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BASIC SEQUENCES AND SPACEABILITY IN /¢, SPACES

DANIEL CARIELLO AND JUAN B. SEOANE-SEPULVEDA

ABSTRACT. Let X be a sequence space and denote by Z(X) the subset of X
formed by sequences having only a finite number of zero coordinates. We study
algebraic properties of Z(X) and show (among other results) that (for p € [1, o0])
Z(¢,) does not contain infinite dimensional closed subspaces. This solves an open
question originally posed by R. M. Aron and V. I. Gurariy in 2003 on the linear
structure of Z({oo).

In addition to this, we also give a thorough analysis of the existing algebraic
structures within the set X \ Z(X) and its algebraic genericity.

1. INTRODUCTION AND PRELIMINARIES

During a Non-linear Analysis Seminar at Kent State University (Kent, Ohio,
USA) in 2003, Richard M. Aron and Vladimir I. Gurariy posed the following ques-
tion:

Question 1.1 (R. Aron & V. Gurariy, 2003).
Is there an infinite dimensional closed subspace of L, every nonzero element of which
has only a finite number of zero coordinates?

Using modern terminology (originally coined by V. Gurariy himself), a subset M
of a topological vector space X is called lineable (resp. spaceable) in X if there exists
an infinite dimensional linear space (resp. an infinite dimensional closed linear space)
Y € M U{0} (see [ILRLI2LI5]). V. Gurariy also coined the notion of algebrability
(introduced in [2]) meaning that, given a Banach algebra A and a subset B C A, it
is said that B is algebrable if there exists a subalgebra C of A so that C C BU {0}
and the cardinality of any system of generators of C is infinite. The links between
the previous concepts are as follows (all the implications in the previous diagram
are strict, see e.g., [§]).

ALGEBRABILITY

\

LINEABILITY

/

SPACEABILITY

2010 Mathematics Subject Classification. 15A03, 26A15.
Key words and phrases. lineability, spaceabiilty, algebrability, £, spaces.
1


http://arxiv.org/abs/1307.2508v1

2 CARIELLO AND SEOANE

Throughout this paper, and if X denotes a sequence space, we shall denote by
Z(X) the subset of X formed by sequences having only a finite number of zero
coordinates. Therefore, the above question can be stated in terms of lineability and
spaceability:

Is Z(ly) spaceable in ly ?

Lately, these concepts of lineability and spaceability have proven to be quite
fruitful and have attracted the interest of many mathematicians, among whom we
have R. Aron, L. Bernal-Gonzélez, P. Enflo, G. Godefroy, V. Fonf, V. Gurariy, V.
Kadets, or E. Teixeira (see, e.g. [BHBLRHIO,I2L19]). Question [l has also appeared
in several recent works (see, e.g., [8/I2L13[18]) and, for the last decade, there have
been several attempts to partially answer it, although nothing conclusive in relation
to the original problem has been obtained so far.

This paper is arranged as follows. Section 2 shall focus on the algebrability (and,
thus, lineability) of the set Z(X) for X € {co,¢,}, p € [1,00]. Sections 3 and 4 will
show that spaceability of Z(X) is actually not possible for any of the previous Banach
spaces whereas, in Section 5, we shall show that V' \ Z(V) is, actually, spaceable
(and algebrable) for every infinite dimensional closed subspace (subalgebra) V' of X
(for X € {co,lp}, p € [1,00]).

There are not many examples of (nontrivial) sets that are lineable and not space-
able. One of the first ones in this direction was due to B. Levine and D. Milman
(1940, [17]) who showed that the subset of C[0, 1] of all functions of bounded vari-
ation is not spaceable (it is obviously lineable, since it is a linear space itself). A
more recent one was due to V. Gurariy (1966, [14]), who showed that the set of
everywhere differentiable functions on [0,1] (which is also an infinite dimensional
linear space) is not spaceable in C(]0,1]). However, L. Bernal-Gonzélez ([6], 2010)
showed that C>°(]0, 1|) is, actually, spaceable in C(]0, 1]).

Here, we shall provide (among other results) the definitive answer to Question
LIl Namely, if X stands for co, or £, with p € [1, o0], we prove the following:

i.—) Z(X) is maximal algebrable and maximal lineable ([7]), that is, Z(X) U {0}

contains an algebra with a system of generators of cardinality dim(X) and
a linear subspace of dimension dim(X') (Proposition 2.1).

ii.—) Z(X) is not spaceable, that is, every closed subspace of Z(X) U {0} must
have finite dimension (Corollaries 3.4] and [.g)).

iti.—) V' \ Z(V') is maximal spaceable for every infinite dimensional closed subspace
V of X (Theorem E.TI).

iv.—) V\Z(V) is maximal algebrable for any infinitely generated closed subalgebra
V of £, (Theorem [(.3)).

In order to obtain the above results we shall make use of Functional Analysis
techniques, Basic Sequences, Complemented Subspaces, and some classical Linear
Algebra and Real Analysis approaches. From now on, if Y is any sequence space and
y € Y, then y(j) shall denote the j—th coordinate of y with respect to the canonical
basis (e;);. Also, if (my)ken is a subsequence of (ny)gen, we shall write (my)gen C
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(ng)ken. If V' is a normed space and (vg)gen C V, we denote by (vy,vs,...) the
linear span of {vy, vs, ...} and by [vq, vy, ... ] the closed linear span of {vq, vy, ... }.
If W C V, we denote Sy (W) = {w € W, |w| = 1}. The rest of the notation shall be

rather usual.

2. Z(X) 1S MAXIMAL LINEABLE FOR X = ¢y OR {,, p € [1, 4]

The following proposition would provide a positive answer to Question [LLT], pro-
vided we remove the hypothesis of being closed in /.

Proposition 2.1. Z(X) is mazimal algebrable for X = ¢y or £,, p € [1,+00].
Proof. For every real number p € ]0, 1] denote
z, = (p' 0% 0", ..),

and let V' = span{z, : p € |0, 1[}. Notice that V' C X, for X = ¢ or ¢, p € [1,+00].
Next, take any x € V' \ {0}. We shall show that x € Z(X) . We can write z as

N
Tr = E ijpjv
J=1

with N € N, p; € ]0,1] for every j € {1,2,...,N}, py > py—1 > ... > p1, and
()\j)j-vzl C C. Let us suppose that there exists an increasing sequence of positive
integers (my)gen such that z(my) = 0 for every k € N. Then, we have

N
0= np
j=1

for every k € N.
Dividing the last identity by p*, we obtain (for every k € N),

(2.1) 0= Ni A (ﬁ)mk + Ay

= DN

Now, since 0 < Pii 1 for every j € {1,2,...,N—1} and klim my = 00, we have
pN —00

klim (p_]> = 0. Thus, Ay = 0 in equation (ZT]). By induction, we can easily
—00 pN
obtain A\; = 0 for every j € {1,2,..., N}. This is a contradiction, since = # 0.

This argument also shows that V' is c-dimensional (where ¢ stands for the continuum)
and, thus, Z(X) is maximal lineable for X = ¢ or ¢,, p € [1, +0o0].

Now let z,,z, € {z,, r € ]0,1] }. Notice that the coordinatewise product of x,
and z, is x,, € {x,, 7 €]0,1] }. Therefore the algebra generated by {z,, r € ]0,1] }
is the subspace generated by {z,, r € |0, 1] } which is V.

Consider any countable subset of W C V. The subalgebra generated by W is a
vector space generated by finite products of elements of W, but finite product of
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elements from a countable set still is countable. Therefore the subalgebra generated
by W has countable dimension, therefore W cannot be a set of generators for the
algebra V', since dim(V') is uncountable. Therefore any set of generators of V is
uncountable. U

The following result is a straightforward consequence of Proposition .11
Corollary 2.2. Z(X) is mazimal lineable for X = ¢y or {,, p € [1,400].

It this direction, we would like to recall that similar properties to the one con-
sidered here have also been studied within the framework of function spaces. For
instance, let X be any infinite dimensional closed subspace of C[0, 1] and consider
Y to be the subset of functions in X having infinitely many zeros in [0, 1]. P. Enflo,
V. Gurariy, and the second named author recently showed in [I2] that Y is space-
able in X. In the next two sections we shall see that this is not the case for Z(¢,),
p € [1,00], and Z(cp).

3. Z(X) 1S NOT SPACEABLE FOR X = {,, p € [1, 00|

We need a series of technical lemmas in order to achieve the main result of this
section. We believe that these lemmas are of independent interest.

Lemma 3.1. Let V' be an infinite dimensional closed subspace of £,, p € [1,00].
Given 0 < € < % there is an increasing sequence of natural numbers (s)ren and a
normalized basic sequence (fy)reny C V' such that
(1) fi(s;) =0 for1 <j<k-—1.
(2) fi(s1) # 0.
(3) [fi(sks)| + -+ [fr(ske)| < szl frra(skr1)| for every k
(thus fr(sk) # 0 for every k € N).
(4) (fe)ken has basis constant smaller than 3=2¢.
(5) [f1, f2,...] is complemented in £, with a projection Q : {, — £, of norm
Q1] < 755¢-
Proof. Let fi € V such that |fi]|, = 1. Let N; € N such that

(1) fi(N1) # 0.
(2) 1)yl < &
Let s; = N;. Suppose we have defined fo,..., f; € V and

S1=N1 <89 < Nog<...<8 <N
such that
(1) |fulp=1for 1 <k <t
(2) fe(n) =0for 1 <n < Ny, forevery 1 <k <t
(Thus fi(s;) =0for 1 <j <k —1since sp_1 < Ng_1).
B) (1AM + -+ | fe() ey alp < 57 for 1 <k <t

) [fi(sien)| + oo [ felser)] < sl frpa(sen)| for 1<k <t —1.
(Thus fir(sk) #0for 1 <k <t)
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Since V' is an infinite dimensional closed subspace of £, there exists fi4; € V
such that |fi11], = 1 and fiy1(1) = ... = fir1(Ny) = 0.

Now, if there is not n > Ny such that |fi(n)| + ...+ |fi(n)| < 55| fir1(n)| then

€ o € €
s > A+ + LDl 2 57Ul = 57

which is absurd. Therefore exist s;,; > N; such that

sl + o+ flsen)| < gl fisa (sl

Next, since (|fi(n)| + ...+ |fi+1(n)|)nen € ¢, then exist N;1q > sy41 such that

A+ o+ o D b < 55

The induction to construct (fi)ren enjoying the four above properties is now
complete. Now, in order to show that (fi)ren is a basic sequence, let us define

~ o fl(n), if 1 <n<DN s . fk(n), if N1 <n <Ny
Si(n) = { 0, otherwise Ji(n) = 0, otherwise

No‘gce that ﬁ £ 0, since Ny_1 < s < N}, and ﬁ(sk) = fr(sk) # 0. Note also
that f;, is a block basis of the canonical basis of ,,.

Since

(A + -+ Dl < 5o

then

00 €
|(fr(n))nZn,+1lp < o+

Now since f(n) =0 for 1 <n < Ny_; we obtain

¢ ~ ~ ¢
1= oo = filp < Land |fi = fulp < 5557

for k£ € N. In particular, % =1-7< |ﬁ€|p <1 for every k € N. Let g = ‘}E‘
klp

for every k. Notice that (gx)ren is a normalized block basis of the canonical basis
of £y. So | > rr, argrlp = |(ak)ren|p, and (gx)ren has basis constant K = 1. Let
{ok, k € N} be the following partition of N:

0'1:{1,...,Nl} andak:{Nk_1+1,...,Nk}.

Next, let E, ={f € {,, f(i) =0, for i ¢ o}. Thus, g; € E} and by [16, Theorem
30.18] the closed subspace [g1, g2, ...] is complemented in ¢, with a projection P :
¢, — £, of norm 1.
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Let us now prove that (fx)ren is equivalent to (gx)reny and [fi, fo,...] is also
complemented in /,. Indeed,

— p: ——p_ - -~ p+ r: o s
e ol = T = e R T T

1-— |fk|p 1 € 4
= + = < ( |fk| )
|fk|p |fk;|p 2k+1 4 — ¢ p 2k+1

- 4 2€
—4—¢ 2k+1 :

Thus, (gx)ren is a normalized basic sequence such that [gq, g2, . . .| is complemented
in ¢, with a projection P : ¢, — ¢, of norm 1 and

5—Z|fk—gk|p_z e2€k :44—65'

k=1

v

IN

Since 0 < € < 33, we obtain 8 KJ||P|| = 8§ < 8& < 1. By the principle of small
perturbation ([I1, Theorem 4.5]) the sequence (fx)ren is equivalent to (gx)ren and
[f1, f2,...] is also complemented in ,,.

Finally, let us compute an upper bound for the basis constant of (fi)ren and for
the norm of the projection @ : £, — £, onto [f1, fa, . ...

First, the linear transformation T'(3 ;| argr) = > pe; arfr is an invertible con-
tinuous linear transformation from the closed span of (gx)ren to the closed span of
(fr)ken-

In [IIl Theorem 4.5] it is proved that ||7T]] < (1 +2K0) < (1 4+ 80) < 2 and
1T < (1 —2K6)"". Let B,(> i, angr) = > p—; axgr- Notice that ||B,|| = 1.

Thus, for n < m,

Y anfily = 1T 0 Pao T arfilly < ITI Pl 1771 anfels
k=1 k=1 k=1

2 m
< — .
< 1_2K5|;akfk|p

2 8=
1-2K5 — 4-9¢’
6 < £=. Again, using [IT, Theorem 4.5], the linear transformatlon

[d—(TOP)I[fl,fg,...]%[fl,fg,...]

is invertible and having norm smaller than 8 K0||P|| = 86 < 1.
Therefore, there exists an inverse for S =To P :[fi, fo,...] = [f1, fo,...] with
norm ||S~ 1|| < 2. Now Q = S7! (TOP) ¢, — {, is a projection onto [f1, fa, .. ]

WlthnormllQH<H5 HHITIIPI = =55 x 2 x 1 < {55, since § < 3. -

=1 and

Then, the basis constant of (fy)kren is smaller than
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Lemma 3.2. Let V' be an infinite dimensional closed subspace of £,, p € [1,00].
There exist an increasing sequence of natural numbers (sy)ren and a basic sequence
(lsk)keN C V such that

(1) 1s,(sk) # 0
(2) s, (s;) = 0 for k #j
(3) [ls,, sy, -] is complemented in £,,.

Proof. Let0<e<mthen4 9¢ > 1,4 —33e > 1 and

8 — 2¢ 8 — 2¢
8e <4_9€) (4_336) < 512 < 1.
Let (sk)ren and (fx)ken be as in lemma B using this e.

Define ly), = fr. Notice that lox(si) = fi(sk) # 0 and lox(s;) = 0 for s; €
{s1,..., 8k} \ {sk}. Define

lo i (Sk41) tonlSer) o

Loe = los —
bR Jrer1(Sk41)

Notice that

(1) l11(sj) =0 for s; € {s1,..., Sk Sk41} \ {Sk}-

(2) lik(sk) = fe(sk) # 0.

(3) Since [lok(sk+1)| = | fr(sk+1)] < 57| frr1(sk41)] thus
and |l x(n)| < [fe(n)| + | frs1(n)| for every n € N.

€

(4) |lg —lokly < sl fosilp =

| (spp1)]
[fra1(she1)l

< g <1

Supposed we have already defined ly, ..., such that

(1) lLix(sj) =0for s; € {s1,...,Sksi} \ {sx}, for 1 <i <t

( ) Zk(Sk):fk(Sk)#O, fOl"lSZSt

(3) |Lix(n)] < [fe(n)] + ...+ |fresi(n)], for every n € N and for 1 <i <t
( ) |lzk z—l,k|p < #, for 1 S 7 S t.

Define l;11 = lij — Mfk t+1. Since frip1(s;) =0for 1 < j < k+t

fk+t+1(sk+t+1)

then [y 4(s;) = lg(sj)for 1 < j <k +t. Since li1q 4x(Sk+e+1) = 0 then

(1) Lit1k(sj) =0for s; € {s1,..., Sppes1} \ {5k}
(2) L g(sk) = lig(sk) = fu(sk) #0
(3) [k (Shrer)| < |fr(Spaee)| + oo+ [Frre(Shern)]
< fi(skaer) |+ oo oo (Sraer) | < s | fraern (Skresn) |-

Therefore |f‘ ““Sk;tf”)‘ < girerr < 1 and

L1k ()] < [lep ()] + [fran ()] < Ufe() + - 4 [ forea(n))]
for every n € N.

(4) Nl — lirlp < sem [ frverilp = s
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The induction to construct (I; )2, for each k € N is completed. Next, let ¢ > m
and notice that

€ €
ek — lnklp = 1k — bmrklp + - o F |lmsrk — lnglp < PET +...+ St < S

Therefore (I; )52, is a cauchy sequence in V', for each k. Let tliglo Ly =1, € V. Now
notice that
(1) Since for every ¢, we have l; (sr) = fr(sk) # 0 then
() = lim By (s) = fi(se) 7 0
(2) Since for t > j and j # k, we have l; ;(s;) = 0 then
li(sj) = tllglo lix(s;) = 0.
€

(3) Since |lt,k - l07k|p < 2% then |lk - fk|p = tliglo |lt,k - l07k|p < ?

Thus, (fx)ken is a normalized basic sequence with basis constant K < 2:32 such

that [fi, fa,...] is complemented in ¢, with a projection P : ¢, — ¢, with norm

1PI] < 22 ind
o0 o0 6
6:Z|lk_fk|p§2ﬁ:€-
=1 =1

4—33¢
Finally 8K || P|| < 8¢ (Z:gz) (48__32?;) < 512¢ < 1. By the principle of small pertu-
bation [11l Theorem 4.5] the sequence (Ii)ren is equivalent to (fx)ren and [ly, o, . . ]

is complemented in ¢,. Finally define [, = [ for & € N. O

Proposition 3.3. Let V' be an infinite dimensional closed subspace of €,, p € [1,00].
There exists 0 #h € V\ Z(V).

Proof. Consider any [, from Lemma Notice that any Iy € V' \ Z(V). O
Corollary 3.4. Z({,) is not spaceable in L, for p € [1,00].

Corollary 3.5. Let V' be an infinite dimensional closed subspace of €,. Then V \
Z(V) is dense in V.

Proof. Let 0 # f € V. Define f; = ﬁ We can start the proof of lemma B.1] using

this f;. Consider the proof of lemma For a sufficiently small € (independent of
| flp), we found a [, € V'\ Z(V') such that |f; — [1], < 57 then

7= 1fly 1) < e
Now 0% | flli € V\ Z(V). 0

4. Z(X) 1S NOT SPACEABLE FOR X = ¢y OR (4

This section shall provide the definitive answer to Question [L.I] by showing that
Z(ly) is not spaceable. In other words, ¢, does not contain infinite dimensional
Banach subspaces every nonzero element of which has only a finite number of zero
coordinates. In order to achieve this we shall need to obtain a sequence (s, )ren
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similar to that from Lemma B2 (see Lemma [L0]). Despite losing the hypothesis of
the closed span of (I, )ren being complemented, we gain the property [ (sg) = 1,
obtaining still a basic sequence.

Definition 4.1. Let V' be an infinite dimensional closed subspace of {y,. Let s € N
and define

vo={rev. r2o 1r12 =}
Lemma 4.2. Let V' be an infinite dimensional closed subspace of {o.
For every K C V, K # {0}, exist s € N such that
VN K # 0.
Proof. Let f € K, f # 0. Since |f|e = supey |f(k)| there is s € N such that
1f(s)| > = S0 feV.NK. O

Lemma 4.3. Let V be an infinite dimensional closed subspace of l,. There exists an
increasing sequence of natural numbers (ny)ren and a basic sequence (fp, )ken C V
with:

(1) fr (i) =1,

(2) fn;(n;) =0 for j >1i, and

(3) | foyloo < 2 for every k € N.

Proof. This proof is a variation of Mazur’s lemma ([11l, Proposition 4.1]).
Let ¢ =1 and ¢; € ]0, 1] such that H(l + ) < 0.

i=1
By Lemma 2 exist s € N such that V, =V, NV # 0.
Let ny = min{s € N, V, # 0} and let f; € V,,,. Define

~h
fu = f(na)
Notice that
foi(n) =1 and 1 < |fn, |0 = |}f(quof)| < 2.

Consider the projection m,, : V- — C, m,, (f) = f(n1). Let W; = ker(m,,,). Since
codim(W7) in V is finite then dim(W;) = oo, by lemma [4.2] exist s € N such that
Ve N Wy #£ 0.

Let no = min{s € N, V, N W, # (}. Since V; D V, N W then ny > n;.

Now for every f € Wy, f(ny) = 0 then V,,, N W, = ) then ny > ny. Next, let
fo € V,, N W and define

s
fm - f2(n2)'
Notice that
Fua(12) = 1 fupm) =0, and 1< [fufoo = 222 <y

| f2(n2)]
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NeXtv ‘alfm +a2fn2‘00 > |7Tn1(a1fn1 —|—CL2fn2)| = |a1‘ and 1+ €1 = 2> ‘fn1|007 50

|1 fny + a2 fraloo(1 4 €1) 2 [ar|[fayloo = |a1fay oo
Consider now the compact set S1((fn,, fn,)) and let {y1,...,yx} C S1({fns, fns))
be such that if y € Si((fn,, fn,)) then exist y; such that |y — y;| < %. Consider

{b1,...,0p} C S1(V*) such that ¢;(y;) = 1.
Take 7, : V — C, T,,,(f) = f(n ). Let

ﬂ ker(¢;) N ker(m,,) N Wi.

Since codim (kerg, ), codim(kery, ), and codim (W) are finite in V' then codim (W)
is finite and dim(W5) = co. By lemma [£2 exist s € N such that Vi, N W, # ().

Let ny = min{s € N, V, N Wy # (}. Since V, N W; D V, N W5 then nz > na.

Now, for every f € Wy, f(ny) = 0 then V,,, N W5 = () then n3 > ny . Next, let
fs € Vo, N W5 and define

s
Joo = f3(n3)'
Notice that
fng(n?,) = 1, fns(n2> = fns(n1> = O’ and 1 S ‘fn3|oo - |}§E’7Lo;)| S 2

Now, let y € S1({fn,, fn,)). Notice that
Y + Musloo > Ui + Migloo — |4 — Yoo
> i + Mg loo — e (for some i € {1,...,k})

2
€
> 0i(yi + Mfng) — 52
€2
> b (1) — =2
> ¢i(yi) 5
>pof2s 1
2 1"—62

Thus, for every y € S1((fn,, fn,)) and any A € C we have

Y + Afugloo(1 + €2) > [Y]oo-
Then
|alfn1 + a2fn2 + a3fn3|oo(1 + 52) > |a1fn1 + a2fn2|oo
for every ay, aq, az in C. We can repeat the procedure to build f,,, f,.,. .. satistying
la1 fro, + oo+ arfon oo+ €me1) ... (L +€x) > |arfn, + -+ apfo, |

for every ay,...,a, € C and m > k and by Banach’s criterion (f,, )reny C V is a
basic sequence. Note that (f,, )ken satisfies the hypothesis. O
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Lemma 4.4. Let g1, 92 € lo and let (my)ren be an increasing sequence of natural
numbers. There exists (mj})gen C (My)ken such that

(1) hm gl(mk) Ly,

(2) khm g2(my,) = L, and
—00

(3) my >m} > my > my.

Proof. The sequence (g1(mg))ren is bounded since g; € fl, therefore there is a
subsequence (mQ)reny C (my)reny and L; € C such that klim g1(m)) = Ly. Next,
—00

and by same reasoning, there is a subsequence (m}.)ren C (mk) ren and Lo such that
hm g2(my.) = Ly. Therefore hm gl(mk) L; and hm gQ(mk) L. Removing, if
_>

necessary, the first two terms in the sequence (mk)keN we may assume that mi >
mi > my > my. O

Lemma 4.5. Let V be an infinite dimensional closed subspace of l«, and let (ny)ren
and fn, be as in Lemma[{.3 For every (my)ren C (ni)ren there exist (ty)gen C
(mi)ren and basic sequence (hy, )reny C V' satisfying

a) hy (ts) =0 for s <k,
) D, (t) =1,

) |hi,]oo <8, and

d) lim hy, (ts) = 0.

S$—00

Proof. First of all, let us define g1 = fi, — fin, (Mm2) fin, and go = f,,. Notice that
g1(my) =1, gi(m2) = 0, go(my) = 0 and g2(my) = 1. Now, by Lemma [4.4] there
exists (m})ren C (mg)gen such that

hm g1(m}) = Ly, hm gg(mk) Ly, and mb > mi > my > my.
k—o0

We now have the following possibilities.
(1) If Ly = 0, let hy = g;. Notice that, since |fy,le0 < 2 (1 < i < 2) we have
|h1]oo < 6. Notice also that hy(m) = 1.
(2) If L1 # 0 and Ly = 0, let hy = go. We have |hy|o < 2 and hy(mgy) = 1.

L
(3) If Ly # 0, Ly # 0 and |L;| < |Lg|, define hy = ¢ — L—lgg. Notice that
2

ko < gt + 174 ol < 8. Also, hyrmr) = 1.

(4) Finally, if Ly # 0, Ly # 0 and |Ly| < |Lyq], let by = go — —2g1, having now

Ly

ILa| |g1]00 < 8. Also, note that hy(ms) = 1.

[La|

Next, if hy(my) = 1, define t; = my and, if hy(my) # 1, then hy(my) = 1 and we

let t; = mo. In any case, note that klim hi(m;) = 0. Let us now suppose that, by
— 00

that |h1|oo S |g2|oo

induction, we have already defined
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(1) (m§c>k€N c---C (mi)keN C (mk)keN with

mh >mb >mh 7t >miTh > > mh > my > my > my,
(2) t1 =my or mg and t; =ml " ormi ", 2 < j <.
(3) hj € V, 1 <j <i, verifying items a), b) and ¢) of this lemma, and

(4) lim hi(ml) =0,1<j<i.
—00
Next, repeat the construction of iy in order to obtain h;i1 by means of f.i, fini
instead of f,,,, fin,-

Using the sequence (m? )ken, instead of (my)ren in the previous construction, we
obtain (mj™)reny C (M} )ren such that

mstt > mit > mb > ml and  lim by (mi) =
k—o0
Define now t;,1 = m¢ or m}, depending on whether h; 1 (m?) = 1 or 1 (mb) =1,

as we previously did for ¢;. Therefore we have h;1(t;11) = 1. Next, since h;;q is a
linear combination of f,.i, f,,;, and

7 7 i—1
m2>m1>m2 >m1

we obtain that h;i1(m) = hl+1(m2) = hl+1(m1 Y= hia(my™) =0 (for2 < j <),

> > my > my > my > my,

but t, = my or my, t; = ml " orm} " (for 2 < j < i), which implies that f; (¢ J)_ 0
for 1 <5 <.
Finally, notice that (¢5)22;,; C (m})ken, thus lim h;(t5) = 0 (for every i € N).
5—00

Notice that (fy, )ren is a basic sequence as subsequence of the basic sequence

Notice also that h; is a linear combination of fmllcfl and fmllcfl, hi is a linear com-

bination of f,,, and f,, and mi=' > m 1 > > md > ml > my > my for every

k. Therefore (hy)ren is a block sequence of the basic sequence (fy,, Jxen. Therefore
(hi)ken is also a basic sequence. Finally, let hy, = hy. O

Lemma 4.6. Let V be an infinite dimensional closed subspace of l«, and let (ng)ren
be as in Lemma [J.3 For every (my)ren C (ni)ren there exist (sg)reny C (My)ken
and a basic sequence (1, )ren € V', satisfying

a) ls, (sk) =1,

b) L5, (s;) =0, for j # k.
) ls,loo <9, for every k € N.

Proof. Consider (tx)ren C (my)ken and (hy, )ken C V as in Lemma 5l Let K be

the basic constant of the basic sequence (hy, )ren and let 0 < € < 5. (Recall that

K is always equal or bigger than 1, therefore e < 1 ). Let s; = t;. Suppose defined,

by induction, {si,...,s,} C {t1,%,...}. Since ll)m \he, ()| + ... + |hs, (t;)] = 0,
J [e.9]

exist s,11 € {t1,ta,...}, Snt1 > Sp, such that

€
sy (Snt1)| + -+ - 4 R, (8041)| < ol 8’
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The induction to construct (si)gen C (My)gen is completed.

Now define Iy, = hs,. Notice that [y x(si) = 1 and lo x(s;) = 0 for s; € {s1, ..., sk }\

{Sk}. Define ll,k = lO,k — lO,k(3k+1>hsk+1-
Notice that

o l1x(sy) =1and l;,(s;) =0 for s; € {s1,...,Sk11} \ {sk}
o since |y, (5p41)] < s then

k(8] < Tlok(85)] + [y (85)] = TR (s5)] + [hsy i (55))]
for every j € N.

o [lix —lokloo = llog(Skr1)| Mo ]oo < g3y X 8 = o

Suppose we have already defined, by induction, lox, 1, ..., x € V such that
o l,i(sg) =1for0<n<t,
o l,x(s;) =0for s; € {s1,...,Sp4n} \ {sx} and 0 <n <,
o [lhi(s5)] < |hsy(55)] + [hey (55)] + .o 4 |hsy,, (55)], for every j € N and
0<n<Ht,
o |lng — ln1kfoo < 5w for 1 <n <t

Next, define I,y = ly g — lig(Sk4e41) Py, ., - Notice that

L lt—l—l,k(sk) = 17
o I 1,(sj) =0for s; € {s1,..., Sprer1} \ {5k},
o since |l (Skaer1)| < |y, (Skrerr)| + sy (Skaes )|+ o0+ sy (Skyer1) | <

€
sy (St )| =+ [Py (Sker )| oo+ [Py, (Skrer1)] < T % 8

then [l114(55)] < [lew(s;)] + |hsy oy, (55)] for every j € N and by induction
hypothesis

1k (59| < Vhsy (851 4 [hsypn ()] - 4 sy ()]
for every j € N.
° |lt+1,k - lt,k‘oo = ‘lt,k(3k+t+l)“hsk+t+1|oo < m X 8 = 2Ic+—6t+1
The induction to construct (I, ;)2, C V, for every k € N, is completed.

Now |lo.k oo+ |11k —lokloo ok —likloot - - < logkloo T Harrz +- - - < |lok|oote
Thus, for each £ € N, the series tlim g = log+ (g —log) + (log — lig) + ... 1s
—00

absolutely and coordinatewise convergent to some [, € V. Notice that [;(sx) = 1
for every t then tlim lLg(sk) = lip(sk) = 1. Next Iy ;(s;) =0 for ¢t > j and j # k then
—00

tll}I& lt,k(Sj) = lk(Sj) = (0. Now, lt,k — lO,k = (lt,k — lt—l,k) + ...+ (ll,k — l07k) then

€ € € €
‘lt’k_lo’k|oogﬁ+m+"'+ﬁSQ_k’
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then tlim ek — logloo = |l — Py |oo < for every k € N, so
—00

2k’
k|00 < |h8k|oo+ﬁ <8+41=09.

Since hg, (s;) = 1 then |hg, |« > 1 and we have

hs, ‘ €
— < .
hsiloo hsgloo | ™ 2
o0 l [o¢]
Then § = y ‘ Z ik =e.
Sk |OO ‘hsk‘oo e’} k=1
Now the normalized sequence <| - ‘ ) as a block basis of the basic sequence
Sk oo

(ht, )ken is also a basic sequence with basm constant K' < K. Then 2K'§ < 2K <
2Ke < 1.

By the principle of small pertubation [11, Theorem 4.5] the sequence (l—k>
keN

ooy oo

is a basic sequence equivalent to the normalized basic sequence (ﬁ) . Notice
skl ) keN

that (I )ken is a block basis of (\h ‘
Sk oo
define I, = lx. O

) , therefore is also a basic sequence. Finally
keN

From the previous lemma, we can now infer the following.

Proposition 4.7. Let V be an infinite dimensional closed subspace of (. There
exists 0 £ h e V\ Z(V).

Proof. Consider [, from Lemma We have that I, € V' \ Z(V). O
Corollary 4.8. Z({.,) is not spaceable in l,

As a consequence of Lemma we also have the following result, whose proof is
simple.

Corollary 4.9. Let V' be an infinite dimensional closed subspace of c¢o. Then V'\
Z(V) is dense in V.

Proof. Every 0 # f € V C ¢y, satisfies klim f(ng) = 0. Let € > 0. There exists
—00

€
(mi)ken C (nk)ren such that (f(mg))ren € & and [(f (mg))ren|1 < 9
By Lemma 6], exist (sx)reny C (my)ren and I, € V such that
a) ls, (sx) =1,
b) ls,(s;) =0, for j # k.
) |ls,]oo <9 for every k € N.

Notice that |f(s1)ls,]o0 + [f(52)lsy]o0 + - < (Jf(s1)] + [f(s2)] +...) 9<e



BASIC SEQUENCES AND SPACEABILITY IN ¢, SPACES 15

Therefore f — f(s1)ls, — f(s2)ls, — ... converge absolutely and coordinatewise to
some g € V. Notice that for every k € N
g(sk) - f(sk) - f(sl)lsl(sk) - f(82)l52(8k) e = f(sk) - f(sk)lsk(sk) =0
and |g — fle < €. O

5. ALGEBRABILITY AND MAXIMAL SPACEABILITY OF /, \ Z({,), FOR p € [1, c0].

In this section we prove that, although Z(¢,) is not spaceable in ¢,, for every
p € [1,00], we have that V'\ Z (V') is maximal spaceable for every infinite dimensional
closed subspace V' of ¢, for p € [1,00]. The spaceability, for the case p € [1, 0],
shall be obtained in a strong sense, meaning that the Banach space constructed
inside V'\ Z(V') shall be complemented in £,. Also, V' \ Z(V') is maximal algebrable
provided V' is any infinite dimensional closed subalgebra of ¢,, p € [1, 00].

Theorem 5.1. Let V' be an infinite dimensional closed subspace of {,, p € [1,00].
Then V' \ Z(V) is mazximal spaceable in V.

Proof. By Lemmas and [L.6] there is an increasing sequence of natural numbers
(sk)ren and a sequence (I, )geny C V such that

a) by (sk) # 0,

b) ls,(sj) =0, for j # k.

Let W = (ls,,ls,, Lsg, - - -) and notice that every f € W satisfies f(sqx—1) = 0 for
every k € N. Since convergence in norm implies coordinatewise convergence in /,,,
p € [1, 00] then for every f € W, we obtain f(sq,_1) = 0 for every k € N.

Notice that {lox € W, k € N} is a linear independent set then W is a infinite
dimensional closed subspace of V' with W C V' \ Z(V) U {0}. O

Corollary 5.2. Let V' be an infinite dimensional closed subspace of £,, p € [1,00].
Then the infinite dimensional closed subspace W C V '\ Z(V) U {0}, obtained in
Theorem[5.1), is complemented in £,,.

Proof. Notice that the sequence (I, )ken C V used in the proof of theorem [(.1lis a ba-
sic sequence such that [ly,,l,,, . ..] is complemented in £,. Since W = [l,,, ls,, L, - - -]
is complemented in [ly,, s, ...] by [ls,, lss, lss, - - -]. We got the result. O

Theorem 5.3. Let V' be an infinite dimensional closed subalgebra of £,, p € [1, 0],
with the coordinatewise product. Then V \ Z(V') is algebrable in V.

Proof. By Lemmas and [L.6] there is an increasing sequence of natural numbers
(sk)ren and I, € V such that

a) s, (sx) # 0,
b) ls,(sj) =0, for j # k.

Consider the following closed subalgebra of V' :
V(0, (sar—1)ken) = {f € V, such that f(sy—1) =0,k € N} CV\Z(V)U{0}.
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Now V(0, (S2k—1)ken) is an infinite dimensional subspace of V' since {ls,,, k € N}
is a linear independent subset. Since any infinite dimensional closed algebra has at
least ¢ generators then V'\ Z(V) is algebrable. O
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