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Abstract

We show in this paper that the class of compacta that can be isolated non-saddle sets of flows
in ANRs is precisely the class of compacta with polyhedral shape. We also prove—reinforcing the
essential role played by shape theory in this setting—that the Conley index of a regular isolated non-
saddle set is determined, in certain cases, by its shape. We finally introduce and study the notion of
dual of a non-saddle set. Examples of compacta related by duality are attractor-repeller pairs. We
use the complement theorems in shape theory to prove that the shape of the dual set is determined by
the shape of the original non-saddle $e2001 Elsevier Science B.V. All rights reserved.
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In some recent papers [4,10,17] it has been proved that, under suitable conditions, the
attractors of dynamical systems have the shape of finite polyhedra. Moreover, Ginther and
Segal also proved [10] that all finite-dimensional compacta with polyhedral shape can be
attractors of continuous flows in manifolds. One of the aims of this paper is the search for
similar results for isolated non-saddle sets.

We first prove that any isolated non-saddle set of a flow has polyhedral shape. Moreover,
a non-saddle set will be an attractor or a repeller whenever its shape is trivial. We next
prove—reinforcing the essential role played by shape theory in this setting—that, under
certain conditions, the Conley index of a regular isolated non-saddle set is uniquely
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determined by its shape. The main purpose of the paper is to introduce and study the
notion of the dual of a regular isolated non-saddle set. The pair formed by a set and its dual
generalizes the notion of an attractor—repeller pair. We prove that the shape of a compactum
determines that of its dual for certain flows defined on manifolds. The proof of this result
makes use of some classical complement theorems in shape theory and seems to be mainly
applicable in the case of attractor—repeller pairs.

The reader is referred to the books by Borsuk [5], Cordier and Porter [7], Dydak and
Segal [9] and Mardeéiand Segal [15] for information on shape theory, the book by Bhatia
and Szego [3] for basic properties of dynamical systems, and the paper by Bhatia [2] for
basic properties of non-saddle sets.

Let S be a compactinvariant set of a flaw M x R — M in alocally compact Hausdorff
topological spacé?. We say thatS is an isolated invariant set if there exists a compact
neighborhooaVv of S in X such thatS is the maximum invariant subset 8. In this case,

N is called an isolating neighborhood f8rin M.

We see first that, in general, an isolated invariant set does not need to have the shape of

a finite polyhedron.

Example 1. Consider a dynamical system defined in the unit sqy@ré&] x [0, 1] as
follows: The points(0, %) and (1/n, %), n € N, are stationary points. All the points in

[0, 1] x {0, 1} are also stationary. The orbits of the rest of the points are vertical straight
lines joining two stationary points.

Fig. 1.

The set(0, %) U (UsZo(1/n, %)) is an isolated invariant set which does not have the
shape of a finite polyhedron. Similar systems can be defin&f jhe spheres? or in a
torus.

Example2. Thisresultis nottrue even if the isolated invariant set is connected. To see this
we consider a dynamical system defined in the cylifdex [0, 1], whereD stands for the
unit disk: The points in the Hawaiian earritg= ;- ; S((1/21,0,1/2),1/2+) are stationary
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points. All the points inD x {0, 1} are also stationary. The orbits of the rest of the points
are vertical straight lines joining two stationary points.

Fig. 2.

Then the setH is an isolated invariant set which does not have the shape of a finite
polyhedron. Similar systems can be define the sphere? or in a solid torus.

The above examples are particular cases of the following more general result, whose
statement and proof have been provided by the referee. The authors gratefully acknowledge
this contribution.

Theorem 3. Any finite-dimensional compactukhcan be embedded iR", for suitablen,
in such a way that there is a flow IR* havingX as an isolated invariant set.

Proof. First, embed the compact sktas a subset of the diagonal of soiR&. Let ¢ be

a translation flow orR?", given byo((x, y), ) = (x, y + at) for some non-zera. Then

¢ has no fixed points and all of the flow lines hit the diagonal in at most one point. By a
theorem of Beck [1]y can be modified to a new flow' in such a way that all the orbits of

@ not containing a point ok are preserved ip” while the orbits containing a point of

are decomposed in two orbits together with that poinXoThenX is an isolated invariant

set for the flowy’. O

Thus, the shape of isolated invariant sets may be quite general. In order to get some
control over their shape we need to impose an additional condition on the invariant set,
namely, that of being non-saddle.

Letp:M x R — M be a flow. A setX ¢ M is said to be a saddle set if there is a
neighborhood’ of X such that every neighborhodd of X contains a poink € V with
y+(x) ¢ U andy~(x) ¢ U. We say thafX is non-saddle if it is not a saddle set, i.e., if for
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every neighborhoodl’ of X there exists a neighborhodtof X such that for every € V,
ytx)cUory (x)CU.

Attractors and repellers are examples of non-saddle sets.

In the rest of the paper we will assume, without further mention, that all non-saddle sets
are invariant.

Theorem 4. Let K be an isolated non-saddle set of the flowM x R — M, whereM is
a locally compact ANR. Thek has the shape of a polyhedron.

Proof. Consider an isolating neighborhodétfor K in M. SinceK is non-saddle, there
exists another neighborhodd c U of K, with the property that for every € V at least
one of the semi-orbitg* (x) or y ~(x) is contained irJ/. We define

N={x€U|y+(x)CUOry_(x)CU}.

Since V. ¢ N Cc U, N is an isolating neighborhood foK (the compactness is a
consequence of the compactnes&dfMoreoverN can be decomposedds= NTUN~,
where

Nt={xeN|yT(x)cN} and N"={xeN|y (x)CN}.

ObservethaN T NN~ =K.

By [16, Theorem 5.2], there exists a m@p N — R such thatf(x) =0 if x € K and
fxt) < f(x) if x[0,1]C N\ K andr > 0. Now, w™(x) C K for everyx e NT, hence
f(x)>0if x e Nt \ K. Similarly, f(x) <0if x e N~ \ K. If W is an arbitrary open
neighborhood oK with its closure contained in the interior 8f, then there is & > 0 such
that £ ~1([—10, 10]) C W. Otherwise, there would exist a sequence of paiat3 c N \ W
and a null sequenceg,) of positive numbers such thaf (x,)| < t,. From this we could
deduce the existence of a poitg € N \ K with f(xg) = 0, in contradiction with the
previous remark. This implies, in particular, thét((—t, 70)) is open inM and that for
any null sequence;,),>o starting inr, the setsf ~1([—1,, 1,]) form a neighborhood basis
of Kin M.

Consider any such null sequengg),>o. We first construct a retraction

r N l~t0, t0]) = fH([~11, 12])

in the following way: If x € f—l([—tl,tl]) we definer(x) = x. On the other hand, if
x € fI([—10, 10D \ f1([—11,71]) and f (x) > 11 thenx € N* and there exists a unique
ty > 0 such thatf (xz,) = t1. We then define (x) = xz,. In a similar way, if f (x) < —11
we definer (x) = xz, wherer, < 0 is the unique negative number satisfying thiétz,) =
—t1. A strong deformation retraction frorﬁ—l([—to,to]) to f—l([—tl,tl]) is given by
the homotopyd : f~1([—10, t0]) % [0,1] = f~1([—r1, r1]) defined ag (x,s) = x(t,s) if
f(x) ¢[—r,n]andd(x,s) =x if f(x) € [—r1, t1]. In an analogous way we may construct
a strong deformation retraction frofit 1([—z1, 11]) to f ~1([—t2, 2]) and, in general from
S 0 =tn, ta]) t0 f 7 ([~ tns1. tasa]) for everyn e N.

Since the setg‘—l([—tn, t,]) form a neighborhood basis & in M we can define a
strong shape deformation retraction frgint([—r1, 11]) to K. Thereforek has the shape
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of f=1([—11,11]). But, sincef ~1((—1, 10)) is an open set oM, then it is an ANR, and
since f~1([—11, 11]) is a retract of it then it is also an ANR. Therefofel([—r1, 11]) has
the homotopy type [19], and hence the shape, of a finite polyhedrmn.

Theorem 5. A finite-dimensional compactum can be an isolated non-saddle set of a
continuous flow on a manifold if and only if it has the shape of a finite polyhedron.

The direct implication is a particular case of Theorem 1. The converse implication is a
direct consequence of the following theorem of Giinther and Segal [10, Corollary 4].

Theorem 6 (Gunther and Segalj finite-dimensional compactum can be an attractor of
a continuous flow on a manifold if and only if it has the shape of a finite polyhedron.

In the following theorem we prove that, in the case of flows in manifolds, the simplest
case of trivial shape is restricted to the special case of attractors and repellers.

Theorem 7. Let K be an isolated non-saddle set of the flowM x R — M, whereM is
ann-manifold withn > 1. If K has trivial shape theiX is an attractor or a repeller.

Proof. Consider an isolating neighborhodd for K in M such thatN = NT U N,

as in the proof of the previous theorem. L&tbe a connected open neighborhood of
K, U c N. Then by a result in [8/ \ K is still connected. Sinc&* N (U \ K) and
N~ N (U \ K) are disjoint closed subsetstf\ K we deduce that eithe&¥ TN (U \K) =9

or N~ N(U\ K)=40. Inthe first caseV = N~ andK is a repeller while in the second
caseN = Nt andK is an attractor. O

In the rest of the paper we will need that our invariant non-saddle set satisfies one more
property: regularity.

We say that an isolated invariant s&is regular if there is an isolating neighborhood
N such that ifx € N, r > 0 andxr € N thenx[0, ] C N. This is equivalent to saying that
orbits which leavaV never return. We say then thatis a regular isolating neighborhood
for S.

In the next theorem we prove that, in some cases, the Conley index of a regular isolated
non-saddle set is uniquely determined by its shape. For the definition and properties of the
Conley index see [6].

Theorem 8. Let K and K’ be isolated non-saddle set&, K’ # ¢) of flows¢ and ¢’
defined on locally compact ANR$ and M’, respectively. Suppose th&tand K’ admit
index pairs(N, L) and (N’, L) such thatN and N’ are connected regular isolating
neighborhoods ok andK’ andL and L’ (the exit sefgare contractible or, more generally,
have trivial shape. Suppose, in addition, tdatand N’ are ANRs. Then $K) = SHK")

if and only if they have the sanfenpointed Conley index.
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Proof. We first see thatv \ (NT U N™) is closed. Suppose that we have a sequence
of points (x,) C N\ (NT U N™) converging to a poinkp ¢ N \ (Nt U N7). We may
suppose thatg € N (the argument forxg € N~ being similar). Then, for every > 0
there is arg > 0 such thatd (xotp, K) < ¢. Whene is small enough this implies that
d(xpty, K) < ¢ andx,ro € N for almost every:. Sincex,, x,t0 € N, the regularity ofN
implies thatx, [0, 1o] C N. Then the pointy, = x, 7o satisfiesd(y,, K) <&,y (yu) ¢ N
andy*(y,) ¢ N. Since such a, exists for everye this contradicts the fact that in
non-saddle. Henc® \ (Nt U N7) is closed and, sinc& is connectedN = Nt UN~
(NT U N~ can not be empty since it contais). We now consider, as in the proof
of Theorem 1, a mapy: N — R such thatf(x) =0 if x € K and f(xt) < f(x) if
x[0,7]C N\ K and: > 0. If we consider ag > 0 such thatV = f~1([—1o, f0]) we can
construct, as in Theorem 1, a strong shape deformation retractionNramX . Therefore
ShK) = ShN). SinceL has trivial shape, by a result of Mardefl4] SHN) = SHN/L).
HenceShK) = Sh(N/L). On the other hand, by a result of Hyman [11]js an ANR-
divisor and hence//L is an ANR. A similar argument applies &' and(N', L').

ThenShK) = ShK’) if and only if SAHN/L) = ShN'/L’) if and only if N/L and
N’/L’ have the same homotopy type if and onlykifand K’ have the same unpointed
Conley index. O

In the next theorem we introduce the notion of dual of a regular isolated non-saddle set.
The pair(K, K’) formed by a set and its dual generalizes the notion of an attractor—repeller
pair.

Theorem 9. LetK be aregular isolated non-saddle set of the flowM x R — M, where
M is a compact metric space. L&t be the set of all points € M such thatw™ (x) ¢ K
andw™ (x) ¢ K. ThenK’ is also a regular isolated non-saddle set. We déllthe dual
of K.

Moreover,K’ is nonempty whenevef = M.

Proof. The proof of the cas& = M is immediate, hence we may suppose tkiat M.

To see thak’ is nonempty ifK # M consider a regular isolating neighborha§dor
K and any poink € N \ K. If both limit sets ofx were contained iIK the regularity ofN¥
would imply that all the trajectory (x) would be contained iV, and this would contradict
the fact thatV is an isolating neighborhood. Therefore at least one of the limit sets of
(sayw™ (x)) is not contained irK . It is easy to see that this implies that (x) N K = ¢.
But being invariant it will be clearly contained iK’. HenceK’ is nonempty.

Since all the points of a trajectory share the same positive and negative limikséss,
clearly invariant.

To prove thatk’ is compact consider an isolating neighborh@btbr K in M such that
N =NtUN™, as in the proof of Theorem 1. Takec M \ K’. Then one of its limit sets
is contained inK and hence there existrge R such thatxzg is contained in the interior
of N. There exists a neighborhoad of x in M such thatUz c N. Since all the points
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in N have at least one of its limits points i, the same will happen to the points&n
Thereforel/ ¢ M\ K’ andM \ K’ is open andk’ compact.

To see tha’ is isolated consider any compact neighborhd8df K’ not meetingk
(one such neighborhood could be the complementary of the interig).cfhen any point
x € N\ K’ has at least one of its limit sets ik, which implies thatK’ is the largest
invariant subset oN’, and hence thaV’ is an isolating neighborhood fdt’.

To see that the compactuk? is also regular consider the isolating neighborhabfbr
K introduced in the proof of Theorem 1 and the mApN — R such thatf(x) =0
if x e K and f(xt) < f(x) if x[0,¢] c N\ K andr > 0. Considersyg > 0 such that
f~Y([—10, 10]) C Int(N) and takeN’ = M \ f~1((—to, t0)). ThenN’ is a regular isolating
neighborhood foK’, since any orbit leaving/’ will never return.

We see finally thak’ is a non-saddle set. Suppose that it is a saddle set. Then there
is a neighborhood/’ of K’ such that every neighborhodd” of K’ contains a poink
with y~(x) ¢ U" andy T (x) ¢ U’. There exists, then, a sequen@g) C U’ converging
to a pointxg € K’ such thaty ~(x,) ¢ U’ andy*(x,) ¢ U’, for everyn C N. Thus the
semi-trajectoriey ~ (x,,) andy ™ (x,) must meet the bounda®l/’ in pointsy, = x,,(—t,)
andz, = x,s, (with z,, s, > 0) that we can assume to convergeigee dU’ andzo € dU’,
respectively. We can moreover suppose that the sequences of numbensd (s,) are
also convergent or divergent.4f — ¢t € R, we would havey,t, — yofo and this would
imply that yotg = xo and this is a contradiction. Therefore, we may supposesthat co
and also that, — oo. This implies thatw™ (yg) C K’ and thatw~(z¢) C K’, which in turn
implies, by the regularity oK’, thatw~(yp) C K and thatw* (zg) C K. Consider again
the isolating neighborhood for K introduced before. We can suppose tath K’ = @.
Sincew ™ (yo) C K andw™(z9) C K there existg, so > 0 such thatyo(—1g) € Int(N) and
z0s0 € N. Then there existag such thaty,(—f9) € N andz,so € N for everyn > no.
But this implies thatx, (—¢, — o) € N andx, (s, + so) € N for everyn > ng. Therefore
o~ (x,) C K andw™ (x,) C K, and this is a contradiction with the regularity &t O

In our last theorem we will apply some classical complement theorems in Shape Theory
to prove that, under appropriate conditions, the shape of a regular isolated non-saddle set
completely determines that of its dual. Our theorem seems to be mainly applicable to the
case of attractor—repeller pairs.

We first present the statement of the complement theorems. For information the reader
is referred to [12,13,18].

Theorem 10 (lvansit, Sher and Venemalet X3 and X, ber-shape connected continua
in E" of fundamental dimension at moktand satisfying ILC(the inessential loops
conditior), wheren > max{2k +2—r, k+ 3, 5}. Then SliX1) = Sh(X2) impliesE" \ X1 ~
E™\ Xo.

Theorem 11 (lvansit and Sher)Let X1 and X2 be continua in the interior of the piecewise
linear n-manifold M such that forj = 1 or 2, X; has fundamental dimension at mast
X ; satisfies ILC, and proe; (X ;) is stable for0 < i < » — 1and satisfies the Mittag—Leffler



58 A. Giraldo et al. / Topology and its Applications 113 (2001) 51-59

condition fori = r < n — 3, wheren > max{2k + 2 —r, k + 3, 5}. Suppose the inclusion of
X1 into M is shaper-connected and that; and X, have the same shape relativexb.
ThenM \ X1~ M\ Xo.

We are now in a position to state our theorem. Note that Theorem 9 also holds if we
replaceE” by S".

Theorem 12. LetK1 and K2 be regularisolated non-saddle sets of flawysgo: M x R —

M, whereM = S" or, more generally, a piecewise linear compagnanifold. Suppose that
K1 and K satisfy the hypothesis of the IvanisEher—\Venema Theorem or the lvarSher
Theorem. Then, if $K1) = Sh(K>), the dual set'; and K also have the same shape. In
particular, if K1 and K» are attractors with the same shape, then their dual repellers have
the same shape too.

Proof. My =S"\ K1 is an invariant neighborhood &f; . If we restrict the flow ta\/; we
get a flowg} : M1 x R — M such thatM; = W* U W" andW*® N W* = K, whereW?*
andW* denote, respectively, the stable and unstable manifolg$.dince, by regularity,
K is an attractor inW* and a repeller iri*, there is a Lyapunov functioyi : M1 — R
(constructed gluing together the Lyapunov functiongiifh and W* which agree ork?)
with f=1(0) = K{ and f (x1) < f(x) for everyx ¢ K; and every > 0 (see [3]). Then, by
the general properties of the Lyapunov functions, thereds-eD such thatf~1([—c¢, ¢])
is a compact strong deformation retract i and by an argument similar to that in
Theorem 1 we have thatf ~1([—c, ¢]) has the same shape & . We have a similar
situation inM> = §" \ K> and K, and, since by the previous theorevfy and M> are
homeomorphic, we conclude thal(K;) = SHK7). O

Remark 13. As we showed in the proof of Theorem 4,Kf is an isolated non-saddle set
of a flow in a manifoldM, thenK has a base of compact neighborhobds> Uz > --- D
U, D Up41D ---, such that eacl; 1 is a strong deformation retraction of;, and such
that eactbU; is a strong deformation retraction of; \ l?k, for every 1< j < k.

If moreoverk satisfies the ILC, then the above base can be chosen with the additional
property that every loops in aU; null-homotopic inU; is null-homotopic indU;.
Conversely, this additional property on the above base guarantees the ILC.
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