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Abstract

Using recently derived results about the difference of two cross-spectral densities, we consider
a source whose correlation function is the difference of two mutually displaced Gaussian Schell-
model cross-spectral densities. We examine the main features of this new cross-spectral density
in terms of coherence and intensity distribution, both across the source plane and after free
propagation.

1 Introduction

In classical optics, coherence theory [1-3] is a subject that continuously receives innovative
contributions from countless authors, both within the scalar [4-11] and vectorial realm
[12-21], including nonstationary states [22-26].

A basic tool in this theory is given by the cross-spectral density (CSD) [1,2]. Given
the variety of physical situations one can encounter, different forms of the CSD are to be
envisaged. From the mathematical viewpoint though, the CSD has to be a non-negative
definite kernel [27], and this implies that its analytical structure cannot be chosen at will.
Generally speaking, determining whether a kernel is endowed with the non-negativeness
property is a difficult task, so that the risk of unphysical assumptions is to be tamed.
Sufficient criteria to ensure correctness of alleged CSDs are quite useful. One such suf-
ficient criterion was given not long ago [28,29], and proved its usefulness in several in-
stances [30-32]. In the course of time, efforts were produced to understand operations
suitable to lead to new CSD forms. In some recent papers [33,34] the possibility of
constructing a new, genuine CSD by subtraction of two correlation functions was demon-
strated. The subtraction of two coaxial Gaussian Schell-model (GSM) CSDs was studied
in the case in which the shape-invariance condition is met [35]. As well known [2, 36]
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this means that the effects of propagation are limited to a scale expansion of the CSD
accompanied by the onset of a curvature phase term. Accordingly, studying the coherence
properties across a certain plane, e.g. the waist plane, is sufficient to enlighten the beam
features through the whole space.

Here, we want to study a more general case of GSM CSDs subtraction. First, the two
CSDs have different expansion coefficients, second, they are mutually displaced at any
typical transverse plane except for planes in the far zone where a mutual displacement is
replaced by different average inclination of the beam axes. In Section 2 the problem to
be solved will be stated and, in Section 3, conditions for obtaining genuine CSD’s from
subtraction of two mutually displaced GSM CSDs will be obtained and an experimental
way to obtain the described source will be proposed. The CSD properties at the source
plane will be described in Section 4 while the properties of the CSD after propagation
will be studied in Section 5. Finally, concluding remarks will be presented.

2 Statement of the problem

Let us start with a few words about the basic quantities we are going to use. The CSD at
two points p; and p, of a given plane z = const will be denoted by W.(py, py), omitting
the explicit dependence from the temporal frequency. When the two points coincide, the
CSD reduces to the optical intensity, i.e., I.(p) = W,(p, p). Furthermore, the spectral
degree of coherence, is defined as [1]

Wz(p17 p2)

f=(p1, P2) = Lip) L (py) .

Symbols like Wy, Iy, and py will denote (with a slight notation abuse) the quantities W,
I,, and p, when the choice z = 0 is done.

We shall study partially coherent fields in whose correlation function two GSM CSDs
are subtracted from one another and determine conditions under which such subtraction
operation gives rise to a genuine new CSD. Let us then assume the CSD across the source
plane to be

(1)

Wo(py, p2) = Woi(py, p2) — Woa(py, p2), (2)
where [36]
(P — Uj)2 + (py — ”j)2 (P — 92)2

WOj (p17 p2) = BOj exXp | — 40_(2]j - 258] ) (.] =1, 2)7 (3>

with positive constants Bo;. The positive quantities og; and d; denote intensity and
coherence variances respectively. It is seen that the two contributions to W), are centered
at possibly different positions specified by the vectors v;, (j = 1,2). Nonetheless, since



we can always move the coordinate origin we shall let v; = 0 and write

2 2 2
pi+ps (P — p2)
4% - B — —
0(p17 p2) 01 €Xp |: 40_31 2(531 :|

0,2+ )2 )2
— Boy exp [_ (p1 2)4 2(!’2 2) _ (91262/32> ]
J02 02

The overall associated intensity is

Io(p) = By, exp (—2’)—2) — Boaexp {—M} . (5)

901 20,
An alternative and useful way of writing Eq. (4) is

Wo(Pp P2) = DBpiexp [_P01(P1 + P2)2 - M01(P1 - P2)2]

—Boz exp [~ Poa(py + py — 202)* — Moz (py — p2)?],

where
1 1 1

PO]_8T§j7 MO]_8T&+%7 (j_172> (7)

Generally speaking, Eq. (4) does not represent a genuine CSD. A naive idea would be
that of requiring that the intensity predicted by Eq. (5) be nowhere negative. Unfortu-
nately, this condition alone does not guarantee that the CSD described by Eq. (4) is a
genuine CSD. As a matter of fact, even if the optical intensity is non-negative through-
out the whole space cases exist in which the modulus of the spectral degree of coherence
can exceed one for certain pairs of points [34]. In the next Section, conditions on the
parameters ensuring the CSD to be genuine will be derived.

3 Conditions for obtaining a genuine CSD

In [28] it has been shown that the validity of the expression of a CSD is warranted
whenever the latter can be expressed through a superposition integral of the form

Wolpr. p2) = / p(v)He (1, 0) Ho(pyn v) %0 (8)

where p is a non-negative function that will be referred to as the weight function, and
Hy is a suitable kernel. It has been also shown [29] that any valid CSD can be expressed
through a representation of the form (8). We shall then use this representation as a guide
for our analysis.

We shall begin by choosing p of the form

p(v) = pi(v) = pa(v), (9)
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where p; and p, are two Gaussian functions, centered at the points 0 and wvs, respectively,
ie.,
p(v) = Ay exp(—71v%) — Az exp[—y2(v — v2)?], (10)

with positive constants Ay, As, and 1, 79. The kernel Hy that we will use is itself a
Gaussian function

Ho(p,v) = exp[—a(p — v)7], (11)
where « is a positive constant. We arrange the reference frame in such a way that v, lies

along the z-axis. Denoting by u and w the components of a typical v vector, the function
p then becomes

plu,w) = Ayexp{—yi(u” + w*)} — Ay exp{—p[(u — u2)* + w’]}. (12)

We now derive the conditions to be satisfied by A; and ~;, (j = 1,2) in order to have
p(v) > 0 for any v. First, in order to ensure a non-negative p when |v| tends to infinity
the following condition has to be satisfied

Y2 > V1. (13)

Let us now discuss the behavior of p(v) for finite values of v. In qualitative terms, the
presence of the second Gaussian term digs a hole in the surface p(u,w). An example is
given in Fig. 1, where a density plot of Eq. (12) is shown for A; =1, v, = 0.5, Ay = 0.95,
vo = 0.75 and up = 0.1. All the parameters are in arbitrary units throughout the whole
text and figures.

The bottom of the hole digged in the surface p(u,w) is located at a minimum for
p(u, w). At that point, two conditions have to be met. First, both partial derivatives
of p(u,w) have to vanish. Second, the Hessian must be positive. We can dispose of the
second condition, being evident by direct inspection that the point (at a finite distance
from the origin) where both first partial derivatives vanish corresponds to a minimum.
The vanishing of the partial derivatives gives the two equations

Ip(u, w)
ou

Op(u, w)
ow
In addition, since p(v) is to be non-negative everywhere, its minimum is required to be
non-negative as well. Equation (15) is satisfied along the whole u-axis (line w = 0).
Letting w = 0 we derive from Eq. (14)

= —2A171U6*71(“2+“’2) + 2457 (u — u2)e*72[(“*“2)2+w2] =0, (14)

= —2A171we_71[“2+w2] + 2A272we_72[(”_"2)2+w2] =0. (15)

%]

Apyue™ = Agyo(u — ug)e 2 lemu2)?], (16)

Let us refer to the limiting case in which the minimum of p is a zero. Then, Eq. (12)
along the line w = 0 gives

A exp (—fyluQ) = Asexp [—’yg(u — u2)2] , (17)
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Figure 1: Weight function associated with Eq. (12), with A; = 1, v; = 0.5, Ay = 0.95,
Yo = 0.75 and uy = 0.1.

which, when inserted into Eq. (14) (at w = 0), leads to

N =Y2(u — up), (18)
or "
u=—22 (19)
T2 =N
When this value of v is inserted into Eq. (17) we obtain
Ay = Agexp < n u%) : (20)
T2~ N

Obviously, if Ay is greater than the right-hand side of this equation, the minimum of p
will be positive. In conclusion, the following conditions guarantee that Eqgs. (8), (10),
and (11) furnish a genuine CSD

A > Ayexp < N u%) DY > 71 (21)
Ye— N
We note that, when vy = 0, such conditions reduce to those already obtained in [34],
where the case of the subtraction of two centered GSM CSDs was studied.
Behaviors of the weight function p(u,w = 0) can be observed in Fig. 2 for several
values of the displacement uy and the maximum allowed value of Ay (a), and for uy = 0.1
and several values of Ay (b).
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Figure 2: Weight function associated with Eq. (12), with A; =1, v, = 0.5, 72 = 0.75. (a)

as a function of u with w = 0, Ay = A{™™ = A exp (—Mug) and several values of

Y2—71
ug; (b) as a function of u with w = 0, us = 0.1 and several values of A,.

Before concluding this section, we want to suggest an experimental procedure aimed
at producing partially coherent sources of the type discussed up to now. Production
of several partially coherent fields with prescribed CSD have been obtained in recent
times [10] using sophisticated methods of spatial light modulation. In our case, as we
shall see, a simple optical system can be employed.

The basic idea comes directly from the integral representation given in Eq. (8). Imagine
a partially coherent field described by a certain CSD Wi, (v, v’) is sent to the input plane
of a linear system characterized by a coherent impulse response Hy(p, v). The CSD across
the output plane of the system will be [2]

Wo(pys ps) = / / Wia(w, o) H (1, 0) Ho(py, v')d%0 &2, (22)

both integrals being extended to the source plane. Now, we introduce the hypothesis
that the input field is spatially incoherent, so that its CSD is specified by the delta-like
structure Wi, (v, v') = p(v)d(v —v') where p(v) is the intensity distribution. On inserting
this condition into Eq. (22) we obtain the same relation as Eq. (8). Therefore, we can
say that the CSD described by Eq. (8) is displayed at the output plane of an optical
system fed by an intensity distribution of the form given in Eq. (10) and endowed with
the coherent impulse response in Eq. (11).

The optical device can simply be the 4 f telescopic system of Fig. 3 [37]. The incoherent
intensity distribution (10) (produced through uniform illumination of a suitable filter) is
put across the input plane (left). In the pupil plane (common focal plane of the two
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Figure 3: Schematic of a 4f telescopic system.

lenses) a Gaussian filter with transmission function exp[—7?r?/(A\?f?a)]| is put to produce
the impulse response (11). The synthesized source appears at the exit plane (right) as
the image of the system.

4 Properties of the CSD across the source plane
According to Eqgs. (8) and (10), the CSD at the source plane (z = 0) is given by
Walpr.p) = Ar [ expl—?) expl—alp, — ) expl-a(p, — )i
(23)
2

A, / expl—2(v — v2)?] exp[—a(p; — v)] expl—a(p; — v)]d%

where the constants satisfy conditions (21). By straightforward evaluation of the integrals
we obtain

Wo(py, = exp | ——— (> + )+ ——p, -
olp1p2) =~ { S Toa IRt e
WAQ (0780 + 042 2 2 20{2 :|
Y2 + 2a { Y2 + 2« [(pl 2) (P2 2) ] Yo + 200 (p1 2) - (py 2)

(24)
Therefore, each component of the overall CSD is of the GSM form. On using the following
relations:
m 1 7y, 1 o?

j 3 = ; = ’ | = 1a 2 ’ 25
Y+ 2 dog; 5 +2a’ 205 v+ 20 U ) (25)

B()j =



Eq. (24) is easily transformed into Eq. (4).
Furthermore, using the the definitions in Eq. (7), it turns out that

Oé’)/j

=t an U= B2 Moo= Me=M=a/2. (26)
J

Fo;

Note that the choice of a kernel Hy in the form given by Eq. (11) gives rise to the
class of sources described in Theorem 2 of Ref. [34], (i.e., the difference of two GSM
sources with the same values of the parameter M) with the only difference that now we
are considering the possibility of a lateral displacement of the two sources. This implies
that the inequalities in Eq. (21) represent necessary and sufficient conditions in order for
Eq. (4) to express a genuine CSD.

Using the relations in Eq. (25) and in Eq. (26), inequalities (21) can be transformed
into

Bo1ZBo2M_P01 (4P01P02 9

e —_— i Poa > P 27
M—Pogexp P02_POIU2>7 . . ( )

or, in terms of intensity and coherence variances, as

2

o2 \” U
By1 > Bos (ﬂ) exp [2(2—22)} ;002 > do1, (28)

do1 Op1 — 002

where, taking Eq. (7) into account, gg; > 0go.

It is interesting to enquire about the spectral degree of coherence. In the case of
shape-invariant subtraction of coaxial GSM CSDs [35] it was found that, for any choice
of p,, there are points p, such that the degree of coherence between p, and p, vanishes.
In particular, there is a circle over which we can move p, always obtaining a zero degree
of coherence with respect to point p;. Such a circle is not centered at p; except in the
case p; = 0. We wonder whether, for a typical value of p,, positions p, can be found
such that u(py, py) = 0. In other words, using Eq. (6), we wonder whether we can solve
the equation

Boyexp [~ Poi(py + p2)* — Mor(py — p2)?]

(29)
= Boa exp [~ Poz(p1 + pa — 202)* — Moa(py — p2)?]
or, dividing side by side and passing to the logarithms,
In 8 = Poi(py + py)° — Poa(py + py — 202)7, (30)
where we let
BOl/BOQ = 57 (31)

and the equality My = My, has been taken into account. We take, as before, wy = 0 and
us # 0. By simple manipulation Eq. (30) can be changed into

2P02 >2 _ 4P01P02 9 hlﬁ
(

e 3] us — . 32
Py — Py ° Py — Po)? 2 Py — Py (32)

<P1 + Py —
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This equation requires its left-hand side to be non-negative, and this happens whenever

2 (Poz—Pm)lH@

u 33
? 4 Po1 Pog (33)
The above inequality can be expressed as
4Py Py o
By < B —_— 34
01 02 €Xp (P02 ~ Py Uz | (34)

which is clearly incompatible with the inequalities in Eq. (27). The conclusion is that no
point pairs exist for which the degree of correlation is zero.

5 Propagation

Starting from the expression (6) for the CSD across the plane z = 0 we can write the
CSD at a plane z = const # 0 upon paraxial propagation [36] as

ik
W.(p1,py) = B.iexp [21% ) (p5 — p1) — Paa(py + py)* — Ma(py — P2)2]
ik
—B.;exp 105 — Pt —2(p2— p1) - V2] (35)
2Rz2

_Pz2(l)1 + py— 2'02)2 - Mz2(Pl - P2)2}7

where the parameters in the right-hand side vary according to the formulas

2
Bo, Fo; Mo, TS0, .
sz: ]7 Pzg . ) sz: j; sz:Z 1+<_] ; (32172)7
F2(z2) F2(z) F?(z) Az
(36)
so; being the spot-size of the underlying modes [38], whose square is given by
@=L (=12, (37)
and is related to the Rayleigh range of each of the two GSM beams, namely [39]
TSy
2R = (1 =1,2). (38)

The functions Fj(z) are given by

() = 1+(ﬁ)2: 1+<i>2, (j=1,2), (39)

E s>
0j
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Figure 4: Intensity across transverse planes at z = 0, 2 = 0.5zg1, 2 = zg1, and z = 2zp
from left to right and from top to bottom. Furthermore, og; = 1, g2 = 0.85, dg2 = 0.5,
U9y = 01, B01 = 1, and B()Q = B(()glax).

and play the role of expansion factors. Taking into account the relations between the P,
M parameters and the o, § quantities, it is seen in fact that both the intensity and the
coherence spot-sizes increase upon propagation, being multiplied by F}(z). The mutual
displacement of the two component CSDs, represented by the vector vy though remains
unchanged, and becomes less and less significant when propagation proceeds. A few
examples are given in Figs. 4, 5, and 6, where plots of the intensity profile and of the
absolute value of the degree of coherence are shown. The source parameters are o¢; = 1,
002 = 0.85, dpa = 0.5, ug = 0.1, By; = 1, (note that dg; ~ 0.4941 is determined by Eq.
(26) and the definition of M), while By, takes the maximum value allowed by Eq. (28),

ie.,
501 2 —'U,2
Bl _ (_) oxp |2 |, 10
. do2 2 (031 — 0,) 40)
It is worth considering explicitly the behavior in the far zone. There, the CSD is
known to be proportional (up to scale and amplitude factors) to the Fourier transform

of Wy evaluated at (vq, —v3), where v; and v, are the conjugate variables of p; and p,,
respectively. Up to this convention we write

W(OO)(Vl,Vz) = /WO(Vla —vy) = / WO(PbP2)e2m(p1'Vl_pQ'VQ)deldQPz, (41)
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Figure 5: Absolute value of the degree of coherence u(p,, p, = 0), in logarithmic scale,
across transverse planes at z = 0, 2z = 0.5zg1, 2 = 2g1, and z = 2zp; from left to right
and from top to bottom. Furthermore, og; = 1, 092 = 0.85, dgo = 0.5, us = 0.1, By = 1,
and By, = B{y™).
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Figure 6: Intensity (a) and modulus of the degree of coherence (b) along the x and y
direction at different propagation distances. Other parameters are o¢; = 1, gg2 = 0.85
82 = 0.5, uy = 0.1, By = 1, and By = B{3™.

On replacing W in the integral by the expression given by Eq. (6), it turns out that

B w2 -2 (M — P,
W(OO)<V1’V2) - Mf(’z)ll P { 2M (Vl - V2)] P { 4<MP01 = (1 = V2>2]
B w2 w2 (M — P, .
A Rl e O L (TR
(42)
which can be written as
W (v, vy) = \/I(OO)(Vl)\/I(OO)(W) P (v —vy) (43)
with B B )
[(w)y_i(ﬂ_ﬁ) ex (_2)7 44
@)= (- p2) e (- T (44)
and
w22
801P02 eXp ( > — BOQP01 eXp (— + IV . ’U2>
Bo1 Poz — Bo2Poq (45)

()
X exp ar )
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Figure 7: Absolute value of the degree of coherence (a) along x; direction for several o
values and (b) along y; direction for several y, values at different propagation distances:
2 =0, z = zg1, and z = 4zp; from left to right. Other parameters are o¢; = 1, gpg2 = 0.85,
Joo = 0.5, us = 0.1, Bgy = 1, and By = B3,

Equation (43) shows that the CSD of the beam in the far field is of the Schell-model
type, even though this does not happen at the source plane and for finite values of z. The
intensity profile is Gaussianly shaped [Eq. (44)], while the degree of coherence, although
not Gaussian [Eq. (45)], depends only on the difference of the coordinates of the two
points.

Such feature of the degree of coherence is made evident in Fig. 7, where the modulus
of u is plotted for points along the x and y axes as a function of the variable (z; — x2)
and (y; — y2), respectively, for several values of the propagation distance and for different
values of x5 or y5. On increasing the propagation distance, less and less differences can be
found among the shifted versions of the degree of coherence and, when z is much greater
than the Rayleigh distance, p turns out to be practically shift invariant.

Figure 8 shows the absolute value of the far-field degree of coherence given in Eq. (45).
It can be noted that it is nearly circularly symmetric, with higher values at the center
followed by a ring of relatively low coherence sorrounded by another ring of higher degree
of coherence. Except for a scale factor and differences along the low degree of coherence
ring, this figure is quite similar to that in the lower right part of Fig. 5, as it could be
expected.

Let us analyze the possibility of finding zero values of the far field degree of coherence
for finite values of v. The first exponential in the right-hand side of Eq. (45) is always
real valued, while in the second term a complex factor appears. Then, the degree of
coherence only can be zero if this complex factor becomes real, that is, if the argument

13
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of the complex exponential is of the form v - vy, = 2n7, with integer n.
This surely happens if v, = 0, i.e., if the two subtracted sources are not mutually
displaced. In such a case, it is easily seen that p(>)(v) = 0 if

w22 w22
By Pyz exp (— 1P ) = Bya o1 exp (— 1P ) ; (46)
01 02

which gives rise to

(47)

v

2:i Py Pyo 111(301@)
72 Pyy — Py Bos Po1)

This represents a circumference centered at the origin and with a radius defined by the
source parameters. Note that conditions of Eq. (27) guarantee the positiveness of the
right-hand side of Eq. (47).

Conversely, if vy # 0 the function p(>)(v) vanishes only in a discrete set of points of
the v-plane. In fact, in addition to Eq. (47), the condition v - vy = 2n7 (with integer
n) has to be met. The latter condition identifies a set of straight lines orthogonal to the
vector vq, evenly spaced with period 27 /ve, whose intersections with the circumference
correspond to the points where (> (v) = 0. Two of such points are always located along
the line passing through the circumference center (n = 0) as can be observed in the bottom
right part of Fig. 7. In Figure 8, it can be appreciated that the two intersection points
between the 71 axis and the ring of relatively low degree of coherence are darker than its
surroundings. Additional intersection points are present if the radius of the circumference
or the shift parameter vy are large enough.

6 Conclusions

In this work a set of conditions under which the function obtained by subtracting two GSM
CSD (arbitrarily displaced across the source plane) is itself a valid CSD has been found and
discussed. The properties of the resulting CSD have then been studied both at the source
plane and in propagation. It has been shown that the obtained CSD is not of the SM
type, because the degree of coherence is not shift invariant, and the intensity profile is not
Gaussian. This happens at any finite propagation distance. However, on approaching the
far-field conditions, the degree of coherence tends to become shift invariant (although not
Gaussian) and the intensity profile tends to become Gaussian. Finally, an experimental
procedure to obtain this kind of CSDs has been proposed, making use of a 4f telescopic
optical system and amplitude filters.
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