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ABSTRACT: We introduce a family of inhomogeneous XX spin chains whose squared cou-
plings are a polynomial of degree at most four in the site index. We show how to obtain
an asymptotic approximation for the Rényi entanglement entropy of all such chains in a
constant magnetic field at half filling by exploiting their connection with the conformal
field theory of a massless Dirac fermion in a suitably curved static background. We study
the above approximation for three particular chains in the family, two of them related
to well-known quasi-exactly solvable quantum models on the line and the third one to
classical Krawtchouk polynomials, finding an excellent agreement with the exact value ob-
tained numerically when the Rényi parameter « is less than one. When o > 1 we find
parity oscillations, as expected from the homogeneous case, and show that they are very
accurately reproduced by a modification of the Fagotti-Calabrese formula. We have also
analyzed the asymptotic behavior of the Rényi entanglement entropy in the non-standard
situation of arbitrary filling and/or inhomogeneous magnetic field. Our numerical results
show that in this case a block of spins at each end of the chain becomes disentangled from
the rest. Moreover, the asymptotic approximation for the case of half filling and constant
magnetic field, when suitably rescaled to the region of non-vanishing entropy, provides a
rough approximation to the entanglement entropy also in this general case.
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1 Introduction

The entanglement entropy of spin chains of XX type —or, equivalently, systems of free
spinless fermions with nearest-neighbors hoppings— has been intensively studied since the
seminal work of Jin and Korepin [1] for the homogeneous chain. Indeed, the bipartite
entanglement entropy of one-dimensional models is a convenient indicator of their criti-
cality. The reason is that in their critical phase these models are effectively described at
low energies by a (1 + 1)-dimensional conformal field theory (CFT), whose entanglement
entropy has been shown to scale logarithmically with the block size L [2, 3]. In fact, a
fundamental property of all XX-type spin chains is the fact that their entanglement en-
tropy can be expressed in terms of the eigenvalues of a (truncated) correlation matrix.
In the homogeneous case this matrix is Toeplitz (for closed chains) or Toeplitz+Hankel
(for open ones), which makes it possible to apply proved instances of the (generalized)
Fisher-Hartwig conjecture [4—6] to rigorously derive the leading asymptotic behavior of the
entanglement entropy. In this way it was shown that the Rényi entanglement entropy S,
of the homogeneous XX spin chain is asymptotically proportional to log L in the open,
closed and (semi)infinite cases [1, 7], even for subsystems of more than one block [8-12].



Moreover, the coefficient of log L in the asymptotic formula for S, confirms that this model
has central charge ¢ = 1, as expected.

In fact, corrections to the logarithmic behavior of S, in the limit of large L were
exhaustively analyzed by Calabrese and Essler for the closed homogeneous XX chain [7],
and by Fagotti and Calabrese for the open one [13]. For @ > 1, or @ > 1 in the open case,
these terms present an oscillatory behavior which is particularly simple in the open case.
Indeed, in this case the leading order correction is proportional to sin((2L + 1)kp)L~ Y,
where kp is the Fermi momentum. Moreover, it is argued in ref. [13] (and earlier in [14])
that this correction —more precisely, the exponent of L in the formula for the amplitude—
encodes additional information about the underlying CFT beyond the central charge.

The situation is less straightforward in the non-homogeneous case, since the correlation
matrix is in general neither Toeplitz nor Toeplitz+Hankel. However, at half filling and
constant magnetic field, the leading behavior of the bipartite entanglement entropy can be
derived through the technique first used in ref. [15] to study the rainbow chain [16]. The
main idea is that with these assumptions the chain’s continuum limit yields the CFT of
a massless Dirac fermion in a static curved (1 + 1)-dimensional spacetime, whose metric’s
conformal factor is proportional to the square of (the continuum limit of) the hopping
amplitude. This suggests that in the thermodynamic limit the leading asymptotic behavior
of S, can be obtained from the formula for the homogeneous case replacing the chain’s and
block’s lengths by their conformal versions [17]. This was actually shown to be the case
for the rainbow chain in ref. [18], and more recently for several other inhomogeneous XX
chains in refs. [19, 20]. We stress, however, that to the best of our knowledge the latter
results only hold in the case of half filling and constant magnetic field. Moreover, the
method just outlined has only been applied to the leading term in the asymptotic formula
for S, without addressing the behavior of the subleading corrections.

Another fundamental property of XX spin chains is their close connection with classical
orthogonal polynomials. Indeed, the chain’s single-particle Hamiltonian is represented in
the position basis by a real tridiagonal symmetric matrix (the so-called hopping matrix),
whose elements can in turn be used to define a three-term recursion relation determining a
finite orthogonal polynomial system (OPS) {P,}»_, where N is the number of spins. This
establishes a one-to-one correspondence between XX spin chains and OPSs, that can be
used to derive in a simple way many of the chain’s properties. Indeed, the single-particle
energies are the roots of the critical polynomial Py, and the correlation matrix elements
can be computed in closed form (without need of numerical diagonalization) in terms of
the polynomials in the OPS evaluated at the latter energies. This turns out to be more
efficient than brute force diagonalization of the matrix of the single-particle Hamiltonian as
the number of spins grows. This connection has also been exploited in ref. [21] to construct
in some cases a tridiagonal matrix commuting with the hopping matrix of the entanglement
Hamiltonian, which can be used to improve the numerical accuracy of the eigenvalues of
the latter matrix and hence of the entanglement entropy.

A key property shared by the chains studied in ref. [21] is the fact that the square of
the interaction strength .J,, is a polynomial of degree at most four in the site index n. This
property is very natural from the point of view of the associated orthogonal polynomial



family, since —J2_; coincides with the coefficient of P,_; in the recursion relation for P, 1.
In fact, the latter property also holds for the inhomogeneous XX chains related to one-
dimensional quasi-exactly solvable (QES) models [22-25] introduced in ref. [19]. We shall
show in this work that for all XX spin chains for which J? is a polynomial of degree up to
four in n it is possible to evaluate in closed form the leading asymptotic approximation to
the ground-state entanglement entropy (at half filling and in a constant magnetic field) by
the procedure introduced in ref. [15]. This in done essentially by reducing a suitable elliptic
integral to Legendre canonical form, a procedure which depends on the root pattern of J2.

We shall analyze in some detail three inhomogeneous XX chains with interactions
Jp, of the algebraic form described in the previous paragraph (algebraic interactions, for
short). Two of these chains arise from well-known QES potentials, namely the sextic
oscillator and the Lamé periodic potential, while the third one, introduced in ref. [21],
is associated to the Krawtchouk discrete orthogonal polynomial family. We first of all
check that the leading term in the asymptotic approximation to the entanglement entropy
obtained through the related massless Dirac fermion CF'T in a suitably curved background
is in excellent agreement with the numerical results in the standard scenario of constant
magnetic field and half filling. Moreover, for the sextic and Krawtchouk chains at half
filling and in a constant magnetic field we have found strong numerical evidence that
the subleading (constant) term in the asymptotic expansion of the entanglement entropy
coincides with its counterpart for the homogeneous XX chain for N large enough. To
the best of our knowledge, this remarkable coincidence had not been previously noticed
in the literature. We stress in this regard that the connection of the models under study
with families of orthogonal polynomials makes it possible to determine the eigenvalues
and eigenvectors of the single-particle Hamiltonian in a numerically efficient way when
the number of spins is very large. Our numerical calculations also indicate that when
a > 1 the Rényi entanglement entropy S, features parity oscillations which become more
marked as « increases, as in the homogeneous case. Remarkably, these oscillations are
reproduced with great precision by the heuristic formula proposed by Fagotti and Calabrese
for the homogeneous XX chain, replacing the lengths of the block and the whole chain by
their values computed with the metric of the ambient space of the associated CFT. More
precisely, this formula depends only on two free parameters, whose fitted values are very
close to the theoretical ones for the homogeneous XX chain. This underscores the essential
similarity of the homogeneous and inhomogeneous cases, and the universality of Fagotti
and Calabrese’s formula for this class of models.

All of the above results have been obtained under the standard assumptions of constant
magnetic field and half filling, for which the connection with the massless Dirac fermion
CFT has a theoretical justification via the continuum limit. In this work we have also
analyzed the non-standard situations of arbitrary filling and/or inhomogeneous magnetic
field, which to the best of our knowledge have not been addressed in the literature. Our
numerical calculations clearly indicate that the new feature in both of these scenarios is
the vanishing of the entanglement entropy when the length of the block is small or close to
the chain’s length. In other words, the first few and last spins become disentangled from
the rest of the chain. As a consequence, the (leading) asymptotic approximation to the



entanglement entropy derived from the associated CFT cannot be expected to hold in this
case. Remarkably, we have checked that this approximation roughly reproduces the average
behavior of S, if suitably scaled to the region of non-vanishing entropy. On the other hand,
the oscillations of S, in these non-standard cases are found to be much more complex than
in the usual situation of half filling and constant magnetic field, and in particular are not
well reproduced by the conformally modified version of the Fagotti-Calabrese formula.
The paper is organized as follows. In section 2 we briefly review the connection between
inhomogeneous XX spin chains and free fermion systems, and recall how the latter models
can be exactly diagonalized. Likewise, in section 3 we explain how these models are related
to a finite orthogonal polynomial family through its three-term recursion relation, and
how to exploit this connection to diagonalize the single-particle Hamiltonian. In section 4
we summarize the main results on the bipartite entanglement entropy of spin chains used
throughout the paper. In particular, we review some known results about the asymptotic
behavior of the entanglement entropy of the homogeneous XX chain as the number of spins
tends to infinity, and briefly outline their recent extension to the non-homogeneous case at
half filling in a constant magnetic field. In section 5 we present a class of inhomogeneous XX
spin chains with algebraic interactions for which it is possible to compute in closed form an
asymptotic approximation to the block entanglement entropy by the procedure explained
above. The next three sections are devoted to the detailed analysis of three models in
the previous family, associated to the QES sextic oscillator Hamiltonian (section 6), the
classical Krawtchouk polynomials (section 7) and the periodic Lamé potential (section 8).
In section 9 we present our conclusions and discuss several lines for future research. The
paper ends with a technical appendix explaining how to reduce to Legendre canonical form
the elliptic integral appearing in the asymptotic formula for the entanglement entropy.

2 Inhomogeneous XX spin chains and free fermion systems

The Hamiltonian of an inhomogeneous XX spin chain with interactions J, in an external
magnetic field B,, can be taken as

1 V=2 1 N-1
H = 5 Z Jn (Uiaerl + U%Ungl) + 5 Z Bn (1 — 0'2) , (21)
n=0 n=0

where N is the number of sites and o8 (with a = x,y,z) denotes the Pauli matrix o
acting on the n-th site. In what follows we shall assume that the interaction strengths
Jpn do not vanish. As remarked in ref. [19], the model with .J,, replaced by &,J,, where
en € {£1} is a site-dependent sign, is unitarily equivalent to the original one. Hence we
can take all the J,’s to be positive without loss of generality.

It is well known that the Jordan-Wigner transformation

n—1
en=1]]oi-of, 0<n<N-1, (2.2)
k=0



where o := (0% £io¥)/2, maps the Hamiltonian (2.1) into that of a system of N hopping
spinless fermions,

N—-2 N—-1
H = Z In (CILCH_H + CL+1CH) + Z Bnchn. (2.3)

Here ¢l (resp. ¢,) is the operator creating (resp. destroying) a fermion at site n, and
the coefficients J, and B, respectively represent the hopping amplitude and the chemical
potential of the fermions. In what follows we shall mainly deal with the free fermion
system (2.3), our results being easily translated to its spin chain equivalent (2.1).

In the homogeneous case (i.e., when J, and B, are site independent), the Hamil-
tonian (2.3) commutes with the translation operator along the chain sites and is thus
diagonal in momentum space. In the non-homogeneous case this symmetry is lost, but the
Hamiltonian can still be diagonalized by introducing suitable modes. More precisely, let

H= (Hum)nmeo»  With  Hyp = (n|H|m) = Jubmns1 + Jn10mm—1 + Bndnm ,

(2.4)
denote the matrix of the restriction of H to the single-particle sector with respect to the
position basis

{|n> = cl|vac) |0 <n < N — 1} ,

where |vac) is the fermionic vacuum. Since the hopping matrix H is real and symmetric, it
can be diagonalized by a real orthogonal matrix ® = (@nk)g ,;:10, namely

PTHD = diag(eg,...,en—1), (2.5)

where €9 < --- < en_1 € R are the eigenvalues of H. Note that, since H is tridiagonal with
nonzero off-diagonal entries, all its eigenvalues are simple. Let us then define a new set of
fermionic operators through the relation

N-1
&= Pupcn, 0<k<N-1, (2.6)
n=0

which satisfy the canonical anticommutation relations (CAR) on account of the unitary
(real orthogonal) character of ®. It is easily shown that the Hamiltonian (2.3) can be

written as
N-1

H=Y" e, (2.7)
k=0
and is thus diagonal in the basis consisting of the states

e, vac),  0<hkg <<k <N-1, (2.8)

whose corresponding energy is given by

l
E(k‘o,...,k‘l) :ngj' (29)
j=0



In particular, the one-particle eigenstates 5L‘V8,C> (with 0 < k < N — 1) represent single-
fermion excitation modes with energy .

The case in which the magnetic field B,, vanishes for all n deserves special attention.
Indeed, in this case H is equivalent to —H under the unitary transformation ¢, — (—1)"c,
(which obviously preserves the CAR), so that the spectrum is symmetric about zero:

EN—k—1= —€k, 0<EN-1.

This implies that the system possesses particle-hole symmetry, since if nf <--- <n/y_,_;
with {n},...,n)y_p_1tU{ni,...,nx} ={0,..., N — 1} we have

N-1

E(nf,...,ny_s_1) = Z g, — E(ny,...,ng) =—E(ny,...,ng).
=0

Moreover, from the equivalence of H to —H under ¢, — (—1)"¢, we immediately obtain
the relation

Qy Nok—1 = (—1)"Dpp (2.10)
up to an n-independent sign. Thus when N is even the ground state is the half-filled state

&l vac), (2.11)

with Fermi momentum 7/2 and energy

N/2—1
Eo:=) e. (2.12)
k=0

(When N is odd the ground state is doubly degenerate, since the zero energy mode does
not change the total energy.)

3 Orthogonal polynomials

As explained in the previous section, the diagonalization of the full Hamiltonian (2.3) of a
free fermion system is achieved by diagonalizing the hopping matrix H in eq. (2.4). Since
the latter matrix is tridiagonal, it can be used to define a finite orthogonal polynomial
system {¢,(F)})\_, through the three-term recursion relation

(with ¢_1 := 0). It is easily shown that the polynomial ¢n(E) is proportional to the
characteristic polynomial of H, and that the matrix elements of ® can be taken as ®,; =
on(er), where for each k the constant ¢g(e) is determined up to a sign by the normalization
condition

N-1
Z ¢721(5k) =1.
n=0



Recall that the eigenvalues e of H are non-degenerate (i.e., the roots of Py are simple),
and hence the orthogonality relations

N-1
Y nlen)dm(er) =0,  0<m#n<N -1,

n=0

are automatically satisfied. As is customary, we shall work in what follows with the monic
polynomial family {P,(E)}}_,, where P, is the unique monic polynomial proportional to

¢n. From eq. (3.1) it follows that

gZSnnfl
P,=— ||J,
%o g

k=0

and that the polynomials P,, satisfy the normalized recursion relation
Poi1(E)=(E - By)P, — apPp_1, 0<n<N-1, (3.2)

with P_; := 0 and a, = J2_; > 0. Conversely, a monic polynomial OPS defined by a
recursion relation of the form (3.2) with a,, > 0 determines a free fermion system (2.3)
with hopping J, = ,/a,+1 and chemical potential B;,,. From the previous argument it
follows that the one-particle energies e are the roots of the critical polynomial Py. It is
also shown in ref. [19] that the entries @, of the real orthogonal matrix ® determining the
mode creation/annihilation operators through eq. (2.6) can be taken as

Wi

O =/ Poer), 0<kn<N-1, (3.3)
Yn

where .

TN-1
Yoo =] oe,  wr:= :
! ,E Py_1(ek) Pl (er)

0<k<N-—1. (3.4)

Note that the orthogonality of the (real) matrix ® follows directly from the fact that the
family {P,}-} is orthogonal with respect to the discrete measure S0 ' wid(E — &),
with square norm || P, |2 = 7, (see ref. [19] for the details). In the particular case in which
B,, vanishes for all n the recursion relation (3.2) implies that P, has the parity of n, i.e.,
P,(—FE) = (-1)"P,(F). It then follows from the definition of wy that wy_g—1 = w,
and hence

WN —L— w w
Oy N po1 = ,/NT“ Pu(en—k-1) = /== Pu(—ep) = (=1)" /== Bu(eg) = (—1)" Py,
n

Tn Tn

in agreement with eq. (2.10).

4 Entanglement entropy

A quantitative measure of the entanglement entropy of a block A of spins of the chain (2.1)
—or fermions in the system (2.3)— when the whole system is in a pure state |¢)) is the
entropy of the block’s density matrix p4 := tr4[¢) (|, where the subindex in the trace



operator indicates that we are tracing over the degrees of freedom of the complementary
set A :={0,...,N — 1} \ A. More precisely, we shall take A = {0,...,L — 1} and work
with the Rényi entropy S, (where o > 0 is a real parameter) defined by

1
Sa = 1— o log tr (pi) )

whose a — 1 limit 57 is the usual von Neumann-Shannon entropy

S =—tr(palogpa).

In general, the system’s state [¢) shall be taken as an eigenstate (2.8) with the first M
energy modes excited:

M-1
1) =[] & |vac). (4.1)
k=0

An important property of the free fermion system (2.3) is the fact that its eigenstates
are Gaussian. Thus the analogue of Wick’s theorem can be applied to express the Rényi
entanglement entropy in terms of the eigenvalues v, (n = 0,...,L — 1) of the L x L
correlation matrix C(L, M) = C with entries

Com = <1/JM|CILcm|¢M>, nm=20,...,L—1,
through the formula
L—1
1
Spy = —— Z log [1/,3‘ +(1- Vn)a]
-a n=0
or
L-1
S =— Z {I/n log vy, + (1 — vy,) log(1 — yn)}
n=0

for the von Neumann entropy (see, e.g., [1, 26, 27]). Using eq. (2.6) it is straightforward
to show that the correlation matrix can be computed from the matrix ® —or equivalently,
by eq. (3.3), the OPS {P,})_, — as

M-1
Com =Y PPk, n,m=0,...,L—1.
k=0

In other words, C' = ® LM@ZM’ where @7, is the matrix obtained by taking the first L
rows and M columns of ®.

Remark 1. The state |1) in eq. (4.1) can always be regarded as the ground state by adding
to the Hamiltonian (2.3) a homogeneous term —B ZnNz_Ol chn with epr—1 < B < g)s. This
of course amounts to adding a multiple of the identity to the hopping matrix H, but does
not change its eigenvectors (®og,...,Py_1x) (with &k = 0,..., N — 1), and thus leaves
the matrix ® and the correlation matrix C invariant. Since, as explained above, the
entanglement entropy is determined by the eigenvalues of C, the entanglement entropy is
also invariant.



When 0 < M/N < 1 the system (2.3) is gapless, and is thus described at low energy
by an effective (1 + 1)-dimensional CFT. The asymptotic behavior of the entanglement
entropy of such a theory in Minkowski spacetime was determined in refs. [2, 28]. More
precisely, when the spatial manifold is a finite interval [0, £] the entanglement entropy of
a subinterval [0, /] is given by

_£ —1 'C . M)) /
So = 13 (1+a )10g<7rAx sm(E +c, +o(l), (4.2)

where ¢ is the central charge of the CFT, ¢/, is a non-universal constant depending only on

the Rényi parameter o, and Ax is an ultraviolet cutoff. In particular, the leading asymp-
totic behavior of S, is entirely determined by the central charge ¢, and is thus universal.

For a homogeneous free fermion system (2.3) the correlation matrix C'is “Toeplitz plus
Hankel”, which makes it possible to derive the leading asymptotic behavior of S, in the
limit L, N — oo with [13]*

L
A= lim — 1).
1mN€(0,)

N—o00
At half filling this result is in agreement with the CFT formula (4.2) with central charge
c =1 taking Ax as the chain’s spacing, so that

L=(N-1Azx, (=(L-1)Az. (4.3)

This confirms the fact that in the homogeneous case the free fermion system (2.3) (which
is equivalent to the homogeneous Heisenberg XX chain) is described by the free fermion
CFT (in Minkowski spacetime) with ¢ = 1.

In fact, the asymptotic behavior of the entanglement entropy of the homogeneous XX
chain is known in much greater detail [13]. To begin with, in this case the non-universal
constant ¢, is given by

1 1 | cscht e 2| dt
r_ 4 -1\ /1 -1 _ _
Ca = 3 (1 + ) {3 log2+/0 [ 5 (a csch(t/a) cscht) 5 ] , } (4.4)

1—a~
for @ # 1 (and its o — 1 limit for & = 1 [1]). Actually, eq. (4.2) holds for an arbitrary
filling (with ¢/, as above) if we add the extra factor sin kg to the argument of the logarithm,
where kp := wM /N is the Fermi momentum. For a@ < 1, the o(1) term is actually of order
N, and thus the formula

_ i -1 / -1
Sa (N,A) = 7 (1+a™")log fir (N, N) +,+ 0 (N7, (4.5)
with ’ y ~
. (T . . .
fu(N,A) = s sm<£> sinkp ~ — sin(w\) sinkp , (4.6)

provides an excellent approximation to the Rényi entanglement entropy of the homogeneous
XX chain even for moderately large values of N. On the other hand, for aw > 1 the o(1)

! An analogous result for the homogeneous XX chain with periodic boundary conditions, whose corre-
lation matrix is simply Toeplitz, was derived earlier on by Jin and Korepin [1] using a proved case of the
Fisher-Hartwig conjecture [5].



term in eq. (4.2) features parity oscillations which for large o can even obscure the leading
asymptotic behavior (4.5). A remarkable heuristic formula for these parity oscillations was
found in ref. [13] using CFT arguments, namely

1 - _
SQ(N,A):E(1+a—1)1ong(N,A)+c;+uasin((2L+1)kF)fH(N,A) 1/a+o(N 1/a),
(4.7)
where ¢, is given by eq. (4.4) and
o1-5 T'(5+ 5
o= Brd) (45)
L5~ )
with p; = limg—1 pto = —1/4. This formula reproduces with great precision the parity

oscillations of the Rényi entropy of the homogeneous XX chain when a > 1. It was also ar-
gued in the latter reference that a subleading term proportional to f (N, )\)_”/ @ —though
not the coefficient p, or even the oscillatory term sin ((2L 4 1)kp) — is in fact universal,
the parameter x (which is unity for the homogeneous XX chain) providing information on
the scaling dimensions of relevant operators in the associated CFT.

In the general (non-homogeneous) case the chain (2.3) is no longer described by a
CFT in Minkowski spacetime, and thus the previous considerations do not directly apply.
However, when N is even and B,, = 0 for all n —i.e., when the system’s ground state is
the half-filled state (2.11)— it was shown in refs. [15, 18] that the continuum limit of the
Hamiltonian (2.3) coincides with the Hamiltonian of a free massless Dirac fermion in the
curved spacetime with static metric

ds? = J(x)?dt* — da?. (4.9)

Here J(z) is the continuum limit of .J,,, obtained by setting nAz =: x,, taking the limit
N — oo and Az — 0 with £ = (N — 1)Az fixed, and replacing z, by a continuous
variable z € [0, £]. The metric (4.9) can be expressed in isothermal coordinates as

ds? = J (2)” (dt* - di?), (4.10)

with dz = dz/J(x). It is therefore natural to assume that in the limit N — oo with
L/N — X finite the entanglement entropy of the free fermion system (2.3) with even N
and B, = 0 for all n —or more generally, by Remark 1, with B,, constant at half filling—
can be obtained from eq. (4.2) with ¢, £ and Ax respectively replaced by the conformal

lengths

Az = R
Az = 0 t=z({), L=z(L), (4.11)

where
z ds

z(x) =
is the length of the spatial interval [0, z] computed with the metric (4.10). In other words,

(4.12)

we should have

Sa (N, N) = % (1 + ofl) log (wif sin (7}2)) +c, +o(1) (4.13)

~10 -



for a suitable (non-universal) constant ¢/, (not necessarily given by eq. (4.4)). This
was shown to be the case for the rainbow chain (for which J, = Joe_h‘”/N_1/2‘,
J(zx) = Joe M*/E=1/2) in refs. [15, 18], and more recently for the Lamé [19], Rindler and
sine chains [20].

An interesting open problem motivated by the previous considerations is whether the
more precise asymptotic approximations (4.5)—(4.7) also hold in the non-homogeneous case
after the replacement (Ax, /¢, L) — (AE,Z, Z) in eq. (4.6). In fact, since the equivalence of
the continuum limit of the inhomogeneous chain (2.1) with a CFT in curved spacetime has
only been established at half filling (and for zero magnetic field), the latter formulas are
only expected to apply when kp = 7/2 and B,, vanishes (or, more generally, is constant).
We are thus led to conjecture the following more detailed asymptotic formulas for the
Rényi entanglement entropy of the general (non-homogeneous) chain (2.1) at half filling in
a constant magnetic field:

S_i(1+ “Vlog f (N ) + ¢, + 0N, o<t
@< 15 « og ; Ca i (_1)Lf(N7 /\)—1/04 +o (Nq/a) a1,
(4.14)
with _ _
F(N,A) = Wif sin <79 ~ N i/ £ 7 @)sin (79 . (4.15)

In what follows we shall introduce a family of inhomogeneous XX chains for which it
shall be checked that the above conjecture holds. We shall also show that the analogous
generalization of egs. (4.5)—(4.7) to the case of arbitrary filling and/or inhomogeneous
magnetic field is not valid for the models considered in this paper.

5 Spin chains with algebraic interactions

In order to evaluate the right-hand side of eqs. (4.14)—(4.15) in closed form it is necessary
to compute the integral in eq. (4.12). We shall introduce in this section a large class of
inhomogeneous XX chains for which the latter integral can be explicitly evaluated. This
class is characterized by the fact that the coefficient a,, in the recursion relation (3.2) is
a polynomial of degree at most four in n, and thus J,, and J(x) are algebraic functions
of degree two. As we shall discuss in the sequel, for these chains the r.h.s. of eq. (4.12) is
an elliptic integral which can be evaluated by transforming it to Legendre normal form.
In fact, chains with this type of algebraic interactions have been recently discussed in the
literature in two different contexts. Indeed, the inhomogeneous chains associated to the
discrete Krawtchouk and dual Hahn polynomials studied in ref. [21], whose entanglement
Hamiltonian admits a commuting tridiagonal operator, both feature interactions of the
above form. The same is true for all spin chains related to quasi-exactly solvable quantum
models on the line recently constructed and classified in ref. [19]. In particular, it was
shown in the latter reference that the entanglement entropy of an inhomogeneous spin chain
associated to the quantum Lamé potential is indeed well approximated by the asymptotic
formula (4.13) in the limit of large N.
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Consider, then, the integral (4.12). Since J(x) is dimensionless (in natural units), it
must be a function of the dimensionless variable £ := x/L. Setting

J(@) = \Jp(e/L) (5.1)

et de
z(z) = E/O Gh (5.2)

We shall assume in what follows that p is a polynomial with real coefficients, with degp < 4

we can rewrite (4.12) as

and p(§) > 0 for 0 < £ < 1. The main idea for reducing the last integral to canonical form

is the fact that a real projective change of variable
az+b
= — A:=ad—-b .
e=2 1, ad —be £ 0, (5.3)

transforms it into an integral of the same type. Indeed,

/5 dé _ 2(s) edz
o Vp(&) o) VB(z)'

with € :=sgn A, z2(§) = (d§ — b)/(a — c€) and

4
i) = ()
a polynomial of degree at most four in z. Using a projective change of variable of the
form (5.3), the original polynomial p(£) can always be transformed into a suitable canonical
form p(z), which is completely determined by the root pattern of p(&).

To begin with, it is clear that the integral (5.2) can be transformed into an elementary
integral (expressible in terms of rational, trigonometric or hyperbolic functions and their
inverses) if p(¢) has a multiple root. Indeed, if p(§) has a multiple root at infinity (i.e., if
€*p(1/€) has a multiple root at the origin) then degp < 2, and the integral (5.2) is elemen-
tary. Otherwise, if & = & is a multiple (finite) real root of p the projective transformation
2z = (£ —&)! transforms p(¢) into a polynomial p(z) with a multiple root at infinity, i.e.,
a polynomial of degree at most two. Finally, if p(£) has a pair of complex conjugate double
roots & = &1 + iy then

_ 2 | 2]?
PO =clE—&)?+¢
with ¢ > 0, and the integral (5.2) is again elementary.

In view of the above discussion, we need only consider the case in which all the roots
of p(§) (real or complex) are simple. In this case (5.2) is a genuine elliptic integral, which
can be reduced to its standard Legendre form by the general procedure described, e.g., in
ref. [29]. We present in the appendix a simplified version of this procedure adapted to the
integral (5.2). The conclusion of this analysis is that in all cases the integral (5.2) can be
expressed in terms of the incomplete elliptic integral of the first kind

® dé
F(p, k ::/ _
(p: ) 0 vV1—Ek2sin?60

with ¢ € (—7/2,7/2) and 0 < k < 1.
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In the following sections we shall present several examples of algebraic inhomogeneous
XX spin chains, including the Krawtchouk and Lamé chains previously mentioned, for
which the integral (5.2) can be computed in closed form by the procedure described above,
and thus the r.h.s. of the asymptotic formula (4.14)—(4.15) can be readily evaluated. We
shall study the applicability of the latter formula both in the standard situation considered
in the literature of constant B, and half filling, and also outside this regime. We shall
verify that eq. (4.14) is an excellent approximation for the Rényi entanglement entropy in
the standard situation, but this is not the case for inhomogeneous magnetic fields and/or
other fillings.

6 The sextic chain

As our first example, we shall consider the inhomogeneous XX chain associated with the
QES sextic oscillator potential [22, 23, 30], whose parameters are given (up to irrelevant
constants) by [19]

Jo=y/(+ DN —n—1)(y+n+1/2), By=-pnvN 1, (6.1)

with v = 0 or v > 1/2. We shall start by considering the case § = 0, for which the
magnetic field term vanishes identically and the asymptotic approximation (4.13) to the
entanglement entropy should hold. Note that for finite «v the hopping amplitude J,, is not
symmetric about the chain’s midpoint, i.e., J, # Jy_2_,. On the other hand, for v — oo,
or more precisely when v > N, we have

o= A0+ (N —n - 1),

which is symmetric under n — N —n — 2.
To begin with, we write the coefficient J,, as

an(N—l)?’/Q\/(”ZUer_l) (1—’2") (ﬁ%;ﬁj) (6.2)

We shall suppose that the limit

1

. 7+ts3
= 1

T NN 1

(6.3)

exists. From the restrictions on « it follows that a > 0; we shall first analyze the generic
case a > 0. We can then drop the 1/(/N — 1) term in the first factor under the radical in
eq. (6.2) and take the continuum limit of J,, (after an obvious rescaling) as

J(x) =y/p(x/L),  p&)=E0 =8 +a), a>0.

The integral in eq. (5.2) is most easily computed through the change of variable ¢ = cos? 6,
which yields

dé 2

s d¢ _ 3 B
/0 VEDL = &) (E+a) _Qchcosﬁ Va+1—sin20 +Va+1

[K (k) — F(arccos /s, k)] ,

~13 -



where

Ky = Firf ) = [
=F(n/2,k) =
0 V1—k?sin’6
is the complete elliptic integral of the first kind, and the modulus of the elliptic functions is

1

k=(1+a) 2.

We thus have (dropping, for the sake of conciseness, the modulus k)

2 ~ 2K
z(z) \/c% [K - F (arccos\/x/ﬁﬂ , L=z(L) \/%,
and hence

‘ ) F (arccos v/ )
L K ’
where we have used the fact that

L
Z_N—U\.

Using eq. (4.15) we finally obtain the following closed-form expression for f(NN,A) when a
is positive:

- (6.4)

2KN F A
F(N,A) = 7T\/ﬁ\/)\ A)(a+ A) sin (W GMCCOSI)), a>0
Consider next the case in which the limit (6.3) vanishes, so that the term 1/(

N-1)
in the first factor under the radical in eq. (6.2) cannot be neglected. We now write

p(&) = (+e)(f+e2)(1-9),
with

min (1,’y + %)

e1: < €9 :=
1 N _1 2

max (1, v+ %)
- N-1
small (note that €1 # 2 on account of the conditions v = 0 or v > 1/2). The integral (5.2)
is readily computed through the change of variables £ =1 — (1 +¢1) sin® . We thus obtain

de o o
» VEraera o vits DO -hl)

Fi(s):=F (arcsin ( 11_;;1 >>

and the modulus of the elliptic integral is

where

1+¢e

1+e9
Hence e 2L (0)
() = Fi(0) = Fy(z/L L= 2=
‘T(l‘) m[ 1( ) 1(56/ )]’ ma
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and therefore

z—w)—z[l_ f;m

Proceeding as before we arrive at the following formula for the function f(N,\) in eq. (4.14):

v = 20 T g (20

In the limit €1 2 — 0+ the constant F}(0) tends to K (1) = oo, while from the identities

snz — tanhzx, F(p) =sn"!(siny) — arctanh(sing),
k—1— k—1—

it follows that
Fi(A\) — arctanh(vV1—\).

e1,62—0+
The latter limit is finite for A # 0, in which case for large N we can write

(o) = Ty

Thus when A > 0 in the limit €1 2 — 0+ we have
F(N,A) =2NAV1— Aarctanh(v1—\), a=0, (6.5)

which coincides with the a — 0+ limit of eq. (6.4).

It is also straightforward to compute the a — oo limit of the function f(N,\) in (6.4).
Indeed, in this limit the modulus k& = (1+a)7% tends to zero, so that K — /2, F(¢) — ¢,
and therefore

sin (K (arccos f)) — sin (2 arccos \F/\) =2\/A1-N).
We thus obtain the asymptotic formula

lim f(N,\) = 2NA(1 — A). (6.6)

a— 00

Note that the right-hand side of the latter equation is invariant under A — 1 — A, i.e.,
L — N — L. This is due to the fact that a > 1 implies that v > N, and hence J,, is
approximately symmetric about n = N/2 — 1. In such symmetric chains the entanglement
entropy is necessarily invariant under L — N — L, since

Sa[{0,...,L =1} = Su[{L,...,N —1}] = S,[{0,...,N — L —1}], (6.7)

where the first equality follows from Schmidt’s decomposition and the second one is due to
the chain’s symmetry about its midpoint. On the other hand, for finite a the sextic chain
is not symmetric about its midpoint, and thus neither its entanglement entropy nor the
asymptotic approximation (4.14) thereof are invariant under A\ — 1 — .

From the explicit expressions (6.4)—(6.5) of the function f(N,\) we can easily deduce
the behavior of the leading term in the asymptotic approximation (4.14). Since this term
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Figure 1. Left: leading term in the asymptotic approximation (4.14) to the von Neumann en-
tanglement entropy of the sextic chain with N = 400 spins for ¢ = 0,1073,1072,107%, 00 (the
dashed black line represents the analogous quantity for the homogeneous XX chain). Inset: relative
error between the a = 1 and a = co approximations. Right: Rényi entanglement entropy of the
sextic chain with N = 400 spins and a = 1072 for a = 1/4,1/2,3/4, compared to its asymptotic
approximation (4.14) (solid red lines).

depends trivially on «, in figure 1 (left) we present only a plot of the leading order ap-
proximation S,pp (N, A) := (1/6) log f(IN, A) to the von Neumann entanglement entropy of
the sextic chain for N = 400 spins and several values of the parameter «a, including the
limiting cases a = 0 and a = oco. It is apparent that S,pp(IV, \) decreases monotonically
with a, and that the graph of Supp(IV, A) approaches that of its a — oo limit (6.6) even
for values of a as low as 107!, In fact, for a = 1 the relative error between Sapp(N, M)
and eq. (6.6) is less that 1.4 - 1073 (cf. inset of figure 1 (left)), so that both graphs are
virtually indistinguishable. On the other hand, the approach of the graph of S,p, (N, A) to
its limit (6.5) as @ — 0+ is much slower, particularly for L < N/2 (see, e.g., the a = 1073
graph in figure 1 (left)).

Our numerical simulations indicate that the asymptotic formula (4.14)—(4.15) does
indeed provide an excellent approximation to the Rényi entanglement of the sextic chain
for N > 1 in the absence of a magnetic field and at half filling. For o < 1 this is
illustrated by figure 1 (right), where we present the case of N = 400 spins for a = 1072
(for which the hopping amplitude is neither homogeneous nor approximately symmetric
about the midpoint) and o« = 1/4,1/2,3/4. Of course, in order to compare the asymptotic
formula (4.14)—(4.15) with the exact (numerically computed) value of the entanglement
entropy S, it is necessary to first determine the constant part ¢/, in the former equation.
We have simply estimated ¢/, as the average value of the difference between S, and the
leading term of its asymptotic approximation (4.14). Surprisingly, this value of ¢/, coincides
to a remarkable accuracy with the corresponding one for the homogeneous XX chain given
by eq. (4.4) (see, e.g., figure 2 (left) for a = 1072). In fact, we have checked that this is
also the case for several other values of the parameter a.

As mentioned in the previous section, in the homogeneous XX chain the o(1) term in
the asymptotic formula (4.2) for the Rényi entanglement entropy with parameter a > 1 is
oscillatory and of order N~V (cf. eqs. (4.7)~(4.8)). In particular, at half filling this term
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Figure 2. Left: constant term ¢/, in the asymptotic approximation (4.14)—(4.15) to the Rényi
entanglement entropy S, of the sextic chain with @ = 1072 and N = 400 spins for a = i/10 and
1 < 4 < 30 (blue crosses) compared to the corresponding constant ¢/, for the homogeneous XX chain
in eq. (4.4) (solid red line). The inset shows the difference between ¢/, and its counterpart (4.4) for
the homogeneous chain in the range 1/2 < o < 2 at intervals of 1/10. Right: Rényi entanglement
entropy S for the sextic chain with @ = 1072 and N = 400 spins at half filling and zero magnetic
field (blue crosses) compared to its asymptotic approximation (4.14) (red squares). The inset shows
a blow up of the range 150 < L < 250 in the latter plot.

features parity oscillations with amplitude roughly proportional to [(N/7)sin(xL/N)] =1/,
We have checked that the behavior of the Rényi entanglement entropy of the sextic chain
with parameter o > 1 at half-filling and zero magnetic field is very similar, and in
particular that its parity oscillations are reproduced with great accuracy by eqs. (4.14)—
(4.15). This can be seen, for instance, in figure 2 (right), where we compare the Rényi
entanglement entropy with parameter o = 2 for @ = 1072 and N = 400 spins with its
asymptotic approximation (4.14). Remarkably, in all the cases we have analyzed the values
of the parameters ¢/, and p, are very close to the corresponding ones for the homogeneous
model, given by eqs. (4.4) and (4.8). This suggests —as shall be further corroborated by
the analysis of the Krawtchouk chain in the next section— that at half filling and in a
vanishing (or constant) magnetic field the sextic chain is in the same universality class as
the homogeneous XX chain.

The situation is markedly different in the presence of an inhomogeneous magnetic field
and/or at arbitrary fillings. Indeed, our numerical calculations clearly indicate that in
these cases the behavior of the Rényi entanglement entropy is not well described even to
leading order by the conformal analogue of eq. (4.5)—(4.6), namely

S (N, A) = %2 (1407 log £ (N.A)+ ¢, + (1), (6.8)

with

L AN
f(N,A) = Az S <2’> sinkp

- W?/I% \/A(l —A)(a+A) sin (WF(MCIC(OS\&)> sin kp

(6.9)
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Figure 3. Left: Rényi entanglement entropy S for the sextic chain with N = 400 spins, a = 1072,
B =0, and kp = /4 (blue crosses) compared to its rough approximation (6.8)—(6.10) (solid red
line). The inset shows the same plot for @ = 1. Right: analogous plot for @ = 1072, 3 = 5 and
krp = w/4 (main plot) or krp = 7/2 (inset).

Consider, to begin with, the case § = 0 and kr # /2, illustrated in figure 3 (left) for the
Fermi momentum kr = 7/4 and @ = 1072 or a = 1. The fact that kp # 7/2 is seen to
have two main effects. In the first place, S, is now virtually zero for small L and N — L
(for instance, if N = 400 and a = 1072 then Sy is less than 1073 for 1 < L < 64 and
393 < L < 399, while for @ = 1 we have So < 1072 if 1 < L < 31 and 385 < L < 399).
It is then clear that the entanglement entropy cannot be well approximated in this case
by the concave function in the r.h.s. of eqgs. (6.8)—(6.9). Moreover, for a > 1 the parity
oscillations of S, are much less regular than in the case of half filling, and their amplitude
is not well reproduced by a simple formula like (4.14) (see, e.g., the main plot in figure 3
(left) for the case a = 1072, 3 =0, kp = 7/4, N = 400 and o = 2). On the other hand,
a rough approximation capturing only the average variation of S, with L can be obtained
by restricting ourselves to the interval [Lq 4+ 1, Lo — 1] in which S,, differs significantly from
zero, and replacing accordingly L and N respectively by L — L and Ly — L1. With these
changes eq. (6.9) becomes

9K (Ly — Ly) F Now
(v, ) = 2 = L) Vetr(1 = Ae)(@ + Aeit) sin (W (arccos v et )> sinkp, (6.10)
mva+1 K

with L-L, Nix—L
N = 21 - 6.11
T Ty — L,  Lp— I (6.11)

The rough approximation (6.8)—(6.10) is represented by a red line in figure 3.

The situation is qualitatively similar in the presence of an external magnetic field given
by eq. (6.1) with 8 # 0, even in the case of half filling; see, e.g., figure 3 (right). More
precisely, as seen in the latter figure, the length of the intervals in which S, is practically
zero increases significantly with 8. Moreover, when kg differs from 7/2 the interval over
which S, is appreciably different from zero is translated by an amount depending on £.
As before, the pattern of the parity oscillations is much more involved than in the case
B, = 0, kp = 7/2 analyzed earlier, although the average variation of S, with L is still
reproduced to a certain extent by the heuristic formula (6.8)-(6.10).
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Note, finally, that the fact that the entropy of the block {0,...,L — 1} is negligibly
small for L < L; and L > Lo clearly indicates that the first L; and last N — Lo spins
are approximately in a product state, so that the chain’s entanglement is almost entirely
concentrated in the central block {Li,...,Ls — 1}. It would certainly be of interest to
understand how exactly this phenomenon arises as the external magnetic field is turned
on, or the standard filling M /N = 1/2 is varied.

7 The Krawtchouk chain

7.1 Definition and entanglement entropy

The Krawtchouk chain was introduced in ref. [21] in connection with the family of dis-
crete Krawtchouk polynomials. More precisely, the Krawtchouk polynomial K, (x; ¢, m) is
defined as

K, (x;q,m) = oF1(—n,—x;—m;1/q), n=0,...,m, (7.1)

where 0 < ¢ < 1 and m is a nonnegative integer (see, e.g., [31]). Here oF; denotes the
standard hypergeometric function

k

z
c Kl

— (@) (D)
Fi(a,b;c;z) := —
2 ) kzz:o ()

where (a); :==a(a+1)---(a+ k — 1) is the usual (ascending) Pochhammer symbol. These
polynomials satisfy the recursion relation

ApKnpt1(z) = (Bp —2)Kp(z) — CpKp—1(2)

with
Ap =q(m—n), B, =n(l—q)+q(m—n), Cn=n(1-q).

The corresponding monic polynomials are given by

n—1

Py(z) = H (—Ag) - Kn(x;9,m) = (—¢)"(m —n+ 1), Kn(z59,m)
k=0

and satisfy the normalized recursion relation
P (2) = (@ = Ba)Pal2) — anPa1(2)
with B,, as before and
an =Ap1Cp, =q(1l —g)n(m—-—n+1) >0, I1<n<m.

The polynomial K,41(z;¢, m) cannot be defined through eq. (7.1), since (—m)m41 = 0.
On the other hand, we can use the previous recursion relation with n = m to define Py,41 by

Puit(2) = [ = m(1 = g)] Pou() — mq(1 — q)Prus ().
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Using the previous formula and the recursion relation, after a long but straightforward

calculation we obtain
m

Puii(2) = [[ (@~ ).

k=0

In view of the above, we define the Krawtchouk chain? through the polynomials P, (x)
with m = N — 1. In other words, the chain’s parameters J,, and B,, are given by

o = Vani1 = \Ja(l - @)(n+ (N —n 1), (7.2)
B,=n(1-¢)+¢(N—n—-1)=¢q¢(N—-1)+(1—2g9)n. (7.3)

In particular, the magnetic field is constant if and only if ¢ = 1/2. Using the definition of
the Krawtchouk polynomials we readily obtain the explicit formula

RJE%#N—n%iI(@ GﬂI%QNE—D~(E—k+n, n=0,...,N—1,

with Py(E) = E(E —1)---(E — N 4+ 1). Thus in this case the single-particle energies

€ are simply the integers 0,1,..., N — 1. This makes it possible to express the matrix
elements @, in closed form using egs. (3.3)—(3.4). Indeed, it is readily found that

N-—-1 L
Yo =q"(1 = @)"n{(N — n)n, wk=< ) )qk(l—q)N L=k

and therefore

1| (Y 1 (k—n) L(N—k—n—1)
(I)nk: M N—_1 q2 (1_Q)2 P, (k)
m\ (5,)
=(—D"J<Nk]><N]>an"W1—Qﬁ@1k"”K%%WJV—l% (7.4)
n

Dropping the irrelevant overall factor [¢(1 — q)]"/?(N — 1) in eq. (7.2) we easily obtain
the following formula for the continuum limit of J,,:

J(x) = /p(x/L),  p(&) =1 -¢).

We thus have
z(z) = [Z/m/ﬁ € 2L arcsin(v/z /L), L=nL, (7.5)
0o VE1-§)
and hence the function f(N,\) in eq. (4.15) is simply given by

(N, A) = Ny/A (1= ) sin (2aresin V) = 2NA(1 = A). (7.6)

2This definition differs from the one in ref. [21] only in the sign of the magnetic field.
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Figure 4. Left: Rényi entanglement entropy Ss for the Krawtchouk chain with ¢ = 1/2 and
N =400 spins at half filling (blue crosses) compared to its asymptotic approximation (4.14)—(7.6)
(red squares). The inset shows a similar plot for kr = 7/4, compared to its heuristic approxima-
tion (6.8)—(7.7). Right: analogous plot for ¢ = 1/4 at half filling (main plot) and for kr = 7/4 (in-
set).

As expected, this result coincides with the a — oo limit of the analogous function for
the sextic chain. In other words, the asymptotic behavior of the entanglement entropy of
the Krawtchouk chain with ¢ = 1/2 at half filling, given by eqs. (4.14)—(7.6), should be
the same as for the sextic chain with § = 0 and a > 1. This is shown in figure 4 (left)
for N = 400 spins. For the same reason, at arbitrary fillings the heuristic asymptotic
approximation to the entanglement entropy is given by eq. (6.8) with

9(NX— L1)(Ls — NA)
Lo — 1,4

f(N,A) = sinkp, (7.7)
where [L1 + 1, Ly — 1] is the interval over which S, is appreciably nonzero; see, e.g., the
inset of figure 4 (left). Note also that when ¢ = 1/2 we have J, = Jy_,—2 and B, is
constant, so that in this case the entanglement entropy is invariant under L — N — L, i.e.,
satisfies eq. (6.7), for all fillings.

On the other hand, for ¢ # 1/2 the magnetic field strength B,, is non-uniform, so that
the entanglement entropy behaves much the same as for the sextic chain with a > 1 and
B # 0; see, e.g., figure 4 (right) for the case ¢ = 1/4 and N = 400. The main difference, as
seen in the right inset of the latter figure, is that in this case the entropy is close to zero
only on an interval of the form [Ly, N].

Remark 2. The value of the subleading (constant) term ¢, in the asymptotic formula (4.14)—
(7.6) for the entanglement entropy of the Krawtchouk chain with ¢ = 1/2 at half filling is

/

remarkably close to its counterpart ¢ for the homogeneous chain (cf. eq. (4.4)), even

«,hom
more so than in the case of the sextic chain discussed above. For instance, the difference
¢y = €y hom| 18 Of the order of 1072 or less for 1/2 < a < 2. In fact, the values of ¢,

in the latter range were obtained as in the previous example by taking the average of
the differences Sy — Sa,app for all values of the block size L = 1,..., N — 1, where Sy app
denotes the leading term in eq. (4.14). The behavior of the latter differences, however,
clearly suggests that in this case a more accurate estimate for ¢/, is given by the average
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Figure 5. Left: difference between the von Neumann entanglement entropy S of the Krawtchouk
chain with ¢ = 1/2, N = 400, kr = 7/2 and its leading asymptotic approximation S,p, =
(1/6)1og f(N,\) as a function of the block size L. (Only the range L = 1,...,N/2 has been
represented, since in this case S, is symmetric under L — N — L.) The height of the red (resp. green
dashed) horizontal line is the value of ¢ computed from eq. (7.8) (resp. as the average of the
differences S — Sapp for all block sizes). Right: difference ¢} 1., —¢j for N = 400,...,600 in
increments of 10.

of So — Saapp for the central block sizes L = N/2 and L = N/2 — 1, or more simply by

C’' =3 <Sa’LN/2—1 + SO“LN/2> a Sa’app’L:Nﬂ; (78)

see, e.g., figure 5 (left) for « = 1. The previous equation actually yields a value of ¢,

/
«,hom

instance, for a = 1 the difference between ¢} ., and the value of ¢} computed from the

much closer to ¢ than the average of the differences S, — Sy app for all block sizes. For
previous formula is 1.1 - 1076, compared to 3.6 - 10~* when ¢} is estimated by the average
of S — Sapp over all block sizes.

We have also studied how the difference ¢y nom — ¢l varies as the number of spins
increases from N = 400 to N = 600 (in increments of 10) for several values of a, where in
view of the previous remark we have used eq. (7.8) to estimate ¢/,. As is apparent from
figure 5 (right) for the case a = 1, the absolute value of this difference steadily decreases
with N. We thus conjecture that for the Krawtchouk chain with ¢ = 1/2 at half filling

/
«,hom

analysis for the sextic chain (with a = 1072) also shows a decrease in |cynom — c| as N

the constant term ¢, tends to ¢ as the number of spins tends to infinity. A similar
increases in the same range, although the value of this difference is about three orders of
magnitude higher than in the case of the Krawtchouk chain. This different behavior could
be explained by the fact that the sextic chain is not invariant under J, — Jy_,_o, as are
the homogeneous and Krawtchouk chains. In fact, the latter two chains are the only XX
spin chains of algebraic type (in the more general sense that the recursion coefficients ay,
are polynomial in n) with interactions J,, invariant under n — N — n — 2 having a finite
total conformal length £.

Remark 3. The plots in figure 4 suggest that the entanglement entropy of the Krawtchouk
chain is invariant under L — N — L not only for ¢ = 1/2 (at arbitrary filling), but also
for arbitrary ¢ at half filling. That this is indeed the case can be deduced from a general
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property of the entanglement entropy, stemming from the fact that fn = Jn_n_o = J, and
B,, is linear in n. Indeed, setting B,, = By + bn, with By and b independent of n, we have

~

B, :=Bny_n_1=2By+ b(N — 1) — B,,.

From the previous equations for J,, and B, we immediately obtain the following relation
for the corresponding polynomials P,,:

Po(x) = (—1)"Po(2By + b(N — 1) - z).
This is readily seen to imply that
D = (—1)" Py g1,
which yields the relation

Counl{0, ..., L —1};{0,...,M —1}] = Copu[{N — L,...,N = 1};{0,..., M — 1}]
= (=1)"™""Cppnl{0,..., L —1};{N — M,...,N — 1}],

where the first argument denotes the block of spins considered and the second one the
energy modes excited. Since the matrices (Ay,,,) and ((—1)™"A,,,,,) are obviously similar,
we deduce that

Sal{0,...,N =L —1}{0,....M —1}] = So[{N - L,...,N —1}{0,..., M —1}]
= S,[{0,...,L —1}:{N —M,...,N —1}],

where in the first equality we have applied the well-known invariance of the entanglement
entropy under complements in position space. On the other hand, from the energy-position
duality of the entanglement entropy [12, 32, 33] it follows that S, is also invariant under
complements in energy space. We thus obtain the relation

Sal{0,...,N =L —1};{0,...,M — 1} = Sa[{0,...,L — 1};{0,...,N — M — 1}]. (7.9)

In particular, this implies that at half filling S, is invariant under L — N — L, as claimed.
Of course, for the Krawtchouk chain with ¢ = 1/2 we can combine egs. (6.7) and (7.9) to
deduce that S, is also invariant under M — N — M (this also follows from a standard
duality argument). Note, finally, that since the couplings of the sextic chain with a > 1
are approximately symmetric under n — N —n — 2, and its magnetic field term B, is
linear in n, eq. (7.9) is approximately valid also in this case.

7.2 Ground state energy

In ref. [20] it is conjectured that as N — oo the ground state energy Ey(N) of an inhomo-
geneous XX chain (2.1) with B,, = 0 for all n behaves as

_ . . 7TUF _92
By (N) =~y = eg (Jo + Jn-2) = =+ 0 (N2), (7.10)
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where N = £/ Az,
N-2
YN = Z In,
n=0

and cg, cp, vp are three constants (representing the bulk energy per site, the boundary
energy and the Fermi velocity) which in the homogeneous case take the respective values
2/m, 4/ — 1, and 2 [34, 35]. In the absence of a magnetic field the ground state is the
half-filled state (2.11), whose energy Ey(N) is given by eq. (2.12). This quantity can be
ezactly computed for the Krawtchouk chain with ¢ = 1/2, since its single-particle energies
(after subtraction of the constant magnetic field B, = (N —1)/2) are given by the formula

1

ek=k-3(N-1), 0<k<N-1,
whence
N2

We shall next compare this exact value for Ey(N) with its conjectured asymptotic expan-
sion (7.10), which by egs. (7.2) and (7.5) reads in this case

— _ — _ VYF -2
Ey (N) = —coSy — cgV/N 24N+O(N ) (7.12)

Using the exact value (7.11) for Ey(N) we deduce that in this case

oSN = N csVN—1— L 40 (N2 (7.13)
8 24N

On the other hand, the leading asymptotic behavior as N — oo of the sum

N-2 N-—1
Sy = % 3 \/(n—l—l)(N—n—l):% S /(N —n)
n=0 n=1

can be determined from the Euler-Maclaurin formula [36]

N-1 1 1
25, — [ gl@)de = S gV =)+ g(1)] + 5 [/ (V = 1) = g ()] + Ry
N/2 -1
=g(1)-¢(1)+ R3=vVN —1—- —-—— + R3,
o)~ g (1) + R = VN —1- B+
where g(z) := /z(N — x). The remainder R3 can be estimated as

N-1 N/2
Rl < 2 [ g e =S8 [ g @ar= S5 1 o2 - " )

473 973 273
_ %ET?;)NQ (V- 1) N3 =0 (W),

where ((s) denotes Riemann’s zeta function. We also have

/ONg(x)dx:M/Ol,/t(l—t)dt:7”8VQ,
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Figure 6. Difference N?/8 — 2¥x /7 — cgv/N — 1 with cg = 0.1323449 for N in the range
[1000, 15000] in increments of 100 (blue crosses), compared to the curve 0.0580365/v/N (red line).

and hence

N—-1 TN2 1 TIN? 1
_ ey - _ ey /2
/1 g(x) de = 5 2/0 Ve (N —z)de = 5 +()(N )

We thus conclude that

TN?
Sy =g +O(NV?)
in agreement with the right-hand side of eq. (7.13) if we take cp = 2/7 (as in the homoge-
neous case).

It can be shown that the higher-order corrections in the Euler-Maclaurin formula are
all O(N'/?), so that they cannot be used to compute c¢p and vp in closed form (this is
essentially due to the fact that the derivatives of g(z) diverge at x = 0, N). On the other
hand, the parameter cg can be computed through the formula

i 1 <N2 ZEN)
cg= 1lm —(—/—/m—|———].
B N—oo /N —1 8 T

By evaluating the right-hand side for large values of N we have verified that this limit
indeed exists, and that ¢p = 0.1323449 to seven decimal places. Note that this value is
about one half of the corresponding one for the homogeneous case.

Using the previous estimate for the constant cp, we have studied the behavior of
the difference N2/8 — 2% /m — cgv/N — 1 for 1000 < N < 15000, obtaining very strong
numerical evidence that it is of order N~1/2 instead of N1, as predicted by eq. (7.13)
(cf. figure 6). In other words, our results suggest that for the Krawtchouk chain (with
g =1/2) eq. (7.12) should be replaced by

EO(N)——COZN—cB\/N—l——\/N+0(N ),
with k& ~ 0.0580365.
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8 The Lamé chain

We shall next study the chain associated to the quantum (finite gap) Lamé potential
introduced in ref. [19], whose parameters are given by

Jo=\/(n+ (N —n—1)(n+1/2)(N —n—3/2),  B,=0. (8.1)

Although an approximation to the entanglement entropy of this chain at half filling was
obtained in ref. [19], for the sake of consistency we shall next outline the derivation of an
equivalent formula using the present approach and notation. To this end, we first write

Jn:(N—l)Q\/<x£+5>(1—?>(QZ+;><1—3€£—Z), E:Zﬁ,

and thus (up to an irrelevant constant factor)

J(x) =/p(x/L),  p(§):=(E+e)€+e/2)(1-E—-e/2)1-E). (8.2)

Note that in this case we cannot just take ¢ = 0, since the integral of 1/J(x) would then
diverge at x = 0, L. It is also worth mentioning that in this case we cannot extend the range
of ¢ all the way to 1, since p(§) is negative for £ > 1 — /2. To evaluate the integral (5.2)
we perform the change of variable £ = (z + 1 — €)/2, obtaining

2s—1+¢
d¢ o dz

/0\/(£+6)(£+§)(1—€—§)(1—£): e V(1= = R

=2k [F(arcsin(Qs -1+ 6)) + F(arcsin(l - E))},

where the modulus of the elliptic integral is

1
k::(1+5)_1:1—ﬁ<1.

We thus have

Z(z) = 2kL [F(arcsin(% -1+ z—:)) + F(arcsin(l - 6))}, E:=x/L.

In order to compute the chain’s conformal length £ we must specify the upper limit of
the variable £, which in this case cannot be extended to 1 for the reason explained above.
In fact, although the integrand in eq. (5.2) remains real up to £ = 1 — ¢/2, it is more
convenient (and of no consequence in the limit N — oo) to use the symmetric interval
—1+4+¢e <€ <1—e. With this choice we obtain

L= 4k£F(arcsin(1 - 5))7

from which it follows that

- (M’> s <7TF (arcsin(2A — 1 + 5)))
L) 2F (arcsin(1 — €)) )
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Figure 7. Left: Rényi entanglement entropy with parameter a = 2 for the Lamé chain with
N =400 spins at half filling (blue crosses) compared to its asymptotic approximation (4.14)—(8.3)
(red squares). The inset shows the analogous plot for the Fermi momentum kr = 7/4 compared to
the heuristic approximation (6.8)—(8.5) (red line). Right: Rényi entanglement entropy Sz for the
Lamé chain with A = 1/2 for an even number of spins N in the interval [500,600] at half filling
(blue crosses) compared to its approximation (4.14)—(8.3) with (—1)% replaced by sin((2L + 1)7/2)
(red line).

For 0 < A < 1 the numerator of the argument of the cosine tends to the finite limit
F(arcsin(2A — 1),1) = arctanh(2A — 1) as N — oo (i.e., € — 0+), while the denominator
tends to K (1) = +o00. Thus for sufficiently large N we can take the function f in eq. (4.15)
simply as N
NL/L 4N
FN,\) =~ NL/L J(0) = == F(arcsin(1 - £) )A(1 = A), (8.3)
T 7
up to lower-order terms in N. Note that f(N,\) is invariant under A — 1 — A\, which is
consistent with the symmetry of the coupling (8.1) with respect to the chain’s midpoint.

It can be shown that in the N — oo limit we have
1
F(arcsin(l - 5)) =3 log(2N) + k+0(1),

with k = 0.1882264. .., so that f(N,\) ~ Nlog N in this limit. Thus when N — oo with
A fixed the entanglement entropy of the Lamé chain (8.1) at half filling should behave as

S (N, \) = % (1+a7") log[NA(L = A)] + O(log(log ). (8.4)

Equation. (8.3) is in agreement up to lower order terms with the analogous equation in
ref. [19], obtained by replacing F'(arcsin(1 — ¢)) by K, since [37]

K(1+9)7) = %log(SN) +o(1).

It should also be noted that the logarithmic divergence of f(N,\)/N as N — oo with A
fixed is due to the presence of double zeros of J(x) at both endpoints of the interval [0, £] in
this limit, and can thus only happen when the polynomial p(§) in eq. (5.1) is of degree four.

We have numerically checked that the asymptotic formula (4.14)—(8.3) still provides a
reasonable approximation to the entanglement entropy at half filling in this case, though
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not as precise as for the sextic and Krawtchouk chains. In particular, the oscillating term
proportional to f(N, /\)_1/ ® in eq. (4.14) reproduces with acceptable accuracy the parity
oscillations in S, present when o > 1 (see, e.g., figure 7 (left) for &« = 2 and N = 400
spins). As before, at Fermi momenta kp # 7/2 the Rényi entanglement entropy S, is
virtually zero over two intervals of the form [1, L;] and [N — L1, N — 1], and the asymptotic
formula (4.14)—(8.3) fails. However, proceeding as above we can derive a rough heuristic
approximation to S, in the interval [L; + 1, N — L; — 1] using eq. (6.8) with

A(N —2Ly)

™

F(N,\) = F(arcsin(l — o), (1 + seﬁ)—l)Aeff(l — Aeft) sin kg, (8.5)
with Aeg given by eq. (6.11) with Ly = N — Ly and e = (N —2L; — 1)~ L.

Since the dependence on the number spins N of the asymptotic formula (4.14)—(8.3)
for the entanglement entropy at half filling is nontrivial, it is also of interest to study the
growth of S, (N, \) with NV for fixed values of A\. We have checked that the latter formula
captures the behavior of S, (V,\) with great accuracy, and in particular reproduces the
parity oscillations that appear when o > 1 (see, e.g., figure 7 (right) for the case A = 1/2
and even N in the interval [500,600]). Remarkably, although the two parameters ¢, and
o, appearing in eq. (4.14) are fitted, they turn out to be of the same order of magnitude
as their counterparts (4.4)—(4.8) for the homogeneous XX chain. Note, however, that in
tvhom 38 N — 00,
since the subleading term in the asymptotic expansion of S, is no longer constant but of
the order of log(log N) (cf. eq. (8.4)).

this case it should not be expected that the constant term ¢, tend to ¢

9 Conclusions and outlook

In this work we study a large class of inhomogeneous XX spin chains whose squared cou-
plings are a polynomial of degree at most four in the site index. This class includes some
previously studied models related to classical Krawtchouk and dual Hahn polynomials [21],
as well as the inhomogeneous XX chains related to QES models on the line classified in
ref. [19]. We show how to exactly compute the leading term in the asymptotic expansion of
the block entanglement entropy of these models (in a constant magnetic field at half filling)
from their continuum limit, which coincides with the CFT of a massless Dirac fermion in a
curved (14 1)-dimensional background [15, 17, 18]. We next focus on three inhomogeneous
chains with algebraic interactions, associated to the sextic oscillator QES potential, the
Krawtchouk polynomials and the periodic quantum Lamé potential. We exploit the rela-
tion of XX chains with finite families of orthogonal polynomials to numerically compute
the Rényi entanglement entropy of the latter chains for a large number of spins. When
the Rényi parameter « is less than one we find that, as expected, the asymptotic formula
reproduces with great accuracy the behavior of the entanglement entropy. On the other
hand, for @ > 1 the Rényi entropy presents parity oscillations whose amplitude increases
with «, as is known to be the case for the homogeneous XX chain [13]. We show that these
oscillations are reproduced with excellent accuracy by the Fagotti-Calabrese formula for
the homogeneous chain [13], replacing the block’s and the chain’s length by their conformal
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counterparts. In fact, for the sextic and Krawtchouk chains (at half filling and in a constant
magnetic field) we have found rather compelling numerical evidence that the subleading
non-universal (constant) term in the asymptotic expansion of the entanglement entropy
tends to its counterpart for the homogeneous XX chain as the number of spins tends to
infinity. We conjecture that this is actually the case for the class of algebraic chains studied
in this paper when the chain’s conformal length is finite, i.e., when the squared couplings
considered as functions of the site index n have no multiple real roots in the interval [0, N].

All of the above results apply to the case of half filling and constant magnetic field,
which is the one usually considered in the literature in the inhomogeneous case. In this
work we have also studied in some detail the non-standard situation of arbitrary filling
and/or inhomogeneous magnetic field. We have found that the main difference with the
standard situation is that the block entanglement entropy vanishes when the block’s length
is either small or close to the chain’s length. Thus at fillings other than one-half, or in an
inhomogeneous magnetic field, the first few and last spins in the chain become disentangled
from the rest. This is in fact one of the paper’s main results, which certainly deserves
further theoretical analysis. Another interesting feature of the non-standard case is that
the oscillations of the entropy when a > 1 are considerably more complex than in the
standard one, and in particular are not well described by a modification of the Fagotti-
Calabrese formula along the lines mentioned above.

One of the models studied in this paper, namely the Krawtchouk chain (cf. section 7),
has the rather unusual property that its single-particle energies at zero magnetic field can
be exactly computed (they are simply the numbers —(N —1)/2+k, with 0 < k< N —1).
This of course makes it trivial to evaluate the ground-state energy in closed form for
an arbitrary number of spins N. We have compared this exact result with the recently
proposed asymptotic expansion in ref. [20], finding that they match only to leading order.

The above results clearly suggest several avenues for future research that we shall now
briefly outline. To begin with, we would like to find a theoretical justification of the fact
that the constant term in the asymptotic expansion of the entanglement entropy of chains
with algebraic interactions and finite conformal length (at half filling and in a constant
magnetic field) seems to coincide with the analogous term for the homogeneous XX model
in the limit of large N. An outstanding open problem of considerable interest is that of
deriving an asymptotic formula for the leading behavior of the entanglement entropy in
the non-standard scenario of arbitrary filling and/or inhomogeneous magnetic field. Our
numerical results show that any such formula must necessarily vanish when the block length
is either small or close to the chain’s length. Likewise, it would also be of interest to find a
formula describing the entropy’s complex oscillations when the Rényi parameter is greater
than or equal to one, akin to the Fagotti-Calabrese formula for the homogeneous chain.
As mentioned in the Introduction, in the homogeneous case the behavior of the multiblock
entanglement entropy has been thoroughly analyzed (see, e.g., [8-10, 12, 38]). Again, the
generalization of some of these results to the inhomogeneous case would certainly be worth
exploring. Finally, another problem suggested by the present work is to understand why
the asymptotic formula in ref. [20] for the ground-state energy of inhomogeneous XX spin
chains at zero magnetic field fails to reproduce the subleading behavior of the Krawtchouk
chain, and how it should be modified to account for this model and similar ones.
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A Reduction of the integral (5.2) to Legendre canonical form

In this appendix we present a simplified procedure, based on the classical one described in
ref. [29], for reducing the integral (5.2) to canonical form in the nontrivial case in which
all the roots of the third- or fourth-degree polynomial p(£) in eq. (5.1) are simple.

To begin with, we can assume w.l.o.g. that p(&) is of degree four, since if degp = 3
the projective change of variable £ = &y + 1/z, where p(§p) # 0, transforms p into a fourth
degree polynomial. We can thus write

p(§) = vop1(§)p2(§) (A1)

with 1y # 0 and
pi(€) == €2+ 206 + B; i=1,2. (A.2)

We next show that it is always possible to find a projective change of variable (5.3) with
¢ = 1 transforming the product p1(§)p2(€) into the polynomial

p(2) = (4122 + By) (422 + By) | (A.3)
where A;, B; € R. Indeed, such a change of variable maps each p;(§) into the polynomial
pi(z) = A;2? + 20,2 + B;

with
A=A07"pi(a),  Ci=AT'[abtas(ad+b)+8;d],  Bi=AT" [P +20ibd+ Bid?] .
Requiring that C; = Cs = 0 leads to the linear homogeneous system
<a+a1 a1a+[5’1> (b) _0.
a+ as asa + Bo d
The necessary and sufficient condition for the latter system to have a nontrivial solution is
that the determinant of its coefficient matrix vanish, i.e., that

(az —a1)a® + (Ba — Br1) a+ a1fe — By = 0.

For this quadratic equation in a to have real roots its discriminant

§:= (B1 — B2)* — 4(ag — a1)(a1Ba — azf)

must be nonnegative. Calling ril 2 the two (possibly complex) roots of p;(€), we can
rewrite 0 as

2
0= H (ri —r).
ij=1

If p has at least a pair of complex conjugate roots u = iv, say ri and r3, the previous

expression reduces to
2

5:H[(ri—u)2+v2}.

=1
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This is clearly positive if the roots ri’Q are real, whereas when 7&,2 = 5 =it we have
22
0= ‘(s—u—i-lt) +v ‘ > 0.

On the other hand, if p(¢) has four distinct real roots we can assume w.l.o.g. (by redefining
the two factors p o if necessary) that r%’2 are the two largest roots of p. Hence also in this
case 0 > 0, which concludes the proof of our claim. Note, finally, that since by hypothesis
the polynomial p(¢) has no multiple roots none of the coefficients in eq. (A.3) can vanish,
since otherwise the transformed polynomial p would have a double root either at 0 or at co.

I. p has four simple real roots: if all the roots of p(§) —and, hence, of p(z) — are real
then A;B; < 0 for i = 1,2 in eq. (A.3). Applying, if necessary, a dilation we can therefore
assume without loss of generality that

p(z) =1 (1 - 22) (1 - Az2)
with 19 # 0 and A > 0. Since the projective transformation z = 1/w maps p(z) to the
polynomial
Ay (1 - wQ) (1 - wQ/A> ,
we can also take A = k% with 0 < k < 1. Thus in this case p(¢) can be reduced to the
canonical forms

ﬁj:(z):iV(l—ZQ)(l—k222), O<k<l, v>0.

The positivity intervals of py and p_ are respectively (—oo, —1/k)U(—1,1)U(1/k,o0) and
(—=1/k,—1)U(1,1/k), although by the even character of p1 we can restrict ourselves to the
intervals (—1,1) U (1/k,00) and (1,1/k).

For p; and z € (—1,1) we apply the standard change of variable z = sin @ to obtain

x dz .
/0 N ) = F(arcsinz, k) .

The interval (1/k,00) can be mapped to the standard one (0,1) by the projective change

of variable z = 1/(kw). In this way —or, equivalently, performing the change of variable
z = (1/k)csc — we obtain

/1 /k = 22‘;(21 — s = K(8)  Flaresin(1/ (k). ).

Consider next the canonical form p_(z) in the positivity interval (1,1/k). Although
the change of variable

w

11—V I_V%y
CVE 1+ VR 1+vVk) '’

maps P (z) into a positive multiple of p_ (w) with k replaced by k, and the interval (—1,1)

with k= <

to (1,1/k), it is easier in this case to perform the change of variable

z:%H—M%WH, with &' = V1 — k2,
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in the integral for p_(z). In this way we obtain

/196 V(22— 1()1(Zl — k222) =K()-F (arcsin<\/1_klw>7k/> .

II. p has two simple real and two complex conjugate roots: in this case we can
take A1B; < 0 and A3Bs > 0 in eq. (A.3). We can thus write (applying, if necessary, a
dilation)

p(z) =1 (1 - 22> (A2z2 + Bg)

with vy € R. We can also assume w.l.o.g. that Ay, By > 0, and set

Agzk\/A%+B%, BQZI{Z/\/A%+B%
with 0 < k < 1 and k' = v/1 — k2. Hence we can write
ﬁ(z)z:l:v(l—zQ) (k"2+k‘2z2) =:ps(2), 0<k<l1l, v>0.

Moreover, the projective transformation z = 1/w maps p_(z) into p;(w), with k and &’
interchanged. Thus in this case p(£) can be reduced to the single canonical form py(z),
whose positivity interval is (—1,1). The change of variable z = cosf then leads to the
formula

z dz
/0 V(1= 22) (k2 + k222)

ITI. p has four simple complex roots: in this case we have A;B; > 0 in eq. (A.3).

= K(k) — F(arccosz, k).

Moreover, since p must be positive on some open interval we can take w.l.o.g. A;, B; > 0.
We can therefore write (up to a dilation)

p(z)=v (1 + z2) (1 + A222)

with v, A > 0. Applying, if needed, a projective transformation z = 1/w, we can assume
w.lo.g. that A < 1, and thus set A = k> =1 — k2 with 0 < k < 1. Hence in this case p(§)
can be reduced to the canonical form

ﬁ(z)ZV(1+z2>(1+k’222), O0<k<l, v>0,

which is positive everywhere. Performing the change of variable z = tan § we then obtain

= F (arctanz, k) .

z dz
/0 \/(1 + 22) (1 + k:’222)
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