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Stability of the Spectral Gap and Ground
State Indistinguishability for a Decorated
AKLT Model

Angelo Lucia®, Alvin Moon and Amanda Young

Abstract. We use cluster expansion methods to establish local the indis-
tiguishability of the finite volume ground states for the AKLT model on
decorated hexagonal lattices with decoration parameter at least 5. Our
estimates imply that the model satisfies local topological quantum order,
and so, the spectral gap above the ground state is stable against local
perturbations.

1. Introduction

Quantum phases of matter are equivalence classes of systems which share simi-
lar physical properties. A central question in the study of quantum many-body
systems is to determine the phase to which a given models belongs, and one of
the fundamental quantities in this classification is the spectral gap above the
ground state energy. For example, Haldane predicted there would be distinct
gapped and critical phases for antiferromagnetic spin chains [29,30]. Further-
more, the existence of a bulk gap in the presence of gapless edge excitations is
the defining characteristic of topological insulators. Under rather general con-
ditions, a nonvanishing gap also implies exponential clustering of the ground
state [33,49]. Much of the recent focus has been on studying topological phases
of matter, including symmetry-protected phases [17,18,28,40,57,58,63,64]. A
key element for defining topological indices [54-56] is the split property, which
for one-dimensional systems is known to hold if the system is short-ranged
and gapped [42]. Thus, the classification of gapped ground state phases is of
particular interest.
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Two models are said to belong to the same gapped phase if the inter-
actions can be smoothly deformed into one another without closing the spec-
tral gap. Despite its importance, it is generically undecidable (in an algorith-
mic sense) to determine rigorously whether or not a one- or two-dimensional
translation-invariant, frustration-free, nearest-neighbor quantum spin model
has a nonvanishing gap [9,20,21]. Thus, a natural approach is to analyze the
properties of a known gapped model. In order for the spectral gap to be phys-
ically relevant, it needs to be robust against noise; that is, small perturbations
of the model should still belong to the same phase. If this is not the case, then
it is unlikely that a phase representing this model will be observed experimen-
tally, and so, the stability of the spectral gap is also fundamental to the study
of quantum phases.

The quasi-adiabatic continuation (also called the spectral flow) intro-
duced by Hastings and Wen in [31] has proved to be an invaluable tool for ex-
ploring gapped ground state phases [6-8,45-47,50,54,55]. In [13,14], Bravyi,
Hastings and Michalakis (BHM) pioneered a general strategy that utilizes this
automorphism to prove spectral gap stability for quantum spin models with
commuting interactions. This was extended to frustration-free interactions by
Michalakis and Zwolak in [43], and further developed in a number of direc-
tions, including to systems with discrete symmetric breaking and topological
insulators, by Nachtergaele, Sims and Young in [51-53]. The BHM strategy
shows that the spectral gap is stable against sufficiently local perturbations if
the ground states satisfy a property known as local topological quantum order
(LTQO). Roughly speaking, LTQO holds if the finite volume ground states
cannot be distinguished by any local operator acting in the bulk. For this rea-
son, LTQO is also referred to as local indistinguishability of the ground states.
The stability of the decorated AKLT model in this work will be proved using
the BHM strategy, and in particular, by applying the result from [53].

We comment that an alternative approach to proving spectral gap stabil-
ity based on Lie-Schwinger diagonalization was developed in [23,24,26]. This
technique applies to unperturbed models with product ground states of non-
interacting systems, which trivially satisfy LTQO. A strength of this approach
is that it also apply to models with unbounded terms as well as non-self-adjoint
Hamiltonians. Methods for gap stability of quasi-free lattice fermion models
have also been investigated [22,32,37].

Beyond spectral gap stability, local ground state indistinguishability has
been used to study the stability of other physical properties, including super-
selection sectors [16], vanishing Hall conductance [68] and the stability of in-
vertible states [5]. Related to this, it was shown in [5,34] that local perturba-
tions of a certain class of weakly interacting, gapped systems at most perturb
ground states locally, even if the perturbation closes the gap. A variation of
LTQO for open systems was also used to prove stability of dissipative systems
with unique fixed points [19]. As suggested by these results, proving ground
state indistinguishability may be of independent interest.

The ground states of the SU(2)-invariant antiferromagnetic models in-
troduced by Affleck—Kennedy—Lieb—Tasaki (AKLT) [2,3] have served as an
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important case study for many questions in quantum many-body physics. Re-
cently, significant progress was made for the long-standing spectral gap conjec-
ture of the AKLT model on the hexagonal lattice. Decorated versions of this
model defined by replacing each edge of the hexagonal lattice with a spin chain
of length d (see Fig. 1) were considered in [1]. It was proved there that these
models have a uniform gap for decoration parameters d > 3 and finite vol-
umes suitable for periodic boundary conditions. Subsequent results based on
combining the analytical methods from [1] with a Lanczos numerical method
established additional gap results for two-dimensional AKLT models [59,60],
including the (undecorated) hexagonal model. An independent result based
on using DMRG to verify a finite size criterion simultaneously appeared [39].
These constitute some of the few examples of 2D models with non-commuting
interactions for which rigorous gap estimates have been obtained.

In this work, we take the next step and consider the stability of the
spectral gap for the decorated AKLT models on the hexagonal lattice. We
show that these models have indistinguishable ground states that satisfy the
LTQO condition for decoration parameters d > 5, and therefore belong to a
stable gapped phase. This answers positively one of the open questions raised
in [1]. To the best of our knowledge, this is the first rigorous proof of a stable
gapped phase for a non-commuting two-dimensional interaction.

We prove stability of the spectral gap in the infinite volume setting by
verifying the conditions of [53, Theorem 2.8] under mild modifications to ac-
count for the specific geometry of the hexagonal lattice. The LTQO condition
is an immediate consequence of our indistinguishability result, which is proved
using a uniformly convergent cluster expansion of the ground state expecta-
tions that is given in terms of a hard-core gas of loops and walks. We closely
follow the cluster expansion strategy used to study the undecorated hexagonal
AKLT model in [35]. The novelty here is new estimates on the rate of con-
vergence of the finite volume AKLT ground states to the frustration-free bulk
state. These estimates make explicit how the convergence depends on size of
the support and operator norm of the local observable considered, which is
vital for establishing LTQO.

Given that the model has a spectral gap for all values of the decoration,
including the case d = 0, it remains an open problem to show the LTQO
condition when d < 5. While (significantly) tighter counting arguments and
estimates on the cluster expansion could in principle prove the result for lower
values of d, we suspect that the strategy used here would not extend all the way
to d = 0, and so, we anticipate (just as in the case of the spectral gap proof)
that a varied approach would be needed in that regime. A different method
using cluster expansions for a more restrictive class of perturbations was used
to prove stability for the one-dimensional AKLT model in [67]. This result
takes advantage of the fixed ground state degeneracy of the one-dimensional
model, though, which does not hold for the multidimensional models, and so,
it is unclear whether this approach can be adapted to the present setting.
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FI1GURE 1. Decorated hexagonal lattice for d = 2

This paper is organized as follows. In Sect. 2, we introduce the decorated
lattice models and summarize our main result. In Sect. 3, we present the mod-
ified stability conditions of [53] needed to prove stability of the gap, and show
that they hold under the assumption that the ground states satisfy the indis-
tinguishability result Theorem 2.1. In Sect. 4, following the method of [35] we
represent the ground states on the decorated lattices in terms of a hard-core
gas of loops and walks. Finally, in Sect. 5 we use a cluster expansion argument
to estimate the convergence of an arbitrary finite volume ground state to the
unique infinite volume frustration-free state, proving the indistinguishability
result. Technical lemmas and counting arguments for the loop models are given
in “Appendix 6.”

2. Setup and Main Results

The AKLT model consider in this work is defined on the d € Ny decorated
hexagonal lattice T4 := (V@) B(@) which is the graph resulting from ap-
pending d additional sites to each edge of the hexagonal lattice, see Fig. 1.
Here, V(9 denotes the set of vertices (or sites) of the decorated lattice, and
B@ is the set of bonds (or edges). The hexagonal lattice, I'®), will also be
called the undecorated lattice. Throughout this work, we will consider finite
subsets of the decorated lattice, and it will be convenient to consider the sub-
volumes as graphs. As such, we begin by introducing the graph notation that
will be used throughout the work, and then review the notation for the model
of interest and state the main results.

For any subgraph, A = (Va,Ba) of T(9 with vertex set V, and edge
set Ba, we denote by |A| the number of vertices |V,|, and when this quantity
is finite, we will call A a finite volume. With a minor abuse of notation, we
simply write v € A and (v,w) € A to denote a vertex v and edge (v,w) of
A, respectively. The degree of a vertex v in A will be denoted by deg, (v),
and we simply write deg(v) for degpw) (v). Note that deg, necessarily takes
values in {0, 1,2, 3} while deg takes values in {2, 3}. We define the graph union
A1 U As of two subgraphs Aj, Ay as the graph with vertices Vy, U Va, and
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FIGURE 2. Illustration of Agl) and F(Ql). The latter is used
to verify Assumption 3.2 for the spectral gap stability argu-
ment. The red vertices comprise 8Aél), and /o\él) corresponds
to the black vertices and edges between them. We suppress

the dependence of € I'y for simplicity (Color figure online)

edges Ba, U Ba,. The set of boundary sites JA is the collections of all sites
v € A belonging to an edge (v,w) € B@\B, that leaves A, and A denotes
the subgraph of A induced by the interior sites V4 \0A, namely the graph with
vertex set Vp\OA and containing only the edges of A which are not incident
to vertices in OA.

To illustrate this notation, let us introduce a family of finite volumes that
will be frequently considered in this work. Denote by T'©) the dual lattice of
r© (i.e., the triangular lattice which has a site at the center of every hexagon
from I'®), and let D be the graph distance on T Let A:(Ld)(i) c I'¥) denote
the d-decorated hexagon centered at any # € I'®©, and define

AD@) = | AP cr? (2.1)
ernfl(fé)

for any n € N where b,(Z) = {§ € T© : D(&9) < n}. Visually, these
volumes are formed by the union of n — 1 concentric hexagon rings around
A(ld)(:%)7 see Fig.2. By construction, every vertex v € 5A$Ld)(i) is a vertex of
the undecorated lattice that has degree two in AEf ) (Z), meaning that two of the
three edges incident to v belong to Ang )(57) Therefore, for any such v there is
a unique edge incident to v not belonging to AsLd) (). This observation will be
used in many arguments throughout this work. A simple counting argument
shows that |8A§ld)(;%)| = 6n, see Lemma 6.2.
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In their seminal work, Affleck, Kennedy, Lieb and Tasaki introduced their
isotropic, antiferromagnetic spin-1 chain and showed it satisfied the three prop-
erties of the Haldane phase. They also introduced several generalizations of
their model, including the one considered in this work. This is defined by tak-
ing a 2s, + 1-dimensional on-site Hilbert space $), at every vertex z € I'(4)
where s, := deg(x)/2. Then, for any finite volume A C I'¥9 the Hilbert
space of states is given by 95 := @, H. and the algebra of observables is
Ap = B($4). The spin-s, irreducible representation of su(2) acts on $),, and
for any finite volume A C ') the d-decorated AKLT Hamiltonian acting on

Ha s

Hy= ) Play (2:2)
(z,y)EA

where P, ) € Az 4 is the orthogonal projection onto the subspace of maxi-
mal spin s, + s, from §, ® $,. Note that for the decorated hexagonal lattice,
s +sy, € {2,5/2} for all edges (z,y) € I'@. In Sects. 4-5, we will use the Weyl
representation of su(2) to explicitly realize this model.

The Hamiltonian in (2.2) implicitly uses Ax, € A, for any Ay C Ay
where one identifies Ay, 3 A +— A ® 1,\a, € Aa,. As such, the support of
any A € A, is defined to be the smallest set X such that A acts as the identity
on A\ X. Moreover, the algebra of local observables Ai?(cd) = U‘ Al<oo Ap is well
defined via the inductive limit induced by this identification. The C*-algebra
of quasi-local observables is then defined as the norm closure

Al“(d,) = A}?&)H ”.
We note that while the algebras Apw,) = Apw,) are isomorphic when d; >
dy > 0 [27], since we will often compare operators and states associated with
the decorated and undecorated models, the decoration will be kept in the
notation for clarity.

In recent years, a number of general results have appeared for establishing
spectral gap stability for ground states of quantum lattice models associated
with finite range, frustration-free gapped models. In addition to being finite
range, the decorated AKLT model on the decorated hexagonal lattice is both
frustration-free and uniformly gapped, and so, it is a natural candidate for
applying these results. Frustration-freeness is the property that the ground
states of any local Hamiltonian simultaneously minimize the energy of every
interaction term. In the case of the decorated AKLT model, the ground state
space is given by the (non-trivial) kernel of the Hamiltonian, and so, the pure
ground states are given by linear functionals ¢ : Ay — C of the form

(v, Ap)
[

where A € A, is any bounded linear operator. As the interaction terms are
nonnegative, these states necessarily satisfy ¢(P(, ) = 0 for all edges (z,y) €

A.

p(A4) = 0 # 1 € ker(Hp),
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The objects of interest for proving spectral gap stability are the infi-
nite volume, frustration-free ground states. In the case of a model with a
frustration-free interaction, a state on the quasi-local algebra is called frustration-
free if the expectation of any interaction term is zero. As is common for AKLT
models on graphs with sufficiently small degree (and will be proved for d > 5
in Theorem 2.1), there is a unique frustration-free state w(¥ : Apw — C for
each d-decorated hexagonal model, i.e.,

WD (Pppy) =0 V(z,y) €@, (2.3)

An elementary calculation shows that a state w : Ap@y — Cis frustration-
free if and only if it is the weak-* limit of finite volume ground states, that is,
if and only if there is an increasing and absorbing sequence of finite volumes
An, € Apyisothat |, o Ay = '@ and associated ground states On  Ap, —
C with -

w(A) = lim @, (4), YAEAL.
(We note that the fact that any such limit is a frustration-free is trivial, while
the reverse implication can be proved by showing that any frustration-free
ground state is the weak-* limit of the finite volume ground states obtained
by restricting itself to the local algebras associated with an increasing and
absorbing sequence.)

As mentioned in Introduction, we need to show that the AKLT model sat-
isfies LTQO in order to prove spectral gap stability. This will be a consequence
of showing that the convergence of any sequence of finite volume ground states
to the frustration-free ground state is sufficiently fast. This is the content of
the indistinguishability result, Theorem 2.1. This result is stated with respect
to the sequence of finite volumes AY = A%d)(()) associated with some fixed
point 0 € T(©),

Theorem 2.1 (Ground State Indistinguishability). For the decorated AKLT
model with d > 5, there is a frustration-free state w® : Arw — C so that for

any normalized 1, € ker(HA<d)) and observable A € Aj @ with 1 <k <n,
n k

[(ons Apy) = D(A)] < 2Fa(n, k)e"=H) || 4] (2.4)
where Fy(n, k) = 102ke=2*"=k) and, with respect to f(x) = ztl-vertl VELES
a:=dn(3) — In (2€/§/f (46\5/5)) —4/e — .03. (2.5)

This theorem will be proved at the end of Sect.5.2. The assumption
d > 5 guarantees « > 0, and so, F(n,k) — 0 as n — oo for fixed k. Since
the support of any local observable is contained in some Jc\éd), it follows that
w@ is the unique frustration-free state of the model. A unique infinite volume
frustration-free state also exists for d < 5, see, e.g., [35]. However, the approach
used to obtain the explicit constant and decay function from (2.4) requires d
sufficiently large.

We specifically apply the stability result [53, Theorem 2.8], which is for-
mulated in the infinite volume setting. An informal statement of this result
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will be given in Sect. 3 after the required assumptions are stated. In the infinite
volume setting, the ground state and spectral gap properties are formulated
in terms of the generator of the infinite volume dynamics. For any d > 5,
[1, Theorem 2.1] proved that the AKLT model on the d-decorated hexagonal
lattice has a uniform spectral gap v(¥) > 0 above its ground state energy. This
in turn implies that the frustration-free state w(® is a gapped ground state of
the infinite system dynamics generated by the closed derivation 6(%) associ-
ated with the model, and its gap is at least 4(¥). The domain of the generator

contains A}, € dom(é () as a core, and it is defined on such observables by

(d) — 3 — loc
5D (A) = A?% [Ha, A] = ( )Zw) [Py A, Ac AL,
x,y)E

In the GNS representation of w(® this derivation is implemented by a self-
adjoint operator called the GNS Hamiltonian, and the uniform gap ¥ is a
lower bound on the spectral gap above the ground state energy of this operator.
As the frustration-free state is unique, a straightforward calculation shows that
7@ being a lower bound on the gap of the GNS Hamiltonian is equivalent to
the bound

WD (A D(A) > 4 DD (A*A) YA € AP® such that wP(A) = 0.
(2.6)
The second main result in this work proves that the gap in (2.6) is stable under
sufficiently short-range perturbations. .
Explicitly, we consider perturbations defined by interactions ® : I'(© x
N — Aii)fd) such that ®(Z,n)* = ®(z,n) € A , for which there are positive
constants a, ||®|| > 0 and 0 < § < 1 so that

AP ()

1oz, n)| < [@fle=" Viel® n>1 (2.7)

This decay assumption guarantees the existence of an infinite volume dynam-
ics with a Lieb-Robinson bound for the perturbation, see, e.g., [48,51] and
Proposition 6.1 in “Appendix.” Similar to the above, the generator of this dy-
namics is a closed derivation 6% with A, C dom(d®) where the image of any

local observable is given by the absolutely summable series
0P (A) = > [@(En), A, A€ AL%. (2.8)
(#,n) €00 xN

Stability is proved for the infinite volume system whose dynamics is gen-
erated by

0y =0 4 50% 0<s<1, (2.9)

which has dom(6(Y)Ndom(§®) as a core. The result below states that if d > 5,
then for every fixed 0 < v < (%) there is an associated 5 > 0 so that for each
0 < s < s,, the state

w@ = w@ o) (2.10)
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is a gapped ground state of §(*) with gap lower bounded by ~. Here, ol
Ap@ — Apw is the quasi-adiabatic continuation (also known as the spectral
flow) induced by the perturbed system first introduced by Hastings and Wen
in [31]. This family of automorphisms, {a? : s € [0,1]}, has been integral
in the study of gapped ground state phases. For a rigorous definition of the
quasi-adiabatic continuation as well as proofs of its key properties, see [7,51].

Theorem 2.2 (Spectral Gap Stability). Fiz d > 5 and let ¥? be the uniform
gap of the AKLT model on T\9. For each 0 < v < ~9D and interaction ® :
r® x N — ARG such that (2.7) holds, there exists s, > 0 so that for all
0<s<s,

wB(A65,(A)) > D (A*A) VA€ A st w®(A)=0. (2.11)

Here, 5, and w'? are as in (2.9)—(2.10), respectively.

The proof of this theorem is the focus of Sect. 3.

3. Stability of the Frustration-Free Ground State

We now turn to proving Theorem 2.2 under the assumption that Theorem 2.1
holds. This is achieved by applying the spectral gap stability result [53, The-
orem 2.8]. The perturbations considered in [53] were supported on the balls
of the lattice with respect to some nice metric, e.g., the graph distance on
'@, However, the choice to prove stability in that context was only to ensure
certain key quantities were summable. This was a consequence of the fact that
(1) the perturbation terms could be indexed by two sets: the vertices of the
lattice and N, and (2) the number of sites contained in the support of any per-
turbation term grew at most like a polynomial in the radius of the ball. With
mild changes to the notation in the proof of [53], perturbations supported on
other families of finite volumes with similar properties can also be used in the
stability argument, so long as its dynamics satisfies a Lieb Robinson bound
with stretched exponential decay. Here, the perturbation terms are supported
on volumes which are indexed by T© and N, see (2.1) and (2.7), which we
will show satisfy the lattice regularity condition (Assumption 3.1). Hence, the
stability argument can be adapted to this setting. The main adaptations are
stated below in Assumptions 3.1-3.4. In “Appendix 6.1,” we prove the neces-
sary conditions which implies the perturbations satisfy a Lieb—Robinson bound
for a function with stretched exponential decay. The other minor changes one
needs to make in [53] are also outlined there

We now state the main assumptions for [53, Theorem 2.8] in the con-
text considered here. The first is that the size of the volumes supporting the
perturbation terms do not grow too quickly.

Assumption 3.1 (Lattice Regularity). There are k,v > 0 such that for all
neNand z e '0:

AP (@)] < mn” (3.1)
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In addition, there are three assumptions related to the unperturbed model.
The first is a gap condition on the local Hamiltonians supported on volumes
that are comparable to those that support the perturbation terms.

Assumption 3.2 (Local Gap). There exists 7 > 0 and a family of finite volumes
{FS;D (&) : ADF) CTD(F) VneN, e f<0>}
so that infj , gap(HFSLd)(i)) > .

We note that while the positive uniform gap in Assumption 3.2 is suf-
ficient for stability, a less stringent local gap condition is needed to prove
stability as long as the infinite volume frustration-free ground state is gapped,
see [53, Assumption 2.2].

Recall that the spectral gap above the ground state of any finite volume
Hamiltonian, Hy, for the AKLT model on the decorated lattice is the difference
between its ground state and first excited state energies, i.e.,

gap(H) = B — ES, ES = minspec(Hy), [EL = minspec(HA)\{ES}.
For the AKLT model on the decorated hexagonal lattice, the local gap condi-
tion will be an immediate consequence of [1, Theorem 2.2}, which we review for
the reader’s convenience. For any spin-3/2 vertex v € I'®) of the undecorated
lattice, let Yv(d) C '@ denote the subvolume of 3d+ 1 sites consisting of v and

the three spin-1 chains of length d emanating from v. Suppose that S C T'(0)
is any finite set of spin-3/2 vertices so that

A= v (3.2)
veS
Then, [1, Theorem 2.2] states that there exists v(¥ > 0 so that for any A as
above,

gap(Hy) > 7', (3.3)
see also the comments following [1, Equation 2.1].

The next assumption guarantees that for each n € N, the collection of
subvolumes {Fﬁf“ (%) : & € IO} can be partitioned into polynomially many
sets, each of which consists of a collection of subvolumes that are spatially
disjoint.

Assumption 3.3 (Separating Partition of Polynomial Growth). For each n > 1,

there exists a index set Z,, and a partition {7, : m € T, } of T'®) indexed by
Z,, so that the following conditions hold:

(1) For every m € T, if Z,y € 7, are distinct, then T ()N ri® () = 0.
(2) There are constants kg, vy > 0 such that |Z,,| < kgn*© for all n > 1.

The separating partition condition along with the lattice regularity as-
sumption are used to characterize how indistinguishable the finite volume
ground states need to be in order to guarantee the spectral gap is stable.
This is captured by the local topological quantum order (LTQO) assumption.
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This property is only ever applied to perturbation terms in the stability ar-
gument, and so the support of the observables in the assumption below only
needs to match the support of the perturbation terms from (2.7).

Assumption 3.4 (Local Topological Quantum Order). Let w(? be the frustration-

free ground state from Theorem 2.1, and denote by P,(ld)(i) the orthogonal
projection onto the ground state space ker HA(@(E). There is a non-increasing
function G : [0,00) — [0, 00) satisfying

Z n"*t/2G(n) < oo

n>1

such that for alln > 2k > 2, ¥ € ' and A € A;\(d)(j)
k

IPD () AP (%) — w@(A) PO (7)]| < [AP (®)|G(n — k)| A].

While we have written the above assumptions in the context of the dec-
orated AKLT model, generalizations of these criterion hold in more general
contexts. Informally, [53, Theorem 2.8] states the following: Suppose that w is
the unique frustration-free ground state associated with a quantum spin model
defined by a finite range interaction whose terms are uniformly bounded in
norm. Assume that 7y > 0 is a lower bound on the spectral gap of w in the
sense that (2.6) holds for w and ~o. If this model satisfies Assumptions 3.1-3.4,
then for any 0 < v < 9 and any perturbation decaying at least as fast as a
stretched exponential as in (2.7), there exists s, so that for all 0 < s < s, the
state ws = w o a is a ground state of d4 from (2.9), and moreover, this is a
gapped ground state in the sense that (2.11) holds.

Said more concisely, [53, Theorem 2.8] states that if Assumptions 3.1-3.4
holds, then Theorem 2.2 holds for any perturbation satisfying (2.7). Thus, one
only needs to verify these assumptions. In most cases, the local gap and LTQO
conditions are the most difficult assumptions to verify. The next result shows
that the LTQO condition is an immediate consequence of Theorem 2.1.

Corollary 3.5 (LTQO). Suppose d > 5 and n > 2k > 2. For any A € A
with & € T(©
| P @) AP (@) - D (AP @) | < 0AL @) Galn—BIA] (34)

AL (@)

where Go(r) = Cre™2°7 with C,, = 68¢°Y/?¢ and o as in Theorem 2.1.

Proof. Since the AKLT model is invariant under any translation of the dual
lattice f(o)’ it is sufficient to consider the ground state projection Pfld) associ-
ated with A = A(Y (0) for some fixed 0 € T4, If A € Aj @ is self-adjoint,
then by Theorem 2.1 ’

‘ POAPD _ (@D (4)pd H

= s (W AT) — oD (A)] < 2F(m, )P4 (35)
\I/err(HA%d)):
=1
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If A is not self-adjoint, we can decompose it as A = B+iC, where B and C are
self-adjoint and ||B]|,||C|| < ||A||. Using the triangle inequality and applying
(3.5) to B and C independently, we obtain

| PO AP — w(A)PLO|| < 4Fu(n, k) =0 Al (3.6)

The boundary (‘3A,(€d) contains 6k sites by Proposition 6.2. Therefore, F,,(n, k) =
17e‘2a("_k)|8A§€d)|. Alternatively, since k < n/2

1
F.(n,k) <5lne " < oL
ae

as re”" < 1/e for all » > 0. Inserting these into (3.6) produces the result.
O

We now prove Theorem 2.2 under the assumption that Theorem 2.1 holds.

Proof of Theorem 2.2. The simple counting argument from Proposition 6.2
shows that the lattice regularity condition is satisfied since |A$Ld) ()] < 3(3d +
2)n?, and Assumption 3.4 holds by Corollary 3.5. For the local gap condition,
for any # € I'®© and n € N, let

rid@ .= | v, (3.7)
veA'D (&)

where we recall that Yv(d) is as defined above (3.2). Note that this is the union
of Ag,d)(fc) and all decorated spin-1 chains emanating from a boundary site
ve Ny (Z), see Fig. 2. Hence,

)Z'y(d)>0

iin’r£ ga‘p(HF;d') (%)

as desired by (3.3).

It is left to verify Assumption 3.3. To define the separating partition, let
0 € T denote some fixed site of the dual lattice, and let v+ = (:I:§7 1) eR?
be the two dual lattice vectors as in Fig. 3. Then,

IO ={&=04ko, +lv_: k1 ecZ}

and D(&,0) = |k| 4 |€]. Tt is easy to verify that |Z,,| = 4n? if one chooses the
index set for the nth partition to be

Ty ={m=0+kvo,+lv_:0<k{<2n—1} T,
With this choice, the nth partition part indexed by m € 7,, can be taken as
T = {m+2n(kvy +0v_): k0 eZ} CTO),

This satisfies ﬁ(:ﬁ, ) > 2n for any two distinct &, 7 € 7,™, which is the minimal

n

distance needed to guarantee that T @) N ri? () = 0, see Fig. 3.
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FiGURE 3. Illustration of the separating partition. The part
7'26 is the set of the dual lattice points where two dotted lines
intersect. The index set Zo C ' is set of points contained in
the fundamental cell outlined in red (Color figure online)

Thus, all of the stability assumptions hold, and so, by [53, Theorem 2.8],
for any 0 < v < (4 there is sy > 0 so that for all 0 < s < s, and any local

observable such that w” (A) =0,
WP (A705(4)) 2 (P (A" A).

4. Characterizations of Ground States

The remainder of this work focuses on proving Theorem 2.1. As such, from

now on we only consider the fixed sequence Ag\c,l) = Ag\c,l) (0) defined as in (2.1).

We emphasize once again that all vertices v € AS\CP satisfy deg(v) € {2,3}, and

in particular, all boundary vertices have degree three, and two of their edges

are contained in AS\?). To further simplify notation, set

fjgf,l) = SjAg\‘f” HI(\?) = A Ag\?) = AAE\?)’ u‘ig\?) = ‘AZXE\‘?)' (4.1)

Since we will frequently consider subgraphs of both I'(Y) and Ag{f), we denote
their respective sets of vertices and bonds by

r@ =@ ) AQ = BY). (4.2)
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There are two goals of this section. The first is to give a nice description
for the ground state space of H ](\‘,i). This is achieved in Sect. 4.1 by considering
the Weyl representation of su(2) acting on a Hilbert space of homogeneous
polynomials. Each ground state can be uniquely described by a polynomial
supported on the boundary (“)AS\?). As we are interested in calculating the
ground state expectation of observables supported sufficiently far away from
this boundary, a finite volume “bulk-boundary map” will be identified that
can be used to calculate the expected value of any such observable in the
ground state associated with any fixed boundary polynomial. A “bulk state”
will also be defined which will be used to prove Theorem 2.1 in Sect. 5. This
will be done by showing that the bulk state well approximates each of the finite
volume ground states and, moreover, converges strongly to the unique infinite
volume ground state. The second goal of this section is to rewrite these maps
in terms of hard-core polymer representations. The graphs and weights used
for this representation are introduced in Sect.4.2, and the final expressions
are proved in Sect.4.3. A lemma producing an initial comparison between the
bulk-boundary map and the bulk state is then proved in Sect. 4.5, from which
we will obtain the indistinguishability bound in Sect. 5.

4.1. The Ground States and Bulk State of the Decorated AKLT Hamiltonian

We follow the construction in [35] and use the Weyl representation of the Lie
algebra su(2) acting on polynomials in two variables to explicitly realize the
AKLT mode on the decorated lattice. For the convenience of the reader, we
review the relevant setup and ground state description from this work. As such,
consider the Hilbert space of complex homogeneous polynomials of degree m

H) = {Z MpuFom=F N\ € (C} C Clu,v], (4.3)
k=0

where the inner product is taken so that the monomial basis is orthogonal.
Concretely, using the change of variables

u = exp(i¢/2) cos(0/2), v =exp(—i¢/2)sin(6/2), (4.4)
and given any pair ®, ¥ € H(™) the inner product is
@.9) = [ 120 5(6.0) (4.5)
1
dQ = —sin(6)dpdd, 0<¢ <2r, 0<0 <. (4.6)
0

In particular, this allows one to view each H(™ as a subspace of L?(dQ).
The on-site Hilbert space for the decorated AKLT model is then $, =
H(deg(®)) for each vertex z € I, Thus, H, = Reen H(ee(@) for any finite

A C T and the associated inner product is

(®,T) = /dQA D(0,0)V(0, ), VP, UeH,. (4.7)
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In the above, dQ2” is the product measure associated with {ddy : x € A} and
®(0, ¢) denotes the function resulting from appropriately applying the change
of variables (4.4) independently to each pair of variables u,, v, associated with
any x € A. For simplicity, we denote by 6 = (0,)zen, and ¢ = (¢z)zen-

The local AKLT Hamiltonian from (2.2) is represented on ) using the
Weyl representation. For each m > 0, this is the irreducible representation
T+ 5U(2) — B(H™) given by

T (0%) = 00y — udy, T(0™) =udy, Tm(oh) =00y, (4.8)

where ¢ is the third Pauli matrix, and ¢® are the usual lowering and rais-
ing operators. This is isomorphic to the spin-m/2 representation. For adjacent
sites x and y, with degrees m, and m,, respectively, the subspace of 9, ® £,
corresponding to the maximal spin (mg, + m,)/2 is spanned by the states
(ug Oy, + uy&,y)kv;’fzvgly where 0 < k£ < m, + m,, as one can check by eval-
uating these states against the tensor product representation m,, A ® Tm,, of
su(2). The orthogonal projection onto this subspace then gives the AKLT in-
teraction term P, ) € B($, ® 9,). In this representation, the ground state
space ker Hy is characterized by boundary polynomials. Indeed, by a simple
argument from [35],

ker P(m7y) ={fenN.® Ny f= (Umuy - uxvy)g(uzvvmvuyﬁwy)} ;o (49)

where g is a homogeneous polynomial of degree deg(z) — 1 in u, and v,, and
similarly in the y-variables. In a word, the ground state requires that there be a
singlet v, u, —ugv, across the bond (z,y), but the remaining variables can form
any homogeneous polynomial of the appropriate degree. By the frustration-free
property, a ground state of any finite volume Hamiltonian H, must project all
edges (z,y) € A into a singlet. Since $, = H(4°8(#)) and the polynomials over
C form a unique factorization domain, (4.9) immediately implies the following
description for the ground state space.

Theorem 4.1 [35,36]. Let d > 0. For any finite A C T(9 | the ground state
space is given by

ker(Hpy) =< U =g- H (u;v; —viuj) € Ha 1 g € HiA (4.10)
(i,5)EA

where the set of all possible boundary polynomials is
950 = Q) M), d; = deg(i) — deg, (i). (4.11)
i€OA

Note that d; is the number of edges connected to ¢ that are not contained
in A. In the case of AS\?), since d; = 1 for all 7 € 8A§\(,1), see Fig. 2, the space of

boundary polynomials, ﬁisz@, is spanned by all elements of the form
N

II (@it (1 —aivi), a; €01}

_oa(d
zEdAEV)
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Therefore, dim(ker HJ(\‘,D) = 210A| = 96N by Proposition 6.2.
The matrix entries of an operator A € AS\(,D can be conveniently described

using the change of variables (4.4) by introducing the symbol of A, denoted
A(S2). Let

Q. = (sin b, cos ¢, sin 0, sin ¢, cos b)) (4.12)

be spherical coordinate associated with x € AE\‘?). Arovas, Auerbach and Hal-
dane showed in [4] that

(n, A€) = / a0 0,90, HAQ), Ve s?,  (413)

where A(£2) is a continuous function of the angles 6,, ¢, associated with x €
supp(A).

In general, the symbol is not unique. However, a specific choice can
be made by first defining it unambiguously for a basis of the on-site alge-
bra B(H(™)) and invoking linearity to define the symbol for a general A €
B(H™)). We require 1(€2) = 1 so that the support condition stated after
(4.13) is satisfied. This is achieved by including 1 = 1 in the on-site basis and
implementing the following procedure. First, use the commutation relation
[0, ] = 1 to rewrite each basis element as

A= Z Z ak,lyjaffc?fjuk”vl’j, ak,l,j € C.
k,leNy —k<;j<I
Then, using (®,FOLur o' =IW) = Cp (uFo'®, uF 0! =IW) where Ciy =
(mAlk+D! - qofine the symbol to be

(m~+1)!
A(Q) = Z Z Craak, jukbvla*+ipl=i, (4.14)
k,leNy —k<j<l

which is to be understood using (4.4). The formula extends to any A € A}, in
the usual way: (&), A.) () := [, A2 (€2;) for a product of on-site observables,
and then extended to any local operator by linearity. The convention 1(Q2) =1
implies AB(Q) = A(Q)B(Q) if A, B have disjoint support.

The matrix elements formula (4.13) can also be used to calculate ground
state expectations for any W(f) € ker HJ(\‘,D with boundary polynomial f €
Dongp 28

(@
(W(f), AT(f)) = /dQAN I lwivy — v PIFPASR).  (415)
(1.)EAR
The change of variables (4.4) can also be used to show |u;v; — vyu;|> = 3(1 —
Q; - Q;). Thus, setting

(d) _rd)
dpAg\?) = pAS\L,i)dQAN s pAg\L;z) =2 1By H (1 —Q; - Qj), (416)

.. d
(i.4) €A
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the ground state expectation (¥(f), A¥(f)) can then be rewritten in terms of

|f|? and a bulk-boundary map wx(A; Q) that is independent of f € f)f;xsgg)

as follows.

Lemma 4.2 (Bulk-boundary map). Fiz N > 2 and let U(f) € ker H](\?) be a
nonzero ground state associated with a boundary polynomial f € ﬁisju) as in
N

Theorem 4.1. Then, for any K < N,
AU = [dpygp fPav(a00), A AP @)

where O (A; 0R) 1= Zn(A; 0Q)/ Zn (0R) is the function of the boundary vari-
ables O = (1 x € 8A§f,l)) defined by

Zn(A;09) ::/dnw)pw)A(n), Zn(09) == Zn(1;00).  (4.18)

Proof. We first show that wy(A;00) is well defined on all sets with posi-

tive measure. For any fixed choice of the boundary variables 92, the map

A = wn(A;09Q) is a ground state of H;w. To see this, fix the values of
N

vi (05, &:), ui (0;, ¢;) for each i € 6/\5\6,1)7 and consider the function gsn defined by

Joq = H (wiv; — viuj) € 5’)2?\55?). (4.19)
(i,j)GAg\‘f):
icon(d

In the above, we observe that any site j € AS\?) that neighbors ¢ € 8A§3) is nec-

essarily an interior site for all N > 2, and so, gsa is nonzero. By Theorem 4.1,

V(gaq) € ker(Hj @ ), and as a consequence, Zn(A;00) = (¥(gag), A¥(gaq)).
N

This implies that Zy (1) = | (gan)||” # 0, and @y (A; IN) is a bounded, con-
tinuous function of the boundary variables for each A. Hence, (4.18) is well
defined, and so too is wx (A; 0€2). As a consequence, (4.17) follows immediately
from the matrix element formula (4.15) since

(), A1) = [ a2 1Poy0 ()
A

. fdﬂ Nop (d)A(Q)
:/dﬂaA%)|f|2/dQAs\?) pA(d> i\(d/)\N
Y fdﬂ N pAg\‘,i)

O

We now introduce the bulk state, wy(A), which we show well approx-
imates (¥(f), AU(f)) as in (4.17) when K << N. This is motivated from
averaging the bulk-boundary function Zy(A;d€) over the possible values of
the boundary variables. Explicitly, wy(A) := Zn(A)/Zn where

Zn(A) = / dpyr AQ), A€ AR (4.20)
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and Zy := Zn(1). Note that, if A € A%) with K < N one has that, indeed,
Zn(A) = / dQOM 7y (4; 090).

It is not immediately obvious from (4.20) if wy is a ground state for
H](\fl), or even if it is positive on all of Agf,l). However, it is a ground state of
Hg) for all K < N. To see this, let us consider the AKLT model obtained
by replacing the spin-3/2 at all boundary sites x € 3A§f,l) with a spin-1, where
the nearest-neighbor interaction is still defined as the orthogonal projection
onto the largest spin subspace between any pair of adjacent sites. The natural
variation of Theorem 4.1 applies in this case, yielding a unique ground state
given by ¥y = H(v:,j)eAﬁ\‘,” (usvj — v;u;). We observe that, for A € A(I?) with
K <N,

Zn(A) = (Un, ATN),  Zy =[O,
As this modified model does not change the spin or interaction terms for sites
of Ag?% wy is then a ground state of H}g) by frustration-freeness.

Notice that for any normalized ¥(f) € ker HJ(\?) and observable A € A(Ig)
with K < N one

(), AV} = () = | [ oy 17 owl4:090) — ).

(4.21)

where we have used that [ dp, @ [f|* = [[¥(f)||* = 1. The ground state indis-
N

tinguishability result, Theorem 2.1, will then be a consequence of producing
an upper bound on the rate at which supyq |Wn(A4;002) — wy(A)] — 0 as
N — oo. This will be achieved using a cluster expansion associated with a
hard-core polymer description of wy(A) and wy(A; 0RQ), the latter of which
we now discuss.

4.2. Graphs and Weights for the Hard-Core Polymer Representation

To bound the right-hand side of (4.21), the maps Zy(A) and Zy (A; 0€2) will
be rewritten in terms of a set of polymers and weight functions. The sets
used for each map will be slightly different, and so, we introduce these in a
rather general setting. We begin by establishing some basic graph notation
and conventions.

Definition 4.3. Two connected subgraphs G and H of T'@) will be called (pair-
wise) connected, denoted G J H, if G U H is a connected graph. Other-
wise, G and H are not connected, and we write G|H. More generally, if
{G; : it =1,...n} and {H; : j = 1,...m} are the connected components
of graphs G and H, respectively, we say GG and H are not connected, denoted
G|H, if G;|H; for all i and j. Otherwise, G and H are connected and we write
G/)H.

Note that if G and H are connected subgraphs of I'¥) then G |H if and
only if Vg N Vy = 0.
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Definition 4.4. A collection of connected graphs {G1,...,G,} is said to be
hard core if they are pairwise not connected, i.e., Gx|G; for all k # [.

We are now ready to introduce the set of polymers of interest. The
particular subgraphs of interest are connected graphs ¢ C T4 such that
1 < degy(v) < 2 for all v € ¢. Such graphs will be called self-avoiding and are
partitioned into the set of closed loops C'¥, and the set of self-avoiding walks
W

D = {¢ € T'?D connected : degy(v) =2Vv e Vy} (4.22)

W .= {¢ C T connected : 1 < degy(v) <2Vwv e Vs \CD. (4.23)

Each self-avoiding walk ¢ has exactly two vertices {v, w} such that deg,(v) =
degy(w) = 1, called the endpoints, and all other vertices have degree two in G.
For convenience, we will denote ep(¢) the set of endpoints of a self-avoiding
walk ¢.

The subset of self-avoiding walks of interest S(4 C W(@ are those whose
endpoints belong to T'(©):

SW = {p e WD :ep(¢) c T} (4.24)
The set of all possible polymers is then given by
P =D ys@, (4.25)
Since the endpoints of every walk from S(® belong to I'®), the map
tg: P — pO (4.26)

obtained from replacing the spin-1 chain between (v,w) € I'® by an edge
is a bijection. As a convention, the “length” of a polymer is taken to be the
number of edges in its undecorated representative:

Definition 4.5. For any undecorated polymer ¢ € P define the length to
be the number of edges in ¢, i.e., {(¢) = |By|. For any decorated polymer
¢ € PD define the length by £(¢) := £(1q(¢)) where 14 is the bijection from
(4.26).

Note that the total number of edges |By| for any ¢ € P@ is (d + 1)¢(¢).
Since I'(9) is bipartite, any closed loop ¢ € C(®) necessarily has even length.

We will need to consider specific subsets of P9 in order to derive the
polymer representation of Zy(A) and Zx(A;9€). For the convenience of the
reader, we introduce them now.

For 0 < K < N, let CJ(\L;)K C C¥ the set of closed loops in Ag\?) which do
not intersect A(Ig):

Cx ={oec@ ¢ c Ay, o|aAdY, (4.27)

and CJ(\(ri,)o ={pecCP:¢cC Ag\?’)}. Moreover, let SJ(\?’)K C 8@ be the set of
self-avoiding walks with edges in BJ(\'?)\B&?) and endpoints in A%) (see Fig. 4):

S\ =10 € 8D By c BYO\BY, ep(g) < aAY}. (4.28)
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Then we deﬁne, for K > O,
) d d d 9
J(V,)K = CJ(V,)K U SJ(V,)K (4 9)

and 77](\?)0 = C](\?{)O. This is the set of polymers we will use in the representation
of Zn(A). Note that Ld(PJ(\?,)K) = P](\(,)’)K
In the representation of Z N (A;00), we will also have to consider self-

avoiding walks that begin or end at =z € 8A§\(,1). Explicitly, for K > 0, we
denote by

Sk =1{0€8D By c BO\BY, ep(9) c oMY UOAY}  (4.30)

the set of all self-avoiding walks with edges contained in B%)\Bg) and end-
points in 8A%) U 81\5\?). For the special case K = 0, we consider only the

self-avoiding walks which begin and end at 8A(d):

S\h = {0 € 8D B,  BY\BY, ep(¢)  0A . (4.31)
Then similarly to before, we define for K > 0
d d
P = C\x USH. (4.32)

Now that we have introduced the polymer sets of interest, we turn to
introducing a weight function W, on P@ that will express how much a give
polymer contributes to the polymer representation of Zx(A) or In (4;090).

The weight of any ¢ € P@ is defined analogously to those given by
Kennedy, Lieb and Tasaki in [35]. This is a consequence of evaluating certain
integrals which naturally arise when calculating ground state expectations. For
any closed loop ¢ € C?, the weight Wy(¢) is

Walo) = (/@@ = fag? [ e @3y

(i.7)ee
where V € T') is any finite subset of vertices such that Vs C V. Similarly, if
¢ € 8@ is a self-avoiding walk with endpoints v, w € I'©)| the weight function

Wd (¢) is

Wa(¢) == (—1/3)[dHDUD~195(Q / QY —Qi-Qj (4.34)
(i,5)€0

where 0¢(Q) := —Q, - Q,, and V € T@ is any finite set of vertices such that
Vo NV = Vp\ {v,w}.

In either case, (4.33) and (4.34) and their independence of the set VV are
easy to verify by first integrating [ dQ® = 1 for all sites x € V\Vy, and using
degy(z) = 2 for every x € VNV, to evaluate

/dQVﬁV¢ _Qv . Qw ( )(d+1)€(¢) /dQVﬂV¢ H Q Q
(v,w)€p (v,w)€P
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by successively applying
1
/de(Qy Q) (- Q) = §QU Q.. (4.35)

The exponents in (4.33)—(4.34) count the number of vertices to which (4.35)
is applied. In the case of the closed loop, integrating over the final site x € V,
yields [dQ,(Q, - Q,) =1 as Q, has unit length. The expression (4.35) can be
explicitly computed using (4.6) and (4.12).
4.3. The Hard-Core Polymer Representation of Zn
In [35], Kennedy, Lieb and Tasaki used a loop gas representation of the ground
state with a hard-core condition to evaluate ground state expectations when
d = 0. Their methods can also be used for the decorated models. Here we
prove Lemma 4.6 which establishes a modified version of this representation
for

Zn(A) = 27185 /dQA%“ I - 9)am). (4.36)

(1.1)EA)

To rewrite Zy(A), we follow [35] and distribute the product from (4.36)

to find
I a-2-2)=3 [I 2. (4.37)

(i) eAR cegy) (19)€G
where g}@” is the collection of all subgraphs of Ag\‘;) with no isolated vertices
g](\‘,i) ={G C Ag\‘;) :degi(v) > 0V € G}. (4.38)

Inserting this into (4.36), the sum is then simplified by removing sub-
graphs for which

/dﬂA%” T (-2 -2)A@) =o. (4.39)
(i,9)€eG
The graphs that remain are characterized by their connected components,
which necessarily form a hard-core set.
The next result, which shows Zx(A) can be written in terms of hard-core

subsets of PJ(\;I,)Kv is a slight simplification of [35, Equation 4.14]. We follow
their method of proof, which is a consequence of observing that the variable
Q) associated with a single site satisfies

/ dQ f(—Q) = / aQ £(9). (4.40)

As the integral is taken over [0, 7] x S!, this can easily be verified from recogniz-
ing that the measure d2 is invariant under the diffeomorphism R : [0, 7] x ST —
[0, 7] x ST that sends Q — — defined by R(0,¢) = (7 — 0,¢ + ) (Fig. 4).

Lemma 4.6. Fizx N > K >0 and d > 0. Then for any A € Aﬁ?),

Zy(A) = [ dpygp A @1 (50) (4.41)
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F1GURE 4. Example of polymers from 85512) The decoration

is suppressed outside of Agl) for clarity

where with respect to the weight functions from (4.33)—(4.34),
h.c.
B () =27 BT ST W) Walda), (442)
{b1,0080 ) CPR

and the notation indicates the sum 1is taken over all hard-core collections

{615+, 0} C P

The sum appearing in the definition of ®y x is finite, and moreover,
each product Wy(¢1)--- Wa(¢y) is necessarily a (real-valued) monomial in

the variables 2, associated with the boundary x € 3A§?). Also notice that
ZN = fdpAggﬂI)N,K(Q)

Proof. Fix a subgraph G € QI(\?). If thereis a = € G\A(Ig) such that degq(x) is
odd, then applying (4.40) to this vertex implies

/de II -2.-2,)=0 (4.43)

(z,y)€G

As the symbol A(€) is constant in the variables €, for all v € Ag\’? \A%), by
first integrating over this vertex x one sees that G satisfies (4.39) by (4.43).

By definition of gﬁ), the degree of any vertex = € G is at least one. Since the
degree of any vertex is at most three,

Zn(A) =271 ST gt T (0.0 0,)AQ)  (444)
Geg\dy (2)€C
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where QN K= {G € g(d) sdego(z) =2, for all x € G\Ag)} .
Now, fixany G € G 1\?,)1( and decompose G = HUH' where H, respectively,
H', is the (possibly empty) subgraph of G whose edges belong to B(d)\B(d),

respectively, B, (d)

belong to 6AI?).
Each connected component of H is necessarily a subgraph of a connected
component of G, and moreover, the degree constraint on the vertices of G guar-

. Note that the only vertices these graphs can have in common

antees that each connected component of H is an element of P](\g)[(. Now, recall
that by construction, A%) is a union of d-decorated hexagons, and therefore,
every boundary vertex v € 8/\&?) has only one edge which does not belong to
ng). In other words, for each v € 8/\%) there exists a unique (v, w) € BE\?)\B%).
Hence, any connected component of H that intersects 8Ag?) must be a self-
avoiding walk. Therefore, the connected components of H are a hard-core
subset of P](\f))K. It trivially follows that H' € g;?).

Conversely, the graph union H' U H of a graph H' € Qg?) and a hard-
core set H C PJ(\? '« is an element of gN > and so, gj(;{)K is in one-to-one
correspondence with such graph unions. Therefore, (4.44) can be rewritten as

h.c.
Zn(A) =278 37 3 /dQA%“

H' €GP {p1,.,0n} TP

_H H ~0,-0) [ (- Q0AQ).

(L,k)eH’

Since A(€2) is constant (in fact, one) on any site = € A%)\A%) as

supp(()A) C A(I?), integrating over these sites and applying (4.33)—(4.34) sim-
plifies the expansion to

Zy(a) =21 30 [aa T o 00a@ey (@), (@4)
) (Lk)eH’
from which (4.41) follows from (4.37) and (4.16). O

4.4. The Hard-Core Loop Representation of Zn

A similar process can also be used to construct a hard-core polymer represen-
tation of Zy(A;0€) for any A € A%) with K < N, with the difference of

having to consider polymers in PI(\?)K instead.

Lemma 4.7. Fix N > K >0 and d > 0. Then for any A € .A(I?),

Z(4:09) = [ oy Ay sc(6), (4.46)
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where with respect to the weight functions from (4.33)—(4.34),

h.c.
f (d)\ g(d)
By () = 27 1BV\BL > Wa(p1) - Waldn).  (4.47)
{¢1,...,¢7l}gﬁ§\j)K

The proof of this result follows analogously to that of Lemma 4.6 with one
small change based on noticing that deg, (z) = 2 for all z € aAg\[,i). Unlike
N

the proof of the previous result, one cannot apply (4.40) to these sites since
the integration in (4.18) is only over the interior vertices. Therefore, graphs
G € gl@ with only one edge connecting to a boundary site z € 8AS\',?) do
not necessarily satisfy (4.39). This extends the set of polymers from (4.42) to
including walks with endpoints at such sites, resulting in the definition from
(4.32).

Finally, note that d N,k is a function of the variables Q,, for v € 8A(Ig) U
6/\5\”}) and, similar to before, ZON(89) = fdpA;?)tf)MK(ﬂ).

4.5. A Comparison Lemma

The infinite volume ground state w(® from Theorem 2.1 can be obtained
by showing that (wn(A))n is Cauchy for each local observable A. This can
be achieved by controlling the difference between @y x/Zn and s x/Zos.
Lemma 4.6 shows that a bound depending on the essential supremum of A(£2)
exists. To establish the LTQO condition, though, one needs a bound that
depends on the operator norm of A, which is not immediately obvious. In
general, A is the compression of a multiplication operator on L?(X,dS2) of a
compact manifold X to a finite-dimensional Hilbert subspace [10], and so, one
can only expect ||A| < [|A(Q)] . To illustrate, let A = 1d,u € B(H®).
Using (4.13)—(4.14), it is easy to calculate

4
1Al =1, 4@~ = 5.
Given any set of degree 2 vertices x1,...,z, € I'¥ the observable A(™ =

®?:1 A, still has operator norm one, but HA(”)(Q)HLOo = (4/3)".

The next lemma, which is valid for operators A € A(Ig) supported on the
interior vertices (see (4.1)), can be used to recover a bound which depends on
the operator norm. The key insight here is that £, can be viewed as a subspace
of L?(d);). By extending the on-site Hilbert space to £, = L?(S?,dS2,) at
each vertex z € 8A§?) and defining )3;?) D f)&?) by

- R Lo R 9. (4.48)

seon® gl

one sees that A acts on 2(]?) by the inclusion A — 1 ® A, see the comment
following (4.5). Moreover, the assumption that A is supported on the inte-
rior vertices guarantees that the operator norm on this space agrees with the
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original quantum spin model:
116 Allgo = 14150,
which allows us to prove the following result.

Lemma 4.8. Fizd >0 and 0 < K < M < N. Then, for anyAE/i?,

P P
() = ()] < 4] [T - 2K (1.49)

YAYs

2 (o)
Proof. Define two functions v = sign(h)|h|'/2F and 19 = |h|'/2F where

Oy Pux
h= Zn T Zu F = H (uivj — viuy).

.. d
(i) €AY

Recalling the change of variables (4.4), it is easy to see that 1,1 € £k
as @y g is a real-valued, bounded, continuous function of the angles 0,, ¢,

defining ., for x € 8A§?). Note that Zn # 0 for all N > K since wy is a state
on Ag?), and furthermore, p, @) = FF. As such,
K

() (0] (0]
|Zn(A)/ZN — Zy(A)) 2| = ‘/dQAK P [2”{ - 2“(] A(Q)’
K N M
= [(¥1, (1 ® A)h2) e, |
< [[AHIv1ll g, 2]l g -
But ”"/JlHQK = ||’(/}2||£K7 and so,

ZN YAV,

(d)
AT ]l 2]l e, = IIAH/dQAK NG

Oy k. Purx ‘ (4.50)

O

This proof can also be adapted to compare wy(A) with (®(f), AD(f))
for any normalized ground state ®(f) € ker(HI(\?)).

Lemma 4.9. Fiz d >0 and 0 < K < N. Then, for any A € fi&?) and normal-
ized W(f) € ker H](\?),

Oy  Pnk

jwn (4) = (U (f), AU(f) < Al sup Zn Z

(Qu :zedA )

(o)

(4.51)

Proof. Recall that Z N (09) # 0 for any choice of the boundary variables 092 =
(Q, 2 € OAD), see (4.19). Then by (4.21),

Zn(A;09)  Zn(A)

on () = (D, AV < sup ) =2 o) ™ 7w

o0

)
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where we use [ dp, w |f|> = [[¥(f)]|* = 1. For a fixed choice of €2, Lemma 4.6~
N
4.7 imply that
ZON(A; 39) ZN
Zn(09)

‘I’N k Py

—|[ @ oy

Considering again the extended Hilbert space (4.48) and proceeding as in the
proof of Lemma 4.8 produce the result. O

AQ)].

ZON ZN

We conclude this section with a final remark. If f,g € Li(u) are such
that f >0, g >0, and [dug =1, then

/dﬂg = H -1
Loo (1)

Do (fll9) eDoo(fll9)

(4.52)

f
1f =gl < Hg -1

Lo (1)

where

o (fllg) == |log f —log gl » (4.53)

is the (classical) co-Rényi divergence [61,66], and we have used the inequality
le? — 1| < |x|el®l. Using cluster expansion methods, we prove Theorem 2.1 in

the next section by bounding
o (82) e (52)
Zym ZN
(4.54)

‘i’N K SN K
log| —— | —log | ——
ZN ZN

(4.55)

Doo (Pm,x/ZMm|| PN,k /ZN) = sup
(:zedAD)

I

sup Do (&)NyK/ZDNH@N,K/ZN) = sup
o (Q:xean P uond)

where the supremum is taken over ), € S? for all appropriate sites .

5. Indistinguishability of Ground States

As illustrated in [35], the existence of a unique infinite volume frustration-free
state can be shown by transforming the hard-core polymer representation into
a cluster expansion. Moreover, the convergence of any finite volume ground
state to this infinite volume state is exponentially fast in the distance of the
observable to the boundary of the finite volume system. The goal of this sec-
tion is to prove Theorem 2.1 which (beyond showing the existence of a unique
infinite volume ground state) explicitly states the constants in these bounds
and captures how the convergence depends on the support of the observable,
which are necessary for applying the stability result from [52]. This will follow
from appropriately bounding the cluster expansion. These bounds use a vari-
ation of a result due to Seiler [62] and require a minimum, positive decoration
d.
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5.1. Cluster Expansion Preliminaries

While the sums in (4.41) and (4.47) are over hard-core sets of polymers, the
cluster expansion is a sum over clusters, which in this work are sequences of
polymers ¢ = (¢1,. .., ¢n) such that the union G = U, ¢; is a connected graph.
Alternatively, whether or not ¢ is a cluster can be determined by its associated
graph G, whose vertex set is {¢1,...,0m} and edge set is {(¢;, 0;) : i f &5}
Then 5 is a cluster if and only if G - is connected.

For any finite set of polymers P C P@ a convergent cluster expansion
rewrites the sum over hard-core collections from P in terms of its logarithm:

h.c. B
3 Wd<¢1>---wd<¢m>=exp( T socw?)vvf), (5.1)
{¢1,....6m}CP der(P)

where we introduce ng = Wy(d1) -+ Wy(dm), the set of all finite polymer
sequences

r(P) = {6 =(o1,...0m) ImEN, ¢ € P Vi, (5.2)
and the Ursell function defined by ¢.(¢1) =1 and
1
Pe(@1, s Om) == — > (=D)Fel ifm > 2. (5.3)
m: GG@J):
GCGJ)

In the above, & 3 is the set of all connected graphs on the “vertices” {¢1, ..., dom}.
The Ursell function is zero if G5 is not connected, and so, the RHS of (5.1)
can be recognized as a sum over clusters. For a more in-depth review of cluster
expansions, we point the reader to [15,25,44,62].

There are various methods for proving that the infinite series in (5.1)
converges and, hence, that this is not just a formal equality, see, e.g., [11,12,
38,65] and references within. Lemma 6.4 in “Appendix 6.2” verifies a criterion
from [65] which implies the convergence of the cluster expansion for any finite
P C P when d > 3. In particular, this holds for both 771(\?7) and P(d) With
more careful counting arguments, e.g., as those in [35], this could be extended
to d < 3. However, this is sufficient since the application of the next result in
the proof of Theorem 2.1 requires d > 5. This result bounds the contribution
to the cluster expansion that comes from polymers whose support overlaps the
support of the observable A € A; A for which the ground state expectation is

being calculated. To this end, denote by
A= {01, 6m) € 7PN+ (Lig) AL} (5.4)

The minimum decay required on a polymer weight function to apply this result
depends on
r+1—va2+1
fl)=————. (5.5)

xT
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Lemma 5.1. Fiz K >0 and N > max{K, 1} and let p := 2v/9. For all k > 1,
ver® anquEPNK,

}{¢'ep§$}<:deg¢,( ) >0, £(8) —k}’ <t (5.6)
(o' e P01 6 U&) = B} < oW (5.7)

As a consequence, for any € > 0 and polymer weight function w : PI(\?)K — R
with |w(p)| < e PH9) for some

B> 4fe +In(u/f(2e)) +e (5.8)
one has
- 3 ), (e
S [ee@n?| < a9 (59)
. 1—r(e)
PEAK
where we denoted w® = w(¢r) - w(ody) and the ratio r(e) =
pf(2ep)el”* <1
(I—pf(2ep)et=<)(1—f(2ep)e=*) ’
In particular, for e = 0.03, one has r(e) ~ ( 5 < 17.

Proof. The bounds from (5.6)—(5.7) are proved in Proposition 6.7. As a result,
if 3 satisfies (5.8), then Theorem 6.6 holds for P = P} with & = 4/e +In(u)
which establishes (5.9). O

5.2. Indistinguishability of the Finite Volume Ground States

We can now prove that the existence of w(®(A) = limy Zy(A)/Zy, which is
necessarily a frustration-free ground state on Ay of the decorated AKLT
model. The explicit bounds also provide estimates on the dependence of the
convergence on the support and operator norm of A.

Let us start by emphasizing the role of the decoration in the cluster ex-
pansion. The geometry of the decorated lattice is such that any two connected
polymers from P(® necessarily intersect at a spin-3/2 site. Thus, a sequence
¢ = (d1,- ., Om) is a cluster if and only if Ld(gg) (ta(d1), .. ta(dm)) is a clus-
ter, where ¢4 is as in (4.26). In fact, their respective graphs G and G (§) are

isomorphic, and the Ursell function is invariant under qﬁ — Ld(¢) Replacmg
(p) = L(tq(¢)) in the weight functions Wy from (4.33)—(4.34) also allows us
to consider Wy as acting on P9, Thus, it is only the decay rate of the weight
function W, that depends non-trivially of d in the cluster expansion (5.1).
This is the crucial observation for all of the remaining proofs. As such, we will
henceforth suppress the dependence on d for any sets involving polymers. To
simplify notation, we set

Nk = TP k), i = TP (5.10)
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Lemma 5.2. Fizd>5and M > N > K > 1, and set 02 = (Q, : x € 8A§\}i)).

Then
Dr i (I)NK) ‘I’NK DN i
max{ Do | ——||—=— |, sup D
{ < Zm | ZN 8(12) ZN Iy 1z ZN

< 17|0AD [e 2 DN -K) (5.11)

Euhe;“e a(d) :=dIn(3) —4/e —In(u/f(2ep)) — .03 with u = 2v/9 and f(x) as in
5.9).

The assumption that d > 5 guarantees a(d) > 0. In particular, a(5) ~
0.0032.

Proof. We first bound D, (‘I}M L ||¢NK). For all N > K > 0, the cluster

expansion for
h.c.

_1gd\ pld)
Oy g =2 BN By’ Z Wa(p1) - Waldm)

{#1,--,6m }CPN, K

converges where B((Jd) = () by Lemma 6.4. In particular, this implies ®x g > 0,
and so applying (5.1) to both ®n x and Zy = Py yields

log <%>:10g<28%>l>+ S Wi = Y v W, (5.12)

QEGTN‘K éETN,o

where the sequences of polymers (5.10) are defined with respect to (4.29). Since
T~k C Ta, i, (4.54) can be simplified to

Prr PN K
Do |[—— )= sup
A% ZN (Q,:zedn’d)

Y @i Y Wy

PETA K\ TN, K €™M0\ TN 0

(5.13)

To further cancel common terms, partition 7as,x \7n, x into two sets de-

pending on if the sequence (5 = (é1,...,¢m) contains a walk, and partition

d)

Tar,0\TN,0 by whether or not ¢ has a loop intersecting A% . This produces

T,k \TN.k = (Lam,x\LN k) U A}\/I,Na T, 0\TN,0 = (Lar,k \LN, k) U A?w,N

where the sets are taken as
Ly i = {3 = (Y1, +»Ym) 1 Vi, % € CN7'7i|A(I((i)}
MN = { € T,k \TN,k : 3j, 05 € SM,K\SN,K}
A?MN = { € Tar0\TN,0 : 37, ¢; ﬂA ;é(Z)}
Thus, the difference in (5

Dri PN K 3
D —||—=—] < O\W 5.14
o (e ZN)_( sup (é@}j oc(®) d|> (5.14)

Qu:zedn(d)

.13) further reduces, and one finds

1 2
N MmYAR A
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Applying Lemma 5.1 on can further bound (5.14) uniformly in the bound-
ary variables. To see this, notice that any cluster ¢ = (¢1,...,0m) € A}\/[,N U
A?\/l, ~ broduces a connected graph G' = U;¢; that intersects both BAE\?) and
8Ag?). Hence,

S U65) = Do(OAY M) = 2(N — K)
j=1

where Dy is the graph distance on I'(®). Recall the definition of Wy from (4.33)—
(4.34), and note that [0S(2)| = |Qq - | < 1 for any walk S with endpoints

a,b e 8A§?). As such,

W) < e 2B [T wa(6s), wal0) i= e @m@=@)  (515)
=1

Since ¢, is only nonzero on clusters and A}\/I, N U A%\L Ny € Ak, applying
Lemma 5.1 with § = dIn(3) — a and € = 0.03 shows that for any choice
of the boundary variables (€, : « € 5‘A(d))

> Wil < 3 @] < 17IAR e 0,
GEAY L UAL o denx
(5.16)

Here, we have also used that 1’“(79(8 %)3) < 17. The desired bound then follows
by (5.14).

To bound (4.55), fix a choice of the boundary variables and use the cluster
expansion (5.1) to write

log <®57K> =10g@" )+ 3T e @WF 3D el dWS,

N 7 e o
PETN, K PETN, 0

where we recall (4.32)—(4.47). Let OAn x = 8AS\?)U8A§?). Noticing that 7 x C
TN,k an analogous procedure to the previous case shows

by PN K
sup Doo I = sup
o0 ZN ZN (Q,:x€dAN k)

S e dWi- Y eW]

J)ETR",K\TN,K :YETR',”\TN'D

< sup e 20(N-K) Z |gpc(<;§)wi| (5'17)

(Q,:x€0AN k) -2 <
‘ PEALUAZ,

where the weight function is as in (5.16) and the final summation set is taken
over the union of

Al = {Js € TN \TNK : 37,05 € Sn.x has endpoints v € GAE\?), w e aA(,g”}
AQ = {Q_b' S T]?[,O\TN,O : Eiaja ¢z/I/A(I?)a J S ‘SO‘N,O} .

Since A}V UA?V C Ak, the result for this case again follows from Lemma (5.1).
Combining the two bounds produces (5.11). O
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Using Lemma 5.2, we are now able to prove Theorem 2.1, the main result
regarding local indistinguishability of ground states of the decorated AKLT
model.

Proof of Theorem 2.1. We begin by proving the existence of a frustration-free
ground state w? : Ap@ — C. Let A be a local observable and fix K > 0 so
that A € fi(lg). The result follows from showing (wn(A))n>xk is Cauchy. By
Lemma 4.8,

Oy  Purk
woar(A) — wn (4)] < 4] \ L
ZN YA

()

for any M > N > K. Again, since the weight function Wy is real-valued, the

cluster expansion (5.1) shows that & g > 0and Zy = Oy = f dp ) PN K >
K

0. Thus, (4.52) holds and by Lemma 5.2

lwar(A) — wn (A)] < Fo(N, K)efaV.K) (5.18)

where we recall that F, (N, K) = 17|0A ke~ =K) Hence, wy (A) is Cauchy
and the limit w(¥(A) := limy wy(A) exists. Moreover, this is necessarily a
frustration-free ground state by the discussion following (4.20).

Now, fix A € 2(&?) and let U € ker(Hl(\‘,i)) be arbitrary with N > K.

Then by (5.18)
WD (A) — (T, AV N)| < JwD(A) —wy(A)] + lwn (A) — (Tn, ATy)|
< Fo(N, K)e* WK Al + |wn (A) — (W, AT ).

To bound the second term, the cluster expansion once again guarantees d NK >
0 and Zy > 0. Thus, applying Lemma 4.9 and (4.52) produces

) d
lwn(A) = (Un, AUN)| < || Al sup e
(Q, :2coA D) ZN ZN

b)
Lok

and the result follows from a second application of (4.52) and Lemma 5.2. O
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6. Appendix
6.1. Modifications to the Stability Argument

We outline the necessary modifications for adapting the stability argument
from [53], which is stated for perturbations supported on balls of the lattice,
bx(n), to the case considered in this work, which considers perturbations sup-
ported on the volumes A%d)(i‘) from (2.1). The overall goal is to provide the
interested reader who wishes to go through [53] with sufficient information
to see that, indeed, the result of that work applies to this slightly different
context.

The modifications to the Assumptions for [53, Theorem 2.8] were dis-
cussed in Sect. 3. It was also discussed there that the main reason this result
still holds in present context is that the volumes A%d)(a?) satisfy similar prop-
erties to the balls b, (n) of the lattice considered in [53]. The main criterion
that is left to verify is that the Heisenberg dynamics generated by the pertur-
bations considered in this work satisfies a Lieb—Robinson bound governed by
a function that decays like a stretched exponential. This is the key result that
ensures all of the quasi-local estimates that are used in the stability argument
are still valid. Criteria that imply Lieb—Robinson bounds are well known and
prolific in the literature. Proposition 6.1 shows that one such criteria is satis-
fied for the class of perturbations from this work, see [52, Theorem 2.3]. Before
proving this result, though, we first outline the other small cosmetic changes
one needs to adapt the proof.

The remaining changes correspond to appropriately replacing certain set
throughout in [53] with the corresponding set from this work. Specifically, one
should replace the ball of radius n with Al () in [53, Equation 2.27] and in
all other places that the ground state projections are considered. Moreover,
the ball of radius n should be replaced by AW (Z) in the case of the localizing
operators [53, Equation 3.2] and all subsequent objects these are used to define.
One should also use the dual lattice I'®©) whenever considering the two sets
that index the perturbation.
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We now turn to proving that the perturbation satisfies a sufficient Lieb—
Robinson bound, which necessarily must be given with respect to the distance
in I'@ rather than the distance in the dual lattice I'®). As shown in [52],
such a Lieb-Robinson bounds guarantees that the quasi-local estimates from
[53, Equations (4.10)—(4.11)] hold. This is also sufficient to verify (2.8). For
concreteness, we consider the graph distance on T'¥)| denoted by Dy, in the
result below.

Proposition 6.1. Suppose that ®(Z,n)* = ®(Z,n) € A
all T and n

AD (2) 1s such that for

~, —ang
[@(Z,n)|| < [|®le (6.1)
for some constants a, ||®|| > 0 and 0 < 0 < 1. Then, for any o’ < a andp >0

o' (B +1)°

sip > ADE)8(Zn)|| < C(d,a—d,p)|[]|°

e m,y:/’{(l:i)(g) ( 4(dj-1)) + %)
n (6.2)
where
C(d,a —d',p) =81(3d +2) Y nrtie(a=ain’, (6.3)
n>1

The proof of Proposition 6.1 uses some simple counting estimates on finite
subsets of T'(¥) which are proved in Proposition 6.2, as well as the following
relation between the graph distance Dy on T'9) and the graph distance D on
the dual lattice T(©). Namely,
2(d + 1) 2

< Dalz,y)

- 2(d +1) (6:4)

where for each z € T4 z € T is any dual lattice site such that z € A(ld) (2),

i.e., x belongs to the plaquette associated with z.

Proof. Let T, = {# € T© : z € A{” (&)} for each = € T9, and notice that
zeAND () «— D(z,2) <n-—1 for some i €L,

Then, for any fixed z,y € T4,

Y. WP@NeEI< Y Y APEIleE ]

zZ,m: TEL, zZ,n:
z,yeAD(2) €Ly T,5€bn_1(%)
<> Z AP (2)][|@(2,n)] (6.5)
T€EL,

JE€Ly Z€by 1 (x)ﬁbnf 1(9)
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where b, (2) = {§ € T(® : D(2,7) < n}. The intersection constraint requires
(%

n—12> D 2’3}), and so, the sum is further bounded by
> AP @)@z ) <3Bd+2)2 D D> nterm
Z,n: n> D(g,mﬂ zZ€bn_1(Z)

2€bp—1(Z)Nbn—1(7) ( )
6.6

where one uses (6.1) and Proposition 6.2. It is easy to show that |b,_1(Z)| =
1+6 Zz;ll k < 3n?, which combined with (6.5)—(6.6) produces

o> APEeE )] < | 93d+2)[@] Y nrtietemain”

TEL, zZm: n>1

YELy 7,5€by—1(Z2)

TE€EL,
€T,

e—a' (D(,§)/2+1)°

(D(,9)/2+1)r

Inserting (6.4) and using |Z;| < 3 produces the final result. O

To conclude, we prove some simple volume estimates on the decorated
hexagonal lattice that are used in the previous result and throughout this
work.

Proposition 6.2. Let |A| denote the number of sites in A. Then, for alln > 1
and d >0

OAD| =60 and |AD| = 3(3d + 2)n? — 3dn. (6.7)

Proof. All boundary sites of A lie on plaquettes Agd) (&) such that D(z,0) =

n — 1. Dividing Aﬁﬁ) into six pieces, it is easy to count that there are precisely
6(n — 1) such plaquettes, of which 6 contribute two boundary sites while the
remaining 6(n — 2) contribute one.

For each boundary site v € OAD et w, € A;d)\Agd_)l denote the spin-

n—1»
3/2 site so that (w,,v) is an edge in A and define Y., to be volume con-
sisting of w, and the 3d spin-1 sites emanating from w,. Then there exists a
set Sy, of 6d spin-1 vertices so that

AW, = | Ye,woaPes,.

n—1

wU:UEBAfﬂl
Thus, for all n > 2 the previous case implies
IANAY | = 6(n —1)(3d + 1) + 6n + 6d = 6(3d + 2)n — 6(2d + 1).

The result follows from summing |A$Ld)| = |A§d)| + > s |A,(€d)\A,(€d_)1 . O
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6.2. Cluster Expansion Preliminaries

The goal of this section is to establish some basic cluster expansion results.
In the standard cluster expansion theory, quantities are defined in terms of a
function g : P@ x P@ — {0, -1} such that g(¢,$) = —1. In this work, we
have taken

9(0,0") =0 if ¢l¢', g(4,¢") =—1if ¢ f¢' (6.8)
which can be used to rewrite both the hard-core and cluster conditions as well
as the Ursell function:

wc(¢1,---,¢m)=%2 I 9e.¢) m=2

CGes; (¢,9)€G

It is necessary to control the number of polymers of a given length k
that intersect a fixed polymer ¢ to prove convergence of a cluster expansion.
The following such bound was improved using a careful counting argument by
Kennedy, Lieb and Tasaki in the appendix of [35] for the case d = 0. However,
the stability result relies on Theorem 6.6 which requires d > 5, and so, these
more straightforward bounds suffice.

Lemma 6.3. Fiz d > 0 and let g be as in (6.8). For any spin-3/2 vertexr v €
'), the number of polymers of length k > 1 containing v is bounded by

’{¢> € P . (¢) = k, deg,(v) > 0}‘ < 3(k +1)262, (6.9)
Consequently, for any ¢ € P(@
{6/ € PO tle) =k, 9(6,6)) = —1} 3(0(0) + 1) (k+ 122 (6.10)

Proof. Given Definition 4.5 and (4.26), it is sufficient to prove (6.9) for d = 0.

There are two cases: If v is the endpoint of ¢ (in which case, ¢ is a self-
avoiding walk), or if v is not. In the first case, there is exactly one edge from ¢
emanating from v. There are three choices for this edge. Each of the remaining
k — 1 edges can be chosen by successively laying an edge at the endpoint of
the previously laid edge. There are two choices for the new edge, and so, there
are at most 3 - 2F~1 self-avoiding walks with v as an endpoint.

If v is not the endpoint of ¢, then there are two edges (w1, v), (we,v) € ¢.
For i = 1,2, denote by k; > 1 the number of edges in ¢ that connect to v
through w;, and note that if ¢ is a loop one can assume WLOG that k; = 1.
There are three choices for {w;, wy} after which there are at most 2%~ walks
that connect to v through w;. Since k1 + ko = k, summing over the possible
values of k; shows there are at most 3(k — 1)2¥~2 polymers with two edges
connecting at v. Combining this with the previous case produces (6.9).

The result for (6.10) follows from realizing that two connected polymers
#,¢" € P@ must intersect at a spin-3/2 site. There are at most £(¢) + 1 such
sites in ¢. O

The bound from (6.10) can be used to prove convergence of the cluster
expansion for d > 3 when the weight functions are taken as in (4.33)—(4.34).
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Note that the product involving g in the following result encodes the hard-core
polymer condition, see (6.8) and Definition 4.4.

Lemma 6.4. Fiz d > 3 and suppose P C P and w : P — R is a weight
function such that |w(¢)| < (1/3)4FDUL=1 Then, for g as in (6.8)

S ) won ] (1+g(¢i,¢j>>=exp( 3 %@w@).

{61,600 }CP 1<i<j<n der(P)
(6.11)

Proof. Tt is well known that the above cluster expansion will converge, i.e.,
(6.11) holds, if there is an € > 0 such that

! (o)

sup —— w(o)]e\7) < g, 6.12

vy S o) (6.12)
g(¢,0)=—1

see, e.g., [65, Theorem 1]. Inserting the assumed weight bound, breaking up
the sum in terms of the length ¢(o) = k and applying (6.10) show this criterion
holds if

I(U(P) + 1) & 2¢°
Sl;piﬁlé((b) kZ:l(k—i—l) <3d+1> <e. (6.13)

As 4(¢) > 1, a simple geometric series argument implies this is satisfied if

9 L2 2
912\ 3
n(3) —

for some 0 < e < (d+1)In In(2). This inequality holds, e.g., when ¢ = 1
and d > 3. O

Theorem 6.6 adapts a result due to Seiler, see [62, Theorem 3.13], to
produce a bound on the logarithm of the cluster expansion which makes explicit
the dependence on the support of the observable. This proof makes use of the
following bound due to Malyshev. An elementary proof of this bound can also
be found in [62, Theorem 3.2].

Theorem 6.5 (Malyshev [41]). Let P € P be a finite set of polymers and
suppose > 1 is such that for all ¢ € P,
{¢' € P:gle,¢') = -1, £(¢') = &} < L(P)p’ (6.14)

Let ng(qb) € Ny be the number of times the polymer ¢ appears in (5 e 7(P).
There exists a positive Kk <4/e+1In(u) so that

e(® H X5(@)le" X Y= (g1, ¢m) €T(P).  (6.15)
<;5€7D

The function X 3 from Theorem 6.5 can be used to identify the exact

subset of polymers that appear in the sequence 5 Conversely, any nonzero
function X : P — Ny generates a sequence ¢~ € 7(P) where each polymer ¢
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appears X (¢) number of times. (This can be defined unambiguously by fixing
an ordering of P.) This correspondence is not one-to-one, but rather satisfies

Tx 1= {QZGT(P):Xq;:X}:{‘gfzﬂesm(X)}

where m(X) = Y2, X(¢) is the length of ¢*, and ¢r = (dn(1)s-- -+ Pr(m)
for any permutation m € S,,. As the Ursell function is invariant under per-
mutations, the cluster expansion for any polymer weight function w : P — R
satisfies

3 @’ =3 Y lpe(d) =¥ g Wm F | (6.16)
$eT(P) X#0gerx X#0

where w? := w(1) ... w(¢y,) for any ¢ = (¢1,...,0m) € T(P). This alternate
form is used to prove the following result. Given for any finite set P C P(@,
this bounds the contribution to the cluster expansion that comes from clusters

(5 € 7(P) that intersect the boundary of 8/\([?). As such, set
Kk =1{6 € T(P): Uigi fOAR}. (6.17)

The proof also depends on a function

rz+1—+vz2+1

T

flz) =
which is used to ensure convergence of a certain geometric series.

Theorem 6.6. Let P C P4 be finite, and suppose pn > 1 satisfies the condition
of Theorem 6.5 and

{peP:l¢) =k veo} <pF, Yoel® k>1. (6.18)
Ifw:P — R is a polymer weight function such that w(¢) < e~ P4 for some
B = Be =k —In(f(2epn)) + €
with € > 0, then for the set A defined as in (6.17) one has

wc(é)wﬂ < m@liur(f)(e) (6.19)

J’GAK

F(2em)e'—
where 1u(€) = T e e

As will be evident from the proof, the above quantity necessarily satisfies
ru(e) < 1.
Proof. Applying (6.16), it follows immediately from the definition of Ag that

BTN

LU EDIE e (6.20)

(Z;EAK X#0

where the summation notation indicates that there exists 1 < i < m(X) so
that ¢X f 8A§?). Said differently, ;X contains a site from 8Ag({i).
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Recall that X (¢) € Ny is the number of times the polymer ¢ appears in
the sequence ¢~ , and the Ursell function is only nonzero on clusters. Applying
Theorem 6.5 and using the assumed bound on the weights,

DAL , AW
m Pe(¢ ) w?™ ‘< 3 [ e Pe@x@
X#0 HdJE”P (¢) X#0: ¢EP
qucluster
S YN m
3T oD U |
= |
m=1 m: clusters sy, >1 =1

(b1vesbmrer(P)
(6.21)

where, similar to the above, the summation notation indicates that ¢; f 8A(I?)
for some 7. Summing the geometric series over n; and observing that £(¢,) > 1,
one arrives at

TN ol .
X%:O [Lop X(0) pe(d)w? ’
< (1 — e K)) PIN )
Z Z > He (B=r)k; (6.22)
m=1 km>1  clusters j=1
(1<}>_7-)7:;:_7~

To approximate the sum over clusters, let 1 < i < m be such that ¢; J
8/\([?). By (6.18) there are at most \QA(I?) |+ possible ¢;. Since G is connected
for any cluster (Z = (¢1,...,¢m), it contains a labeled tree on m-vertices as a
subgraph. Let 7;, be the collection of all such trees, and set d;(T) to be the
degree of ¢; in T € 7,,. Then, interpreting any T € 7,, as being rooted at
¢; and applying (6.14) with £(¢;) = k; to determine the possible number of
descendants of each vertex, one finds that there are at most

#Z#i k; kfi(T) Hk;?j(T)—l
i
clusters (Z such that T C G 3 By Cayley’s theorem, there are m™ 2 labeled

trees on m vertices. Moreover, for any degree sequence (di,...,d,) € N™,
ie., Zj(dj — 1) = m — 2, there are (dFl"'L”_Z 71) labeled trees T' € 7,, with
d;(T) = d;. As such,

d
anld

d - s
SRSV SR S RN ) |
clusters ) =1 (dy,...dm)EN™ 1
f(l%):g: ' >, dj=2(m—1)

m—1

= [OAR == SR

j=1
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< [OAD [m) T emto+0ks, (6.23)
j=1
Thus, from (6.23) it follows:

8A(d>

Ool—e"'”ﬁ )
PO IR S VN |

ki,....,km>1 clusters j 1
1yeees m

m)
—BH+In(u)+1)k;

VDY UW

m=1ky,...km

K—B+n(p)+1 "
(d) €
|8A | Z ( en—ﬁ+ln(p)+1) (1 o eﬁﬂ)> .

m>1

The above geometric series converges if and only if 8 > k — In(f(2eu)), and
the ratio is a decreasing function of . The proof is complete from inserting [,
to produce an explicit upper bound for the series in terms of

i —Betn(u)+1

ru(e) == (1 — e;@—ﬁ€+lrl(u)+1) (1 —er—he)’

O

While the rough bounds from Lemma 6.3 are sufficient for convergence
of the cluster expansion, tighter bounds for ¢(¢) < 4 are necessary to apply
Theorem 6.6 for proving the indistinguishability result for d > 5. This is the
content of our final result. Here, we restrict our attention to the largest set of
polymers of interest for the stability result: 73](\‘,1)1(

Proposition 6.7. Let d > 0, and fir 0 < max{K,1} < N. Then for any ¢ €

PN K>
n(9) = {9 € P 101/, U8) = k| < Cult(@) +1) < £(9)288"/°
(6.24)
for all k > 1 where
Cr = sup sup {¢ € P(d) (¢) = k,degy(v) > OH . (6.25)

0<K<N per(0)

Proof. As in Lemma 6.3, it is sufficient to consider d = 0. The first inequality
in (6.24) is trivial since any polymer has at most £(¢) + 1 vertices. The bound
for £ > 5 holds by Lemma 6.3, by observing that

Crll(¢) +1) <3(0(d)+1) (k+1)2F2
< U(9) (27184 + 1)1/k)k < ((¢)288"/5.

where the final inequality holds since the expression inside the parentheses of
the middle term is decreasing in k.
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The result is then a consequence of bounding Cj for k < 5. Only walks
o€ ‘SD‘](\?,)K need to be considered as any loop has length £(¢) > 6. The desired
bound is obtained by considering separately the number of walks that intersect
an arbitrary degree 3 vertex v € AS\(,))\IO\? for which:

(1) both endpoints are in 9A,
(2) both endpoints are in GAgg), and
(3) one endpoint is in ﬁAgg) and the other is in 8A§3).

Figure 5 illustrates the counting for each of the cases below. In each case,
denote by & the closed loop encompassing the border of Agg), i.e., the only
closed loop in Ag\?)\/\g\?)_l, and assume that ¢ € 31(\%( with £(¢) = k < 4.

Case (1) If both endpoints are in 8A§8), then ¢ C dy as any walk with
an edge outside of § has length at least 5. The distance between neighboring
vertices in 8A53) is always two except for the six pairs of vertices at the “corner”
edges of Ag\?), which have distance one. As a consequence, there are at most k
walks passing through a given degree 3 vertex v since N > 2.

Case (2) Recall that ¢ contains no edges from Agg) by definition of 73](\(,))}(
If both endpoints of ¢ are in (“)Agg), it must be that £(¢) = 4 and ¢ connects
two neighboring vertices in 81\9. In this case, for any given vertex v there are
at most two such possible walks passing through v.

Case (3) Suppose one endpoint of ¢ is in 8A(Ig) and one is in 8A§3). As
the graph distance Dy of T'(©) satisfies

Do(0AY,0AY) = 2(N - K)

it must be that N = K + 1 or N = K 4 2 (otherwise there are no such ¢).
If N =K +2, then {(¢) = 4 and every vertex v € Ag\?)\[o\gg) satisfies

Do(v, 0A) = 4 — Dy(v,00Y), 0 < Dy(v,0A) < 4.

As every walk through v is the concatenation of a walk from 8A§3) to v and

a walk from v to 8/\&2), considering the five cases separately and counting the
number of boundary vertices that are the appropriate distance to v shows that
there are at most four such walks passing through v.

For the case N = K + 1, call any edge with one vertex from [“)Agg) and
one vertex from oy a bridge. Then, any walk ¢ with length at most 4 contains
exactly one bridge, plus £(¢) — 1 edges in d. Therefore, if £ = 1 there are no
such walks. If £ = 2 or 3, there are at most two such walks passing through
a fixed vertex, while if k& = 4 there are four: if v is in 8A§3)7 it can reach
up to 4 bridges and there is exactly one ¢ that contains v and each such
bridge. If v ¢ 8AS\(,)) then v belongs to a bridge, which belongs to at most two
different walks of length 4. Moreover, there are at most two additional walks
that contain v and a neighboring bridge.
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(A) Polymers for cases 1 and 2. (B) Polymers for case 3a.

(c) Polymers for case 3b.

F1GURE 5. All the possible types of polymers that contribute
for cases 1-3 that pass through the vertices a-d. The con-
tributing endpoints and edges to these polymers are colored.
For case 1, odd length polymers must pass through a “cor-
ner” as illustrated by the polymers passing through vertex b.
For case 3a, all polymers of length four contribute. For case
3b, the figure shows all length four polymers passing through
vertices a and ¢, all length three polymers passing through b,
and all length 2 polymers passing through d

Summing the contributions from all three cases produces an upper bound
on Cj, of the form

1 k=1
4 k=2
Cr <
5 k=3
10 k=14
which is sufficient to verify that ng(¢) < Cr(€(¢) + 1) < £(¢)288%/°. O
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