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We introduce BinPo, an open-source Python code to compute electronic properties of two-dimensional 
electron systems. A bulk tight binding Hamiltonian is constructed from relativistic density functional 
theory calculations represented in the basis of maximally localized Wannier functions. BinPo has a 
Schrödinger-Poisson solver, integrating an electric field-dependent relative permittivity to obtain self-
consistently the confining electrostatic potential energy term in the derived tight binding slab system. 
The band structure, energy slices, and other properties, along with different projections and orientations 
can be computed. High resolution and publishable figures of the simulations can be generated. In BinPo, 
priority has been given to ease-of-use, efficiency, readability and modularity, therefore becoming suitable 
to produce reliable electronic structures simulations at low computational cost. Along with the code itself, 
we provide files from first-principles calculations for some materials, instructions of use, and detailed 
examples of its wide range of capabilities. The code was developed with a focus on the ABO3 perovskite 
structure-based systems, such as SrTiO3 and KTaO3, because of their increasing impact in the materials 
community. Some features, such as the projection onto orbital states, are restricted to calculations using 
the relevant t2g orbitals for this family of materials, yet it is possible to include more elements in the 
basis for the band structure determination of other systems. The use of a relativistic approach allows for 
the inspection of the role of spin-orbit coupling and the resulting Rashba effect on the systems. We detail 
the approaches used in the code, so that it can be further exploited and adapted to other problems, such 
as adding new materials and functionalities which can strength the initial code scopes.

Program summary
Program title: BinPo
CPC Library link to program files: https://doi .org /10 .17632 /zk4xy7vfy4 .1
Developer’s repository link: https://github .com /emanuelm33 /BinPo
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Nature of problem: Compute the band structure and other electronic properties in two-dimensional 
electron systems.
Solution method: Construction of a slab Hamiltonian from one built using a basis of maximally localized 
Wannier functions. Solve the Schrödinger-Poisson scheme to get the self-consistent potential energy 
along the slab. Use this potential to compute the band structure and additional properties by solving 
the Schrödinger equation.
Additional comments including restrictions and unusual features: Other features included are the visualization 
of the self-consistent process and final solutions, band structure and energy slices with different 
projections. High resolution and customizable figures can be obtained in all cases.
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1. Introduction

In the year 2004 it was discovered that a high mobility two-
dimensional electron system (2DES) is formed at the interface be-
tween the two insulating oxides LaAlO3 (LAO) and SrTiO3 (STO) [1]. 
This fascinating finding gave rise to an intense research effort in 
the oxide electronics community to better understand the under-
lying mechanisms, variations in physical properties and prospective 
applications of the 2DES. Later on, many different procedures for 
creating a 2DES were revealed, such as photon irradiation under 
high-vacuum of STO or electrolyte-gating the oxide surface, among 
others [2]. The fact that STO is easily doped by different methods 
makes difficult to elaborate a general theory explaining the origin 
of the 2DES in the vast amount of cases found [3]. Whereas in 
some cases purely electrostatic explanations are invoked, the pres-
ence of defects such as oxygen vacancies, appears of fundamental 
importance in others [4–7]. That is why it is remarkable that the 
electronic structure measured in different 2DES systems based on 
STO is almost indistinguishable [8–11]. Moreover, many other simi-
larities are found in transport properties of different 2DES all based 
on STO crystals [12,13] and theoretical band structure calculations 
with different approaches [14–22].

Here we present a computational tool that allows for the cal-
culation of the 2DES band structure in a variety of systems that is 
independent of the microscopic origin of the charge carriers. The 
reader interested in the theoretical details of this dependency is re-
ferred to [23]. The computational tool relies on the band bending 
potential that can be obtained by solving the Schrödinger-Poisson 
scheme [24]. This produces self-consistent (SC) solutions compris-
ing a distribution of the charge and potential energy along the 
confinement direction, enabling the computation of many elec-
tronic properties. BinPo, which stands for tight binding-Poisson 
calculations, is an open-source Python code to compute 2DES band 
structure and other properties, where importance is given to ease-
of-use and capability of reproducing direct measurements.

Calculations based on the same ideas were already presented 
in several publications in order to explain direct experimental 
measurements of the electronic structure of oxide based 2DES 
[8,10,25–27].

A few codes exist that perform similar tasks in conventional 
semiconductors: NextNano [28] which is widely used to simu-
late nanodevices with realistic geometries, 1D Poisson [29] em-
ployed for calculating energy band diagrams, and more recently, 
Aestimo1D [30], a program that allows simulating heterostructures 
in one dimension. All of them are Poisson-Schrödinger solvers al-
lowing for the calculation of the SC potential energy and many 
other related properties in such semiconductor systems. To the 
best of our knowledge, none are yet available for studying oxide 
compounds with strong electric field dependence of the relative 
permittivity, as in the case of quantum paraelectrics, like STO and 
KTaO3 (KTO), where the Poisson equation turns into non-linear. 
Our contribution here is to introduce a ready-to-use code that al-
lows for the calculation of the band structure and more electronic 
properties in quantum confined 2DES. The already existing codes 
assume linear media for the Poisson equation, which is proper for 
semiconductors. In contrast, BinPo can also solve the non-linear 
Poisson equation with a plane-by-plane discretization. Moreover, 
BinPo can take any user-defined relative permittivity model as an 
input to solve the Schrödinger-Poisson scheme.

At the current stage, BinPo can compute systems with cubic or 
hexagonal crystal systems. The general features include: obtaining 
and visualizing SC solutions for the electronic density and con-
finement potential, band structure and energy slices calculations. 
The band structure is computed along a high symmetry path and 
can be projected onto a plane or set of planes. According to the 
system crystallography, different capabilities are available. In cubic 
2

systems BinPo allows to use the three main low-index directions 
for the quantum confinement ([001], [110] and [111]), while for 
hexagonal systems the confinement must be along the [001] di-
rection. In the specific case of cubic systems with only the t2g
manifold, that is dxy , dyz and dxz orbitals [31], there are several 
additional features in addition to the previous ones, such as: pro-
jection of the band structure, energy slices and electronic density 
onto the atomic orbitals and envelope wavefunctions calculations 
in the quantum-well. This is because some materials where the 
t2g manifold is relevant, such as STO and KTO, are of topical inter-
est for the oxide electronics community [32,33]. Notably, since the 
starting point is a relativistic density functional theory (DFT) cal-
culation, BinPo allows for the study of the Rashba effect at oxide 
based 2DES [25,27,34] or at the so-called bulk Rashba semiconduc-
tors 2DES [35–37]. All the functionalities and the implementation 
in the BinPo code are explained and exemplified throughout the 
paper.

The manuscript is organized as follows: in Section 2 we de-
scribe the background and mathematical methods used, in Sec-
tion 3 we describe the program and the main parameters, in 
Section 4 we show step by step examples of SC potential, band 
structure calculations and the other capabilities for the archetypal 
STO(001) 2DES. We compare some simulations to experimental re-
sults for the 2DES stabilized on STO(001) and for the bulk Rashba 
semiconductor BiTeBr. Finally, in Section 5 we summarize the work 
and present the conclusions.

2. Background and methods

The starting point to perform BinPo calculations is the Hamilto-
nian of a bulk system in the basis of maximally localized Wannier 
functions (MLWFs) [38,39]. Although several semi-empirical ap-
proaches exist to generate tight binding (TB) models, such as k.p
perturbation theory [40] and Slater-Koster method [41], it has been 
shown that the MLWFs act as an exact TB basis capturing all elec-
tronic features from first-principles calculations [39,42]. TB models 
from MLWFs basis, or simply MLWFs TB models, are widely used to 
obtain realistic results and accurately compute physical quantities 
[42]. In this section we will show the methodology used to solve 
the quantum-electrostatic problem in the system starting from the 
bulk Hamiltonian, and subsequently generating a slab Hamiltonian 
to add a potential energy term. Despite the generality used to 
describe the methodology, at this stage, BinPo is programmed to 
work with cubic and hexagonal crystal systems with arbitrary band 
manifolds. ABO3 cubic perovskites using the t2g manifold, have 
some extended post-processing features implemented because of 
their high impact in the oxide community, as mentioned in the 
introduction and exemplified in Section 4.

2.1. The tight binding Hamiltonian of bulk systems

The use of MLWFs basis enables to construct a set of Bloch-
like states by performing a Fourier transform. Let R label the 3D 
real lattice vectors and α be the orbital index corresponding to a 
specific band. The transformation into k-space can be written as:

|Wkα〉 = 1√
N

∑
R

eik·R|Rα〉 (1)

where the states |Wkα〉 are the Bloch elements, |Rα〉 are the el-
ements of the MLWFs basis and N is the number of k-points 
in the first Brillouin zone. The orthonormalization of the ML-
WFs basis, 

〈
R′α′ | Rα

〉 = δRR′δαα′ , next to the convention used in 
Eq. (1) implies that in the reciprocal space the orthogonality reads 
〈Wk′α′ |Wkα〉 = δkk′δαα′ . Typically, the states |Wkα〉 are not eigen-
states of the Hamiltonian, therefore the Hamiltonian matrix will be 
non-diagonal. The transfer integrals are found to be [39]:
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H (k)

αα′ =
〈
Wkα′ | ĤKS | Wkα

〉
=

∑
R

eik·R H (R)

αα′ (2)

where ĤKS is the Kohn-Sham (KS) Hamiltonian of first-principles 
calculations and H (R)

αα′ = 〈0α′|ĤKS|Rα〉 are the elements of the 
KS Hamiltonian projected onto the MLWFs basis. Note that the 
Schrödinger equation can be now solved quickly and straightfor-
wardly by diagonalization to get the band structure of the bulk 
system.

The procedure to generate the MLWFs basis on top of first-
principles calculations is known as Wannierization. To carry out 
this procedure we use the open-source Wannier90 code [43–45], 
which is a standard tool in the condensed matter community since 
it is interfaced within most of the commonly used first-principles 
programs, such as VASP, WIEN2k, Quantum Espresso, Abinit and 
SIESTA among others. While any of the programs mentioned pro-
duces the needed output files to generate the MLWFs basis, the ex-
amples in this paper were obtained from Quantum Espresso [46]. 
The details of these calculations for STO, as well as the details of 
the Wannierization, can be found in Appendix A.

The workflow to obtain the H (R)

αα′ elements is the following: 
perform first-principles calculations, get the MLWFs basis by Wan-
nierization selecting a specific manifold and then projecting the 
KS Hamiltonian onto this basis. In Wannier90 software the H (R)

αα′
elements are saved to the seedname_hr.dat file and henceforth we 
refer to it as W90 file. We already provide several W90 files which 
are listed in Appendix A. The users could also add their own 
files following the stepwise instructions given in the ∼/BPexam-
ples folder. The W90 file will be taken by BinPo to generate the 
slab Hamiltonian in k-space described in the next subsection.

2.2. The tight binding slab Hamiltonian

In order to extend the previous discussion of the bulk Hamil-
tonian to a specific slab model, we stablish a real space direction, 
normal to the desired slab face, with a unit vector r̂⊥ . Then, we 
separate the 3D real vectors into a longitudinal (R⊥) and transverse 
(R‖) contributions. So that R = R‖ + R⊥ , with R⊥ = r⊥r̂⊥ , where 
r⊥ is an integer index labeling the system plane and R‖ includes 
the lattice vectors perpendicular to r̂⊥ . In this way, in analogy to 
Eq. (2), the Fourier transform for a slab can be denoted as:

H
(
k||

)
αα′r⊥r′⊥

=
〈
Wk‖α′r′⊥ | ĤKS | Wk‖αr⊥

〉
=

∑
R||

eik‖·R‖
〈
0α′r′⊥ | ĤKS | R‖αr⊥

〉
(3)

where now |R||αr⊥〉 states are the elements of the MLWFs basis 
discretized by planes, which in turn have the associated |Wk‖αr⊥〉
states in the k-space. The above formula is nothing other than the 
2D Fourier transform at each plane applied on the projected KS 
Hamiltonian. The orthogonality relations in the real and reciprocal 
space are:〈

R′‖α′r′⊥ | R‖αr⊥
〉
= δR‖R′‖δαα′δr⊥r′⊥〈

Wk′‖α′r′⊥ | Wk‖αr⊥

〉
= δk‖k′‖δαα′δr⊥r′⊥

(4)

Further comments on these slab orthogonalization relations can 
be found in Appendix D.

So far, the Hamiltonian matrix will be a block diagonal one with 
translation symmetry along the r̂⊥ axis and it would range all over 
the space for r⊥ → ±∞. Nevertheless, we are interested in the re-
gion of the space containing the crystal. In practice, the index r⊥
must be truncated to model such a region. Let L be the number of 
3

Fig. 1. Schematic diagram representing the Hamiltonian matrix of Eq. (5). Each block 
represents the Nα × Nα transfer integrals matrix of Eq. (3).

planes in the slab, we state that the transfer integrals are strictly 
zero if any of r⊥, r′⊥ is outside of the [0, L − 1] range. The Hamil-
tonian matrix generated by this constraint, which we call the slab 
Hamiltonian matrix, is:

H
(
k‖

)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

H
(
k‖

)
αα′00 H

(
k‖

)
αα′01 H

(
k‖

)
αα′02

H
(
k‖

)
αα′10 H

(
k‖

)
αα′11 H

(
k‖

)
αα′12

H
(
k‖

)
αα′20 H

(
k‖

)
αα′21 H

(
k‖

)
αα′22

· · ·
H

(
k‖

)
αα′0,L−1

H
(
k‖

)
αα′1,L−1

H
(
k‖

)
αα′2,L−1

...
. . .

...

H
(
k‖

)
αα′L−1,0 H

(
k‖

)
αα′L−1,1 H

(
k‖

)
αα′L−1,2

· · · H
(
k‖

)
αα′L−1,L−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5)

where the main diagonal blocks H
(k‖)
αα′r⊥r⊥ correspond to the in-

traplane interactions, while the off-diagonal blocks H
(k‖)
αα′r⊥r′⊥

cor-

respond to interplane ones. It should be noted that, according to 
Eq. (3), each block has a dimension equal to Nα × Nα , with Nα the 
number of elements in the MLWFs basis. Therefore, the slab Hamil-
tonian matrix (H

(
k‖

)
) will have a dimension equal to Nα L × Nα L

at each k‖-point. In Fig. 1 it can be seen a schematic diagram 
of the Hamiltonian matrix of Eq. (5). There, each block represents 
the Nα × Nα matrix of Eq. (3). The artificial color scale represents 
the maximum values of the transfer integrals square modules in 
the blocks, pointing out how the interactions vanish away from 
the main diagonal, namely, when considering interactions between 
planes that are further apart.

As mentioned in Section 2.1, α is the orbital index, which spans 
the manifolds involved in the problem (i.e. it spans the complete 
set of MLWFs). It reads:

α =
{

0↑,0↓,1↑,1↓, . . . , (Nα/2 − 1)↑ , (Nα/2 − 1)↓
}

(6)

Where it should be noticed that the integer numbers represent 
the elements of the MLWFs basis with spins up (↑) and down (↓). 
In the particular case of the t2g manifold it could be written as:

α =
{

d↑
yz,d↓

yz,d↑
zx,d↓

zx,d↑
xy,d↓

xy

}
(7)

It is important to remark that the assignment of the MLWFs to 
atomic orbitals is not usually feasible. For the t2g manifold, this 
is justified because there is almost no hybridization with other 
orbitals and the MLWFs are strongly localized and centered on 
the atomic nuclei, clearly exhibiting an atomic orbital character 
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Fig. 2. Schematic picture of the system modeled by the slab Hamiltonian matrix 
with an additional on-site potential energy term.

[47]. These quantities are commonly quantified through the spread 
functional and the Wannier centers [39] (see Appendix A for some 
additional details). In the general case of Eq. (6) the assignment to 
any atomic orbital characters must be carefully analyzed and vali-
dated.

Since the goal is to obtain the electrostatic potential energy for 
the system, hereafter the SC potential, we take advantage of this 
expanded Hamiltonian matrix to add an on-site potential energy 
term. This potential energy is supposed to be homogeneous in the 
plane and should vary smoothly along r̂⊥ axis. Later, this potential 
will lead to the possibility of obtaining a confined charge profile 
at the surface by solving the quantum-electrostatic problem in the 
slab. The slab Hamiltonian matrix with the potential term added 
reads:⎛
⎜⎜⎜⎜⎜⎜⎝

H
(
k||

)
αα′00 + V (0) H

(
k||

)
αα′01

H
(
k||

)
αα′10 H

(
k||

)
αα′11 + V (1)

· · · H
(
k||

)
αα′0,L−1

H
(
k||

)
αα′1,L−1

.

.

.
.
.
.

. . .
.
.
.

H
(
k||

)
αα′ L−1,0 H

(
k||

)
αα′ L−1,1

· · · H
(
k||

)
αα′ L−1,L−1 + V (L − 1)

⎞
⎟⎟⎟⎟⎟⎟⎠

(8)

where the quantity V (r⊥) represents the Nα × Nα potential energy 
matrix which affects each plane. We assume that this potential en-
ergy is applied on all the on-site elements in the same way, despite 
their orbital character and without promoting any electronic inter-
orbital transition. In consequence, V (r⊥) = V (r⊥) · 1 Nα×Nα , being 
V (r⊥) the potential energy per plane and 1Nα×Nα the Nα × Nα

identity matrix. A sketch of the system modeled by the matrix of 
Eq. (8) is depicted in Fig. 2.

Finally, we could write the TB slab Hamiltonian operator for 
this system in second quantization as:

ĤTB =
∑

k‖αα′r⊥r′⊥

(
H

(
k||

)
αα′r⊥r′⊥

+ δαα′δr⊥r′⊥ V (r⊥)

)
c†

k‖αr⊥ck‖α′r′⊥ (9)

where c†
k‖αr⊥ and ck‖α′r′⊥ are the creation and annihilation opera-

tors of one electron in the states |Wk‖αr⊥〉 and |Wk‖α′r′⊥ 〉, respec-
tively.

2.3. The Schrödinger-Poisson scheme

To find out what is the SC potential energy of the system, the 
quantum-electrostatic problem using the well-known Schrödinger-
Poisson scheme [24] must be solved. Our approach follows earlier 
work described in Refs. [48–50]. The main assumptions that we 
make are the following: (a) the crystal presents no defects and 
no structural relaxations, (b) electrons are uniformly distributed 
4

within a well-defined volume between adjacent planes, (c) af-
ter applying boundary conditions for the potential, the quantum-
electrostatic problem is uniquely determined by the magnitude 
of the potential at the top-most layer, V (0), and (d) the effect 
of polar distortions, without the need of establishing microscopic 
mechanisms, are taken into account within the relative permittiv-
ity model. This last assumption is based on some of the arguments 
given in Ref. [22]. Note that in the case of STO, the tetragonal dis-
tortions are not included [51] but their electric effects are captured 
by the permittivity model.

The Schrödinger-Poisson scheme solves self-consistently the po-
tential energy V (r⊥) in the Schrödinger, charge density and Pois-
son equations. Then, a given convergence criterion is satisfied by 
obtaining, after a number of iterations, the output (V out) suffi-
ciently close to the input (V in). Now, each of these four procedures 
are described.

2.3.1. The tight binding step
The time-independent Schrödinger equation for the slab TB 

Hamiltonian operator of Eq. (9) reads:

ĤTB|φk‖n〉 = εk‖n|φk‖n〉 (10)

As in the bulk case, this equation is solved straightforwardly 
by diagonalizing the corresponding Hamiltonian matrix (Eq. (8)). 
Then, Nα L eigenenergies εk‖n are found at every k‖-point in recip-
rocal space. For each eigenenergy (enumerated by n index) there 
is an associated eigenstate, which is of dimension Nα L. The ob-
tained eigenstates can be expressed in terms of a set of complex 
coefficients uk‖n

αr⊥ as:

|φk‖n〉 =
∑
α,r⊥

u
k‖n
αr⊥|Wk‖r⊥〉 (11)

By applying the orthogonality relations of Eq. (4), coefficients 
u

k‖n
αr⊥ must satisfy the following normalization condition:

∑
α,r⊥

∣∣∣uk‖n
αr⊥

∣∣∣2 = 1 (12)

2.3.2. Charge density calculation
By means of the orthogonality relations given in Eq. (4), the 

charge density can be computed in term of the coefficients u
k‖n
αr⊥

as follows:

ρ (r⊥) = − |e|
�⊥N‖

∑
k‖n

f
(
εk‖n, T

)∑
α

∣∣∣uk‖n
αr⊥

∣∣∣2
(13)

where |e| is the elementary charge, N‖ is the total number of 
k‖-points used to discretize the first 2D Brillouin zone (BZ1), 
f (εk‖n, T ) is the Fermi-Dirac function evaluated on the eigenen-
ergy εk‖n at a temperature T , and �⊥ is the interplanar volume 
over which the electrons are uniformly distributed and it is de-
fined as:

�⊥ = ∥∥a1 × a2
∥∥�r⊥ (14)

where a1, a2 are the lattice vectors contained in R‖ and �r⊥ is 
the interplanar distance along the r̂⊥ axis between two contigu-
ous planes. Further details on the charge density formula and its 
validity are discussed in Appendix D.

2.3.3. The Poisson step
The Poisson equation as derived from the Gauss law is:

d2 V (r⊥)

dr2
= |e|

ε ε [E (r )]
ρ (r⊥) (15)
⊥ 0 r ⊥
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Fig. 3. Flowchart of the Schrödinger-Poisson scheme.
where ε0 is the vacuum permittivity and εr is the relative per-
mittivity. Typically, εr is constant for the vast majority of semicon-
ductors and, in consequence, Eq. (15) would be linear. However, for 
other compounds εr can be a functional of the electric field, E . This 
introduces the non-linearity in the Poisson equation because E , in 
turn, depends on the potential energy as E (r⊥) = 1

|e|
dV
dr⊥ (r⊥). In 

some cases, due to the quantum paraelectric nature of the involved 
materials [52–55] in the 2DES, εr strongly affects the potential en-
ergy profile along the slab.

In order to solve Eq. (15), which is a second order differen-
tial equation, it is necessary to specify two boundary conditions. 
In our approach, a Dirichlet boundary condition is used at the top-
most layer, whereas either a Dirichlet or a Neumann one can be 
used at the bottom-most layer. The number of electrons in the 
2DES is fixed by the boundary conditions and one must find the 
appropriate V (r⊥) that solves the Schrödinger-Poisson problem. 
Notice that the numbers of electrons can be found after solving 
the equations by integrating the charge density, but it is not a 
quantity that can be specified as an input parameter. In addition, 
the region deep inside the material for a thick enough system, 
close to the bottom-most layer, must have a zero electric field, i.e.
E (L − 1) = 0, and thus the potential is necessarily constant. These 
conditions can be formally met by taking a Neumann boundary 
condition, dV /dr⊥ = 0, and a sufficiently large number of planes. 
When running the code, sometimes it is convenient to use Dirich-
let condition for a moderately lower number of planes, which will 
provide results quite accurate and a faster convergence. However, 
the potential obtained in this manner is not guaranteed to strictly 
represent the bulk E(r⊥), which should be zero for a sufficiently 
large r⊥ as above mentioned, except in some very specific situ-
ations. A final check should be made in this case, comparing the 
potential obtained with Dirichlet conditions and a reduced number 
of planes with a calculation using Neumann condition at bottom-
most layer and a large enough number of planes. A detailed com-
parison is shown in Appendix G where for the first 15 planes, the 
region where the 2DES lies in our example, the differences be-
tween the potential calculated for both boundary conditions are
negligible. Other geometries and cases might require using dif-
ferent conditions to check that a correct physical situation is de-
scribed by the calculation.

For a detailed derivation of Eq. (15), additional comments on 
boundary conditions, and the approach to get the relative permit-
tivity models used here, we refer the reader to the Appendix E. 
BinPo also allows for including a small quantity of fixed back-
ground charge in Eq. (15). This approach is explained in Ap-
pendix C.

After solving the Poisson equation, we obtain an output poten-
tial energy (V out) which can be compared with the input one to 
ensure electronic convergence, see Section 2.3.4. Further informa-
tion on our approach to obtain and solve Eq. (15), as well as the 
implementation of boundary conditions, is provided in Appendix F.
5

2.3.4. Convergence criterion
The difference between the input and output potential energies 

obtained from the Poisson equation is calculated according to:

χ2 = 1

L

∑
r⊥

(
V out (r⊥) − V in (r⊥)

V (r⊥ = 0)

)2

(16)

If this value is less than a defined convergence threshold at the 
j-th iteration, the SC solution is considered found. On the other 
hand, if this criterion is not satisfied, the over-relaxation mixing 
algorithm [48,56] generates a new input potential for the ( j + 1)-
th iteration as:

V j+1
in (r⊥) = V j

in (r⊥) + fmix

(
V j

out (r⊥) − V j
in (r⊥)

)
(17)

with fmix being the mixing factor. Generally, self-consistency is 
achieved for fmix between 0.05-0.4 [48]. A flowchart of the whole 
Schrödinger-Poisson scheme is presented in Fig. 3.

Now, we will follow the scheme shown in Fig. 3 to summa-
rize the algorithm. In the very first step (iteration j = 0) the initial 
potential energy and the boundary conditions are set. The initial 
potential is arbitrarily set to either a linear or exponential func-
tional form. Insofar as we have tested, while both initial potentials 
produce the same SC solution, the exponential one could require 
less steps to reach the convergence for Neumann boundary con-
dition at bulk. Then, a self-consistency loop is executed along the 
following steps at the j-th iteration:

(i) TB step: solve the Schrödinger equation for a potential energy 
V j

in . This potential is properly added to the slab Hamiltonian 
matrix as indicated in Eq. (8), then the matrix is diagonalized 
to find the corresponding eigenvalues and eigenvectors.

(ii) Compute the electron density from the resulting eigenvalues 
and eigenvectors using Eq. (13).

(iii) Poisson step: solve the Poisson equation (Eq. (15)) to get a 
new potential energy V j

out .

(iv) Convergence criterion: compare if V j
in and V j

out are equal up 
to a tolerance value according to the error value obtained in 
Eq. (16), else generate the input potential for the ( j + 1)-th 
iteration using Eq. (17) and return to point (i).

2.4. Post-processing steps

Once the quantum-electrostatic problem is solved, we have ac-
cess to the electronic density and potential energy as a function 
of plane index satisfying some bulk value, inferred from DFT and 
boundary conditions, and certain value at the surface, typically 
motivated by experimental evidences. The V (r⊥) potential energy 
in the slab Hamiltonian operator of Eq. (9) is then replaced by the 
found SC potential. The eigenenergies and eigenstates coefficients 
obtained by solving this Schrödinger equation (Eq. (10)) provide 
important features of the system. This typically consists of spe-
cific quantities projected onto any of the system phase space di-
mensions (reciprocal k-points, orbitals of the manifold, plane sites, 
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Fig. 4. Working structure of BinPo. (a) Pre-processing step. (b) Self-consistent potential energy calculation and post-processing steps.
etc.). For example, the band structure with different projections, 
the Fermi surface, or the electron density with orbital contribu-
tions among other quantities can be computed. This is referred 
to as the post-processing components which are enumerated and 
described in Appendix B. On the other hand, in Section 4 we 
will show how to execute each of the post-processing components 
through a set of examples.

3. Software description

BinPo was programmed in Python (version 3.x), which has be-
come one of the most popular programming languages, especially 
for data science [57]. The libraries required to run the code are the 
standard ones NumPy [58], SciPy [59] and Matplotlib [60]. BinPo
also uses the Atomic Simulation Environment (ASE) [61], which is 
a powerful Python library to perform atomistic simulations.

Firstly, BinPo requires to read a W90 file based on a relativistic 
first-principles calculation, whose main advantage is that all spin-
orbit interactions are extracted from it. Therefore, spin-splitting 
and the associated phenomena, like avoided crossing [62–64] or 
Rashba effect [25,65,66], can be obtained as a direct consequence 
of the model. Despite that we already provide W90 input files for 
STO, KTO and BiTeBr with BinPo, the user could append other W90 
files, for cubic or hexagonal crystallographic systems with different 
first-principles treatments and different band manifolds. This will 
take full advantage of the MLWFs TB model of the slab by captur-
ing specific features from DFT calculations.

In the BinPo folder the user will find several Python files, which 
we name components. First of all, the user must execute the 
BP-preproc.py component for a pre-processing step. The working 
6

structure of this step can be seen in Fig. 4(a). This pre-processing 
consists of performing a separation of the matrix elements of the 
MLWFs TB Hamiltonian into planes along the r̂⊥ axis. At present, 
this separation is performed up to eight planes (0 to 7), which re-
sults in energy differences between DFT and Wannierization bands 
below 10−3 eV, for the specific case of STO, and that we consider 
to be a good description of the system as we show in Fig. A.1
of the Appendix A. The BP-preproc.py component calls some stan-
dard Python modules and the BPdatabase.py module, loads the 
configuration and the W90 files and two parameters: the mate-
rial name and the 2DES confinement direction (as hkl indices). 
The BPdatabase.py module contains the information arising from 
DFT calculations, like the lattice parameter, the lowest unoccupied 
level (LUL) and the number of MLWFs in the basis among others. 
In the current version of BinPo (v1.1) allowed materials are those 
with cubic and hexagonal unit-cell and arbitrary Wannierized band 
manifolds. The 2DES must be confined along [001] direction, but 
for cubic unit-cells it is possible to access to [110] and [111] 
confinement directions by using a rotation algorithm described 
in Appendix H. In the especial case of cubic ABO3 perovskites 
only considering the t2g manifold, additional post-processing fea-
tures explained in Section 4.3 are implemented. After a successful 
pre-processing, the slab Hamiltonian for a specific material along 
certain direction will appear in the BinPo folder under the name 
Hr + material + hkl.

The next step is to perform the SC potential calculation, as 
indicated by the workflow in Fig. 4(b). By running the BP-scp.py
component, the following steps will carry on: necessary modules 
(numpy, matplotlib, BPmodule, ASE, etc.) are loaded, the parame-
ters are set from the configuration files and/or the command-line, 
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Table 1
BinPo capabilities: components and their functions.

Component Description

Pre-processing and SC potential energy calculation

BP-preproc.py Pre-processing component. It generates the Hr + material + hkl folder to be loaded in the SC potential 
calculation and post-processing routines. It runs by command-line without an associated configuration file.

BP-scp.py Main component. It performs the SC potential energy calculation. Config. file: ∼/config_files/ scp.yaml.

Post-processing

BP-fast_plot.py Quick plotter tool for the output of BP-scp.py. It runs by command-line without an associated configuration 
file.

BP-bands.py Band structure component. It performs a band structure calculation, which can include orbital character or 
bands projections onto planes. Config. file: ∼/config_files/bands.yaml.

BP-energy_slices.py Energy slices component. It performs the calculation of any energy slice (e.g. Fermi surface). Config file: 
∼/config_files/energy_slices.yaml.

BP-energy_plot.py Plotter component for BP-energy_slices.py output. Config. file: ∼/config_files/energy_plot.yaml.

BP-orb_density.py Component to decompose the electron density according to the orbital character. Config. file: 
∼/config_files/orb_density.yaml. At the moment, available only for cubic ABO3 with t2g manifold systems.

BP-envelope_wfs.py Component to compute the envelope wavefunctions at the �-point. Config. file: 
∼/config_files/envelope_wfs.yaml. At the moment, available only for cubic ABO3 with t2g manifold systems.
the files in Hr + material + hkl folder are loaded and calculation 
is done. Every file (including a .log file) is saved to a new folder 
with an exclusive name, the identifier, defined by the user for 
every calculation. Each post-processing step after this point will 
call the files inside the output folder of the SC potential calcu-
lation without modifying its content, except for the .log file. For 
instance, the band structure with BP_bands.py or the Fermi surface 
with BP_energy-slices.py can be computed and the outputs will be 
saved to the respective identifier folder. The details about the use 
of BinPo can be found in README.md file within the BinPo folder 
and in ∼/BPexamples. The capabilities of BinPo through the differ-
ent components are summarized in Table 1. Each component has 
an associated configuration file (except for BP-preproc.py and BP-
fast_plot.py) for reading default values of the parameters in case 
the user does not provide them by command-line.

In Fig. 4(b) can be seen that BinPo calls a calculation module 
named BPmodule.py. This is the main module holding the classes 
and methods. In Section 2.2 the concepts of the slab Hamilto-
nian and the potential energy along the slab were introduced. 
These quantities find their counterparts with the Quasi2DHamil-
tonian class and the PotentialEnergy class inside this module. 
These classes contain the fundamental methods to execute the 
Schrödinger-Poisson scheme. There is a third class called Crys-
talFeatures, which addresses the crystallography issues of the sys-
tem. In the next section we will show a complete example of how 
to use BinPo from command-line to compute several quantities of 
a 2DES formed at STO(001).

4. Examples

In this section, we will show an entire calculation example with 
BinPo for the archetypal STO(001) 2DES. However, the same steps 
could be followed to compute the physical quantities for differ-
ent allowed systems. Importantly, we have aimed to organize the 
input method in a modular manner, so that the user can enter 
parameter values by command-line, whereas the omitted values 
are read from the specific configuration files (see Table 1). More-
over, the configuration files are carefully structured to be easily 
customizable. The description for each parameter of the configura-
tion files can be read from ∼/config_files/help_config.md. To obtain 
from command-line a list of parameters that can be modified, the 
user should type:

$ python BP-component.py -h
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being BP-component.py any of the components of BinPo. By doing 
so, a list of the basic updatable parameters will appear. The config-
uration file settings along with the command-line typing for all the 
examples presented in this section can be found in ∼/BPexamples.

4.1. Pre-processing step

Firstly, the user must perform the pre-processing step by typing 
in the command-line:

$ python BP-preproc.py -mt STO -cfd 001

Note that the material and the 2DES confinement direction, 
must be indicated by means of mt and cfd parameters, respectively. 
After finishing the pre-processing for a specific material/direction 
combination, the Hr + material + hkl folder will appear. It is im-
portant to note that this component should be run only once per 
material/direction combination. For cubic systems the allowed con-
finement directions are [001], [110] and [111], whereas for the 
hexagonal ones only the [001] direction is allowed. Subsequent SC 
potential calculations and post-processing steps will call the files 
from Hr + material + hkl folder.

Before we step into the SC potential energy calculation and out-
put post-processing, we must point out that the Fermi level is set 
to zero and is defined as the LUL (taken from the BPdatabase.py
module) plus a shift-from-LUL parameter (present in the scp.yaml
configuration file and updatable by command-line). Consequently, 
all the energies in the calculations are referred to the Fermi level.

4.2. Self-consistent potential energy calculation

Once the slab Hamiltonian is stored, calculations of the electro-
static properties, such as the SC potential energy, electron density, 
electric field, etc. can be obtained after specifying the slab size, 
boundary conditions and k-point grid sampling among other quan-
tities. To achieve this, the user should run the SC potential energy 
calculation component as:

$ python BP-scp.py -id run1 -mt STO -cfd 001 -tl 40 -nk 26 -bc1 -0.22

In the above command-line we first indicate to BinPo that the 
identifier (id) is “run1”. It will remain exclusive for this calculation 
and can be recalled in post-processing steps. The material (mt) is 
STO and the slab consists of 40 planes (tl) stacked along the (001) 
direction (cfd) and computed in a k-grid (nk) of 26 × 26 points. 
The boundary condition at the top-most layer (bc1) is −0.22 eV. 
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Fig. 5. SC solutions of STO(001) 2DES (top: electron density, bottom: SC potential) with (a) bc1 = −0.22 eV and (b) bc1 = −0.36 eV boundary conditions at the top-most 
layer.
Note that this boundary condition defines the amount of charge in 
the system. The outputs of this calculation will be saved to run1
folder. At the end of the calculation, the user will find a .dat file 
holding the SC solution, the. log and the. yaml configuration file 
with the parameters involved. In general, convergence testing for 
some of the parameters is desirable. An example of convergence 
analysis for the k-grid that supports the values used here is shown 
in Appendix G.

After the calculation is done, the user may try to vary the 
boundary condition value at the top-most layer, for example −0.36 
eV, but this time the identifier (id) must be updated:

$ python BP-scp.py -id run2 -mt STO -cfd 001 -tl 40 -nk 26 -bc1 -0.36

Note that we modify uniquely the parameters that we need to 
update, while the other ones remain the same. Now the user will 
find another folder with the identifier run2 inside the BinPo one. 
Both the potential energy and the electron density as a function of 
planes, plotted with BP-fast_plot.py tool, are shown in Fig. 5.

4.3. Post-processing steps

Once the user has done the SC potential energy calculation, 
each post-processing component can be executed independently. 
In this section we will show how to run such components.

4.3.1. Band structure calculations
The BP-bands.py component can compute the band structure in 

several ways. The first one is what we call “total band structure”, 
which corresponds to the electronic bands without including any 
projection. On the other hand, two different projections, onto or-
bitals or planes, can be computed as we will see below.

Total band structure
To compute the total band structure the user can type for ex-

ample:

$ python BP-bands.py -id run2 -ph XGX -kp 600 -tk 0 -nb 50

Here, the path in the irreducible BZ1 between high symmetry 
points (ph) is specified to be X-�-X and it contains 600 points in k-
space (kp). The path in the x-axis will be always expressed in Å−1

in the outputs. The energy scale in y-axis is expressed in eV and 
defined respect to the Fermi level. The task parameter (tk) equal 
to 0 indicates that band structure is calculated without projections 
and the number of bands (nb) to calculate will be 50. The user 
could also select a different path, for example:
8

$ python BP-bands.py -id run2 -ph MGM -kp 600 -tk 0 -nb 50

Both output plots are shown in Fig. 6(a) and (b).
BinPo also allows for simulating specific regions of interest 

in the band structure. For example, in order to closely examine 
the unconventional Rashba spin-splitting, which emerges near the 
avoided crossings, the user could type:

$ python BP-bands.py -id run2 -ph GX -kp 600 -tk 0 -nb 50 -xy 0.06 
0.28 -0.15 -0.015

In this case, a shorter path ph was selected (�-X), but the num-
ber of k-points was kept constant, thus a higher resolution zoomed 
image is obtained. Additionally, the xy parameter was introduced, 
which stablishes the x and y limit values of the energy-momentum 
plot window. The output of this calculation is shown in Fig. 6(c).

So far, we have not considered the possible influence of ad-
ditional manifolds like the O 2p. The Fig. 7 shows how the band 
structure remains almost the same under the inclusion of the O 2p
orbitals. In fact, the energy differences for the three first light sub-
bands are less than 2.5 meV, which is a value far below of the typi-
cal experimental resolutions. In addition, the computational cost to 
get the SC potential energy and post-process the output is strongly 
increased, e.g. including the 18 O 2p MLWFs, it becomes more than 
30x slower. Taking both aspects: band energy differences and com-
putational costs into account, it is reasonable to consider only the 
t2g manifold in the present case. Although the incorporation of a 
lower energy manifold does not produce significant changes in the 
outputs for this STO example, the situation could be different for 
other materials. Testing band energy differences and computational 
costs, with the inclusion of more elements in the MLWFs basis, is 
highly recommended as a first step when the electronic properties 
of a new material are computed.

Further comparisons tests of the bulk band structure can be 
taken between the Wannierization and the DFT bands, as included 
in Appendix A.

Band structure with orbital character
The results of the total band structure can be projected onto 

the contribution of each orbital, referred as orbital projection. At 
present, this option is only available for cubic systems with t2g

manifold, like the STO and KTO 2DES. The user can obtain it in the 
current calculation by typing the following:

$ python BP-bands.py -id run2 -ph MGX -kp 1000 -tk 1 -nb 50 -xy 
-0.25 0.5 -0.35 0.03
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Fig. 6. Output plots of total band structure calculation for STO(001) 2DES along (a) the X-�-X and (b) the M-�-M high symmetry paths in the irreducible BZ1. (c) Close view 
of the avoided crossing region where the unconventional Rashba spin-splitting is observed.
Fig. 7. Comparison of total band structure calculation for STO(001) 2DES along �-
X high symmetry path considering only the t2g manifold (continue blue line) and 
considering the t2g plus the O 2p manifolds (dashed red line). Insert: close up view 
to the second light band region.

Now we have selected the M-�-X path and tk equal to 1 means 
that the band structure is projected onto the different orbitals in 
the t2g manifold. The relative weight of the orbitals (dxy , dyz , dzx) 
is represented by a RGB color code (the user can change the color 
trio in the bands.yaml configuration file). We chose to use a finer 
discretization along the path with kp equal to 1000. The result-
ing output can be seen in Fig. 8(a). To get a close-up view in the 
avoided crossing region, the user can type:

$ python BP-bands.py -id run2 -ph GX -kp 1200 -tk 1 -nb 50 -xy 0.06 
0.27 -0.15 -0.015

Note that now we just specify the G-X path. Additionally, the 
discretization along the path was increased with kp equal to 1200 
and the list of values of the xy parameter is enclosing the region 
of interest. The resulting output can be seen in Fig. 8(c).

Band structure projected onto planes
We can calculate the contribution of a set of planes to the total 

band structure, referred as plane projection. The user can compute 
such a projection by typing:

$ python BP-bands.py -id run2 -ph MGX -kp 1000 -tk 2 -nb 50 -xy 
-0.25 0.5 -0.35 0.03 -pi 0 -pf 2

This line indicates the plane projection task by setting tk equal 
to 2. The planes for projections are established by means of the 
initial plane (pi) and final plane (pf) parameters, and the set will 
range from pi to pf-1. The above example will project the total 
band structure onto the first two planes. The output is shown in 
Fig. 8(b).
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4.3.2. Energy slices
As another part of post-processing, we can compute the set of 

k-points whose eigenenergies are at a specific energy cut, which is 
named energy slice. For each k-point, there will be Nα × L eigen-
ergies, but only if values within a small energy window below the 
energy cut are found, the k-point, eigenenergies and eigenstates 
will be considered. This filtering applied on a dense k-grid allows 
generating high quality slices without the need for interpolation of 
the points. This component can be run by typing:

$ python BP-energy_slices.py -id run2 -ec 0.0 -nk 300 -ba 60 -bf 0.7

The energy cut (ec), in eV, in which the slice will be taken is 
set to 0.0. Then, we construct a denser k-grid (nk) of 300 × 300 
points sampling the BZ1, which will be split in 60 batches (ba). 
The reason for defining batches is the reduction of the Hamiltonian 
size, in this case to (300 × 300)/60 Hamiltonian matrices, with 
the subsequent reduction of memory consumption, resulting in the 
need for less resources and computation time. The k-box factor 
parameter (bf) is to enlarge or reduce the BZ1. Note that by setting 
ec = 0.0 we are computing the Fermi surface. The x and y axes 
of the output energy slices will be always expressed in Å−1. For 
comparing the results, we can also calculate an energy slice for a 
different energy cut, for instance, 50 meV below the Fermi level:

$ python BP-energy_slices.py -id run2 -ec -0.05 -nk 300 -ba 60 -bf 
0.7

Due to the significant computational cost of using a coarse grid, 
once this component finishes an output file is automatically saved 
to the identifier folder, then we must apply the BP-energy_plot.py
component to plot the results. The plots for these two examples 
are shown in Fig. 9(a) and (b).

It is possible to compute the energy slices for specific regions 
of the BZ1. In this way, the resolution can be increased at the same 
computational cost. For example, the unconventional Rashba spin-
splitting can be now closely examined by typing:

$ python BP-energy_slices.py -id run2 -ec 0.0 -nk 300 -ba 60 -bf 0.06 
-dk 0.09 -0.17

Note that the k-grid extension is reduced by setting bf equal 
to 0.06. In addition, we are using the k-grid offset parameter (dk), 
which is chosen to be near the area of interest. The output plot 
associated to this energy slice calculation is shown in Fig. 7(c).

4.3.3. Other capabilities
At present, the additional capabilities that we will exemplify 

in this section are available for cubic ABO3 with t2g manifold sys-
tems. For the sake of completeness, we show here how to compute 
the orbital decomposition of the electron density and the envelope 
wavefunctions of the system. The first quantity allows for analyz-
ing the contribution of the different orbitals to the total electron 
density. It can be computed by using the BP-orb_density.py compo-
nent as:
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Fig. 8. Band structure for STO(001) 2DES (a) Orbitally projected and (b) projected onto the first two planes along the high symmetry M-�-X path. (c) Close-up view of the 
Rashba spin-splitting with orbital projections.

Fig. 9. Energy slices plot for STO(001) 2DES at (a) ec = 0.0 (Fermi surface) and (b) ec = −0.05 eV. (c) Close-up view to the avoided crossing region where unconventional 
Rashba spin-splitting is observed.

Fig. 10. Further post-processing steps in STO(001) 2DES: (a) orbital decomposition of electron density and (b) the first four pairs of envelope wavefunctions.
$ python BP-orb_density.py -id run2 -aa 0.3

where, we set the curves opacity (aa) to 0.3. The output is shown 
in Fig. 10(a), where the total and partial electron densities are in-
dicated accordingly.

Now we want to compute the envelope wavefunctions at the 
�-point. These r⊥-dependent wavefunctions reflect the quantum 
confinement near the surface or interface. It can be computed by 
using the BP-envelope_wfs.py component and typing:

$ python BP-envelope_wfs.py -id run2 -sf 0.3 -nw 8 -xy -2 22.5 -0.35 
0.06

here we specify the scale factor (sf), which affects the amplitude 
of the envelope wavefunctions, the number of these wavefunctions 
(nw) to compute and the x and y limits of the plot by means of 
the xy parameter. The output is shown in Fig. 10(b), where the 
first four pairs of envelope wavefunctions are shown.
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4.4. Comparison with experiments

4.4.1. Stabilized 2DES on the bare (001) surface of STO
Several groups have studied experimentally the electronic band 

structure of the 2DES created at the bare surface of different oxides 
or at the LAO/STO interface. Here we focus on ARPES [67,68] ex-
periments, since it allows for a direct comparison of the results ob-
tained in BinPo. The band structure of the 2DES will have a strong 
influence in the transport properties of the system and thus, com-
parisons with experimental results of quantum oscillations [69]
and spin transport [34] are possible but require additional mod-
eling and assumptions. In Fig. 11(a) and 11(d) we show ARPES 
measurements of the electronic band dispersion and the Fermi 
surface for the 2DES stabilized on the (001) bare surface of STO 
[8,25,70]. A full description of the measurement conditions can 
be found in [8]. The energy-momentum dispersions on Fig. 11(a) 
consist of a ladder of at least three light bands, usually called sub-
bands, which are a clear signature of quantum confinement near 
the surface. Additionally, we observe a single heavy band of only 



E.A. Martínez, J.I. Beltrán Fínez and F.Y. Bruno Computer Physics Communications 284 (2023) 108595

Fig. 11. ARPES measurement of the 2DES stabilized at the bare STO(001) and BinPo simulations. (a) Bands dispersions measured along X-�-X path (the blue arrows indicate 
the Fermi momentum for the heavy bands). Band structure calculation with orbital projections (b) and projected onto the first 4 planes (c). (d) Fermi surface. (e) BinPo
simulation of the Fermi surface with orbital projections.
∼50 meV bandwidth in contrast with the ∼300 meV in the case 
of the first light sub-band indicating a strong breaking of the t2g
orbital degeneracy present in bulk STO. The observed light and 
heavy sub-bands contribute with circular and elliptical Fermi sur-
face sheets respectively as observed in Fig. 11(d), in the present 
case the heavy state appears with very low intensity as a conse-
quence of the geometry of the experiment.

In Fig. 11(b) and 11(e) we show calculations performed with 
BinPo of the band structure along the X-�-X high symmetry path 
and the Fermi surface, respectively. In the calculation the potential 
energy at the surface top-most layer is a free parameter and deter-
mines the bandwidth and total charge in the system. In the present 
case, it was chosen so that the total bandwidth of the first light 
sub-band coincides with the experimental value of ∼300 meV. 
Calculations for different band-widths and densities can be found 
elsewhere [71]. There is a good overall agreement with the experi-
mental data for both the electronic band dispersion and the Fermi 
surface. The relative sub-band energy and Fermi wave vector for 
these three light bands is well described by the model. In Fig. 11(c) 
we show the band-structure projected onto the first 4 planes, the 
bands that appear with maximum intensity in this figure will be 
also more intense in the measured ARPES spectra due to the sur-
face sensitivity of the technique. A similar argument and the un-
favorably experimental geometry explain why the heavy bands ap-
pear faint in the Fermi surface measurements shown in Fig. 11(d). 
However, taking advantage of polarized light it was shown that 
multiple heavy sub-bands are present in the 2DES as shown in the 
BinPo calculation [72]. We notice that, while the effective mass of 
the light sub-bands is well described by the model, there is a clear 
discrepancy with that of the heavy bands, whose mass renormal-
ization due to electron-phonon and electron-electron interactions 
is not considered in BinPo, a detailed discussion for these effects 
on STO can be found in Ref. [25].

Using polarized synchrotron light, it can be experimentally 
demonstrated that the light and heavy bands have predominant 
dxy and dzx/yz orbital character, respectively [9,25,72]. This obser-
11
vation is in agreement with the calculated orbital character shown 
in Fig. 11(b) where the light bands appear mostly red correspond-
ing to dxy orbitals and the heavy bands appear blue or green 
depending on whether the orbital character is dzx or dyz . Inter-
estingly, at the crossing points of the heavy and light bands the 
orbital character is mixed and the unconventional Rashba spin-
splitting is maximized [25,34]. While BinPo gives a clear picture 
of the spin-splitting in these so-called avoided crossings, there are 
contradicting ARPES experimental reports regarding these details 
of the electronic structure [27,73]. Evidence from spin-transport 
experiments support the band structure presented here indicating 
that BinPo is a useful tool to calculate the spin texture of 2DESs 
with relevance in spintronics [34].

4.4.2. Giant Rashba-type spin-splitting in the bismuth tellurohalide 
BiTeBr

As an example of application of BinPo on systems with hexag-
onal symmetry, where the electron confinement is produced along 
the c axis, we chose BiTeBr. This compound is part of the so-
called bismuth tellurohalides (BiTeX) polar semiconductors, which 
present a striking bulk Rashba-like effect that leads to novel fea-
tures. A 2DES emerges at the surface of n-doped BiTeX with a high 
potential to apply such systems in spintronic devices [35–37,74].

In Fig. 12(a) we show the total bandstructure computed along 
the K-�-K path. The details for the BinPo calculations can be read 
in the ∼/BPexamples folder. Interestingly, in the present case a 
ladder of strong Rashba-split sub-bands pairs is observed in our 
BinPo based calculations. The calculated Fermi surface is shown in 
Fig. 12(c) where the large Rashba-splitting in the compound re-
sults in the characteristic Fermi contours. In Fig. 12(b) we show the 
band structure calculation projected onto the first four layers of 
the material. This result indicates that in a surface sensitive ARPES 
experiment the first two pairs of sub-bands should appear with 
similar intensity whereas the third pair will appear fainter. Indeed, 
measurements of the electronic structure of BiTeBr can be found 
in Ref. [37] and the agreement between our calculations and the 
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Fig. 12. BinPo calculations for BiTeBr: (a) Total band structure computed along the K-�-K high symmetry path. (b) Band structure projected onto the first four layers. (c) 
BiTeBr Fermi surface in the BZ1, where Kx (Ky ) corresponds to the K-�-K (M-�-M) path.
ARPES spectra is good, this highlights the fact that starting from 
relativistic calculations is useful to reproduce the spin texture of 
confined 2DES using BinPo.

5. Summary and conclusions

We have introduced BinPo, an open-source code to compute the 
band structure and other electronic properties of the 2DES gener-
ated at the surface or interface of a variety of cubic and hexago-
nal crystallographic systems. The code has additional features for 
the relevant case of cubic ABO3 perovskites where the t2g mani-
fold plays a central role, like the quantum paraelectrics STO and 
KTO. The code is written in Python 3.x, so it can run in all plat-
forms in a computationally efficient manner. The files required by 
BinPo are based on first-principles calculations followed by the ML-
WFs obtention with the open-source Wannier90 program. We have 
provided some Wannier90 files to work with, but the user can 
append others. We have shown how BinPo solves the Schrödinger-
Poisson scheme to get the SC potential energy, and then calculate 
post-processing quantities like the band structure, energy slices 
and envelope wavefunctions among others. The validity of the re-
sults, which were all obtained in a conventional laptop computer, 
is illustrated by direct comparison with ARPES experiments. The 
ease-of-use of BinPo sets the stage for an extended adoption, by 
scientists looking for a fast and reliable description of the 2DES 
band structure, helping to understand the experimental results in 
these novel materials.
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Table A.1
Details of final spread and its components (in Å2) obtained after the Wannierization 
of the STO t2g manifold.

Final spread

Total, � Gauge-invariant, �I Off-diagonal, �O D Diagonal, �D

11.4649 11.4493 0.0155 0.0000

Appendix A. Details of DFT calculation and wannierization for 
STO. Available W90 files in BinPo

DFT details
The DFT calculations were performed using the open-source 

Quantum Espresso program [46]. We used the projector aug-
mented wave (PAW) method [75] and the standard PBE exchange-
correlation (XC) functional [76]. The PAW PBE full-relativistic pseu-
dopotentials required to describe core electrons were taken from 
PSlibrary [77]. The non-core electronic configuration encompassed 
the Ti: 3s, 4s, 3p, 3d, the O: 2s, 2p and the Sr: 4s, 5s, 4p, 5p or-
bitals. The Brillouin zone was sampled with a 15 × 15 × 15 
k-mesh Monkhorst-Pack grid method [78]. The cutoff energy for 
the plane-waves was 70 Ry, whereas for the electron density it was 
600 Ry. The convergence threshold for self-consistent field (SCF) 
calculations was set to 10−10 Ry. The electron smearing was se-
lected as fixed because of the insulating nature of the material. 
After performing SCF unit cells calculations and fitting to Mur-
naghan equation of state [79] we obtained the lattice parameter 
values aSTO = 3.9425 Å.

Wannierization details
The Wannierization and the calculation of the real space Hamil-

tonian were done using the open-source Wannier90 software [43–
45]. Due to fact that the t2g manifold is an isolated groups of 
bands, a disentanglement was not needed [80]. The KS states were 
projected onto the t2g manifold within the cubic unit-cell, which 
encompasses the Ti 3dzx , 3dyz , 3dxy orbitals. We used 200 itera-
tions in the minimization procedure to ensure convergence. The 
difference between consecutive total spreads of Wannier functions 
was less than 10−11 Å2. The individual final spreads were of 1.9108 
Å2 with all the Wannier centers located at the Ti positions, with 
an uncertainty of less than 10−7 Å. In Table A.1, we summarize the 
total final spread and its components. In Fig. A.1 we show a com-
parison between the DFT band structure and the Wannierized t2g
manifold for STO. We found that the energy differences are below 
10−3 eV.

List of available W90 files in BinPo
We have included in ∼/WFolder some W90 files to use in BinPo. 

All available files are listed below in Table A.2. Additional informa-
tion can be seen in the BPdtabase.py module. For those readers 
interested in adding new W90 files, a detailed and stepwise guide 
can be found in ∼/BPexamples folder.
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Fig. A.1. Comparison of the STO band structure obtained by DFT calculations (solid 
orange) versus the Wannierized Ti t2g band manifold (dashed red).

Table A.2
W90 files included with BinPo.

System Filename

STO, Ti t2g STO_hr.dat
STO, Ti t2g + O2p STOB_hr.dat
STO, Ti t2g + eg STOC_hr.dat
KTO, Ta t2g KTO_hr.dat
BiTeBr BTB_hr.dat

Appendix B. Post-processing calculations

The eigenstates of Eq. (11) contain useful information of the 
system through the coefficients u

k‖n
αr⊥ . So that, once the SC poten-

tial is found, other properties can be computed. In particular, we 
will define two projection operators to get information about the 
orbital character in the band structure or energy slices, as well 
as the contribution of different planes to the band structure. In 
the following, the orthogonality properties of the MLWFs basis of 
Eq. (4) are used to compute the expectation values.

Orbital projection
At present, this operation is only available for cubic ABO3 sys-

tems with t2g manifold. Recalling the orbital index α from Eq. (7), 
which spans the t2g manifold, we can define the orbital projector 
onto the orbital α as:

P̂α =
∑
r⊥

∣∣R‖αr⊥
〉 〈

R‖αr⊥
∣∣ (B.1)

The expectation value of this operator for a given eigenstate, 
namely, the α-orbital character is:

C
k‖n
α ≡

〈
φk‖n | P̂α | φk‖n

〉
=

∑
r⊥

(
u

k‖n
αr⊥

)∗
u

k‖n
αr⊥ (B.2)

Projections onto planes
We will now define the single plane projector, analogously to 

Eq. (B.1), as:

�̂r⊥ =
∑
α

∣∣R‖αr⊥
〉 〈

R‖αr⊥
∣∣ (B.3)

Note that in this case the expectation value of �̂r⊥ comprises 
the contribution of the plane at r⊥ to the total band structure. We 
may be interested in analyzing the contribution of a consecutive 
set of planes rather than the contribution of a single plane. There-
fore, we define the plane projector of a set as P̂ r′ ,r′′ = ∑

r �̂r⊥
⊥ ⊥ ⊥
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with r⊥ in the interval 
[
r′⊥, r′′⊥ − 1

] ⊆ [0, L − 1]. The expectation 
value for a given eigenstate is:

C
k‖n
r′⊥,r′′⊥

≡
〈
φk‖n | P̂r′⊥,r′′⊥ | φk‖n

〉
=

r′′⊥∑
r⊥=r′⊥

∑
α

(
u

k‖n
αr⊥

)∗ (
u

k‖n
αr⊥

)
(B.4)

Orbital decomposition of electron density
At present, this operation is only available for cubic ABO3 sys-

tems with t2g manifold. It is useful to find out the partial contri-
bution of the orbitals to the charge density (ρ (r⊥)) along the slab. 
By retaining the index α from Eq. (13) it is possible to get such a 
quantity ρα (r⊥) defined by:

ρα (r⊥) = − |e|
�⊥N‖

∑
k‖n

f
(
εk‖n, T

) ∣∣∣uk‖n
αr⊥

∣∣∣2
(B.5)

Envelope wavefunctions at the �-point
At present, this operation is only available for cubic ABO3 sys-

tems with t2g manifold. It is useful to visualize the potential-well 
diagram associated to the SC potential confining the charge. We 
will be particularly interested at the �-point, where the bandwidth 
is maximum. There, the so-called envelope wavefunctions are de-
fined as:

ξα
�n (r⊥) =

∑
α

(
u�n

αr⊥

)∗
u�n

αr⊥ (B.6)

Note that, despite their different dependences, this equation is 
similar to Eq. (B.2). In fact, Eq. (B.6) can be easily inferred using a 
proper projection operator like Eqs. (B.1) and (B.3).

Appendix C. Fixed background density approach

The presence of in-gap states in STO was reported in several 
works [81–83]. These states are generally associated to defects. 
When the charge is transferred to the interface and the 2DES 
emerges, some electrons could be trapped in these localized states 
[84,85]. For this reason, we include a minimal approach in BinPo
to consider such states, whose trapped charge could influence the 
band structure as well. We follow the approach implemented in 
other works [86–88]. We rewrite Eq. (15) with a slight modifica-
tion:

d2 V (r⊥)

dr2⊥
= |e|

ε0εr [E (r⊥)]

(
ρ (r⊥) + ρdef (r⊥)

)
(C.1)

where ρdef (r⊥) is the profile of fixed charge along the slab, which 
is an unknown quantity. This simple approach consists of treating 
this charge distribution as ρdef (r⊥) = ρd� (Ld − r⊥), with ρd the 
constant charge per plane, Ld the extension of this charge (from 
the top-most layers toward the bulk) and � the Heaviside step 
function.

The choice to set the background electron occupation can be 
accessed in the configuration file for the SC potential energy cal-
culation, ∼/config_files/scp.yaml. In Fig. C.1 we show how the band 
structure is modified when a constant charge of 0.01 electrons 
per plane along the whole slab is considered. For the calculation 
shown in Fig. C.1(b), the integrated free charge and fixed charge 
are approximately the same. The user can reproduce both calcula-
tions of Fig. C.1 by looking at ∼/BPexamples. Notice that the in-gap 
states are not included in the band structures shown in Fig. C.1. 
The mobile charge in Fig. C.1(b) is less than in Fig. C.1(a), as a re-
sult of the interaction to the fixed background charge modeling the 
presence of the in-gap states.
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Fig. C.1. Modification on the band structure induced by a fixed charge background 
to simulate defects. (a) STO(001) 2DES total band structure along M-�-X path. (b) 
Same as (a) including an additional charge of 0.01 electrons per plane.

Appendix D. Deduction of the charge density equation. Validity 
of orthogonality relations in the slab

In order to obtain the expression for the charge density, it 
would be instructive to start from the bulk case. Consider the 
bulk Hamiltonian matrix H(k) whose elements are given by Eq. (2). 
Then, the bulk eigenenergies εkn , with the associate eigenstates 
|φkn〉, can be straightforwardly obtained by diagonalization. In 
turn, these eigenstates, considering the Eq. (1), can be expanded 
in term of |Wkα〉 states [39] as:

|φkn〉 =
∑
α

ukn
α |Wkα〉 (D.1)

where α spans a specific manifold (see Eqs. (6) and (7) in 
Section 2.2) and the resulting normalization condition reads ∑

α

∣∣ukn
α

∣∣2 = 1. We can compute the 3D electron density, ρb (r), 
directly from the eigenstates as:

ρb (r) = −|e|
∑
kn

f (εkn, T ) |〈r | φkn〉|2 (D.2)

Now, we calculate the mean electron density in the bulk by 
averaging over all space. By the orthogonalization properties of the 
MLWFs basis, we find:

ρb = 1

N�

∫
�

drρb (r) = − |e|
N�

∑
kn

f (εkn, T )
∑
α

∣∣∣ukn
α

∣∣∣2

= − |e|
N�

∑
occup.

1

(D.3)

where � = a3 is the volume of the cubic cell, with a being the 
lattice parameter and N is the number of k-points in the first Bril-
louin zone (BZ1). It has to be noticed that the last term in Eq. (D.3)
contains the total number of occupied states, so that it returns an 
intuitive result.

Following the same arguments, we could try to compute the 
electron density for the slab system and the corresponding average 
bulk density. In analogy with Eq. (D.2) we could write:

ρs (r) = −|e|
∑
k‖n

f
(
εk‖n, T

) ∣∣〈r | φk‖n
〉∣∣2 (D.4)

ρs = 1

N‖�⊥

∫
�⊥

drρs (r) = − |e|
N‖�⊥

∑
k‖n

f
(
εk‖n, T

) ∑
α,r⊥

∣∣∣uk‖n
αr⊥

∣∣∣2

(D.5)

where �⊥ is the interplanar volume as defined in Eq. (14) of Sec-
tion 2.3.2 and N‖ the number of k‖-points in the 2D BZ1. Note that 
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the last sum could be replaced by 1 according to the eigenstates 
normalization. Nevertheless, we want to define a plane dependent 
electron density. By retaining the r⊥ index in the last term, the 
electron density can be defined as:

ρ (r⊥) ≡ ρ
(r⊥)
s = − |e|

N‖�⊥

∑
k‖n

f
(
εk‖n, T

)∑
α

∣∣∣uk‖n
αr⊥

∣∣∣2
(D.6)

that is finally the Eq. (13) shown in Section 2.3.2.
Regarding the validity of orthogonality relations in the Eqs. (4), 

it is worth noting that these relations will be exact if the slab is 
created by replicating the unit-cell along a lattice vector (R) direc-
tion. This is because the interplanar and the bulk unit-cell volume 
is the same, �⊥ = �, and the Wannier functions are periodic in R
by definition. A different situation takes place if a r-space rotation 
is applied on the slab. The Eqs. (4) will be no longer exact, given 
that either the volume or shape of the rotated unit-cell is different 
than the original ones. Therefore, these relations become:〈

R′‖α′r′⊥ | R‖αr⊥
〉 ∼= δR‖R′‖δαα′δr⊥r′⊥〈

Wk‖α′r′⊥ | Wk‖αr⊥

〉 ∼= δk‖k′‖δαα′δr⊥r′⊥

(D.7)

Nevertheless, the Eqs. (D.7) will be still a good approximation 
since the MLWFs have a strong localization, which is a main req-
uisite in any tight-binding approach. This localization is quantified 
by means of the spread functional [39]. The smaller this spread 
the stronger the localization. The validity of the relations (D.7) is 
fundamental to compute the charge density from Eq. (D.6) under 
the plane-by-plane discretization approach given by the interpla-
nar volume, �⊥ . The criterion that we have considered here is the 
following: if the square root of the largest individual spread, i.e. 
the largest spread among all the MLWFs, is below the lattice pa-
rameters values, we take the Eqs. (D.7) as valid. For example, in 
Appendix A we have shown that the individual spread for each of 
the MLWFs in the STO was 1.9108 Å2, while the optimized lattice 
parameter turned out to be 3.9425 Å and hence the criterion is 
satisfied.

Appendix E. 1D Poisson equation

Deduction of the non-linear Poisson equation
In non-linear media, the relation between the electric field E

and the electric displacement D is dD = ε0εr(E)dE , where εr(E)

is the field dependent relative permittivity, whose nature is differ-
ential. An interesting discussion about the physical meaning of the 
implied quantities can be found elsewhere [89].

In order to obtain the Poisson equation, we should introduce 
an expression for D in the Gauss law, dD

dr⊥ = ρ , but the differential 
relation dD = ε0εr(E)dE must be linearized. We can define the 
average relative permittivity as:

ε (E) ≡ 1

E

∫
E

εr
(

E ′)dE ′ (E.1)

By definition, ε (E) satisfies the linear relation D = ε0ε (E) E , 
in consequence, we can now replace D in the Gauss law:

dD

dr⊥
= d

dr⊥
(ε0ε (E) E) = d

dr⊥

⎛
⎝ε0

∫
E

εr
(

E ′)dE ′
⎞
⎠

= ε0εr (E)
dE

dr⊥
= ρ

(E.2)

Using the relation between the electric field and the potential 
energy, E(r⊥) = 1 dV (r⊥) , we finally obtain the Poisson equation:
|e| dr⊥
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Fig. E.1. Fit of the experimental Ang’s data using a sigmoid-like function. The values 
obtained from the fitting are χ0 = 2837 and Ec = 892244 V m−1.

d2 V (r⊥)

dr2⊥
= |e|

ε0εr [E (r⊥)]
ρ (r⊥) (E.3)

Comments on relative permittivity models
It is worth noting that a crucial element in Eq. (E.3) is the elec-

tric field-dependent relative permittivity, εr [E]. Indeed, this intro-
duces the non-linearity in the Poisson equation, and such expres-
sions are of the uttermost importance for solving it. When εr is 
constant, like in most of the semiconductors, the Eq. (E.3) is linear. 
On the other hand, for materials like the quantum paraelectrics, 
εr is strongly dependent on E and it has a profound impact on 
the potential energy profile. So that we need to know this depen-
dency. We could get the functional form of εr [E] from theoretical 
considerations or from phenomenological fittings of experimental 
and theoretical data. For STO(001), Copie et al. [90] have derived 
an expression at low temperatures, which is used in BinPo as a 
pre-defined model. In Fig. E.1, we show an example of how to ob-
tain a permittivity model by fitting the Ang’s experimental data 
[52] with a sigmoid-like function. This is the pre-defined model 
for KTO(001) in BinPo. There are a few works in the literature that 
could be useful to either use or determine these empirical models 
(see Refs. [22,53–55,91–94]).

We take the functional form of the relative permittivity derived 
from experimental data as a good starting point. However, an accu-
rate description of relative permittivity as a function of the electric 
field, and even as a function of the defect density, is a rather in-
tricate problem which is out of the scope of this work. This is the 
main reason whereby BinPo has the feature of working with any 
functional form as input.

Comments on boundary conditions
Since the Poisson equation (Eq. (E.3)) is a second order dif-

ferential equation, we must explicit two boundary conditions. 
BinPo allows for using Dirichlet boundary conditions at top- and 
bottom-most layers, i.e., to set the values V (0) (surface) and 
V (L − 1) (bulk). It is also available to use the mixing Dirichlet-
Neumann boundary conditions, namely, to set the values V (0) and 

d
dr⊥ V (L − 1) = 0. The latter one is especially useful in two situa-
tions: (a) if it is desired to truly know the value of convergence for 
V (r⊥) when r⊥ → ∞ (very large L), or (b) if it is observed that 
under the present conditions the potential is confined enough to 
quickly overcome some V (L − 1) used as Dirichlet boundary con-
dition. This last case will produce a non-physical behavior of the 
potential energy profile along the slab. Information about the im-
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plementation of the boundary conditions can be read in the next 
Appendix.

Appendix F. Solving the non-linear 1D Poisson equation by finite 
differences method

The finite differences method (FDM) [95] is, along with finite 
elements, one of the most popular numerical methods to solve dif-
ferential equations. We have implemented an iterative solver for 
Poisson equation in BinPo. The derivatives of the unknown func-
tion, V (r⊥) in this case, are approximated as finite differences. Let 
� label the planes perpendicular to the (hkl) confinement direction, 
the first and second derivatives of V (r⊥) under this approximation 
read:

dV (r⊥)

dr⊥
≈ 1

�r⊥

(
V�+ 1

2
− V�− 1

2

)
(F.1)

d2 V (r⊥)

dr2⊥
≈ 1

�r2⊥
(V�+1 + V�−1 − 2V�) (F.2)

where � spans the discrete integer list [0, L − 1], being L the num-
ber of planes in the slab. In Eq. (F.1) the values V�± 1

2
are found by 

linear interpolation. Note that due to the discretization applied to 
this problem, �r⊥ is the interplanar distance, whose product with 
the area 

∥∥a1 × a2
∥∥, gives the interplanar volume �⊥ (see Eq. (14)

in Section 2.3.2). We will take advantage of the expression of the 
relative permittivity in terms of electric field, E, which in turn is 
proportional to the first derivative of V (r⊥). Replacing the deriva-
tives, the approximate Poisson equation reads:

1

�r2⊥
(V�+1 + V�−1 − 2V�) ≈ |e|

ε0εr [E�]
ρ� (F.3)

with E� = 1
|e|�r⊥

(
V�+ 1

2
− V�− 1

2

)
.

Note that we use the notation εr [E�] to emphasize that the rel-
ative permittivity is a functional of the electric field E� . Generally, 
for any initial guess of V (r⊥), Eq. (F.3) will not be satisfied. Thus, 
an equality in this equation must be enforced. If we reorder the 
terms and introduce the iteration index j, it is possible to express 
the �-th element of the potential energy for the ( j +1)-th iteration 
as:

V j+1
� = 1

2

(
V j

�+1 + V j
�−1 − �r2⊥ |e|ρ�

ε0εr [E�]

)
(F.4)

By many iterations over all �’s (except for the boundaries, 
whose values are determined by the boundary conditions), the nu-
merical solution of Poisson equation can be found.

As mentioned above, the iteration procedure in Eq. (F.4) does 
not need to consider the potential at the boundaries, so that now 
� spans the reduced integer list [1, L − 2]. In the case of Dirichlet’s 
boundary conditions, V 0 = bc1 and V L−1 = bc2 are set, where bc1
and bc2 are input values. For mixing Dirichlet-Neumann boundary 
conditions instead, V 0 = bc1 and V L−1 = V L−2 are used, where 
the second condition is obtained straightforwardly by the simple 
backward difference expression of d

dr⊥ V (L − 1) = 0 in FDM. The 
error between the j-th and ( j + 1)-th potentials is evaluated ac-
cording to:

χ2
P = 1

L

L−1∑
l=0

(
V j+1

� − V j
�

V 0

)2

(F.5)

Finally, the solution is found where χ2
P is less than a conver-

gence threshold. In our case we set the condition χ2 < 3 × 10−12.
P
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Fig. G.1. (a) SC solutions for different values of Nk (here L = 40 but the SC potentials were plotted up to 25 planes). (b) Error computed among the SC potential and the 
reference (SC potential with Nk = 106).
We did not demonstrate theoretically the convergence of this 
method, but we observed a well convergent behavior for multiple 
cases with the predefined relative permittivity models, as well as 
many others that were introduced as input in BinPo.

Appendix G. Convergence analysis

K-grid convergence analysis
In BinPo, for a given material (W90 file) and a confinement di-

rection, the SC solution is determined by the value and type of 
the boundary conditions, number of planes, convergence threshold 
for potential, relative permittivity model and, of course, the k-grid 
sampling. We want to show the convergence analysis for one of 
the most relevant parameters: the number of points in the k-grid 
sampling (Nk × Nk). Actually, we will talk about Nk , which is 
the input parameter. We will also assume that the k-grid offset 
was already settled. Ideally, Nk → ∞ is desired because it will give 
the best quantitative result that the code can provide within the 
approximations considered. However, in order to reduce the com-
putational cost, we need to limit the Nk value, increasing the result 
uncertainty. This is a rather common problem in numerical simu-
lations, and a criterion must be taken to decide when the solution 
is accurate enough. For example, if we take Nk = 106 as reference 
of well-converged SC potential, we can compute the error between 
this potential and the other SC potentials (Fig. G.1(a) displays all 
the SC potentials) by means of Eq. (16) in Section 2.3.4. We look 
for the minimal value of Nk that produces an error less than the 
convergence threshold, which from the Fig. G.1(b) is Nk

conv = 26. 
For a fast calculation, the user could set values for Nk < Nk

conv . 
However, if an accurate SC solution is desirable, the user should 
set Nk ≥ Nk

conv . Ultimately, we want to remark that the same 
analysis could be done for the number of planes and with differ-
ence convergence thresholds if a clear criterion is set. The criteria 
could be imposed also over the electron density if this quantity is 
of major interest. The details for all these calculations can be found 
in ∼/BPexamples.

Number of planes to be considered
Another important quantity to be tested is the number of 

planes, L, used in the simulations. Ideally, a very large L along 
with Neumann boundary condition at bottom-most layer (bc2) is 
desirable for the 2DES formed at the surface or interface of a semi-
infinite system. However, the larger the system the more computa-
tionally expensive the calculation. It is then useful, from a practical 
point of view, to perform calculations with a reduced number of 
planes. We then need to compare the latter SC potential with that 
obtained for large L values. The comparison should be made in the 
region of interest of our physical problem defined by the first Lcut
16
planes. A satisfactory comparison takes place when both SC poten-
tials do not differ appreciably in the region of interest and, hence, 
the band structures are almost indistinguishable. In the following, 
we exemplify the procedure for a particular case.

In order to stablish a criterion in the case of a 2DES on the 
(100) surface of STO, we compare here different SC potentials ob-
tained with either Neumann (N) or Dirichlet (D) and different L’s, 
named as V L (r⊥)’s. Firstly, we performed a realistic calculation 
to get a reference SC potential, V ref (r⊥), using L = 200 and bc2
= N . We then considered an Lcut value of 15 planes to compute 
the error between the different V L (r⊥)’s and V ref (r⊥). We chose 
this Lcut since the electron number per plane amounts to 10% of 
the profile maximum. The criterion could be different depending 
on how strong the confinement in the particular system is. In 
Fig. G.2(a), we show the comparison between different V L (r⊥)’s 
and the V ref (r⊥). It is worth observing that the larger the L the 
more similar the potentials to the reference one, no matter the bc2
chosen. We use equation (G.1) to estimate the error, χ2

Lcut , within 
the interval [0, Lcut − 1].

χ2
Lcut = 1

Lcut

Lcut−1∑
r⊥=0

(
V L (r⊥) − V ref (r⊥)

V L (r⊥ = 0)

)2

(G.1)

The dimensionless χ2
Lcut values as function of L are shown in 

Fig. G.2(b). It can be seen that the bc2 = D is a better approxima-
tion up to the crossover at ∼ 65 planes. However, the χ2

Lcut is less 
than 10−4 from L = 40 and bc2 = D . Therefore, we consider this 
L value as appropriate to describe the 2DES under study in this 
example.

We strongly recommend the users to perform a calculation for a 
large enough L in order to check that the SC potential corresponds 
to what is expected in a real physical situation.

Appendix H. Change of basis + rotation algorithm for other 
crystal faces in cubic crystallographic systems

The 3D bulk TB Hamiltonian actually holds all the information 
needed to inspect other crystal faces defined by a generic −→v =
[hkl] normal direction. We introduce here the simple algorithm to 
create slabs and compute quantities along other crystallographic 
directions. It consists of two steps: (i) change of basis from the 
original cartesian to the new one, (ii) rotation of the new −→v vector 
into the [001] direction.
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Fig. G.2. (a) SC potentials for different values of L and bc2 = Neumann (N) and Dirichlet (D). Insert: a close-up view to the region of interest. (b) Error computed among the 
SC potentials and the reference using Lcut = 15 in Eq. (G.1).

Fig. H.1. Illustration of the method to compute the energy slices along other confinement directions: (a) once the change of basis was applied to compute the slice and (b) 
after applying the 3D rotation that solves the distortions.
(i) Change of basis

It is proper to write explicitly the exponential factor of the 2D 
Fourier transform in Eq. (3) of the main text, which contains the 
crystallographic information. First of all, the actual expression used 
inside the code must be pointed out:

eik‖·R‖ → ei2πk‖·R‖ (H.1)

with real and reciprocal vectors given by:

R‖ = r1a1 + r2a2,k‖ = k1b1 + k2b2 and ai · b j = δi j (H.2)

with ri , k j real coefficients. Note that for −→v = [001], the basis B =
{a1 , a2} is the defined by {[1,0,0], [0,1,0]}. Consider now −→v in an 
arbitrary direction, thus, a new basis B’ = {a′

1, a′
2} for the 2D real 

space and the associated reciprocal basis Bk ’ = {b′
1, b′

2} must be 
considered. Now, we can write arbitrary real and reciprocal vectors 
analogously to Eq. (H.2). Let the new coefficients be r̃i, ̃k j , then the 
exponent in Eq. (H.1) is invariant under changes of basis, as proven 
below:
17
ei2πk′‖·R′‖ = e
i2π

(
k̃1b′

1+k̃2b′
2

)
·(r̃1a′

1+r̃2a′
2

)
= e

i2π
(

k̃1·r̃1+k̃2·r̃2

)

= ei2πk‖·R‖ (H.3)

where the last equality can be written because the arbitrary in-
dices r̃i, ̃k j span the same discretized real and reciprocal spaces.

(ii) Rotation

So far, we have seen that a change of basis does not affect 
the results when the Fourier transform is performed. However, it 
should be noticed that the new transfer integrals must be care-
fully assigned to certain k-grid. To illustrate this point, we show an 
example computed with the energy slice post-processing tool for 
STO(111) 2DES as illustrated in Fig. H.1. At the top we represented 
schematically the k-grid. Once you have computed the energy slice 
for the [111] direction, one can observe the distorted energy slice 
resulting from it (bottom side of Fig. H.1(a)). This requires rotating 
the new normal vector into the [001] direction which then pro-
duces the correct assignment of k-space symmetries and values 
(see Fig. H.1(b)).
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Fig. H.2. Flowchart of the algorithm of change of basis + rotation to analyze other 
confinement directions.

As a summary, the Fig. H.2 shows the simple flowchart of the 
complete rotation algorithm.
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