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Do quasicrystals follow Wiedemann—Franz’s law?
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In this work we present a theoretical study on the thermal and electrical conductivities of
quasicrystals. By considering a realistic model for the spectral conductivity we derive closed
analytical expressions for the transport coefficients which allow us to study the temperature
dependence of the Lorenz rati¢T) = x(T)/To(T) at different temperature regimes. We conclude
that quasicrystals closely follow Wiedemann—Franz’s law over a wide temperature range02o
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According to Wiedemann—Franz's laWVFL) in most  of the Lorenz number for these materidl$! The main goal
materials thermal and electrical conductivities are mutuallyof this work is then to theoretically estimate the validity of
related, over certain temperature ranges, through the relatioW¥FL for QCs, providing some physical insight aimed to spur
ship ko(T)/ o(T)=L,T, wherek(T) gives the contribution subsequent experimental research. To this end, we will de-
to the thermal conductivity due to the charge carrier€])  rive closed analytical expressions for both the transport co-
is the electrical conductivityT is the temperature, and,  efficients and the Lorenz ratio(T) = «.(T)/To(T), hence,
=(kg/€)? 7, is the Lorenz number, whellg; is the Boltz-  extending the few numerical results previously repolted.
mann constane is the electron charge, ang}, is a constant By studying the dependence of the analyticéT) function
whose value depends on the nature of the sample. Thus, f@n the temperature we conclude ti@Cs closely obey the
metallic systemszp,=?/3, and we get the Sommerfeld’s WiedemannaFranz's lawover a wide temperature range.
value £,=2.44x 108 W QK ™2, while for semiconductors To date, theoretical efforts aimed to understand the un-
described by Maxwell-Boltzmann statistics we hayg  Usual transport phenomena of QCs have focused on the ex-
~2.1 The WFL has a broad range of validity, and usuallyistence of a pronounced pseudogap at the Fermi f&vél
holds for arbitrary band structures provided that the chang@nd the possible presence of a dense set of nested peaks in
in energy during an electron collision is small compared withthe density of state€>09)."~*°At the time being, the very
kgT. Then, elastic processes dominate the transport coefffXistence of such peaks remains controvefSif In any
cients, and the carriers motion determines both the electric&vent, in order to make a meaningful comparison between
and thermal currenfsQuasicrystal¥QCs are well-ordered expgrlmental measurements and n'umerlcally calculqted elec-
metallic alloys exhibiting a broad collection of anomalous ronic structures, one should take into account possible pha-
transport propertie%;® resembling more semiconductor-like SO fln_lte_ lifetime and temperatu_re broad_enlng effects. In so
than metallic charactéfThus, a proper classification of these d0ing, it is observed that most finer details in the DOS are
materials, able to account for both their peculiar electronicignificantly smeared out and only the most conspicuous

structure and their related transport properties, remainB€aks remain in the vicinity of the Fermi level at room
elusive’ In addition, it has been reported that Ohm’s |aWtemperaturé.These considerations convey us to reduce the

holds in high quality icosahedral Q€sience, opening the number of sharp spectral features necessary to capture the

guestion regarding what other fundamental laws may also paain physics of the transport processes. In previous works

followed by these materials. From a fundamental viewpointWe have considered simple models for the electronic struc-
re of QCs, evaluating the possible effects of their main

it seems then quite pertinent to ascertain whether one m . cieAts? .
expect the WFL to hold in the case of QCs as well Further-eatures on different transport coefficients=”In this work,
more, the study of the WFL validity range is also c.rucial in e shall consider a realistic model for the spectral conduc-
order to test the working hypothesis usually made when est-lvIty Of. Q§Czs labased on recenab initio band structure
timating the phonons contribution to the thermal conductiv-cftilc.u.Iatlon " According FO the_se authors the spectral re-
ity, x.(T), by substracting to the experimental data sistivity, p(E), corresponding td-AlCuFe phases can be

L . 2 ; 'satisfactorily modeled by means of just two basic spectral
kmed T), the electronic contribution according to the expres- y y J P

/ B To. In fact the WEL not valid f features, namely, a wide and a narrow Lorentzian peaks.
S'%n Kpn™ Kmels 0 (IT' \nfac ’bwetreth € h no dval or .Quite remarkably, this simple model is able to properly fit
QCs, several conclusions about the phonon dynamics 'the experimentabr(T) and S(T) curves™ Accordingly, we

these materials should be substantially revised, an importagha" consider the following model for the spectral conduc-

guestion which has been scarcely considered in th‘ﬁvity'
literature® Unfortunately, the high electrical resistivity of '
QCs currently prevents an accurate experimental evaluation ;(g)=A[L,(E)+L,(E)] %, (1)

: i) =1 a1 a1
aAuthor to whom correspondence should be addressed; electronic maiWh_ere the paramete{i\ is expressed i)™ > cm - eV
macia@material.fis.ucm.es units and the Lorentzians
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Li(E) = 2y (E=p=3)?] @

characterize the heightay,) %, and position,s;, of each
spectral feature with reference to the Fermi leyelFollow-

ing previous work&~2we will start by expressing the trans-

port coefficients in the unified way

+oo of
o= "ag - 5L|oce) @

1 +oo af
S(T):em(—T)Tf_w dE(—E)(E—M)U(E), (4)
o) = k(D)= To (), ®

where
L1 e [ of ;

o=z | 0B -] E-wre®, @

f(E,T) is the Fermi distribution, ané is the electron en-

ergy. By expressing Eq$3)—(6) in terms of the scaled vari-

able x=B(E—pu), with B=(kgT) !, the transport coeffi-
cients we are interested in can be writteA>a8

J

(=7, 7)
c? J2

Kke(T)=—=| J2— ) 8

wherec=kg/e, and we have introduced the integrals

+ o0

Jn(,B)Ef x" sech(x/2) o(x)dx. 9
Expressingo(X) =coP4(X)/P5(Xx), with
P.(x)=B"**—2B8"3n3x3+ B %n,x*— 28" n;x+ny,
Po(x)=B"2*—2B 1g;x+0qp, (10
where co=mA(y1+7v,) " N3=68,+6,, ny=g+s3
+46,6,, nlzﬁzsi-l-&lsg, noEsisg, qussisg('yl
+y2) 7L =t Sy (vt y) T with  el=y;

+67, ande=1y,81 °+ y,e, 2, we can rewrite Eq(9) in the
form

2

- - — Qn+1(x)

1_ kyn+k

JnCo —fm{kgo as X 5 }secﬁ(x/Z)dx,
(12)

where ag=2,a,+Nn,—0g, a;=2(q;—nN3), a,=1, and
Qnri(X)=azB X" 1+ax", with az=2qiap—doay
—2n,, anda,=ny—Qpa,. Making use of the integrals

- 2

fm sech(x/2)dx=4, f xzsecﬁ(x/2)dx:T,

o 28 4 o0
J x4secﬁ(x/2)dx=l—75T, f x' sech(x/2)dx

=0, (I odd
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we obtain
JoCo '=4m?B %3+ azB *H,+asHo+4ay,
Jico t=4m?a; 8713+ agH, +a38Go,

J,Co 1=28m*B72/15+ agBH + asGo B2+ 4may/3,
(12)
where as=2a30;t+a4, ag=2as0;—azfy, Go=4—qgHo,
and we have introduced the auxiliary integrals

0 Xk
H(B)= f_sz(x) sech(x/2)dx.

(13

In order to evaluate these integrals we shall expand the func-
tion Pz’l(x) in Taylor series around the Fermi level to get

4 72 4950 )
Ho=—|1+— —2,
0 %( 3 @ P
8772%,3_1( 1472 292—qq 2) 14
Y3q) 5 5 '

By plugging Egs.(14) into Egs. (12) and (7), keeping
O(B~?) terms, we finally arrive to
a(T)=Co(éo+ £16°LoT?),

1

(15

where §o=(y1+ v2)e ~, and £&1=[40d1(q18o— 1) +do(N2
—£0)190 2. Now, let us consider the electronic contribution
to the thermal conductivity. To this end, we can express

8?2 1 272 3
Ji=—37Co| £28 T 3 &3B 7, (16)
where &=(diNo—0oN1)do”, and &=21as0;d, *(203
—qo)/5. By plugging Eqs(16) and(12) into Eq.(8), keeping
O(B~* terms, we obtain

Kke(T)=CoLoT{&n+4bT?[£,— £ AT}, (17)

whereb=e?L,, £,=21/20+agé;/as, and we have intro-
duced the auxiliary function

E,+4EbT?

T bt

(18
Making use of Eqs(15) and (17) we finally obtain the fol-
lowing expression for the Lorenz ratio:

Eo+AbT &4~ EA(T)]
Eot &bT?

Since A(T—0)=¢,/&,, we havelL(T—0)=L,, so that
theoretically QCs exactly obey the WFL in the low tempera-
ture limit. On the other hand, in the regime of high tempera-
tures we have (T— o) =4Ly(£1£,—4E,E3) €7 2. Then, in

the high temperature regime the WFL may be satisfied or not
depending on the electronic structure of the sample. For the
sake of illustration, we will take y;=1.35eV, v,
=0.04 eV, 6,=—-0.44eV, 6,=-0.01eV, and A
=955.100 "t cm ! eVl as determined from a fit to ex-
perimentalo(T) and S(T) curves fori-AlCuFe QCs'® In

Fig. 1 we show the variation of the Lorenz ratio with the
temperature as determined from the analytical expression
(19). The WFL is closely followed in the low temperature
range up to~30 K, as it can be seen in the Inset. A progres-

L(T)=Ly (19
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