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1 Introduction

It was found in [1] that noncommutative U(N) Yang-Mills theories admit two dual formu-
lations at the classical level: one, in terms of noncommutative gauge fields, the other by
using ordinary gauge fields. One moves between these two dual descriptions of the same
theory by employing the so-called Seiberg-Witten (SW) map. This map maps ordinary
U(N) gauge fields into noncommutative U(N) gauge fields and viceversa [2, 3]. Whether
this duality persists at the quantum level is still an open issue, even at the one-loop level.
Indeed, a key feature of noncommutative field theories defined by using noncommutative
fields is the UV/IR mixing phenomenon unveiled in [4-7]; a phenomenon which cannot
be seen by defining the action of the would-be dual ordinary theory as the expansion in
the noncommutativity matrix, 0*¥, furnished by the Seiberg-Witten map, with the lat-
ter constructed as a formal power series in 0*”. It was not known how to reproduce the
UV/IR mixing effect in the formulation of noncommutative gauge theory in terms of or-
dinary fields until the paper in [8] was issued. In accord with the very essence of the
perturbative coupling constant description of the quantum field theory our approach to
the Seiberg-Witten map issue, is to built the SW map by using the expansion in terms of
the coupling constant [8, 9] (and no expansion in " is carried out). Thus, the 6** depen-
dence of the perturbative, in the coupling constant, definition of the theory is treated in
an exact way and, then, the UV /IR mixing effect pops up. The occurrence of the UV/IR
mixing phenomenon in both these quantum field theories gives strong support to the idea
that they are dual descriptions of the same underlying quantum field theory, at least in
the perturbative regime defined by the coupling constant. And yet, in U(1) Yang-Mills
theory, the UV divergent part of the two-point function of the noncommutative gauge field
is local, whereas the UV divergent bit of the two-point function of the ordinary theory
obtained by using the #-exact Seiberg-Witten map contains unusual #-dependent nonlocal
contributions, at least in the Feynman gauge. These nonlocal contributions where un-
earthed in [10-12], and their existence casts doubts on the truth of the quantum duality
conjecture at hand. Of course, UV divergent contributions to the two-point function are,
in general, gauge dependent; so to decide whether the duality conjecture is right or wrong,
there remains to be seen whether or not those nonlocal terms are really gauge dependent;
since the gauge dependent contributions are not physically relevant.

It is known that in the #-unexpanded noncommutative nonsupersymmetric gauge the-
ory defined in terms of the noncommutative fields, the noncommutative quadratic IR diver-
gence induced by UV/IR mixing signals an IR instability [13]; and that this IR instability
can be cured by making the theory supersymmetric, since supersymmetry removes the cor-
responding quadratic noncommutative IR divergences [14, 15]. Furthermore, it was shown
in [16] that if the noncommutative fields carry a linear realization of Supersymmetry their
ordinary duals under the Seiberg-Witten map carry a nonlinear realization of Supersymme-
try. Hence, it is far from trivial that the Supersymmetry cancelation mechanism between
the one-loop noncommutative quadratic IR divergences coming from bosonic and fermionic
degrees of freedom works when the classical noncommutative theory is formulated, first, in
terms of the ordinary fields and then quantized. And yet, it has been shown in [17] that the



Supersymetry cancelation mechanism just mentioned works for all the two-point functions
when we have N’ = 1,2 and 4 Supersymmetry. This result gives further robustness to the
quantum duality conjecture between the formulation in terms of ordinary fields and the de-
scription in terms of noncommutative fields. However, the nonlocal UV divergent structure
still persists after introducing Supersymmetry in the game. But, by using two different
gauge-fixing terms, it was shown in [17] that the nonlocal UV divergent contributions are
gauge dependent and, therefore, it could be possible to remove them. This is unlike the
noncommutative quadratic IR divergences which do not change with the gauge-fixing term
as proved in [15], in the noncommutative field description, and in [17], in the ordinary field
formulation, respectively.

Now, since it is known that the on-shell DeWitt effective action is independent of the
gauge-fixing term used to define the path integral, thus this action can be used to compute
the S matrix elements. Hence, by using on-shell DeWitt effective action [18-21], one could
settle the question of the physical relevance of the nonlocal UV divergent terms found in
the two-point functions of the noncommutative theory formulated in terms of the ordinary
fields, and as a bonus obtain a complete proof of the gauge-fixing independence of the
UV/IR mixing phenomenon and also the cancelation of the noncommutative quadratic IR
divergences achieved by introducing Supersymmetry.

Let Snoyum [/1#] denote the classical action of noncommutative U(N) Yang-Mills theory,
where flu is a noncommutative gauge field configuration. Let I'Dew [BH] stand for the on-
shell DeWitt effective action of noncommutative field theory whose action is Sxoym [Au]
Let I'pew [Bu] be the symbol for the on-shell DeWitt effective action of the ordinary —
i.e., defined in terms of ordinary fields — U(N) gauge theory whose classical action is

SNCYM [flu [A“H’ flu [Au] being the Seiberg-Witten map that relates the ordinary U(N)

gauge field A, with the noncommutative U(N) gauge field fl#. Then, the purpose of this
paper is to show that, at any loop order and in dimensional regularization,

Poow | Bu[By] | = Toew [Bu], (1.1)

where B’“ [B,] stands for the Seiberg-Witten map between the ordinary U(N) gauge field
B,, with the noncommutative U(N) gauge field Bu- Thus proving that the conjecture that
Seiberg-Witten map provides two dual formulations of the same underlying quantum theory
is true for the noncommutative U(N) Yang-Mills theories, with or without Supersymmetry.

Let us warn the reader that to avoid any clashes with unitarity [22], we shall always
consider #*¥ — the noncommutativity matrix — such that % =0, i = 1,2, 3.

The layout of this paper is as follows. In section 2, we introduce the on-shell DeWitt
action for noncommutative U(N) Yang-Mill theory and the corresponding ordinary U(N)
gauge theory defined by means of the f-exact Seiberg-Witten map. In the same section,
we also discuss the effect and some properties of the Seiberg-Witten map applied to the
ordinary background-field splitting. We establish the quantum equivalence of the field
theories defined in the previous section by performing the appropriate changes of variables
in the path integral in section 3, while in section 4, we check the conclusion reached in
section 3 by direct computation — i.e., by using the Feynman rules (FR’s) derived from



classical action — of the one-loop two-point function of the on-shell DeWitt action of
dual ordinary U(1) gauge theory: we show by explicit computation that, in particular,
all the ugly non-local UV divergences — see [17] — that occur in the propagator in the
Feynman gauge all but go away. The noncommutative quadratic IR divergences remain
unless the noncommutative theory is supersymmetric with N’ = 1, 2 and 4 Supersymmetry.
Of course, there is no UV divergence nor any noncommutative IR divergence (quadratic
or logarithmic) for N/ = 4 U(1) super Yang-Mills. We have included appendices to help
understanding the central body of the paper.

2 Seiberg-Witten map and DeWitt effective action

In this and next section we provide an expanded proof/review of the equivalence be-
tween DeWitt effective actions in terms of noncommutative and ordinary fields via f-exact
Seiberg-Witten map indicated in [23].

2.1 DeWitt action and the path integral in terms of noncommutative fields

Let Au = Bu 1Bz Q” be the standard sphttlng of the noncommutative U(N) gauge field
A# in a noncommutative background B and a noncommutative quantum field Qu We
shall assume that Bu satisfies the classical noncommutative equations of motion (EOM),
which read ﬁMF #¥ = (. Then the on-shell DeWitt effective action [21], I'pew [Bu], is given
by the following path integral

oo [Bu] _ / dQudceacedpe ciSvovn (Bt Qul+isara[BQurGC] g

The gauge-fixing term Sprg [3 Qu, F, é’ C’} is!

L s . B3 . A/ A a aa
Sprc [Bu, Qu, F,C, 0] =~ / tr dprs C (aF +Du[B,] Q“)
éi (2.2)
) (aF + F = CDu[B) D" [By + 13Q,]C)

where dgrg stands for the noncommutative BRS operator, which acts on the noncommu-
tative fields as follows:

oBrs B, = 0, OBrsQu = h~
3]31;{50 = —ié*é, 5BR C=hz:F F, SBRSF =0. (2.3)

Although — as shown in [24] by using BRS techniques for ordinary theories, a proof which
remains valid in the case at hand — fDew [B%] does not depend on the choice of gauge-
fixing term, we have chosen the background field gauge (BFG) for convenience.

L As usual, we use tr to denote trace over the Lie algebra generators, while Tr for functional trace.



2.2 DeWitt effective action of the dual classical ordinary theory
The next task will be the background field quantization of the ordinary theory with action

SxeymlA,] = — 4;2 / tr (F [A“[A”H FW[AH[A#]D,

where A,[A,] is the f-exact Seiberg-Witten map which expressed the noncommutative field
Au in terms of its ordinary counterpart A,. But before carrying out the background field
quantization, we need to discuss — since we are dealing with a nonlinear map — how the
Seiberg-Witten map acts on the background-field-quantization splitting, A, = B, + h Qu,
of the ordinary gauge field; this we do next.

2.2.1 Seiberg-Witten map and the background-field splitting
Let T denote the generators of U(N) in the fundamental representation
tr 77" = 6%, [T, T°] = ifebT. (2.4)

Here Au = AZT “ is the noncommutative gauge field, the A, = A{T* is the ordinary
gauge field, the C' = C%T is the NC ghost field and the C' = C%T is the ordinary ghost
field, all in terms of components fields. The BRS transformations of flu, C, A, and C read

8BRSA;L = b“ [AH]CA( = 8“0 + Z[A é] SBRSC' = —’ié*é, (2.5)
orsAy = Dy [A,]C = 0,C +i[A,,C], dprsC = —iC - C. (2.6)
The Seiberg-Witten (SW) map
A, =A,[A,,0], C=C[A,, 00, (2.7)
is a solution to the following equations
onrsA, = orsAu[A,, 0], dBrsC = dprsC[Ay, C,0]. (2.8)

One can expand the Seiberg-Witten map #-exactly -see [25, 26]:

A, (A, 0] (@) )+ ZA 29)
CA,.C,0](x) )+ ZC ") (p (2.10)

where
A = [11 éirp)lei(ém)xﬂ(") (1, p1,0) - s s )50 2.11)

(2.12)



Ql,(f) and ¢ are totally symmetric under the permutations with respect to the set of the
parameter-triples {(a;, ui, p;)|i = 1,...,n}, which have the property — of key importance
in our later discussion — that only the momenta which are not contracted with 8*” build
up polynomials which never occur in the denominator [25, 26].

Now, let us introduce the ordinary background-field splitting

A, = B, +h2Q,, (2.13)

where B,, is the background field and @, the quantum fluctuation. Substituting (2.13)
into (2.9)-(2.12), one gets

Au[Bu+12Q,, 0] = B,[B,,0] + h2Qu[Bu, Qu, 1, 6], (2.14)
C[B, +h2Q,, C,60] = C[B,,C,0] + h2CW[B,,Q,,C, h,0], (2.15)
where
R dip; Z ’
B [ B +Z/H p p) Qlftn)[(ah:u’hpl)u-”7(anaﬂn7pn);9]
- B (p1) ... Byr (pn), (2.16)

) < dhp i Spi)e
Qu[Bqumhae] :QM+Z/H (27?)46 (i:l ) Q[Ln)[(alaﬂlapl)w-w(alnalinvpn);e]

(Z T m), #1(]91) Qﬁﬁ(pm)BZzH (Prms1) - - BZZ(pn))

C[B,,C,0] = +Z/H dpz ’”Z”’)

’ Qt(ﬂ) [(a17N1>p1)7 ey (an, ,Unypn)Q (a7p); ‘9] BI(E (pl) e B/iz (pn)ca(p) ’

(2.18)
s i d4 i i p+_Zn: pi | T
CY[B,,Qu,C,h,0] :;/1} (27546( & )
e (ay, m,pl) -5 (@n, tins Pn); (a, p); 0]
(Zh ()l 2% (p1) - Qiﬁ(pm)éﬁzii(pmﬂ)---Bﬁz(pn)ca(p)>- (2.19)

In the previous equations the convention By ! (p,11) = 1 is assumed.

Let us stress that Bu [Bu, 9] and C [B/u C, 9} are standard Seiberg-Witten maps, i.e.,
are solutions to the equations in (2.8), when in the latter A, has been replaced with B,,.
However, @), [BM, Qu,h, 9] and C(M [Bu, Qu,C,h, 9] are not standard Seiberg-Witten maps,
for they are solutions to

SBRSQA,LL = 6BRSQ,LL [B/M qu h7 9] )

T . ) (2.20)
oBrsC = 0BrsC[By + h2Q,, C, 0],



where the splitting of C’[Bu + h%Q“, C, 9] is given/defined in (2.15), and

oBrsB, =0,
08rsQu = h™2 D, [B, + h2Q,]C
dprsC = —iC - O, (2.21)

5]3,1:{5Q‘u =h" 2D [ + h2 Q“]

SprsC [By + h2Q,, C,0] = —iC + C.

In view of equation (2.20), Qu [Bu, Qu, i, 0] can be called the Seiberg-Witten map of the
quantum field Qu in the presence of the background field EM.

That Qu [BM, Qu,h, 6] satisfies (2.20) is a consequence of the fact that it is defined in
terms of fl“ [AM,O} as done in (2.14) and that Au [Au,e], along with C’[Au,C, 0], solves
the Seiberg-Witten equations in (2.8). Indeed,

hé@u [Byu, Qu, 1, 0] = Ay, (B + h%que} — B, [Bu. 0] =
12 6prsQu By, Quu, 1, 0] = SprsAu By + h2Qu, 6] — Sprs By By, 0]
= dprsAy[B +h%Qu7 0
— Dy |Au[By + 12Q,. 01| C[B, + 12Q,.,C. 6],

Using the results displayed above, one can show that

03rsQp [Bus Qus 1, 0] = 63psQp = 0, (2.22)
03rsC [By + h2Q,., C, 0] = 3rsC = 0. (2.23)

Before closing this subsection, for later use we shall show that both above terms,

ngﬂ) [(ala Nl)pl)v SERE) (a'na ,Unapn)a 9] and Q:(n) [((11, Mlvpl)a R (ana anpn)7 (avp)7 9] deﬁning
all Seiberg-Witten maps introduced in this section, are linear combinations of functions of
the type

Qp1,---,pn) - K(pibpj), (2.24)

where Q(p1,...,pn) is a monomial of the momenta p; and K(p;0p;) is a function of the
variables p;0p;, i,7 = 1...n, only. We use well known notation ¢0k = ¢,0""k,.

Let us begin with 9157) [(al, U1, P1)s - s (A fhy Pr); 0]. In [25], it was shown that the 6-
exact Seiberg-Witten map can be constructed by setting A = 1 in the following formal series

Aulag: 1) = Al [a,; ho), (2.25)
n=1

where A,(F) lay; kO] is of order n in the number of classical fields and it is given by the



recursive solution to the following set of equations
APy ho] = a,,,Vh,

ADlayih) = [ at (L6974 0,40}, — LoD 0,40
M[ap’ ]_Oti{i’j“}*t_z{i’“j}*t’

h 1 .. 1 ..
AP [as h) = /O dt (2 09 (AL 0 AP [ap: 0]}, + 5 09 (AP ap; 6], ;A .,

1 .. 1 ..
— 5 01 AP a5 0], 0, A 1, — £ 09{AD 04D a3 0]},
1

=+ Z 02]{"41(1)7 [A(l) A(l)]*t }*t’ ) )

J TR

h
n 1 1% m m
Ag>[ap;h9]:/0 dt <2eﬂ ST LA™, gpAlmay,,
mi1+mao=n

mi1+mo=n

1
4

DS {AW[AE-"LQ’,ALWHM}”),\m>3.

(3
mi+ma+m3z=n

(2.26)

Here Aflm) is a shorthand for .AELm) [ay; hO).

Now, it is easily seen by inspection of the formulae given in [25] that, indeed, A,(})[ap; ho]
and A;(?) lay; hO)] are, after setting h=1, the Fourier transforms of a linear combination of
functions of the type displayed in (2.24) multiplied by one or two ordinary gauge fields,
respectively. Further, in .Aﬂl)[ap;hﬁ] and .Al(?) lay; hO], h only occurs in exponentials of
the type

il Y piOpiy
e (1i2) . (2.27)
Notice that in .A,(}) la,; O] and .A,(E) la,; kO] there is no polynomial dependence in h, but, we
shall allow for the possibility that for higher n there is a cancelation among phase factors
that gives rise upon integration over ¢ to positive powers of h. Before we go on, let us recall
that, for all integers s > 0, we have

5 s!

" ar_ M 25—k s! -k

Next, let us assume that, for all m < n we have that, a) A,(Lm) lay; hO] is, for h = 1,
the Fourier transform of a linear combination of functions of the type displayed in (2.24)
multiplied by m ordinary gauge fields and that, b) the h-dependence in Agm) la,; kO] only
occurs through functions of the form

il Y piy0piy
h¥e (1) or hP, (2.29)



with @ > 0 and 8 > 0 being integers. Then, last equation in (2.26) tell us that a) and b)
hold for Aﬁbn) lay; h8], so that mathematical induction leads to the conclusion that a) and
b) also hold for any n; which in turn implies that Ql/(f) [(al, U1y 01)y o (Any fny Pn); 9] is a
linear combination of functions of the type (2.24), for whatever value of n.

It is plain that the same kind of reasoning can be carried out to show that

Q:(n)[(ala,ulapl)7 (a'm,unapn) (a p) 9] (2'30)

is also a linear combination of functions of the type (2.24).

2.2.2 DeWitt effective action for ordinary fields

We are now ready to quantize the classical ordinary U(N) gauge theory which is dual,
under the #-exact Seiberg-Witten map, to the noncommutative U(N) Yang-Mills theory.
To quantize the ordinary theory in question, we shall use the background-field splitting; so
the classical action that defines the ordinary theory reads

1 1 ~ ~ 1 A ~ ~ ~
Sevu B +13Q,) = =15 [ (Fu (B QP [B+ 1)) (31

with B =B [ ] and Qu Q“ [B#,Q“,h 9] are the Seiberg-Witten map — standard
and in the presence of a background — introduced in section 2.2.1.

Let us first introduce two extra fields, F = Fore C C“T“, on which the ordinary
dBRS, and noncommutative 5BRS, operators act by the following definition:

M\»—‘

P = 0.
A (2.32)
Here C is a Grassmann field and F' is a boson field. Recall that T is U(N) generator in
the fundamental representation.

Qb

08rsC = dprsC = h~

9>
oo
j=s]

We shall assume from now on that B, is a solution to the classical equation of mo-
tion of the theory with action Sxcywm [B,], as defined previously. Then, as shown in the
appendix A, B, satisfies:

Dy [Bu[BL]] F* [B,[B,]] = 0. (2.33)

The on-shell DeWitt action, I'pew [B,], of ordinary theory now reads

; 1 , .
ehFDeW [BH] — / dQchadéadFa 6%SNCYIV1 |:Bu+h2 Qu] +7/ng |:BH7QM7F7070:| , (234)
where Sgf [B#, Qu, F, é’, C’] is the gauge-fixing term, which is BRS-exact — thus benefits
the BRS quantization method:
ng [B,LLa Q,ua Fv Ca C] = 5BRS ng [B,ua Q,Lba F7 éa C] .

Here dgRg is the ordinary BRS operator which acts on the fields B, Q,, as defined in (2.21)

and on C' and F as defined in (2.32). The Xg¢ [BM, Qu, F, é’, C] is an arbitrary functional —
with ghost number -1 — of the fields, which can be expressed as formal series of the fields.



Taking into account that 5]%}{5 = 0, when acting on By, Q,, C, C and F , respectively,
one concludes that grsSgt = 0. Hence, the results presented in [24] also apply here, so that
I'bew [Bu] does not depend on the Xg¢ [B#, Qu, F, C, C] that one chooses. For instance,
one may choose the standard background field gauge of the ordinary fields, i.e.,

ng:Zi/trC’(aFJrDM[AM[Bquh%QMHC),

but this gauge-fixing term will not suit our purpose. We shall choose the following term

1

RS [ a7 o . ra )
Set = RS g;/ C (aF + Dy |Au[By + 12Q,] | C[B,, Q. C1) | (2.35)

instead. Note that 15” [121“ [Bu + h%QuH is the noncommutative covariant derivative.

Now, taking into account (2.21) and (2.32), one concludes that our choice of gauge-fixing
term reads

2 A

1 . PN PN . . N A A

Set = — / tr (aF? + FD,[B,]Q" — CDu[B,] D*[B, + 12Q,] C), (2.36)
g

which is the gauge-fixing term corresponding to the noncommutative background field

gauge.

3 Establishing quantum equivalence by changing variables in the path
integral

Let QZ = tr(@u T%) and C® = tr(C C*), where Qu and C are given by the Seiberg-Witten
map in (2.17) and (2.18), respectively. Let J1[B% Q%] and J2[B% Q%] be the following
Jacobian determinants

v ot e Q@) UG
715 ) = ot Sy 1 (ST -
5Ca(x 6C(x |
Jo[B,Q°] = det 5cbéy)) =exp TrIn <6Cbgy))>'

By changing variables in the path integral in (2.34): C* — C% and Q) — QZ, we obtain

iThenlBul _ / 40" dCedCe i {Jll[B, Q.1[B.Q)

_ .1 . (3:2)
) e%SNCYM [Bu+ﬁ7Qu] +iSgt [Bu»Qu:F:CvC] }

9

where éu and Qu are expressed in terms of B, and @, and

St [BH,Q#,F, C, C’] = SBrG [EquuaFaéa é]-

~10 -



To continue we start with the following proposition:

If 1[B,Q] =1 and J3[B,Q] = 1, then the right hand side of (3.2) equals the
right hand side of (2.1), leading to (1.1), that is: Tpew [By] = Cbew [BH[BMH.

This result is valid on-shell since BM [B,] satisfies the noncommutative Yang-Mills equa-
tions (2.33), and the reason is the on-shell uniqueness of DeWitt effective action [19, 24].

In summary, if we are able to show that proposition holds, that would prove that
both theories defined in terms of noncommutative fields and in terms of ordinary fields,
through the Seiberg-Witten map, have the same on-shell DeWitt effective action and,
therefore, they are dual — i.e., they are different descriptions of the same underlying
theory — to each other at the quantum level. We shall show below that, indeed, in
dimensional regularization, and in the perturbative regime defined by the coupling constant,
our proposition holds.

3.1 No one-loop two-point contribution coming from J; [B, Q] or J2 [B, Q]

Before we plunge into the general proof that proposition holds, we shall show that by
employing dimensional regularization the one-loop two-point contribution to

5Q4 () )
6Q5(y)

vanishes. By working out this simple instance, we shall acquaint ourselves with the tech-

In J1[B,Q] =Tr In ( (3.3)

niques that we shall employ in the general case, as well as the type of dimensionally
regularized integrals one has to face.
From (2.17) and
0Q(p)
3Q%(y)

— e PYSSY, (3.4)

one obtains

6@Z(:c) — g3 — Z/H d* pz ZZ pz)

3Q2 () 562"

-ntr (TCLQ’[;(L”) [(Gl, Mhpl)v LEREY (ana M’napn)a 9})

Bi(p1) .. B (pa—1)Q () p + O(h?)

= 50L8(x — y) + Mu [Blgy (2, ) + Mo [Blyy (2,), +O(B%) + O(h2),  (3.5)

with
av d 7 — _ a =4
M Bly (v.v) = 2/ (2:)14673% P2 e (TP (a1, 1, 21): (0,v,22); 0]) Bt ()
4 4
M [Bly, (,y) = 3/ (d pd p)2 et (P1+p2) oip3(z—y)
-tr (

)t (2
“AP) [(ay, p1,p1), (az, p2, p2); (b, v, ps); 9]) B (p1)Bg2(p2). (3.6)
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Now, substituting the previous results in (3.3), one gets

5Qa (x) a S av av 1
TrIn <5Qg(y)> =Trln <5b51,5(x—y)—|—./\/l1 [Bly,, (@, y)+ M2 [Bly, (z, y)) +0(B%)+0(h?)
& (_)k—i—l

=Trln (]1+M1+M2)+O(B3)+O(h%) = Trz
k=1

= Tr My + Tr My + Tr My My + O(B?) + O(h2), (3.7)

(M1 + Mo)* + O(B%) + O(h?)

where
Tr M, = /d4mM1 [Bloh (2, x) (3.8)

2w

d2w d
:/(%)@U (zw)2w5(p1)B,‘ﬁ(p1)/(27r)gwtr (Taml(;) [(al,ul,pl),(a%q);g])’

and

T‘erZ/d4:UM2 BJ2 (m):/

depl / d2wp2

s [ o 2] 8 + s B ) B )

d2w
.3/ (2W)gwtr (Ta%;(f’) [(a1, 1, 1), (a2, p2, p2), (a,,u,q);&]) }, (3.9)
and

Tr MiM; = / 4> / d'y My (B)2, (z,y) My (B)ol (y.x)

2w 2w ~ »
- [ o [ o (2”)2w{5(p1 BB

d*q (3.10)
. ag((2) )
4/ (27r)2wtr (T Qluz [(a17 ,Ulapl), (a2, M, Q), 9])
-tr (TGQQ[LQ) [(b17 V17p1)7 (a, M2, P1 + q), 9]) }
Let us show now that in dimensional regularization TrM; = 0. The term
Qlf) [(a1, p11,p1), (a, i, q); 0] can be obtained from A,(f) in section III of ref. [25]:
1
QLE?) [(ah Hl’p1)7 ((127 /1’27])2); 0] D) (AE?) [(a17 M1, _pl); ((12, M2, _p2)a 9}
° (3.11)

+ A/(,Lz) [(GQ, H2, _pQ)’ (a’lv M1, _p1)7 0]

Hence, in dimensional degularization the loop integral — the integral over q — (in TrM;
— see (3.8) —) reads

/ (dzwqtr (T“Q{f) [(a1, 1, p1)s (@, 1, q)); 9])

27T)2w
— (A2 (a1, i —p1), (0, 1 0): 0] + AP [(a, ), (01, 1, —p1); )
2 (27r)2w l,L ) ) ) ) ) ) l,L ) ) ) ) ) )
1 d22q e 39 _ 1 0390 _
=t 0 (2q;6 6" — q, 01 %) | T T TO——— — TT T ———
4 r/ (2 (000~ e j)< qfp q6p
=0, (3.12)
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since

d*°q gy, - dy, d2q cikatp
/(27r)2‘” 1qﬁp =0 /(27r2wq“1”'q“7' oy Ve (3.13)

One may actually use §(p;) to further simplify the argument, as only the second vanishing
identity above would be needed. We have included the discussion of the vanishing of
the previous type of integrals due to the employment of dimensional regularization in the
appendix B.

Next, by integrating out the Dirac delta function, d(p; + p2) in (3.9), one comes to
the conclusion that to work out Tr.Ms, one has to compute the following dimensionally
regularized integral

d2w "
/ (27‘(‘)3‘“ tr (T 915?) [(ala /’L17p1)a (a27 M2, _pl)v ((17 M, q)a 0]) ) (314)

where Q[,(E) [(a1, p1,p1), (a2, p2, —p1), (@, 11, q); 0] is obtained from A,(f) in equation (3.1)

of ref. [25] by appropriate symmetrization. By expressing Ql,(f’)[(al,ul,pl), (a2, p2, —p1),
(a, 1, q); 0] in terms of A,f' , one concludes that the integral in (3.14) is a linear combina-

tion of the following types of dimensionally regularized integrals:

d?w d2w
/(QW)ng(Q)H(plaplvc.Iae)? /(27T)gw@(Q)H(p1,Q7p179)a

d2w dzw
/(%)gw(@@) I(—q, —p1,p1,0), /(%)gw@(q) I(p1, p1, —q,0),

2w 2w
/(dqQ(Q) I(p1, —q, p1,0), /(dq@(q) I(—q,p1,p1,0)

27-[-)2w 27-‘-)20.1

2w 2w
/(dqQ(Q)F(—pl,pl, q,0), /(dq@(q) F(—p1,—q,p1,9),

2m)2w 2m) 2w

2w 2w
/ (dq@@m—q, p1p1s6), / (dq@<q> F(py, p1, —4,6),

27-[-)2w 27-‘-)240

de d2w
/(QW)ng(q)]F(ph_Q7p170)7 /(27-‘-)2qw(@(q)F(_Q7p17p1)9)7

where Q(¢) denotes symbolically a monomial in q (i.e. Q =g, ...qu,), and

( ) ( ) 1 e‘%(?19p2+p19p3+p29p3) 1 6_%p19(p2+p3) 1 ( )
I(p1,p2, p3,0) = (p20ps)~ [ _ 7 315
p10p2 + p10ps + p20ps p10(p2 + p3)
e—%(P19P2+P19p3+p29p3) -1
F(p17p27p370) = (316)

p10p2 + p10p3 + p20ps3

~13 -



Hence

e%qepl -1 i (€%q9p1 _ 1)2
( P1,P1,4, ) (q9p1)2 2q0p1’ ( p1,—4,p1, ) 2(q0p1)2
1 (e—%q(?m —1)?
]I_a_ 3 70 =~ I 1 5_79:—
e 2 1 1
I(p1,— 0) = I(q. — 0) — — =
(p17 q,DP1, ) q9p1)2 + 2q9p17 (Q7 P1,P1, ) 87
? 1 — etafp
F(=p1,p1,4,0) = =5, F(—p1, —q,p1,0) = e
]F( 9) . 7 IF( 9) B efiq9p1 -1
4, —P1,P1; - 2’ pP1,P1, 4, = 2(]9]?1
i i
F(p17_q’p170):_§’ F<qa_p17p176):_§.

Putting it all together one reaches the conclusion that all the integrals listed above are of

d2w iqOp
/ ( q c (3.17)

27)2@ (gOp1)™ ... (qOp, )"’
which vanish — see appendix B for details — in dimensional regularization. We have thus

the type

shown that Tr My = 0, in dimensional regularization.
Let us finally show that Tr M;M; = 0 in dimensional regularization. The loop integral
over q, contributing to Tr M;M; — as seen from (3.10) — is:

deq ag((2) azey(2)
/Wtr (T 2[112 [(Cbl, Mlapl)v (a27:u’7 q)7 0]) tr (T Ql,u [(bl, 1/1,]?1), (a,/,bg,pl —+ q)7 0]) ;
(3.18)

but this integral vanishes since it is, again, a linear combination of integrals of the type

2 $a0p1 _ £5a0p1 _
/ o= c . (3.19)
(2m)2w qOp1 q0p1

However, these integrals — appendix B — are equal to zero in dimensional regularization.

In summary, we have just shown that in dimensional regularization Tr M; = 0,
Tr My = 0 and Tr M3 M; = 0, and, hence — see (3.7) and (3.3) — one obtains

In Ji[B,Q] =0 + O(B%) + O(h2).
Finally, since the same types of integral contribute to J3[B, @] it is plain that
In J5[B,Q] =0 + O(B?) + O(h2),

also holds, and therefore, the one-loop two-point contribution to I'pew [B,,] does not receive
contributions neither from J;[B, Q] nor from Jo[B, Q).

Later in this paper a head-on — i.e., by using the Feynman rules for the ordinary
fields and not changing variables in the path integral — computation of the same two-
point function will be performed. We are now ready to show that there are no nontrivial
contribution either to Ji[B, Q] or to J2[B, Q)]
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3.2 Triviality of the full Jacobian determinants
It is shown in the appendix B that

0Q(x) 1 84 ()
0Q(y)  hz IQL(Y)

= 6p048(z—y +Z /H dpz <i§1pi> ¢ipn (=) pqtm e by (P1D2, - D13 D3 0),

(3.20)

where
MO (D1, pa, P pns 6) (3.21)
= nte(TU [(ar, 1, p1), s (@t i1, D1 (0,0, 90): 0] ) A (1) - A= (p).

Note that the definition of splitting in the momentum space reads AZZZ (pi) = B;(Z (pi) +

h%QZZZ(pZ) for all 7. Now let’s first define total momenta [;, ¢ = 1,...,m + 1, as the
following sums

ni—1 na—1 Nm+1
Iy = E Plip, l2 = E D2ins -y Im = § Prmjims Imt1 = E PmtLimits
=1 io—1 =1 imp1=1

then, by taking into account (3.20) and carrying out a lengthy straightforward computation
— see appendix B for details — one gets

6@;(@)

In J1[B,Q] =Trln (

Q5 (y)
oo n—1 n—1
d4pi d4q (n)ap
= i y D2y Pn—1;4;0
;2/{[1(2@45(2-_1}’)/(2@”4 o PUPR: s Prmtidi6)
o) o) o] ni—1 Nm+1—1 m+1
(=™ B d4p1 11 d* pm+l zm+1
Sy [ gy T (X
m=1 ni1=2 Nm+1=2 i1=1

MDA (g P13 @ 0) M (o po o Py 15 q— 123 60)

ai [ a2 1

M(n3) az i3 (p3 1,P3,2,---,P3n3—1,9 — l2 - 1370)

as 12

m
M) st (pm,17pm,2u P 13q — YL 9)

m+1
-M(nm+1)aa7j: (pm+1,17pm+1,27 s PmAlnme—154 — Z Li; 9) ] : (3.22)

The general structure of the master integral (3.22) above can be visualized by a 1-loop
diagram, as given in figure 1.
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Now, in a view of previous equations (3.21) and (3.22), to complete computation of
In J1[B, @], one has to work out the following dimensionally regularized type of integrals
over the internal momenta ¢*:

PUES / {tr Tan(nl) (011, 71,1, P11)5 -+ > (D11 =15 V1na =15 P1ma—1)s (a1, 41, Q); 9])

tr <Ta1?2lfﬁZ) [(b2,1,2,1,02,1), - -+ 5 (B2,np—1, V2,051, D2,n0—1), (a2, pl2, q — 12); 0] )

tT<Ta291(n3)u2 [(b31,31,031)s - (D3m5—15 V3315 P3ms—1), (a3, 3, q — I — 13); 9])

tr (Tam—lgl(nm)“ml [(bm,la l/m717pm71)’ ey

m
bm,nm—la Vm,nm—lypm,nm—1)7 <am> Hm,q — Z li) ; 0] )
=2

tr (T“m%(”m“)um [(bm+1,1, V1,1, Pm+1,1)5 - - -5

m—+1
(bm—i-l M 4+1— 1 Vm—i—l M 4+1— 17pm+1 Mm+1— ]. (CL M? Z l ) ]) } (323)

However, according to the discussion at the end of subsection 2.2.1, the previous integral
is a linear combination of integrals of the type

3= / Gy QUa) a0k, Kidky), (3.24)

where Q(q) = ¢”¢”---¢, qOk; = q.0"kiy, i@ = 1,...,s and kibk; = k;,0"kj,,
t,7=1,...,s. Here n and s run over all relevant momenta other than ¢, in general. It is
important to stress that Q(g) is a monomial on ¢” and that the function I in the integrand
of the previous integral is a function of the variables ¢fk; and k;0k; only, and, hence, as
shown in the appendix C, one concludes that

J=0 and Y =0. (3.25)

By substituting 20 = 0 in (3.22), obtains that in dimensional regularization the following
logarithm vanishes: In J;[B, Q] = 0, and

J[B,Q] = 1. (3.26)

It is plain that identical lines of arguments apply to Jo[B, Q] as well. Thus as expected,
our proposition has been proven.
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Figure 1. The one-loop diagram interpretation/ilustration of (3.22): each circle corresponds one
M) wwavy lines denote the gauge field operators, either background or quantum, within the
M) The I;’s are then just the total momentum brought in by these field operators. The solid
line flows in each circle gives the assignment of ¢ — 3 I into the corresponding M) in (3.22).

k

3.3 Incorporating adjoint matter

The §-exact Seiberg-Witten map for scalar or fermion fields in the adjoint reads — see [26]:

& [4,,8,6] (r) = D) + S FO (),
n=1
n 4 | p 3 pi |
Fi () :/Hl (Z:)Ze ( = ) ™ (a1, 1, p1), - - -+ (@, s ) (@, )3 6]
A2 (1) Al ()20, (3.27)
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where & = ®%T denotes an ordinary scalar or fermion field transforming under the adjoint
of U(N). Now, taking into account the recursive equations — see section III of ref. [26] —
which yield ® [A,, ®, 0] (x) have similar § and momentum structure to the one for Au [Ay, 0],
it is easy to see that F™ [(a1, t1,p1),- - - (G, fins Pn); (@, p); 6] is also a linear combination
of functions of the type in (2.24). Hence, one also concludes that the Jacobian determinant
for the change of variables &% — ®%(z) = tr(®(2)T*) = tr(T*® [Ay, ®,0] (x)) in the path
integral over the fields ®¢ is one, i.e.:

5D ()
det =1. 3.28
“Sea(y) (3:25)
Hence the inclusion of matter fields in the adjoint — and for that matter any type of
matter fields — does not change the conclusion that we have reached above for gauge

fields, i.e., that the f-exact Seiberg-Witten map associates every quantum field theory,
with gauge group U(N) and formulated in terms of noncommutative fields, to an ordinary
gauge theory, with gauge group U(N), which is dual to the former at the quantum level,
because, indeed, they have the same on-shell DeWitt effective action.

Note that the massless tadpole integrals also vanish in the dimensional-reduction
scheme, which preserves supersymmetry manifestly in the one loop. Therefore our conclu-

sion here should be also valid for the noncommutative supersymmetric Yang-Mills theories
(NCSYMs).

4 Testing the quantum equivalence by direct computation: the one-loop
two-point function

We choose to test the formal equivalence established in the last section by computing
explicitly one-loop quantum correction to the quadratic part of the effective action in the
noncommutative U(1) gauge theory prior to and after the Seiberg-Witten map. At this
specific order, the general equivalence relation (1.1) reduces to a much simpler relation

de - o ~ - dD ~ - .
[ G BT 0)Bulr) = [ 5T BB, (I () BB (o)

IR Y

—/ (@m0 D p)I'*(p) By (p)

when Bz,(p) is placed on-shell, because only the zeroth order of the SW map counts here.

We start by reviewing the standard procedure for computng the DeWitt effective

action of U(1) gauge theory perturbatively in the background field formalism/method

(BFM) [19, 20], which evaluates all 1-PI diagrams with all background field external legs
and all integrand fields (Qm C C, F ) internal line using the following action Sloop

OSNCYM [BM] A

Stoop = Sat + Snevm [Bu + Qu — Snevm[By] — / 5B Qu- (4.2)
I
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Once the SW map is employed, one may choose to map the action above, making it

Sloop - ng [B/u Q;m C C F] + SNCYM[ [ ] + Q,U,[Q;u ;t]]

. . 4.3
_ Swevu [B;L[BM]] B / (5SNCY1(\5/IB£BM[BMH B, Qu]0u[By, Qul: (4.3)

or to map the classical gauge-fixed action then subtract the equations of motion with

respect to the commutative/ordinary fields, i.e.
SI,OOp = gf[Bua Q/u éa C, F] (44)

SSvexs[BulBul]
6B, "

These two actions are equivalent on-shell as long as the Seiberg-Witten map is invertible,

+ Snevm [Bul By + QulQu: Byl] — Snoym [Bul[By)] _/

as proven in the appendix A, yet they are but not identical to each other because of the
additional field redefinition factor. We choose to proceed with Sj,ep in the computations
presented below. As we will see soon, this choice leads to result directly identical to the

computation using noncommutative fields, i.e.?

[ (p) = I (p). (4.5)

We are going to use the extended version of dimensional regularization scheme as
in [17], which we know to be compatible with the prescriptions used in subsection 3.1. To
simplify the computation we choose & = 1 and have the auxiliary field F' integrated out.

4.1 Model definition

As our first test we choose Sgr to be the background field gauge with respect to the non-
commutative fields

1 e
ng = SBra = 97 /tr ogrs C' (aF +D, [BAQ“) . (4.6)
The U(1) theory version of (4.3) then reads
- _ _ - 'u,y
SU(l)loop T 42 < [B ]QV D, [B Qu F B] QuxQy ]

-5 [ (DulBAG~D.[B,04) [QM:@V} [ ([ra]) an
-5 [ (5 (0u1mI@) + CnulB,107(5) é) -

g
To perform the one-loop computation we must expand this action up to the BBQ( order,
which is worked out in details in the appendix D. In the end we get?
1 2 1 2 =
u) — _4/ ((%QV - 8qu) - 5(‘9}1@”) —-cuc

+ SBoq + SBBQQ + SBec + SBBez + O(BBB),

(4.8)

20ur prior computation in [17] would actually correspond to the same evaluation but with Sl’oop, which
is, because of the proof in the appendix A, equivalent to the results here on-shell.

3We assume g = /i = 1 from now on for simplicity, actually coupling is g for BQQ and ¢ for BBQQ.
As a convention interactions vyith subindex 2 are derived from Sg¢, while those with subindex 1 are from
the rest of Sigop. We assume C = C from now on, too.
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where

SBQQ = SBQ@: + SBQQ,»

SBQQ: = —% / iBu Q"7 Q"] (4.9)
+ Qub" (Biy %2 Qi + Qiy %2 Bji — Bix2 0jQuu — Qi x2 0;By)
SBQQ> = — / (0,Q")(D QD) +i(8,Q") [B, * Q" (4.10)
SBBQQ = SBBQQ: T SBBQQ: (4.11)
SBBQQ, = —i / (9” (Bip *2 Qjv + Qip *2 Bjy — Bi %2 0;Quu — Qi %2 3jBW)>2 -
+4Q0,QP + 4B [QIV 1 Q] +4iQ" [B, s QY] + irrelevant, |
SBBQQs = / —% (6”525}))2 - (0,Q") (0"QP) ~i(0,Q") [Bu 1 QY] iy
—i[Bu Q"] (aﬂé,(})) + % ([By * @"))? + irrelevant, '
and
Spec = — / COCW +iCa, [B" £ O]+ C[B" £ 9,0, (4.14)

Sppoc = /—iC’@u [B“ B C:'(l)} +i [B* % C] arem (B, * C| [B" % C] + irrelevant.
(4.15)

Note that we use B, = 0,8, — 0,B,, and Q,, = 0,Q, — 0,Q, in the equations above.
Operators Qu and C are defined in (D.4) and (D.6), respectively. Here and later “irrelevant”
denotes those four-field-interaction terms which do not generate nontrivial nonlocal factor
and/or denominator in the tadpole diagrams. Their contributions to tadpole is then zero
under dimensional regularization because of the reasons given in the section 3 and the
appendix C. They would still be needed for loop corrections to the three and higher point
functions. The interaction Feynman rules are read out from the interactions listed above,
and given in the appendix E.1.

4.2 One-loop quantum corrections in the background field gauge

The one-loop photon 1-PI two point function computation in the background field gauge
consists four diagrams (figures 2-5): the photon self-interacting bubble Bglnghomn and
tadpole ng(}photon’ as well as the ghost bubble Bg%(;ghost and tadpole TéL;Gghost:

17 oY 11 %4 i 7% N
FBFG - BBFGphoton + TBFGphoton + BBFGghost + TBFGghost’ (416)
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Figure 2. Three-photon bubble contribution to the photon two-point function Bhy

photon

BQQgrc (=p; =t,p+ 1)

with
1 dPr —ig —1ig
g = p1p2 0102 1HP102 ) vpao2
BFGphoton - 2 / (QW)D £2 (e +p)2FBQQBFG (p7’€) p E) F
_ v v
o BlBFG + BQBpg’
1 dPl —ig —ig
g _ - P1P2 0102 HP102 . P vp202
BIBFG - 2 / (27T)D 02 (£+p)2( BQQsra, (p, E, b f) FBQQBpgl
HP1O2 . vp202 .
+ PBéQsml (p; €, —p = 1) FBQQBFG2 (=p; =L, p+ 1)
HP102 . Vp202 .
YT e, Bl = = OTYEE  (~pi—Lp+0)),

pp102

B = 1/ "¢ —i9p1ps 90105
Zre 2 | (2m)D 2 (04 p)?

¢ _igﬁlpz

UB0Gura, il —p—0)T

1
HY - HYP1p2 .
TBFGphoton - 2/ (2m)P 2 BBQQgrrc (p,—p; ¢, —¥)
_ THr v
- 7EBFG + EBFG’
1 [ dPe —ig
wro P1P2 TNHUVP1P2 )
TIBFG - 2/ (2m)P 2 FBBQQBFG1 (p, —p; ¢, =),
A" —igp,p0 uwppa

v 1
7-2'[];FG - 2/ (27T)D 02

Nz . 1 7
BFGghost -

dPe i

BBQQBFG, (pa —p; é, _Z) )

v .
TgFGghOSC - / WEFBBCEBFG (p7 —b; e, E) .

One can prove that?

uv uv
BQBFG + TQBFG
So
-
I‘BFG: -

+ Bgrg

v _
ghost + TBFGghost -

B+ T

1BFG 1prG”

vp202

(4.17)

(4.18)

BOQsr, (P Lo+,

dDE 14 v
a / (27F)D 572 (5 + p)2FBCEBFG (p; E) FBCEBFG (—p;p + E) )

(4.19)

(4.20)

(4.21)
(4.22)
(4.23)

(4.24)

(4.25)

(4.26)

4This cancellation actually indicates that the stand-alone gauge fixing contribution to the 1PI photon

two point function vanishes. Gauge fixing contributions still exist via the products of I'1 and I'z in B;.
However if one replaces Sioop by S{OOP, this effect also disappears because I'; is orthogonal to I's in that
case, the final result for Sj,,, then goes back to [17] because the background-field splitting becomes trivial

in that case.
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@ P, 1 v

Figure 3. Four-photon tadpole contribution to the photon two-point function Tg;(}photon'

D, p P,V

Figure 4. Photon-ghost bubble contribution to the photon two-point function BE;Gghost'

Figure 5. Photon-ghost tadpole contribution to the photon two-point function ngGghost.

Explicit computation then yields

1
uv _ 2
i (- 0)

D D D
(@) T )T 206 -TD) (1- = B (=, = (4.27)
2 22 D—4—e
Op)"(0p)” (16
—12Ig, —16]K1> - g‘WpQ(@p)2T_2—(p()9p()2p) <3T0+8I?(—48p21}(>> :

=T,

3 (4.28)

A
Tl?aFG - <9M p*(0p)*(0p)°T—o —

(6p)"(6p)” 32 )
(42 |
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Thus

1
Fsrc = G2 ((9%2 -1'v')

: ((47m2)2§’(p2)?22(6 —7D)T (1 - l;) B (12) 1;) L (4.29)
— 120k, — 16[K1> —~ (Qp()ep()ep) <16T0 + 819 — 48p21K>>

This result exactly matches FBFG, eqs. (F.16)—(F.18). Using the fact that Ty=—2/(p)? [17]
one can immediately recover the same quadratic IR divergence equals to 32(8p)*(6p)*/(0p)?,
which is the same as noncommutative U, (1) theory [6, 7]. Now the UV divergent part of
Iirg at the D — 4 — € limit reads

Thrclyy = ( 471T) (g””p2 p“p”) % (i + 1n(u2(9p)2)> : (4.30)
This coefficient 22/3 matches exactly the coefficient for 5(g) of the NC U(1) theory [4, 7].

4.3 One-loop corrections in the noncommutative Feynman gauge

We perform a second test on the gauge-fixing (in-)dependence by shifting from the back-
ground field gauge fixing ZA?#[B#]Q“ to the NC Feynman gauge fixing (NCFG) 8“62“.
The standard background field method procedure then leads us to a modification to the
following action

~
N ~

Sene = 1 [ (PulB) Q0= D[BG) 5 [ (5,1 [0 Q)

U()nera 4

- [ (3 (0uim)@) + o003, c) .

The resulted Feynman rules are listed in the appendix E.2. In analogy to the background
field gauge, we have the following one-loop contributions

(4.31)

n v Y uv Uy
INCPG-BFM = BNCFG-BFM, ot T LNCFG—BFMpor0n T DNCFG—BFMypo0 T L NCFG—BFMyp00
(1:32)

with
72
BNCFG.—BFMphoton

_ 1 / dDg _igp1,02 _igo'lo'z Flu,plo'g (p g _p _ g) FZ/,DQU'Q (_p _f p + g)
( sy I )

BQONCFG-BFM

2 27T)D 02 L+ p)2 BQQNcre-BrM
N2
BlNCFG BFM + 2NCFG BFM’ (4~33)
Hy — 1 ¢ _igplpz —1901 0
INcFG-BFM — 9 (27T)D 02 (f +p)2
Kp1o2 . vp202 .
’ (FBQQNCFG—BFI\/Il (p7 E’ _p - E) FBQQNCFG—BFMI (_pﬂ _£7p + E) (434)
HpP102 . Vp202 .
+ FBQQNCFGfBFMl (p; €, —p— 1) FBQQNCFG,BFM2 (=p;—L,p+1)

+ F,uplo'g (p; g’ —p — E) FVP2U2 (—p; —E,p + E) ) )

BQONCFG-BFM, BQONCFG-BFM;
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BYY

2NCFG—-BFM

- 1 dPt ~i9p1py 190103 upio (p; £, —p—10) VP02 (—p; —C, p+0)
- 2 (27T)D 62 (£+p)2 BQQNCFG*BFMQ p’ ) p BQQNCFG*BFMQ p7 ’p 9
(4.35)
1 dPl —ig
v _ PLP2 T HVPLP )
TNCFG—BFI\/Iphoton = 2/ 2mD 2 BBOONGr_ni (P> —Pi 6 —0) (4.36)
_ T uv
- 7-1NCFG7BFM + ENCFG—BFM’
1 [ dPe —ig
v _ PLP2 T HVPLP )
7-1‘NCFG7BFI\I - 2/ (27T)D 62 BBlQéNCFG—BFMl (p7 _p’ E, _6) ) (437)
1 dPr —ig
v _ P1P2 T HVPLP )
TQNCFc;fBFM - 2/ (27T)D 02 BBéQéNCFC,-,BFMQ (p7 —p; 4, _E)a (4-38)
e A
pv _ 14 . v .
BNCFG—BFMghOSt - / (27F)D 672 (z T p)2 FBCENCFGfBFM (p7 e) BCENCFG—BFM (_p7p + f) )
(4.39)
” P i .,
T]GCFG*BFMghOSt == / Wﬁ %BCENCFG—BFM (p7 —p; 67 6) . (440)
Again
7 v pv v _
B2NCFG7BFM + 7—2NCFG7BFM + BNCFG—BFMghost + TNCFG—BFMghOst =0, (4-41)
SO
Qv _ puv Ny
PNCFG*BFM - BlNCFG—BFM + 71NCFG—BFM' (4‘42)
Explicit computation then yields
B,uu _ 1 w2 v
INCFG—BFM (47.‘.)2 g p pp
D D D
N m> 2@ F 202 -3D)r (1- 2 )B( 2.2
2 22 D—4—e
Op)*(6p)” (16
—8Ik, — 16[[(1) + pH'p” (0p)°T—5 — (p()e()zp) (3TD + 819 — 48p21}(>> ,
p
(4.43)
1 (6p)" (6p)” 32
v _ 2
[fE— _(471')2 <pupl/((9p) T2+ (0p)? ?TG . (4.44)
Consequently
uv _ 1 uv, 2 LV
INera-—BrM = W (9 p=pp )
D D D
(@) T )T 2202 -3D)r (1- = B (=, 2 (4.45)
2 22 D—4d—e
Op)H(0p)
— 81K, — 16[K1> — (p()e()f) <16Tg +8I% — 48p2111(>).
p
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This result matches the computations in the Feynman gauge without Seiberg-Witten map
in the literature [4, 6, 7]. Since the result without Seiberg-Witten map is equivalent to
the background field gauge result on shell [19, 24], we conclude that the Seiberg-Witten
mapped result here fulfills this equivalence too.

4.4 One-loop corrections in the noncommutative U(1) Super Yang-Mils

We also investigate whether our method can be used to remove non-polynomial UV diver-
gences in the 1-PI two point functions of the superpartners, i.e. the photinos and adjoint
scalars. Our starting actions are as follows

Sphotino = /iia’#buj\a (446)
1 A ~a &
Sscalar:/QDu¢DM¢- (447)

In this case after the background-field splitting A=Ag+ 5\Q and & = &B + <ZA>Q we must
subtract both the equations of motion of superpartner fields, and their contributions as
source of the photon equations of motion, the resulted actions for loop computation are
listed below

SSl)otino = /Z(S‘QU#D [BuAg + Z/\QU“ [Qu H 5\B] +i\po* [Qu H S\Q] >7
Ss(ia)mlar = / 1 <Du[Bu]<£QDM[ M)Q +2 ( [B ]¢ [éu H QEQ} + DH[BHMA)Q [éu H <Z)B])
- [éu ¥ QZBB} [é“ ¥ QZBB} > (4.48)

The relevant SW map can be derived using the background-field splitting method in the
subsection 2.2 and results [17]. Once we start reading out Feynman rules our first obser-
vation is that the superpartner’s contribution to the photon effective action is identical to
the results in [17]. Therefore we have the same quadratic IR divergence cancellation. The
total UV divergence in the background field gauge is now

, 1 , N[22 4 1 2
F%FG—total‘UV (@n)? (g“ p* —p'p ) (3 3T 3ns> (6 —l—ln(,u,2(9p)2)> . (4.49)

Therefore it vanishes for N' =4 SUSY, i.e. when ny = 4,n, = 6, as expected. The results
we have obtained is in full harmony with the results obtained in [27-34] by formulating the
theory in terms of noncommutative fields.

We then use the action to derive the Feynman rules for computing the one-loop 1-PI
two point functions of the superpartners. The FR results are listed in the appendix E.3.
These Feynman rules produce the two diagrams figure 6 and figure 7 for 1-loop photino,
as well as two diagrams figure 8 and figure 9 for adjoint scalar two point functions.
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b gf\% @

Figure 6. Photino-photon BFM-bubble.

@ 5\[)

Figure 7. Photino-photon BFM-tadpole.

Figure 8. Scalar-photon BFM-bubble.

Figure 9. Scalar-photon BFM-tadpole.

Out of figures 6-9 we read out the following loop integrals for N' = 1 photino

St = E%%Mbubble + E%%Mtadpoley (4.50)
: avt io?(+p) —ig
_ K . P . 104
%%Mbubblc - / (27T)DF)\B5\QQ (pa £+p7 E) WFKQS\BQ (p’ ‘€+pa _6) /2 ) (451)
; 1 dPy — 19
%%‘Mtadpole = 2/ (27T)D /2 FABS\BQQ (pap; E, —E) y (452)

and the following for the minimally coupled adjoint scalar

X =X

¢)BFM

(4.53)

(¢)BFMbubble + E(¢)BFMtadpole’

dPt i —igu, .
E(¢)BFMbubble = / (2m)D ) (£+p)2FgB¢QQ (p, t; —p—1) F¢B¢QQ (—=p,—l;p+0), (4.54)

1 dPt —ig, v
Z(¢)BFNItadpole - 5 / (27r)D Trd)B(i)BQQ (p7 b g’ _6) ' (455)
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Explicit computation then yields

da _ 1 _D, 9. D_ D D D
B, = e (Gt 269 520 (27 ) B (F 1.5 1)

D—4—e
— (6p)°T—2 — 4I%>, (4.56)
aa — 1
BFMtadple = O—up# (47[_)2 <9p)2T—27 (457)
thus
ao — L 1
BFM = 0" Pu e (4.58)

o}

: ((4M2)22(p2)€’2(2 — D) (2 - 1;) B <12) 1, g - 1) ’D%E + 41%) ,

also
1
2
E(¢)BFMbubb1e =P (47)2
D D D
: <—4(4m2)2—’§(p2)’§—2r <2 - > B ( 1,2 - 1) +T o+ 4Ty + 21?{) :
2 2 2 D—4—e
(4.59)
1
2
X(@)pratagpo. P (in)? (=T-2 + 8Tp), (4.60)
SO
4
_ 2
2(<Z5)BFM =D W
(4.61)

: (—(4w2)2’§(p2)?2r (2 - l;) B (l; - 1,% - 1)

Comparing (4.58) and (4.61) with their unexpanded counterparts (F.19) and (F.20)—(F.22),
one can immediately observe an exact match. On the other hand, this match only occurs

+ 3Ty + 21%) .
D—4—e

when all contributing diagrams are summed together. Individual diagrams, for exam-
ple (4.59) and (F.21), or (4.60) and (F.22), do not match each other.

Since all other diagrams in the superpartner two point function computation in the
SW mapped U(1) NCSYM are identical to the diagrams in the unexpanded theory [17]
(see also the short summary in the appendix F.2), we conclude that the full 1-PI two
point functions/quadratic part of the background field effective actions are identical up to
one-loop in U(1) NCSYM with and without SW map.

5 Discussion and conclusions

We have shown that at the quantum level the f-exact Seiberg-Witten map provides —
at least in perturbative theory with respect to the coupling constant — a dual descrip-
tion, in terms of ordinary fields, of the noncommutative U(N) Yang-Mills theory with
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or without Supersymmetry. We have shown that by performing appropriate changes of
variables in the path integral defining the on-shell DeWitt effective action in dimensional
regularization. We have explicitly computed, by using the Feynmann rules derived from the
classsical action, the one-loop two-point contribution to the on-shell DeWitt action for U(1)
SuperYang-Mills with N'=0, 1,2 and 4 Supersymmetry and found complete agreement with
general result obtained by carrying out changes of variables in the path integral. We have
also shown that all the nasty non-local noncommutative UV divergences which occur in
the one-loop 1PI functional in the Feynman gauge, computed in [10-12, 17], are merely off-
shell gauge artifacts since they do not occur in the one-loop two-point contribution to the
on-shell DeWitt action — which is a gauge-fixing independent object — and therefore they
do not contribute to any physical quantity. We have also shown that the same quadratic
noncommutative IR divergences that occur in nonsupersymmetric noncommutative U(N)
gauge theories formulated in terms of noncommutative fields occur in the ordinary theory
obtained from the former by using the #-exact Seiberg-Witten map and that this UV/IR
mixing effect — signaling a vacuum instability — is a gauge-fixing independent character-
istic of the ordinary gauge theory, in keeping with the duality statement. We have also
seen that those quadratic noncommutative IR diverges can be removed by considering su-
persymmetric versions of the theory, a nontrivial effect since supersymmetry is not linearly
realized in terms of the ordinary fields [16]. Finally, there remain to be seen how the results
presented here carry over to the nonpertubative regime in the coupling constant. In this
regard the analysis of the nonperturbative features of A/ = 2 and 4 supersymmetric gauge
theories looks particularly interesting.
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A Classical equations of motion for the noncommutative and ordinary
fields

In this subsection we prove that the equations of motion are equivalent for the noncommuta-
tive and ordinary fields in the NC U(N) gauge theories. We start with the noncommutative
fields. The action reads

1 Pk IS
SNOYM = —492 /tr <F/J«l/ [B#]FM [BA) , (Al)
where
Fo[Bu] = 0uBy — 0,8, +i B B (A.2)

If, in terms of the component fields Bu = BZT“, than T is in the fundamental represen-
tation of U(N). The equations of motion for BZ read

tr (T°D*[B,] i [B,] ) = 0, (A.3)
which is equivalent to
D* By Fuw [Bu] = 0. (A4)

Now, if BY and EZ are related by the SW map

Ba [B } Ba + Z / H d pz (E:lpz) tr (Tagl(n) [(almulapl), ) (anvﬂnapn); 0])
- By (pl) e BZZ (pn% (A.5)
and
S (A.6)
ie.
0=46B% + Z/H & Die Z pl) tr (T“Qlff‘) (a1, p1,p1),- -, (an,umpn);ﬁ])

n- B (p)... 0B (pn),

(A7)

has no zero modes (nonzero solutions), i.e. B“ B [Bb] can be inverted into B, =B}, [Bb}
We have that the equation of motion for B} w1th action

Sneym = _4; /tr <FMV {Blt [Bu]} P {Bu [BN]]> ) (A.8)
reads
0= ‘gﬂ :/ 4y55ANCYM 532@) Mfﬂ 0
A IBW) OB gy gy OB laggey (A9)

= D" [BuBy)| B [Bu(B,]] = 0.
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Notice however:

1. For SU(N), SO(N) etc. groups (A.9) is not the equation of motion of B} since the
dependence of Sncym on By is not exhausted by the dependence of Bﬁ on Bj.

2. While the equations of motion of noncommutative and ordinary fields are equivalent,
they are not exactly identical. This would affect the subtraction of EOM proportional
terms when evaluating the background field effective action and lead to nonidentical
off-shell results. As described in the main text, one can obtain exactly identical results
in direct computations using noncommutative or ordinary fields only by subtracting
the identical EOM proportional terms.

B Some detailed computations
From (2.17) (see also (2.9), (2.13) and (2.14)), one gets

5Q%(z) 1 6A%(x)

5Qb(y)  hz 0QL(y)

_ 5251/ JFZ /H d* pl («Z:lpz)w -nh_%tr(Tan(n)u[(aly,Uflvpl)a

1a a 045 (pn)
-7(anflaﬂnflapan%(am/‘mpnﬁe}) A% (p1) ... Aln- i(pnfl)m

Taking into account (3.4) and using flm (Pn) = Bﬁz (pn) + hz BZZ (pn) one obtains (3.20)
and (3.21).

Let us introduce the following definition

n—1

b (@) Z/H dpz (zpl) P DM (o) po, - pno1ipei6),  (B.1)

where M@ (pl,pg, .Pn—1; Pn; 0) has been given in (3.21). Then,

In Ji[B,Q] = Trln (5@3(33)) =Trln [51? n0(r —y) + My (z;y)

JOE))
=/ﬁ%wuﬂam (B.2)
+ Z m—l—l /d4 /Hd4$z MEH (x5 o) ML L2 (215 22) - - MG F (2 ).
m=1
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The substitution of (B.1) in the previous equation (B.2) yields

n—1
[e’e) n d4 i i Z pi |z . _
In Ji[B,Q] = /d4a:/H (2:)4e (izl ) e'Pr(® J”)M(n)a“(m P2, Pn—1;Dn; 0)
n=2 i=1

+§:§;2Tiii i /d4x/£[1d4xi

m=1 ni1=2n9=2 N =2 Nym41=2
ny—1
d pl i PLi
1 1 % T—T (n1)ap . .
/ ( = epl nl( l)M al#(pl 1,P1 27--'7p1,n1—17p1,n179)
i1=1
ng—1
n2 g4 > io |
d p2 i p2,12 1 .
2 a2 i 1 —x (n2) a1 p2 . .
/ 2 e'P2inz (T1772) A as g (P2,1,0225 - -3 D2np—15 P2, 0)
i2=1

nm—1

4 . Z Pm,i Tm—1
/ d mlm (im=1 m eipm,nm(mm—l_xm)

m m—1 fim
M(n ) g (pM717pm727'"apmynm_l;pmvnm;e)

am Hm—1
nm+171
Mm+1 44 7 > Pmti Tm
. ) 1 .
H d Pm+1,im+1 e \imt1=1 m+ Pt 1 (Tm—1)
, (2m)4
im41=1

: M(an) am M (pm+1 1, Pm+1,25 - -+ y Pm41nm4+1—15 Pm41nm415 9) . (B'3)

Introducing the following definitions

ni—1 ng—1 Nm41
Iy = g D1, l2 = E D2igs s lmt1 = E PmtLim1s
i1=1 ip=1 imt1=1
and carrying out the integration over x and x;, i = 1,...,m, one obtains the following

product of Dirac deltas

6(l1 + Prny = Pt 11 )0(l2 = Prng + P2,ns )03 — P2ny + P3img) -
5(lm - pm*lyn'mfl =+ pm»nm)é(lm‘i‘l - pmynm + pm“l’L"nH»l)'

Renaming p1,, as ¢ and integrating out p2.,, P3.ns,.--and pmiin,,,, one removes all
m+1

Dirac deltas but one, which turns out to be § ( > li>, and obtains (3.22).

i=1
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C Vanishing integrals in dimensional regularization

In this appendix we shall discuss why the integrals over the internal momentum ¢ that
arise in the computation of the Jacobian determinants in sections 3.1 and 3.2 vanish in
dimensional regularization. These integrals are of the following type

3—/qu@( ) L(qOki, kifk;) (C.1)
- (27T)D q q 7y V1 7/ .

where Q(q) = ¢”¢™---¢", ¢Ok; = q.0"k;y, © = 1,...,s, and k;0k; = k;,0"k;,,
i,7=1,...,s. Here n and s runs over all relevant momenta other than ¢, in general.

The function I in the integrand of the previous integral is a function of the variables g0k;
and k;0k; only.

We shall define the integral (C.1) by Wick rotating the corresponding integral defined
for Euclidean signature, a signature which we shall assume for the time being.

The first problem one has to face when defining, in dimensional regularization, the
object in (C.1) is the definition of #” in the infinite dimensional space, E., — see section
4.1 of ref. [35] — of which the momenta ¢*, k! are elements in dimensional regularization.
Let us recall that, to avoid problems with unitarity, our 6#” in four dimensions is such that
0% =0, i = 1,2,3. Hence, by a rotation, this #*” in four dimensions can be transformed
into an object whose only non-vanishing components are 823 and 632. Then, without loss
of generality, we shall assume this latter 6*” to be our object in four dimensions.

Now, since 6" is an antisymmetric object, its properties depend on the dimension
of spacetime. So, as happens with the Levi-Civita tensor and the 75 matrix [35], the
only consistent way to define it in dimensional regularization is to keep it essentially four-
dimensional, since our physical theory is in four dimensions. This amounts to defining 6" in
the infinite dimensional space — see section 4.1 of ref. [35] — of dimensional regularization:

o =0, if p=2 v=3,
o =—-0, if p=3, v=2,

o =0, otherwise.

With this definition of our 6#-object in dimensional regularization, one comes to the
conclusion that all the vectors %0“” kiv, 1 =1,...,n, belong to the same two-dimensional
subspace, Fs, of the infinite dimensional space F,. Let us follow ref. [35] and split the
vector ¢" € E into two components:

¢ = +q, (C2)

where qﬂ‘ € Ep and ¢!/ € E|, E, being the subspace orthogonal to Es. Then, using [35],
we define the following object in (C.1)

D
/ gﬁa@@ﬂ(q%m@kﬁ = (271)17 / dzldﬂ{ / dD—QqLQ(q)H(qHki,kiekﬁ}, (C.3)

where ! and [? are the coordinates of qfr in an orthonormal basis of Fs and we have taken
into account that gbk; = q0k;.
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Now, I(q) 0k, k;0k;) does not depend on ¢/}, so that

[ 7200 a0k kohy) = Naki ktky) [ dP 200 (C)
But in dimensional regularization tadpole-type integrals — see [35] — vanish:
[ @ 00w =0 (C5)

recall that Q(¢) is a monomial. We thus conclude that

/ a2, Q(q) I(q) 0k, k:bky) = 0, (C.6)

so that the right hand side of equation (C.3) vanishes, which in turn implies that

[ oy
oL Q(q) L(qbk;, kibk;) = 0. (C.7)

D Expansion of the action 7= 'Sncym [Bu + h2 Qu} in terms of h

N

We shall assume that D* [Bu [BH]]FW [Bu [BuH = 0, then the action is

1 R ~
ﬁSNCYM [Bu + h%Qu} (B1)
=~ [ (BB + 15 Qu] P (B, + 120,
49%h S ! g g

=~ [ (BB + 0t (D,[B,1Q0 — Du[B,]1Q,) =2 Q1))
[

The second line after the third equality can be neglected because the background field
satisfies the equations of motion (A.9) (Kallosh formalism). Therefore

Svexu By + Q] = Sxovu[B] - 17 [0 (Du[B] Q. ~ DL[B] )

1 (D.2)
+ggn | P [BA] | Qut Qo] +O(h3).
Now, one extracts the O(h?) order terms of Qu from (2.17) and deduces that
N A A A 1A e A
Sneym By + h Qu] = Snoym[B,] - /tr (Du [Bu]Qu — Dy [B] Qu)
. (D.3)
/ trf# [B Qu H QV} +0O(h3),
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where

QwZ/H e (&) A (a1 1, p)e s (s s o) 0]

n- Bl (p1)...Bin- 1(%—1)@?& (Pn)-

(D.4)

ie. Qu = éu + O(h%). Similarly, we can expand the gauge fixing action (2.36) up to the
h0 order 1 . ) .
Syt = / tr (aF? + FD,[B,] Q" — 0D, [B,)D*[B,)0). (D.5)

where

¢ =00, B, 0. (D.6)

E Feynman rules in the background field formalism

We list here all Feynman rules the relevant to the computation in section 4. We use the
Fourier transformation rule

4
f(z) = / (d T e, (B1)

and a convention in the vertex diagrams that sets all photon momenta as incoming. The

SW map expansion of Qu for U(1) gauge theory is derived from SW map for unsplitted field
. 1 ..
Au= At 507 Aika (B34 + A
1 ..
- gewe’“ (054, + Aip) A (DA + Ayy) — Aid; (AR(81A, + Ar)) (E.2)
+ 2Ai(AjkA,ul - AkalAju)]*gl + O(AB)a Auu = auAu - aVA;u

the background-field splitting (2.14) and the expansion (D.4). The leading order (in h)
ghost Seiberg-Witten map C' in U(1) theory is defined as follows

¢ =¢[B,,C30)
1 ,i'
=C+ 59 Ja; %9 830 (E3)

+ éeijekl [Aiaj(Akalc — 00 AWGA)) + Alj] LT (4%) C.
The generalized star products x2 and x3 here and the corresponding nonlocal factors fi,
and f,, below are the same as defined in [17]. Employing all these ingredients we obtain
the Feynman rules below for (one) loop computation in the background field formalism in
section 4.°
In the next two subsections we are giving Feynman rules which generically correspond
to the following figures: figure 10, figure 11, figure 12, and figure 13.

®Note that there is a sign change in front of the first order SW map expansion terms in (E.2) and (E.3)
with respect to [17], which is due to the change of signature in the covariant derivative definition.
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P3; K3

P1, 1 P2, K2

Figure 10. Three-photon BFM FR.

P4, 4

P, P2, 2

Figure 11. Four-photon BFM FR.

Figure 12. Ghost-photon BFM FR.

Figure 13. Ghost-2photons BFM FR.
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E.1 The background field gauge

F,uyl 12 nZe%] nZe%;

BOGsr (73 01592) = UpQGaea, (P01, 92) + TEQGaee, (P11, 02) (E.4)
F%Végsml = % fra (P, q1) (((pefh)(P”l g2 — PY2 gl 4 (pfgs) (P2 g — P guug)>
—2((6p)" (@~ D)9 = d59") + (69)* (- D)9 — dip™))
+2((69)" (a1 - )9 — a5'a}))

+2 (ql“ (P9g2)9""" + @1’ (0p)"q5" — (a1 - p)(0g2)" """ + (q1 - p) g5 0"

— 2 (pOq2) 9" — (q1 - q2)(0p)"? """ + ¢*p" (092)" — (q1 - q2)p"* 61"

+ gy (pg1)9""? + ¢5(0p)" 47 — (g2 - p)(0q1)"g"" + (g2 - p) g 20"

— 45" (p9q1)g""” —(q1-g2)(0p)" 6" +q5" p™* (g1 )" — (q1-q2)p™* 9”’“)) ,
(E.5)

PB0Gsra, = fr(P@1) ( ((POa1)g"" a5 + (Pg2) 9"}

1 1% 1z 1% 1% 1%
+ §<q11(2q12(0q2)“ — (q1 - @2)0">+244 (0p)"> +(q1 - p)0*2)  (E.6)

+ q52 (2g5" (0g1)" — (q1 - q2)0"" + 245 (0p)"* + (g2 -p)ﬁ“”l))>,

T bOQure (PLP2i 01, @2) = TER0G e, (P1,P2; 01, @2) + TgEGqum,, (P12 01, @), (B.7)
pipiavive 2V i1 V1V fi1 V1V
FBlBéQlBi“Gl S R CE e (E.8)
1212 _ P M1p2VIV2 M1p2V1V2
FBBQQBFGQ ~ ~ BBQQNCFG-BFM, +1F ) (E.9)
FZIMQVIVQ = V£1V1V2N2 (plv qi1, Q27p2) + VXIVQVIMQ (p17 q2, qlap2)

+ V22 (g1, p1, g2, p2

+ VIR (o qi, g2, p1) + V22 (p2, 42, q1, p1) ( )
+ Vi (g1, pas g, p1) + V2 (g2, 1, qup2) + VT (g2, p2, 1, p1)
+ VI (D2, qu, o1, g2) + VP (D2, g2, 01, qn) + VI (a1, pr, p2s g2)
+ Vi (g, pas p1s go) + VR (g2, p1, p2s qn) + VP (g2, p2, 1, an)
+ VAT (p1, g1, p2, g2) + VAT (1, g2, 02, @1),

(E.10)
D202 = VI (o qy, o, pa) + VB (p1, g2, q1, p2)

+ Vg2 (g1, 1, g, p2) + Vg2 (g2, 01, a1, p2) + Vi (a1, p1, p2s o)

+ VR (g, pryp2, 1) + VB2 (01, g1, p2, 42) + V2 (01, 42,02, 1),
(E.11)
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[Hakzvive VV1M1M2V2( VV1M2H1V2(
C C c

q1,DP1,P2,92) + q1,P2: D1, q2)
+ VA2 (g1, pu, g2, p2) + VEMR Y (K, ko, s, k) + VEY (g2, p1, p2, 1)
+ VCI’Q“QMIVI (qQ7p27p17 ql) + VCV'2M1V1M2 (q27p17 CI17p2> + VV2M2V1H1 (q27p27 qlupl)

+ irrelevant,

(E.12)
DRt = Ve (p1, ¢1, 02, ¢2) + Ve (D2, 61,01, 42) + VE(P1, 92, 2, 1) + VE(p2, 42, 01, 1),
(E.13)
]
‘/151,112/@114(]{;17 ko, ks, k4) = 7f*2 (/4;17 kQ)f*2(k3, k4)(/€39k¢4)
2 (E.14)

' (2<9k2)“1k529“3“‘* — 2(0ko) KP gt — (kg - kg )OH1H2gH3H ké“*kfg“lw)’

VM (g, K, k) = = fao (1, ) fog (ko) ( (k1 Okz) ((Raa) g2

( )u4ku2 H1p3 k}’ul (9k4)usgu2u4 + kglkZQ)
+ (Okp)H2 (/{“4(1{739164) HIE3 4 (kg - ky)(Oksg)H4ghtHs — k§4kgl(9k4)“3 + (ko - k4)kglgusu4)
km((tgkz VP (k3Oky)gH2H + (ng)#l(ng)u4kM2 k54(k39k4)0“1“2 — (ko - k4)(0k3)“40/‘1“2)
(kl . kg)((@/@)’“ (9164)“3 M4 <9k )m kiwgudlm _ (9k4)ﬂ3k§‘4gﬂlﬂ2 + (k2 . k4)9M1M29M3M4)
_ (9k2)u1 (k:§3(k:39k:4) M2 k”S(G )“4k:“2
kg /{?3 9k4 MBQNQ/M 3 ]{7”29“3#4 — ku4k“2 (9k4 K3 kQ . k4 kl"29u3ﬂ4
2 3 3
(0k4)“3(k:ffl(k19k2) u2u4_|_ku (0 )mkm
kl k 9k2 “19“2“4 k““&’““l klmklm Hkg M kl . ]{73 ]{7’u49u1M2
4 1 1
o 20k2) (OR1) (ks - ka)g?2Hs — KEHS?) ), (E.15)

VA (kKo Ky, k) = < Foy (s, ) (2 ( = 3(0ks) 2k 60

- A(OKg)2 (Okg)P3 e — Y (Okg)P20M18 4 Q01215 (Jig Oy ) gMFe 4 2(Og) 4 1 G213
— 2(Okg) B RETOM2 4 4(Ohy) (Okg) PGPz — 2(kigkiy) g2 i3

— DRI (Oky) 0121 — K (Ohy) 20154 ) — KB (= 3(ky - ka)(Oks )2 050

AR (Okg) 12 ()P — (Ky - o) (Okg) 200310 — 20t (KgOky) 91213

— 2y - a)(Ok3)P40M25 — 2Ky - Fog) (Og) 2020 - ARI (DKo (O )12

+ Zka(k29k4)9”3“4 + Q(kl . kg)(0k4)“39“2“4 _ (kl . k2)(9k4)ﬂzgu3u4)>’

(E.16)
7
Vit Rt (kg kg, k3, ky) = — g fra (k1 k2) fiy (3, ka) - ((k39k4)kff4(2(9’?2)“19“2“3
R QIR 0k 2GR | OREREE) (e Oky) g (2R3 + k) (O 1
_ (]{;3 + k4) . k‘4¢9“3“4 + 2(1{:3 + k‘4)“3(9k3)‘“4 + k3 - (k3 + k4)9#3#4)
+ (k19k2)(k30k4)g“1“29“3“4>,
1
Pty (50) = L) (= 50+ 000" + (00) 0+ 20)" ) (B.18)
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s LI\ _ LY S
D e (P112:0,d) =Tz (p1,12:4,¢)

— i fey(P1,4") frn (P2, @) (P104") (—;(Qq)“z (p2 + q)!" +gH1#2 (pzﬁq)>

. 1
— i fuy (P2, q') frn (1, 9) (P20q") <—2(961)“2 (p1 + @) +gH1H2 (p19q)>
+ irrelevant. (E.19)

E.2 The noncommutative Feynman gauge

HV1V2 . _ v . HV1V2 .
BQQncra-BFM (P a1, 42) = FBQQNCFGfBFMl (p3q1,92) + FBQ(;)NCFG,BFM2 (p;q1,92) , (E.20)
1250 _ Turiv2
FBQQNCFG—BFMl - FBQQBFG17 (E.Ql)
1 , , y
D omaar, = 37 (P a1) (01" (20 (0a2)" — (a1-02)0"" 424} (6p)" +(q1-p)0*?) 522
+ 5% (2¢51 (0q1)" — (q1 - q2)0"™* + 245 (0p)* + (g2 - p)6*™*) )
H1p2v1v2 _ T MH1p2Vv1V2 U1 a1 V2
FBBQQNCFG.—BFM ~ © BBQQNCFG-BFM; + BBQQNCFG-BFM,’ (E~23)
H1p2V1V2 _ T MH1u2VIV2
FBBQQNCFG—BFMl — * BBQQsrc,’ (E.24)
H1p2V1V2 R a1 500140 %) L1 p2v1v2
FBBQQNCFG—BFM2 =I'p + I ) (E.25)
FlguyﬂV? = VvDVLUILUJQV2 (Q1ap17p27 C_IZ) + VYDVLUQMIV2 (q17p27p17 q2)
+ VDVlM1V2M2 (ql’pl’ q2’p2) + ‘/vDVlNQVQM1 (kb k27 k37 k4) + V52M1M2V1 (QQap17p27 ql) (E 26)

+ V2 (ga, pa, p1s qn) + Vi (g2, p1, qu,p2) + Vi (a2, p2, 1, p1)

+ irrelevant,

Dt = Vig(p1, a1, p2, @2) + Ve (p2, @191, 02) + Ve (p1, 42, P2, @1) + Ve (p2, 42, P15 01),
(E.27)
] .
V51#2M3#4 (kla k27 k37 k4) - gf*S/ (kQa k37 k4)k’il‘1 ( - 3(k1 . k4)(9k3)ﬂ29ﬂ5/ﬁ4
+ ARY (0F4)"2 (0ka)! — (ky - ka) (Oka)2 0101 — 2047 (kOky)0H212 (E.28)
9k - k) (Oks) 07285 — 2Ry - k) (Ok )02+ ARE2 (O ) (Ohy )
+ 2K (koOka) 0139 + 2(Ky - o) (Oa)!20M2H% — (K1 - ko) (0ky)20731),
VM () o g, k) = — = frg (Rr, ko) fag (ks b
E ( 1, M2, 3, 4) 8f 2( 1 Z)f*Q( 3 4) (E29)

((k1+k2)H? (0ko)Ht — (k1 +k2) - koO1H2) ((kg+ka)! 4 (0ka)H® — (k3 +ka) - kaOH3HY),

D encre e (P34 = Jxo (D @) (—;(p +q)*(09)" + (pOq)(p + Q)“> (E.30)

i
D s orenmy (P1P230:4) = §(f*2 (p1,4) fra (P2, )" (P104") (0g)"

+ fro (P2, @) frn (D1, @) g2 (p29q’)(0q)‘“> + irrelevant.
(E.31)
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E.3 Feynman rules for the noncommutative U(1) Super Yang-Mils

We list here only the couplings involving background photino and antiphotino fields A and
Ap as well as background adjoint scalar field(s) ¢p, since the coupling between background
photon field B, and quantum fluctuations of photino, antiphotino and adjoint scalar(s) are
identical to those in [17]. Figures corresponding to the Feynman rules in this subsection
are: figure 14, figure 15, figure 16, figure 17, and figure 18.

T pige K@) = ifi (P ) (¥ (p0) — (00)" (P +4)) (E.32)
DY iso (P K@) = ife (p,q) (4 (POF) + (6p + 6K)"d) , (E.33)
TRYV2 0o P01, @) = ifu (0, a1) fua (P, Q2)( — (g + P)(0p) )" (Op)+>

+ (q16(a2 + ) (625" — (69" (420p2)5"* )

(E.34)
i 0 @2) oo (. 0) (= G+ ) (69 (0"
+ (a20(q1 + ) (0p)" 52 — (09" (@10p)5™ ),
L o00 (02 k: @) = = fuo (0, ) (K (Op) + p*' (a0k) + KM (pOK)), (E.35)

FZ;%BQQ (p1,p2; 01, 92)

= %fm (1, @1) fas (P2, 42) ((Q19p1)(q20p2)9’““2 + (1 +aq1) - (p2 + q2)(0p1)" (Op2)™
+2(0p1)" (q20p2)ps* — 2(p1 + 1) (Op1)™! (qﬁpz))
+ %f*g (P2, @1) fz (P1, G2) ((qlﬁm)((p@pl)g“m + (P2 + @) - (p1 + q2)(6p2)" (Op1)*
+2(0p2)" (q20p1)pt* — 2(p2 + q1)"* (Op2)™! (q29p1))
+ %f*g (P1,G2) fuz (2, 1) ((q29p1)(Q19pz)g“1“2 + (p1+ a2) - (p2 + q1)(0p1)" (Op2)"*
+2(0p1)" (@10p2)p5" — 2(p1 + q2)“1(9p1)“2(q19p2))
+ %f*z (P1, @1) fas (P25 2) ((Q19p1)(Q29p2)g“1“2 +(p1+ @) - (p2 + @2)(Op1)" (Op2)*

+ 2(0p1)" (@10p1)Ph* — 2(p2 + 42)" (6p2)" (@0p1) ). (E:36)
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Figure 14. Scalar-photon BFM FR.
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Figure 15. Scalar-2photons BFM FR.
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Figure 16. Fermion-photon BFM FR.

Figure 17. Antifermion-photon BFM FR.
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A b

Figure 18. Fermions-2photons BFM FR.
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F Evaluation of DeWitt effective action in terms of noncommutative
fields

We accumulate the reference results for section 4, i.e. the one-loop quantum corrections to
the quadratic part of the DeWitt effective action of the NC U(1) Super Yang Mills. We
first give the model setting, then the results of relevant one-loop diagrams.

F.1 The noncommutative Yang-Mils theory

Let’s first handle the U(N) NCYM only, then extend the results to its supersymmetrization.
The NCYM action is the usual one

1 - AN
SNeYM = —492/tr<FWF“ ), (Fl)
Fu = 0,4, —0,A, +i [AM 3 A,,} . A, = Aste, (F.2)
dprs Ay = DuC = 9,C +iA, 1 C|,  C=coe. (F.3)
Background field quantization follows the BRST procedure below:
A b 1A A Aara
Ay = B, +h2Qu, Q.=Q,T% (F.4)
Srs By = 0, hoprsQu = Dy[By+h2Q,]C = ac+43+wu%¢q (F.5)
Next we introduce the DeWitt effective action I'peyw [B%] in the background field gauge
cifoelf] = [ aggacnacnap i@l ssmelnal e
with
- 14 1 AT 1A A A 1A
SNCYM [BH—FHQQ“] = 4g tr (ij [BH—FHQQN]F [Bu—l—fLQQM]) , (F7)
A h A
SMGBMQAZQ /u&m¢(QF+D[B]Q0, (F.8)
and

SprsC =2 F, SppsF = 0. (F.9)

The one-loop contribution F](BFG[ fDeW [Bu] corresponds to the A order expan-

sion of the latter

Tsra [B | = I‘g)%G[ B, + hI‘](BlF)G [B ]+... (F.10)

To evaluate it we first expand the corresponding classical actions to the appropriate order

(F.11)
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Sprc = / tr (aF? + FD,[B,]Q" — CD,[B,)D*[B,]C + O (1)) (F.12)

Now, let’s choose B% on-shell, i.e. D* [BH] F/w [B%] = 0. Then, substituting (F.10),
(F.11) and (F.12) in (F.6), one gets

F%@G [B.] = Sxovm[Bu], (F.13)
[l [By] = —iln / dQ%dC dC  dF e Ne, (F.14)
with
W oA WA A N2 1 A . .
SIS[C)} = A2 /tI‘ (‘DM [BM] QV - Dy [Blt] Q,u,) + 2792 /tI'F'U’ [BH] [QM ’; Qy]

g (F.15)
+ /tr (aF2 + FD,[B,|Q" — CD,[B,| D*[B,

(@
~

Restrict (F.15) to U(1) and a = 1, the 1-loop 1PI photon two point function is then
evaluated as the sum over 1-loop 1PI diagrams with all BM external lines. There are four
diagrams in total, which can be separated into two parts: the bubble part which sums over
the photon and ghost bubble diagrams and tadpole part which sums over the photon and
ghost tadpole diagrams. Consequently the final result is as follows

Igre = Bere + Thras (F.16)

2J114 1 v v
Bppg = e ((9“ P’ —p'p )

D D D
N Ur) 2 ()T 206 -0 (1- = |B( 2,2 (F.17)
2 2°2 D—d—e
o v
— 121, — 16IK1> - W <16TO + 819 — 48p2111<> + g,u,8T0>,
o 1

F.2 The U(1) noncommutative Super Yang-Mils theory

Now we shift to the supersymmetrization of the U(1) theory. As discussed in [17], this
sector contains the photino(s) for N/ = 1,2,4 and adjoint scalars for N' = 2,4. The
interaction between photinos and adjoint scalars remain the same before and after SW
map [17], therefore we are not going to repeat them here. Using (4.48) without SW map
we obtain one self-energy/bubble diagram figure 19 for photino, as well as a bubble diagram
figure 20 and a tadpole diagram figure 21 for adjoint scalar.
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j\h gf\%

Figure 19. N'=1 photino-photon bubble: Z‘(j‘j\oz)(p)bub.

b

>

Figure 20. N/'=2 scalar-photon bubble: Z((g,b)(p)bub-

Figure 21. N'=2 scalar-photon tadpole: Z 4y (P)tad-

Explicit computation based on these diagrams then gives the following two point func-

tions (X¢%qyy and E( 3 ) for noncommutative photino A and adjoint scalar ¢:

NCSYM

aa _ Eda
NCSYM — “NCSYMupubble

1 D D D D D
=atp ((47r,u2)2—2(p2)2—2(2 - D)r (2—) B (—1’ _1> _|_4[?() 7

' (47T)2 2 2 2 D—4—e
(F.19)
(S)nosym Z:(‘13)I\TCSYI\/Ibubble * E(é)NCSYMtadpole’ (F.20)

N _ .2 4
(@)NesyMp e P (47)2

D 9D D D D (F.21)

' (—(4w2)22(p2)22F (2 = ) B ( ~-1,7 - 1) ~To+ 21}2) :

2 2 2 D—4—e
16

* 5 To. (F.22)

((Z))NCSYMtadpde -P (47r)2
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