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In this paper we point out a close connection between the Darboux transformation
and the group of point transformations which preserve the form of the time-
dependent Schdinger equatiofTDSE). In our main result, we prove that any pair

of time-dependent real potentials related by a Darboux transformation for the
TDSE may be transformed by a suitable point transformation into a pair of time-
independent potentials related by a usual Darboux transformation for the stationary
Schralinger equation. Thus, angrea) potential solvable via a time-dependent
Darboux transformation can alternatively be solved by applying an appropriate
form-preserving point transformation of the TDSE to a time-independent potential.
The pre-eminent role of the latter type of transformations in the solution of the
TDSE is illustrated with a family of quasi-exactly solvable time-dependent anhar-
monic potentials. ©1999 American Institute of Physics.

[S0022-24889)00207-9

I. INTRODUCTION

A considerable amount of research has been devoted over the past few years to the exact
solution of the time-dependent Schinger equatiofTDSE) in 1+ 1 dimensions. Several modi-
fications of the celebrated Darboux transformation for the stationary iciger equatior};? have
been proposed in this respect in the literature. Matveev and Salle showed that the usual Darboux
transformation for the stationary Schlinger equation could also be applied to the TDSE with a
time-dependent potentidlAn equivalent approach was followed by Bluman and Shtelen in Ref. 4,
who considered a nonlocal transformation which is precisely the inverse map of the usual Darboux
transformation. The Darboux transform of a time-dependent potential is in general a complex-
valued function(The explicit conditions for the resulting potential to be real-valued appear in a
recent paper by Bagrov and SamsonRp¥or this reason, several generalizations of the Darboux
transformation mapping real potentials to real potentials have been proposed in the literature. The
best known of these generalizations is the binary Darboux transformation described in Ref. 3,
which is in fact one of the main tools for finding exact solutions of integrable equations.

A seemingly unrelated method of constructing exact solutions of the TDSE which has proved
remarkably successful is based on the use of point transformations which preserve the form of the
TDSE. The idea goes back to the work of Leach on the time-dependent harmonic ostillator,
arising, e.g., in the study of the motion of charged particles in a Paul’ tlde method was
subsequently extended by Blunidnand Ray® to obtain exact solutions of the TDSE for a
quadratic potential with arbitrary time-dependent coefficients. The technique has also been applied
to time-dependent harmonic oscillators with a repulsive battieand to anisotropic time-
dependent harmonic potentials irF4 dimensions?

0022-2488/99/40(7)/3268/7/$15.00 3268 © 1999 American Institute of Physics
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The main purpose of this paper is to characterize the most general time-dependent real po-
tential whose Darboux transform is real. A partial result along these lines for potentials rapidly
decreasing at spatial infinity was mentioned in Ref. 13. As noted in this reference, the latter
potentials are of limited interest regarded as solutions of the KP equation. However, potentials of
this type(and, more generally, of the type considered in this pager interesting from the point
of view of exactly solving the time-dependent Salinger equation, as underscored by the recent
work of Bagrov and Samsonov*

In this paper we show that the Darboux transformation for the TDSE is in fact closely related
to the point transformation method. To this end, in Sec. Il we briefly review the Darboux trans-
formation and the point transformations preserving the form of the TDSE, applying the latter to
construct a time-dependent anharmonic oscillator potential admitting a certain number of algebra-
ically computable wave functions. In Sec. 1l we derive the main results of our paper, proving that
any time-dependent real-valued potential for which the Darboux transformation yields a real
potential may always be mapped to a time-independent potential by a form-preserving point
transformation of the TDSE. Moreover, the Darboux transformation for any such potential is
equivalent to a Darboux transformation for its associated time-independent potential, followed by
the inverse of the corresponding point transformation. Finally, Sec. IV is devoted to our conclud-
ing remarks and related open questions.

Il. GENERAL BACKGROUND

In this section we summarize the basics of the Darboux and the form-preserving point trans-
formations for the TDSE. Following Bagrov and Samsoneve take as the starting point of the
Darboux transformation for the TDSE the intertwining relation

L(idi—Hg)=(idi—Hy)L, D
where
Hi=—d2+Vi(x,t), i=0,1, 2)
andL is a first-order differential operator of the form
L=L4(X,t)dy+Lo(X,1).

It follows immediately from the intertwining relatiofl) that if ¢, solves the TDSE with Hamil-
tonianHg, theny; =L, will solve the TDSE with Hamiltoniai; . It is also easily verified that
the intertwining relation(1) will be satisfied if and only if

L=L1-(dxtxx)» Vi=Vot+2xxti(logly)y, ©)

wheree™ X is a solution of the TDSE with the potentid},, andL,=L(t) is an arbitrary function.
The transformed potentidl,(x,t) is a real-valued function if and only if

IM Xyx=0 (4)

and

|L1|=ex;{—2ft ImM xxx(X,S)ds|. (5

to

Without loss of generality, we shall assume from now on thatis real and positive, and is
therefore given by the right-hand side (&).

Just as in the time-independent case, the Darboux transformation for the TDSE can be in-
verted. Indeed, iff; is a solution of the TDSE with potential; given by (3), the function
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e_X(th)

¢0(X1t) = Ll(t)

f XeX(y'“wl(y,t)der Co(t) (6)

with cq(t) given by
X(Xo S)

Co(t)=iL (t)f .05 (1x(X0,S) — Xx(X0,S) ¥1(Xo,S))ds

solves the TDSE with potentiéd, . If the factorL, is taken as unity, the mapping— i given
by (6) reduces to the nonlocal transformation considered by Bluman and Shtelen in Ref. 4.
The most general point transformation mapping the TDSE

(1 0y+ F5—Vo(X,1)) ho(x,1) =0 7

for any given potentiaV/ into another TDSE with potentiaTO for the transformed wave function
o is defined by

_ X — [t ds
X= w'ﬁ‘B(t) t= tOCZ—(S)’
i[C . _
«//o<x,t>=IC|1’2exr{z(5x2—28cX+A<t>) Jo(X.0), (®)
1 C CB .. 1o ey
Vo(X,t)= ZVQ(X t) EX + 7+BC X_Z(C B-+A),

whereA, B, andC+0 are real-valued functions af Note that square-integrability is preserved
under the transformatiof8). As remarked before, the point transformati@hhas been employed
to construct exact solutions of the TDSE for quadratic potentials with time-dependent coefficients.
The interest of the transformatidB) is not limited, however, to quadratior exactly solvablg
time-dependent potentials, as evidenced by the following example:

Example:Consider the two-parameter family of anharmonic oscillator potentials givenfy

V(X)) =X8+ 2ax*+ (a?—4n—3)x2, (9)

whereae R andne N. The sextic potentiaf9) is a well-known example of the class gfiasi-
exactly solvablgotentials, for which a certain subset of the spectrum can be computed by purely
algebraic means; see Ref. 18 for an extensive review of the field. Tha firkteven bound states

of the potential(9) are of the form

R

p(x®), (10

1
d(X)= exp{ — ZY“— EYZ

where p(s) is a polynomial ins of degree less than or equal towhich can be computed
algebraically. The point transformatid8) with A=B=0 andC=w" 2, w=w(t) being a posi-
tive function, leads directly to the potentidlx,t) given by

V(x,t)= 0%+ 2aw3*+| a®?—4n—3— X (11

30%2—2wm
160w

The TDSE with potentia(11) possesses+ 1 square-integrable solutions of the form
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®

t
zp(x,t):wl"‘exr{ _i(Sw X2+ Eﬁow(s)ds) d(Jwx), (12

where ¢(X) is an algebraic eigenfunction of the forth0) with eigenvalueE of the Hamiltonian
H=—a+V(x).

The potential11) thus provides a natural extension of the notion of quasi-exact solvability to the
time-dependent case, in the sense that the associated TDSE admits a certain number of solutions
which can be determined algebraically. In particular, note thaf(t) is of the form

wo(t)=By+(y?— (a®—4n—3)B)*sin(4\/Bt+ )] %,

with de R, B>0 andy?>(«?—4n—3)B>0, the potential11) reduces to a harmonic oscillator
with a periodic-in-time anharmonic perturbation, namely,

Vo(X,t) = 0g(t)x8+ 2awd(t)x*+ Bx2.

lll. THE REALITY CONDITION AND THE FORM-PRESERVING POINT
TRANSFORMATIONS

In this section we prove the main results of our paper, starting with the following theorem:
Theorem: Let e X be a solution of the TDSE with potenti¥(x,t). If y satisfies the reality

condition (4), then Vy(x,t) may be mapped to a time-independent potentiglx) by a point
transformation(8).

Proof: Let yo=Rex, x1=Imy. The TDSE fore™ X is then equivalent to the pair of real
equations given by

Xott X1xx— 2XoxX1x= 0, (13

Vo(X.t)=X1,t_Xo,xx_Xix+XS,x- 14

If the reality condition(4) holds, i.e., ify; is of the form

x1=a(t)x?+b(t)x+c(t), (15)

Egs.(13) and(14) reduce to
Xot— 2(2ax+b) xox+2a=0, (16)
Vo(x,t) = (a—4a?)x?+ (b—4ab)x+c— b+ x5, — Xoxx- 17

The general solution of Eq16) is of the fornt®

t
Xo= —Zf a(s)ds+F
t

0

t
etfia9dsy 4 o b(s)e“ftsoa(”drdS), (19

to

whereF is an arbitrary real-valued function. Substituting this expression (ib# we immedi-
ately conclude that the transformati®) determined by

t t b(s)
— ft a(s)ds — = —
C(t)=e #H,2ds  B(t)=2 tOC(s)dS’ A(t) 4c(t), (19

maps the potentidVy(x,t) into the time-independent potential
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Vo(0) =F"2(x) ~ F"(X). QED.

Thus, any potential for which the Darboux transformation yields another real-valued potential
may be mapped into a time-independent potential by a form-preserving point transformation. It is
easy to check that the transform@f* under the point transformation defined ), (15), (18),
(19)iseF, which is therefore an eigenfunction of the time-independent poténj{a). The next
Corollary shows that the usual Darboux transform of the associated time-independent potential
generated byF is related to the Darboux transform of the original potential by the same point
transformation.

Corollary: Let e X=e X0~'X1 be a solution of the TDSE with potentiddy(x,t), with x
satisfying the reality conditiofd). Let D and7 denote, respectively, the Darboux transformation
(3) and the point transformatio(8) defined byy via Egs.(15), (18), (19). Let D denote the
Darboux transformation generated By Then

ToD=DoT. (20)

Remark: This result may be easily visualized with the help of the following commutative
diagram:

Vox,t) . Vo(X)=F'2—F"
D] D
Vi(x,t) _T) V,(X)=F'2+F"

Proof: The proof follows from a straightforward application of the appropriate formulas for
the transformed potentials and wave functions. Q.E.D.

The above Corollary shows, in particular, that the potentiglx,t) is the image under the
inverse of the form-preserving point transformatidrdetermined by(8), (15), (18), (19 of a

time-independent potentigl(?). Exact solutions of the TDSE with potenti} can therefore be
obtained simply by applying the point transformatign * to solutions of the TDSE for the
time-independerﬂ)otentialv1 .

Another important consequence of the above Corollary is that, if the pot@/_iatsﬂtisfies(for
instance the condition

fllvml(lﬂﬂ)dkw, (21)

then the time-dependent Darboux transformati@npreserves the square-integrability of eigen-
functions. Indeed, iV, verifies(21) then the time-independent Darboux transformativdeter-

mined by a nonvanishing eigenfunction\d§ preserves square integrabily?* The result stated
above then follows easily frorf0), the invertibility of 7, and the fact that the form-preserving
point transformatior? always preserves square integrability.

Example:lt is straightforward to verify that all the examples of time-dependent potentials
appearing in Refs. 4, 5, 14 which are solvable by means of a Darboux transformation are indeed
the images of certain exactly solvable time-independent potentials under suitable form-preserving
point transformations.

For instance, the free-particle potentig(x,t) =0 admits a one-parameter family of solutions

o’ +4\ tant
mz arctal

Q,(x/1+1t?)

Py (X, 1) = (1+t2)‘1’4exr{iz

satisfying the reality conditiod), whereQ, is a(real-valued solution of Weber's equation

Downloaded 10 May 2013 to 147.96.14.16. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 40, No. 7, July 1999 On form-preserving transformations for the . . . 3273

2

Qtw)-( % +1Jaun=0 (22

(see Ref. 14, Eq(18)). By the Theorem at the beginning of this section, it follows tkgtis

related to a certain time-independent potenﬁglby a point transformatioit8). Indeed, in this
case we have

tx?
—Imlog ¢, = — m—)\ arctart,

so from(19) it follows that
C=1+t?, B=0, A=A4\ arctarn. (23

Substituting these formulas int8) we find that

X
X= 24
V1+t? 29
and
_ X2
Vo(X) = vy +A (25

is a harmonic oscillator potential.
For allneN, let H,, denote thenth Hermite polynomial. The functio%

Q1Y) =i"eY H (iy/v2)

are real-valued solutions of Weber’s equati@) with A =n-+ 3 without zeros on the positive real
semiaxis> Hence, for allne N the Darboux transformation determined by the eigenfunction
a1 12 Of Vg is well-defined on the positive real semiaxis. From Egs. (5) and the definition of
&y , it follows that the transformed potentisl, is given by

2 1/2(_) X2 1
V1(X,1) =2x0xx=—2[log Qn+l/2(Y)]xx:1+t2 QM X e —n— Ak
n+ 172X

wherex is given by(24). Using standard identities for the derivatives of the Hermite polynomials,
the reader can easily verify that this formula ¥6y(x,t) agrees with the corresponding expression
given in Ref. 14. As stated in the Corollary, the potentig{x,t) is related by the point transfor-

mation(8) defined by(23) to a time-independent potentid} (X) obtained fronVo(X) by applying
a time-independent Darboux transformation From (18) and the d_ef|n|t|on ofy, , it easily
follows that the functior(X) generating the Darboux transformatifhis given by

F(X)=—109Qp+1/2(X),

and therefore

QiX X 1
12 ” _ NnN— —
Vi(X)=F"2(X)+F'(X)=2 ——— z % 4 n-s.

It is straightforward to check that the potentiaig(x,t) andVl(Y) are indeed related by the point
transformation8) determined by(23).
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IV. CONCLUSIONS

In this paper, we have shown that the Darboux transformation for the time-dependent Schro
dinger equation is essentially equivalent to the usual Darboux transformation for the stationary
Schralinger equation. Anyrea) potentialV,(x,t) solvable via a time-dependent Darboux trans-
formation starting from a real potentigly(x,t) can alternatively be solved by applying a form-

preserving point transformation to a time-independent potektjék). As a matter of fact, al-

though a large number of methods and papers have been devoted in recent times to the exact
solution of the TDSE# most of the associated time-dependent Hamiltonians either are not of the
standard form(2), or are also obtainable from a time-independent Hamiltonian by a form-
preserving point transformation.

The interest of the Darboux transformation for the TDSE as a useful method to obtain new
(quasijexactly solvable time-dependent potentials is therefore very limited. It should be noted,
however, that the Darboux transformation for the TDSE could still render helpful results if the
starting potential is not a real-valued function but only the transformed potential i$ réala
final remark, we would like to stress that the Darboux transformation may still be useful to
construct exact solutions to real-valued diffusion equations of the Fokker—Planck-type, for which
no reality condition as Eq4) must be considered.
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