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ON THE SET OF BOUNDED LINEAR OPERATORS TRANS­
FORM INGA CERTAIN SEQUENCE OF A HILBERT SPACE 
INTO AN ABSOLUTEL Y SUMMABLE ONE 

E. MARTIN·PEINADOR 

Let :Yf be a real, separable Hilbert space, .!J the set of bounded 

linear operators on ft, and S = {an 1 n EN} a fixed sequence in .Yf'; 

we shall denote by 

"" 

es = {A E :di 1 n 2:. 11 Aan 11 < 00}. Obviously es i=- </J, 'rJ SE :tt' . 

It is straightforward to check that es is a left ideal. We will prove 

that it never is a proper bilateral ideal, using the following result of 

Ca lki n [l]: 

Every proper bilateral ideal in the ring of bounded operators of a 
Hilbert space contains the ideal 6 0 of finite rank operators and is con­
tained in the ideal of the complete/y continuous ones, s. 

Lemma l. It is a necessary and sufficient condition for 60 e Cs 
that S be a summable sequence. 

Proof. Let S = {an 1 n E N}. S is weakly summable if and only if 
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Vx e .Yt", Z 1 (an, x)I < 00, (( , ) denotes scalar product). In the Hilbert n=l 
space .Yt' a sequence is summable iff it is weakly summable. By the as­

sumption e o e es we ha.ve ali the uni-dimensional projectors, p w(x)' 
X E :tt' - {0}, included in eS and hence 

... 
'r/x E :tt' - {0}, p w(x) E es * n 2: 11 pw(x)(an)ll < oo' 

... 
VxE :tt' {0} * L; l(an,x)I< ce, 'r/xE :rt'. n=l 

Thus we also see that whenever S is summable, Cs contains the uni­

dimensional rank operators and from this it is easy to prove that it con­

tains the whole set of finite rank operators. 

Recalling that the Hilbert Schmidt operators on :if coincide with 

the absolutely p-summing ones, 1 � p < oo, ([4]), one has that there ex­

ists no sequence S for which Cs = e 0. In fact, if Cs '.) S0 then 

C8 :J 62, ideal of the Hilbert - Schmidt operators, since every A E 62 
transforms a summable sequence into an absolutely summable one, that 

00 

is Z llAan 11<00, which is to say A E Cs. Nevertheless one can find 
n=l 

sequences S such that Cs consists only of finite rank operators, but 

not of all of them though. 

So far we have proved that if a sequence Se Yl' is not summable, 

C8 cannot be a proper bilateral ideal. Let us now see that for S summable 

Cs is not proper bilateral either. 

Theorem l. Let S = {an 1 n E N} be summable. Cs then contains 
a non complete/y continuous operator. 

For the proof of this theorem we prove first the following 

Lemma 2. lf S is summable, for every E > O there exists a natural 
number µ such that 
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with µ.;;;; p1 < ... < Ps and x E Ji' only restricted by ll xll = l. 

Proof. Suppose that there is an E> O such that r/m, 3 xm , µm  > m 
verifying 1 (a + ... + a +. , x ) 1;;.., €. We take m1, m2, • . • su.ch µ.m Jlm •m m 

that mi+ 1 > µ. m. + sm.' and construct the subsequence of S 1 1 

for which the corresponding series does not verify the Cauchy condition 

and therefore is non-summable. This clearly contradicts {an 1 n E N} sum­

mable. 1 

Proof of the theorem. If {an 1 n E N} spans a finite dimensional sub­

space of Yf, then {an 1 n EN} summable is equivalent to {an 1 n EN} 
absolutely summable, and C8 = !JI. 

Let us now suppose that the closed linear hull [a1, ..• , ªn, . . . ] 
is not finite dimensional, and consider in Yf' a complete orthonormal 

00 

system {en 1 n EN}; let ªn = .L: an1.e1.• The series 
1= 1 

(j = 1, 2, ... ) 

converge unif ormly following the lemma just proved . 

If r¡ > O denotes any fixed real number, for 1 there exists v ( �) 
00 

su ch that n?., 1 ªni 1 < 1 (r/ j E N). Sin ce for ea ch n, ªni -+ O (j-+ 00 ) , 

for large enough j we can obtain 

and so 

00 

.2' 1 ªn1· I < r¡, n= l 

thus 
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Z lan¡_¡..,. O 
n 1 

(j..,. QO ). 

Let us denote O¡ = Z I ªn; I, O¡..,. O (j..,. 00 ) , and choose O 1 _ so 

that �e,_< 00, that is 
J J 

n J 

Construct the coordinate subspace [e11, e12, • • •  , e1¡' . . .  ] corre­

sponding to the sequence {li 1 j EN}, and denote by P the orthogonal 

projection on it. We have, 

thus 

Pan = a 1 e1 + ... + a 1 e1 + ... ni 1 
n¡¡ 

11 Pan 11 ,¡¡;;; 1 ªni 1 + · · · + 1 ªni 1 + · · · 
l 1 

Z 11 Pan 11 ,¡¡;;; Z 1 ªni .1 < ""'· n n,� J 

(j= 1,2, ... ) 

(j = l, 2, . . .  ) 

So we see that P transfonns S into S' {Pan 1 n E N} which is 

absolutely summable, and therefore PE es, being P a non completely 

continuous operator. 1 

The existence of a non completely continuous operator in es im­

plies the existence of infinitely many of them. 

This theorem shows that when we impose es to contain the whole 

set of finite rank operators, we ootain a very strong condition on S, 
namely that it must be summable, and because of this fact es contains 

"too many" operators, and it cannot be included in the ideal set of the 

completely oontinuous ones S, proving that es is never a proper bi­

lateral ideal. 

However es can be the whole set :!J. Indeed, it is so iff S = 

= {an 1 n EN} is absolutely summable. The other extreme case, es = {0}, 
O the null operator, is also possible and )Ve consider it now. We quote 

first the following result (3]: 
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"Let J designate a left ideal in �. lf J does not include pro­
;ectors, then J = {0}". 

Then it is easy to prove that whenever es =f=. {0}, it includes an uni­
dimensional projector; hence a necessary and sufficient condition for 
es =f=. {0} is the existence of a ray re Jft such that L.: 11P,an11 < 00, 

• n 

,, 

or equivalently: 

'Vx E Jft - {0}. 

A geometrical consequence of this is that for es {0} the nucleus of S, 
... 

N(S} íl [an•···1 must be thewhole .Yf henceín particular [S] .rt'. 
1 

N(S} =I= .Yt would imply the existence of a natural number p such 
that E= [aP, aP + 1, .. . ) =I= .tt, consequently P KeE wou1d belong to 
es, and there would exist uní-dimensional projectors in es. 

We give an instance of a sequence S for which es = {0}. Let 

{rn 1 n EN} be a complete system of rays in .?t, [r 1, ... , 'n, ... ] = :tt'. 
If we choose 

(n) (n) ª1 '· · · '0m ' ·  • • 

in 'n, 'n w(a�n)) (n, m EN) such that 

lla(n)ll;,;;:k > O  (nEN), m n 

then S = {a�n) 1 n, m EN} verifies es = {0}. 

We can even impose conditions on this sequence S so that it be­
comes a L-system, (that is, the image of an orthonormal basis by a bounded 
linear operator) with es = {0}. This wou]d be the case if 

... 
L.: 11 a <n) 112 < 00 and 

n,m = 1 m 

00 

L.: 11 a(n) ll 00 
m 1 m 

... 

(n EN). 

If we project S on any .ray r of .ff, we have L.: 11Pa<P>11 = 00 for 
m =1 r m 

a certain rP E {rn 1 n EN} and therefore 

53 - 833 



Z l(a�n),x)l=00, n,m 'tx E .Yf - {0}, 

hence es= {0}. 

We observe the fact that whenever we have Cs = {0} for a given S, 

we also have Cs. = {0} for any S' :J S, and this suggests to search the 

"minimal systems", S, for which Cs = {0}. We point out that any 

heterogonal in direction system, S, - even if it is complete - gives 

Cs =I= {0}, since it verifies N(S) = {0} =I= :ft'. 

However the join S of two, or more, heterogonal systems can give 

Cs = {0}. To see thls, choose an orthonormal complete system of .Yf, 
{en 1 n E N}. Let S' = {bn 1 n EN} be a L-system such that Cs.= {0} 

and such that {en + bn 1 n EN} is heterogonal. Then, for 

S = {en , en + bn 1 n EN} 

we have es = {0}. 

Indeed, had we 

.2' I (en, x0)1 + Z 1 (en, x0) + (bn, x0) 1 < 00 
n n 

for a certain x0 E .Yf - {0}, then we would have Z 1 (bn, x0) 1 < 00 
n 

contradicting C8• = {0}. 

We summarize the above results in the followmg: 

Proposition. Cs can never be a bilateral ideal unless either 

(i) it is the whole P.4. For this we need a very strong summability 
condition on S, namely S must be absolutely summable or 

(ü) C8 is the zero ideal. For this we need a very strong condition 
of non-summability on S, Le. for every x E .Yf - {0}, {(an, x) 1 n EN} 

must not be absolutely summable. 

Finally we show that Cs can not·contain the ideal 6 of the com­

pletely continuous operators, except when Cs equals t1.4, that is, when 

S is absolutely summable. 
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Theorem 2. Let S = {an 1 n E N} be such that .2 1 1ªn 1 1 = 00• Then 
n 

there exists a completely continuous operator C such that 

To prove this we give the following 
... 

Lemma 2. Let Z p be a numerical divergent series of positive 
n 1 n 

terms. Then there exists a sequence {qn 1 n E N} verifying 

such that 

Proof of the theorem. Let us refer Jf to an orthonormal basis 
... 

{en 1 n E N}. Let an = .Z an1.e1.• By the assumption made above we have 
¡= 1 

00 

:Z f a,;1 + ... +a,;¡.+ 
. . . = "°· n=l 

We are trying to construct a completely continuous diagonal operator C. 

such that 

C= 

o 

... ... 

o 

Z 11 Can 11 = Z Ya,;1 Ai + .. . + a,; 1."A1� + 
. .

. = 00• n=l n=l 

One can find natural numbers v n (n E N) with the condition that 
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z Va2 + + ª2 = 00 
n=l nl ... nvn 

and we can additionally suppose that v n < v n + 1 (n E N). 

Lemma 2 guarantees the existence of a sequence µ1 ;;;;. µ2 ;;;;. ... 
. . . ;;;;. µn ;;;;. ... > O, µn � O (n � 00) such that 

OQ 

� V 2 + + 2 
L.,, µn anl · · · 0nv n= 1 n 

= 00 

Let u�ke 

As 

we have 

A l = ... = AV¡ = µ1, A\)l + 1 = ... = A\)2 = µ2, ... 

.. .,A. +1= ... = X =µn,··· ·  vn - 1 vn 

= 00 ' 

and consequently 

OQ 

OQ 

¿,r Y X 21 a 21 + ... + X 2 a 2 + . . . = oo. 1 
n=l n vn nvn 

Thus we can establish that if a sequence S is such that 'VCE 6, 
OQ 

Z 11 Can 11 < 00, then necessarily 
n=l 

z 11ªn11 < 00, and es = :J9. 
n=l 

This theorem, in a certain sense, can be considered as dual of the 

one due to G o h  b e rg and Ma r k u s [2] which asserts that far every 
bounded operator A E p,g, A* O, there exists an orthonormal base 
{en 1 n EN} such that 

OQ 

L; llAe 11=00• 
n= 1 n 
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We have obtained that for every non absolutely summable sequence 
- hence in particular for ali the orthonormal bases - there exists not only 
a bounded operator, but a complete/y continuous one, C, such that 
Z 11Can11 = oo. n 
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