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Abstract

The main contribution of this pa-
per is to obtain a polynomial algo-
rithm that allows us to classify step
by step a set of items that are related
by means of a fuzzy graph extending
the algorithm published in [8] to any
class of graph.
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1 Introduction

Classification could be defined in a very sim-
ple way as a procedure in which individual
items are placed into groups based on its
quantitative or qualitative inherent informa-
tion. Classification problems are one of the
most statistical studied problems in literature
and there exists a huge amount of papers ded-
icated to its applications in the field of deci-
sion theory, statistics, economics, biology, ge-
ology, industry, etc. In contrast with the huge
amount of classification papers few algorithms
can found that deals with the problem of clas-
sification when the objects are related in some
way.

In the case in which the relation between tar-
gets can be modelled as a graph, the previ-
ous problem could be addressed as a parti-
tion problem in graphs. In partition prob-
lems, a partition of the graph is founded at-
tending to some good properties. During
the last three decades, many researchers have
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developed models, built algorithms, and im-
plemented solutions for districting-partition
problems. Such problems can be viewed as a
grouping process of elementary units or atoms
of a given territory into larger pieces of land
or zones, thus giving rise to a partition, also
called a district map. There are many practi-
cal questions/applications related to district-
ing problems (see [13] for more details).

The classification-coloring algorithm pro-
posed in this paper is an extension of the col-
oring algorithm proposed in [7] but for gen-
eral graphs. In the field of image classification
and with the main aim to obtain a segmenta-
tion of a digital image or a remote sensing
image, in [7], a coloring algorithm for valued
graphs was developed. This algorithm was de-
veloped to classify pixels in an image and to
find homogeneous regions for a further super-
vised classification. Later, in [8], the authors
extended this coloring algorithm to the case in
which the graph was fuzzy and planar. This
new algorithm permitted the modelization of
the digital image in a more realistic way since
the fuzzyness appears naturally when we work
with real problems and images. It is impor-
tant to emphasize that the two algorithms
previously developed for coloring and classi-
fying images are only valid for a specific class
of graphs (see [7, 8]) and had an specific ap-
plication in the field of classification images.

The main contribution of this paper, is to de-
velop a classification algorithm in which it
is supposed that the target or objets that
have to be classified are not independent and
the relation among this items are given by a



graph. In order to do that we extend the ideas
of the coloring algorithms presented in [7, §]
to any class of graph.

2 The model: The relations among
items and its associated fuzzy
graph

We will denote by P the set of items and by &
the number of characteristic or variables asso-
ciated to each p € P. We will identify by p; for
i € {1,...,k}, the i-characteristic or variable
of item p. Let G = (V = P, E) be the graph
that shows the relations among items. Now,
mathematically, the problem that we want to
solve is to classified the set P when the a priori
information that we have is the characteristic
associated to the objects and the graph that
show the relations among them.

One of the first steps in any classification sys-
tem is to define for any pair of items a distance
or dissimilitude measure. Once the relations
among targets-items have been modeled, we
shall consider a fuzzy distance to express the
dissimilitude between the measured proper-
ties of items, d : P x P — [0,00), where
[O,Ao/o) will be here the set of fuzzy numbers
with domain in R™ ([2] see also [11] and [14]).
We will denote by c@; = d(p,p’) the fuzzy dis-
tance between the items p and p’. We will de-
note its membership function by p,y : RT —
[0,1] and by D = {dyy / (p,p)) € P x P}
we will denote its associated fuzzy distance
matrix.

Definition. Given the classification problem
previously defined, and given a fuzzy distance
function d, the item fuzzy graph can be de-
fined as the pair G(P) = (P,E), when the
fuzzy value for the edge associated to two ad-
jacent items p and p’ is the fuzzy distance be-
tween them, i.e. EAp;,/ = c@;.

3 The coloring-segmentation
partition problem for graphs

The classification that we propose in this work
can be viewed as a dendrogram where initially
all items are in the same group. In the first
step this group (that is modeled as a fuzzy

graph) is colored in two color classes (0-1).
This coloring process will establish a first seg-
mentation of the graph taking the connected
components of the subgraph defined by the
item that have been colored as 0 and by 1
respectively. This process is iteratively re-
peated until (as happen with the classical den-
drogram) all items are grouped individually.
So, we propose to successively apply a basic
binary coloring process, leading to a hierar-
chical coloring of the image.

As can be viewed in this coloring process the
key point is how we establish in each iteration
the binary coloring for the fuzzy graph and
the election of the a value.

Once the binary coloring process is defined
and how to determine the value of alpha in
each iteration, the binary coloring procedure
can be successively applied to each family of
items belonging to the same color class, mean-
while there are adjacent items being different.
It is important to note that the color classes
are not necessary connected. We will define
the term of homogeneous region or group in
the graph as a set of connected items with the
same color class. This homogeneous regions
will be the final partition or classification of
the items in the graph.

Definition. Given a set P with associate
fuzzy graph G(P) and let C a coloring of the
fuzzy graph, a connected component of each
color class induced by C' will be said a region.

3.1 The basic binary coloring
procedure

The basic binary coloring we propose will as-
sign values ”0” and ”1” to each pair of adja-
cent items depending on the fuzzy distance
between their measured descriptions, when
compared to a prescribed threshold a. So, we
can obtain the first binary coloring assigning
an arbitrary color (”0” or ”1”) to an arbitrary
item, and fixing the order in which items will
be colored. Once a initial item has been col-
ored, the remainder of the items that are in
the same connected component of the fuzzy
graph G(P) = (P, (F)) are colored following
this rule. If two items p and ¢ are adjacent



then

col(q) = col(p) zf E&gfoz~
1 —col(p) if E(p,q)>c
for all (p, q) adjacent in P.

It is important to note that this binary col-
oring process is not always consistent. Incon-
sistent situations are therefore present when
an item can be colored by two different ways,
i.e. when there is a cycle in the graph that
allows us to color depending on the path that
is chosen.

If the graph is acyclic, we can obtain a con-
sistent coloring by choosing, randomly, any
initial item from every connected component,
and assigning to each one of these items ei-
ther color 0 or color 1, arbitrarily. In this
case, once a value a has been fixed, coloring
of each adjacent item is unique. Otherwise,
if the connected graph is not acyclic (this is
the case for most of the real situations) this
coloring rule could produce some problems.

In general, given an item already colored and
a fixed valued of «, it could be exist a cycle
that produces an inconsistent coloring, i.e. for
a given item on that cycle, you can used two
different colors depending on the path that
you use.

In order to deal with these inconsistencies, in
[7] the authors defined an arbitrary spanning
tree for valued graphs. Once a spanning tree
T(G) of the graph has been defined, we can
produce a binary coloring of the valued-fuzzy
graph without inconsistencies. Now the ques-
tion is to decide for a given valued of o what
is the best spanning tree of the graph for our
proposes (a related problem with this can be
seen in [9]). Taking into account that our idea
is to classify the items of P in homogeneous
groups we are going to choose the spanning
tree of fuzzy graph G(P) as follows:

e 1 Step. We build the fuzzy graph
G(P)* = (P, E*), when the fuzzy value
for the edge associated to two adjacent

itemspandqis%z%if@ <o

and —’E\;q otherwise.

e 2 Step. We obtain the minimum span-
ning tree of the fuzzy graph G(P)*. Let
us denote by M ST the minimum span-
ning tree maintaining the original values
of the edges, i.e. (MST,FE) instead of
(MST, E¥).

3.2 Alpha value election

It is clear that this process is strongly depen-
dent on the « value selection («;) in each iter-
ation. Of course, this selection is not a trivial
task. If all selected values are close to the
minimum dissimilitude measure, we shall be
able to identify only regions being very dif-
ferent. If we consider all values close to the
maximum of this measures, we will be sensi-
tive to small variations and a non informative
segmentation will be given with too many re-
gions. In order to discriminate in terms of
similar size sets of pixels at each step, a pos-
sibility is to choose those a values taking into
account quartiles of the distance distribution.
In this way we can impose certain equilibrium
in coloration, of course subject to the final
goal of segmentation.

3.3 Ranking fuzzy numbers

From the previous algorithm we can see that
we tackle sometimes with the problem of
ranking fuzzy sets or fuzzy numbers. The
problem of ordering fuzzy numbers has been
studied by many authors (see, e.g., [3, 4]) or
[14]). An interesting approach is to transform
fuzzy numbers into real numbers by means of
a ranking function (see [3]).

In this work we will say that a fuzzy set A
with membership function p4 and domain in
R™ is considered as a fuzzy number in the
sense of Kerre (see [14]).

Definition. Let X be the set of fuzzy numbers
and let a,b € X. Then a > b «—— F(a) >
F(b).

4 Final comments

The main contribution of this paper is to ob-
tain a polynomial algorithm that allows us



to classify step by step (by means of a den-
dogram) a set of items that are related by
means of a graph. This problem was partially
addressed in [8] for a special class of graphs
and in this paper it has been extended to any
class of fuzzy graph. In this sense, we can
also extend the applications of this classifica-
tion algorithm to any classification problem
in which the relation among items are mod-
eled by means of a graph. In [7, 8], it can
be see the application to the field of image
processing and remote sensing classification.
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