elements of topological error correction in the
framework of measurement-based quantum computation
[24]. In this work we report on the first demonstration of
a quantum error correcting 7-qubit CSS code [B] which
is equivalent to the smallest instance of a 2D topologi-
cal color code [I6]. In our experiments performed with
7 trapped-ion qubits we encode and characterize a single
logical qubit. Moreover, we implement in a transversal
way the entire set of logical single-qubit Clifford gate op-
erations on the encoded qubit. Finally, the application of
multiple logical gate operations for the first time realizes
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Fig. 1. The topologically-encoded
qubit, its physical implementation
and initialization. (A) One logical qubit
is embedded in seven physical qubits form-
ing a 2D tringular planar code structure of
three plaquettes. The code space is defined
via six stabilizer operators Sg) and Sgi),
each acting on a plaquette which involves
four physical qubits. (B) For the physi-
cal realization, qubits are encoded in elec-
tronic states of a linear string of ions. These
ion qubits can be manipulated via laser-
interactions that realize a universal gate set
consisting of single-ion phase shifts, collec-
tive operations and a collective entangling

single ion phase-shift

gate, which is complemented by a single-ion
spectroscopic de- and recoupling technique
[25]. (C) Encoding of the logical qubit

is achieved by coherently mapping the in-
N |O>L put state [1010101) onto the logical state
|0}z, using a quantum circuit that combines
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S® — Xy X, Xe X7
C I
o [0 g
Bl 1o 23
° <
e 5 o -
L |0 5
[1 —

a quantum computation on a fully-correctable encoded
qubit.

Two-dimensional color codes are topological quantum
error-correcting codes that are constructed on underly-
ing 2D lattices [16] for which (i) three links meet at
each vertex and (ii) three different colors are sufficient
to assign color to all polygons (plaquettes) of the lattice
such that no adjacent plaquettes sharing a link are of
the same color. The smallest, fully functional 2D color
code involves seven qubits and is shown in Fig. 1A. The
system consists of a triangular, planar code structure
formed by three adjoined plaquettes with one physical
qubit placed at each vertex. Color codes are stabilizer
quantum codes [I], which are defined by a set of com-
muting, so-called stabilizer operators {S;}, each having
eigenvalues +1 or -1. More precisely, the code space host-
ing logical or encoded quantum states [¢), is fixed as the
simultaneous eigenspace of eigenvalue +1 of all stabiliz-
ers, S;[v)r = +|¥)p [1, 27]. In color codes, there are
two stabilizer operators associated with each plaquette,
which for the seven-qubit color code (Fig. 1A) results in
the set of four-qubit X and Z-type operators

S;l) = X1X2X3X4, Sgl) - 21Z2Z3Z47
Sa(cz) = X2X3X5X6, SgQ) = Z2Z3Z5ZG,
S®) = X3 X4 X6 X, S®) = 232,257

Here, X;, Y; and Z; denote the standard Pauli matrices
acting on the i-th physical qubit with the computational
basis states |0) and [1) [I]. The stabilizers in Eq.
impose six independent constraints on the seven physi-
cal qubits and thus define a two-dimensional code space,

(1)

de- and recoupling pulses (yellow and white
squares, respectively) [26]. Dashed (solid)

lines denote decoupled or inactive (recou-
pled or active) qubits.

which allows one to encode one logical qubit. The log-
ical basis states |0)7, and |1); spanning the code space
are entangled 7-qubit states and given as the eigenstates
of the logical operator Z; = Z1257374757Z¢%7, where
Zr|0)r =10)r and Zp|1)p = —|1), [16} 26].

For the physical realization of a topologically encoded
qubit, we store seven “°Ca™ ions in a linear Paul trap.
Each ion hosts a physical qubit, which is encoded in
(meta)stable electronic states [25]. Within our setup,
schematically shown in Fig. 1B, we realize a high-fidelity
universal set of quantum operations consisting of single-
ion phase shifts, collective rotations, and a collective en-
tangling gate. This set of operations is complemented
by a single-ion spectroscopic decoupling technique that

enables the collective entangling operation to act only on
subsets of qubits [20].

We realize the initial preparation of the logical state
|0} (encoding) deterministically by applying the quan-
tum circuit shown in Fig. 1C to the seven-ion system. As
a first step, we prepare the system in the product state
[1010101), which satisfies the required three (Sg”) =+1
and (Z) = +1 conditions. In three subsequent steps, we
apply plaquette-wise entangling operations to also satisfy
the three (Sé”) = +1 constraints. For each step, we spec-
troscopically decouple three of the seven physical qubits
prior to the application of the collective entangling gate,
to subsequently create GHZ-like entanglement only be-
tween the four qubits belonging to one plaquette of the
triangular code. Here, the creation of entanglement of
four out of seven qubits is achieved with a fidelity of
88.8(5)%.
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Fig. 2. Effect of arbitrary single-qubit
errors on the encoded logical qubit. (A)
The initial logical state |0)z, prior to the oc-
currence of single-qubit errors, is reflected (i)

by the error syndrome, in which all six S and

expectation value
S

expectation value

S stabilizers are positive-valued, and (i) by
a positive (vanishing) expectation value of the
logical operator Zr (Xr). (B) A bit flip er-
ror (red wiggled arrow) on qubit 2 (marked
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in black) affects the blue and red plaquettes
(visualized by grey-shaded circles) and mani-
fests itself by negative S and S expecta-
tion values and a Zy, sign flip. (C) A Zs phase

flip error only affects the blue plaquette and
results in a sign flip of 5'532). (D) A Y3 error
— equivalent to a combined X3 and Z3 error —

expectation value

affects all three plaquettes and induces a sign
change in all six stabilizers and Zr. Double-
error events, such as a Zs phase flip (Fig. 2C),
followed by a Z> (E) or a Z3 error (F) result
in an incorrect assignment of physical errors,
as the detected stabilizer patterns are indistin-
guishable from single-error syndromes — here,
the ones induced by a Z; (Fig. 2E) or a Zu
(Fig. 2F) error [26]. In the correction pro-
cess, this eventually results in a logical error
— here a Z1, phase flip error. Stabilizer viola-
tions can under subsequent errors hop (white
non-wiggled arrow) to an adjacent plaquette,

o
o

expectation value
=)
expectation value
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as in Fig. 2E, where the violation disappears
(open grey circle) from the blue and reappears
on the red plaquette. Alternatively (Fig. 2F),
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The entire sequence for encoding involves three col-
lective entangling gates and 108 local single-qubit rota-
tions [26]. The quantum state fidelity of the system in
state |0), is exactly determined from measurements of
128 Pauli operators, and yields 32.7(8)%. This value sur-
passes the threshold value of 25% (by more than 9 stan-
dard deviations), above which genuine six-qubit entangle-
ment is witnessed, thereby clearly indicating the mutual
entanglement of all three plaquettes of the code [26].

The quality of the created logical state |0)r, as shown
in Fig. 2A, is governed by two factors: (a) the overlap
of the created state with the code space; and (b) the ac-
cordance of the experimental state within the code space
with the target encoded state, which is related to the
expectation values of the logical operator Z1. Residual
populations outside the code-space are indicated by devi-
ations of the six stabilizer expectation values, in our case
on average 0.48(2), from the ideal value of +1. A more
detailed analysis shows that within the code-space, the fi-
delity between experimental and target state is as high as

I 1 R | B | I
5P sPsP sPs® 7, X,

they can disappear (from the blue plaquette),
split up (white branched arrow) and reappear
on two neighboring plaquettes (red and green).
This rich dynamical behavior of stabilizer vio-
lations is a characteristic signature of the topo-
logical order in color codes [16], [26].

95(2)%, whereas the expectation value of (Z1,) = 0.38(3)
and the overall fidelity between the experimentally real-
ized and the ideal state |0), are currently limited by the
overlap with the code-space of 34(1)% [26].

It is a hallmark feature of topologically ordered states
that these cannot be characterized by local order param-
eters, but only reveal their topological quantum order
in global system properties [8, 26]. We experimentally
confirm this intriguing characteristics for the topologi-
cally encoded 7-qubit system in state |1) by measuring
all subsets of reduced two-qubit density matrices, which
yield an average Uhlmann-fidelity of 98.3(2)% with the
two-qubit completely-mixed state, clearly showing the
absence of any single- and two-qubit correlations. On
the contrary, we observe the presence of global quantum
order, as signaled for the system size at hand by non-
vanishing three-qubit correlations (Z1Z,7;) = —0.46(6)
[26].

We next study the error correction properties of the
encoded qubit. Single-qubit errors lead the system out
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Fig. 3. Single qubit Clifford gate operations applied on a logical encoded qubit. Starting from the logical |0).
state, sequences of logical Clifford gate operations {Xr, Hr} in (A) and {H, K, X1} in (B) are applied consecutively in a
transversal way (i.e. bit-wise) to realize all six cardinal states {|0)z,|1)z,|—=)z, |+=)z, |+y)1,|—y) 1} of the logical space of the
topologically encoded qubit. The dynamics under the applied gate operations is illustrated by rotations of the Bloch-vector
(red arrow) on the logical Bloch-sphere as well as by the circuit diagram in the background. Each of the created logical states

is characterized by the measured pattern of Sa(f) and Sgi) stabilizers and the logical Bloch vector, with the three components
given by the expectation values of the logical operators Xr,, Yz and Zr. The orientation of the logical Bloch vector changes as

expected under the logical gate operations.

of the logical code space and manifest themselves as sta-
bilizer eigenstates of eigenvalue -1 (stabilizer violations)
associated to one or several plaquettes. We use the avail-
able gate set to coherently induce all single-qubit errors
on the encoded state |0); and record the induced error
syndromes provided by the characteristic pattern of six
stabilizer expectation values [26] — see Fig. 2 for a selec-
tion. The experimental data clearly reveals the CSS char-
acter of the quantum code: Starting in |0); (Fig. 2A),
we observe that single-qubit X (Z) errors manifest them-
selves as violations of Z-type (X-type) stabilizers only
(Figs. 2B and C); the effect of single-qubit Y errors is
equivalent to a combined X and Z error and is indeed sig-
naled by the simultaneous violation of the corresponding

X and Z-type stabilizers (Fig. 2D). For our experimen-
tal statistical uncertainties, the measured characteristic
error syndromes can be perfectly assigned to the under-
lying induced single-qubit error [26]. Figures 2E and F
show data where the code has been exposed to two single-
qubit errors, whose correction exceeds the capabilities of
the 7-qubit code [5l [16].

In topological color codes, quantum information is pro-
cessed by logical gate operations acting directly within
the code space [16], [I7]. The entire group of logical Clif-
ford gates, generated by the elementary gate operations
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Fig. 4. Repetitive application of logical quantum gate operations: (A) Preparation of the |—,)r state by applying a
Hp, K1, and X gate operation on the qubit initially prepared in the |0); state. (B) Subsequently, flips between the logical
|[4+4)z and |—y) 1 states are induced by consecutively applying logical X1 gate operations up to 10 times. The sign flip of the
Y1 expectation value (red diamonds) after each step signals clearly the induced flips of the logical Bloch vector, whereas the
expectation values of Z, (blue squares) and X1, (black circles) are close to zero as expected (the average of {(Zr), (Xr)} yields
{0.01(1), —0.01(1)} [26]). Average S (S'") stabilizer expectation values after each X, gate are shown as grey (green) bars.
(C) Characterization of the coherence of the logical qubit, initially prepared in the X, eigenstate |+;)r. A measurement of
the decay of the X expectation value (black circles) as a function of time yields a 1/e-time of 3.6(6)ms [26], while the Z,

expectation value (blue diamonds) remains zero as expected (on average 0.001(8) [26]).

Z, X, the Hadamard H and the phase gate K,

B ()

as well as the C-NOT gate for registers containing several
logical qubits, can be realized transversally. We imple-
ment the logical Clifford gates ZL = Z1Z2Z3Z4Z5ZGZ7,
Xp = X0 Xo X3 Xy X5 X X7, H, = HiHH3H, Hs HgHy
and K; = K1KyK3K,KsKgK7; by local operations
which we realize by a combination of single-ion and col-
lective rotations [20], as offered by our setup shown in
Fig. 1B. After initialization of the logical qubit in the
state |0)r, we prepare all six eigenstates of the log-
ical operators X, Yy and Zj, which requires quan-
tum circuits (see Figs. 3A and B) consisting of up to
three elementary logical Clifford gate operations. We
clearly observe that the encoded qubit evolves as ex-
pected under the logical gate operations, as indicated
by the characteristic changes in the pattern of X, Y
and Zj, expectation values, and corroborated by quan-
tum state fidelities within the code space of {95(2), 85(3),
87(2)}% of the experimental logical states {|0)r, |1)r,
and |+.)r = (|0)r + [1)1)/V/2} with the expected ideal
states [26]. Furthermore, the data shows that the aver-
age values of the six stabilizers for each logical state is
uncorrelated from the number of logical gates applied to
prepare them (up to three) [26]. This indicates that cur-
rently imperfections in the initial encoding process dom-
inate over the influence of additional errors induced by
subsequently applied short sequences of few Clifford gate
operations. This is an indication of the high performance

of the transversal (i.e. bitwise) logical Clifford gate oper-
ations, as compared to the encoding which involves nu-
merous multi-qubit as well as single-ion entangling oper-
ations. In fact, this behavior is confirmed by measured
overlap with the code space of {34(1), 33(2), 39(2)}% for
the states {|0), |1} and |4+,)r} [26].

We further explore the computational capabilities of
the encoded qubit by executing a longer encoded quan-
tum computation, which consists of up to 10 logical X,
gate operations applied to the system initially prepared
in |—,) 1 (see Fig. 4A). Our data (see Fig. 4B) clearly re-
veals the expected flips of the logical qubit between the
Y}, eigenstates, as witnessed by alternating (vanishing)
expectation values of the logical Y7, (X, Zr) operator,
accompanied by a moderate decay of the average stabi-
lizer expectation values of only 3.8(5)% per logical gate
operation [26]. For a separate study of the decoherence
properties of the encoded qubit, we prepare the logical
superposition state |4, ), and measure the decay dynam-
ics of the expectation values of the stabilizers and logical
X1, and Zp operators, see Fig. 4C. We find that logical
coherences (X) decay on a time scale that is about one
order of magnitude larger than the duration of 10 X,
gates [26]. Thus, we conclude that the performance of
the encoded quantum computation of Fig. 4B is currently
not limited by the life-time of the encoded logical states,
but is instead determined by imperfections in the imple-
mentation of the logical Clifford gate operations, whose
quality is in quantitative agreement with the fidelities of
the single-ion and collective local operations in our setup
[26].

In this work, using 7 trapped-ion qubits, we have im-



plemented and experimentally characterized a quantum
error correcting 7-qubit CSS code [5], which represents
the smallest 2D topological color code [I6], hosting one
encoded logical qubit. Moreover, we have realized en-
coded quantum computations by applying sequences of
logical Clifford gate operations on the fully-correctable,
topologically encoded qubit. Near future objectives, aim-
ing at an extension of the demonstrated quantum infor-
mation processing capabilities, include the implementa-
tion of a non-Clifford gate, using one additional (unpro-
tected) ancillary qubit, towards universal encoded quan-
tum computation [T}, [I8]. Furthermore, repetitive appli-
cation of complete error correction cycles is achievable

by incorporating previously demonstrated measurement
and feedback techniques [28] for quantum non-demolition
(QND) readout of stabilizers via ancillary qubits, towards
the goal of keeping an encoded qubit alive. The demon-
strated concepts can be adapted to 2D ion-trap arrays
[29] as well as other scalable architectures, ranging from
optical, atomic and molecular to solid-state systems [2].
The continuing technological development of these plat-
forms promises fault-tolerant operating of larger num-
bers of error-resistant, topologically protected qubits,
and thereby marks a technologically challenging, though
clear path towards the realization of FTQC.
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APPENDICES

This appendix provides theoretical background infor-
mation and experimental details of the material discussed
in the main text. In addition, it contains experimental
data which due to space limitations has not been dis-
cussed in the main text of the paper: this includes a com-
plete measured syndrome table containing all 21 single-
qubit error syndromes (see Fig. , and quantum state
tomography data confirming the absence (presence) of
local (global) quantum order in the experimental 7-qubit
state (see Sec. [D]and Fig. [f).

In Sec. [A] we provide details on our trapped-ion quan-
tum computing setup and the experimental tools used
in this work. Details on the initialization procedure (en-
coding) are provided in Sec.[B] In Sec. [C| we discuss the
methods used to quantitatively characterize the experi-
mentally generated states, which include tools to deter-
mine the quantum state fidelities and overlap with the
code space, to witness multi-partite entanglement prop-
erties, and to study aspects of topological quantum order
in the experimentally generated state. Section[E|provides
details on the experimental study of the error detection
capabilities of the 7-qubit code. Finally, in Sec. [F]details
on the implementation and characterization of sequences
of logical Clifford gate operations on the encoded qubit
are discussed.

Appendix A: Experimental system and techniques

This section provides a more detailed description of the
experimental setup, especially the coherent gate opera-
tions as well as the spectroscopic decoupling technique.

All experiments described in this work are performed
using a linear string of 7 °Cat ions confined in a Paul
trap [I]. The (physical) qubit is encoded and manipu-
lated on the transition between the two electronic states
Sij2(m; = —1/2) = [1) = Djja(m; = —5/2) = [0),
the latter having a radiative lifetime of about 1s. One
generic experimental cycle consists of the following se-
quence: (i) Initialization of all qubits in the electronic
S1/2(m; = —1/2) = |1) ground state by optical pumping.
(ii) Cooling the ion string to the motional ground state

of the center of mass mode. (iii) Coherent operations on
the Sy /2(mj = —1/2) — D5/5(m; = —1/2) transition by
a narrow linewidth laser at 729nm. (iv) Detection of the
final state by fluorescence measurements, involving an
electron shelving technique using a laser beam at 397 nm
illuminating the whole ion string. For more details on
the individual techniques, see the following subsections
and Ref. [1].

1. Coherent gate operations

In our experimental setup, two different laser beams at
729 nm are used to perform coherent operations on the
qubit transition. A spatially wide beam illuminating the
whole ion string realizes collective operations of the form

U(6,6) = exp (-g > Bin@)Y: + cos<<z>>Xi]> (A1)

i

and a Mglmer-Sgrensen-type entangling operation [2, [3]

2
MS(6, ¢) = exp fig lz sin(¢)Y; +Cos(¢)Xi]

(A2)
Since the angle of incidence with of the global beam
with respect to the ion string is approximately 22.5°, the
beam is shaped elliptically to illuminate all ions equally.
The beam ellipticity is about 1:5 with a beam waist of
100 wm in horizontal direction, which leads to an inhomo-
geneity of the coupling strength along the 7 ion string,
measured by the Rabi-frequency, of about 1%. In ad-
dition, a beam perpendicular to the ion string, which
is focused to a beam waist of about 1.5um is used to
perform single qubit rotations Ug) (0) = exp(—ifZ;) on
the i-th ion. This operation, corresponding to a rota-
tion around the Z-axis in the Bloch-sphere picture, is
carried out by detuning the laser beam about 20 MHz
from the qubit transition, which effectively induces an
AC-Stark shift [I]. The combination of the described
gate operations realizes a universal set of gate operations
[4,[5]. Alternatively, the addressing beam is also capable
of inducing resonant operations of the form U (6, ¢) =

exp(—i§{sin(¢)Y; + cos(¢)X;}).

2. Spectroscopic decoupling and recoupling of ions

For the experimental initialization of the encoded qubit
in the logical state |0}y, the main resource is an entan-
gling operation acting on a subset of four out of seven
qubits. In Figure the circuit diagram of the sequence
used for the encoding is shown. In the first step an en-
tangling operation M .S(w/2,0) is to be applied to ions 1,
2, 3, 4 without affecting the ions 5, 6 and 7. However,
as the laser beam of the entangling MS gate operation
illuminates the entire ion string, an entangling operation



Nr. of |Nr. of global|Nr. of ac- Nr. of Total |Described
Algorithm MS gates| rotations R | Stark addressed number of | in section
shifts Sz |resonant pulses|operations

Decoupling / Recoupling of population in |0) 0 0 2 4 6 1B
Decoupling / Recoupling of population in |1) 0 0 1 2 3 1B
Complete decoupling / Recoupling of a physical qubit 0 0 3 6 9 1B
Encoding: preparation of the logical |1) 1 state 3 1 38 70 112 11
Logical Z gate 0 0 7 0 7 \%
Logical X gate 0 0 0 1 1 \%
Logical Hadamard gate H 1 7 0 0 8 \%
Logical phase gate K 0 0 7 0 7 \
Preparation of the logical |0) . state 3 0 38 70 111 N
Preparation of the logical |[+,) = |0)z + |1) state 3 1 45 70 118 A%
Preparation of the logical |—;) = |0)r — |1) state 3 2 45 70 119 \Y%
Preparation of the logical |[+,) = |0)r + i|1) state 3 1 52 70 125 A%
Preparation of the logical |—y) = |0)z — i|1)1 state 3 2 52 70 126 \Y%
Encoding and up to 13 Clifford gates 3 14 52 70 136 VI

TABLE I. Overview of the building blocks {MS gate, global rotations (X,Y), ac-Stark shifts Sz, addressed resonant pulses}
used for the individual parts of the encoding sequence, the preparation of the 6 logical states and the logical Clifford gate
operations. For the preparation of the logical |0) and |1) state, 3 entangling MS gates, one global rotation for the logical |1)
state, 38 ac-stark operations and 70 addressed resonant pulses for the de- and recoupling of the individual ions are required,
which in total correspond to 111 (112) gate operations. For the preparation of the logical states {|4z), |—«), |+y), |—¢)} in total
{118,119, 125,126} gate operations are used, whereas for the demonstration of multiple Clifford gate operations we apply up

to 136 gate operations in total.

on a subset of ions can be achieved in two different ways:
One can resort to refocusing techniques, as originally pi-
oneered in NMR systems [6]. Here, partially entangling
global entangling MS gate operations are interspersed
with single-qubit AC Stark shifts, which eventually lead
to an effective decoupling of (subsets of) ions from the en-
tangling dynamics of the remaining ions (see e.g. [5] for
more information). However, in the present case, such
decoupling of 3 ions, using refocusing pulses, from the
entangling dynamics of the remaining 4 qubits belonging
to one plaquette of the quantum code, would require a
large overhead in terms of (partially entangling) MS gate
operations and addressed, single-ion refocusing pulses.
Thus, in the present experiment we pursue an alterna-
tive approach, where we decouple ions spectroscopically
from the dynamics induced by the global MS gate oper-
ation. To this end, we coherently transfer and store the
quantum state of qubits (say 5, 6 and 7) encoded in the
states Sy/o(m; = —1/2) and Ds/5(m; = —1/2), which
do not participate in the entangling dynamics of qubits
1, 2, 3, and 4, in a subset of the remaining (metastable)
Zeeman levels.

The latter has the advantage that the entangling
operation, acting only on the subset of 4 qubits, can be
realized with a fidelity of 88.5(5)%, as determined by a
4-qubit state tomography of the created 4-qubit GHZ
state, (]0101) 4-|1010))/v/2. Besides imperfections in the
entangling operation, this value thus also includes the
effect of small imperfections in the preparation of the
initial product state |1010). The fidelity of the entan-
gling operation on 4 out of 7 ions is substantially higher
than the fidelity with which a 7-qubit GHZ state can be
created by a global entangling operation (acting on all

7 ions). From population and parity measurements we
estimate the fidelity for this 7-ion entangling operation
to be about 84%. In Figure [1| B, the decoupling (DEC)
steps, highlighted as colored boxes (DEC) are illustrated
by a reduced level scheme of the relevant Zeeman states.
The decoupling sequence can be adapted, so that —
depending on the internal state of the physical qubit
— only a minimal number of decoupling pulses have to
be applied. For example, the decoupling of qubits 5
and 6 (blue and red box) before the first entangling
operation is realized as follows: The population of qubit
5 (initially entirely in state S /o(m; = —1/2)) is trans-
formed to the D5 5(m; = —5/2) state via a composite
pulse sequence of 3 coherent single-qubit operations: a
resonant 7/2-pulse U®)(7/2,0) with arbitrary, but fixed
phase 6 on qubit 5, followed by a Z rotation U §5> (m)
and finally another resonant U®)(7/2,0 — ) rotation
with phase 8 — 7. Effectively, this sequence realizes
a m-flop (i.e. complete population transfer) between
the computational basis state Si/p(m; = —1/2) and
the storage state Ds/o(m; = —5/2). This population
transfer could in principle also be performed by a single
resonant U®)(7,0) pulse. The reason for splitting
this up into 3 addressed pulses is to minimize errors
on neighboring ions while realizing the decoupling
operation on the target ion: The application of the
addressed laser beam inevitably leads to small residual
light intensities on the neighboring ions, which should
ideally be unaffected. This error € can be characterized
by measuring the Rabi-frequencies of the neighboring
ions and the target ion: € = Qncighbor/target- For a
seven-ion string with a minimal inter-ion distance of
~ 3.5 um at a trap frequency of about 1MHz, the




addressing error ¢ is about 5% on the ions located at
the center of the chain. Contrary to the resonant pulse,
the addressing error of the off-resonant AC-Stark pulses
scale with €2, since the Rabi-frequency 2/4A scales
quadratically with the Rabi frequency €2, and for a given
detuning A. Therefore the effectively induced error on
the neighboring ions in the 3-pulse sequence also scales
in leading order as €2, since errors induced by the two
resonant 7 /2-pulses cancel out due to the phase shift of 7.

Similarly, spectroscopic decoupling of ions with popu-
lation in the D5 5(m; = —5/2) state is achieved by trans-
fering the electronic population first to the Sy /5(m; =
1/2) ground state and subsequently to the Ds/5(m; =
—3/2) state, as shown in the red box of Figure [1| B.
This sequence requires in total 3 single-qubit opera-
tions: U©)(r/2,0), Uéﬁ) (7) and U©) (/2,0 — 7) on the
Ds/o(mj = —5/2) — S/ transition, and a similar 3-
pulse sequence on the Sy/5(m; = 1/2) — Ds/a(m; =
—3/2) transition, respectively. Therefore, decoupling and
also recoupling (REC) of one qubit with populations
in (and coherences between) both computational basis
states requires in total 9 single-qubit operations with a
pulse length of about 10 us per pulse (see green box in of

Figure [1| B).

Appendix B: Details on encoding of the logical qubit

The code space hosting logical states |1p) is fixed as
the simultaneous eigenspace of eigenvalue +1 of the six

Sg(f) and S S) stabilizer operators. The first step of the ini-
tialization of the 7-qubit system in the logical |0) state
consists of converting the state of the 7 qubits, initialized
by optical pumping in the state [1111111), into the state
[1010101). This state fulfills the Z-type stabilizer con-

straints, as it is a +1 eigenstate of three Sgl)—stabilizers as
well as of the logical operator Zy,. In the remaining three
steps, the subsets of four qubits belonging to each of the
three plaquettes of the code, are sequentially entangled to
also fulfill the stabilizer constraints imposed by the three
operators Sg(f). This is achieved by spectroscopically de-
coupling the ions hosting inactive qubits (e.g. qubits 5, 6,
and 7) not participating in the plaquette-wise entangling
operation, as explained in Sec. and shown in Fig.
The MS gate operation, applied to the remaining active
qubits (say, qubits 1, 2, 3, and 4) creates the four-qubit
GHZ-type entanglement. Under this operation, for in-
stance in the first step the state [1010101) is mapped onto
the superposition [1010101) + ¢/0101101) (see e.g. [A]).
The +m/2 phase shift can be compensated for at any
later instance during the remaining encoding sequence.
To this end, at the end of the encoding sequence we ap-
ply an ac Stark shift compensation pulse Uél)(iﬂ'/ 2) on
qubit 1 located at the corner of the first (red) plaque-
tte, which does not participate in entangling operations
of the other two plaquettes. Thus, the four-qubit entan-

gling operation in combination with the phase compensa-
tion pulse creates the |[1010101)+]0101101) superposition
state after the first step of the encoding sequence. The
successful preparation of this intermediate state can be
seen from the measurement of electronic populations in
the 27 = 128 computational basis states and the stabilizer
operators, as shown in Fig. 2JA. Here, the data shows the
two dominant expected populations, as well as the GHZ-
type coherence as signaled by the non-vanishing expecta-

tion value of Sél). In the second and third step, similarly,
entanglement between the qubits of the second (blue) and
third (green) plaquette is created, which is reflected (see
Fig. and C) by the appearance of electronic popula-
tions in the four and eight expected computational basis
states, respectively, as well as by the step-wise build-
up of non-vanishing coherences (Sg(cz)> and (59(53)). Af-
ter the third step and the application of the three phase
compensation pulses the encoding of the system in the
logical state |0), = [1010101) 4 [0101101) + |1100011) +
|0011011)+1001110) 4+|0110110) 4-|1111000) 4|0000000)
is signaled by positive (ideally +1) values of all six sta-
bilizer and the logical Z, operator.

The described three-step sequence realizing plaquette-
wise entangling operations to prepare the system in
the state |0);, works in principle by starting in any
of the eight components of state |0);. The advantage
of choosing the initial input state [1010101) (instead
of e.g. |0000000)) is that for this initial state the 7-
qubit state is during part of the encoding sequence in a
decoherence-free subspace (DFS), in which the system is
insensitive to global phase noise, as caused by magnetic
field and laser fluctuations of the collective local rota-
tions, which to leading order affect all ions in the same
way. This type of noise constitutes one of the dominant
noise sources in our setup [I]. Whereas the ideal quantum
state after the second state (as given explicitly in Fig. )
still resides entirely in a DFS, the final state still bene-
fits from partial protection with respect to the described
global noise. This partial phase noise protection, in com-
bination with the addressing-error-corrected decoupling
and recoupling pulses as described in Sec. are essen-
tial to achieve the proper initialization of the system in
the code space, despite the complexity and overall length
of the complete encoding sequence (see Table [I| for a de-
tailed list and exact numbers of applied pulses).

Appendix C: Quantitative characterization of the
encoded logical states

1. Quantum state fidelities and overlap with the
code space

The experimentally generated states are fully charac-
terized by 7-qubit density matrices p, which could be
reconstructed from 7-qubit quantum state tomographies
[7]. However, as the ideal (target) states belong to the
class of stabilizer quantum states [], the relevant figures
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FIG. 1. Initialization of the logical qubit: (A) Circuit diagram of the encoding step - preparation of the 7-qubit system in
the logical state |0)r. The encoding consists of three steps, where consecutively all three colored (red, green, blue) plaquettes
are prepared by applying an entangling MS gate on the subset of qubits involved in the plaquette under consideration (e.g.
qubits 1, 2, 3 and 4 for the plaquette), starting in the initial product state |1010101). (B) We achieve that qubits, which do not
participate in a particular plaquette, are not affected by the entangling operation by means of spectroscopic decoupling pulses
(DEC). Here, their quantum state is stored in additional electronic levels, by coherently transferring the electronic population of
the S1/2(m; = —1/2) and Ds,5(m; = —1/2) qubit states to the Zeeman “storage” states { D5 2(m; = —5/2), D5/2(m; = —3/2)}
by a sequence of up to 9 addressed single qubit rotations. The working principle of the decoupling and recoupling (REC) pulses
is illustrated in (B) and described in detail in the main text.

of merit of the experimental states such as (i) the over-
all quantum state fidelities with the ideal states, (ii) the
overlap with the code space, as well as (iii) the quan-
tum state fidelities within the code space can be exactly
determined more efficiently from a reduced set of mea-
surements.

For n qubits, associated to a Hilbert space of dimen-

sion d = 2", a general state p of the system can be ex-
panded in the operator basis formed by all possible Pauli
operators Wy, k = 1,...,d* = 4", i.e. the n-fold tensor
product of the Pauli matrices 1, X,Y, Z for each qubit,
with tr(W;W;/d) = 0;;. For a general quantum state,
p = 35 tr(Wip) Wy, all 4" expansion coefficients can
contribute to the sum. For stabilizer states p = |¢)(¢],
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FIG. 2. Initialization of the logical qubit (continued). The step-wise encoding of the system in the logical state |0)r is
observed by measurements of the 27 = 128 electronic populations in the computational basis states, as well as by the measured
pattern of expectation values of the six stabilizers {Sgl), ng), SS), S;l), Sg(f), Sg(gg)} together with the logical stabilizer Z;. The
initial product state |1010101) is ideally a +1 eigenstate of all three 5% stabilizers and of Z. (A) In the first step, GHZ-type
entanglement is created between the four qubits belonging to the first (red) plaquette, which is signaled by the appearance of a

non-vanishing, positive-valued Sg(gl) expectation value. In the subsequent entangling steps acting on the second (blue) (B) and
third (green) (C) plaquette, the system populates dominantly the expected four and eight computational basis states, and the

created coherences show up in the non-zero expectation values of Sg(f) and S;S).

for which Wi|y) = +£|¢) if Wy, belongs to the the sta-
bilizer group of state [1), only the 2™ coefficients corre-
sponding to the set of stabilizer elements W} are non-
zero: tr(Wyp) = 1.

The quantum state fidelity of the experimental state p
with the ideal target stabilizer state as p; is given by

Flpp) = tx(pip) = 5 3 e(Wip)x(Wep). (1)
k

Since there are 2™ non-zero coefficients tr(Wjp;) con-
tributing to this sum, it is sufficient to measure the ex-
pectation values of the corresponding 2" Pauli operators

Wi, (W), = tr(Wyp), to exactly determine the quantum
state fidelity according to Eq. . For the present case
of encoded quantum states given by 7-qubit stabilizer
states, this requires the measurement of only 128 expec-
tation values (Wy),, without the need to reconstruct the
full density matrix p.
Note that the six ideal encoded states can be written
as a product of two projectors
pt = Pro, Pes. (C2)
Here, Pog denotes the projector onto the code space,
defined as the simultaneously +1 eigenspace of the six



qubit 1 2 3 4 5 6 7

pulses 19 | 21 0 21 25 15 7

ion 7 2 4 6 1 3 5

TABLE II. Encoding of physical qubits along the string
of seven ions. The table shows the number of addressed laser
pulses each physical qubit is exposed to in the course of the
encoding sequence, as shown in Fig. [[JA. In order to minimize
the effect of residual errors due to cross-talk with neighboring
ions during spectroscopic decoupling and recoupling pulses,
we distribute the physical qubits along the chain in such a
way that the physical qubits exposed to many (few) addressed
laser pulses are hosted by ions at the edge (center) of the
chain.

stabilizers (generators) S and Sgi), 1=1,2,3,

3

PCS:H (145 H* 1+ 80y,

i=1 j=1

w
—_

(C3)

l\')

and Pip, = %(1 + Oy,) is the projector onto the desired
logical state within the code space, concretely:

Py, = (L = %(1 — Z1)Pcs, (C4)

poy, =10){0l = %(1 + Z1)Pcs, (C5)

e = (Eale = S0+ X0)Pos,  (CO)

P14,y = |E) (gl = %(1 +Y.)Pes. (C7)

Note that the logical operator Y, = +iX;Z; =

- Hl 1 Y; for the 7-qubit color code.

The quantum state fidelity of the experimentally
generated state p with the ideal target state, say p,,
is given by F(p,ppy,) = ms i281<Wk> which is the
equal-weighted sum of expectation values of the 128
Pauli operators appearing in the product of projec-

tors in Eq " W1 = 17 W2 = 7ZL7 ceey W128 =
7,81 52 g1 gL g(2) g(3) X179 X374 X576 X 7.

Similarly, there are a set of 128 operators to be mea-
sured for the characterization of the other logical states,
according to the combinations appearing in Egs. -
(C7).

The overlap with or population in the code
space is given by pcs = tr(Pesp) = &4 k 1(Wk>
where the sum extends over the expectation values of
the 64 Pauli operators contained in the expansion of the
projector onto the code space Pcs (see Eq. (C3)).

The projected (and normalized) density matrix of the
experimental state p within the code space is given by
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FIG. 3. Experimental pulse sequence for the measurement
of the Pauli operator 521)5’3(52) = —71Y2Y37,X5Xe, which is
one of 128 operators that are measured for the quantitative
characterization of encoded logical states.

pcs = PospPes/pes. Thus, for a given experimental
state p, the quantum state fidelity within the code
space with the ideal target state p; = P1o, Pog is given
by

F(pcs, pt) = tr(Pro, Pcs PospPes)/pes
= tr(Pyo, Posp)/pcs

= F(p, pt)/pcs (C8)

From the latter expression one sees that the overlap fi-
delity F(p, pt) = pcsF(pcs, pt) is indeed given by the
combination of the overlap with the code space and the
fidelity with the target state within the code space.

Measurement of the required set of 128 operators { Wy}
for a given encoded logical target state |¢r), requires
the application of a sequence of local unitaries after the
preparation sequence for |¢p). As in standard quantum
state tomography [7], this is needed to transform a given
Pauli operator W}, into the standard measurement basis
(Z) in which the fluorescence measurements are physi-
cally realized. Pulse sequences for these basis transfor-
mations are determined by writing the local unitaries as
a product of the available set of operations (as described
in Sec. , and subsequently determining the required
rotation parameters analytically. As an example, Fig.
displays the pulse sequence used for the measurement of
the Pauli operator S, 1)5’(2 —Z1Y5Y37, X5 Xg.

The error bars of the measured quantum state fideli-
ties were determined by a Monte-Carlo method, resam-
pling the measured fluorescence data based on the un-
certainty given by the limited number of measurement
cycles. Therefore, the measurement data was randomly
resampled using a multinomial distribution with a sta-
tistical uncertainty of /p(1 —p)/N for each measured
probability p and number of repetitions N. The fidelity
F(p,pt), Flpcs,p:) and the populations in the code
space pcs are calculated for from the mean value and
standard deviation of all Monte-Carlo results.

2. Entanglement properties of the encoded logical
qubit

We study the entanglement properties of the encoded
7-qubit states using the method of entanglement wit-



nesses. Following Ref. [9], we construct witness opera-
tors W, which are able to detect entanglement between
different bi-partitions of the 7-qubit system, provided
that the experimentally generated states have a suffi-
ciently high quantum state fidelity with the ideal target
states. From the explicit form of the ideal logical state
[1)r, =]0101010) + |1010010) + |0011100) + |1100100) +
|0110001) + |1001001) + |0000111) + |1111111) it can be
verified that with respect to any bi-partition of the 7
qubits into a part A that consists of two qubits (say, e.g.
qubits 1 and 2) and a part B consisting of the complemen-
tary five qubits (say qubits 3-7), the square of the largest
Schmidt coefficient of the state is 1/4. Thus, we con-
sider the witness operator W = $1 — |1)(1].. It signals
entanglement of the two parts A and B if the expecta-
tion value (W) in the experimental state p is negative.
Since (W), = 1/4—F(p, p1y, ), this is the case for quan-
tum state fidelities larger than 25%, in which case the
experimental state is not separable with respect to any
bipartition of 2 and 5 qubits. This implies the presence
of entanglement of at least six qubits, which in turn in-
dicates the mutual entanglement of all three plaquettes,
as there is no combination of six qubits which only in-
volves two plaquettes. Similarly, a quantum state fidelity
threshold of 25% holds for the other five logical states
(see Egs. - (C7)). These states are locally (i.e. up
to single-qubit rotations) equivalent to pj;), — which can
be seen, e.g., directly from the transversal character of
the Clifford gate operations by which they can be trans-
formed into one another.

For the experimentally generated encoded states {|0)r,
1) and |4+,)r} the measured quantum state fidelities
with the ideal target states of {32.7(8), 28(1), 33(1)}%
surpass the threshold value of 25% by more than {9, 3,
8} standard deviations.

Appendix D: Absence of local order and presence of
global order in the color code state

General remarks and background: One of the in-
triguing features of topological quantum phases of mat-
ter is that they evade a conventional characterization by
local order parameters, such as the local magnetization
or (anti-)ferromagnetic correlations of neighboring spins
in magnetic materials [I0]. In contrast, the detection of
quantum order and the distinction of different quantum
phases in topological quantum systems can be achieved
by means of global observables which are able to retrieve
correlations which extend over the entire many-particle
system. In topological quantum codes, such as Kitaev’s
toric code [II] and related models [12], as well as the
in topological color codes [I3HI5], global quantum order
can be detected and manipulated by acting collectively
on groups of physical qubits, which are located along
strings that extend over the whole spin system [10] [IT].

Figure [] shows examples of 2D triangular color codes
of increasing lattice size. The stabilizer operators act
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locally, i.e. on physical qubits that are involved in the
corresponding plaquettes, as opposed to global logi-
cal operators of the quantum code, such as the log-
ical Zj operator which acts bitwise on all qubits of
the 2D layer. Note that the code space is defined as
the simultaneous +1 eigenspace of all plaquette sta-
bilizers, thus S;|¢r) = +|r) for any encoded quan-
tum state |¢1,). This property allows one to transform
the logical operator Zj, into logically equivalent opera-
tors Zp by multiplication with (combinations of) sta-
bilizers: For instance, for the smallest color code (see
Fig. )7 involving seven physical qubits (see Fig. ),
Zy, = Z1ZyZ3Z4Z5ZsZ7 and Zp|Yr) = ZLS£2)|'(/JL> =
ZLZ2Z3Z5Z6|¢L> = ZIZ4Z7|wL>- This shows that the
string operator Zp = 71747+ (acting on the qubits
connected by the black dashed line or string shown in
Fig. ) in the code space is fully equivalent to Zr.
Whereas the logical operator Z;, only acts on three in-
stead of all seven physical qubits, it is still a global oper-
ator as it extends over the entire side length of the trian-
gular code (see Fig. ) In larger 2D color codes, such as
the examples shown in Figs. [dIC and D, the correspond-
ing logical global operators involve more physical qubits,
here 5-qubit and 11-qubit string operators, respectively.

Topological color codes display Abelian topological or-
der: for the purpose of quantum error correction stabi-
lizer violations (-1 eigenstates) associated to plaquettes
signal the occurrance of one or several errors. How-
ever, from a condensed matter perspective the code
space of the topological code can be interpreted as
the ground state manifold of a many-body Hamilto-
nian, whose lowest-energy states are characterized by
the fact that all stabilizer +1 constraints are simultane-
ously fulfilled [I3], [I5]. Here, stabilizer violations corre-
spond to quasi-particle excitations, localized on plaque-
ttes. These quasi-particle excitations show unusual par-
ticle exchange statistics: when quasi-particles are winded
around each other (braiding) the system returns its ini-
tial quantum state, which however differs from the ini-
tial state by a phase factor which neither corresponds to
the one of bosons nor fermions — thus termed Abelian
anyons [I1l (7, [I8]. The topological order within the
code space or ground state manifold is intimately re-
lated to the statistics and the dynamical behavior of
stabilizer violations or quasi-particle excitations [I0]. In
color codes, stabilizer violations can be connected by er-
ror chains with two end points terminating on plaquettes
with eigenvalue -1 (see Fig. and figure caption for de-
tails). Alternatively, error chains can undergo branching
and form error string nets (see Fig. for an example).
This rich dynamical behavior of quasi-particle excitations
(stabilizer violations) is a consequence of the Zy x Zy
Abelian topological order in color codes [I3] [15]. This is
in contrast to Kitaev’s toric code [11], where stabilizer
violations always appear in pairs and are connected ex-
clusively by linear error chains, reflecting the different
type (Z2) of Abelian topological order in this model.
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FIG. 4. 2D color codes constructed on increasingly larger lattices, each hosting one logical qubit. The displayed
examples belong to the class of 2D color codes defined on triangular 4-8-8 lattices - these lattices are three-colorable and each
vertex (except those which are in involved in plaquettes at the boundary) is surrounded by three plaquettes of different color,
with 4, 8, and 8 physical qubits per plaquette, respectively. 2D color codes on 4-8-8 lattices are of particular interest, as
they allow one to implement the K-gate in a transversal way, and as a consequence, the whole Clifford group of logical gate
operations [I3]. (A) The smallest lattice involving 7 physical qubits (indicated by white circles) corresponds to the 7-qubit
color code implemented in this work, consisting of three plaquettes of different color, each associated with a four-qubit Sg(f)
and S'” stabilizer. The logical operator Zy = Z1Z2Z37Z475Z¢Z7 acts on all 7 physical qubits of the code layer. Note that in
the present visual representation the plaquettes are distorted as compared to the more symmetric structure in Fig. 1A of the
main text, however, the quantum code is obviously unchanged. The 7-qubit code structure constitutes the minimal triangular
2D code structure, from which codes on larger lattices with boundaries [16] can be constructed (see Fig. IC and D). (B)
Same code structure as in Fig [@A. The action of global logical operator Zz, in the code space is equivalent to the action of the
string operator Z;, = Z1Z4Z7 acting on the three qubits (shown as white dots, connected by a black dashed line) along the
right boundary of the triangular lattice. The string operator Zr, is obtained from multiplication of Z;, by an element from the
stabilizer group, here the Sf) stabilizer attached to the blue plaquette. The 7-qubit color code has a logical distance d = 3,
which implies that the code can correct (d—1)/2 = 1 error on any of the physical qubits [7]. Figure (C) shows a distance d = 5
color code that can correct up to 2 arbitrary errors that can occur on any of the 17 physical qubits of the code. For simplicity
only the 5 physical qubits (white dots), which participate in the shown logical operator Zr, (connected by the dashed line), are
shown. Here, the logical Z string operator involving 5 physical qubits can be obtained by multiplication of the Z;, operator,
which acts on all physical qubits, with the Z-type stabilizers of all blue plaquettes. (D) The figure shows a distance d = 11
color code, able to correct 5 errors. The dashed line connects 11 qubits participating in one possible representation of the logical
Z1, string operator. In the left part of the lattice, a scenario is shown where, a sequence of single-qubit errors of the same
type, e.g. bit-flip errors (indicated by red wiggled arrows), affects four physical qubits (marked by black filled circles). This
physical error chain results in an error chain (white dashed line), where the (equally-colored) plaquettes at the two end points
of the chain are in -1 eigenstates of the corresponding (Sﬁi)) stabilizer operators - these stabilizer violations are indicated as
black-shaded ellipses on the red plaquettes. In color codes, sequences of physical errors (such as the combination of 5 physical
errors shown in the right part of the lattice) can not only be connected by chains, but also result in error string-nets (dashed
white line) that undergo branching [10} I3HI5]. In the displayed example, the string-net has three endpoints terminating at the
three plaquettes of different colors, which will display stabilizer violations (-1 eigenvalues) of the associated plaquette operators
in the syndrome measurement.



Experimental study of the topological order of
the 7-qubit color code: For the implemented 7-qubit
code, local operators thus refer to one or two-qubit op-
erators, whereas global operators such as Zj, at least in-
volve 3 physical qubits. For the experimental study of the
quantum order of the encoded qubit, we first prepare the
7-qubit system in the logical state |1); and |+;)r, and
subsequently perform a series of quantum state tomog-
raphy measurements on subsets of two and three qubits:

e We perform 2-qubit tomographies on all 21 sub-
sets of two out of seven ions, and reconstruct the
reduced two-qubit density matrices. We find that
these yield an average Uhlmann-fidelity [19] with
the two-qubit completely-mixed state of 98.3(2)%
(the largest and smallest obtained fidelity values
are 99.0(4)% and 97.7(8)%, respectively). Fig-
ure shows as a representative example the ele-
ments of the reconstructed reduced density matrix
of qubits 2 and 5.

e From a 3-qubit state tomography on qubits 1, 4
and 7, we determine the expectation value of the
global string operator Z; = Z1Z47Z7, which yields
non-vanishing 3-qubit correlations (Z17,77) =
—0.46(6), clearly signalling the presence of global
quantum order. Figure shows the reconstructed
reduced 3-qubit density matrix.

e Furthermore, we also prepared the logical super-
position state |4)r = (|0)z + [1)1)/v/2. Here
the global order becomes manifest in non-vanishing
three-qubit correlations of the X-type string op-
erator X; = X;X,X7, which is equivalent to
the logical X; = X;X5X3X4X5X¢X7 operator
(X, = X.8%). We find (X1 X4X7) = 0.40(5).
See Fig. for the reconstructed reduced 3-qubit
density matrix.

These measurements confirm the topological character of
the encoding of the logical qubit, as they clearly demon-
strate the absence of local order in the experimental
state, as well as the presence of global quantum or-
der, which for the present size becomes manifest in non-
vanishing 3-qubit correlations.

Appendix E: Quantum error detection and complete
experimental syndrome table

General remarks and background: In the “tra-
ditional” approach towards FTQC [20H25], elementary
quantum codes, such as e.g. the 5-qubit (non-CSS-type)
code [26] [27], the 7-qubit code, first suggested by Steane
[28] and implemented in this experiment, or the 9-qubit
code proposed by Shor [29], are concatenated [30]. Here,
protection of encoded logical quantum information is
achieved by encoding information redundantly in several
physical qubits, each of which is again encoded in a new
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layer of physical qubits, and so forth. This requires a con-
siderable overhead in qubits, which grows exponentially
in the number of encoding layers used in the encoding
hierarchy. Furthermore error detection and correction
quantum circuitry generally involves operations between
far-distant qubits of the code.

In topological quantum error correcting codes, pro-
tection of errors is achieved in a qualitatively different
way: logical qubits are encoded in large lattice systems
of physical qubits. Here, due to the topological nature of
the codes, quantum error correction operations, such as
measurements of the stabilizer or check operators defin-
ing the code space respect the spatial structure of the
underlying lattice, i.e. they act on groups of physically
neighboring qubits belonging for instance to the plaque-
ttes of the lattice. Due to this locality property topologi-
cal codes are ideally suited to be embedded in physical 2D
architectures [31], where individual qubits and groups of
few adjacent qubits can be addressed and manipulated
locally [11l 13, 14} 16 27, 32]. Robustness of logical
qubits is achieved by encoding logical qubits in larger and
larger lattice structures, see Fig.[4 for examples. Roughly
speaking, such large code structures can tolerate more
and more errors occurring locally on physical qubits, be-
fore the logical quantum information, encoded in global
(topological) properties of the many-qubit system, can-
not be recovered after the occurence of too many errors
on the register. Provided that single-qubit errors occur
with a low enough error rate, and the error syndrome
formed by the stabilizer information can be measured
with sufficient accuracy, quantum information stored in
large topological codes can be protected from errors and
processed fault-tolerantly [33]. The robustness and error
thresholds have been studied analytically and numeri-
cally for various topological quantum codes, including
color codes [34H4T], and Kitaev’s toric code and related
models [12] [33] [42-48]. Here, threshold vaues are code-
dependent and also strongly depend on the noise model
considered, typically yielding error-per-operation thresh-
olds on the order of 1072 to 10~! for phenomenological
noise models and somewhat lower threshold values on the
order of 1073 to 10~2 for circuit noise models, where er-
rors are taken into account at the level of imperfections
in the quantum circuitry which is required for the read-
out of the error syndrome. The deduction of logical error
classes requires classical processing of the measured syn-
drome information, a task for which decoding algorithms
have been developed [33] 36 [49H52].

Experimental error detection for the T7-qubit
code: The implemented 7-qubit code, shown in Fig. 1A
of the main text and in Fig.[dJA, is a CSS code, and has a
logical distance d = 3, which implies that it can correct
(d—1)/2 = 1 physical error, regardless on which physical
qubit of the code the error occurs [28]. This logical dis-
tance of the topological quantum code is directly related
to the geometric size of the code, namely it corresponds
to the side length of the triangular code structure (see
Fig. ) Larger 2D lattices, such as the two examples
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FIG. 5. Absence of local and presence of global quantum order in the topologically encoded qubit. Real and
imaginary elements of reconstructed 2- and 3-qubit density matrices. Matrix elements of the ideal states are indicated as
transparent bars. The respective encoded logical state is schematically indicated for each sub-figure, together with the subsets
of qubits (marked as yellow filled circles) on which quantum state tomographies have been performed. Electronic populations D
(S) correspond populations in the computational |0) (|1)) state. (A) Measured 2-qubit density matrix of qubits 2 and 5, clearly
indicating the large overlap (98.3(2)%) with the ideal completely mixed 2-qubit density matrix (incoherent equal-weighted
mixture of the four computational basis states). (B) The displayed reduced 3-qubit density matrix (of qubits 1, 4 and 7) has a
quantum state fidelity of 85(2)% with the ideal state, which is an incoherent equal-weighted mixture of the four 3-qubit basis
states |111), |001), |010) and |100). The measured reduced 3-qubit density matrix (of qubits 1, 4 and 7) for the logical qubit
initially prepared in |+.)r, yields a quantum state fidelity of 83(2)% with the ideal state.



displayed in Figs. and D, can host a logical qubit of
bigger logical distance, which allow one to correct a larger
number n of single-qubit errors (d =5 and n = 2 in (C),
and d =11 and n =5 in (D)).

To study the error detection capability of the experi-
mental 7-qubit code, we induce all 21 single-qubit errors
on the logical qubit initially prepared in the state |0)r,
and record the induced error syndromes. The errors are
induced coherently by the corresponding Pauli operator
X;, Y, or Z;. The Z; errors can be induced directly by
a single AC Stark shift operation using the addressed
beam (see Sec. , whereas the X; and Y; are realized
by a combination of the collective local operations and
single-ion Z; operations.

Figure [7] shows the complete syndrome table. Within
our experimental uncertainties the measured error syn-
dromes can unambiguously associated with the error
syndromes induced by single-qubit errors. To quantify
the classification quality of the individual measured syn-
dromes, we perform a Monte-Carlo based simulation of
the measured fluorescence data. The idea is to sample
the data set using a multinomial distribution and calcu-
late for each sampled data the stabilizer pattern. For
each of the simulated stabilizer patterns, the success of
correctly assigning the observed error syndrome to the in-
duced single-qubit error is quantified by calculating the
classical trace distance between the sampled stabilizer

distributions Sgsamp ') and the 21 measured reference sta-

bilizers S’i(ref ) of Fig. [l The trace distance D between
the two classical distributions of the six stabilizer expec-
tation values is given by

6
2
D= 2 : |:Si(ref) . Si(sample)] ’

=1

and yields D = 0 if the distributions are equal. The
pattern of stabilizers, as generated by the Monte-Carlo
method, is then associated to the reference syndrome for
which the trace distance is minimal. Figure [6] shows the
success rate of assigning the right error syndrome (e.g.
for a Y-error on qubit 3) as a function of the number of
measurement cycles neycres. The success rate is defined
by the fraction of cases, in which the error syndrome has
been correctly assigned to the corresponding single-qubit
reference error syndrome, divided by the total number
of attempts. It can be seen clearly that the success rate
converges rapidly to 100% after about neycres = 20 mea-
surement cycles. In the experimental measurements of
the set of Sg(gi) and S Q’ stabilizers used for the error syn-
drome, we used 1000 cycles.

Correction of two or more single-qubit errors is beyond
the error correction capacity of the 7-qubit code, and re-
quires the encoding of a logical qubit in more physical
qubits (such as, e.g., the distance d = 5 2D color code
shown in Fig. [4lC). We experimentally study the failure
of the 7-qubit code for two cases: Figures 2E and F of
the main text show the recorded error syndromes after
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FIG. 6. Simulation of the success rate to identify the right
error syndrome for a given number of measurement cycles
Neyeles- The success rate converges rapidly towards 100% for
Neyeles > 20 measurement cycles, implying that in these cases
the error syndromes can be clearly distinguished and perfectly
associated to the induced physical single-qubit error. The
number of Monte-Carlo samples used to determine each data
point is 5000.

inducing two single-qubit phase flip errors Z on qubits
5 and 2 (Fig. 2E), and qubits 5 and 3 (Fig. 2F), respec-
tively. The comparison with the single-qubit syndrome
table in Fig. [7| shows that the recorded error syndromes
are indistinguishable from the error syndromes induced
by a Z; error (first column, first error syndrome) and a
Zy4 error (first column, fourth error syndrome), respec-
tively. Consequently, the erroneous deduction that a Z;
(Z4) error has happened, instead of the physical Z5 and
Zs errors (Zs and Z3 errors) effectively result in the appli-
cation of the operators Z1 ZyZ5 (Z3Z475) to the encoded
qubit. These operators are equivalent to the logical op-

erator ZL = 212223Z4Z5Z6Z7 (since 212225 = ZLSEJ)
and Z3Z, 25 = ZLS§1)S§3)) and thus result in a logical
phase flip error Z;, on the encoded state.

Appendix F: Encoded Clifford quantum gate
operations on the logical qubit

In topological color codes, quantum information is pro-
cessed directly within the code space [13] [14] — leaving
the code space and the presence of stabilizer violations
always indicate the occurrence of an error. This is dif-
ferent from schemes of topological quantum computing,
which rely on the controlled generation and manipula-
tion of quasi-particle excitations for the implementation
of logical gate operations [53]. 2D color codes enable
a transversal (i.e bit-wise) implementation of the entire
group of logical Clifford gate operations. Here, we im-
plement the generating gate operations Zy, X, Hy and
K, of the single-qubit Clifford group on the topologically
encoded qubit.
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FIG. 7. Table of the recorded error syndromes for the logical qubit initially prepared in the encoded state |0)r, and subsequently
exposed to all 21 single-qubit errors. Note that the error syndromes induced by a single qubit phase flip Z on qubit 1 or qubit
4 are indistinguishable from the error syndromes caused by two Z errors on qubits 2 and 5 (see Fig. 2E in the main text) or on

qubits 3 and 5 (see Fig. 2F in the main text).

1. Implementation of logical single-qubit Clifford
gate operations

The logical operators defining the logical qubit, Z; =
Z1Z2Z3Z4Z5Z6Z7 and XL = X1X2X3X4X5X6X7, share
an odd number (seven) of qubits, and thus fulfill the
correct anti-commutation relation {Xr,Zr} = 0. Fur-
thermore, as required, they commute with the six sta-
bilizers (or generators) S and S, i =1, 2, 3, of the
code, as the logical operators share 4 physical qubits with
each stabilizer operators. Thus, logical quantum states

|}, remain within the code space under these logical
operations. The logical Y7, operation is given by the se-
quential application of both an X and a Zj, operation,
Y, = +iXpZ;, = —NYY3Y,Y5YsY7. The logical Zp-
gate can be implemented in our setup (see Sec. by
single-ion Z rotations, Zj, = H:zl Ug) (). The logical
X1 is realized by a collective local rotation around the
X-axis, X;, = U(m,0).

We realize the logical Hadamard gate H; =
H\H.HsH HsHgH7; by a collective local Y rota-
tion, followed by single-ion Z-rotations: H; =



M-, Ug) (m)U(—n/2,7/2). Note that, in principle, for
some input states and at the end of sequences of encoded
Clifford gates, directly before the fluorescence measure-
ment in the computational (Z) basis, the application of
the laser pulses to physically realize the Z rotations on all
ions could be omitted, as they would (ideally) not change
the logical state and measurement outcomes. However,
during the time it takes to apply the pulses to the ions,
the encoded logical qubit will be exposed to decoherence,
and furthermore the addressed pulses are associated with
small addressing errors due to cross-talk with neighbor-
ing ions (see Sec. . Thus, in order to properly take
into account these effects and to study in an un-biased
way without additional assumptions the effect of imper-
fections in the Clifford operations as elementary building
blocks, we always apply the full sequence of listed laser
pulses for all cases where a logical Hj gate operation is
executed. We furthermore emphasize that — in contrast
to other quantum codes, such as the 5-qubit code [7],
where the logical Hadamard operation requires a 5-qubit
entangling unitary [54] — here, owing to the transversal
character of the logical Hadamard gate operation in the
7-qubit code, the implementation is achieved using ex-
clusively non-entangling local operations.

Finally, we implement the logical phase or Kj gate
in a transversal way. As compared to other topological
codes, it is a distinguishing feature of 2D color codes

(embedded in 4-8-8 lattices, see discussion in Sec. @

and Fig. [4] for details), that the latter codes enable a
transversal implementation of the K gate operation
[13], not requiring the technique of magic-state injec-
tion via an ancillary qubit [55] nor multi-qubit entan-
gling operations such as, e.g. in the non-transversal 5-
qubit code [7]. Note that the logical K gate operation
is required to fulfill K, X KI = Y, = iX;Z;. Note
that for K = K1 KoK3K4K5KgK7, however, one ob-
tains KLXLKT = —iX Zy; thus K, defined in this way
acts as K; within the code space. This detail can be
readily cured by the redefinition Ky, := szl K ;r . We im-
plement the K} gate operation by bit-wise Z-rotations,

Ky =TI, US (- /2).

2. Preparation of the six eigenstates of the logical
operators Xr, Yz and 7

According to the quantum circuits shown in Fig. 3A
and B of the main text, we use up to three Clifford
gate operations to prepare the six logical states lying
along the axes of the logical Bloch sphere, starting
with the logical qubit initially in state |0)z. The ex-
perimentally generated states, required logical gate op-
erations, average stabilizer expectation values ({S;) =

: Z?zl (<S£Z)> + <S§i)>))7 and length L of the logical Bloch
vector (L = /(X1)2 + (Y1)2 + (Z1,)2) for each state are:

e |0)r: (S;) = 0.42(1), L = 0.38(6) — initial encoded

19

state, preparation requires no Clifford gate opera-
tion.

o |1)r: (S;) = 0.54(1), L = 0.57(6) — requiring one
X1, gate operation.

o |—,)r: (S;) =0.49(2), L = 0.58(2) — requiring one
X1, and one H, gate operation.

o |+,)r: (S;) =0.52(1), L = 0.48(2) — requiring one
Hj, gate operation.

o |+y)r: (S;) =0.39(1), L = 0.42(2) — requiring one
Hj, and one K gate operation.

o |—,)r: (S;) =0.42(1), L = 0.38(2) — requiring one
Hj, one K, and one X, gate operation.

3. Longer sequences of encoded gate operations
and decay of coherences of the logical qubit

After preparing the encoded qubit in the logical state
|—y)z by three Clifford gate operations (see previous
paragraph and sequence shown in Fig. 3B of the main
text), we applied up to 10 additional logical X}, gate op-
erations to induce flips of the logical qubit between the
+1 and -1 eigenstates of Y. A weighted exponential fit
of the form Aexp (—ngqte/B), with ngqse the number of
logical gates, into the (Y7,) expectation values yields a de-
cay rate of the average expectation value of 3.8(5)% per
gate. This decay is consistent with what we expect from
the accuracy with which collective resonant m-rotations
U(m,0) can be implemented on a string of 7 ions in our
setup. A fidelity as high as about 99.6% of a single collec-
tive resonant m-rotation per ion would already lead to a
fidelity loss of &~ 3.8% per gate operation. Here, two error
sources dominate the measured fidelity loss per gate: (i)
The relative intensity inhomogeneity of the global laser
beam across the ion string (=~ 1%), lowering the Rabi-
frequencies at the ions located at the edge of the string;
and (ii) thermal occupation of higher motional modes,
which leads to decoherence of the global Rabi oscilla-
tions [I]. The application of the pulses for 10 X gate
operations is realized in a duration of 200us. This is a
factor of 18 shorter than the 1/e time of 3.6(6) ms on
which logical coherences, as indicated by the expecta-
tion value (X ), of the qubit initially prepared in |+,)r,
decay. The corresponding decay constant has been ob-
tained by a weighted exponential fit into the (X ) sta-
bilizer expectation values. Thus, for the executed circuit
of encoded quantum gates, imperfections in the logical
Clifford gate operations dominate over the effect of the
bare decoherence of the logical qubit. A more exten-
sive study of the decoherence properties of the logical
qubit, as well as an exhaustive characterization of the
set of encoded Clifford gate operations, e.g. by means of
randomized benchmarking techniques for encoded logical



gate operations or by other techniques for quantum pro-
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cess characterization, lies beyond the scope of the present
work and will be the focus of future research.
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