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ARSTRACT

In this article we analyse the dynamics generated by the equilibrium solution
in an overlapping generations model with production.we adopt an inverse
approach to characterise and construct the class of economies that generates
any twice continuously differentiable dynamics. To do this we introduce a
technique based on the theory of partial differential equations.

RESUMEN

Se analiza en este articulo las dindmicas generadas por las soluciones de
equilibrio en un modelo de generaciones sucesivas con produccién. El punto
de vista adoptado es el inverso. Es decir, se parte de una dinamica dos veces
diferenciable cualquiera, y se caracterizan y se construyen las clases de
economias que generan esta dindmica. Se prueba que dindmicas arbitrariamente
cadticas pueden ser generadas por modelos convencionales, Para consepuir
estos resoltados, se introduce una téenica basada en Ias ecunaciones diferenciales
en derivadas parciales,
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1. INTRODUCTION

In this article we solve the inverse problem for the coverlapping generations
(0G) medel. We take as given any c? dynamics and a productlon functlon and
search for the utility functions compatible with those parameter functions.
We glve necessary and sufficient conditions characterising a wutility
function capable of generating the given dynamies, thus solving In a
complete mannér the inverse problem. The closest precedent of our work lis
that of Boldrin and Montrucchiec (1986} who gave sufficlent conditlons for a
standard growth model to generate a given c? dynamiecs,

The 0G model provides a general scheme which has been widely used to
analyse the consequences of economic policies in a dynamic setting. The
first natural question to settle is that of determining the conditiens of
exlstence and properties of an equilibrium. This was thought by early
researchers to be preeminently a stationary solutiom of the model in the
line that was standard in static models. The growing understanding of non
linear dynamics over the last decade led economists fto enquire about the
possibility that deterministic economle systems may generalte complex
dynamics, thus providing an endogenous explénation of cycles or chaos. The
theorem by Li and Yorke (1975) proving that the existence of a cycle of
period three implies chaocs was used by Benhablb and Day (1982), Grandmont
(1985) and other authors to show that an entirely conventicnal OG medel may
undergo endogenous fluctuations of -any perlodicity, a property usually
thought to be linked to chaotic behavior. This leads to what ought to be a
natural goal for dynamic analysis: to find the relationship between classes
of economies and classes of dynamics without ruling out a priori any form of

behavior which can be derived from what are considered conventional




assumptions on the utillty and production functions. A major step in this
direction is the solution of the inverse problem. By this we mean a setting
up of the problem which starts with any specific dynamics as a datum and
constructs the economies capable of generating it, thus opening the way to a
complete analysis of the structural relationshlps among the eccnomic
categories of the model. This is a more comprehensive analysls than a simple
proof that a particular kind of behavior, for instance chaotle behavior, can
be standard for certain models. But even from the polnt of view of the
legitimacy of chaotic behavior, the solution of the inverse problem proves
to be a truly satisfactory positive answer. In fact, to prove the existence
of chaos in the sense of Li and Yorke for a dymamics h requires the proof
that h°(x) = x < h{x) < hP(x} holds for some x. This condition is quite
simple and allows the characterization of fairly neat sufficlent coenditions
for it. Im turn 1t only guarantees chaos in a weak sense, namely the
existence of periods of all orders. However it is well known that all these
cycles can be repelling, and for this reason unobse;'vable, with the
exception of a uniqﬁe attracting cycle of period three, in such a way that a
path randomly chosen (for example with a2 uniform probability distributlon
for its initlal condition) .will converge to the stable period three cycle
with probability one. Moreover, this behavior may well be structurally
stable. However the solution of the inverse problem shows the possibility of
dynanics with c§ﬁotic paths of positive probability. Furthermore such
dynamics can be ;;oved to have positive probability in a suitable parameter
space -— See Falconer (1990):

Inverse problems are not new in economics. Debreu- (1974) and Mantel

(1974) found classes of preferences compatible with excess demand ft..mctlons

exhibiting given properties. In the field of growth theory the artlcle by
Boldrin and Montrucchic showed that any dynamics is compatible with =
conventional capital theory model. Although Sorger (1992) found a necessary
condition showing that the result of Boldrin and Montruechio enly stands for
high rates of dlscount, thelr article contributed signif%cantly to emphasize
the 1ntérest of inverse problens,

Cur approach to the inverse problen for OG permlts, for the first time
in the literature, the obtention of necessary and sufficlent conditions
characterising the economies generating a particular dynamics. It turns out
that such conditlons are fulfilled by a wide family of conventional
economies that ean be parameterised by the set of all nen negative C2
functions defined in a certain domain of the plane. These results show that
the information about individual preferences that can be extracted from an
observed dynamics 1is essentially lecal. Behind this fact there is a
topological structural reason which is common to all OG models. A dynamics
imposes conditions over a manifold of smaller dimension than that of the
domain of the utility function. So the dynamics gives Information enly about
the preferences in a set of points whose complement is open and dense in the
domain of the utility function. However we cbtain a natural criterion to
c-lassify consumer preferences related to the elasticity of substitution
which, for a glven production function, allows us to establish a bijective
correspondence between economies and dynamics.

In the model we use here there is a striking contfast betwgen the
flexibillty to generate any given dynamies from wide families of different
utility functions and the result obtained using the direct approach where a

unique dynamics is completely determined by a given economy. Since this is a




direct consequence of the structural character of 0G models, we may expect
jt to be a fairly general property of such medels.

When we think of the inverse approach to a differentlable optimlsation
problem, that 1is when attempting to characterise the oblective funciion
generating given solutlens, the first and second order conditions are
restrictions on the partlal derivatives of - the unknown function., This 1s
also the case when imposing the usual convexity assumptions on consumer
preferences. Thus the patural tocl to solve this type of problem is the
theory of partial differential equations. This has been our baslic technique
in this article. We believe this theory to be very powerful in dealing
adequately with lnverse dynamic problems.

The article is organized as follows. In the first section we present

the model and solve the direct problem. In the second section we solve the

inverse problem. lLastly we present some conclusions and the proofs of the

theorems.

2. DECISICN MODEL

We study the dynamic behavior over time of an overlapplng generations
economy composed of identical individuals and firms. There is no uncertainty
in the model. Production is carried out by identical firms using a constant
returns to sc;.alé tectnology represented by a homogeneous functien
F{L{t),x{t)) of digree one , where L(t) and x(t) are the levels of labor and
capital used in period t. Without any loss of generality we treat all firms
as one. We assume no depreclation. The level of labor used each period 1s

normalized to L(t) = 1 for every t. We define the production function

Fix{t)) as f{x{t)) = F(1,x(t)}. We assume that each firm takes the prices of
output p(t), tabor w(t) and capltal r(t) as given in each period. We
normalize the price of output p(t) = 1 for every perlod. The flrm uses each
input in such a way that the value of its marginal preduct equals the price
of the input in that perlod. Total output is distributed to the providers of
labor. and capltal in proportion to their marginal productivities. That is,

using Fuler's Theorem, we can write

Fx(t)) = (L} (x(£)) + wlt) = x{tIr(t] + wit). (1)

We assume each individual lives for twe consecutive perieds. The number

af individuals is the same in every period. For simplicity we treat them all

as one. He is endowed with a unit of labor in the first period of his life,

which he supplies inelastically in production, having no regard for lelsure.
Production in the first period of life of an indlvidual born in t is
accomplished using his labor together with a capital, provided by his
parent, which equals the value x(t) of output saved in the previous period.
The salary given in (1) must provide for the individual censumpticn and
saving when young while the gross return x(t#1)(1+r(t+1)) on his savings
will cover the value of his consumption when old. For ease of notatlon we
will from now onwards denote by x the optimal choice x(t+1) of the
individual savings when young and we will call z the savings choice made by
his parent. Since the value of z is taken as given by the Individual we
characterise his choice of x by‘ the solution of the following constralned

optimisation problem which we denote by Pz.



PZE Mix U(C1(t)'c2(t)}

subject to
01(“ = f{z) -zf (z}—=x (2)

£ (3)
cz(_t). x{1 + (xl)r e

= 0'2( 3.

1a ty;':i‘éai sequence of budget constraints and its associated optimal
consumption points belonging to a curve ¥(I') representing optimal
consumptions {see Lemma below).

Figure 1,

We now formulate several assumptions to ensure that, for each possible

value of z, P has a well defined unique solution,
z

We consider z taking values over an interval I € R", Let

A= { (cltz,x).cztx)): x el b (5)

where I = { x 3 0'1(2)5x£¢2(z}}. be the feasible set fer the problem Pz. The
character of the production function ensures, given (2) y (3), a specific

shape for the budget constraint. We make the following assumptions on f

ASSUMPTIONS ON 1.

The production function f: I— R fulfills;

iYr>o0 1 >0, £7<o0.

1Y A(x) = 1 + £ + x> 0.

iii) £’ = 0,

We prove 1in Theorem 2 below that there exists a wide famlly of
productlon functions verifying requi‘rements i} to 11i) together with ancther
condltion we refer to at the begimning of section three. Assumptions 1),
1i}, and iii) guarantee that the curve Az. representing the feasible set for
the problem Pz, is the graph of a decreasing, strictly concave function €, =
R{°1) in the consumption space. Observe that equatlon (2) shows that the
correspondence between € and x is bijective. Therefore a given value of <
determines a unique vallue of x and, given (3), a unlique value of <, Also
R'(ci} =- 1 -~ £'"{x) - xf'"(x}) < 0 and R“[c1) = 2f"'{x} + xf77"'(x) < 0,
where x = f(z)} - 2f'(z) - ;-

We now make the following assumptions on the utility function

ASSUMPTIONS ON U.

a) U is defined on D = UzeI Dz, where each Dz I an open comvex set
such that J\z & Dz.

bY@ = oDy

c} Ul >0, 1 =1,2, where Ul denoctes the first order derivatives of U.

d} The-restriction of U to each Dz is a quasi concave function.

e) For every z € 1 there exists a point x Verifying the first order
condition (6) below, with c'!(z) <x < 0'2(2).

Notlce that In order to apply the usual convex programming technlques

for each Pz we do not need D to be a convex set. Furthermore when we deal




with the jinverse problem we will not be able te assume that D iz convex.

Thus we make no assumptions on the convexity of D. Assumption e) ensures the

existence of an interlor sclution for each Pz. A nmnatural sufficient

condition for the existence of a point fuifllling e) would be —U1+

UaA(crl[z}) < 0 and —U1+ UzA[o'atz]) > 0, since by ceontinuity, for some x e Iz

(6) would hold. In sectlon three, theorem 4, we prove the existence of wide
"familles of functlons U fulfilling a) to e).

The first order conditlon for the problem Pz is
—U1+ UzA[xJ = 0. (63
Under these conditions we can use standard elementary techniques in convex

programming to prove the followlng theorem.

THEORIM 1. linder assumptions i) to iii) on f and a) ito d) on U above
the necessary first order condition for the problem Pz is also a sufficient
-condition for a global and uhique maximim. Moreover if assumption e) on U

ol é_such maximim always exisls.

(7}

s, th ameter: defining the problem P
there: 1s-a; value. of x- satisfying the first order
h éxpresses | the. obtimal recurrence for the model. As an

'-.f'_igu_i'-e. 2 below shows an example of a possible dynamics for (7)

Assume now that assumption e} holds. Given theorem 1 1t will also
satisfy the second order condition for Pz. namely
U =20, AGO+AGOT, A (x) < 0 ()
Therefore equatlon (6} above defines implicltly the function x = h{z). In
crder to obtain Information about h(z) we differentiate the first order

conditions. We then get

~zf'’ (2) (U“— A(x)Um)

fg

U2 U oAG) + Alx DU, + UA (x)

Given (8) the sign of this derivative depends on the sign of the numerator.
Our assunptions on U and f allow any sign for 1t. In particular if it were
to be the case that U12 = 0 we would have simple dynamics, while 1if sz < 0
we would be allowlng for the possibility that dx/dz might change sign
continuously and, in consequence, the dynamics described by (7) might be
complex. We point out that Benhabib and Nishimura (1985) show that, for a
model with a representative agent living an infinite number of periods, U12

> 0 lmplies that the optimal path is monotonic while U12 < 0 allows

osclllatory dynamics.

This suggests the possibility of analysing the inverse problem. What

¢li“erent dynamics?.

Can we fix an arbitrary dynamics for the model which is compatible with
conventlonal utility and production functions?. We do this in the next

Sectlion.



3. THE INVERSE PROBLEM

We consider & mapping h:I — 1 from the domalin of f, I = (xo,x }J R,
onto itself. This mapping glves us the dynamics which we want to impose on

the optimal path 1n this model. The only assumption that we make on h 1s

ASSUMPTION 1): h e G°(I).
Notice that this assumptlon allows an exiremely wide range of simple or

complex dynemics, from monotone to multimodal functions.

We now make the extra assumption on f we referred to in section two

when we listed the requirements on the preduction function we needed there.

ASSUMPTION IV) ON f: -zf"' -~ h* > 0.
We now plck a production function fulfilling asswumptions i} to 1lv}

on . Notice that since

clr:1
-—=| = - zf'"' - h'

d
= {z,hiz})

the_- role of assumption iv) on f 1is to guarantee that consumpticn e,
evaluated at the opt.’L_mal points is an Increasing function of z. Therefore we
alsoc have that the mapping 8{z) = ci(z.h(z)) has as inverse

z=6"(c). B )
This allows us to translate the dynamics h{z) into the consumption space
This is stated hgthe following Lemma which is an elementary consequence of

3

assumption iv) ox: the preduction function f.

LEMMA. The points of the graph T = { {z,h(2)) } of the function x =

h({z) defined in the investment space are mapped by ¥, which is defined by

~iv) above, : ‘

Wz, x) = (01’02) with

y 'Plfz,x) = f(z) - zf'{z) - x (10)

c, = U(z,x) = x(1+£' (%)), (11)
onto a2 curve ¥(T)} contained in the consumption space. This curve Is the
graph of the function €, = 1(c1) expressing the relationship between
consumptions at the points that we require to be optimal for the family of
preblems Pz'

Note that c, = 'r(ci} does not express the optimal consumption
recurrence since it is not conjugate of x = h{z). The action of ¥ can be
ceen in figure 2.

Figqure 2.

Before proceeding any further we explore the issue of how wide Is the

family of production functions fulfilllng assumptions 1), 1i) and iil1) and

THEOREM 2.l Let j be any integrable negative function j:I —— R and
let J’(é) be any third primitive of j(€), thal is, any function such that
J'??(§) = J(E). Then there exist real constants C,, €, and C, such that
f(E) = J(E) + ;\162 + AEE + ’\3 satisfies assumptions-i), ii) iii) and iv) for
every ;\1, 5\2 . 13 such that ?LE < Cl; Az > Cz; l:a > Ga.

This can be proved by checking that it works for the following values

of C, C, C.
i 2 3
c, =min { inf (-1 3@ el 1@{%(-§~J“.(sn el
C2= max { sup { - J' (£} -2;\1& £el},
sup { - 1 €' (€) - I (£) —2?«1&: Eel}} (12}
c, = sup { ~J(&) —alez ~Af:€ell

11



Observe that this characterises a wide family of production functions,
parameterised by any arbitrary integrable negative function and the
parameters }\l, 1 =1 = 3, For example, taking J{£)} = - & we get the family

of polynomials

3 2 . > .
{~¢€ +Alg +Aag+7«3.;\1<cl.az>caandaa CS}

wit-:h this we have specified fully the characteristles of the functiens
h and f that are taken parametrically in this approach. We now state the
central issue of this article. Let x = h{(z} be a function satisfying
condition 1) above., Let f be a productien functlen satlsfying assumptions i)

to ivl.

DEFINITION. We define ."-Fh ta be the class of utility functions such
that for all U e ?h there exists a family of problems { Pz )zex with utility
function U and production function f such that the solution x of each
problem P2 satisfies x = h(z). We require all U € ?h to satisfy conditions

a) to e) of section two.

PROBLEM: Characterise the class of functions ?h.

The basic idea behind the solution of this problem 1s very simple. We
can impose specific slopes onto the indifference curves of a utility
function U. which ;’generates h by defining a direction field (see Arnold
(1974)}). This figld takes specific values at the points of the graph ¥(T}
of T(c1] and has the indifference contours as integral curves. {(See figure
3). We then analyse the relationship between the properties of these

direction fields and those of the corresponding utility functiens. Finally

12

we show that conditions over the direction flields that are easily
manipulable allow us to construct an ordinal utllity functlon, having the
required properties, that generates the given dynamics.

figure 3.

We start by defining the directlion fleld associated to a function.

DEFINITION. Given U : D —— R, where D I5 a domain In R and U e

CI(D), we define the direction field ¢(U) associated to U by
U = Qe ) = ~ U U, (133
Observe that Q@ is well defined over the domain D of U 1f Ua > 0 in D. This
definition shows that § is a real function. We think of it as a direction
fleld since it gives Aat each point {Ei'Ea) of D the slope of the contour
curve of U through that point. To see this let U(cl.cz) =U (Ex'gz) be the
equation of such curve. If U2 > 0 this equation implicitly defines <, in
terms of c,. We call this function ¢, = tp(c!). He then have
p’ (cl) = - U!/!J2 = 0 (14}

for all (e ,e)) in a certain neighborhood of (EI,EE).( See figure 3 ).

He now study the restricﬁod of & to the family of utillity functions ?h
fotice t‘hat for any two different functlons U and V, #{(U) = &{V) then U and
¥ have commen contour curves, since they are given by the first order
differential equation (14). This does not imply that U = V but it imposes an
equivalence -relation U = ¥V & 8(V) = $(U) induced by ¢ over ¥, which

identifies essentially equivalent utility functions.

DEFINITION. We define V, W e ?h as essentially equ_ivalent if there

exists a differentiable, increasing, real function p such that V = p(W) in a

13




certain open neighborhood of the set ¥(T) of optimal consumption points

defined in the above lemma.

Therefore the equivalence classes Iinduced In the set of wutility
functions by this equivalence relation are made up of utility functions
giving an identical ordering to the indifference contours. We now prove that
the equivalence relation induced by & over gh is precisely the essential

equlvalence.

THEORFM 3. let V, W € !'?h. Then V and W are essenlially equivaleni if
and only if ®(V) = &(W) in a certain open neighborhood of ¥WT). ( The proof
is given in the Appendix ].

We now show how the functions belonging to ?h can be characterised by

a certain property of their asseciated direction flelds.

THEOREM 4. Given a dynamiés x = h(z) satisfying assumption 1) a utility
function U defined in an open neighborhood of ¥(I') belongs to 5‘h if and only
if its associated direction field Q satisfies the first order quasi linear

inequality in partial derivatives
Q +tee=o0 (15}
with an initial céndition over ¥W(T) given by

e, (e ) = ~ gle), (16)
where - g(c_-l) is the slope of the budget consiraints at the oplimal points,
which is given bfsg"! g(cl) = A(h(e—l(ci))) = A(x), given (7) ard (9). (For a

proof see Appendix.)

Theorem 4 states that every Q verifying its hypotheses allows us to

obtain a utility function U that generates the dynamics h. The proof of this

14

Theorem suggests a way of constructing utility funciions belonging to ﬁfh.
Before doing this we proceed to explore the problem of how wide is the

family of direction fields Q that verify the conditions of Theorem 4 above.

THECREM 5. For every positive function 7w defined over an open

neighborhood of ¥W(I') the quasi linear equation In partial derivatives

01 + QzQ =N (17}
defines -a direction field Q verifying (15) and (16) of theorem 4. { The
proof is gilven in the Appendix).

He now describe a way to construct utility functions belenging to E‘?’h
based on the previous two Theorems.

We know by (14) t.hat a contour curve of a utility function U with Uz
positive must satisfy the diffgrential equation ¢’ [cl) = O(cl.cp(clJ}. Taking
derivatives with respect to ¢, we get @'’ (cl) = C!l + QEQ. Taking a positive
function 3 as in Theorem S and a ( that satisfies equation ({17) the
solutions of the second order differential equation ' = % with initial
conditions qo(ci) = 'r(cl.] and ¢’ (cl) = - g(ci) give us the contour curves of
U in Theorem 5. The proof of Theorem 4 shows that if we define

Ule,.ple )) = c
foer all the poinis In the ceoptovr curve ¢ through (CL’T(cx]}' we obtain 2

utility function U ?h. For example, if we take 5 = 1 the contour curves of

U are clearly the family of gquadratic functlons clz/ 2+ Bcl +e If =20

we obtain the family of straight lines Bc::1 + a.,

15




4. CONCLUSIONS
For a given f verifying assumptions i) te iii) in section 2, the set 8{
of economies analysed in the text is parameterised by the utility functions
U belonging to the class 'uf verifying assumptions a) te e}. Theorem 1 proves
the existence of a mapping G: ‘Ltt_ —> # assigning a unique h, belonging to

the set # of dynamics verifying assumption 1) in sectleon three, to each U e

'uf.

In theorem 2 we show that, for every heX, there exists a wide
family of conventional production functions }h fulfilling assumpltlons i) to
iv). Theorems 4 and 5 show that there exists a set § = {(h.f):heﬂ,f:—:}h} and
a correspondence J:¥ ———3 ‘L[f assigning to each {(h,f) in ¥ the utility
functions generating, the dynamics h. This is a multivalued correspondence
as a consequence of theorem 4. Moreover G is such that G(J(h,f)) = h for ail
(h,f} € & Some more information about the character of the correspondences
G and J can be extracted from the text. We know that G carries the class of
econcmies corresponding_ to utility functions with non negative cross partial
derivatives onto a set of increasing monotonic dymamics. To these dynamics
there corresponds either a unique equillbrium or multiple equilibria without

cycles. However the problem of finding the necessary condlitions for an

economy to generate a monotone dynamics remains open.

Theorems 4 and 5 describe the multivalued inverse correspondence -J,

More precisely, “theorem 5 shows how the sets J((h,f)) characterised in
theorem 4 can be parameterised by the class of non negative ¢% functions.
Thus if we fix a function n(cl,cz] belonging to such class we can define a

mapping Jn assigning to each (h,f)e¢5 the unique utility function in J{(h,f)}

16

that has n(cl,cz} as the wvalue of the second derivative of 1its contour
curves, Hence, for fixed f and #, there exists a bijective mapping between
preferences and dynamics. Therefore in our medel complete information on the
dynamics does not identify Individual preferénces exactly. Due to the

topologlcal argument glven in the introduction this may well be a generic

. trailt of all OG modelé. However if we were to take the function 7, as an

extra assumption on U, thus taking the elasticlty of substitution as a

datum, an observed dynamlcs would give full information on preferences.

The flexibility of the model for generating a glven dynamic leads te

.-'{'.he following problem : could it be the case that If we take a class of

“dynamics as given { for example the family ph(x) for a fixed h, and p taking

values in some interval) there exist a unique U and a family of production
functior;s generating the entire class of dynamics?. Since the whole family
of dynamics will impose r'estrictions on U over an open domaln of the plane
1t seems likely that the answer will be yes, when adequate restrictions are
placed on the productisn functions.

In this article the production function plays always the role of a

fixed parameter function. A natural problem of an inverse nature would be

that of wrasi.ng vio preduciion i
and h as given. This seems to be a more awkward problem to analyse because

it involves solving differential equations with deviating argument.

17
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APPENDIX - PROQFS
APPENDLA 7 FAVE S

Proof of theorem 1.

o L ndition
= first order co
Assume that for a feasible point S = (c!.cz] the

indifference
implies that the graph of R(I:l) and the in

is sgatisflied. Thls
r at S (see flgure ). Let

. ‘ each othe
curve 4p(c1) through S are tangent to

d let w be
L (¢} be the straight line through s tangent to both curves an
. 1

the lower open half plane determined by this line.

Flgure.

Take now any polnt P =(c.,c.) € D= D n 7 and assume U[c.,c.) =
1772 z % 1" 72
U(cg,cg); By virtue of the quasi concavity of U, for every (01":2) belonging
to the segment PS we would have U(cz’cz) = U(c;),cz). But 1f we take (ci,cal
within a small enough distance of S, then g, < ¢(c1), since by the quasi
concavity of U the function ¢ is convex and In consequence ¢ = LE. Then

}U(ci.ch < U(CI-?’(C,”: since U2 is strictly positive. But U(ci,w(cl)) =

U(c‘:.c:J, and this contradicts our previous statement that U{c .cz) =

1
U(cl:, c:). HWe therefore have proved the assumption U(c:,c;) = U(cl;. c;) to be
absurd, and in consequence U(c:,c;) < U(c‘:, c:) holds for every [c:.c;) € D;.

To end our proof it suffices to observe that the concavity of R implies that

‘A-{S}repD.
z x

Proof of the lemma.

The restriction of ¥ to ' is an injective mapping since two points of T
having the same image must be identical. This can be easily proved. Assume
@'(zl,h[zi)) = \F(zz.h{za)). Then

‘Fi(zl,h(zl)} = \Pi(zz.h(za)).
But given equation (10) this implies
- * - = - * -
f(zil z f [zi) h(21) flz,) zf {za) h(zzl
which, given assumption iv) above, implies z =z, Therefore

(zl.h(zl}) = (zz,h(zz)]

Moreover the curve ¥{I') defines the graph of a functiocn c, = chi). To
see this assume that two points in ¥(I') have equal first coordinate. Then
¥ (z,hiz)) = ¥ {z’,h(z")) implies z = z'. Therefore (z,h(z)) = (z',h{z’))

and \I'a(z.h(z)) = \I’z[z'.h(z’)). This shows that both points colncide. q.e.d.
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Proof of theorem 2.

Proof. Since £7°* = FP’' =31 <0 assumption i1t} is verified by f. We

take {2‘1 such that
1 B ey,
C,=min { Inf {~3 I (@) £e1 ) Inf {5 (- g @NEeT)

h
e v and f'’ < - z for ever
Since £''(£) = J''(E) + 21, if Al <C, then £'' < 0 and f E ¥

£ e I, which is eguivalent to iv).

Let
c. = max{sup{—J'(E)—Zhii:Eei},
‘ sup { - 1 &7 (E) - I (&) —27{16: telI} h

: d 1+ £+ &0 '>0.
Stnce £'(£) = 3'(£) + 246 + A, 1f &, > C, then £ > 0 an £

Finally take EZ3 such that N
Cs=sup{—J(E) —i\lE —Aaf;': £ell

Then, if A, > C,, > o..

Note that the family verlfying only assumptions 1), 11} and 141},

excluding iv}, is even wider than the class we have found, It can be

ohtained by relaxing the constant 0::1 to

o F 1 .
C =inf (-3 £ T

i

PROOF OF THEOREM 3. If V and W are essentially equivalent then V1

1]

p’W1 and V2 = p'ua in an open neighborhood of ¥(I'}. Since p* > 0, &(V)

$#(W) in that nelghborhood.

Assume now that &(¥) = ¢(W) = Q in an open set ¥ 5> ¥(I'). Then ¥ and W
are so}.l.}ticns of the first order linear equatlon in partial derivatives

u +uQ=0 (A1)

By virtue of the Thecrem of existence and uniqueness of solutions for these
equations ( see Arnold (1980}), given s = (cl,‘t{cl)) € ¥(I'} there exists a
';:ertain neighborhood Ds of 5 In which ¥ and W are uniquely defined by their
values over ¥{(I'} n DS, pravided the characterlstic curves of the equatien
(A1), which are the common contour curves of U and ¥ , are transversal (non
tangent } to ¥(I'). That is, provided

't‘{cl)_ # 9 (cx) (A2)

where q:[cl} =rc, is the contour curve of U and W through (ci.'c(cil). Since
YV, We S‘h, every point s = (CI'T(CI)) € ¥(I') satisfies the first order
condition of the problem P, where z = o7t (cl). Therefore

- U1 + Uzg(ci} =0, {A3)
where g(cl} = A(h(B—I(cl))). Hence (13) and (A3) imply

Q(cl,r(ci)) = - g(clJ, (A4)
But from (14) we get

, = -
P {01) = g(cl).
Thus a sufficlent conditlon for tramsversality is

T (e,) + gle,) > 0 ) (45)

To prove that this inequality holds, observe that ¢’ (Cl) gives the slope of
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the Image of the given recuyrence in the consumption space. The points

{z,h(z}) must satisfy thé budget constralnts (2)and {3) after substituting

h{z) by x. In that case

n(z3(1 + £ {x) + x£'" (x)) h'(z)g{ci)
T’(c1) - T zf ' (z) - b (2} =Tz (z) - b (2)

Therefore

*g(ci Yz£' ' {z)
T (01} * g(ci) STz - n ey !

vwhich 1s positive given assumptions 1), ii} and iv} above, Therefore V and W

are unlquely defined over a certain nelghborhood Ds of s by (A1) and their

. initial conditions

a(ci] = V(ci,‘t(cl])

Ble) = "[°1'T{°1”
respectively. Taking derivatives we get
Y‘ + Vz'r =&,
Gince V is a solution of (Al) and (A4) holds we have
‘\!1 - Vzg[cl] = 0.
Therefore

v, g+ ) =a.

But V. » D ( since V € %‘h ) and g + T > 0 by {A5). Therefore «' > 0. A
2

5 vhews that B > 0. If we take p = e then p'>0 and poW

e

gimilar

TEREY

is a solution of (A1) which takes the same values over Dn g(r) as V. This
P

proves that V = ysW over D_ and also over D = UsE\Ir(l")Ds q.nj:.d.

PROOF OF THEOREM 4. a) We assume first that U e S‘h and prove that Q
satisfi€s the required conditions. If in the expression Q1 + qu we make Q =
- U /U, we obtaln

172

'Unuz 2,0y, - U

Y

(A6}

Q +0Q0Q =
1 2 (Ua’a

But the quasi concavity of U implles that

U, v _u
0% -U UP+20 VU -U U= det| ul! v!? v}l
112 2112 22 1 21 22 2
Ul l!2 a
Therefere Ua > 0 implies
in +00= a.
Alse since h picks interior solutions to P, equation (A4} guarantees

that the initial condition holds. g.e.d.

b) We now assume that Q verifies conditions {15) and (16) In an cpen
neighborhood of ¥#(I'}). We prove first that there exists a functlon U whose
associated field is @ and such that Ul' U2 > 0 . To do this notlce that the
Theorem of existence and unigqueness of solutions of first order linear
equations in partial derivatives guarantees, for every s € ¥TI), the
existence, in an open ball D. centered at s, of a unique solution for the
Cauchy problen

y +UQ=0 (A7)
with inltial condition over ¥(I') given by

U(cl.r(ci)) = e, oo (A8)

provided that the transversallity condition holds. To prove that we take
derivatlves in equatlon (A8). We then get
01 + U21: =1,

which given {16} and (A7) implies
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UZ(T' + g ) =1

Therefore U_ > 0 at s since, given (AS) above, £ +g>0 But Q < 0 at s.
2

Hence (A7) implies that U1 > 0 at s and, by the continuity of U1 and Uz'

these functlons are strictly positive in a certaln open ball IZIs centered at

s. The uniqueness of the solution at every l?ls guarantees that any two
solutions obtained for two different polnts s and s’ must be the same at
DD . Hence U is well defined In the open neighborhood It of ¥(T")} given by
s 8

UE\P(I"}E; . Moreover, since Q 1s Cz, the Theorem mentioned above guarantees
B 5

that U 1s also C°(D).

We have proved that U satisfies conditions a), b) and c¢] of Sectlon
two. We now prove that U Is quasli concave in each Dg. Since U2 > 0 at every
{31,52) ¢ D, the equation U(c’,cz) = U(Efez) implicitly defines c, as a
function tp{cl}. Taking derivatives with respect to <, in {14) we find ¢''=

Q. + Q.0 = 0, Hence the indifference curves of U are convex. Since U1 ard U2
1 2

are positive this guarantees that U is guasi concave In Ds.

Finally we prove that U generates the given dynamics for a certaln
family of problems with preduction functlon f. To do this we fix a value z

belonging to the domain I of h. The point ¥(z,h{(z)) = s belongs to the open

ball Dg in which }J is well defined. We consider two values o‘l(z) and 0'2(?.]

i

such that _

a-l(z) < hiz) < o‘z(zl
and the budget set Az defined in (5) verifies
A sD.
z -

(See figure Al).

Also every x = h{z) verifies the first order condition ( this is
jmplied by the initlal conditionm for Q in {16) together with (A7)}. Hence
the hypctheses of Theorem 1 are satisfied by U and f. Therefore U, together

with f generates, the given dynamics g.e.d.

Figure Al.
PRCOF OF THEOREM 5 Consider the quasl linear equatlon in partial
derivatives Q1 * 020, = 5 with initlal condition over ¥(I') given by (16].
The transversality condition requires the initial curve, whose equation

parameterised by c, are

La X =g, i X =r(c:1J; x3=~g[cil.

2

+

to be transversal to the integral curves of %the associated differential

system

dx1=

dx
2 a3
x

3
The direction vector of the initial curve is (1,T',-g') and the direction
vector of a characteristic curve through a peint of the initial curve is

{1"’5((’;]'“(01"':[‘:1”‘ Therefore (A5) guarantees the transversality

condition for thls equation at every point of the initial curve.

By virtue of the Theorem of existence and uniqueness of solution for
these kind of equations a sclution Q of (17) verifying (16) exists im an
open neighborhood of ¥(I'), and since % > 0 we have

Q1 + an- >0

q.e.d.
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