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Let & be a real, separable Hilbert space, £ the set of bounded
linear operators on ., and S = {a, | ne N} a fixed sequence in £
we shall denote by

Co={Ae 4

21 I Aa, | < }. Obviously Cg+#¢, VS€E .
n=

It is straightforward to check that Cg is a left ideal. We will prove
that it never is a proper bilateral ideal, using the following result of
Calkin [1]:

Every proper bilateral ideal in the ring of bounded operators of a
Hilbert space contains the ideal € of finite rank operators and is con-
tained in the ideal of the completely continuous ones, .

Lemma 1. It is a necessary and sufficient condition for €, C Cs
that S be a summable sequence.

Proof. Let S={a, jneN}. § is weakly summable if and only if
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Vx € #, 21 | (@,,x)I<e, ((, ) denotes scalar product). In the Hilbert
n=

space J a sequence is summable iff it is weakly summable. By the as-
sumption &, C (g we have all the uni-dimensional projectors, Pw(x),
x € # —{0}, included in Cg and hence

VXE # —{0}, P, €Cs* 2 IIP,@)I<x,

VXe £ -0} » 2 |(@,M)I<>, Vx&x.
n=
Thus we also see that whenever S is summable, Cs contains the uni-
dimensional rank operators and from this it is easy to prove that it con-
tains the whole set of finite rank operators.

Recalling that the Hilbert — Schmidt operators on # coincide with
the absolutely p-summing ones, 1 < p <o, ([4]), one has that there ex-
ists no sequence § for which Cg=&,. In fact, if CgD @, then
Cg D &,, ideal of the Hilbert — Schmidt operators, since every 4 € €,
transforms a summable sequence into an absolutely summable one, that

is 21 Il Aa, Il < e, which istosay A€ Cs. Nevertheless one can find
n=

sequences S such that Cg consists only of finite rank operators, but
not of all of them though.

So far we have proved that if a sequence SC »# is not summable,
C; cannot be a proper bilateral ideal. Let us now see that for S summable
C is not proper bilateral either.

Theorem 1. Let S= {a, | n € N} be summable. Cs then contains
a non completely continuous operator.

For the proof of this theorem we prove first the following

Lemma 2. If S is summable, for every € > 0 there exists a natural
number up such that )

I(apl + ...+aps,x)|<€>
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with p<p, <...<p; and x € # only restricted by Ixll=1.

Proof. Suppose that thereisan € > 0 suchthat Vm, Ix_, u > m
verifying I(a“m + ...+ a, +sm,xm)|> €. We take m,;,m,,... such

that m, | >, +5 and construct the subsequence of S
i

el
ml

a ,...,a

i, ,d o, ...,d

nml+sml “"'2 +s

m2 i
for which the corresponding series does not verify the Cauchy condition

and therefore is non-summable. This clearly contradicts {a, | n€ N} sum-
mable. I

Proof of the theorem. If {a, | n € N} spans a finite dimensional sub-
space of s, then {a, |n€ N} summable is equivalent to {a, | n € N}
absolutely summable, and Cg = #.

Let us now suppose that the closed linear hull [a,,...,q,,...]
is not finite dimensional, and consider in s a complete orthonormal

system {e, |ne N}; let a, = 21’ a,;e;. The series
l=

2@, e)l= 2layl,  G=1,2..)

converge uniformly following the lemma just proved.

If n> 0 denotes any fixed real number, for —721 there exists v(g]

such that 2 Iam.|<—721 (Vje N). Since for each n, a,; = 0 (- ),
n=vy
for large enough j we can obtain

v—1

n
2 a1 <2
and so
n;l la"j | <n
thus
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2 la, >0 (e

n=1

Let us denote 6, = 2 la,;l, 6;>0 (~e), and choose 6, so
n 7
that 28, <o, that is
] 7

2la, | <.
n,ll. ”;i

Construct the coordinate subspace le, , e,z, c..>€,...] corre-
1 J

sponding to the sequence {I]. |7 € N}, and denote by P the orthogonal
projection on it. We have,

Pa t...+a,¢e +... G=1,2,..)
ifi

n =anllell
||Pa,,||<|a,,,ll+...+Ia,,,ll+... Gg=1,2,..)

thus

2P, ll< 2lay, | <.
n n,lj 7

So we see that P transforms S into S' = {Pa, | n€ N} which is
absolutely summable, and therefore P€ C., being P a non completely
continuous operator. R

The existence of a non completely continuous operator in Cg im-
plies the existence of infinitely many of them.

This theorem shows that when we impose (¢ to contain the whole
set of finite rank operators, we ootain a very strong condition on S,
namely that it must be summable, and because of this fact Cg contains
”too many’’ operators, and it cannot be included in the ideal set of the
completely continuous ones &, proving that Cg is never a proper bi-
lateral ideal.

However (g can be the whole set #. Indeed, it is so iff S=
= {a, | n € N} is absolutely summable. The other extreme case, Cg = {0},
0 the null operator, is also possible and we consider it now. We quote
first the following result [3]:
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“"Let J designate a left ideal in #. If J does not include pro-
jectors, then J={0}".

Then it is easy to prove that whenever Cs # {0}, it includes an uni-
dimensional projector; hence a necessary and sufficient condition for

Cg #{0} is the existence of a ray rC % such that "Z’ IP.a,ll <ee,
or equivalently:

Co={0} » 2@, x)==, Vx€#-—{0})
A geometrical consequence of this is that for Cg = {0} the nucleus of S,

N(S) = Q la,,...]1 mustbethe whole # hence in particular [S]= .

N(S)# # would imply the existence of a natural number p such

that £ = [ap,ap+ 1s---1¥ #, consequently P, . would belong to
C

g» and there would exist uni-dimensional projectors in Cg.

We give an instance of a sequence S for which Cg ={0}. Let
{r, In€ N} bea complete system of rays in ', [r,...,r,,...]= .
If we choose

a™, ... ,alm, .

inr, r, = w(a,f;')) (n,m € N) such that
laiMlizk% >0 (neN),

then S= {a,("") | n,m € N} verifies Cg ={0}.

We can even impose conditions on this sequence S so that it be-
comes a L-system, (that is, the image of an orthonormal basis by a bounded
linear operator) with Cs = {0}. This would be the case if

oo o

Zl||a,§,">||2<m and 2 llaMl== (nEN).

n,m= m=1

If we project S onany ray r of #, we have 21 1P.alP)|| == for
. =

a certain r € {r, | n € N} and therefore
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2 @y, x)| ==, Vxex—{0},

hence Cs ={0}.

We observe the fact that whenever we have Cg = {0} for agiven S,
we also have Cs' = {0} for any S' DS, and this suggests to search the
“minimal systems”, S, for which Cg ={0}. We point out that any
heterogonal in direction system, S, — even if it is complete — gives
Cs # {0}, since it verifies N(S)= {0} # #.

However the join S of two, or more, heterogonal systems can give
) Cs; = {0}. To see this, choose an orthonormal complete system of ¢,
{e, |In€ N}. Let S'= {b,|n€ N} bea L-system such that Cg.= {0}
and such that {e, + bn | n € N} is heterogonal. Then, for

S={e,,e, +b, |neN}
we have Cs = {0}.
Indeed, had we
2 l(ey xg) + ;I(e,,,xo) +(b,, %)<
for a certain x, € ' — {0}, then we would have Zl(bn,x0)|< oo
contradicting Cg. = {0}. "
We summarize the above results in the following:

Proposition. Cg can never be a bilateral ideal unless either

(i) it is the whole #. For this we need a very strong summability
condition on S, namely S must be absolutely summable or

(ii) Cg is the zero ideal. For this we need a very strong condition
of non-summability on S, ie. for every x€ # —{0}, {(a,,x) |n€ N}
must not be absolutely summable.

Finally we show that Cg can not-contain the ideal & of the com-
pletely continuous operators, except when Cg equals #, that is, when
S is absolutely summable.
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Theorem 2. Let S ={a, | n€ N} be such that 2 la, Il = eo. Then
n

there exists a completely continuous operator C such that
2 lCa, Il = o.
n=1 n

To prove this we give the following

Lemma 2. Let 21 p, be a numerical divergent series of positive
ne
terms. Then there exists a sequence {q, | n€ N} verifying
q,24q,2...2q9,2...>0, q,>0 (n>)

such that

Proof of the theorem. Let us refer 5 to an orthonormal basis

{e, |ne N}. Let a, = 21' a, ;€. By the assumption made above we have
’=

]
8

3 j 2 2
"=Z; Vai + ... +al +.

We are trying to construct a completely continuous diagonal operator C,

7\1. 0
C: * An‘ N )\I‘-)O (f-)oo},
0
such that
) NGa,ll= 2 Va2 Wi+ . +al N+ . =

One can find natural numbers v, (n € N) with the condition that
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2 Va31+...+a3vn=°°

n=1
and we can additionally suppose that v, <v ., (n€N).

Lemma 2 guarantees the existence of a sequence My 2>y >
.>un>...>0, /.tn—>0 (n—> =) such that

n;; M"Va31+...+a2 = oo,

nvn

Let us take

A =L=A =G = A, T H

’>‘vn_1+1= —Rvn—#n’
As
2 32 2 2 2 2

Vanly\l + '+anv )\v >“n Vanl + +anvn’
we have

2 VA%a2 + +2A2 42 =

ne V 1%n1 n nv ’

and consequently

S 13242 2,2 _
2 VNa 4.+ N ek 4. =
n=1 n “Pn

Thus we can establish that if a sequence S is such that VCeE &,

] |Ca, |l < e, then necessarily .. lla,l|<<, and Cs = A

n= n=1

This theorem, in a certain sense, can be considered as dual of the
one due to Gohberg and Markus [2] which asserts that for every
bounded operator A€ B, A+#0, there exists an orthonormal base

{e, | n € N} such that

2 Nl e, || = o.
n=1
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We have obtained that for every non absolutely summable sequence

— hence in particular for all the orthonormal bases — there exists not only
a bounded operator, but a completely continuous one, C, such that

2lCa, = .
n

(1]

[2]

(3]

(4]

REFERENCES

J.W. Calkin, Two sided ideals and congruences in the ring of
bounded operators in Hilbert spaces, Ann. of Math., 42 (2) (1941),
839-873.

C. Gohberg — A. Markus, Some relations between eigenval-
ues and matrix elements of linear operators, Math. Sbornik, 64 (106)
(1964), 48-496.

M.A. Naimark, Normed rings, Wolters Noordhoff publishing
groingen, 1970, the Netherlands.

A. Peiczynski, A characterization of Hilbert — Schmidt opera-
tors, Studia Mathematica, 28 (1967).

E. Martin-Peinador
Capitan Esponera 7, Zaragoza, Spain.

- 837 -



