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ABSTRACT

The optical properties of anisotropic nanoparticles (NPs) are often characterized by two principal components of their
polarizability tensor. However, measuring them can be demanding as the phase of the scattered field needs to be detected.
To address this challenge, I reveal a novel observable, the polarizability vector P, for characterizing the optical response of
anisotropic NPs from a single-angle Stokes vector measurement. As I show, knowledge of P grants access to pivotal nanophotonics

quantities, including the scattering cross-section, optical recoil torque, and near-field amplitude. I further generalize the approach

to randomly dispersed NPs, showing that P, though defined at the single-particle level, fully captures their optical response. My

findings pave the way for the optical characterization of anisotropic NPs using standard polarimetric instrumentation.

1 | Introduction

The polarizability tensor a of nanoparticles (NPs) governs their
interaction with electromagnetic fields. For example, the plasmon
resonance of metallic NPs, the hallmark of their optical response
[1-7], is fully encoded in a. NPs described by point-electric
dipoles exhibit a 3 x 3 tensor. However, when these are made of
homogeneous and isotropic materials, & can be diagonalized in
the coordinate frame defined by their principal axes [8], taking
the form of:

a 0 O
a=|0 a O
0 0 a;

Here, «,, a,, and a5 are the principal components of ¢, namely,
complex-valued numbers which only depend on the geometry
and the material of the anisotropic NP.

A common experimental configuration involves depositing the
NPs on a substrate and tailoring the incident illumination to
selectively excite just two components of «, for instance, a;
and a, [9, 10]. These polarizabilities are calculated using exact
numerical tools such as the T-matrix method [11, 12], the surface
integral method [13], Maxwell solvers [14], or Mie’s theory in
the case of spherical NPs [15-17]. However, the experimental
determination of «; and a, can be challenging [18-22], as it
requires detecting not only the amplitude but also the phase
of the scattered field through quantitative phase measure-
ments [23-30]. Researchers typically rely on more accessible
approaches for characterizing some of the optical properties
of NPs. These are usually based on measuring the extinction,
scattering, and/or absorption cross-sections [31-37]. However,
these cross-sections provide partial information about «; and
a,, hindering crucial information about the optical response
of NPs.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the original work is properly

cited.

© 2025 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH

Laser & Photonics Reviews, 2025; 0:¢01632
https://doi.org/10.1002/1por.202501632

10f13


http://www.lpr-journal.org
https://doi.org/10.1002/lpor.202501632
https://orcid.org/0000-0003-2953-2433
mailto:jorge.olmos@uam.es
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1002/lpor.202501632
http://crossmark.crossref.org/dialog/?doi=10.1002%2Flpor.202501632&domain=pdf&date_stamp=2025-11-17

a) Single NP —> PT = (||, | |>, R{au 5}, 3 {15 })
b) Randomly
oriented NPs

—> BT = (|ou [+ |ouf, R{on25}.,0,0)

FIGURE 1 | Sketch of the light-scattering systems considered in this
work. a) A single NP. b) Randomly oriented NPs. I also show the
polarizability vectors attainable for each configuration.

These drawbacks highlight the need for an observable to charac-
terize the optical response of anisotropic NPs. In this work, I find
an overlooked observable in nanophotonics, hereafter referred to
as the polarizability vector P, given by:

PT= (|oc1|2,|a2|2,m{a1a;‘},${ala;}) @
Here R and S are the real and imaginary parts, respectively.

Notably, I demonstrate that P can be retrieved from a single-angle
Stokes vector measurement. This technique can accommodate
general illumination conditions, applies to NPs made of any
homogeneous material and in any orientation, and can be
validated in situ by measuring the Stokes vector at two distinct
non-forward angles of choice. As I show, knowledge of P enables
access to a broad class of relevant quantities in nanophotonics
that depend quadratically on @, such as the scattering cross-
section, optical recoil torque, and near-field amplitude.

Finally, I extend this framework to random dispersions of non-
interacting NPs. Specifically, I find that a measurement of the
rotationally averaged Stokes vector at a single collection angle
provides key information of these dispersions, such as their
scattering cross-section and optical recoil torque. In addition to
this, I show that P, defined at the single-particle level, fully
captures the optical response of such dispersions. However, the
converse does not hold: averaging obscures information about the
components of P given in Equation (1).

Next, I introduce the framework used in this work.

2 | The Polarizability Tensor in the Laboratory
Frame

I consider an anisotropic NP lying flat on a substrate excited by
a propagating beam in the z-direction, as shown in Figure 1a.

Following the standard practice for a subwavelength NP, I model
its optical response as an electric-point dipole p:

P = €46 E; @)

Here, ¢, is the dimensionless permittivity of the surrounding
medium, ¢, is the vacuum permittivity, and E; = E, &, + E,€,
is the incident electromagnetic field, where E, and E, are
the complex-valued amplitudes of the Jones vector [8]. In the
laboratory frame of reference, fixed relative to the incident beam
E,, the polarizability tensor a,,, of the NP can be derived from &
and takes the form of [38]:

_ _ - Axx axy 0
Ay = Rz(ﬁ) c(Rz(ﬁ) = ayx ayy 0 (3)
0 0 a,

where R,(8) is the rotation matrix over the z-axis [38]. The
polarizability tensor given in Equation (3) embodies a reciprocal
(A =§fab) but anisotropic optical response and its compo-
nents are a,, = a, cos?§ + a, sin’ §, a,, = a,cos’ B+ a, sin’ B,
a,, = a3, and a,, = a,, = (a; — a,)sin § cos §. Note that for § =
mr and = mmn/2, where m € Z, the principal axes of the
NP are aligned with E;, yielding a diagonal tensor, namely,
ay, =a, =0.

In the following, I determine P introduced in Equation (1) using
the Stokes vector S produced by the NP. Since S depends on the
scattered field by the NP, I first introduce this field.

3 | The Electromagnetic Radiation Produced by
the NP

The scattered field produced by a electric-point dipole p in the
radiation (far) zone reads as [39, Equation 9.19]:

kzeikr P
E,=—(éx—)xe 4
sca 4”}/, <er X eh €0 X er ( )

Here, k = 27 /4y)n,, where n;, = \/a, A, is the incident wave-
length, €, is the radial unit vector, and r is the distance from
the center of the NP. The scattered field given in Equation (4)
can be calculated from the electric-point dipole p given in
Equation (2). However, p is not an observable, rendering E,,
often undetectable in practice.

To gain insights into the optical response of the NP, I now turn to
experimentally accessible observables. As previously announced,
I consider the Stokes vector S, which describes the polarization
state of the scattered field given in Equation (4). The components
of the Stokes vector ST = [s,,s$;,5,,5;], known as the Stokes
parameters, depend only on the transverse components of the
scattered field, i.e., Ey = Eq, - € and E;, = E, - &, [40-44]. Here
0 and ¢ denote the scattering and azimuth angles, respectively,
and the T symbol denotes the “transpose” operation. Moreover,
€, and &, denote the scattering and azimuth unit vectors,
respectively. Note that I use the same convention as Jackson’s
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book [39]. In this framework, S is expressed in terms of E, and
E, as [45]:

So = |Bel* + |E,1%, 1= |Eg|* = |E,|?

5, = 2R{ELE;}, 53 = 23{E.E}

Here, s, denotes the total scattered intensity, s, is the degree of
linear polarization, s, is the degree of linear polarization at 45°
degrees, and s; denotes the degree of circular polarization.

Next, I discuss how the Stokes vector S can be used to determine
the polarizability vector P given in Equation (1).

4 | Simple, Versatile, and Robust Polarimetry of a
Geometrically Anisotropic NP

It is well-known that the polarizabilities ; and a, only depend
on intrinsic properties of the NP, such as material and shape [8].
However, the Stokes vector S also depends on external parame-
ters, such as the collection angles (6, ¢) and the dimensionless
optical distance kr. To attain P, I now perform a two-step
transformation that progressively removes the dependence on
these external parameters.

The first step consists of finding a matrix transformation
U,(6, ¢, kr) that relates the Stokes vector S with a new dipolar
vector DT = (|p, |2, |p,|*, R{p.p;}. S{p.p;})- The latter vector is
independent of the collection angles and the optical distance. This
transformation can be expressed as:

D(al’ a3, Ei’ ﬁ) = ﬁ1(9’ P, kr) S((xl’ 227 Eh 6’ 9’ @, kr) (5)

The second step eliminates the dependence on E; and . This can
be achieved by applying a second matrix transformation U,(E;, 3)
that connects D with P:

P(O[l,(xz) =62(Ei9ﬁ) D((xlyaz’Ehﬁ) (6)

Combining Equations (5) and (6), I obtain the full transformation
from S to P, namely,

p((xl’ 0(2) = 6Z(Ei! 5)61(6’ P, kr) S(ab as, Ei7 ﬁ’ 65 P, kr) (7)

Equation (7) embodies the polarimetry method presented in
this work. It relates a measurement of the Stokes vector
S(et, o, By, 3,6, @, kr) at a single collection angle with the polar-
izability vector P(a,, @,). As Equation (7) evidences, the problem
reduces to finding the transformation matrices U, (6, @, kr) and
U,(E;, B). The derivation of such matrices can be found in
Appendix A and Appendix B, respectively.

I now highlight the most important features of Equation (7). To
start with, it can be used under a wide variety of illuminations
since no requirements have been imposed on the Jones vector
defined by E;. Moreover, the NP can be arbitrarily oriented,
meaning that no alignment mechanism is needed to control
the orientational angle § [46-51]. Furthermore, the NP and sur-
rounding medium can be made of any non-active homogeneous
material [52]. Note that the only requirement I impose is that the

optical response of the NP can be described by the electric-point
dipole p given in Equation (2).

A key strength of my polarimetry-based method given in Equa-
tion (7) is its robustness. Specifically, the technique can be
experimentally verified in situ by using Equation (7) at two differ-
ent collection angles. If the retrieved P(«a;, «,) remains identical
after these two Stokes measurements, then the electromagnetic
properties of the NP are accurately characterized.

Next, I provide an illustrative example to demonstrate the reach of
the method. In particular, I determine P(«,, a,) produced by one
of the most versatile light-scattering systems in Nanophotonics: a
gold nanorod excited by an arbitrarily polarized plane-wave with
E; = (E,,E,,0)e’* [53-62].

Figure 2 shows the calculated components of P(a4, a,), as given
in Equation (1), normalized by the volume squared V? of the
nanorod, as a function of the incident wavelength A,. The
nanorod has a short semi-axis @ =25 nm and a long semi-
axis ¢ = 30 nm, and it is surrounded by water (n, = 1.33). Each
panel corresponds to a different component of P(«;,a,): (a)
lety |2, (b) |y |?, (¢) Riaya}, and (d) S{a,a;}. Colored dashed
and dotted curves represent the four simulated cases, calculated
using Equation (7), with parameters provided in Table 1. The
solid black line corresponds to the numerical calculation using
the exact T-matrix method [63, 64]. As Figure 2 shows, the
agreement between the exact solution and all simulated cases
of Table 1 is remarkable. Note that cases 1 and 2, as well as
cases 3 and 4, share the same incident field E; and nanorod’s
orientation S, differing only in the collection angles. The fact
that all cases given in Table 1 lead to the same P(a;,a,) serves
as an explicit demonstration of the robustness of the method.
For completeness, I show in Figure 3 the same quantities as in
Figure 2, but for a silver prolate spheroid with a = 20 nm and
¢c=25nm.

Next, I discuss how much information can be extracted from
P(a;,a,). From now on, the variable dependencies in all quan-
tities will be assumed and omitted from the notation.

5 | How much Information can be Extracted from
P?

The first key observation is that P reveals the asymmetries of the
NP. Specifically, one can note that the NP is spherical if and only if
P, = P, = P, and P; = 0. Such a bi-univocal relation can be used
to probe the sphericity of NPs using polarimetry alone. Note that
P, is the i-component of the P, e.g., P, = |a,|*>. Moreover, for non-
spherical NPs, one can distinguish between their long and short
principal axes by comparing the first two components of P. That
is, one can check whether || > |a,] or || < |a,| using P, and
P,.

Next, I will use P to capture a broad class of physically relevant
quantities that are often difficult to measure.

I start with a central quantity in Physics: the scattering cross-
section oy, which, among other features, captures the optical
resonances of NPs. In general, o, is computed by averaging
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FIGURE 2 | Calculated components of the polarizability vector
P given in Equation (1), normalized by the volume squared V? =
((47/3)a’c)? of the gold nanorod, as a function of the incident wavelength
Ao. The nanorod has a short semi-axis of a = 25 nm and a long semi-axis
of ¢ = 30 nm. Each panel corresponds to a different component: (a) |4 |2,
(b) |a)?, (¢) Rixy o5}, and (d) {3} Colored dashed and dotted curves
correspond to the four simulated cases employing Equation (7), whose
parameters are detailed in Table 1. The solid black line represents the exact
calculation using the T-matrix method. Case numbers are color-coded
consistently with the legend and Table 1.

the amplitude of the scattered field in all directions using an
integrating sphere embedding the NP in far-field [8]. For dipolar
NPs, this calculation yields:

1 Kk ?

=— E..|’r’dQ= ———
Osca |E1|2/Q| sca| 671.'|Ei|2

Inspecting Equation (8), one can notice that o, can be deter-
mined from P for any combination of (E;, 3). That is, once P has
been retrieved for a specific (E;, 8), it can be used to determine
Oy for other illuminations E{ and orientations 8’ of the NP.

i
€no

®

TABLE 1 | Parameters for each calculated case in Figures 2 and 3:
angles 0, ¢, and 8 (all in deg) and incident field components E, and E),.
The numbers are color-coded according to the plot legend in Figures 2
and 3.

Case ©O(deg) ¢(deg) pB(deg) E,(E,) E,(Ep)
1 160 230 60 1/V2  i/V2
2 60 30 60 1/V2  i/V2
3 150 260 30 0 1
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FIGURE 3 | Calculated components of the polarizability vector
P given in Equation (1), normalized by the volume squared V? =
((47r/3)a’c)? of the silver nanorod, as a function of the incident wave-
length 4y. The nanorod has a short semi-axis of a = 20 nm and a long
semi-axis of ¢ = 25 nm. Each panel corresponds to a different component:
@) logl?, (b) laal? (¢) R{xas}, and (d) S{oya;}. Colored dashed
and dotted curves correspond to the four simulated cases employing
Equation (7), whose parameters are detailed in Table 1. The solid black
line represents the exact calculation using the T-matrix method. Case
numbers are color-coded consistently with the legend and Table 1.

This is because P only depends on polarizabilities, and these are
intrinsic properties of the NP. Notably, this reasoning extends to
any quantity derivable from P, not just to o,.

In the following, I show two examples of o, corresponding to the
incident polarizations considered in Table 1. The general case is
presented in Appendix C. Now, by expanding Equation (8) using
Equations (2) and (3) for E = E(1,1)/ \/5 which corresponds to
the circular polarized (CP) light used in cases 1 and 2 of Table 1,
one arrives at

cP k* 2 2 k*
Osca = m(kxﬂ + || ) = E(Po +P)
Moreover, by expanding Equation (8) using Equations (2) and
(3) for E, = 0 and E, = E,, which corresponds to the linearly
polarized (LP) light employed in cases 3 and 4 of Table 1, one
arrives at

k* .2
ol = a(Po sin” 8 + P, cos? {3’)
As anticipated, o, can be obtained from P, which, in turn,
can be determined via my polarimetry-based method given in
Equation (7). Importantly, this method enables the separation of

40f13

Laser & Photonics Reviews, 2025

95UB017 SUOLUWIOD aA 111D 3[cel|dde 8Ly Aq peusenol a1e sajolie YO 9SN J0 Sa|nJ 10} Ae1q1T 8UIUO /8|1 U (SUORIPUOD-pUE-SWBIAL0O" A IM ATeIq1jeul U0//SdNY) SUOIIPUOD pue SWie 1 84} 88S *[5202/2T/T0] uo AkiqiTauliuo A8 PLpeIN 8@ ssusin|dwod pepseAlun Aq Ze9T0SZ02 10d|/Z00T OT/I0P/W0d A8 |1mAeiq1puljuo//Sdny wouj pepeojumod ‘0 ‘6688598T



|a;|* and |a,|? in oy, something that is not generally possible
when o, is measured using an integrating sphere [65].

Next, I demonstrate that the polarizability vector P can be used
to capture another quantity without actually measuring it: the
recoil optical torque, hereafter denoted as I, [66-68]. In general
terms, I, is calculated by integrating the Maxwell Stress tensor
in the far-field [69, 70]. In the dipolar regime and for p, = 0, such
a calculation yields [68]

3

k K3
T =—3 L — [ord e =T @
¢ 127ey,€, Stpxp 677€),€, Sip.pyie, =€, (9)

Inspecting Equation (9), one can notice that I',.. can be captured
using P for any given combination of (E;, 8). While the generic
case is derived in Appendix D, I now show the examples
corresponding to the cases considered in Table (1).

Expanding Equation (9) using Equations (2) and (3) for E =
Ey(1,1)/4/2, 1 have

re _Rag P,
r, vz Ty

Here, 1 have defined T, = (k*|E,|%*€,e,V?)/127. Moreover, by
setting E; = E,(0, 1), I arrive at

| B S{a a3} sin 28 _ Pysin2f
r, V2 7S

As previously anticipated, one can can determine T, using P
given in Equation (7). These results can facilitate the experimen-
tal distinction between the recoil and extinction components of
the total optical torque for dipolar NPs [71-74].

Next, I show that P can also be used to reconstruct the scattered
electromagnetic field at all points of the radiation zone. That
is, from the far-to-near field. To illustrate this counter-intuitive
relation, as P is calculated from a measurement of S in the far-
field, I now write the scattered field produced by an electric-point
dipole p at any point of the radiation zone excluding the far-field
region [39, Equation 9.18]:

pne-wp _ K2e™ [36,(8, - p) —pl (1 ikr
4T dgr €no (kr)?

Taking the modulus of the previous equation, I arrive at

o _ L ) (41p,1” + |psl® + Ip, I*) a0
s 16726 (en€o)?

By using the cartesian-to-spherical transformation (with p, = 0)
[39], one can easily express Equation (10) in terms of D. Then, one
can link D with P using Equation (6). This implies that a single
measurement of the Stokes vector S in the far-field can be used
to reconstruct the amplitude of the scattered field produced by
an electric-point dipole p at any point of the radiation zone. This
explicit calculation can be found in Appendix E.

Finally, I extend my technique to address one of the most studied
systems in nanophotonics: random dispersion of identical and
non-interacting NPs.

6 | A Random Dispersion of Identical,
Non-Interacting NPs

For a random dispersion of NPs, one needs to calculate
the rotationally-averaged Stokes vector produced by them:
N(S). Here, N is the number of the excited NPs, and (S)
denotes the rotationally-averaged Stokes vector produced by a
single NP:

27
<S> = i / S(al’ a27 Ei7 ﬁ’ 95 §0, kr) dﬁ (11)
2z J,

Some comments are in order. First, one can note that the
averaging of Equation (11) does not play a role in the observa-
tional angles {0, ¢} and the optical distance kr. Therefore, the
ﬁl(e,go,kr) matrix firstly introduced in Equation (5) remains
identical. However, Equation (6) cannot be used as the U,(E;, 8)
matrix no longer links D with P for a random dispersion. In short,
B is no longer a degree of freedom as it is the integration variable
of Equation (11).

Therefore, one needs to find a matrix U,(E;) (see Appendix F for
the details) that satisfies:

P, oy |* + |e,]?

P P | Rlaal} | = o=

Po]=] Mo cueteeks o
0 0

Equation (12) links a measurement of the rotationally-averaged
Stokes vector (S) at a single collection angle in the far-field with
the vector P. Moreover, one can note that the polarizability vector
P, given in Equation (7) determines P. This fact implies that the
polarimetry properties of a single NP at a fixed orientation angle
B can be used to infer the electromagnetic properties of the same
NP when this is randomly oriented. However, the converse is
not true. Specifically, the term J{a,a;} is lost in the averaging
given in Equation (11), as it is associated with trigonometric
functions that are odd in 8 and thus vanish upon integration.
Moreover, one cannot determine |a;|*> and |a,|® separately, a
distinction that can be achieved at the single-particle level using
Equation (7). In this regard, I invite the reader to read Appendix F
to get more insights into the calculation of rotationally averaged
quantities.

At this stage, it is important to mention that one can still
determine rotationally averaged quantities using Equation (12).
In particular, I will show that the rotationally averaged scattering
cross-section, (0, ), and the rotationally averaged optical recoil
torque, (T'..), can be determined from P. Indeed, performing the
rotational averaging of Equations (8) and (9) yields

4 4

_k 2 2) —
(Osca) = (|“1| + || )— 1o

- k*
127 Py = m(po +7) (13)
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(Te)  2SEE}Rw}  oP,  oP,

T,  |E? v: vz V2 (14)

Here, I have introduced o as the helicity of the incident field
[75-77]. Equations (13) and (14) show that rotationally-averaged
quantities such as (oy,) and (T'..), which typically require
integration techniques, can be determined from P. All that one
needs to do is calculate the matrices U;(E;) and U, (6, ¢, kr) of
Equation (12) to determine P. In this regard, I provide a couple of
examples of U,(E;) in Appendix F.

7 | Conclusion and Outlook

In summary, I have presented a simple, versatile, and robust
polarimetry-based technique to characterize the optical response
of anisotropic NPs. The method relies on a single-angle Stokes
vector measurement and yields an overlooked observable: the
polarizability vector P given in Equation (1), which, as I showed,
encodes essential information about the optical response of
the NP. Importantly, I have shown that any physical quantity
expressible as a combination of P can be determined using
Equation (7). As examples, I have expressed the scattering cross-
section o, the optical recoil torque I',., and the near-field
amplitude ENS™T in terms of P. This connection reveals that the
tools often required to determine o, I'ec, and EN., MF_such asan
integrating sphere, a high-speed camera or quadrant photodiode,
and the SMOM technique-may not be necessary. Instead, a
single Stokes vector measurement at an angle of choice suffices.
Moreover, I have established a connection between the polari-
metric response of a single NP and that of random dispersions of
identical NPs, showing that P remains a meaningful observable
in both scenarios.

I envision that my polarimetric technique can be further
applied to probe the influence of different shells in coated
NPs of various geometries, similar to what is now com-
monly done with the extinction cross-section. More specifi-
cally, one can use Equation (7) to determine P before and
after shell deposition to quantitatively assess the shell’s impact
on the functionalized NP [78, 79]. These sequential Stokes
measurements may be employed, for instance, to investigate
the role of silica-gold coated nanorods in SERS enhance-
ments [80, 81], to explore corona protein formation on NPs
[82], or to evaluate the catalytic performance of metal-coated
NPs [83].

Moreover, my findings can help characterize the optical response
of anisotropic NPs in other related areas of research. In par-
ticular, the Stokes polarimetry method presented in this work
can aid to characterizing the optical response of anisotropic
NPs attached to an AFM probe tip, which is crucial for
improving the precision of the next generation of tip-enhanced
nanoscopy techniques [84]. In addition, I envision that an
extended version of my polarimetry method could be used to
determine specific components of the second-order susceptibil-
ity tensor y(2) in the context of second harmonic generation
through far-field polarimetry measurements. In particular, by
connecting y(2) with the Stokes vector, which can potentially
find applications in tissue imaging [85], and human cancer
detection [86].
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Appendix A: Derivation of the 61(6, @, kr) Matrix

In this section, I derive the U, (6, ¢, kr) matrix introduced in Equation (5) of the main text. This matrix relates the Stokes vector S with the dipolar vector
D. I start by writing the Stokes vector as a function of the induced electric-point dipole p [39]:

so = Go[lpel* + IpyI?], s1=Go[Ipel® = IpyI?], 52 = —2GoR{popj}, 53 = 2GoS{popy} (A1)
Here, I have defined G, = (k?/(47re,€,))?. Now, any vector in spherical coordinates satisfies:
Pg = cOS O(px Cos @ + py sin qo) — p,siné, Do = Dy COSP — Py sinp (A2)

Expanding Equation (Al) using Equation (A2) for p, = 0, one has

S0 cos?Ocos? g +sin’ g cos?Osin’ @ +cos?p sin2p(cos?6—1) 0 |pxl?

sif_ Go cos2fcos?p —sin’ @ cos?Osin’ @ —cos?p  sin2¢(cos? 0 + 1) 0 [pyl? a (A3)
$2 cos 6 sin 2¢p —cos B sin2¢p —2cos 6 cos 2¢p 0 Rip«py}

53 0 0 0 2c0s 0 |\ S{px Py}

To obtain the 61 (6, , kr) matrix, I need to invert Equation (A3). However, certain angles make such inversion unfeasible. For instance, the scattering
angle 6 = 7 /2 makes such a matrix singular. Having noted this fact, I invert Equation (A3), yielding

e 2(1+sec? 0 +cos2ptan®6) (3 +cos20)cos2psec’ O +2tan*0  4secHsin2p 0 So
pyl? | 1 2(1+sec?6 —cos2ptan®6) —(3 +cos20)cos2psec’ 8 +2tan*@ —4secOsin2p 0 s1 (Ad)
Rip.pyH~ 8Gy 2tan? 8 sin 29 2(1 + sec? 0) sin 2¢ —4sec O cos 2¢p 0 s
S{pxpy} 0 0 0 4secO|\s3
Inspecting Equation (A4), one can realize that the U; (6, @, kr) matrix is:
2(1 +sec? 6 + cos 2¢ tan® 6) (3+cos20)cos2psec? 0 +2tan’6  4secOsin2p 0
— 1 20 _ 2 . 2 2 _ .
0,6, 0. kr) = - 2(1+sec 92 C(.)SZ¢J tan 6) (3+c0826)c0522¢se<? 6+2tan“6 —4secBsin2¢p 0 (AS)
8G, 2 tan” 0'sin 2¢ 2(1 + sec” 0) sin 2¢ —4sec cos 2¢p 0
0 0 0 4sec6

Appendix B: Derivation of the Ez(Ei, B) Matrix

In this section, I derive the U, (E;, 8) matrix introduced in Equation (6), which relates the dipolar vector D and the polarizability vector P. To obtain
U,(E;, B), I first express p, and p, as functions of @; and «, and the orientation angle 3. Expanding Equation (2) using Equation (3) of the main text
yields

epz = (ot cos? B+, sin’ B)E, + (a; — ay) cos B sin BE,, (B1)
h€o

Py . .2 2
o= (ay — ap) cos Bsin BEy + (o sin” B + a; cos” B)E,, (B2)
h€o

Manipulating Equations (B1)-(B2), yields

2
% =|a; |? cos? [3<|Ex|2 cos? B + |Ey |2 sin® B + ER{EXE;}sinZ,8> + |oty|? sin® ,3(|Ex|2 sin® B + |Ey|? cos? B — R{E,E;}sin 2,6’)
0
+R{a o3} sin 28 [sin B cos B(1Ey |* — |Ey|?) — R{ELE}} cos 28] + Sy o }S{ELE; } sin 28, (B3)
py |2 . . . . .
eh_ey) =|a; |2 sin’ ﬁ(|Ey|2 sin® B + |Ey|? cos? B + R{E,E;}sin 2ﬁ> + |ory|? cos? ﬁ‘(lEyl2 cos? B + |E,|? sin’ B — R{E.Ey}sin 26)
0
+R{a; a3} sin 28 [sin B cos B(|Ey |? — |Ey|?) + R{ELE}} cos 28] - Sl a3 }S{ELE; }sin 26, (B4)
Ripxpyt | . . . .
# =s1np’cosﬁ<|a1 |2(|Ex|2 cos? B + |E, |2 sin® B + R{E,E}}sin 25) - |a2|2(|EX|2 sin® 8 + |E, | cos? B — R{E,EL} sin 23))
+R{a s} cos 28((|1Ey|* — |Ex|?) sin B cos B + R{E,E;} cos 28) — S{a; aj}S{E,E;} cos 26, (B5)
3{pxpy} ) .
# =Rio o} IS{ELE;} + S} (sin f cos B(|Ey |2 — |Ee|?) + R{E E;i} cos 26). (B6)
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Interestingly, one can compactly write the previous expressions as

-1
lay 2 [px? A A A A [pxl? [pxl?

2 _ 2 2 Z‘l E;, 2
B I e DA il [ P o1 e P S @
S{aya3} S{pxpy} An Ap A Ay) \Sipepy} S{pxpj}
where the matrix elements A;; are given by:

Aqq = cos? ,8(|Ex > cos? B + |E, |* sin® 8 + R{E,Ey}sin 2,3), Ay, = sin’ ,@(lExl2 sin® 8 + |Ey|? cos? B — R{E,E;}sin 25),

Ajs = sin2B[sin B cos B(|Ex|? — |Ey|*) — R{E,E}} cos 2], Ay = S{E,E}}sin 2,

Ay, = sin® 5(|Ey|2 sin’ B + |Ey|? cos? B + R{E, E} }sin zﬁ), Ay, = cos2ﬁ<|Ey|2 cos? B + |Ex|? sin® B — R{E,E}}sin 23),

Ayy = sin2B[sin B cos B(|Ey | — |Ex|?) + R{E,E;} cos 28], Ayy = —S{E(E}}sin 2,

As; =sinf cosﬁ(lEx > cos? B + |E, | sin’ 8 + R{E,E;}sin 26), Az, = —sinf cosﬁ(lEx [2sin® B + |Ey|? cos® B — R{E,E;}sin 26),

As; = cos2B[sin B cos B(|Ey |? — |Ey|?) + R{E,E;} cos 28], Ay = —S{E,E}}cos 28,

Ap =0, Agp =0,

Ay = S{ELE}}, Agy = sinfcos B(|Ey |* — |Ex|*) + R{ELE}} cos 26.

— —1
This completes the derivation of the U,(E;, ) = A (E;, 8)/(ex€o)? matrix, which establishes the relationship between the dipolar vector D and the
polarizability vector P. There are certain combinations of E; and 8 that make A(E;, 8) singular. Fortunately, these combinations can be identified in
advance, both analytically and numerically, and should be avoided.

Appendix C: Reconstructing the Scattering Cross-Section Produced by an Anisotropic Dipolar NP From a Single Measurement of the
Stokes Vector

In this section, I express the scattering cross-section oy, in terms of the polarizability vector P, which, in turn, is derived from the Stokes vector S.
Expanding Equation (8) of the main text using Equations (B1)-(B2), one arrives at

Kt . . . .
%= g <|a1|2<|Ex|2 cos? B + |E, |2 sin® B + R{E,E}}sin 2/3) + |0f2|2(|Ex|2 sin® B + |B, |2 cos? f — ER{EXE;}smzﬁ». )
1

One can write this expression in terms of the components of P = [Py, Py, P,, P5] = [|a; 1%, |aa |2, Riy o5} S{onas}] as

k* . s . .
Ogca = TER (730<|Ex|2 cos? B + | Ey |2 sin’ 8 + R{EEy}sin 2,6’) + 7)1(|Ex|2 sin 8 + |Ey | cos® B — ER{EXE;}SIDZ[3>). (C2)
1

Equation C2 shows that the scattering cross-section can be derived from P for any electromagnetic field E; and orientation angle 8 of the NP. To illustrate
this, I show now the two examples corresponding to Table 1 of the main text along with an extra example.

i) Circularly polarized (CP) light. For an incident field E; = Ey(1,1)/ \/5, Equation (C2) becomes

cp_ K* 2 2 k*
Osca = ﬂ“aﬂ +lop)?) = m(Po +71) (C3)

ii) Linearly polarized (LP) light. For an incident field E; = (0, E,), Equation (C2) becomes

4 4

olf = g—ﬂ(lallz sin’ 8 + |cx2|2cosz,’3’> = g—ﬂ(% sin® 8 + P, coszﬁ) (C4)

iii) Elliptically polarized (EP) light. For an incident field E; = (2, e*/3)/ \/g, Equation (C2) yields

4
ol = 3];—” (PO <4 cos® B + sin® B + sin 25) +7; (4 cos® B + sin” B — sin Zﬁ)) (C5)

As anticipated, oEP can be determined from the polarizability vector P, even if P itself was not obtained using elliptically polarized light.
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Appendix D: Reconstructing the Recoil Optical Torque Produced by any Anisotropic Np from A Measurement of the Stokes Vector

In this section, I express the recoil optical torque I'y.. in terms of the polarizability vector P, which, in turn, is derived from the Stokes vector S. The
recoil optical torque T induced in a NP described as electric-point dipole p is given by [66]

3

Frec = m«f{l’ xXp*} (D1)
Expanding Equation (D1) using Equations (2) and (3) of the main text I have
k3 a3 Bl k3 E s Bl a3 s . 2 2 El
Trec = %\s{pxpy} == (Ria a3 }S{ELE;} + S{aya}(sin B cos B(|Ey 12 — |Ex|?) + R{ELE}} cos 28) ) exéo. (D2)

Note that I have used that p, = E, = 0. Equation D2 shows that I';.. can be derived from P for any electromagnetic field E; and orientation angle 8 of
the NP. To illustrate this, I show now the two examples corresponding to Table 1 of the main text along with an extra example.

i) Circularly polarized (CP) light. Expanding Equation (D2) for an incident field E; = Ey(1,1)/ \/E, yields

@ _ Rlmall P, _ k3| By |*epeoV?

T, = = with Ty 97 (D3)
ii) Linearly polarized (LP) light. Expanding Equation (D2) for an incident field E; = E,(0, 1), yields
e _ Sl aj}sin2B _ Pssin2g (D4)
Ty V2 V2
iii) Special case at § = 7r/2. Evaluating Equation (D1) at § = 7 /2 yields
ﬁ=”/2_k_3m 1y ) _ ¢ IR * _k_3 23 1 _ PR *
T~ = o (Rl aGISHEL By} - Sl ag IR B} eneo = — (P SHELEy} - PsR{EcE})enco (Ds)

Interestingly, this latter case does not correspond to the orientation angles 5 in Table 1. As explained in the main text, the recoil optical torque can still
be obtained from P.
Appendix E: Reconstructing the Near-Field Produced by Any Anisotropic NP From a Measurement of the Stokes Vector

In this section, I show that the NF produced an anisotropic NP can be reconstructed from a single measurement of the Stokes vector S. The amplitude
of the NF produced by a electric-point dipole p is given by (see Equation (10) of the main text):

ESal’ = %(Mw +1pel® +1pgI?) (ED
where
|p,|? = sin® G[Ipxl2 cos? ¢ + | py|? sin® ¢ + 2Re{p, py}cos ¢ sin ¢] (E2)
|ps|? = cos? e[lpxl2 cos® ¢ + | py|*sin” ¢ + 2Re{p, p}}cos¢sin ¢] (E3)
Po| = Ipx|sin” ¢ + |py | cos? ¢ — 2Re{p, pj} cos psing (E4)

Note that in Equations (E2)-(E4) I have assumed p, = 0. Now, expanding Equation (E1) using Equations (E2)-(E4) yields

1+ (kr)? . . . . .
|ENF|2 = Gnrieye ) (lpxl2 [1 + 3sin” 6 cos? ¢] +Ipyl? [1 + 3sin’ @ sin’ ¢] + 6Re{pxp;}sm2 0 cos¢sm¢). (E5)

One can express this scattered field in terms of D = [Dy, D1, D5, D517 = [|py |, |py|2, Re{p,py}, Im{p, pj}]T as

1+ (kr)?
|ENF|2 = L Gkn)” (DO [1 + 3sin” 6 cos? qb] +D; [1 + 3sin’ 6 sin” ¢] + 6D, sin” 6 cos ¢ sin ¢) (E6)
(47mcr3epeg)?
Since Equation (E6) only depends on D and simple analytical functions of r, one can use the Stokes vector to reconstruct the scattered field produced
by p in the near-zone. Note that one can further use the U, (E;, ) matrix to express Equation (E6) in terms of P.
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Appendix F: Derivation of the 63 (E;) Matrix

In this section, I derive the 53(Ei) matrix introduced in Equation (12) of the main text. For clarity, I now rewrite Equation (12) as

_ 7:)0 o | + | |?

P P, R x — — —

2 == Mt | = Timm) = TyE)T @9 k) (F)
0 0

As Equation (F1) evidences, one needs to calculate the rotationally-averaged dipolar vector (D) = 61(6, @, kr)(S), where

2
0)= 2 [ DB p ap )

To obtain a closed-analytical relation of (D), the following identities are needed:

1 2 1 2 4 3 1 2 5 1 1 2 1
- 4 = — i = = —_ i 2 = — —_— 2 = =
2”/0 cos* Bdf 27[/0 sin” Bdf8 g’ 27[/0 sin” 8 cos* 3df3 3’ 2”/0 cos” 2f3df 3 (F3)
Expanding Equation (F2) using the previous identities, it is not difficult to arrive at
<|Px|2> _ 1 3|E 2 E 2 2 2 2R UIE 2 E 2 F4
Creo? = 5 [BIEP +1E,P) (Jlan P + o) + 2R{an a3 H(1Ex P ~ |, )] (F4)
(py 1 2 2 2 2 * 2 2
(nco? LGB P + B ) (laa® + o) — 2R{an g} (1B | - 1By )] (F5)
0
R 1 . . Sery) 1. .
e = Zm{ExEy}(loc]lz +lap|? + 2R{xy a3}), e = ES{ExEy}m{alaz} (F6)

Notable results are now reached: the S{a; o} term vanishes in the averaging process. This result is independent of the incident electromagnetic field
E;. The previous relations can be written in matrix representation as:

<|px|2> (€h€0)2 (3|Ex|2 + |Ey|2) (3|Ex|2+ |Ey|2) 2(|Ex|2 - |Ey|2) |(Z1|2
(Ipy) = =g |UE:* +3IE, 1) (Ex|* +3IE, %) 2, = [Ex)|| leal® (F7)
(Ripxpy}) 2R{ELE}} 2R{E,Ey} ARIEEST J\Riaag}

By inspecting Equation (F7), one can notice that the matrix is singular since its first and second columns are identical. Therefore, a general 4x4 63(Ei)
matrix cannot be found. However, one can still can manipulate Equation (F7) to link (D) with the polarizabilities &t; and a,. I now show two simple

examples. First, I consider a CP field satisfying E; = Ey(1,1)/ \/E In this setting, I can write

( (P« > _ |Egencol? (1 0 ) <|a1|2+ |a2|2) (F8)
(S{pxpy}H) 4 0 -1 Ria a3}
By inverting this relation, I arrive at
(7:)()) _ (|051|2 + |052|2> _ 4 <1 0 > ( (Ipx® > (F9)
P Riaaj} |Egeneol2 \O —1) \(S{pxpy})

At this point, one needs to reshape the previous relation to find the 4x4 63(Ei) matrix for E; = Ey(1,1)/ \/5 That is,

2o\ ((leal? +lazl?) 100 0)( (pxl®)
Pl_| Ry} |__ 4 000 o]l (Upyl» (F10)
0 0 |Egencol2 [0 0 0 0 [|(R{pxpy})
0 0 00 0 -1 (S{pxp;})
By inspecting this relation, one can realize that
1 0 0 O
= 4 00 0 O
Us(E; = E(1,1)/V2) = ——— Fl1
B =ELD/VD = s (F11)
0 0 -1
Next, I consider a LP field satisfying E; = E4(0, 1). In this setting, I can write
2 Eoerenl? _ 2 2
(Ipyl) 8 3 2 Rionaz}
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Inverting this equation yields

P, _ oy |2 + |ty | _ 1 2 2 (IpxI*)
) = w = — P (F13)
2 Ria a5} |Egencol? \=3 1/ \lpyl*)
At this point, one needs to reshape the previous expression to find the 4x4 Us;(E;) matrix for E; = E,(0, 1). That is,
P\ ((leal® + ez l?) 220 0V (Ipl?)
- N -
Prl_ Rioas} __ 1 |-3100 (Ipy! z (F14)
0 0 |Egencol2[ 0 0 0 Of|(R{pxp;}
0 0 0o 0 0 o)\(Sippih
By inspecting this relation, one can note that
2 2 00
— 1 -3 1 0 0
Ujs(E; = Ey(0,1)) = ——— F15
SE =B =z g g (F15)
0O 0 0 O
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