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Electronic transport in the Koch fractal lattice
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In this work we extend the algebraic approach introduced in the context of general Fibonacci §¥stems
Macia and F. Dommguez-Adame, Phys. Rev. Left6, 2957 (1996] to analytically study the transmission
coefficient of a subset of states in the fractal Koch lattice. We report on the existence of extended states whose
transmission coefficients periodically oscillate as the Koch curve approaches its fractal limit.
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[. INTRODUCTION from the fact that this model Hamiltonian can be exactly
mapped onto a linear chain, and the corresponding electron

Prior to the discovery of quasicrystals it was suggested bglynamics expressed in terms of just two kinds of transfer
Rammal that fractal structures, which instead of the standarfhatrices. In this way we are able to extend the algebraic
translation symmetry exhibicale invariancemay be suit- approach recently introduced to analytically study general
able candidates to bridge the gap between crystalline angibonacci systemt$ to describe a fractal system as well.
disordered materiafsSuch a possibility was further elabo-
rated by Schwalm’s work on inhomogeneous fractal gla$ses, Il. THE MODEL

a class of structures which are characterized by a scaling . : -
distribution of pore sizes and a great variety in the site envi—.n II_:iet ui S?ggvggr:rae:rf;(;ﬁscgpﬂggiﬁgitze n:'ggqei:tzﬁ?;ﬁhzd
ronments. On the other hand, the unexpected finding of qué-. g'b)}'l P 9 19 9

sicrystalline alloys exhibiting forbidden crystallographic given
symmetries, was originally thought as corresponding to a

phase intermediate between a crystal and a liuidt sub- H=>, {|n}{n+1|+|n)(n—1|+\f(n)[|n—1)(n+1]
sequently interpreted as a natural extension of the notion of a "
crystal to structures witlquasiperiodic rather than periodic, +|n+1)(n—1[]},

translational ordet.From this perspective it is interesting to ] o )
compare the physical properties related to these two reprévhere is the cross-hopping integral introduced by Géfen
sentatives of the orderings of matter, namely, quasicrystaldndicated by dashed lines in Fig(al] and

and fractals. K1 s
Albeit both kinds of structures possess peculiar electronic _ n (_ )
spectra supported by Cantor sets of zero Lebesgue f(n)= (0. z g 2,n(mod4s) ’

measuré;” it has been pointed out that electron dynamics on K K : .
fractal substrates amécher than those encountered in quasi- with k=2 and—4%/2<n<4%/2, describes the effective next-

periodic structures such as the Fibonacci cfafius, for nearest-neighbor interaction i_n theth stage of the_ fractal
example, localized, critical, and extended wave functions al9"oWth process. Our model differs from that studied by AS

ternate in a complicated way in several fractal models,
while it is known that all allowed states in Fibonacci chains
are critical® Consequently, the general question as to
whether certain specific features of the states might be in- EVAINN
duced by the fractality of the substrate becomes pertinent. g
Dealing with the frequency spectrum, it has been reported VAN VAN .
that the interplay between the local symmetry and the self- A
similar nature of a fractal gives rise to the existence of per- b)
sistent superlocalized modéghis class of states, introduced
by Levy and Souillard® arises as a consequence that the c H ¢ H F F G H ¢
minimum path between two points on a fractal does not al-
ways follow a straight line. In this article, we will further
illustrate the richness of fractal spectra by showing the exis-
tence oftransparentelectronic states in fractal lattices.

To address this topic we shall consider the tight-binding FIG. 1. (a) sketch of the Koch lattice considered in this work,
model on the Koch lattice introduced by Andrade and(b) sketch of the renormalization scheme mapping the Koch lattice
Schellnhuber(AS).}* The motivation for this choice stems into a linear chain.

a)
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in the fact that we are considerindfiaite fractal lattice em-  these energies the conditipA,B]=0 is fulfilled and, mak-
bedded in an infinite periodic arrangement of identical sitesng use of the Cayley-Hamilton theorem for unimodular
connected by hopping integrats The main effect of allow- matricest* the global transfer matrix of the syster¥,

ing electron hopping across the folded lattice is the existence= A"AB"8, with n,=4%"1+1, andng=4%"2+1, can be ex-

of sites with different coordination numbers along the lattice plicitly evaluated in terms of Chebyshev polynomials of the
a characteristic feature of fractals which is not shared byecond kind. From the knowledge df, the condition for
quasiperiodic lattices. Depending on the value of their rethe considered energy value to be in the spectrum,
spective coordination numbers we can distinguish twofold Tr[M,]|<2, can be readily checked and, afterwards, its
(circles, threefold (full triangles, and fourfold (squares  transmission coefficient can be determined explicitly. In this
sites. We then notice that even sites are always twofold, aay we uncover a subset of the Koch lattice energy spectrum
fact which allows us to renormalize the original latfite whose eigenstates can be studied analytically.

mapping it into the linear form sketched in Figbl The Let us consider, in the first place, the enerdies + /2.
hopping integrals represented by single bonds appear always this case we get

isolated from one another. The hopping integrals represented

by double bonds can appear either isolated or forming trim- 1

ers. Consequently, there are three possible site environments TM]=— m
in the renormalized Koch lattice which, in turn, define three (1=

possible types of transfer matrices, labeled F, G, and H i\ detailed study of the conditiofiTr{M]|<2 in Eq. (4)
Fig. 1(b). Now, by introducing the matriccSsA=HG and indicates that the only allowed states correspond\ te
AB=FF, it can be shown by induction that the global trans- ¥ /2, for which TiM, = —2. Consequently, these states are
fer matrix at any given arbitrary staggeof the fractal growth  just two particular cases of the more general fandily)
procesdM can be iteratively related to that corresponding towhich we shall discuss next.

— (120" (4)

the previous stag®l,_, by the expression By taking E=—2/A we getB=—1, wherel is the iden-
. ) 5 tity matrix, so that M,=—A"A. According to Cayley-
AT "M =M;j_BMi_;, (1) Hamilton theorem we can express the global transfer matrix
with k=2 andM ;=A. Note that Eq(1) slightly differs from as
the expression given by AS since we are considering a finite M= UnAfz(X)l _ UnAfl(X)A, (5)

system instead of a periodic approximation. At this point the

parallelism between the AS approach and the transfer matriwhere U ,(x) =sin(m+1)6]/sinf, with x= TrA/2=cos9=

renormalization technique intruced by'tibecomes appar- —(\*—8\°+8)/\* are Chebyshev polynomials of the second

ent. In fact, both approaches are able to translate the top&ind. Therefore, making use of the relationship,,,

logical order of the lattice to the transfer matrices sequence- 2cosU,,+U,,_,=0, the global transfer matrix correspond-

describing the electron dynamics in a natural way. ing to the energieE= —2/\ can be expressed in the closed
form

lll. SPECTRUM AND TRANSMISSION COEFFICIENTS
Un=Un+1 _Q()\)Um

We will now focus on two algebraic properties of the M= q(\U U —u.| (6)
matricesA and B which allow us to perform amnalytical m m-1 =m
study of a subset of the wave functions belonging to tth
Koch lattice spectrum. On the one side, we realize that botf,
matrices arainimodular(i.e., their determinant equals unity
for any choice of\ andfor anyvalue of the electron energy
E. In addition, they commute for certain values of the en-
ergy. In fact, after some algebra we get

hereq(\)=2(A?—2)/\%2, m=n,—1, and we must keep in

ind that the conditiofcosf|<1 implies|\|=1. From ex-
pression(6) we get TfM,]= —2cosy, wherea=n,6, and,
consequently, we can ensure that these energies belong to the
spectrum in the fractal limitk—«). Now, we calculate the
transmission coefficierit a magnitude directly related to the

(2—E?)r (2 Landauer resistivity? p, by embedding the Koch lattice in
A,Bl=a()\,E . (2 an infinite periodic arrangement as indicated in Fi@).1lin
ABIZaOEN (1 _e22-3) (E2-2r) ® fhis way we obtain
wherer=1+\E, 1
t(k,\)= = . ,
NE(E2=2)(2+\E) 1+p  1+{[A(A=2)/2(N=1)]sina(k,\)}?
a(\E)= : , 3 @)

r
where the plugminusg sign in the factor of sia corresponds

and we have defined the origin of energies in such a way thab the choicesh=1 and h=r=—1, respectively, for the

the hopping integrals along the chain equal unity. The comhopping integral of the periodic leads. Several conclusions
mutator (2) vanishes in four different caseg) The choice can be drawn from this expression. We must recall that the
A =0 reduces the original Koch lattice to a trivial periodic states can be classified, depending on the value of its related
chain, so that all the allowed states,2<E<2, are ex- transmission coefficient, itransparentstates witht=1, lo-
tended.(ii) The center of the energy spectrui+=0. The calized states witht=0, andcritical states with G<t<1.
extended nature of this state was shown by’ASii) E=  This classification takes into account that, in addition to the
+4/2. (iv) The family of states satisfyingE=—2/\. For  Bloch states present in crystalline, periodic systems, the no-
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tion of transparent state must be widened to include elec- 12

tronic states which are not Bloch functions, such as those a)g
found in Fibonacci quasiperiodic systefikeeping this in

mind, from expressiori7) we realize that the transmission 0.8 L
coefficients corresponding to the familjiv) are always t

bounded below foany stage of the fractal growth process,

which proves theirextendednature in the fractal limit. In 047
addition, the choicea=*2 (E=*1) correspond to states
which are transparent at every stage of the fractal growth 00

process. A fact which ensures thaiansparentature in the 1 10
fractal limit as well. Furthermore, it is possible to find a

number of cross-hopping integral values satisfying the trans- A
parency condition=1 at certain stages of the fractal growth 12
given by the conditiorw(k,\) = p7. Making use of the pre- b)
vious definitions fom, and 6, the relationship between the
fractal growth stage and the cross-hopping integral values 0.8
satisfying the transparency condition can be explicitly ex- ¢
pressed as
0.4
[1+cosB(k)IN*—8A%2+8=0, (8)
where B(k)=pm/ (4 1+1), and —m=<p=m. After some 0.0 :
rearrangements, and taking into account the trigonometrical 1 10
identity A
B B B FIG. 2. Transmission coefficient as a function of the cross-
\/ 1Esin;=cos, xsiny, (9 hopping integral at two different stagés) k=2, and (b) k=3.

Peaks are labeled from left to right starting with= —4 in (a).
the solutions of Eq(8) can be expressed in the closed form Label B corresponds tp=0. Label C indicates the transparent

state at\ =2.
C(,B(k)+7r
A=se¢ ———

7 . (10

In obtaining Eq.(10) we have restricted to the case>0 as_)\ _separate_s _from the plateau the Iocgl minima in t_he trans-
without loss of generality, since the phase diagram correMission coefficient,;, take on progressively decreasing val-
sponding to the Koch system exhibits the symmey\() ues Whlch tend to zero in the limits—~ and )\—?1. Thls
—(—E,—\).” Expression(10) allows us to label the differ- behavior suggests that theest transport properties in the
ent transparent states at any given stege terms of the family (iv) should be expected for those states located
integerp. For the particular choice=0 we get\=42 at  around the plateau.

everystep of the fractal growth, in agreement with our pre- UP to now we have shown that, as the Koch lattice ap-
vious discussion of the stae= — /2. proaches its fractal limit, an increasing number of cross-

hopping integrals are able to support transparent states in the
E= —2/\ branch of the phase diagram. In order to determine
their related transport properties, we ask as to whether a
In Fig. 2 we plot the transmission coefficief#) at two  state, whose transmission coefficient equals unity, at an ar-
successive stagés=2 andk=3, as a function of the cross- bitrary stage, sak, will prevail as a transparent state at the
hopping value. In the first place, we note that the number ofiext stages of the fractal growth. From a detailed analysis of
\ values supporting transparent staigsprogressively in-  expression(7) we have found that the considered states can
creases as the Koch curve evolves toward its fractal limitpe classified into two separate classes. In the first class we
according to the power law, =2 (4% 1+1). Itis interesting have those states which are transparent at any &tagethe
to compare this figure with the number of sitéé=4%+1, second class we find states whose transmission coefficient
present at the stage in the Koch lattice. Thus, we obtain oscillates periodicallybetweent=1 andt=t;,# 1 depend-
vy=(N+3)/2, indicating that the number of Koch lattices ing on the value ok. Representative examples of such a
able to support transparent states increases linearly with tHeehavior are provided in Fig. 3. Three general trends have
system size and, consequently, that the fractal grdastbrs ~ been observed in this second class of extended states. In the
the presence of extended states in Koch lattices. In particulafifst place, the values df, are significantly lower for states
we can state that, in the fractal limit, there existiafinitely ~ corresponding tgp<<0 than for states corresponding fo
numerableset of cross-hopping integrals supporting trans->0 (circles versus diamonds in Fig).3n the second place,
parent extended states in the Koch lattice. at any given fractal stage, the valuestgf, are substantially
Another general feature shown in Fig. 2 is the presence dfiigher for states associated to cross-hopping integral values
a broad plateau around=2, where the transmission coeffi- close to the plateau than for states corresponding to the re-
cients take values significatively close to unity. In addition,maining allowed\ values(an example corresponding to the

IV. RESULTS AND DISCUSSION
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FIG. 4. Phase diagram showing the Koch lattice spectruk at
=1 (shadowed areasand the branches corresponding to the ex-
tended states familfg = —2/\.
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FIG. 3. Almost transparent states exhibiting periodic oscillationsp|5ck lines. In the way along each symmetrical branch we
in their transmission coefficients as a functionkofLabeling key:  fing three particular states whose coordinates are respectively
(©) p=—1in Fig. 2a); (®) p=—2in Fig. Ab); (#) P=3,1N  given by (+1,72), (+ 2,5 y2), and =2,71). Three of
Fig. 28); () p=2, in Fig. 2a). them, corresponding to the choike-0, are indicated by full

circles labeled A, B, and C in Fig. 4. These states correspond
. . oo . to transparent statesvhose transmission coefficients equal
choicep=2 is shown for the state indicated by hollow dia- unity at everystagek of the fractal growth. The remaining

monds in Fig. 3. )
Therefore, we have found a class of extended electroni%tates in the branches correspondltost transparerstates

states whose transmission coefficients oscillate betvteen éxhibiting an oscillating behavior in their transmission coef-
—1 and a limited range df,, values depending on the value ficients. By comparing Figs. 2—4 we realize that the positions

of the label integen and the fractal arowth stage. Conse- of the transparent states A,B,C allow us to define three dif-
gep 9 ge. ferent categories of almost transparent states according to

quently, we mu;t conS|dgr the wave functlons associated tﬁw ir related transport properties. The first cldgsncludes

the cor responding energies as representatives of eXtendﬁ?ﬁse states comprised between the state A, at the border of
states in the fractal limit, even though a definite value for thqhe spectrum, and the state B, located at a v;artex point sepa-
t(k—z,)) does not exist. We tentatively will refer to these rating two br(’)ad regions of th’e phase diagram. The second

states aslmost transparenénes and we expect their related class(Il) includes those states comprised between the state B

transport properties to be more similar to that correspondin% d the state C close to the plateau in the transmission coef-
to usual transparent states than to localized ones. We m ient aroundi =2. Finally, the third clas€lll) comprises

note, however, that not all these almost transparent states akse states b eyond the state C. The states exhitititigr
expected to transport in much the same manner, as suggestﬁe nsport properties belong to the classes Il and lll, and cor-

by the diversity observed in the valuestg,. respond to those states grouping around the plateau near the
state C for which the values of;, are very close to unity.
V. CONCLUSION As we move apart from state C, the transport properties of

To conclude we will report on a general trend in the trans_the corresponding almost transparent states become progre-

port properties of electronic states belonging to faniy. sively worse, particularly for the states bselonging to the class
To this end, we refer to Fig. 4, where we provide a graphica,”’ for which values oftr, as low as 10% can be found.
account of the most relevant results presented in this work.
In this figure we show the phase diagram corresponding to
our model Hamiltonian at the first stage of the fractal process | thank Victoria Hernadez for interesting comments.
(shadowed landscapelong with two branches correspond- This work is supported by CICYT under Project No.
ing to the states belonging to the family=—2/A (thick  MAT95-0325.
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