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Abstract

In this paper we propose a way to triangulate a pointed order polytope. Pointed order polytopes are a generalization of order
polytopes that include some important groups of polytopes appearing when bipolar scales arise in Decision Making or Game
Theory, as the set of bi-capacities or the set of normalized bi-games, even for cases with restricted cooperation. Triangulating
polytopes is an important and difficult problem that allows an elegant way to generate uniform random points in the polytope.
For order polytopes, there exists a nice result that allows a way to triangulate this family of polytopes based on generating linear
extensions. In this paper we prove a similar result for pointed order polytopes. The results in this paper allow to derive a procedure
to generate random points inside a pointed order polytope that depends only on the structure of the subjacent poset, a problem
that usually is simpler to tackle. In particular, this could be applied to generate bi-capacities or bi-capacities belonging to some
subfamilies (e.g. k-symmetric, k-interactive, ...) in a random way.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Capacities [7], also called fuzzy measures [34] or non-additive measures [11], have become an important tool in
Decision Making and other related fields, such as Cooperative Game Theory. The reason for this success relies on the
flexibility of capacities to model very different situations arising in practice. For example, models based on capacities
extend the classical model of Expected Utility and hence they can model Ellsberg and Allais paradoxes appearing
in Decision Under Uncertainty and Risk (see e.g. [16]). In the domain of Multicriteria Decision Making, capacities
allow to model interactions among criteria [14], as well as situations of veto and favor [15], and hence they enrich
traditional models based on weighted means. For these reasons, many papers have been devoted to these objects, both
theoretical and practical (see e.g. [29,25,6,3]).

Despite this flexibility, capacities assume that there is a polar scale measuring different alternatives, i.e. focusing on
the terminology of Multicriteria Decision Making, for each group of criteria, the capacity assigns a value ranging from
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0 (completely unsatisfactory) to 1 (completely satisfactory). However, in many practical situations, decision makers
do not behave the same for positive valuations and negative valuations with respect to a criterion (see e.g. [30]).
Therefore, in these situations it is necessary to consider a bi-polar scale, in which there is a neutral value separating
positive and negative scores.

To deal with bi-polar scales, Grabisch and Labreuche have introduced the concept of bi-capacity [18,17], where in
the definition it is taken into account that for an object some criteria might be completely satisfactory, some completely
unsatisfactory and some have a neutral score. Since then, several papers based on bi-capacities have appeared [22,35,
23,1,31].

From a geometrical point of view, it is immediate to see that the set of capacities over a fixed referential is a convex
polytope. Moreover, it has been shown [9] that this polytope is a special case of a wider class of polytopes known
as order polytopes [33]. Order polytopes have the advantage that they are defined in terms of a partially ordered set
(poset) and thus, many properties of the polytope can be studied in terms of the subjacent poset, a problem that is
usually easier to study. Based on this fact, many results on the geometry of the set of capacities and some of its
subfamilies have been obtained [2,27,13].

In order to treat the same way bi-capacities, in a recent paper [28] the concept of pointed order polytope has been
introduced. This concept is a generalization of order polytope in which there is a subjacent poset and a special element.
Hence, the same as order polytopes, the corresponding pointed order polytope can be studied in terms of the subjacent
poset and the “position” of the special element. Thus defined, bi-capacities are an example of pointed order polytope
where the special element is (4, #). In [28], the general form of the vertices of a pointed order polytope is studied, a
characterization of adjacency is given and a description of the faces is provided.

An interesting problem arising when studying a family of polytopes is to derive a procedure to generate points
inside the polytope in a uniform random fashion. This is a complex problem and to deal with it, several methods
have been proposed, none of them completely satisfactory for general polytopes (see e.g. methods based on Markov
chains [21,2], the sweep-plane method [24], the grid method [12], and so on). See also [4] for an analysis of different
procedures in different situations in the field of capacities. Hence, it is interesting to derive procedures solving the
problem for different families of polytopes. In particular, for order polytopes, the triangulation method seems to be
the most appropriate option. This method consists in dividing the polytope in simplices, choose one of them with
probability proportional to its volume and then generate a point inside the selected simplex. This method profits the
fact that sampling in simplices can be done very efficiently [32]. The Achilles heel of this method comes from the fact
that in general it is not easy to decompose a polytope into simplices.

However, for the case of order polytopes, it has been proved that it is possible to decompose the polytope in
simplices such that all of them have the same volume [26]. This serves us as motivation to think that a similar result
can be derived for pointed order polytopes. This is the task that we achieve in this paper.

The rest of the paper goes as follows. First, in Section 2 we review the basic concepts about order polytopes and
pointed order polytopes. Then, in Section 3 we develop a procedure to decompose in simplices any pointed order
polytope satisfying that all simplices have the same volume. From this result, in Section 4 we treat the problem of
generating points inside a pointed order polytope in a uniform random fashion. We finish with the conclusions and
open problems.

2. Basic concepts

Consider a finite referential set X of n elements. We will denote subsets of X by capital letters A, B, ... and by
P(X) the set of subsets of X.

Definition 1. [7] A capacity is a function p : P(X) — [0, 1] satisfying

e Monotonicity: u(A) < u(B) if A C B.
e Boundary conditions: 1 (@) =0, u(X) =1.

Let us denote by F M(X) the set of capacities on X. Note that the set

{n(A), Ae PO\, X}: p € FM(X)}
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is a convex polytope in R?'~2. Now, consider the set

OX):={(A,B):ANB=@,A,BCX}.
Definition 2. [18] A bi-capacity is a function v: Q(X) — [—1, 1] satisfying

e Monotonicity: v(A, B) <v(C,D)if ACC,B 2 D.
e Boundary conditions: v(X, %) =1,v(@, X) =—1,v(?,?) =0.

We will denote by BCAP(X) the set of all bi-capacities on X. The same as capacities, the set
{v(A), A e QX)\{(B, D), (X.9), W, X)} : v € BCAP(X)}

is a convex polytope in R¥" 3,

Let us now introduce order polytopes and pointed order polytopes and establish the relation with F M (X) and
BCAP(X), respectively. We start with some previous results on posets. See [10] for a general treatment. Let (P, <)
(or P for short) be a finite poset of p elements, i.e. a set P endowed with a partial relation < that is reflexive,
antisymmetric and transitive. Elements of P are denoted x, y, ... Subsets of P are denoted by capital letters A, B, ...
or Ay, Az, ... Posets can be represented as graphs via Hasse diagrams (see e.g. Fig. | left). We will write x < y to
mean that x < y and there is no z € P\{x, y} such that x < z < y. In the Hasse diagram, this translates into there is a
line joining x and y. For a poset P, we can define the dual poset PP=(P,<y)asx <3 y< y=<x.

If x € P satisfies that x  y,Vy € P,y # x, then x is said to be a minimal element. The set of minimal elements
of P is denoted by MZN(P). Similarly, if x € P satisfies that x A y,Vy € P,y # x, then x is a maximal element
and we denote the set of maximal elements of P by MAX (P).

When any pair of elements in the poset can be compared, the poset is called a chain. We will denote by n the chain
of n elements (equivalently, a chain of size n). A maximal chain is a chain in the poset such that it cannot be properly
included in another chain. The height of P, denoted i (P), is the size of the largest chain in P. For example, poset 1
in Fig. 1 has height 3 corresponding to chain z — a — y. Dually, if none of the elements of P are related, we say that
P is an antichain.

A filter or upset F is a subset of P such that x € F, x <y implies y € F. Dually, an ideal or downset / of P is a
subset such that x € I, y < x implies y € I. We will denote by F(P) (resp. Z(P)) the set of all filters (resp. ideals) of
poset P. Note thatif / € Z(P), then P \ I € F(P) and hence Z(P) = F(P)?.

For a € P, we will denote

ta={xeP:a=<x}, la=xeP:x=<xa}, ta:=talU]a.

Now, let us introduce two ways of defining new posets from old that will be used in the paper. Given two posets,
(P, =p), (Q, %), their direct sum, denoted P & Q, is a poset such that x <pgo y for every x € P and y € Q and
preserves the original orders on P and Q. The disjoint union, denoted P W Q, is a poset (P U Q, <pwp) where
X Xpwo y Whenever x,y € Pandx <p y,orx,y € Q and x <o y. It can be seen that

I(P1 Y Py) =1(P)) xL(Py). (D

Definition 3. A linear extension € of (P, <) is a sorting of the elements of P that is compatible with <, i.e. x <y
implies that x is before y in the sorting.

For example, (x, z,a, y) is a linear extension of poset 1 of Fig. 1 left. We will denote by £L(P) the set of all linear
extensions of poset (P, <) and e(P) = |L(P)|. Next result will be needed in the proofs below.
Lemma 1. Given two posets P, Q, it follows that

[P+l

e(PLtJQ):( P

)e(P)e(Q)-

We can now introduce the concepts of order polytope and pointed order polytope.

3
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Fig. 1. The poset 1 (left) and its corresponding pointed order polytope O(P, a) (right).

Definition 4. [33] Let P = {x1, ..., x,} be a poset. We define the order polytope associated to P, denoted O(P), as
the set of points (f(x1), ..., f(xp)) € RP satisfying

e 0< f(x)<1,¥xeP.
o f(x)=f(y)ifx=<y.

Order polytopes have the advantage that the combinatorial structure of the polytope can be studied in terms of the
subjacent poset, and this is usually a simpler problem. For example, vertices of O(P) are the characteristic functions
of filters of P. Note that F M (X) is the order polytope O(P(X)\{X, ?}), where A < B if and only if A C B (see
[9]). We also denote by O, p)(P) the order polytope defined between a and b instead of between 0 and 1, i.e.
O(P) = Oyo,11(P). Note that the combinatorial structure of O|, ) (P) is the same as the one of O(P).

Pointed order polytopes appear as an attempt to define a concept similar to order polytopes applying for bi-
capacities.

Definition 5. [28] Let P be a poset and take a € P. We define the pointed order polytope associated to P and a,
denoted O(P, a), as the set of points f € RF ordered by the elements of P satisfying

e —1<f(x)<1,¥xeP.
o f)=f(y),ifx=y.
e f(a)=0.

Note that O(P, a) is a polytope of dimension |P| — 1, because the value of f(a) is fixed. We will call the pair
(P, a) a pointed poset.

Example 1. Consider the poset 1 = (P, <) where P := {x, y, z, a} and whose Hasse diagram is given in Fig. 1 left.
Then, O(P, a) is given by the equations

O<fm=1L —l=fO)=fO). [fl@=0, —-l1=f()=0.
As f(a) is fixed, we can draw this polytope in R? (Fig. 1 right).

Now, consider the poset (Q*(X), <), where
Q" (X) == QO\(X, M, ®, X)}, (A,B)=(C,D)& ACC,B2D.
Proposition 1. [28] The polytope BCAP(X) is the pointed order polytope O(Q*(X), (8, 1)).
In [28] we have studied the general properties of pointed order polytopes, focusing on differences with the corre-
sponding results for order polytopes. For example, we have characterized the form of the vertices of these polytopes.

For this, we have first showed that vertices are the points attaining only values -1, 0 and 1. Hence, a vertex f can be

4
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characterized in terms of a partition of P into three sets {A, Ag, A—1}, where A; is the set of elements x € P sat-
isfying f(x) =i, i =—1,0, 1. We will denote by fa_, a, 4, the set function fa_, ay,a, : P — {—1,0, 1} such that
fA_1. 40,4, (x) =1 if x € A;. However, contrary to order polytopes, it can be seen that not every fa_, ., 4, defined by
a partition {A_1, Ag, A1} of P is a vertex.

Definition 6. [28] Let P be a poset and a € P. We say that a partition {A_{, Ag, A1} of P is a vertex partition if it
satisfies the following conditions:

1. Ay C P\{x:x <a}and A € F(P).
2. ALiC P\{x:a=<x}and A_| € Z(P).
3. Ag is a connected subset of P.

Note that in a vertex partition, a € Ayp.

Proposition 2. [28] Let O(P, a) be a pointed order polytope and consider fa_, a,a, where {A_1, Ag, A1} is a
vertex partition of P. Then, fa_, a4, is a vertex of O(P, a). Reciprocally, if fa_, .4, is a vertex of O(P, a), then
{A_1, Ao, A1} is a vertex partition.

For more results about the geometry of pointed order polytopes, see [28].

Let us finally treat the method of triangulation. For this, we must introduce the concept of simplex. Roughly
speaking, a simplex is the counterpart of triangle for more than two dimensions. Thus, a 2-dimensional simplex is a
triangle, a 3-dimensional simplex is a triangular pyramid, and so on. Formally,

Definition 7. A simplex in R” is the convex hull of n + 1 points that are affinely independent.

Consequently, for a simplex any subset of vertices defines a face of the simplex. The interest of simplices relies
on their good properties as polytopes. In particular, any point in a simplex can be written exactly as a unique convex
combination of the vertices. Therefore, generating points in a uniform random fashion in a simplex is very easy (see
[12] and Section 4 below). Besides, while computing the volume of a general polytope is a very complex problem,
there are formulas to determine the volume of a simplex (see Lemma 7 below).

Definition 8. Consider a polytope A of dimension m. A triangulation of A is a collection A = {Aq, ..., A} of
m-dimensional simplices satisfying the following properties:

i) Intersection Property: If A1, A € A = A1 N Aj is a (possibly empty) common face of Ay and A,.
ii) Union Property:

i=1

In other words, a triangulation is a decomposition of a polytope in simplices.! Hence, if we succeed in dividing
a polytope in simplices (i.e. triangulate), the problem of generating points randomly in the polytope becomes much
simpler. It just suffices to choose one of the simplices with probability proportional to its volume and then generate
a point in the selected simplex in a random fashion. This method of generating points in a polytope is known as the
triangulation method.

In particular, there is a simple way to triangulate order polytopes based on the order structure of P. This result is
given in next theorem.

' Some authors define triangulation of a polytope as a decomposition of the polytope into simplices such that the vertices of each simplex are
vertices of the original polytope (see e.g. [36]). In this paper we just look for a set of simplices such that their union is the whole polytope and such
that the intersection of a pair of simplices is a common face of these simplices. Remark that this relaxation does not affect the basic part of the
triangulation method explained below.
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Fig. 2. The poset (FZ(1,a), <) (left), the hidden poset 1* (center) and its lattice of ideals (right).

Theorem 1. [26] Let (P, <) be a poset of p elements.

1
1. If X is a total order on P, then O(P) is a simplex of volume -
2. For any partial ordering < on P, the simplices O(P, <), where. < is a linear extension of <, cover O(P) and have

1
disjoint interiors. Consequently, Vol (O(P)) = - -e(P).
p!

3. A triangulation of O(P, a)

The objective of this section is to construct a triangulation with good properties for O(P, a). As explained before,
the main property usually sought in a triangulation is that all simplices have the same volume, as this simplifies
the problem of selecting a simplex in the triangulation method. In this sense, note that for order polytopes we have
Theorem 1 that provides a triangulation in these conditions. Thus, we aim to derive a similar result for pointed order
polytopes.

Given a linear extension € = (xp, ..., xp) of a poset P, remark that x; € MZN (P); next, x € MIN (P\{x1})
and in general, xy € MIN (P\{x1, ..., xx—1}). Hence, {x1, ..., xx} € Z(P),Vk =1, ..., n and linear extensions can be
identified to maximal chains {/y, ..., I;p|} in poset (Z(P), C) via

Iy=0, [\ Ii_1 =€() :=={x;}, xi e MIN (P \ [;_1). ()

Symmetrically, we can also identify linear extensions to maximal chains in F(P). Hence, the first aspect that has
to be considered for our problem is to find some objects in pointed posets playing the same role as filters and ideals in
posets.

With this in mind, we are going to define an important lattice associated to O(P, a).

Definition 9. Given a pointed poset (P, a), we define the filter-ideal poset associated to (P, a) and denoted by
(FZ(P,a), <) (or FZ(P,a) for short) as

FIL(P,a):={(F,I)e F(P\la) xZ(P\ta)| FNI =0}
and where < is given by
(Fi,)2(F, ) LSk, II12D0.
Example 2. (Continued Example 1) For the poset 1 = (P, <) the corresponding (FZ(P, a), <) is given in Fig. 2 left.
Note that by Definition 6 and Proposition 2, vertices of O(P, a) can be given as an ideal / = A_; € P\ 1 a, a
filter F = Ay € P\ | a and such that P\ (/ U F)) = Ag is connected. Hence, any vertex fa_, a,,4, of O(P,a) can be

identified to the pair (A;, A_1) € FZ(P,a). However, in general there are elements (F, ) € FZ(P, a) that are not

6
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Fig. 3. The pointed order polytope O(1, a) with its false vertices.

vertices of O(P, a) because the corresponding Ao = P \ (F U I) is not connected. We will call elements of FZ(P, a)
that are not vertices of O(P, a) as false vertices.

Example 3. (Continued Example 1) For O(1, a), there are two false vertices, namely ({y}, {z}) and ({y}, ). These
vertices correspond to points (0, 1, -1) and (0, 1, 0), respectively. We can see these points in Fig. 3.

Below, we will build a triangulation such that the vertices of the corresponding simplices are elements of FZ(P, a).
In next result we study the conditions for FZ(P,a) = V(O(P,a)), where V(O(P, a)) denotes the set of vertices of
O(P, a), and hence, the conditions for which this triangulation satisfies the conditions of [36].

Lemma 2. Let us consider O(P, a) a pointed polytope and let us denote by V(O(P, a)) the set of its vertices. Then,
FI(P,a) =V(O(P,a)) if and only if P can be written as P = P ®a & P».

Proof. It suffices to show that for any F C P\ | a,I € P\ 1 a, the set P \ (F U I) is connected if and only if
P=P &ad P

IfP=P daed P, then F C P,,I C Py. Hence, for x € P, \ F, it follows that x > a. Similarly, for y € P; \ I, it
follows that y < a. Thus, P \ (F U I) is connected for any (F, I) and the result holds.

Suppose on the other hand that there exists x € P such that x is not related to a. Then, consider F = (P\ |
a)\{x} e F(P\la)and I = (P\ 1 a)\{x}€Z(P\ ta). Thus, P\ (FUI)={a,x} that is not connected and hence
SfF.axy,1 € V(O(P,a)) by Proposition 2. O

For FZ(P, a) the following holds.
Lemma 3. Let P be a poset and a € P, then FZ(P, a) is a distributive lattice.

Proof. Let us start showing that FZ(P, a) is a lattice. Indeed, given (F1, 1), (F2, I) € FZ(P,a), we can define
(Fi, DA (F2, ) == (F1 N F2, LU D), (F1, 1)V (F2, 1) :=(F1U F2, 1 N D).

We just need to prove that (Fy, I1) A (Fp, I) € FZ(P,a) and (F1, I1) V (F2, I) € FZ(P, a). For this, observe that
since I1, I, € Z(P\ ta),then Iy U I, Iy N [ € Z(P\ ta). Similarly, as Fy, F> € F(P\ la) then F{UF>, F1NF; €
F(P\ | a). Moreover,

(LhUL)N(\Nk)=F1NkKENLH)UFENFRNDL) =0,
(LhiNh)N(FHUR)=(I1NLNFHUU1NLNEF)=0.

Therefore, A and Vv are well-defined and FZ(P, a) is a finite lattice. Now, let us show that FZ(P, a) is indeed
distributive.

(F1, ) VI (F2, D) AN(F3, 13)] = (F1, 1) vV (I, N F3, [ U I3)
=(FU(F2aNF3), 1N 12U Iz))

7
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=(NMUR)NEFUF),(I1NL)U UL NI1HE))
=(FUFR, LN ANFLUF, [1N1R)
=[(F1, 1) Vv (F2, D)IA[(F1, )V (F3, 13)].

Similarly, it can be shown that

(F1, I A[(F2, D) vV (F3, )= [(F1, 1) A (F2, )]V [(F1, ) A (F3, 13)].

Therefore, the result holds. O

This way, from any pointed poset (P, a), we can get a finite distributive lattice FZ(P, a). On the other hand, by
Birkhoff representation theorem [10], we know that every distributive lattice is the ideal lattice of a poset P*, so
FI(P,a)=1Z(P*).Poset P* is given by the join-irreducible elements of FZ(P, a), i.e. elements covering exactly
one element.

Definition 10. Let P be a poset, a € P and (P, a) a pointed poset. We define the hidden poset P* of (P, a) as the
one that fulfills FZ(P,a) =Z(P*).

Example 4. (Continued Example 1) In this case, there are four join-irreducible elements in FZ(P,a) that are:
@, x), (v,x2), (@, 2), (xy, z). For example, (4, x) just covers (4, xz). Renaming these elements as 1,2,3,4 respec-
tively, the Hasse diagram of P* can be seen in Fig. 2 center, and the corresponding lattice of ideals in Fig. 2 right.

This way, we can associate a new poset P* to any pointed poset (P, a). Thus, it makes sense to think that there is
a relationship between the pointed order polytope O(P, a) and the order polytope O(P*). We will exploit this idea in
what follows.

Example 5. Note that if P = P; @ a & P», we obtain

FI(P,a) = F(Py) x I(P)) =I(P2)° x T(P)) =I(PJ) x I(P)).
Since by Eq. (1) we know that Z(Py) x I(P;) =I(P v sz’), we conclude that in this case P*= P & Pza.

Let us study the height of FZ(P, a).

Lemma 4. Let P be a poset and a € P. Then,

h(FL(P,a))=|P|+|P\ ¢al.

Proof. First, note that for any (F, I) € FZ(P, a), it follows that I € P\ 1 a and F C P\ | a. Next, for a maximal
chain (F1, 1) X (F2, 1) < ... < (F;, I;), we necessarily have (Fj, I;) < (Fi+1, I;+1). Now observe that (F;, [;) <
(Fit1, Li41) if either |F;j41 \ Fi| = 1 or either |[; \ I;+1| = 1. Therefore, the maximum possible size of a maximal
chain is

(1Pl =1ra) +(P| =1 a) +1=[|P[+]|P\ Lal.

Moreover, consider a maximal chain of ideals Iy = P\t a D Ir D ... D I|p|_jpq) =¥ in Z(P\ 1 a) and a maximal
chain of filters Fo =0 C F; C ... C Fip|—jyaqy = P\l ain F(P\ | a) s.t. [[;\ ;11| =1and |F;41 \ F;| = 1. Note that
these chains can always be found, for example, just consider I} = P\ 1 a, l;11 = I; \ {x;} s.t. x; € MAX(I;), and
similarly for the maximal chain in F(P\ | a). Then, we can build the sequence

@, P\Ta)<---<@,0) <---<(P\|a,0).
Hence, the height of FZ(P, a) is exactly |P|+ |P\ $a|. O

8



P. Garcia-Segador and P. Miranda Fuzzy Sets and Systems 470 (2023) 108655

{y,z,z7, 2%}
/ \
{y,z,27} {y, 27,27}

SN S
/\ Wb {ma) {no)

{y} {=7}

\\/

Fig. 4. The hidden poset 1* (left) and its lattice of ideals (right) in terms of y, z, x~ and x .

Example 6. (Continued Example 1). For this pointed order polytope, we can consider the following maximal chain of
FI(,a):

(Q,XZ) - (VJ,X) - (wvw) - (va) - (-xva)

Remark that although in the proof of Lemma 4 we have built a chain passing through (4, ), other maximal chains
can arise without this condition. Consider for example

@, x2) — (¥, x0) — (y,2) — (xy,2) — (xy, 9.

Corollary 1. If P = Py ® a ® P, then h (FL(P,a)) = |P1| + |P2| + 1 = | P|. Reciprocally, if h (FL(P,a)) = |P|,
then P= P ®a ® Ps.

Proof. From the proof of Lemma 4, we see that the height is given by |P\ 1 a|+ 1+ |P\ | a|.f P=P  ®a ® P,,
then |P\ 1 a| =|P1|,|P\ | a| = P> and the result holds. Reciprocally, if |P|+ |P\ $ a| = h (FZ(P,a)) = |P]|, this
implies that | P\ ¢ a| =0 and hence there is no x € P such that it is not related to a. Thus, P =Py ®a® P,. O

Corollary 2. Consider FZ(P, a) and the corresponding hidden poset P*. It follows that
|P*|=|P|+|P\ $al—1.

Proof. It suffices to note that maximal chains in Z(P*) have height | P*| + 1. Hence,
|P*|+1=h(Z(P*))=h(FZ(P,a))=|P|+|P\¢al. O

Example 7. (Continued Example 1) We have already seen that the elements of P* are defined in terms of the join-
irreducible elements. In this case, we already know that the join-irreducible elements are (4, x), (y, xz), (4, z), (xy, z).
Consider for example, (4, x). It follows that it just covers (¥, xz). Now, note that the difference between this pair of
elements is that z is not present in the join-irreducible element. Hence, we associate z to (f, x). Similarly, we associate
y to (y,xz) and x to both (¥, z) and (xy, z). Note that x is the only element that cannot be compared to a, so that
it can be included in an ideal 7 € Z(P\ 1 a) or in a filter F € F(P\ | a). The first case arises for (¥, z) where x is
removed from the ideal, and the second one for (xy, z) where x is added to the filter. Hence, elements that cannot be
compared to a (so that they are in P\ ¢ a) are related to two elements of P*. We will name these situations as x~
when x is removed from the ideal and x™ when x is added to the filter. Poset P* and Z(P*) with this notation are
given in Fig. 4.

Note that maximal chains in Z(P*) are related to linear extensions of P* by Eq. (2). Besides, for a maximal
increasing chain in FZ(P,a) and x € P\ ¢ a, element x is first removed from the ideal and then added to the filter.
In other words, x~ appears before x* in any € € L(P*). This translates into x~ < xT in P*.

9
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The next problem we have to consider is that if we aim to build a sequence based on maximal chains dividing
O(P, a) in simplices, we need to consider chains of height | P| (one dimension higher than the one of O(P, a)), so
that the corresponding simplex has non-null volume in R?~!). Lemma 4 proves that we can find such chains and
Corollary 1 also shows that h(FZ(P,a)) = |P| if P can be written as P = P; @ a @ P,. Note at this point the
differences with the case of order polytopes, where all maximal chains in Z(P) can be written as linear extensions of
P and thus, their height is always | P|.

Thus, we have to determine the conditions on chains of length |P| defining a triangulation. A first option is to
consider any chain of height | P|. However, this does not hold, as next example shows.

Example 8. (Continued Example 1). For this pointed order polytope, let us take the chain of height 4 given by

@, x2) — (y,x2) = (y,2) — (xy,2)

Consider the points of the pointed order polytope with three coordinates (x, y, z). Hence, this chain is related to
the following points of the pointed order polytope:

Element (4, xz) (v, x2) (v,2) (xy,z)
Point P :=(—1,0,—1) Py:=(—1,1,—1) P3:=(0.1,—1) Py:=(L 1. —1)

However, these points do not determine a simplex, as vectors P; — Py, i = 2,3, 4 are given by (0, 1, 0), (1, 1,0),
(2,1,0) and then they are not linearly independent. Note that in this chain element x is first removed in the step
(v, xz) — (, z) and then added in step (v, z) — (xy, z). In other words, x~ (remove x from the ideal) and x* (add x
to a filter) appear in the corresponding chain # — y — x~ — xT of P*. We will see below that this type of behavior
prevents a chain from being a suitable chain.

Definition 11. Let P be a finite poset and a € P. A chain SC = (Fy, 1) < (F>, ) < ... < (Fy, 1) of FZ(P,a) is
called a simplex chain if:

e The chain has | P| elements, i.e. r = | P|.
o If (F;, I;),(Fj,1;) € SC,then I; N F; =0.

The set of simplex chains of FZ(P, a) is denoted by SC(P, a). To be consistent with the notation used before in
this paper, we also denote sc(P, a) := |SC(P, a)|.

With the first condition, we impose that we obtain a set of | P| points and this is necessary for obtaining a simplex
with non-empty volume in R”~!. The second condition avoids chains in the conditions of Example 8, so that an
element cannot be added and removed in different parts of the chain. This means that if x € P\ $ a, then either x~ or
either x T do not appear in the simplex chain.

Example 9. (Continued Example 1) In this case, there are 9 simplex chains in FZ(P, a) that can be obtained from
Fig. 2:

@, x2)—@,20)— 3,2 — 0.0  Wxz2)—@,2)—@,0)— (.9
@, x2) = (y,x2) = (¥, 2) = (¥, 0) B, x2) = (y,x2) — (¥, x) — (¥, 0)
@, x2) — @B, x) — DB, 0) — (.0  B.x2)— @, x) = (y,x)— (v, 9)
@,2)— 20—y, 0) =&y, 9 @)=, 2)— 3,90 —(xy,0)
@,2) = @,0) — (y,9) — (xy,¥)

It can be seen that there are 7 other chains of length 4 that do not fulfill the requirements of simplex chains.

A first property of simplex chains is the following:
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Lemma 5. Let P be a finite poset, a € P and consider a simplex chain SC = {(F1, I1), ..., (Fp, Ip)} of FL(P, a) s.t.
(Fi, 1) < (F2, 1) < ... < (Fp, I). Then,

(Fiv Il) < (Fi+la Ii+1)1 l = 17 o P — 1

Consequently, for a simplex chain and any i =0, ..., p — 1, either |Fi11 \ F;| = 1 and I; = I; 11 or either F;+| = F;
and |1; \ Ii+1] = 1.

Proof. Suppose the result does not hold. Then, there exists i such that (Fj11, I;4+1) does not cover (Fj, I;). But then,
[Fiy1 \ Fil +11; \ I;31] = 2. On the other hand, |Fj 1\ Fj| +[1; \ Ij+1| > 1, Vj #1i. As there are p elements in
the chain, we conclude that at least an element in P \ {a} is added and removed in two different parts of the chain, a
contradiction with the second condition of Definition 11.

Thus, |Fi41 \ Fil +|I; \ Iix1| =1, Vi =1, ..., p — 1. But this means that for any i, either |F;;+1 \ F;| =1 and
I = Iy oreither Fj4; = F; and |[; \ I;+1| =1, and hence (F;, I;) < (Fi4+1, liy1),YVi=1,..,p—1. O

Lemma 6. Consider a simplex chain (Fy, 1) X (F2, 1) <X ... X (Fp, Ip). Then, Fy =¥ and I, = .

Proof. It suffices to note that by Lemma 5, either |F; 1 \ F;| = 1 or either |I; \ I;+1| = 1. Hence, if the first term in
the chain is (F1, I1) with F| # J, as the height of the chain is | P|, then

dx e P\{a},i,j st Fp\Fi={x}L1j\Ij={x},

contradicting Definition 11. The proof for ideal /,, = @ is symmetric. O

Remark 1. Note that a simplex chain is a subchain of a maximal chain of FZ(P,a) = Z(P*). By Lemma 5, we
know that this subchain satisfies (F;, I;) < (Fj+1, li+1), i = 1, ..., p — 1. On the other hand, for a maximal chain
Iy <Ij <...<I/py in Z(P"), consider the corresponding linear extension € given by Eq. (2), i.e.

e(ry=1/\1_,=x}€eP".
Hence, we can associate to a simplex chain the subset of P* corresponding to the elements of a maximal chain

containing the simplex chain. Then, the second condition of Definition 11 states that it cannot happen that x ™, x~ are
in this subset for any x € P\ ¢ a, as conjectured in Example 8.

In the rest of the section, we will associate a simplex to each simplex chain and we will show that these simplices
form a triangulation of O(P, a). To begin with, consider (F, I) € FZ(P, a). Let us denote

v = x(F) — xU),
i.e. the difference of the characteristic functions associated to filter F' and ideal /. This is consistent with the notation
fA_\,Ao.A, Of vertices of O(P, a) of Section 2.

Proposition 3. Let P be a finite poset, a € P and SC € SC(P, a). Then, Coov({v(r,1y: (F, 1) € SC}) isa (|P| — 1)-
dimensional simplex contained in O(P, a).

Proof. Given (F,I) € SC, note thatas F € F(P\ | a),I € Z(P\ 1 a), then v(r ;) € O(P, a). Hence, Conv({v(r 1) :
(F,I)e SC}) CO(P,a).

To prove that Conv({v(r ) : (F, 1) € SC}) is a simplex, we need to show that {v( ) : (F, ) € SC} are affinely
independent. Suppose w.l.g.

(F1, 1) <--- < (Fp, L 1p)).

By Lemma 5, (F;, ;) < (Fi+1,li+1), so that either |Fi4 \ F;j| = 1 or either |/; \ I;+1| = 1. Consequently,
V(Fiy diyn) — V(R 1) = € forsome x; € P.

Since SC is a simplex chain we know that /; N F; = ¢, Vi, j. Hence, the new elements x; appearing at each
step are different from each other and thus, vectors v(r,_ ;. 1,,) — V(F;,1;)> i =1, ..., p — 1 form the canonical base of
RIPI=! Therefore, the vectors {v(f 1,y — (F_,.1;_y)»i = L, ..., p— 1} are linearly independent and thus Conv({v(r.p) :
(F,I)e SC}) isa (|P| — 1)-dimensional simplex. O
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From now on, we will denote the simplex associated to the simplex chain SC € SC(P, a) by Asc.

Remark 2. As we have seen, simplex chains are subchains of maximal chains of FZ(P, a), or equivalently, of max-
imal chains of Z(P*). On the other hand, maximal chains of Z(P*) can be associated to linear extensions and thus,
according to Theorem 1, to simplices triangulating O(P*). Note that this means that simplex chains can be seen as
some | P| — 1 dimensional faces of the simplices triangulating O(P*). We derive two consequences of this fact:

e First, as faces of a simplex are simplices, this provides an alternative proof of Proposition 3.
e Second, this means that O(P, a) is a subpolytope inside Oj_1,17(P*).

In next theorem, we establish the main result of this section.

Theorem 2. Let P a finite poset and a € P. The collection of simplices:
A={Asc:SCeSC(P,a)}

determines a triangulation of O(P, a).

Proof. To see that A determines a triangulation we need to prove the intersection property and the union property.
Let us start with the intersection property. Consider two simplex chains SC and SC’. By the previous remark, we
know that they are faces of two simplices triangulating Oj_; 1](P*), say Aj and A;. On the other hand, A N Ay isa
common face of these simplices by Theorem 1. But then, SCNA; N Ay is aface of A|N Ay and soitis SC'N AN A;.
Hence, SC N SC’ is a face of SC (resp. SC’) and hence, the intersection condition holds.
Let us now show the union property. For this, consider f € O(P, a). We may assume w.l.g. that

“1=<fD)=fO) .. 2 f) = f@=0= flxpy1) <. < flxp—1) < L.
We define

Wii=—fOu iv), i=1..k Vie=l—fx, ), i=1....p—k—1.

Note that 0 < Wy < W < ... < Wy <land 0 <V, <V, <... <V, 1 =<1 Let us rename the set

(Wi, ., Wi, Vi, o, V1Y as {Zy, ..., Zp—1} in a way such that
21 =Zr=...2Zp 1.

We also define Z, = 1. Next, define I :={x1, ..., x¢}, i :={x1,...,x—;}, i =1, ..., k—1. Similarly, we define
Fo:=0, Fi:={xp_i,...,xp_1}, i=1,...,p—k—1.Note that /; e Z(P\ 1 a) and F; € F(P\ | a), Vi, j. Letus
write f as a convex combination of V(EL Iy i=1,..., p for some (Fi/ , Ii’ ) defined as follows.

At step 1, we start considering (F7, I{) := (Fyp, Ip) and assign it the weight ¢ := Z1. Assume we finish step i — 1
with (Fi/fl’ Ii/fl) = (F,, L), then (Fi/’ Il-/) = (Fry1, 1) if Zi_1 = V.41 and (Fi/’ Ii/) = (Fy, I;41) if Z;_; = Wy and
assign it weight ¢; :=Z; — Z;_1.

Thus defined, it follows that

p
f=2civa:
i=1

To see this, consider x;, i < k. Note that x; appears in I{, Iﬁ, ..., I and it is removed for some Ir/+1. Besides,
Xi ¢ FJ’., Vj. Since x; is removed in step r + 1, the kK — i elements {x;11, ..., Xx—1, xx} had already been removed
from the ideal in previous steps 1, ..., r. Hence, Z, = Wy_; 1, and we get:

p r
Zciv(Fi’,]l.’)(xi) ==Y c=—Z =Wy = f(x).
i=1 i=1
Now consider element xi4, i > 1. Note that x; appears in F/,,..., F,, for some r > 1 and x4 ¢ I}, Vj.
Since x4 is added in step r, the p — k — i — 1 elements {x¢1i11, ..., Xp—1} had already been added to the filter in
steps 1,...,r — 1. Hence, Z, = V,,__;, and we get:
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Fig. 5. Decomposition of O(1, a) in simplices.

p p
ZCiv(F/J;)(kari) = Zci =Zp—2Z,=1-Vy_j_i= fGrsi).
i=1 [=r

Moreover, the sequence c1, ..., cp satisfies0 <¢; <1, Vi=1,..., p and
p p
doa=Zity (Zi-Zi)=Z,=1.
i=1 i=2
Remark also that the sequence (Fy,I{),...,(F,, I fy) satisfies the conditions of Definition 11. Hence, the result
follows. O

Example 10. (Continued Example 1) For O(1, a), we had already seen that there are 9 simplex chains. These simplex
chains determine a decomposition of O(1, ) in 9 simplices. This decomposition is depicted in Fig. 5. The two first
simplex chains lead to simplices that cannot be seen from this angle. For simplex chains 7 and 9, the corresponding
triangular pyramid can be seen. For the rest of simplex chains, only a 2-dimensional face (a triangle) can be seen in
Fig. 5.

4. On random sampling in O (P, a)

Let us now briefly treat in this section the problem of generating points in O(P, a) in a uniform random fashion at
the light of the results of the previous section. Hence, we are going to apply the triangulation method and consider the
triangulation developed before. According to the triangulation method, next step is to select a simplex with probability
proportional to its volume. Consequently, we need to compute the volume of each of these simplices. In general,
computing the volume of a polytope is a complex problem. However, in the case of simplices, the following result
allows to compute the corresponding volume.

Lemma 7. [19] Let A be a k-dimensional simplex with vertices vy, ..., Vg+1. Then, the k-dimensional volume of A
is given by:

[1detccm
Vol (A) = %

where det(C M p) is the Cayley-Menger determinant defined as

0 1 1 1 1
2 2 2
1 (2) d1,2 dlz,k dlz,k+1
det(CMp)=| 1 d2,1 0 e dz,k dz‘k+1
2 2 2
1 dk+1,1 dk+1,2 dk+1,k 0

being dl.2 j the square of the distance between vertices v; and v;.

13
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Now, the following holds:

Proposition 4. Let P be a finite poset and a € P. Then,
Vol (Asc) = Vol (Ascr) ,VSC, SC' € SC(P, a),

and this volume is:

Proof. By Lemma 7, the volume of a simplex depends only on the squared distances between the vertices of the
simplex. Consider then SC € SC(P,a) given by (Fi, I1) < --- < (Fip|, I;p)). Now, remark that for i < j and the
conditions for simplex chain of Definition 11 and Lemma 5, the squared distance between v(f; 1) and v(r; 1, is given
by
V(F 1) = VFLL) = OF L) — OF L)) T O L)~ VE ) e+ (VE L) VL)
=€ téep+ ..+ ek
=|j—il
On the other hand, we note that by Theorem 1, if we have a chain Q = {x1, ..., x4}, with x; < x2 < ... < x4,

the corresponding order polytope O(Q) in RY is a simplex whose volume is ﬁ The vertices of this polytope are
Wi 1= X{x;,....xq) fori =1, ..., g and vector wo := 0. Hence, the squared distance between w; and w; is again |i — j].

Consequently, the distances between vertices of the simplex chain SC are the same as the distances between vertices
in the simplex O(Q) where Q is a chain such that |Q| = |P| — 1. Applying Lemma 7, the result follows. O

Corollary 3. The volume of O(P, a) is given by:
sc(P,a)

Vol (O(P, a)) = m

Putting all these results together, we obtain a generalization of Theorem 1 for pointed order polytopes.

Theorem 3. Let (P, <) be a poset of p elements and consider a € P.

1. If SC € SC(P, a), then the corresponding simplex Agc has volume m
2. For any partial ordering < on P, the set of simplices defined via simplex chains cover O(P, a) and have disjoint

interiors. Consequently,

1
vol(O(P,a)) = m -sc(P,a).

Proof. /) is Proposition 4. 2) follows from Proposition 4 and Theorem 2. O

Consequently, a way to select points in a uniform random fashion for a pointed order polytope is given in Algo-
rithm 1.

Algorithm 1 RANDOM SAMPLING IN O(P, a).

Step 1: Choose a simplex chain SC uniformly at random among all simplex chains for (P, a).

Step 2: Sample a point uniformly at random in the simplex Agc.

For Step 2, given a simplex chain SC € SC(P, a), it is easy to sample a uniform point inside the simplex Agc [32].
Indeed, suppose that SC is given by the sets (F1, I1), - -+, (Fp, I,). First, we generate p — 1 identically distributed and

14
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independent random variables Uy, ..., U,_1 with uniform distribution U (0, 1). Next, we consider the order statistics
for this sample U(y), ..., Up—1) and define o; := Uy — Ui-1), 1 <i < p, where U(g) := 0, and U, := 1. Observe
that Zf:] a; = 1. Finally, point v = Z{;l a;V(F;, ;) 1s generated with uniform distribution in the simplex.

Hence, the main problem of Algorithm 1 is to generate a simplex chain in a uniform random fashion (Step 1). This
is not surprising, as we have seen that the concept of simplex chain is related to the concept of linear extension and
it is well-known [5] that determining the number of linear extensions or generating a linear extension randomly for
general posets is a fP-complete problem and only partial results are known.

The same as with linear extensions, a reasonable way to choose uniformly a random simplex chain would be to
use Markov chains (see e.g. [2] for an example of application of Markov chains for generating linear extensions in the
field of Capacities). Many authors use Metropolis-Hastings style chains to get asymptotically uniform samplers (see
[21,20]). To do this, we can just give a definition of adjacent simplex chains (see [21]) such that the graph of simplex
chains SC € SC(P, a) is connected under this definition of adjacency. Then, we can choose a starting simplex chain
and move to an adjacent simplex chain in a way so that all simplex chains have the same probability of being selected
(or remaining in the same simplex chain with some probability). This kind of algorithms gives uniform samples when
the number of movements is large enough.

Remark however that the previous method relies on the knowledge of all simplex chains or at least, a method to
derive an adjacent simplex chain from another in a suitable way. The same as for linear extensions, the number of
simplex chains grows very fast with | P|. To see this, note that simplex chains are subchains of maximal chains in
lattice FZ(P, a) and in general, the number of maximal chains in a distributive lattice grows very fast.

To shed more light on this fact, let us see a couple of partial results about the number of simplex chains and its
random generation.

Lemma8.If P =Py ®a® P, then sc(P,a) =e(P1 ¥ P,).

Proof. If P = P; @ a @ P>, then O(P, a) = Op—1,01(P1) x Opo,17(P2). Thus,

sc(P,a) e(P)) e(P)
— = Vol (O(P, = Vol (O;_ Py)) - Vol (O P))=——.
(P +1PaD)! ol (O(P, a)) = Vol (O(—1,0)(P1)) - Vol (Oj0,11(P2)) P TP
|P1]| + | P
sc(P,a)= Pl e(Pe(P)=e(PLY Py). O

Proposition 5. Let (P, a) be a finite pointed poset and P* its hidden poset. Then

sc(P,a) < (IP\ tal + 1) e(P%).

Proof. By construction, there are ¢(P*) maximal chains in FZ(P, a). Every simplex chain is a subchain of some of
these maximal chains. Moreover, these chains should have consecutive elements. As h(ZF(P,a)) = |P|+ | P\ $al|
by Lemma 4, each maximal chain has at most | P\ $a| + 1 simplex chains inside. Note that not necessarily all of
these subchains will be simplex chains. Besides, it could happen that the same simplex chain could arise from several
maximal chains in P*. Hence, the result holds. O

At this point, note that the all maximal chains in a distributive lattice share the same length. Besides, maximal
chains can be obtained via a path upwards in the Hasse diagram of the lattice. Hence, we can think on generating a
maximal chain in a random fashion and once this maximal chain is derived, select a simplex chain inside. Note that
this procedure is not valid even if we could generate randomly a maximal chain because the number of simplex chains
inside a maximal chain could be in general different for different maximal chains, as next example shows.

Example 11. (Continued Example 1) For FZ(1, a), we have the maximal chain

(Q,XZ)-(@,X) _(y’x)_(yvg)_(y-x7®)

that has one simplex chain, namely

(Q,XZ) - (V),X) - (yv-x) - (y,@),
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and the maximal chain

@, x2) —(@B,2) = @,9) — (v, 9) — (yx, ),

that has two simplex chains, namely
(®7XZ) - (Qa Z) - (Qa Q;) - (y7 Q))v (Qa Z) - (@, @) - (y’ @) - (yxﬂ @)

Let us now treat the problem of generating simplex chains in more detail. For a simplex chain (F1, I1) <X (F2, ) <
... 2 (Fp, 1)), let us define

14 P
R:Lﬁ;h:Un.
i=l1 i=l1

As F; € P\ | a, we conclude that F € F(P\ | a) because it is a union of filters. Similarly, I € Z(P\ | a).
Moreover, as F; € Fi4+1, I; 2 Ii11, then,

F=F, I=I.

Lemma 9. Consider a simplex chain (F1,11) <X (Fp, ) < ... X (Fp, 1p). Then, {F, 1} determines a partition on

P\ {a}.

Proof. We know from Definition 11 that F; N I; =, Vi, j. Therefore, an element x € P \ {a} satisfies that if x € I;,
then x ¢ F;,Vj and similarly if x € F;, then x ¢ I;,Vj. Hence, F N1 ={. On the other hand, as a simplex chain
has length |P| — 1, we conclude that for any x € P \ {a}, either x € F; for some i or either x € I; for some j.
Consequently, a simplex chain defines a partition {F, I} on P \ {a}. O

Note however that there is not a bijection between simplex chains and partitions as different simplex chains may
define the same partition.

On the other hand, by Lemma 5, when building a simplex chain starting at (4, 1), at step i with (Fj, I;), we
either add an element to F; or remove an element from /;. And this element should be chosen so that (Fj+1, [j4+1) €
FI(P,a).

Putting all these facts together, any simplex chain can be built as explained in Algorithm 2.

Algorithm 2 GENERATION OF SIMPLEX CHAINS.

Step 1: Select an ideal I’ in P\ ¢ a.

Step 2: Define I :=1'U (} a\a),and F = P\ (I U{a}).

Step 3: Generate a random linear extension x| < xp <... < x|y of / and a random linear extension y; <y <... < y|f| of F.
Step4:Deﬁnte ={x1,..., xm,jﬂ}, ji=1... \I|,andFj :={y|p|,j+1 ..... y|F‘}, j=1... |F].

Step 5: Select |/] positions i <... <ijjon{l,..., |P|—1}.

Step 6: The simplex chain is built as follows: Start with (Fo =¥, I = I). Assume at step i — 1 we have the element (Fj, I), then at step i we
consider (Fyy1, Ir) if i ¢ {if,..., i} and (Fs, I4p) if i € {i, ..., ik

Lemma 10. Let SC € SC(P, a). Then, SC can be generated by Algorithm 2.
Proof. Let us suppose that SC is given by (F1, I1) < (F2, I2) < --- < (F), Ip). Then, we consider
=1 :={x1,x2,...., 511}, F=Fp,:={y1,y2,.... Y F}-

16



P. Garcia-Segador and P. Miranda Fuzzy Sets and Systems 470 (2023) 108655

By Lemma 5, either | Fij41 \ F;j| =1 oreither |[; \ I;+1]| = 1. Assume w.l.g. that |F, \ Fi| =1, thus F> \ F1 ={y1}.
Hence, as F; is a filter, y; 7% yj, Vj <|F|. Proceeding this way, this allows us to build a linear extension y; < y; <
... < y|F| on F to apply Step 3. Similarly, we can build another linear extension x; < x < ... < xj;; on /. Finally, it
suffices to select iy, ..., i7| as the positions in the chain where |/; \ I; 1| =1 for Step 5 to recover SC. O

Besides, if either I at Step 1 varies, or either the linear extensions of Step 3 change, or either the selection of
positions at Step 5 varies, then the simplex chain obtained in the procedure varies. In other words, any simplex chain
can be obtained in just one form following Algorithm 2.

Let us now comment about the applicability of Algorithm 2 for generating random simplex chains. The delicate
points are Steps 1 and 3. For Step 1, the selection of ideal I’ determines the whole procedure. This ideal I’ should be
selected in a way so that each ideal is selected with probability proportional to the number of simplex chains derived
from I’. However, this would imply the knowledge of all simplex chains in order to compute these probabilities and
this is possible only for very special cases as e.g. Examples 12 and 13. Hence, we propose for the general case to select
an ideal via a pseudo-random algorithm and proceed with Algorithm 2. Besides, Step 3 assumes that we can generate
a linear extension for / and F uniformly at random, a problem that we know that is §P-complete, too. The same as
Step 1, we propose to apply a method to generate linear extensions (e.g. based on Markov chains) and proceed with
the Algorithm.

Let us see some examples of how we can apply this algorithm in some special cases.

Example 12. Suppose P is a chain. Hence, P = n @ a @ m. Consequently, in this case, we have only one option
for I and F: I =n, F = m. Hence, it follows that in Step 3 we just have a linear extension for / and F, so that
Ij=n—j,j=1,..,nand F; = j, j=1,...,m. Thus, it just suffices to determine the positions of each ideal /; in
the chain. By Step 5 we have

n—+m
(")
different simplex chains and the volume of O(P, a) is
(n+m) 1
Vol(O(P,a)) = —22— = ——.

(n+m)!  n'm!

Example 13. Suppose now P is an antichain. In this case, O(P,a) =[—1, 11'P1=-1, Hence, filter I can be any subset
of P\ {a}, so that we have 2IP1-1 possible choices. Besides, at Step 3, we have to derive a linear extension in /, and
in this case we have | |! possibilities. Similarly, we have (| P| — 1 — |I|)! linear extensions for F'. Finally, Step 5 states
that we have to decide the positions of each element of the linear extension. Hence, for fixed I such that |/| =r, there

are (lPlr_l) simplex chains for fixed linear extensions of I and F. Consequently, for fixed I s.t. |I| =r we can derive

ri(|lP| -1 —r)!(|P|r_ 1) =(|P|-1)!

simplex chains. This means that the number of simplex chains is the same for any /. As there are 2!°I=! possible
choices for I, we conclude that for P being an antichain there are 2!*1=1(] P| — 1)! simplex chains and

2P P = 1) _olPI-1
(1P| = D!

Moreover, as explained before, note that Algorithm 2 provides a uniformly at random simplex chain if I’ can be
selected with probability proportional to the number of simplex chains that can be generated and linear extensions can
be generated at random. In this case, there is no problem to generate linear extensions for fixed I’ and, as the number
of simplex chains is the same for any I’, the procedure generates a simplex chain at random if I” in Step 1 is chosen
randomly. And this can be done including x € P \ {a} in I’ with probability 0.5 for all x € P \ {a}.

Vol(O(P,a)) =

Example 14. Let us finally treat the case of P = P; @ a & P». In this case, the same as in Example 12, it follows that
there is only one option for /, namely / = P;. Similarly, F = P,. Now, consider according Step 3 a linear extension
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of I and a linear extension of F. For such pair of linear extensions, we can derive applying Step 5 (l P 1“;1"1) 2') different
simplex chains. Hence, in order to generate a random simplex chain, it just suffices to generate randomly two linear
extensions of P; and P,. Note the similarities with the corresponding result for order polytopes, where it just suffices

to generate a linear extension of the subjacent poset. Besides,

ePeP)(ME™)  e(pily Py

Vol(O(P,a)) = (|P1| + | P2))! B (IP1| + | P2])!

=Vol(O(P) W Py)).

On the other hand, note that for fixed linear extensions of F and I, Step 5 always provides a random simplex chain.
5. Conclusions and open problems

In this paper we have introduced a procedure to triangulate pointed order polytopes. Besides, all the simplices in
this triangulation share the same volume. This makes this triangulation very appealing for solving the problem of
generating points in a uniform random fashion inside a pointed order polytope.

The results obtained in the paper generalize the corresponding results for order polytopes. This is not surprising, as
pointed order polytopes are an extension of order polytopes. If P = P; @ a & P», the results in the paper extend in a
very intuitive way the corresponding results for order polytopes (see Lemma 2, Example 5, Corollary 1, Example 14).
The main difficulty, as it has been shown in Section 3, arises when there exist elements in P that cannot be compared
to a. If this is the case, this extension is not straightforward and several differences arise for the case of pointed
order polytopes. First, for order polytopes, the triangulation is related to linear extensions of the subjacent poset, i.e.
maximal chains in Z(P). For pointed order polytopes, the triangulation is linked to maximal chains in the lattice
FI(P,a) (or linear extensions of P*), but it also needs to consider subchains of these maximal chains. Moreover,
in the case of order polytopes, a triangulation can be easily derived such that all vertices in any simplex are vertices
of the order polytope, while for pointed order polytopes the triangulation obtained does not satisfy this property in
general (see Lemma 2).

Although we have solved the problem of deriving a triangulation with good properties for pointed order polytopes,
there are several problems that remain unsolved for the problem of random generation. For this, it is necessary to
solve the problem of selecting a simplex chain in a uniform random fashion as it has been shown in Section 4. As it
can be seen in that section, this problem seems to be very difficult as the corresponding problem for order polytopes,
i.e. generate linear extensions randomly, is a §P-complete problem. Similarly, the problem of finding the volume of a
pointed order polytope relies on finding the number of simplex chains.

Hence, it is necessary to study different cases in a separated way. The most relevant example of pointed order
polytope is perhaps the set of all bi-capacities over a finite referential set and some other subfamilies of bi-capacities
being pointed order polytopes. In these cases, the number of simplex chains grows very fast with the cardinality
of n. For the case of bi-capacities, Algorithm 2 developed in the paper implies that we just need to select which
elements of {(A, B) : A4, B # (#} are included in I’. And as [ = I' U {(, B) : B # {} is an ideal, these elements
should constitute an ideal of {(A, B) : A # 0, B # (}. Finally, starting with (4, 1), at first step we either add a maximal
element of F or either we remove a maximal element of /. Note however that in this case the limitations of Algorithm 2
stated at the end of Section 4 arise.

On the other hand, we feel that these algorithms could be a good approximation for generating points of a pointed
order polytope in a random fashion. Moreover, a promising research line is to combine this way to triangulate the
polytope with random procedures based on Markov chains, in a way similar to the procedure proposed in [2] for
k-interactive capacities. This is the problem that we aim to study in the future.

Another research line is to derive algorithms being pseudo-random but with a large range of applicability. In this
line, Algorithm 2 combined with pseudo-random algorithms for deriving linear extensions (see e.g. [8]) could be an
appealing option.
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