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Abstract

We show that the Davies generator associated to any 2D Kitaev’s quantum
double model has a non-vanishing spectral gap in the thermodynamic limit.
This validates rigorously the extended belief that those models are useless as
self-correcting quantum memories, even in the non-abelian case. The proof
uses recent ideas and results regarding the characterization of the spectral
gap for parent Hamiltonians associated to Projected Entangled Pair States
in terms of a bulk-boundary correspondence.
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1 Introduction

In the seminal works [13] 2] it is shown that the 4D Toric Code is a self-correcting
quantum memory, that is, it allows to keep quantum information protected against
thermal errors (for all temperatures below a threshold) without the need for active
error correction, for times that grow exponentially with the system size N. Since,
after mapping the 4D Toric Code to a 2D or 3D geometry, interactions become
highly non-local, it has been a major open question since then whether similar
self-correction is possible in 2D or 3D, where the information is encoded in the
degenerate ground space of a locally interacting Hamiltonian in a 2D or 3D geom-
etry. We refer to the review [7] for a very detailed discussion of the many different
contributions to the problem, that still remains open up to date.

Before focusing on the 2D case, which is the main goal of this work, let us
briefly comment that in 3D, this question motivated the discovery of Haah’s cubic
code [} [15], which was the opening door to a family of new ultra-exotic quantum
phases of matter, currently known as fractons [30].

In 2D, it is a general belief that self-correction is not possible. There is in-
deed compelling evidence for that. For instance, Landon-Cardinal and Poulin [25],



extending a result of Bravyi and Terhal [6], showed that commuting frustration
free models in 2D display only a constant energy barrier. That is, it is possible
to implement a sequence of poly(/N) local operations that maps one ground state
into an orthogonal one and, at the same time, the energy of all intermediate states
is bounded by a constant independent of N. This seemed to rule out the existence
of self-correction in 2D.

However, it was later shown in [8] that having a bounded energy barrier does
not exclude self-correction, since it could happen that the paths implementing
changes in the ground space are highly non-typical, and hence, the system could
be entropically protected. Indeed, en example is shown in [8] where, in a very
particular regime of temperatures though, entropic protection ocurs.

Therefore, in order to solve the problem in a definite manner, one needs to
consider directly the mixing time of the thermal evolution operator which, in the
weak coupling limit, is given by the Davies master equation [12]. Self-correction
will not be possible if the noise operator relaxes fast to the Gibbs ensemble, where
all information is lost. As detailed in [I] or [23] using standard arguments on
Markovian semigroups, the key quantity that controls this relaxation time is the
spectral gap of the Davies Lindbladian generator. Self-correction in 2D would be
excluded if one is able to show that such gap is uniformly lower bounded indepen-
dently of the system size. This is precisely the result proven for the Toric Code by
Alicki et al, already in 2002, in the pioneer work [I]. The result was extended for
the case of all abelian quantum double models by Komar et al in 2016 [23]. Indeed,
up to now, these were the only cases for which the belief that self-correction does
not exist in 2D have been rigorously proven. In particular, it remained an open
question (as highlighted in the review [7]) whether the same result would hold for
the case of non-abelian quantum double models.

In this work we address and solve this problem showing that non-abelian quan-
tum double models behave exactly as their abelian counterparts. The main result
of this work is the following

Theorem 1.1. For any finite group G and for all inverse temperature 3, the spec-
tral gap of the Davies Lindbladian generator L associated to Kitaev’s quantum
double Hamiltonian H of group G has a uniform lower bound which is indepen-
dent of the system size. Specifically, there exist positive constants C' and A(G),
independent of B and system size, such that

gap(ﬁ) > Jmin e_Cﬁ )‘(G)7 (1)
where Gmin depends on the specific choice of thermal bath.

Note that while in principle gmin could also scale with 3, there are examples
where it can be lower bounded by a strictly positive constant independent of the
temperature.

The tools used to address the main Theorem are completely different from
those used in the abelian case in [23]. There, following ideas of [31], the authors



bound the spectral gap of £ via a quantum version of the canonical-paths method
in classical Markov chains.

We go back to the original idea of Alicki et al. for the Toric Code [1]: construct
an artificial Hamiltonian from the Davies generator £ so that the spectral gap of
L coincides with the spectral gap above the ground state of that Hamiltonian, and
then use techniques to bound spectral gaps of many body Hamiltonians.

This trick has found already other interesting implications in quantum informa-
tion, especially in problems related to thermalization like the behavior of random
quantum circuits [4] or the convergence of Gibbs sampling protocols [I§].

In particular, we will follow closely the implementation of that idea used in
[33], and reason as follows. We purify the Gibbs state pg and consider the (pure)

thermofield double state | pé/ 2). The commutativity of the terms in the quantum

double Hamiltonian H makes |pg/ 2) a Projected Entangled Pair State (PEPS).
One can show then that the gap of £ can be lower bounded by the gap of the
parent Hamiltonian of | pg/ 2> in the PEPS formalism.

This opens the door to exploit the extensive knowledge gained in the area
of Tensor Networks during the last decades. Tensor Networks, and in particular
PEPS, have revealed themselves as an invaluable tool to understand, classify and
simulate strongly correlated quantum systems (see e.g. the reviews [27], [32], [11]).
The key reason is that they approximate well ground and thermal states of short-
range Hamiltonians and, at the same time, display a local structure that allow to
describe and manipulate them efficiently [11].

Such local structure manifests itself in a bulk-boundary correspondence that
was first uncovered in [10], where one can associate to each patch of the 2D PEPS
a 1D mixed state that lives on the boundary of the patch. It is conjectured in [10],
and verified numerically for some examples, that the gap of the parent Hamiltonian
in the bulk corresponds to a form of locality in the associated boundary state.

This bulk-boundary correspondence was made rigorous for the first time in
[20] (see also the subsequent contribution [28]). In particular, it is shown in [20]
that if the boundary state displays a locality property called approximate factor-
1zation, then the bulk parent Hamiltonian has a non-vanishing spectral gap in the
thermodynamic limit.

Roughly speaking, approximate factorization can be defined as follows. Con-
sider a 1D chain of N sites that we divide in 3 regions: left (L), middle (M) and
right (R). A mixed state prarg is said to approximately factorize if if can be written
as

prvr ~ Qv @ 1g) (1 @ Apr)

where, for a particular notion of distance, the error in the approximation decays
fast with the size of M.

It is one of the main contributions of |20 28] to show that Gibbs states of
Hamiltonians with sufficiently fast decaying interactions fulfill the approximate
factorization property. Indeed, this idea has been used in [24] to give algorithms



that provide efficiently Matrix Product Operator (MPO) descriptions of 1D Gibbs
states.

We will precisely show that the boundary states associated to the thermofield
double PEPS | pg/ 2) approximately factorize. In order to finish the proof of our
main theorem, we will also need to extend the validity of the results in [20] beyond
the cases considered there (injective and MPO-injective PEPS), so that it applies

to \pg/ 2>. Indeed, it has been a technical challenge in the paper to deal with a PEPS
which is neither injective nor MPO-injective, the classes for which essentially all
the analytical results for PEPS have been proven [11].

Let us finish this introduction by commenting that the results presented in
this work can be seen as a clear illustration of the power of the bulk-boundary
correspondence in PEPS, and in particular, the power of the ideas and techniques
developed in [20].

We are very confident that the result presented here can be extended, using
similar techniques, to cover all possible 2D models that are renormalization fixed
points, like string net models [26]. The reason is that all those models have shown
to be very naturally described and analyzed in the language of PEPS [11]. We
leave such extension for future work.

This paper is structured as follow. In Section Bl we recall the definition and
elementary properties of the Quantum Double Models and their associated Davies
generators. These will be shown to be equivalent to a frustration-free Hamiltonian
having the thermofield double state | p;/ 2> as unique ground state. In Section 3]
we will construct the PEPS representation for the latter, and prove it satisfies an
approximate factorization condition. We will then construct in Section @ the parent
Hamiltonian for this PEPS, show that it is gapped, and finally use this result to
lower bound the gap of the Davies generator. The adaptation of the results relating
the gap of the parent Hamiltonian and the approximate factorization of the PEPS
from [20] are included in Section Bt these are stated more generally than the case
we considered in the rest of the paper, as they might be of more general interest.



2 Dayvies generators for Quantum Double Models

2.1 Quantum Double Models

Let us stat by recalling the definition of the Quantum Double Models. They are
defined on the lattice Ay = Zy X Zy, a N x N square lattice with periodic
boundary conditions, for some positive integer N. Let us denote by V the set of
vertices, and by &£ the set of edges of A. Each edge is given an orientation: for
simplicity, we will assume that all horizontal edges point to the left, while vertical
edges point downwards.

—
N

By a rectangular (sub)region R C A we mean either the whole lattice A or any
of the following three type of subregions

that is, a proper rectangle (open boundary conditions on its four sides), or a
cylinder (open boundary conditions on two opposite sides). We will say that R
has dimensions a, b if it has a plaquettes per row and b plaquettes per column.

Let us fix an arbitrary finite group G and denote let ¢2(G) be the complex
finite dimensional Hilbert space with orthonormal basis given by {|g) | g € G}. At
each edge e € £ we have a local Hilbert space and a space of observables

7‘[@ = gQ(G) and Be = B(He) = M|G‘((C)

For any subset X C &£, we will also denote
HX:®H€ ; BX:®Be-
ecX ecX

In particular, we will use the alternative notation Hy = Hge and By = Be. As usual,
we identify (isometrically) Bx with the subspace of Bg consisting on elements with
support in X through @ — Q ® 1g\ x.

Given g € G we define operators on ¢5(G) by

9= |gh)ih. (2)

helG

6



Then g — LY is a representation of the group G, known as the left reqular repre-
sentation.
For each finite group G, the Quantum Double Model on A is defined by a

Hamiltonian HZySt of the form

HY'=— > Aw) — Y Blp);

V vertex P plaquette

where the terms A(v) are star operators, supported on the four incident edges of v,
which we will denote as dv, while B(p) are plaquette operators, supported on the
four edges forming the plaquette p. Both terms are projections and they commute,
namely

[A(v), A(W")] = [B(p), B()] = [A(v),B(p)] = 0
for all vertices v,v’ and plaquettes p,p’. We will now explicitly define these terms
and check that they satisfy these properties.

Let v be a vertex and e an edge incident to v. For each g € GG we define the
operator TY9(v, e) acting on H, according to the orientation given to e as

D lghXhl D [hg™Xn|

T9(vie) = hed or heG
+—— +——

In other words, the operator TY9(v,e) acts on the basis vector of H, by taking h
into gh (resp. hg~!) if the oriented edge e points away from (resp. to) v. It is
easily checked that

T9(v,e) T"(v,e) = T9"(v,e) and T9(v,e)l = Tg_l(v,e) (3)
for every g,h € G.
With this definition, the vertex operator A(v) is given by

A(v) = ﬁ S ® Twe)

geG e€dv

Using (@) , it is easy to verify that A(s) is a projection.

The plaquette operator B(p) is defined as follows. Let us enumerate the four
edges of p as eq, €9, e3, 4 following counterclockwise order starting from the upper
horizontal edge. The plaquette operator on p acts on ®?:17-Lej and is defined as
the orthogonal projection B(p) onto the subspace spanned by basis vectors of the

form |g1929394) with o,(91)0p(92)0p(93)0p(94) = 1. Here, 0,(g) is equal to g if the

orientation of the corresponding edge agrees with the counter-clockwise labelling,
otherwise it is equal to g~ .
For the orientation we have previously fixed, we can give an explicit expression

in terms of the regular character g — x"%(g) = Tr(L9) = |G| 04,1 , namely
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1 . L
B(p) = @l > X q19205 0 ) ) 1giNgs]
j=1

91,92,93,94€G

2.2 Davies generators

We will now recall the construction of the generator of a semigroup of quantum
channels which describes a weak-coupling limit of the joint evolution of the system
with a local thermal bath, known as the Davies generator [I12]. This construction
applies to any commuting local Hamiltonian, but for the simplicity of the notation
we will only consider the same setup of the previous section, i.e. the qudits live on
the edges, and not the vertices, of a lattice A = (W, €).

For a bath at inverse temperature § the Davies generator in the Heisenberg
picture takes the form

G(Q) = i[H™.Q] + 3 L@ . QeBy (4)

ec&

where HZySt is the Hamiltonian of the system and the dissipative term £, has the
specific form

ﬁe(Q) = Z/g\e,a(w) De,a,w(@)a (5)

Dl @) = 5 (81 ()]Q, Seca(@)] + [87.0(0), @] Seale)).

The variable w runs over the finite set of Bohr frequencies of HZySt (the differences
between energy levels), while the index a enumerates an orthonormal basis Sy . of
B, for each edge e, which we can assume to be composed of self-adjoint operators.
The non-negative scalar coefficients ge o(w) = go(w) are the Fourier coefficients
of the eigenvalues of the autocorrelation matrix of the environment, while the the
jump operators S¢ o(w) = So(w) are the Fourier components of S, evolving under
HP', namely

. syst i syst s
NS e TN = E Sa(w)e ™ teR.
w

These satisfy the following properties for every a and w:
(i) Sk(w) = Sa(-w),

(ii) /g\a(_w) = eiﬁw ﬁa(w)'



We can rewrite the sum in the definition of £, only over w > 0:

ﬁe = Z lae,a(o) De,a,O + Z (/g\e,a(w) De,a,w + /g\e,a(_w) De,a,—w ) .

a w>0
We now denote for each e, and w > 0

L _ jq\e,a(o) De,a,O fw= O,
o ae,a(w) De,a,w + ae,a(—w) De,a,—w otherwise.

Moreover, if pg denotes the Gibbs state associate to HZySt at inverse temperature
B, then pj Sa(w) = ef S, (w) p3 for every s € R. This implies that Le o satisfies
the detailed balance condition with respect to pg: defining a scalar product on By
(known as the Liouville or GNS scalar product) by

(4, B)g := Tr(psATB),
we have that for every A, B € By

<A7 £e,a,w (B)>5 = <£e,a,w (A)7 B>5' (6)

In fact a stronger condition holds: from (i) — (i7) above it follows that

—(A, Ee,a,w(A»ﬁ
= Gea(@) 14, Sea(@)I3 + Geal—w) 14, S]a@)I5 >0, (7)

so that —L. o, is a positive self-adjoint operator w.r.t. the GNS scalar product.
The Gibbs state pg is an invariant state for L o, in the sense that

Tr(pget“e=(Q)) = Tr(psQ)  for every Q,t > 0.

For any subset X C &, the kernel of ) .y L. is Bg\x, that is, the subspace
of operators whose support is contained in £ \ X. In particular, the kernel of
L =73 c¢Le consists of multiples of the identity, and the generator is primitive:
for any initial state p it holds that

tlim Tr(pe' (Q)) = Tr(psQ),  for every Q.

2.3 Explicit form of the Davies generator

We can now give an explicit description of the Davies generators for the Quantum
Double Models. Since the local terms of H/s\ySt are commuting, fixed e € & for
every t € R

. syst . syst
ethA 9 e*ltHA

= (AW +AW)+Bp)+B(p2)) g o—it(A)+Aw2)+B(p1)+B(p2)) ®



Figure 1: Region supporting L. (the edge e = (v1,v2) is marked in red).

where v, vy are the vertices of e and pq,ps are the two plaquettes containing e.
Hence the support L, is strictly local and contained in (see Figure [I)):

supp L C vy U dvg U p1 U pa

The local terms A(v) and B(p) are both projections. It is easy to check that
for a projection IT with orthogonal complement IT+ := 1 — II

M =1 4 (e — DIT = T+ + €11

and so
eMQe ™ = TIQIL + IT+QIT* + e~ "IIMQII + " TIQIT* .

Consequently, we can rewrite as a sum
b
. 4
itHsYs —itH Y itw
e A Se,ae A = Z Se,a(w)e .
w=—4

where each S, ,(w) has also support contained in dvq Udva Upy Ups (see Figure [I)).

2.4 Davies generator as a local Hamiltonian

We have seen in the previous sections that —L is local, self-adjoint, and positive
with respect to the (:|) 5 scalar product, with a unique element in its kernel cor-
responding to the Gibbs state pg. We will now describe how to convert it into
a frustration free local Hamiltonian whose unique groundstate is the thermofield
double of pg (a local purification of the Gibbs state), defined as

1 _B
o =— X cEtnew=(ter)m. o
B Aeo(HY)

where |Q) is a maximally entangled state on H% = H ® Ha. Denoting

UA) = Apy?, AeB,

10



we can identify operators in By with vectors in 7-[12\ via

Q — Q) = (Qrf* o 1) 19). (10)

This identification preserves the (-[-) 5 scalar product, making it an isometry be-
tween (Ba, |[-[|5) and H3:

W(A)(B)) = (©(p*ATBpy*) @ 11Q) = (4, B)g.

This allows us to associate to £ a Hamiltonian H = —L on ’H%, where

L=> Lo and L.[(Q)) = |t(Le(Q))-

ecf

The properties of the Davies generator £ are reflected into properties of H as
follows:

1. With respect to the Hilbert-Schmidt scalar product on 7-[12\, H is self-adjoint
and positive.

2. If X C & is a finite subset and |¢) € H3 satisfies that Y .y Le|¢) =0, then
o) =Qelx € Be\ x, and so

1
9) = —75
/2

Zg

(Q@efilx)e3Ul—i0) g1 |q).

In particular, the thermofield double | pé/ 2) = [¢(1)) is the unique ground-
state of H.

In general f[e = —Ze will not be a projection. Denoting II} the projection on
the subspace orthogonal to the groundstate of ﬁle, we can always find a constant
C > 0 such that N

H. > C’Hel , foreveryeef,

from which it follows that the gap of H (which is the same as the gap of L) is lower
bounded by C' times the gap of >, 1. We will now compute an explicit expression
for the constant C, which will turn out to depend on the inverse temperature .

Proposition 2.1.

f:I > %amineCIﬁHl- (11)

Proof. Let us fix the edge e (and drop the subscript to make notation lighter). We
denote by
504,w(A) = [A7 Sa(W)]-

11



We can then rewrite (7)) as

(WIHe) = = (THL(T6)) 5 = D Falw) (Bawe ™ ()] 0awt ™ (#)),

= Zga(w) <L5a7wL_1(T/J)‘L(Sa,wb_l((ﬁ» = Z/g\a(w) (Y|kawd) ;

where £, , are positive operators defined by kg ., = |L5a7w L1 ‘2. We compute

Lt = e 291 ® Sa(w)T — Sa(w) ® 1. (12)

Note that we can also write

Law L =18 (5 *Sa(w)py )T — Salw) @ 1.

Now we observe that the term pgl/ 2Sa((,u)p;/ 2 only depends on the interaction
terms near the edge e, in the sense that
— B rrsyst B rrsyst
Pg 1/2Sa(w)p;/2 — ¢ 2R, S, (w)e2H ’ )
and R, is the region supporting Ee that appears in Figure 2l We define a localized
version of the norm ||-|| 5, by

sys

I1X11%, :m«[ ™ X X} . X €By.

Note that

syst syst)

191 = 7 o el

R.
Moreover
7§Cl _ syst
e 5K g, < Xl < IXg. O = |3

[e.9]

Let us now consider the ground space of ﬁe, which we have seen is given by
-~ 1/2
ker H, = {(Q@ 1)(py* ©1)|2) | Q € Bg\{e}},

and denote by IT+ the projection on the orthogonal complement. We observe that

HHi!@H? = nf_llo) - D=t 10— oo

Eker H, QoEBe\ (e}
syst syst 2
= inf H Q1. )e PHe —Hg,™)
QuEBe\(ey Zp Q- Q ) Re
6(HSySt Hsyst 2
= inf Q —Qo® L
 QuEBe\(ey || Zp R.

12



syst

In other words, writing |¢) = (Q,Og/2 ®1)|Q) = (Xe™ SH, ® 1)), we have

[0 = mf 1X - Qoo L,
e QoEB\. Re

Let us now compute <¢|ﬁe¢> We start by observing that

(Blkawd) = [ 00wt (D)) = [Faw(@3 = 1baw (X%, .

. . _ syst __ prsyst
since the terms in e ?(He Hg,™)

(6N

commute with S, . We now sum over w and

(O1He0) = Gusn 33 I3ocs (X) 7, > ,gg“,lZué )%,

—8C g
e X

where gmin = ming, go(w), and €2, is the set of Bohr frequencies over which we
are summing (in this case, {—4,...,4}).
Now let us consider the following quantity

X == (ZIM HHS> 1/2.

We can see that it defines a seminorm, and ||| X]||| = 0 if and only if X € {S,},, =
Bg\ey- Therefore, there exists a constant C2 > 0, independent of system size and
(3, such that for every X

X|2>Cy, inf  [|X —Qp®1.]%-.
X" > 2Q0688\{e}\| Qo ® Le|l7rs

This implies that for |¢) = (Xengls%iSt ® 1))

2
IXIE=Co inf X = Qo® Lell}, = G|t )] -
QoEBg\ (e}

Putting all the bounds together concludes the proof. U

Remark 2.2. Note that the region supporting Ee will be larger in general, see
Figure[2

13
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Figure 2: Region supporting L. (the edge e is marked in red).

3 PEPS description of the thermofield double

Fixed § > 0, the associate Gibbs state at (inverse) temperature f3 is given by
syst syst
pp =PI Te(e P
Since the star and plaquette operators commute, we can decompose
e B HYT = H 7AW H 3B (13)
UV vertex P plaquette

Using the fact that A(v) and B(p) are projections we can rewrite this expression
as

] ) T (o)

v vertex P plaquette

We will now construct a PEPO representation of the interactions A(v) and B(p),

from which we will derive the PEPS representation of ]p;‘g/ 2>. We will use the

notation
. el —1
VB = ‘G‘

along the section.

3.1 PEPO elementary tensors
3.1.1 Star operator as a PEPO

The star operator A(v) admits an easy representation as a PEPO, namely

1 g 1
Alw) = @g;e@me,v) = @

€ov

14



where we are denoting

. |99l
= g%;; @ ® /\
Since A(v) is a projection,
240 = 1d+(eP/% — 1) A(v) = Td 475/ |G| A(v),

or equivalently

240 = (14 5) R THe,w) + (952) Y. R Te,v)

e€v geG ecdv
971

Comparing with A(v), we find a natural description as a PEPO

o2 AW)

where we are adding to the above representation for A(v) suitable weights

G+ 11|

1/8

o = (1+ 75/2) + ('YB/Q)I/S Zg;él lgXg| (14)

m

Therefore, we have a PEPO decomposition of ez4(") into four identical tensors
acting individually on each edge

G+ lgXgl G+

where we can expand
1/4
G lgXgl G+ = (090 +78/2) " |9l -

3.1.2 Plaquette operator as a PEPO

The plaquette operator

BO) = > X"(g19205 gy " (X)\gj 9l

91,92,93,94€G

15



admits an easy PEPO representation. Using that
— _ —1 1
X" (g19295 "7 ") = Te(L91 L9 L9 L9 ).

we can decompose

1
B(p) = — -
(p) el
where
3
= l9X9| @ ®
= 2\

As in the case of the star operator, B(p) is a projection so

e3B® = 1d (/2 — 1) B(p)

4
= > (1 e X (910205 191 1) ) lgiNoil
j=1

91,92,93,94€G

Recall that left regular representation is in general not irreducible. It has a unique
irreducible sub-representation of dimension 1, which we denote by V;, with asso-
ciated projection P;. If we denote Py := PlL = 1 — P; then we have for every

geG
L9 =P L9P, + P I9P, = P, + Py LYP,.

and so

1 -1
1+ (v82) X" (919295 '91 ') = 1+ (v3/2) Te(L9 LB L2 L9 )

— (14 73y2) Tr(Py L9 LS L% L95)

+ (yy2) Te( Py LOLSLS L91).

and so we have the following decomposition

e2BD) _

where we are adding to the above representation for B(p) suitable weights

16



9o P, 1/8 P,
O = W)t T () ()

o B . . .
Therefore, we have a PEPO decomposition of e22®) into four identical tensors
acting individually on each edge can be given as

g|:|Lgi gn

= l9)9| @ ©
g%;: gng /\

where we can expand
+ 1/4 +
GoL” 6= (1+7s2) " P + (v2) " BT Ry,

3.1.3 PEPS tensor on an edge

B B
We have decomposed each star operator e2A0), resp. plaquette operator e2? (v),

into four tensors acting respectively on the incident, resp. surrounding, edges. Let
us now fix an edge e with orientation:

Next, we contract the tensors acting on the edge (without weights)

)i

and obtain the slim tensor

)
.= S |k e @ @ Lg>X<Lg_l (17)
g

g,h,keG

Note that the two factors that appear in the previous expression correspond re-
spectively to the physical part (left) and the virtual indices (right) of the tensor. In

17



the usual notation for PEPS, we will also look at ‘76 as a map from the boundary
Hilbert space Hg. = f2(G)®® into the physical Hilbert space H? = fo(G)®?

(hh
Vo:Hoe —HZ . Vo= Y |hgk ') |g) <L9|>><<<L91 (18)
g,h,keG (kk|

Here we are using the identification B(¢2(G)) = 2(G) ® l2(G) via the purification
map Q — |Q) = Q®1|Q), where [Q2) =), |hh), that we already used in the first
section of the paper.

The full tensor V. is then constructed from A by adding the corresponding
weights G4+ and G on the boundary indices. Indeed, adding the weights to repre-

sentation (7)) leads to the corresponding representation for V. simply replacing
BBl GolhNRIG: . LY o GuliGn,
whereas adding the weights to (I8) leads to the same expression but replacing
(hh| = (R (G+©Gy) (L] = (L[ (Go®Gn).
Using this last representation, we can relate
Ve = V. Gac

where Gy, is a suitable tensor product of (positive and invertible) operators of the
form G ® G and G4+ ® G

We will use a simpler picture for this slim tensor as well as for the full edge-

- % o S

3.2 PEPS tensor on a rectangle

Let us consider a rectangular region R and denote by &g and Vg the associate
set of edges and vertices. The corresponding tensor Vg is constructed by placing
at each edge e of the rectangle the tensor V. obtained in the previous subsection,
expanding the sum and contracting indices accordingly. Then it is easy to realize
that the resulting operator Vi : Hor — 7—[% can described as follows:

(
(

~—

)] (
Vi = Z
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Here, the bra of each summand is actually a tensor product of bra’s of the form

d: = (Op1 +7py2)" 2 (hh| = (hh| (G2 ®G2)
¢ = (On1+82)** (hh| = (hh| (G} @GY)

= (L] (Go®dn)

The slim version Vg obtained by removing the weights from the boundary will
also have the form

_ ) (
Vo= ) [

but here the bra of each summand is a tensor product of bra’s of the form

JCL’ — % . (=

We then define Gr as the suitable tensor product of (positive and invertible) ele-
ments

&
(
AN
a
(
/1
&
(
(<

fan)
7

%
fan)
%
fanY
U

J
)
n
<
)
N
<
)
)

G2egl) . (Giedl) . (Go®dn)
satisfying Var = TN/E)R Gonr -

3.3 Boundary states
3.3.1 Edge

In the previous subsection we have described the slim and full tensors of the
PEPS associated to an edge, namely V, and Ve, both depending on the prefixed
orientation. Next we are going to construct the corresponding boundary states
poe and pge by contracting the physical indices. Let us first consider an edge with
fixed orientation:
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The slim boundary state is constructed by considering ‘76 ® V’J and contracting
the physical indices:

, Lo [R/ XK | |E K|
L9
o= > ((Wgk|hgk™") (g']g)) j © E ?I(@I
g,h,keG Ls L9
kel el IR

Note that the scalar factor given in terms of the trace will be zero or one, the latter
if and only if
g= g/ _ (hfl h/)fl g(kfl kl),

so if we denote b:= k~'k’ and a := h~ 'K/, then we can rewrite

kb) kb
Lo Lo~ [hahal i
~ & & 02y
Poe= 2 j E > I 2
L9 L9 heG keG
g,a,beG: kXl
a=gbg~1! |h )R]

Let us introduce some notation for a,g € G

|ha)hal

L9

5{1 = Z I 9 {/;g = e
heG Iyl

This allows us to rewrite the slim boundary state in the simpler form:

N

oo = 3 J} <¢ (19)
a,b,geG N
a=gbg~1! P

It will also be convenient to have the weighted version of these tensors. For that,
we introduce the analog of ¢, and v, when contracting with the weights of the

PEPO representation of egA(S) and egB(p).

[hahal
i o= > (On1+752)"" (Onar+782)""
heG |h )R]
and
P,LIP,
b= . ()t (maasp)
m,ne{0,1} P, LIPy,

20



Thus, analogously to the slim case, we can represent the full boundary state

o2 i
= %} <7~/}gl — wg> < %4
Poe = = (20)
a,l;G fogumn o\ m[%ég T\
a=gbg~! A a=gbg~! a

where in the last expression we have simply omitted the weights to simplify the
picture.

For the sake of applying the theory relating boundary states and the gap prop-
erty of the parent Hamiltonian of a PEPS (see Section [l), we should look at the
boundary states p. and pge as maps Hge — Hge. We could have taken the PEPS
expressions for V. and V, descrlbed in the prev1ous section as maps Ho. — HZ,
see (I8)), and calculate py. = Ve V and pge = Ve Ve. This can be obtained also
from (I9) and (20) by reinterpreting for a,g € G

b = > |ha)|ha) (h|(h] , Wy = |L9) (LY
heG
and so

ba=>_ (n1+782)"" (Gnas +5/2)"" |ha)lha) (hl(h|
heG

bg= > (n+7s2)" (m+v52) " [PaLIP,) (P LI Py
n,meq{0,1}

We will use this notation for the rest of the paper. Recall that
ba=(G+ ©G+)6a(G+ ®Gy) , Uy =(G0®Gn) vy (G0 ®Gn),
and Poe = gae ﬁe gae

3.3.2 Plaquette

Let us next describe the boundary state of a plaquette, constructed by placing the
boundary state of each edge, as it was described in the previous subsection, and
contracting indices accordingly:

il

-/ L
W= O
@

PN

For a more precise description, let us first label the edges and vertices of the
plaquette eq, €2, €3, e4 and wv1, v9, v3, v4 counterclockwise as in the next picture
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v2 €1 U1

€2 €4

v3 €3 V4

At each vertex vj, when contracting the indices of ¢, and ¢, coming from the
two incident edges, note that this contraction will be zero if a # o, while if a = o’
or equal to

JC‘7¢53> = 3" Gnr +7872) "% Ghast + 7872)"? ha)lha) (h|(A]

heG
Hence, we can expand
Vg
2 2
)\~ ol
4/ €L
= Y V) Q (Vo
8 Ny
91,92,93,94 (2 )
a1,a2,a3,04 ¢a3 VoS o
wggl

Remark that the elements g; and a; satisfy some compatibility conditions for
the corresponding summand to be nonzero, namely

-1 -1 -1 -1
az =g, aig1 , a3 =4gy @292 , a4 = g3azgs , A1 = g4a49g, .
The inner circunference is a constant factor that can be taken out as

%;1

_ Te. - - 2
1/’92 1 Vg — (1 +8/2 X 9(919293 194 1)) (21)
Yys

Note that , since x"9(g)/|G| is equal to zero or one, we have for every g € G

2
ef? -1 X" (g) X" (g)
1+ ——— ") | = 1422 -1 4 (P2 - 1)?
( o X e @]

= 1+ [((eﬁ/2 —1)+ 1)2 - 1} Xr‘eé(‘g) (22)

el —1
|G|

=1+ ).

22



Therefore we can write

Vg

Dn \ B4

~

Pr = Z (1+75 X" (919295 '91 ) Vg2 >f \( Vgt

91,92,93,94
a1,a2,a3,a4 (;5%) }/‘\\ (2)

a4
1#93—1

Again remark that the sum expands over elements g; and a; satisfying the
compatibility conditions. They yield in particular that knowing g; for j = 1,2,3,4
and one of the a;’s we can determine the rest. As a consequence we can rewrite

Yo
2 2
8 = g
Pp = Z Z (1 +'mx”9(glgzg§1g;1)) 1/}92), \(wgll
a€G 91,92,93,94 (2)7 \f 2)
ISUREZanN
wggl
where the sum is extended over a, g; satisfying
(91929595 ") a (919205 95 ) " = a. (23)

It will also be useful to consider the slim version p, of p, obtained by “removing”
the weights from the boundary virtual indices:

o Vo
¢@)\/, 3¢
=y Y (L+X (910205 g1 ) Vo >,\ r\<¢g4‘1
acG 91,92,93,94 g@) ) ( g@)
SN
93

where again the sum is extended over elements satisfying the compatibility condi-

tion (23).

3.3.3 Rectangular region

We aim at describing the boundary of the rectangular regions R C A. We are
going to make the details in the case of a proper rectangle, since the cylinder case
follows analogously with few adaptations. First we need to introduce some further
notation regarding the edges and vertices that form R:
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Er = edges contained in R,

Ear = edges with only one adjacent plaquette inside R,
&y = edges with both adjacent plaquettes inside R,
Vr := vertices contained in R,

Var := vertices with some but not all incident edges in R,
Vp = vertices with all four incident edges in R,
ngr := number of plaquettes contained in R .

To formally construct the transfer operator or boundary state pg on R, we must
place at each edge e contained in R the transfer operator p. that was constructed
in the previous subsection and contract the indices.

Ga

N———",
pe = Vive = Y w9> <¢91
a,b,geG /¢_‘b\

a=gbg~!
The philosophy is similar to the plaquette case, although more cumbersome to
formalize. We are going to expand the expression for pgr

W AN S Dl A wg Yy ey gy 1¢a
)u T \,( ) O O O( o9
por = DEOESTE = D ® b0
OO0 séce HOOIOK \
AT TS aVr—G ~ o~ ~ ——Ah—¢
as a suim over maps
/g: Er — G s a: Vr — G

satisfying a certain compatibility condition. Let us explain the notation: at each
edge e € Ex, we set a value g := g(e) according to whether we have

by ¢
e %) (%71

by

At each vertex v € Vg, the contraction of indices coming from incident edges
and corresponding to say ¢, and ¢, will be zero unless a = a/. Thus, a nonzero
contraction will be determined by a unique a(v) = a = o'

f‘j & = > (n1+v8/2)"* Bnaa +v8/2)"? |ha)|ha) (B|(h]

heG
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% 6 = > On1 +78/2)"* (Onap +78/2)** |ha)|ha) (hl(h]

heG

=D (Ona+p72) (Ona +7572) = Sa1 + 27572 + |G| (v3/2)
heG (24)
o _

/2 /2_1\? 1
= da1+2 (57 ) +161 (£672) " = dan G = bt

Moreover, the sum is extended over maps g and @ satisfying the compatibility
condition:

e
g a~
¢ % Cg ) g such that a = gbg™*

The notation for the rectangles with 15 and ¢5 is the obvious

42 S )

—o—o—«"

N N N~
N L
) OIO|O] P
17[) ) O O O ( w (ngi) \-) C) () <.z ((lziz)
gs 9o !
o o o & ‘f(}) (g) o
Vot Vot Vogt ®© ar das “

The compatibility condition yields an interesting consequence. For each pair
(@, g) the map @ can be reconstructed known only its value at one vertex using g.
In particular, if we fix a vertex, namely the lower right corner, we can rewrite the
above expression of pyr as

"L/J@ ¢E
~ =~ g—po—pg—=C
paR:Z Z )OOO( ® D
a€G GiEr—G ) O O O ( N AN AN A

— — — 7 v 7 v 7 A} a

=

Here @ is the only map compatible with g and the choice a in the prefixed vertex.
In particular, all the elements a(v), v € Vg belong to the same conjugation class.



This means that we have two possibilities: If @ = 1, resp. a # 1, then a(v) = 1,
resp. a(v) # 1, for every vertex of R, and thus by (24))

ba ba
AY L) L) L AY L) L) L
Ny A\ A\ A5 Ny A\ A\ A5
§ L #V4 §
o< = (bg1+v)" - D g
L L

a a

where we have extracted the constant factor resulting from full contraction in the
inner vertices of the rectangle. Analogously, we can argue with the 13 factor,
where now we get a constant factor for each inner plaquette by (21 and (22):

o o - Y3 o . Y3
WOOO — T avysy) - (
OO0 e, ) <

Q.

where we are denoting for each plaquette

€1

ea| p |es X"(Glp) = X (919205 ' 91),  9i = G(es).

€3

Note that the definition is independent of the enumeration of the edges as long
as it is done counterclockwise (x"® is invariant under cyclic permutations) and
respect the inverses on the lower and right edges.

We have then the following representation for the boundary state pgr of the
rectangular region R

"""wg J\)'\l'\.qsa
por = > > (Bar+0) Rl es(@) ¢ ® T
a€G G:Er—G ~ = = T a
where we are denoting
cs(3) = ] @+vxGh))
p inner
plaquette

We are going to deal with the slim version of the boundary state resulting from
removing the weights acting on the boundary indices:

(
(
(
~= <
@)
®

L—i—a

Por = >, . (5a,1+76)‘v7é‘06(§) ;

a€G G:Er—G ~ == e

(25)
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3.3.4 Leading Term and Approximate factorization

Finding a short explicit formula for the boundary states pgr and pgr is not going
to be feasible. But we will show that, after rearranging summands, there is a
dominant term that we can explicitly describe in a short way. For that let us

introduce 1 1
A=— N ¢, = — > |LY(LI
a2 Yo = g 2 1L

geG geG
and consider the (product) operator
coe ~
_ )"""(A o —o—o— 41
Sor = ( ® 3 ¢ (26)

— ~ ~

We will later show that this is indeed an orthogonal projection on Hyr made of
local projections A and ¢ on fo(G) ® f2(G). We next state the first main (and
most involved) result of the section.

Theorem 3.1 (Leading Term of the boundary). Let us define the scalars
Vs |+ I€R | 2 8 vzl
kR = (1+ RITIR|G|IRE 0 eg :=3|G L .
r = (1+7p) G R G (1 n %)

Then, we can decompose
POR = KR (3672 + 55%“)
for some observable g’g%t with Hg’g%"'tH < €R.

Before proving the theorem, let us discuss two useful consequences. Recall that
the full boundary state psr and its slim version pgr are related via a transfor-
mation Gyr consisting of a tensor product of the (positive and invertible) weight-
operators (see Section B.2)):

por = ViV = Gor Vi Vr Gor = Gar Por Gor

Denote by Jyr and Jar the orthogonal projections onto (ker pgr )™ )+

respectively.

and (ker por

)

Theorem 3.2 (Approximate factorization of the boundary). Following the no-
tation of the previous theorem, let us assume that eg < 1. Then, the following
assertions hold:

(i) Jor = jaR = 5373. In other words, gaR 1s the orthogonal projection onto
the support of the slim boundary state and the full boundary state.
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(ii) The operator
oor = kR (GorJor Gor),

satisfies
1/2 1 1/2 —-1/2 —~1/2 R
Hpaéaamlapaéa JBRHOO <ER, HP@R/ 0872/7373/ - JBRHOO < I—er

where here the inverses are taken in the corresponding support.
In particular, Jaor, j@g and cgr inherit the tensor product structure of §a73, Gonr.

In the rest of the subsection, we will develop the proofs of the above results.
We have divided the whole argument into four parts. The first two parts are Tool
Box 1 and Tool Boz 2, that contain some auxiliary results. Then, we will first
prove Theorem Bl and finally Theorem

Tool Box 1: Boundary projections

We start with a few useful observations on the operators 5 and 1; Using the
explicit formula ¢, = ;.o [ha)|ha) (h|(h], it is easy to check that

> Gubar = daar for each a,d’ € G,
> 51 is a projection.
For every g,¢' € G
/ —1 / -1/
(LALY) = To(Lo 1Y) = oL ) = 5, |G (21)

This means that vectors ﬁ |L9) are orthonormal vectors in ¢3[G] ® £3[G], so

1 7 1 . . . . .
> & = T8 |L9) (L9| is a one-dimensional orthogonal projection,
> ﬁig and |—é‘1;g/ are mutually orthogonal if g and ¢’ are distinct.
These facts will be used throughout the forthcoming results.

Proposition 3.3. For each ]/”\: Eor — G let

o e < T
1

~

) (
Por(f) = T ¢ ©

—t
9o—

o4

b N N
—O—¢

ao—a
O—

Then, PaR(f) is an_orthogonal projection on Hag. Moreover if f1 and f2 are
different, then Pan(fl) and PaR(fg) are mutually orthogonal, that is

Por(f1) Por(f2) = Por(f2) Por(f1) =0
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Proof. The first statement is clear since 73373(]?) is by definition a tensor product
of projections gbl and |G\¢g Moreover, if f1 and f2 are different, then there is a

boundary edge e € Egr such that fl( ) # fg( ). Thus,

since {Eﬁ ©) and {bvﬁ (e) A€ mutually orthogonal by the above observations. O

Proposition 3.4. For each f: Eor — G let us define

P .y . a
Q (/\) 1 ~ v( f ® 1 -: Y :: ¢
OR £ Vel Z i ]
]G!‘ or| Lk |G| o vee—ea

Recall that for each a € G the element a that appears on the right hand side is
the only choice compatible with f and the fized a. Then, QaR(f) s an orthogonal
projection. Moreover if f1 and fg are different, then ng(fl) and ng(fg) are
mutually orthogonal.

Proof. Let us first check that Q(fm(f) is an orthogonal projection. For that, it is
enough to check that each of the two (tensor product) factors is a projection. The
first factor is indeed a tensor product of projections i G‘T/Jg For the second factor,
we just need to check that it is self-adjoint and idempotent. Since for every a, the
adjoint of 5(1 is $a_1, it holds

—o—p

VR
o—o—4
A L
P L
A L
7 L
L. N 3
—O—F

S]
N—
—+
o—o—4

b N N
—O—¢

o
—6—6

and that the latter is again compatible with g, since at each edge the condition

as = ga1 g~ ! is equivalent to (12_1 = gal_lgfl. Thus, summing over all a € G we get

self-adjointness, and so the first statement is proved. To see the second statement,
note that

oK ¢ a oo ¢ b oo ¢ ab
z g D 4 D a

R g O o < = & S
A a —a—a— p —O—E—- ab

1

and that the resulting element ggaAb is compatible with g, since as = ga1¢g~" and

by = gbig~! yield that ashy = ga1big~'. Hence, summing over a,b € G in the
previous expression we get
oo Pa —o—o— 9% oo PC
E B € o E P < |G| E P ¢
acG A a beG e e e ) ceG A€ ¢



This finishes the argument that Qor (f ) is an orthogonal projection. Finally, if f1
and fo are different, then we can check that Qor( fl) and Qsr ( f2) are mutually
orthogonal arguing as in the proof of Proposition B.3 O

Lemma 3.5. The operator
~ 1 ~ 1
= = N0, = = ST (LY
mg; ! |G|g§| ) (L]
is a projection on ly(G) ® l2(G) satisfying
ﬁig:iggz{gg forall g e G > (gl:|®gl:|)Z = Z(gl:l(gjglﬂ)'

Proof. 1t is clear from the above observations on @JQ that A is actually the

projection onto the vector subspace generated by vectors of the form [L9) and that
Az/zg ng 1/19 for all g € G. To prove the last identity, let us apply (IT) to
decompose

|L9) (L?| = |P1) (P1| + |Pr) (Po LY Ry| + |Po L9 Po) (P1| + |Po L7 Py) (Po L Ry

Since ‘—é' > e L9 = Py, we get after summing over g € GG in the previous expres-
sion

A= L STy (0] = 1) (P +

i Z |PoLIPy) (P LY Py -
geG

geG

|G|
Note that
(Gr®Gn) |P) = 190PiGn) = (1 +752)"* | P1)

(Go®Gn) [P LIPy) = [GoPyLIPyG ) = (v5/2)"/* |POLI Py)

As a consequence

AGn®Gn) = (1+ 76/2)1/4 |P1) (P1] + (v8/2) yL/4 @ Z |PoL? Py) (Po LY Py

geG
and so taking adjoints we immediately get that
AGn®Gn) = (Go® Go)A

This concludes the proof. ]
Proposition 3.6. The operator

~ = Ascor oo gi

Rl wnn B o
is a projection on Har satisfying

Por = Por Sor = SorPor~ »  Gor Sor = Sor Gor
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Proof. The first statement is clear as it is a tensor product of projections A and
¢7. Let us check that S@R POR = S@R In view of the representation of pgr given
in (25) it is enough to prove that

o

PRIy
o

Sor ©

(

(

(
=~ =

Q)

<

Q)

(

(

(
==

Q)

b N N
—O—¢

p—p—(

(28)

p—o—q

B S NN
—6—&

b N N
—O—¢

BN NN
—& Y

for all possible choices of g and @. The composition on the left hand-side of (28]
is again a tensor product of operators of the form ¢ qﬁa ¢a and Awg 1/19, SO
the equality (28] holds. Analogously, we can argue that pgr 8373 = 8373

Finally, to see that Gyr §3R = §3R Gor, note that both Gyr and §3R have
a compatible tensor product structure, so that their product Gor gaR is again a
tensor product of elements of the form

Goodn)A | (G1edhé , (G2060)h

and analogously for Syr Gar,
AGn®Gn) , M@ o) | s add).

By Lemma 35 we know that (G ®G)A = A(GH®Gr). For the others, we only
need to check that

(G+ ®G+) b1 = D (Gn1 +73/2)* IWIR) (hl(h| = 1 (G © Gi)-

heG

This finishes the proof. O

Tool Box 2: Plaquette constants

We need a couple of auxiliary results. First, let us introduce the notation
X“g)=x"“g) -1, geG.
If P, is the projection onto V7, then
X"(g) = Te(L(1 = Pr)).

Lemma 3.7. Let us fir u,v € G and complex numbers ag, by, a1,by € C. Then,

Y (a0 +boX(ugi - gm)) (a1 + 01X (g5 . 05" 91 ')
iyee e, gmEG

=|G|"™ (apar + bob1 X" (uv)) .
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Proof. Note that the left-hand side of the equality can be rewritten as

Yoo > (a0 +boX " (ug)) (a1 +biX" (g )

9€G g1,....gm€G
g1 ...-9m=g

= |GI™ Y (a0 + boX" (ug)) (a1 + 01X (g~ 'v))
geG

so we can restrict ourselves to the case m = 1. First, let us expand

> (a0 + boX"(ug)) (a1 + 01X (g 'v))
geG

= apa1|G| + apby ijreg(g*lv) + boay Zj{”eg(ug)
geG geG

+ boby Y X" (ug) X9(g ")
geG

The second and third summands are equal to zero, since

S ) =S (1616, — 1) = |G| — |G = 0.

hedG heG
Moreover,
SR ug) g 0) = (1G] buga — 1) (G151 — 1)
geG geG
= |G bug18g-101 = |Gl Y (bug1 + 64-101) + 1G]
geG geG

=|G[*duw1 —2|G| + G
= |G| (IGI0uw,1 — 1) = |G| (X" (uv) — 1),

so the fourth summand in the aforementioned expansion is equal to byby X" (uv),
leading to the desired statement. O

Next we need a result which help us to deal with the constants

cs(9) = JI @+x"@h))

p inner
plaquette

that appear in pspr, see ([20). Let us first extend the notation x"“(g|,) from
plaquettes to the boundary of the rectangle R: let us enumerate its boundary
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edges Egr counterclockwise by fixing any initial edge €1, ez,...,e;. Given a map
fo : Ear — G associating e; — g; let us define

g3 92 g1
g4 g1o
. o X =g )
ge gr 9gs
where o; = 1 if e; is in the upper or left side of the rectangle, and o; = —1

otherwise. We will also use

X(fa) == X" (fa) — 1.

As in the case of plaquettes, note that the definition is independent of the enumer-
ation of the edges as long as it is done counterclockwise (x"¢Y is invariant under
cyclic permutations) and respect the inverses on the lower and right edges.

Proposition 3.8. Fized fa : Ear — G we have that
> @ = (G (190" + 25 F(fo) -
§:Er—G
Glegr=ro

Proof. If the region R only consists of one plaquette, then the identity is trivial
since there is only one summand g = fg, so that

cs(g) = 1+vsx"“(Glp) = (1 +78) + 78 X “(9lp) -
Let us denote to simplify notation
a5::1+75 s bg::’m.

For multiplaquette rectangular regions, the key is Lemma [3.7l Let us illustrate the
case of a region R consisting of two (adjacent) plaquettes.

Vg Vg,
N N
¢gs> @ @ <1/}96_ !
VRN VRN
%471 ¢gg1
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Then, as a consequence of the aforementioned lemma

> (L +98X"(g2g3g95 b)) (1 + 78X (hgs g5 ' o)) =
heG

= (as +bg X" (929395 ' 1)) (ag + bs X" (hg5 g5 "91))
heG

= |G| (a% + 0 (929392195_196_191)>

The procedure is now clear and can be formalized by induction. Let R be a
rectangular region. We can obviously split R into two adjacent rectangles sharing
one side R = AC as below. The induction hypothesis yields that the identity is
true for A and C. Let us set some notation for the boundary edges of A and C:

a:=Ea\Ec , v:=Ec\Ea , z2:=EaNEc.

—{ %
(0] V4 Y
—
R A C

Fixed a boundary selection f: Eor — G (note that Egr = ay) let us consider the
sum over all choices g : Eg — G such that g coincides with f on the boundary
edges of R

Yooe@= > I (as+bsX(lp) =

GER—G gEr—G pCR
§|8R=f §|aW:f plaquette
= > JI (s+0sx@) [ (as+05X(lp)
g:Er—G  pCA pCC
Glay=Ff Plaquette plaquette

Next we want to apply the induction hypothesis on each subregion A anc C. For
that, we have to make the right expressions to appear. We can split the sum

I S SRS DI SIDS 2

G:Er—G hizmG G:iER—G hiz—G 9:€a—G G:Ec—G
:‘]\|a'y:f Zﬂaﬂ/if Zﬂa:fla /g\"‘/:fl"/
glz=h gl==h glz=h

Hence, we can rewrite (29)) as
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ST (as+bsx(El) =

gEr—G pCR
§|aW:f plaquette

S (X T ws+bv@h))

N _Z]\:fA—)\G' pCA
Gla=fla plaquette

gl==h
(X I (s + s
g:Ec—G  pcC
/g\‘ﬂ/:ﬂ’y plaquette
gl==h
Y oo == ¥y
Ty « ) « 1
Uﬁ
) ( ) (
) ( ) (
I I
A C

Applying the induction hypothesis we have that the above expression can be rewrit-
ten as

> 161 (aft + b5 T Glah) ) G (a3 + 530 (R gl,))

hiz—G

=[Gl Faltel 37 (a5t X 9G@lah)) (a5 + 050 TR gl))
hiz—G

where n4 and nc are the number of inner plaquettes of A and C respectively; g\a
is the map €94 — G that coincides with § on o and with h on z; and hg|7 is the
map Egc — G that coincides with g on v and with hon z. Finally we use Lemma
3.7 to rewrite the above expression as

|GIEal+ES I+ ( Ao 4 ppatne ng(g\wh))

Finally observe that the set £ of inner edges of R, is actually formed by the
disjoint union of £;, £+ and z, whereas the number ng of inner plaquettes of R
is indeed the sum of n4 and ng, so that
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S I (b5 79G) = (GI%=! (af® + 05 F9(P)) .
gEr—G pCR

@\a«/=f plaquette

This finishes the proof of the Proposition.

Proof of the Leading Term of the boundary Theorem

We are now ready to prove our main result about the boundary state of the ther-
mofield double. The previous result allows us to rewrite (23] as

vvv{ljf PR
por =y Gart9)"® D ea(f) ) Co®
e e ~== T
where
~ < -
eo(f) = cs(g) = IGIIF=] [(1 +7p)"™ + 2= T(F)] -
§:Er—G
gle, ffa

Let us now split the sum over a € G into a first summand with a = 1 (which forces
a(v) =1 for every v € Vg, as we argued in previous sections) and a # 1:

Vel sun NS casl
B B VU ~ ) ( :J AN 7~ A Y %
por = Uty)®l D es(f) Jo @ b ¥
f:€or—G -~ T
‘ ‘ - < v";f g—o—p ,\—(;a
Vg N ) ( Y <
+ (78) AZ cs(f) ) ( © Z ¢
FomsC S N aeG a

o

(

(

(
-~ =

=)

&

P\

©

)

— (yp)V2l > oca(f) )

Fi€ar—G ~==

L—a—a

B SN NN
—O—6h

In the first summand, we can moreover decompose

S ST
~ .
> HA = el aagge > L
Féor—G === féor—G ===
oo U5
G’ER‘ nR ~reg n ) (
LR SR I WA
FiEor—C ===
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Thus, combining both expressions

-~ V{Ef . .¢T
=, Vs N oot
por = (1+75) "=l (1 4+ 5= |Gl 30 ; C® s
F:Eor—G == ¢
- - \,TZJ? L. .(ZT
V“ o o~ “X v 9
+ (1+76)| | (WB)nR|G|’gR‘ Z X"“(f) ) : ® 3 ¢
Féor—G == e
Vvvlzf o ,\fza
Vi ) ( 3 &
ol 3 e I e X s
[:€or—G === acG a
- - \,TZJ? . '(’;/1\
V“ —~ PU7 A7 A A
—(’YB)| | Z cs(f) ; : :) g
FiEar—G — == el
Dividing the above expression by
KR = |G|\5R\ (1+ ,YB)’Vfa"‘rnR _ |G||g7"3|+‘&m‘ (1 _{_,yﬁ)’Vﬁ’-l—nR ’
we obtain
1 _ v \™ V8 [Vl V8 Vgl
— =S+ | ——— Sy + Ss — S 30
KRP@R 1 <1+'75> 2 1+"}/5 3 1—|—’yﬁ 4 ( )
where
1 )""V(zzf .);ua_gi
=X R e ©
[:€arn—G -~ ~ ~ v N
1 ST “““%
_ ~reg N ) ( :J o— \:
82 = Z X ( ) ’G“(S@R‘ ) ( P ¢
[i€or—G === L
—~ o Jf
Sy = Cﬁ(f) 1 ) ( ®Z:) oo
<. g D <
J?:EBR*)G (1 +75)n6 ’GH R‘ ‘G‘I or| ),\ = ,\( aceG H—-a—a—¢
—~ o Jf P
S, = Cﬁ(f) 1 ( 2 o 6
£ £ B ¢
Feme (LHwrajalitel jefe LTI T
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Note that the first summand actually corresponds to

. A®for ¢

312) ¢ & [
) (

93—+
N

I
%
S

oo ¢
OH—O—€

To estimate the norm of Sy and Sy we are going to use that the operators

U5 b

1 === e

. [ Em—G.

P
o—o—q

b N N
—O—¢€

)
|G||58R‘ ) (

B N
—6—&

are (orthogonal) projections and mutually orthogonal, see Proposition Then,
we can estimate
[Salle < sup  X"U(f)I <G,

Fior—G
and
~ nR
1S3]lc < sup s £ §1+< v > Gl
Fer—sa (1+75)" |G| L+

To estimate the norm of S we are going to use that the operators

w/\
S e e e M 3
|G||5a7a| ) ( © Z 3

=== aceG

$a

—t
o

. [iEmr—G.

o

b—i—

a—a a
O—5

are (orthogonal) projections and mutually orthogonal, see Proposition B4l Then,

~

ISslee =  sup ) o §”<1% >IG|.
Feon—a (14 75)m=|GllR] + 78

Combining all these estimates, we can reformulate ([B0) as

por = kr (Sor + SHE!)

where the observable 55%% satisfies

155 < (+22)" 16+ (+22)" e [+ (722-) " el

1+p L+ L+
Vgl
< (+2%) "6l +6)
1+9s
Vgl
<3l6P (15) " =
VB

having used in the second inequality that [V | < ng

38



Proof of the Approximate Factorization of the boundary Theorem

Let us assume that eg < 1. By Proposition 3.6, we have that 5373 is a projection
satisfying par = parSor = Sorpor. Moreover, by Theorem B

|5 Pom — S| = US55l < er < 1. (31)

These three properties yield that 5373 = jaR, as a consequence of the next general
observation:

Let T be a self-adjoint operator on H = C¢, and II an orthogonal projection
onto a subspace W C H such that TII = IIT =T and ||T —1II|| < 1. Then, II
is the orthogonal projection onto (ker T)*. Indeed, since T = IITTI we have that
(ker T')* is contained in . If they were different subspaces, then there would be a
state |u) € W with T' |u) = 0. But then, 1 = (u|u) = (u|(T — M)u) < |T-1I|| < 1.

Next, observe that by Proposition

[Gor, Jor] = [Gor,Sor] = 0.

This yields that pgr and psr have the same support, that is Jyr = j@R, since
they are related via psr = Gor por Gor where Gor is invertible. Moreover, the
operators cyr = kR Gor JR Gor and o9 = kR JR will also have the same support
as pgr. We can thus argue as in the proof of Proposition 5.7 to get
1/2 1 1~1/2 T
Hpaéz 8721084% Jor lloo = Hpan (kR Jor)~ paéz — Jor s

2 Jor s — Jor |l

= H"‘&R 2
= ||rz" Por — Jorlle < €r

where in the last line we have used again (3I)). Finally, since ogr and pgr have
the same support, we can use the identity

o0
—-1/2 —1/2 _ / 1/2 1/2 1/2 1/2
Por OoR Por. = (Por o PaR) = Jor + Z (Jor = pow oo Por)"
m=1
so that
o0
—1/2 —1/2
Hpan/ ToR Pan/ —Jor|l < Z R = —en
m—1

3.4 Approximate factorization of the ground state projections

In this section, we study for a given rectangular region R split into three suit-
able regions A, B, C where B shields A from C' and such that AB, BC are again
rectangular regions, how to estimate

|Papc — PapPgc|
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in terms of the size of B. This problem is related to the approximate factorization
property of the boundary states that we studied in the previous sections, (see
Section B.2.1] for details on this relation and the main results in the context of
general PEPS). Our main tools will be Theorems and

Corollary 3.9. Let us consider a rectangular region with open boundary conditions

N, N, S S N S S N N,

~
—~

~
—~

~
—~

~,

~,

et/ 2 Vel 2 Ve 3
Y P

= =

O 7NN ~ AN ~ A N Y

~

DD O d
—~

DM M A

VT VTAY

==t

so that AB, BC, B are again rectangular regions. If B has M plaquettes per row
and N plaquettes per column with

VB
ep = 3|GJ?
b <] <1+’m

(M-D(N-1) 4
) <3 (32)

then the orthogonal projections Pr onto Im(Vz) satisfy
| PapPpc — Papc|| < 6ep(1 + 2ep) < 12¢p.

Proof. In order to apply Theorem 5.6l we arrange the virtual indices of ABC, AB,
BC and B into four sets a, ¢, a,~ as in the next picture:

R IR e TR e T et o~ S~— —, ) o, Rt I e I et
)sJ A\ A\ L/ L L/ L N ( ) L/ L/ L 1/ N U A\ \a(
gy Va Y a
3 A U A\

al) A B (1 al) B C (|c

gy Va Y a
3 A U A\
)*\ M mMm N N N N ( ) N N N Y < WY r~(

,/\‘ I/\‘ I/\ —~~ —~~ —~~ 'A —~~ —~~ —~~ —~~ I/\‘ I/\‘ I/\‘

t t
so that

0ABC =ac , 0AB=ay , O0BC=ac , 0B=ay.

The hypothesis eg < 1 ensures that the hypothesis eg < 1 in Theorem is
satisfied for R € {B,AB, BC, ABC}, and so Jyr and ogr have a simple tensor
product structure. This allows us to factorize

Joapc =Ja®Je , Jop=Ja® Jy,

J@AB:Ja®J'y y 09BC = Ja ® Je.
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where J,, J., Jo and J, are projections. The local structure of 5373 and Gor
allows us to decompose both operators as a tensor product of operators acting on
a,c,a, 7. Hence, we can define

KAB ~ KBC o
Oq = gaSaga y O¢i= —(— gc Sc gc,
NG VFB

Oa ::\/@gagaga y Oy ::\/@g'yg'yg'y-

Then, we can easily verify that kapckp = kapkBc, and so

O9ABC = 0q¢Q 0c , 0B = 0q @0y,
09AB = 0 Q 0~ , 09BC = Oa & Oc.

From Theorem B.2] it follows that for each R € {ABC, AB, BC, B}

12 _1 1/2
”Paéaamzpaég — Jor| < eB.
and ;
—1/2 —1/2 B
HPBR/ ToR PaR/ — Jor|l < . <2s.
Thus, applying Theorem [5.6] we conclude the result. O

Analogously, we can prove results for the torus and cylinders.

Corollary 3.10. Let us consider a cylinder with open boundary conditions and
split it into four sections A, B,C, B’ so that B'AB and BCB' are two overlapping
rectangles whose intersection is formed by two disjoint rectangles B and B’, as in
the next picture:

N, N, S S S N N, S, N N, S, (N,

(
(
(

\ Bl 2 Sll SR Y

(
(
)|(
(
(

o, oot o, oot

)] ¢ )] ¢

: : B q ) ¢ b q

o |C ) ( Ol IC ) (

: : B q ) ¢ b q

o |C ) ( Ol IC ) (

; A D qa : ¢ D €

\:)r\ r\C. )—\ oA r~( \:)r\ r\C:. )—\ DO r~(
e DS == OO

A B C B’

Let us assume that B and B’ have at least M plaquettes per row and N plaquettes
per column with

enp = 3|G[? (”—5 <

(M-1)(N-1)
1+ 73)

1
92 )
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then the orthogonal projections Pr onto Im(Vg) satisfy
| PerapPpoB — Papep || < 18epp/ (1 + 6eppr) < T2epp: .

Proof. We are going to apply Theorem for the three regions A, BB’ and C.
Firstly, we need to find a suitable arrangement of the virtual indices. First we split
the boundary of BB’ into two four parts v,/, a, o’ as in

1 1
T T
P o
) ( ) (
D a by aY a
).l \.( ).J \.(
al P 4 | Y1 P 4 | o
) B ( N1 |B (
D a by aY a
ez €$T gz A 8
)“, A— r( )“, A6 r(
=A=h= akake
and define regions a and c according to
a c
| } | |
] DD AP . j (Dt P (
by aY a by aY a
).J \.( ).J \.(
I N ~ D a4 !/
Yy D q | a | b qd |
| B’ A B| X i |B C B’ J
gz A g2 A 8
)“, D) DDy r( )“, e . N S S S r(
aiskelilieiekekake slalialialelakealeke
a C
so that

OB'AB =+'ay , O0BCB' =acd , OABCB' =ac
OB=ay , OB =+d

The local structure of 5'373 and Gy allows us to write them as a tensor product
of operators acting on the defined boundary segments, and define

0u = %gﬁaga, o= % G1S.G.
Oq i= \/ngﬁaga O 1= gL,Ea,ga,
0 = \RBREG1S,G, 0y = G1,8,Gy
Then, using that kapckpkp = Kp akpcp We can easily check that
O9B'AB = 0y @ 0q &0y , 09BCB = 0o @0 Q0w , OTJABCHB = 0q & Oc
0B = 0a @0y , Ogp = 0y Q Oy

By Theorem B.2] we have for each R € {B, B’, BPAB, BCB', ABCB'}

1/2 _— 1/2 —1/2 —1/2
lpeoah o = Jorll s loae 2oompas® — Jorll < 2eppr .
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In particular, considering the joint region BB’ we get

—~1/2

_1/2)(/753/

—1/2 —-1/2 —1/2 —-1/2
HPBBGB’UaBB/paB/B’ —Japp| < H(PaB/ TOBPYR UaB’PaB{ ) — JoapJap ||

< llogs *oonrag” = Jonl - loas compop.”|
+ loap com g’ — Jow | - | Jos |
< 2epp(1 + 2¢pp/) + 2epp
< Geppr .
Applying Theorem (.6, we conclude the result. O

Corollary 3.11. We consider a decomposition of the torus into four regions A, B, C, B’
as below. We have then two overlapping cylinders B'AB and BCB’, whose inter-
section is formed by two disjoint cylinders B and B'.

Y

Y

@)[©)[©)

OO

AN
7

A

A

B

B/

%

\
7

B

%

@)[©)©)

OO

\
7

2

%
A

\ a
(4

c B’

Let us assume that B and B’ have at least M plaquettes per row and N plaquettes
per column with

v 1
€EBB’ :3|G|2 <—6 S 55

(M-1)(N-1)
1+ 75)

then the orthogonal projections Pr onto Im(Vg) satisfy
| PerapPpoB — Papep || < 18epp/ (1 + 6eppr) < T2epp: .

Proof. We are going to apply Theorem for the three regions A, BB’ and C.
Firstly, we need to find a suitable arrangement of the virtual indices. The boundary
of B (resp. B’) can be split into two regions: the part connecting with A, denoted

by a (resp. o'); and the part connecting with C, denoted by v (resp. +/):
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The local structure of §a73 and Gy allows us to write them as a tensor product
of operators acting on the defined boundary segments, and define

Oq = \/KBKB’ g;gaga y O~ = +/KBKp! Qfxgaga

KBCB' 5 KB'AB S
Oot = 22 G SeGr oy = 2GS,y

NG NG
Using that kapcp'kBkB = KB'AB KBCB', We can easily verify
09B = 0q Q 0y , 0Ogpr = Tt Q Oy
O9B'AB = 0y Q0 , 09BCB = 0o Q0 -
By Corollary B.I0] we have for any cylinder R € {B’AB, BCB', B, B'}

1/2 — 1/2 —1/2 1/2
”paézamlzpaéz —Jor|l , ”PaR/ 0872[7343 — Jor|| < 2eppr -

Reasoning as in the previous corollary, we have for the region joint BB’

1/2 — 1/2
‘|pagB/UaéB’p8/BB’ — Jopp'|| < 6eppr.

Applying Theorem (.6, we conclude the result. O
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4 Parent Hamiltonian of the thermofield double

The PEPS description of |pg/ 2) is given in terms of a family of tensors whose
contraction defines linear maps

Vi : Hor — Ha

where R runs over all rectangular regions R C Ay. We will denote by Pr be the
orthogonal projection onto Im(Vxg).

We aim at constructing a parent Hamiltonian of this PEPS, namely a local
and frustration-free Hamiltonian whose local ground states spaces coincide with
the range of Vz for all sufficiently large regions R. In particular, this will imply
that | p;;/ 2> is the unique ground state of the Hamiltonian on the torus.

For each 8 > 0, let us fix n = n(f) € N large enough so that

el —1
|G|

of s (n(B)-1)*
216¢e|G]| <—> <1 where V8 = (33)

1493

We then consider the family X = X, formed by all rectangular regions X C An
with dimensions a,b € N satisfying

b
l n<a,b<8n,
a

and define the local Hamiltonian

He=> Px
Xex

where P)% := 1 — Px, that is, the orthogonal projection onto Im(Vy)*. Note that
the range of interaction of the Hamiltonian Hg depends on the parameter n(f3).

Remark 4.1. A sufficient condition ensuring that [B3]) holds is
n(B) > 2+ (1+5) log (216e|G|* ).

Indeed, in this case, using that n > 2 and that the map x — (1 —1/z)* is bounded
by 1/e for x > 1, we can estimate

_1)2 _n_
( 78 >(n v < 8 >n _ (1_ 1 >(1ﬂ")l+w
L+s “ \1+ 1+

__n 1
< Mg < ——
= ¢ = 216¢|G]2
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4.1 Uniqueness of the ground state

The next result shows that | p;;/ 2> is the unique ground state of the aforementioned
parent Hamiltonian.

Proposition 4.2. Assume that N > 2n(f3). Then, for any rectangular region R
of the lattice Ay with dimensions a,b > 8n we have

ker > Py | =Im(Vr). (34)
XeX,XCR

Proof. There are three type of rectangular regions on the lattice we need to con-
sider: proper rectangles, cylinders and the whole lattice (torus). One inclusion can
be simultaneously proved for all of them:

ker o Py|= (] kePyr= (] Im(Vx)DIm(Vg)
XeX , XCR XeX , XCR XeX , XCR

since Im(Vg) C Im(Vx) whenever X C R. To see the reversed inclusion, we are
going to argue by induction on a + b where a and b are the dimensions of R.

Since we are considering rectangular regions with a,b > 8n, the first case is
a + b = 16n. Then, necessarily a = b = 8n and the equality (B4) is clear since R
actually belongs to X. Let us then assume that a + b > 16n and that the result
holds for all rectangular regions R’ with dimensions a’, b satisfying a’ +b' < a+b.
We claim that there exist rectangular subregions R1,Re C R such that:

(i) R =R1UR,,

(ii) For each j = 1,2, R; has dimensions a;, b; satisfying a; + b; < a +,
(iii
(iv
Before proving the claim, let us check how it yields, together with the induction
hypothesis, that R satisfies ([84]). Indeed, using (i) and (iii)

)
)
) If X € X is contained in R, then X C Ry or X C Ra,
) [[Pry Pry — PRl < 1.

ker Z P)% = ﬂ ker P)%
XeX, XCR XeX, XCR
= ﬂ ker P¥ N ﬂ ker Py
XeX ,XCR1 XeXx , XCR2

2l

= ker Z N ker Z Px

XeX , XCR1 XeX , XCR2
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By (ii), we can apply the induction hypothesis to Ry and R4 so that

ker > Py | =Im(Vg,)NIm(Vr,).
XeX , XCR

It remains to prove that

But since obviously Im(Vz) C Im(Vg,) N Im(Vg,), we simply apply Lemma (3]
using condition (iv).

Thus, to finish the proof of the proposition, it remains to verify the claim. We
now distinguish between three cases according to the type of rectangular region R.

Case 1: If R is a proper rectangle, we can assume without loss of generality
that b > 8n and b corresponds to the number of plaquettes of each row. Then, we
split R into A, B, C where B contains all plaquettes except for the first and last
columns.

A Bl |C

—>
b b—2

Then, taking R1 = AB and Ry = BC we have that (i) and (ii) clearly hold.
To see that (iii) also holds, note that if X is a rectangular subregion of R not
contained in R nor in Ra, then it must contain a whole row of plaquettes of R,
and so its horizontal dimension will be b. But since b > 8n, we deduce that X ¢ X
Finally, property (iv) follows from Corollary 3.9, stating that if B = Ry MRy has
dimensions a’, b, then

(@~ 1) 1)
:
1P, P — Py < 30167 (2) -

In our case, note that @’ =a >n and ¥’ = b — 2 > 8n — 1. Therefore,

(n—1)
PR, PR = Praresll < 361GE (22=) <1
Case 2: Assume that R is a cylinder of dimensions a = N and b. We can
assume without loss of generality that its border lies on the horizontal sides, so
that it contains N plaquettes per row. We then split R into four regions A, B, C, B’
as in Corollary B.I0l where A and C' correspond to columns of horizontal edges,
and B, B’ have horizontal dimension greater than |N/2 —1].
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Al |B| |C] |B

N > [N/2=1] = |N/2-1]

Taking Ry = B’AB and Ry = BCB’ we immediately get that these are proper
rectangles satisfying (i) and (ii). As in the previous case, we can argue that they
also satisfy (iii) since |[N/2 — 1] > 10n — 1 > 8n by the hypothesis. Property (iv)
follows from Corollary B.10] since it yields that

(8n—1)(n—1)
) <1

| PsrasPpcn — Papen|| < 216/G)? <17—5
+ 8

Case 3: Assume R is the whole torus Ay. Then, we can split it into four
regions as in Corollary B.IT] where B and B’ have horizontal dimension greater
than or equal to [N/2 —1].

@ AN AN /\A B C B/ N

> N2-1) > [Nj2—1]

Y
Y

g
Y

Taking Ry = B’AB and Ry = BCB’ as rectangular subregions, we can argue
analogously to the previous cases to deduce that they satisfy (i)-(iii). Property
(iv) is consequence of Corollary 311 which yields

8
L+5

N
< 216|GJ? (ﬁ) <1.

(LV/2-1])2
| PRy Prs — Pay |l < 216|G|2( )

4.2 The parent Hamiltonian is gapped

In [19], a family F of rectangles is given (based on a previous construction form
[9]), which serves to obtain lower bounds to the spectral gap local Hamiltonians
over the plane, i.e. with open boundary conditions. But in the case of Quantum
Double Models, what we are really interested in is to show a lower bound to the
spectral gap over Zy X Zy uniform in NNV, i.e. when the consider periodic boundary
conditions over a torus.
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Due to the results on spectral gap thresholds [22], 14}, 16} 17 3], for the Hamil-
tonian on the plane to be gapped is sufficient that the Hamiltonian on the torus
is gapped. Since the constants appearing in the spectral gap threshold are highly
dependent on the specific shape and range of the interactions of the Hamiltonian,
and in our case we will have to consider S-dependent interaction length. To obtain
more explicit constants, here we will take a different route, and we will directly
apply Theorem to the case of the system defined on a torus.

To do so, we have to choose a particular family of sub-regions F. The first
two steps in the recursion will be used to pass from sub-regions of the torus to
sub-regions of the plane (removing the periodic boundary condition in one of the
dimensions each time): from then on, the family of sub-regions to be considered
will be the same as in [19].

We refer the reader to Section [5.1] for a general presentation of the results and
notation that we will use in this setting.

4.2.1 Periodic boundary conditions

Let us consider the set of edges Exy1 on the torus Ayi1 = Zyi1 X Zny1 torus.
We are going to define three families:

> Frs is the family consisting of only one element, the whole lattice (torus).

> .F]‘i}'“" is the family of all cylinders having N + 1 plaquettes per column and
N plaquettes per row.

> Frect is the family of all proper rectangular regions R C Ayyq having N
plaquettes per row and per column.

Recall that we have already defined a parent Hamiltonian in terms of local
interactions P)% where X runs over the family X. The next result relates the gap
associate to each family (see Definition [B.T).

Theorem 4.3. Assume that N > 2n(3). Then,

gap(FR""*) > %gap(ff\?“") > % gap(FA).
Proof. Let us first compare gap(F %) and gap(F§i"). We have to apply Theo-
rem [5.2] and for that we have to ensure that Ay admits a suitable decomposition
in terms of cylinders of ff\?li". We are going to use the same idea from the proof
of Proposition let us split Ay into four regions as in Corollary B.I1] where
B and B’ have horizontal dimension greater than or equal to |[N/2 — 1].

\
4

Y

N N MNA B C B/ N

2\
Y

>|N2-1] > |N/2-1]
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Then, cylinders C; = B'AB and Co = BCB’ belong to F$!" and satisfy, by
Corollary B.1T]

< —.

(IN/2-102
e

2 B
| Pe, Pe, — Payq |l < 216[G| <m

Thus, applying Theorem with s =1 and § = 1/2 we can bound

1 o
gap(FN"™) > 7 gap(Fi'™)

Next, we compare ff\?li" and Fre. Given C € ff\?li" we can find a decomposition
into four regions ABC B’ as in the next picture

Al |B| |C] |B

N+1 > [N/2—-1] >|[N/2-1]

so that Ry := B’AB and Ry := BCB’ are proper rectangles having N plaquettes
per row and per column, so that Ry, Ra € Fif. From Corollary B.I0, we deduce

| Pr, Pr, — Pe|| < 216/G)? (i 1

(8n—1)(n—1)
1+%>
Thus, applying Theorem with s =1 and 0 = 1/2 we can bound

. 1
gap(FR'"™) > < gap(Fi)

W

4.2.2 Open boundary conditions

The next step is to show that the gap gap(Fi¢“) is lower bounded by a constant
independent of N and (. For that, let us define the family F = F'°¢ of all
rectangular regions R C Ay, with dimensions a, b satisfying n < a,b < N. Since
Fiet € F, we have

gap(Fi*') > gap(F).

We are going to prove the next main result.

Theorem 4.4. Assume that N > n(f). Then, gap(F) (and so gap(Fx¢)) is lower
bounded by a constant independent of B and N .
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For each k € N, let £}, := (1/3/2)* and R(k) := [0,€,41] % [0, €r12] C Ans1,
and denote by Fj the collection of all rectangular regions R in F contained in
R(k) up to translations and permutation of coordinates. It is clear that this is an
increasing sequence

FlCFyC...CF.

such that Fj is equal to F if k is large enough.

First, we need an auxiliary result which appears in [19] and [9]. We have added
in the statement additional information that implicitly appears in the original
proof, and will be used in our setting.

Lemma 4.5. Let s € N with s, < /32 and R € Fy \ Fr—1 with dimensions a,b
being a < b. Note that necessarily by, < b < lpi9 and a < lx1q. Then, we can find
sy pairs (Ai, B;)ik, of elements in Fj,_y such that:

(i) R =A; UB; for every i =1,..., s,
(ii) (A; N B;) N (A; N Bj) = 0 whenever i # j,
(iii) A; N B; has dimensions a,b; where b; > ng—’;kj.

(iv) A; has dimensions a,c; with
3 7
ka <g¢ < ggk-
(v) B; has dimensions a,d; with
1 3
0, <d; <=0,
gle = di< b

Proof. Let us identify Ayi11 = Zny41 X Zny41 and R = [0,a] x [0,b]. For each
i=1,...,sk, consider the subrectangles

14 A
A= <[0,a] x [0, % +2216’;k]> N AN+t

0 , ¢
B; = <[0,a] X [% + (20 — 1)16’;k,b]> NAnt1-

Clearly R = A; U B;, and moreover the intersections

Crt2 . by Uiy . U
A;NB;=(]0, — 2 —1 , 2 NnA
<[ af ) [ 7 G = Dggm =5+ 2igg ] ) N A

satisfy
(A;NB;)N(A;NB;) =0 whenever i#j,

so that (7) — (ii7) clearly hold. The dimensions of A; are a and ¢; = Lé’“T“ + 205 |,

16Sk
the latter satisfying
3 lryo leyo O 3 o
Ay = — << —+ == — = =/
T Ty Sas Tty Tkt g



which gives (iv). The dimensions of B; are a and d; = b — [Z‘“T“ + (20 — 1) 1&,@17
where d; satisfies, using that £, < b < lj,0,

1 7 levo 3
—{ = — 4 < —c; < b—g < —= = Y.
8€k gk 8€k < gk C; < b c; < dz S 4£k

Thus, (v) also holds. O
Proposition 4.6. Let kg € N such that
Uiy > 8n(B) > lry—1 -

Then, the family Fy, is contained in X. Moreover, if k > ko and R € Fj \ Fi—1,
then for any si € N with s < €,/32, there exist sy pairs (A;, B;)i¥, of elements
m Fr_1 such that:

(1) R =A;UDB; for everyi=1,..., s,
(2) (AiﬂBi)ﬂ(AjﬂBj):@ if i #£ 7,

(3) Rectangle A; N B; contains n(f) - Llé’;k — 1] inner vertices .

Proof. To see that Fj, is contained in the family &', simply note that every rect-
angular region R in Fj, has, by definition, dimensions a, b with

n(ﬂ) < avb§£k0+2 = (\/%)3&?0*1 < ( 3/2)3n(/8) < 8“(5)

Let us check now the second statement. Fix k > ko, R € Fp \ Fr—1 and si
as above. Let (A;, B;)%_, be the pairs provided by Lemma We are going to
check that they satisfy the required properties of the theorem. First, we have to
show that A;, B; € Fj_1 for every i = 1,...,s;. Denote by a,b the dimensions of
R. We can assume that a < b. Since R is in F, we know that n < a,b < N. By
Lemma 5] (iv)-(v), the dimensions of A; and B; are respectively (a, ¢;) and (a, d;)
satisfying

1 1
n(ﬂ) < —f]m < gfk < e¢,di <b< N.

Finally, the intersection (rectangular) region A; N B; has dimensions (a, b;) where

O
We are now ready to prove the main result of this subsection.

Proof of Theorem [{.4 Let us fix, for every k € N the value s; := ngﬁj . By
Proposition .6, we know that for every k > ko and every R € Fi \ Fr_1 we
can find pairs (4;, B;);*; of elements in Fj,_; such that R = A; U B; for every
i=1,...,86 (AN B;) N (A; N Bj) = 0 whenever ¢ # j, and the intersection
A; N B; contains at least n(3) - (k? — 1) inner vertices. By Corollary B.9] we have

B
1493

2
< efk +1 .

n(B)(k%-1)
|Pa, Py, — Prl < 36|G|( )
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Hence, applying Theorem with 05 := e ***+1 we deduce

Sy 1 b

§; 1

N > ... > J _ _ — )

3, SJ gap(Fk—1) > ... > exp jEk -5, s, gap(F,
—R0

gap(Fk) > exp [

Since Fy, is contained in X (see Proposition [L.6]) we have gap(Fy,) = 1. On the
other hand, the two series ), i and ), ﬁ—%k are absolutely convergent. Thus,
gap(Fy) is lower bounded by a constant independent of N, § uniformly on k. [
4.3 Parent Hamiltonian vs Davies generator

We have two Hamiltonians,

Z}NI@ and Hg:ZP)%

ec& XeX
both having the same (unique) ground state | pg/ 2). We can relate them through

- C C
Y H.o>CY T > ) > <Zﬂj> = > Ty

ecf eef XeXx \ee& XeX

The number m(X) is a uniform bound on the number of rectangles X € X con-
taining a prefixed edge e (uniform, in the sense that it is independent of the edge).
To estimate m(X), recall that each X € X has dimension a x b with n < a,b < 8n,
and so X contains at most 4(8n)? edges. We can then roughly estimate

m(X) < O(n(p)").
Next, we note that Px > Ilx for every rectangular region X C &, or equivalently
kerITx = { (A®67§HX)67§(H57HX) : A€ Bax } € Im(Vy).

Indeed, using the PEPS decomposition

we can compare




and

l

Im(Vy) = { A cA'eBax ® Ha(g\x)}

{
Henx Hx

We summarize the results of this subsection in the following proposition.

Proposition 4.7. The spectral gap L of the Davies generator for the Quantum
Double Model with group G is bounded by

—cB

gap(L) > cmﬁ gap(He), (35)

where Hg is the parent Hamiltonian of the thermofield double state ]p;‘i/2> with
parameter n(f3), ¢ and C' are positive constants independent of B, G and the system
size, and Gmin = Milg g, o (W).

The main Theorem [I.1] is then obtained combining Proposition [.7] with The-
orems 3] and 41
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5 Tools

In this section, we are presenting some of the concepts and auxiliary results that
we have used in preceeding sections. Since we expect that they are useful in other
contexts, we decided to present them in a more general setting.

Let us consider a general lattice A or even an arbitrary metric space, and
associate to every site € A a finite-dimensional Hilbert space H, = C?%. As
usual, for a finite subset X C A we define the corresponding Hx = QuexHz
and space of observables Bx = B(Hx), identifying for X C X’ C A observables
Bx — Bx via @ — Q ® ]lX’\X'

5.1 On the spectral gap of local Hamiltonians

Let us start by recalling the recursive strategy to obtain lower bounds to the
spectral gap of frustration-free Hamiltonians described in [19], which we will also
slightly improve over the original formulation.

A local Hamiltonian is defined by a family of local interactions, that is, a map
® that associates to each finite subset X C A an observable ®x = <I>;( € Bx. For
each finite Y C A, the corresponding Hamiltonian is given by

Hy = Z@X.

XCY

Let us denote by Py the projection onto the groundspace of Hy .
We will assume that the Hamiltonian is frustration-free, namely that for every
finite Y C A
Wy = ﬂ Groundspace(®x) # 0.
XCcYy

This ensures that Wy is the groundspace of Hy, i.e. Py is the orthogonal projec-
tion onto Wy. In addition, for every X C Y C A we have Wy C Wx and therefore
Py Px = Py.

The frustration-free condition has further important implications on the rela-
tionships between the projections Py, which we now recall (these statements are
all consequences of Lemma [5.3]). Let X, Y C A. Frustration-free condition yields
Wxuy € Wx N Wy. As a consequence,

|Pxuy — Px Py || = ||(Pxuy — Px)(Pxuy — Py)|l € [0,1].

Moreover, Wxyuy = Wx N Wy if and only if ||Pxuy — PxPy|| € [0,1). This
happens whenever ® has finite range r > 0 and the distance d(X \ Y,Y \ X) is
greater than r, since in this case every subset Z C X UY with &z # 0 is either
contained in X or Y.

Definition 5.1 (Spectral gap). For each finite subset Y C A, let us denote by
gap(Hy), or simply gap(Y), the spectral gap of Hy, namely the difference between
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the two lowest unequal eigenvalues of Hy . Given a family F of finite subsets of A,
we say that the system of Hamiltonians (Hy )ycr is gapped whenever

gap(F) := inf {gap(Y): Y € F} > 0.
Otherwise, it is said to be gapless .

The following result allows to relate the gap of two families. It adapts a result
from [19, Section 4.2].

Theorem 5.2. Let F and F' be two families of finite subsets of A. Suppose that
there are s € N and 6 € [0,1) satisfying the following property: for eachY € F'\ F
there exist (A;, B;)$_ pairs of elements in F such that:

(i) Y =A,UB,; foreachi=1,...,s,
(it) (A; N B;) N (A; N Bj) = 0 whenever i # j,
(i4) ||Pa,Pp, — Py || <6 for everyi=1,...,s.

Then,

1— 1
gap(F') > 0 [ d

> — = .
51 gap(F) = exp |7 S] gap(F)

The main tool is the following lemma, which is an improved version of [19]
Lemma 14| in which the constant (1 — 2¢) has been improved to (1 — ¢). The
argument here is different and inspired by [21, Lemma 14.4].

Lemma 5.3. Let U, V,W be subspaces of a finite-dimensional Hilbert space H and
assume that W C UNV. Then,

I + 10y > (1 — o)1y, where ¢ := ||TyIy — Iy
Moreover, ¢ € [0,1] always holds, and ¢ € [0,1) if and only if UNV = W.

Proof. Let us start by observing that, Ily = IIylly, = Iy Ilyy. Thus, the constant
¢ can be rewritten as
¢ = [|(My — M) My — ) || = [T My Ty Ty |
= sup { | (a| My Ty Ty Ty [B) | = [lal] < 1, [[p]} < 1)}
= sup{| (a| My Ty [b) |+ a,b € W, [laf] < 1, [[p]| < 1)}
=sup{|[(alb)|: a c UNW be VWL, |la| <1, b <1)}.
From here it immediately follows that ¢ € [0,1]. Moreover, a standard argument

by compactness (H is finite-dimensional) shows that ¢ = 1 if and only if there
exists a € UNV N W with ||a|| = 1, or equivalently, if W C U NV .
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Next, let us reformulate the original inequality we aim to prove as

OF + 1 > (1 - o)y © 1-Tp+1 -1y > (1 - o)l
& 21— (1 - o)y >y + Iy
& 2y + 2004 — (1 — o)l > Iy + Iy
& 20w + (1 +¢) I > Ty + Iy

Moreover, since Il = Iy + Hﬁ/ 11 Hﬁ/ and Ily = Iy + Hﬁ, 11y Hﬁ, we add one
more line to the previous chain of equivalences:

I + 10 > (1 - o) Iy, & (1 + )M > iy (Hy + Hy)Iy,

Let |z) be a norm-one eigenvector of I;j, (Il + IIy)II;;, with corresponding
eigenvalue A > 0. Note that Il |7) = |z) necessarily, since eigenvectors with
different eigenvalues are orthogonal, and W is contained in the kernel. We can
write

Iy |z) = \y |zy)  for some |zp) € UNWL, (zylzy|oy|zy) =1, Ay € R,

Iy |z) = Ay |zy)  forsome  |zy) € VAW (zy|zy|zy|zy) =1, Ay € R.
On the one hand, we have

A= (z|1ly + 1y |z) = (z| Oy |z) + (z|11y |z)
= (2|1} |2) + (2|11}, |z)
= A\f 4+ A

and, on the other hand

N = (| (Ty +1y) (Iy + My) |z)
=\ + A\ + (2| Ty Tly |2) + (2| Ty Ty |2)
= )\%] + )\%/ + 2 )\U )‘V Re <xU|xV|xU|xv> .

Combining both inequalities we get, denoting ¢, := | Re (zy|zv|zu|zy) |,

(1+cp)A — N2 = Cx ()\QU + )\%/) — 2 u v Re (xy|zy|zy|zy)
> (A + AL — 20 p\y) = c.(Ap — Ay)? > 0.

Since A > 0, we conclude that
A<1l+4+c:<1+g

where the last inequality follows from the observation at the beginning of the
proof. O
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Proof of Theorem[5.2. Let Y € F'\ F and let (A;, B;)$_, the family of pairs sat-
isfying (i)-(iii) provided by the hypothesis. Applying Lemma [5.3] we can estimate

I I 1
@ PFla) < =2 (@l B o) < <Y = ((al P [2) + (2] P5; |a))
=1 i=1

1 1 1

< —- — Hy, Hp.

- 1—68;gap(]:) (<.%" Aj ‘Z’>+<x’ B; ’.%'>)
1 1 1

= 155 ) 5 & W+ Hans o)

1 1
<
~ 1-90 gap(F)

18
(z| Hy + 5 Z Hp,nB; |z)

i=1

1 1 1
< T=35 gap(F) (14—;) (z| Hy |z) .

Therefore,
gap(Y) > N ; - gap(F) whenever Y € F'\ F.
s
On the other hand, if Y € 7/ N F, then gap(Y) > gap(F) by definition. Hence,
we conclude the result. O

5.2 PEPS, boundary states and approximate factorization

Let us recall the notation and main concepts for PEPS. At each vertex x € A
consider a tensor in the form of an operator

o V. (CD)®8I N (Cd
J1
) d D k e
BT Vo= 20 2 T o e |K) (G1727374]
J4 k=1 j1,52,j3,J4=1

Here, C? is the physical space associated to v and each CP is the virtual space
corresponding to an edge e € Oz, i.e. incident to x.
Let us recall the notation for boundary states of a PEPS. For a finite region
X C A, the contraction of the PEPS tensors gives a linear map from the virtual
edges connecting X with its complement to the bulk physical Hilbert space, which
we denote as
Vx : Hox — Hx

The image of Vx are the physical states which can be represented by the PEPS with
an appropriate choice of boundary condition, and so in our case these are exactly
the ground states on X. In other words, Py is (by assumption) the projection on
the range of V.
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L ]
L ]
L ]
L ]
L ]
L ]

Hx Hox

The boundary state is then given by
pax = ViVx € B(Hox). (36)

If psx has full rank, we say that the PEPS is injective on region X. We will also
use the following notation

2

Wy = Vxps?, Py = WxWk = Vyps Vi, (37)

where Wy is an isometry.

Figure 3: An example of three regions A, B, C.

Let us consider three (connected) regions A, B,C C A and assume that B
shields A from C|, so that there is no edge joining vertices from A and C (see
Figure [3). Let us consider the boundary states pgapc, poas, popc and pgp. In
the case where they are all full rank, the approximate factorization condition is
defined as follows.

Definition 5.4 (Approximate factorization for injective PEPS [20]). Let ¢ > 0.
We will say that the boundary states are e-approximately factorizable, if we can
divide the regions

29



_{ }—
a A o B Y C c
—{ }_
i | > i |

and find invertible matrices Nqz, Asze, Qaz, 2y with support in the regions indi-
cated by the respective subindices such that the boundary observables

09AB — QZ'yAaz ooBc = Azcflaz

09ABC = AzcDqz 0oB = Qz'yQaz
approximate the boundary states

Hpéégagépé/é —1|| <e for each R € {ABC,AB,BC},
~1/2 ~1/2
leos*oomras” — 1l < e.

The approximate factorization of the boundary states implies a small norm of
the overlaps of groundspace projections.

Theorem 5.5 (|20, Theorem 10]). If the boundary states are e-approzimately fac-
torizable, then
| PaBPBc — Papclleo < 8¢.

5.2.1 Approximate factorization for locally non injective PEPS

In [20], the approximate factorization condition was extended to non-injective
PEPS satisfying what is known as the pulling through condition, which holds in
the case of G-injective and MPO-injective PEPS. Unfortunately the PEPS rep-
resenting the thermofield double state | p;/ 2) will neither be injective nor satisfy
such condition. At the same time, it will turn out to have some stronger property
which will make up for the lack of it: it can be well approximated by a tensor
product operator. We will now present the necessary modifications to the results
of [20] required to treat this case.

There are three geometrical cases we need to consider in our decomposition
of the torus Zyi1 X Zn41 into sub-regions: two cylinders to cover the torus,
two rectangles to cover a cylinder, and two rectangles to cover a rectangle. The
following theorem is an adaptation of [20), Theorem 10| that covers each of these
three cases.
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Theorem 5.6. Let A, B,C be three disjoint regions of A such that A and C do
not share mutually contractible boundary indices. Let us moreover assume that the
(boundary) virtual indices of ABC, AB, BC and B can be arranged into four sets
a,c,a,y so that

0A\OBCa , 0C\OBCc , O0ANJOBCa , 0CNOBCx
0ABC =ac , 0AB=ay , 0BC=ac , 0B=ay.

Let us also assume that the orthogonal projections Jogr defined above admit a
factorization in terms of projections Jq, Je, Jo, J~ (subindices indicate their corre-
sponding support), namely

Joapc =Ja®Je , Joap=Ja®Jy , Jopc=Ja®@Je , Jop=Ja®Jy,

and there also exist positive semi-definite operators o,,0¢, 0,0~ with full-rank on
Jas Jars Iy, Jor such that

O9ABC ‘= 0q®0c , O09AB ‘=080~ , O09BC ‘= 0qQ0c , 0yB = 0qQ0,

satisfy

Jor — p2051 Y2 < e | Re{ABC,AB,BC},

—1/2 —1/2
|Jop — PaB/ UBBPaB/ | <e.

Then,
HPABPBC — PABCH < 38(1 + E) .

In case the region R consists of the whole lattice (e.g. torus) then a and ¢
would be empty. In this case o, and o, are simply scalars.

Proof. Let us define the approximate projections
Qr = VrogaVh , Re{BC,AB,ABC}.

which satisfy

1/2 — 1/2
1Pr — Qrll = |Jor — peposhpsell <. (38)

We are going to denote by Vo_, g the tensor obtained from Vi by taking all input
indices that connect with B into output indices, so that

Vapc =VapVosp and Vpe =VpVoop
Analogously, we define V4_, p satisfying

Vapc = VecVasp and Vap =VpVa.p
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Then, we can rewrite
Qupc = Vapcos o Vi = Vapcoto V]
ABC = VABCY99aBcYABCc — YABCYq U¢ YABC
-1_—1
= VapVeopo, o, VX%BVIE’C

= Vapo, Vesp Vi oo Vi

At this point, we can use the local structure of the projections to write Vyp =
VagJaag = VABJGABJ'y = VABJ'y = VABO'VO'JI. Analogously, Veo = VB(jo'aO'&l.
Inserting both identities above, we can rewrite

Qapc = Vapo, o Vi, poyoa Voosp oy o, Ve
_ -1 T -1 i
= VaB O9AB VA—>B o Ve 09BC VBC
Similarly, we handle
QasQsc = VaposipVis VecospcVie
= VanospVip Vi Ve Vorn ohpcVie

_ -1 1/t -1 11
= Vapoy,gVa_grosVoe—BospcVae

To compare the expressions for Qapc and Qs QB¢ we introduce

_ 1/2
Aap:=Vap JaAB V;{—>B Pag )

Apc = Ve 0ahe Vs P -
It is easy to check that
Qapc — QapQpc = Aap(Jop — (Pgé/zaaBpgé/z) )ALC : (39)
Since Qpc = A B(;ALC, we can apply ([B8) to estimate
[Agcl® < 1Qpoll <1+¢.

Analogously Qap = AABALB and so |A4p|/?> <1+ ¢. Combining these inequal-
ities with (39), we get

1Qasc — QanQrell < (1+ ) Jon — (pyy  0onpay )|l < (1 + ). (40)
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Finally, we combine the previous inequality with (B8] to conclude
[Papc — PapPrcll < [[Papc — Qapcll + |Qapc — QapQscl||
+ |PapPpc — QapQpc|l

<e+ 6(1 + 6) + HPAB — QABH HPBCH
+ |QaBll | Prc — @Bcl|

<et+e(l4+e)+e+(1+e)e < 3e(l+¢),

which gives the result. U

5.2.2 Gauge invariance of the approximate factorization condition

An interesting observation omitted in [20], is that the property of e-approximately
factorization is gauge invariant if the transformation does not change the support
of the boundary state. Indeed, for every lattice site z € A and every edge e incident
to x, let us fix an invertible matrix G(e,z) € C” ® CP. We assume that for every
edge e with vertices x,y we have

Gle,x) =Gle,y)™" . (41)

We will simply write G(e) when the site is clear from the context. Let us assume
that we have two PEPS related via this gauge, namely for every site x € A we
have that the local tensors V, and V,, are related via (see Figure M)

Ve = ‘796 o G, where G, := ®Q(e,x).

e~xT

(a) Vi (b) Va
Figure 4: Tensors with (right) and without (left) gauge.

For a region R C A, when contracting indices to construct Vi we have, as a
consequence of (1), that contracting inner edges of R cancel the gauge matrices.
Thus Vg and Vg are related via (see Figure [5):

Vi = ‘N/R o Gonr where Gy = ® G(e,x) (42)

zEVoRr
e€EsRNEY
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(2) Vr (b) Vz

Figure 5: Tensor network with (right) and without (left) gauge (physical indices
are not shown).

where we are denoting by Egr the set of edges incident to R but not inner, and
Var is the set of vertices having at least one incident edge in Egr. The boundary
state after the change of gauge is transformed as

por = Gl PorGoR ,
where pgr = 177]%‘7@
Proposition 5.7. Assume that [Jor,Gor] = 0. Let oyr supported on Jagr, and
define

Gor = Ghr 0or Gor-
Then oyr is also supported on Jgr and it holds that

1/2 1 1/2 o ||~1/2e1 1)
HpBR TorRPOR — JBRHOO = HP@R%R%R Jc?RHOO

Proof. Since Jyr and Ggr commute, we have that pgr, par, cor and ogr all have

the same support, namely Jyr, and so
~—1 _ =1 _—1pt—1
Tor = Y9or %R 9' -

Therefore, if Pr denotes the orthogonal projection onto Im(Vz) = Im(Vz), then
we can write

Pr = VR pr Vi = VR for Vit

From the definition of gy, we similarly see that
VRogh Vi = Vg G2 Vi
The statement then follows from the fact that
Wr(proamlin — Jor)Wh = VRoggVE = Vrogi Ve
= VRUBRV VR/)@RVR

= Wr (Pa/éamzpaég Jor)Wr
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where W = VRp(;?lz/ % and WR = Vnﬁg}z/ 2 are isometries. O

Corollary 5.8. Let A, B, C be three regions of V as in the definition of approzimate
factorization, and assume that [Jor,Gor| = 0 for R € {ABC,AB,BC,B}. If
the PEPS generated by V, is e-approximately factorizable, then so does the PEPS
generated by V,.

Proof. Let us assume then that the PEPS with local tensors ‘7; is e-approximately
factorizable. Because of Proposition 0.7, it is sufficient to verify that oyr satisfies
the necessary locality properties. If jaR and ogr are product operators (as in
Section [(.2.7]), then so are Jyr and osgr, and there is nothing to prove.

Let us now consider the case in which gz is not in a tensor product form (as
in Definition [5.4)). Let a, a, 2,7, ¢ be the regions dividing the boundaries 0ABC =
azc, 0AB = azy, O0BC = azc, 0B = azvy and let ﬁaz, ﬁzc, Qaz, ﬁz«/ be the
corresponding matrices. Note that the gauge matrices Ggr can be rearranged
according to the boundary subregions, e.g.

gaABC = gazc = gazgc = gagzc .

If we define
Aaz = gl 5az ga27 Azc = gic 5zc gc (43)
Qo = giy QazGaz, Qz’y = g;[fy Qz’y g’y
then, we can directly check that ogr satisfies
O09AB ‘— Qz’yAa27 ooBC = A8z,
09ABC = AzcAqz, 0oB ‘— QZ’YQOéZ'
|
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