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Scalar pseudo-Schell model sources present a degree of coherence depending only on the difference between the
radial coordinates of the two considered points. Here we study a class of sources of this kind, but endowed with a
vectorial nature. Such sources, as well as the beams they radiate, present structured coherence and polarization
features. It is shown that the polarization pattern and the degree of polarization are not uniform across the beam
section but remain invariant upon paraxial propagation. Different characteristics of the source and the radiated

beam can be obtained by changing the source parameters. Some synthesis procedures are also proposed.

1. Introduction

The proposal of new types of light sources with structured coherence
is a subject of increasing recent research in the literature, for both scalar
[1-17] and vector sources [18-30]. The interest for the beams they
radiate lies in the peculiar properties that they may present, which find
application in several fields. Just to quote some, we recall self-focusing,
particle trapping, propagation through turbulent media, and imaging
[24,31-43].

A recently introduced example of structured sources in the scalar
realm are the so-called pseudo-Schell model (PSM) sources [13,14],
which present coherence characteristics that only depend on the dif-
ference of the distances of two points from the source center, i.e., on the
difference of their radial coordinates. It has been shown that these
beams present self-focusing effect and may find application in particle
trapping [14,15].

In this work we focus our attention onto sources that behave as scalar
pseudo-Schell model sources as far as the radial coordinate is concerned,
but are endowed with a vectorial nature, presenting position-dependent
polarization properties. We call them vectorial pseudo-Schell model
(VPSM) sources. In particular, we will study the coherence and polari-
zation features of a class of such sources and of the beams they radiate in
the paraxial regime. The free parameters of the sources of this class
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allow one to conceive a wide variety of beams with structured coherence
and polarization which present several interesting properties.

For example, the degree of polarization may change across the
source plane, from totally polarized to completely unpolarized, and also
the state of polarization can be not uniform across the source. In any
case, the transverse patterns of the polarization state and of the polari-
zation degree remain invariant during propagation. Furthermore, both
the intensity profile and the coherence depend on the chosen parameters
of the source and change during propagation but, in any case, the in-
tensity has a null at the source center, which is always preserved in the
propagated beam. This gives rise to a dark hollow beam with structured
coherence and polarization. The above features could be applied, for
example, for measuring size and morphology of carbon nanotubes [44],
for observing the spin Hall effect [45], or in polarimetry [46,47].

We also show a technique for the experimental synthesis of the
proposed vector sources. The technique stems on their representation as
the incoherent superposition of perfectly coherent and perfectly polar-
ized vector fields.

This paper is structured as follows. This Section constitutes the
Introduction while Section 2 is devoted to the description of the tools
used to describe the source and to study their characteristics. In Section
3, the passage from a scalar case to a vectorial class is described. In
Section 4, the proposed vectorial pseudo-Schell model source is
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introduced and their characteristics in the source plane are analyzed in
detail. Afterwards, the paraxial propagation and the main features of the
radiated beam are described in Section 5. Synthesis procedures are
described in Section 6 and, finally, the main results are summarized in
Section 7.

2. Preliminaries

Within the framework of the paraxial approximation, one can ac-
count for the complete set of space-frequency correlation functions at
two typical points (r; and ry) of a planar source by using the cross-

spectral density (CSD) matrix [48], W(rq, r2), whose elements are
defined as

We(ror) = () (n) B (). ®

(with y,{ = x,y) where E, is the y-component of the electric field, the
brackets denote ensemble average, and the dependence on the temporal
frequency has been omitted for brevity. The analogous quantity in the
space-time domain is the so-called beam coherence-polarization (BCP)
matrix [49]. It should be kept in mind that, in order for a 2 x 2 matrix to
represent the CSD matrix of a physically realizable source, the non-
negativity condition has to be met [49,48,50,51].

The local properties of the source are given by the CSD matrix
evaluated for r; = rp = r, namely, /W(r, r). In particular, the optical
intensity of the source and its degree of polarization at the point r turn
out to be [48]

—

I(r) = So(r) = Te[W(r,r)] 2

and

[ 4DetW(r,
P(r) —J1- 7eiw(r'r)]2, 3)
{Te[W(r,r)]}
respectively, where Det stands for determinant and Tr for trace.
The local state of polarization can be described by the Stokes pa-

rameters of the field and can be calculated starting from the values of the
elements of the CSD matrix as follows [52,53]:

So(r) W (r,r) + Wy (r,r
S | | Wl r) = Wy (r,r
Sir|= S(r)| 2Re (W, (r,r @
S3(r) 2Im | Wy, (r,r

with Re and Im denoting the real and the imaginary part, respectively.
We will refer to the state of polarization of the polarized part as the one
from  S1(r),S2(r),S3(r) and considering S} p(r) =
S2(r) +8%(r) +-S3(r) instead of Sy defined in Eq. (4).

On the other hand, several scalar quantities have been proposed to
give account of the coherence properties of the source [48,54-58]. All of
them, of course, can be evaluated from the expression of the CSD matrix
of the source but, for brevity, we shall limit ourselves to consider three of
them.

The first one follows from a direct extension of the definition used for
scalar fields and is related to the visibility of the fringes produced by the
field in a Young interferometer [53]. For a vector field, two systems of
fringes will be superposed due to the x and the y components. Being
orthogonally polarized their intensities are simply summed up. This lead
to define an equivalent DoC, introduced by Wolf [50,59,60] as

2
ﬂw<r17r2>

The second one is the so called electromagnetic DoC. It is defined by
[54,55]

calculated

_ W) [

I(rl)I(rz) (5)

Optics and Laser Technology 152 (2022) 108079

Tr[/Vl7f (r, rz)/W(rl s rz)]

1)) ©

/lzg(rhrz) =

with the dagger denoting hermitian conjugation, and gives a global
measure of the correlation among all the components of the field at the
two points.

The third one is the maximum-visibility DoC [56,57], which can be
expressed by

2 (p ) = Tr[/v‘?T(rler)/W(rlyrZ)} + 2|Det[/‘/‘7(r1,r2)] |
4 (rom) - 1)) ' @

It quantifies the maximum fringe visibility that can be obtained in a
Young experiment on modifying the interfering fields by means of uni-
tary transformations [56,57].

Note that the equivalent DoC is enough if one is only interested in
fringe visibility, but it does not give any information about different field
components correlation. The complete information is contained in the
BCP matrix [49]. If, however, one wants to account for the various
correlations with a single quantity, the electromagnetic degree of
coherence (DoC) or the maximum-visibility DoC can be used. The latter
can be directly measured in the laboratory using a Simon-Mukunda
device [61,62]. Once the maximum-visibility DoC is known the elec-
tromagnetic DoC is easily derived. The relationship between two of
these parameters or one of them with other parameters proposed as DoC
has been debated [58,61,63].

Assuming paraxial conditions, the propagated CSD matrix can be
calculated by means of the Fresnel diffraction integral [53]. Considering
the propagation direction mainly along the z axis of a suitable reference
frame, the propagated CSD matrix can be written as [53]

—~ 1 '~
W.(R;,R;) = ﬁ/ W(r;,r2)
®
ik
xexp{ -5 (R, — 1]’ + Ry — 12[) |d’rid’rs,

where 1 = 27/k is the wavelength and R; = (R;,9;), withj =1,2, are two
typical position vectors in the plane z = constant.

3. From the scalar to the vectorial case

Let us consider a scalar source of the pseudo-Schell model type, i.e. a
source whose CSD has the form [13,14]

W(rl,rz):T*(rl)r(rz)g(rzfrl), (9)

where 7 accounts for some (amplitude and/or phase) modulation across
the source plane and g is proportional to the (scalar) DoC

- o)) o))}
/4<r1,r2)— W(rl,rl)W('“z-,rz)ig 2o e | ) e "
10

¢ being the phase of 7.

Let us also assume the function 7 to be of the form of a TEM;q
Hermite-Gauss mode

242
T(I‘) :z'(x,y) :Aw%exp<—x ;y ), 11
0

at its waist. Here, wy is the waist spot-size and A is a proportionality
factor. Alternativey, the same function can be expressed with polar co-
ordinates as

7,(r)cos0, 12)

7(r,0) =

with
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1,<r) =A Lexp<7r—;). 13)
Wo Wy

This is the expression in which we are mostly interested. As for g we
assume it to be Gaussian, too

_ (rZ*Vl)Z
glrn—n) =ep| - a1 a4

Most of the properties derived from the sources proposed in this paper
are independent of this particular choice. Note that while wy, is related to
the width of the intensity, § accounts for a statistical process and de-
termines the extent of the region in which high correlation of the field
components occurs. The overall CSD across the waist plane is then

|A]ryryc080, cosd,
— e

. n+n
wi P wi
2
Xexp{_%}

The presence of an angular dependence entails that the intensity dis-
tribution is not circularly symmetric. In fact we have

|A]*r2cos?0 272
I{r,0) =W|r6ro|="——F—exp| ——5 |, (16)
Wo Wo

which depicts the well-known coffee grain. On the other hand, the
modulus of the DoC for any pair of points, excluding the origin, is
expressed by the last Gaussian of Eq. (15). It will be noticed that using
Egs. (9) and (15) the CSD can be written in the product form

W(r1,01;12,6,)
(15)

W(ri,ry) = Wes(r1,712)©(0,,60,), 17)
where
©(6;,6,) = cosdcosb,, (18)
and

‘A|2r1 " 24 (n—n)
Wps(’h”z) :w—%exp<—lw—gz>exp T | (19)

which is a particular case of pseudo-Schell model source.

An advantage of this separability is that this property remains
invariant in propagation, i.e., the CSD of the propagated field can be
expressed as a product of two functions, one of them that depends only
on the radial coordinates and the other one on the angular variables. In
addition, the integration over the angular variables of the cosf terms will
produce J; Bessel functions, which simplifies the study of paraxial
propagation.

When the vectorial aspects of the electromagnetic field are detect-
able a vectorial version of the CSD is needed. The single CSD function is
then replaced by a set of correlation functions for each possible pair of
field components given in Eq. (1). When for the x component of the field
the one giving rise to Eq. (18) is selected, and for the y component the
same field is adopted but angularly shifted by the angle @, and further
assuming partial correlation between the two components, the resulting
CSD matrix can be written as

/Vi?(rl,rz) :Wps(}"],rz)@(91792>. (20)

where Wps(r1,72) is a scalar CSD of the pseudo-Schell model type and o)
has the form

beosOcos(6, — a)
cos(8, — a)cos(6, —a), |’

~ _ cosd,cosb,
®<01’62> - {bkcos(ﬂl — a)cost,

Here, b expresses the correlation between the two components. The CSD

(21
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matrix defined by Egs. (19)-(21) satisfies the non-negativeness condi-
tion whenever |b|<1.

4. Nonuniformly polarized VPSM with propagation invariant
characteristics

In this work, the broad class of partially coherent vector sources
introduced in the previous section is investigated. The form of the CSD
matrix is that defined in Egs. (19)-(21). The radial dependence of the
degrees of coherence pertinent to Wps can be varied on changing the
function g(r) (see Eq. (14)), thus obtaining a wider variety of pseudo-
Schell model sources, but all of them present some common character-
istics, as it was shown for the scalar case [13,14]. On the other hand, the
function 7.(r) affects the intensity distribution across the source plane.
Conversely, the degree of polarization and the polarization state of the
polarized part are independent of the particular form of Wps(r1,r2).

4.1. Characteristics at the source plane

The characteristics of this VPSM source, i.e., the intensity, the state
and degree of polarization, and the degrees of coherence across the
source plane can be obtained by substituting the proposed CSD matrix
into Egs. (2)-(7).

In particular, the intensity across the source turns out to be

I(r) = |z, (r))? [cos®(6) + cos* (6 — a)]. (22)

It follows that the intensity profile does not present circular symmetry,
except for specific values of the source parameters. In fact, it changes
from two symmetrical lobes (for @ = mz, with m integer) to a circularly
symmetrical doughnut (for @ = 7/2 + mzx). Moreover, the intensity al-
ways vanishes at the center of the source. These features can be seen in
Fig. 1, where the intensity profile is shown for eight values of a.

One may ask which relationship exists between the direction of the
principal axes of the beam profile and a (excluding, of course, a = 7z/2 +
mur, in which case the intensity is circularly symmetric). To answer this
question let us recall that the principal axes are those for which the
widths /(x2) and +/(y2) reach their extreme values [64,65].

If we call y the angle formed by one of the principal axes with respect
to the x axis we obtain [64,65]

_ @ =07
cot(Z){) == ) , (23)

which in our case turns out to be

cot(2y) = cot(a). 24)

It is interesting to note that the orientation of these principal axes (which
is undetermined for @ = 7/2 + mx, as was expected) is independent of
the choice of 7,(r) and g(r). A jump from y = 7/4 to y = —r/4 occurs for
a = /2 + mzx. The degree of polarization can be evaluated at each point
of the source plane as (see Egs. (2)-(7)

\/[cosz(é)) —cos2(0—a)* + 4‘I;|2cos2 (9) cos? <9 - a)
- cos?(6) + cos?(6 — a) ’

P(r) (25)

and turns out to be independent of the particular form of Wps(ry,r2). A
significant feature of the degree of polarization is that it is not uniform in
the source plane, as it can be seen in Fig. 2. In particular, it is the same
along any selected radial line but varies with the angular coordinate,
ranging from a minimum value, which depends on the value of b, to 1.

Some values of the source parameters give rise to a uniform degree of
polarization. For example, for |b| = 1, the degree of polarization is
unitary throughout the whole source plane, although the polarization
state may vary from point to point. Finally, it can be seen that for
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Fig. 1. Intensity (normalized to its maximum) at the source plane with the source parameters § = 0.25wy and b = 0.5, fora =0, a = 71/8, a = n/4, a = 31/8, a =
n/2, @ = 51/8, a = 3n/4 and @ = 7x/8, from left to right and top to bottom.

20 20 2o 0.5
> RN RN
-2 2 2 0
-2 0 2 -2 0 2 -2 0 2
T /wy T /wy /wo

Fig. 2. Degree of polarization at the source plane with the source parameters § = 0.25w, and b = 0.5 for a = /8 (left), « = 7/4 (center), and a = /2 (right). Note
that for @ = 0, then P(r) = |b| in the whole source plane.

a=0 the degree of polarization is P(r) = |b| for the entire source plane. the intensity map, in Fig. 3 for § = 0.25wp,a = 7/4, and two different
The Stokes parameters are evaluated, from Eq. (4), as values of b (namely, b = 0.5 and b = 0.51). It can be seen that different
) ) polarization patterns are obtained with the same degree of polarization.
So(r,0) cos”(0) +cos” (0 — a R ding the coh . h ivalent DoC i i1 1
$(r.0) o | cos(8) — cos? (0 — a . egarding the coherence properties, the equivalent DoC is easily eval-
S,(r,0) |7,(r)] 2Relblcos(0)cos(0 — a) | (26) uated as (see Eq. (4),
Ss(r,0) 21Im[b]cos(6)cos(0 — a) 2
2(r —r
Wy <r1 ,r2> =Ny <91 , 6’2> exp |: — %] , 27)
It follows from this expression that the polarized part of the source has,

in general, a nonuniform polarization pattern. For real values of the
parameter b, the polarization state of the polarized part is always linear, where
but its azimuth varies as a function of the values of the source param-
eters. The polarization state of the polarized part is shown, together with

0.8
0.6
0.4
0.2
0
-2 -1 0 1 2
x /wy x/wy

Fig. 3. Ellipses of polarization of the polarized part at the source plane (superimposed to the intensity map) with the source parameters § = 0.25w, and a = 7/4 for
b= 0.5 (left), and b = 0.5i (right). Handedness is codified in color: red for right-handed ellipses (and linear polarization) and green for left-handed polarization.
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[cosf cosd; + cos(0, — a)cos(6, — @)
Nyl 61,6, | = . (28
W( b 2) [cos?(0,) + cos?(0, — a)][cos?(0,) + cos?(6, — a)] (28)
A few examples of the corresponding DoC vs 6, forr; = ry, witha =7/6
and several values of 05, are shown in Fig. 4. The electromagnetic DoC is
evaluated as (see Eq. (4),

2
ﬂ2'/<r1;r2>—N'/<'91,92>eXP[2(”5_2}’2):|7 (29)

where the function N+ (61, 65) is defined as

N#(61,6,) = {cosz(él)cosz(éz) + cosz(el — a)cos* (6, — a)
+b]* [cos* (8 )cos® (02 — ) + cos®(B>)cos* (0 — a) | } (30)
x{[cos®(61) + cos’ (61 — a) | [cos®(62) + cos* (6, — a) | }71

Fig. 5 shows the behaviour of the electromagnetic DoC in the source
plane for the source parameters § = 0.25wy,@ = /4, and b = 0.5. In
these plots the DoC is evaluated with respect to a point denoted by a red
spot having radial coordinate r, and several values of 6,. It can be noted
that its maximum value does not reach 1, in general, even if it is eval-
uated at the same point. This is a general property of the electromagnetic
DoC because it gives a measure of the correlations among all the field
components [54], and is unitary for r; =ry only if the field is also
perfectly polarized at that point.

The angular behaviour of 42 on a circle of radius r; = r» is shown in
Fig. 6 for the same angular positions 6, as in Fig. 5. Since the electro-
magnetic DoC depends on the squared sinusoidal functions of the
angular variables, it is periodic with period z for both angular variables,
thatis, Nx(61,02) =Nz (61 +mn,03) =Nz (61,602 + mn). It can be noted
that only the curve corresponding to 6, = z/2 reaches a maximum equal
to one. This happens, in fact, at a point where the field is perfectly
polarized because one of the field components vanishes there.

The maximum-visibility DoC (see Eq. (7)) takes the following
expression:

2
/42; ("17"2) =Ny <91,92>3XP{—2(h672r2)}7 (31)

where the function N;-(61,6,) is

Ny (60,,0,) = Ng(6,,6,)

} 2‘ (l - ‘b\z)cos (Gl)cos (02)C03(01 - a)cos (62 - a) ) .
[cos? (91) + cos? ((7‘1 — a)] [cos2 (92) + cos? (62 - a)]
(32)

The behavior of y%. is shown in Fig. 7. Note that, unlike the ele-
tromagnetic DoC, it always satisfies y2,(r,r) = 1, regardless of the values
of the source parameters. This is due to the fact the maximum-visibility

1 X !
C\':0.8 P
<
< 0.6+ i
< 4
=04 —0,=0 )
E —92 = 7T/4
202+t 6y = 1/3 |

0 — 0= /2 ‘ ‘

0 0.2 0.4 0.6 0.8 1

91/71'

Fig. 4. Plots of equivalent DoC for a = /4.
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DoC, evaluated for r; =r;, measures the visibility of the fringes that can
be obtained from the interference of a field with itself, and must be
unitary independently of the polarization state of the field.

Fig. 8 shows the behavior of the maximum-visibility DoC for points
on a circle of radius r; = r, with respect to a point on that circle with
various values of the angular variable 0,. In this case a maximum equal
to 1 is always obtained, at least for 6; = 02. Moreover, even in this case
the angular dependence is periodic with respect the angular variables
with period 7z, so that any pair of diametrically opposite points on the
same concentric circle presents complete coherence. Moreover,
depending on the value of the parameter a, there may be more pairs of
fully coherent points.

5. Paraxial propagation of the radiated field

The properties of the field radiated from the source in paraxial
conditions can be studied by inserting the CSD matrix given by Eq. (20)
into the Fresnel diffraction integral of Eq. (8). Integrating over the
angular variables, the following propagated CSD matrix is obtained:

W(R\,Ry,2) = f(Ri, Ro,2) © (91, 2), (33)
where @ (91, 9,) is the same as in Eq. (21). With the functions z,(r) and

g(r) given by Egs. (13) and (14), respectively, the auxiliary function
f(R1,R2,2) takes the form

ek ik, ,
f(RlvRZaZ) - ‘A| ?exp 7271(R1 7R2)

X rriexp| — 701 — r2)2 exp| — ik (r2 - rz)
172 5 1 Th

24121 (knR,\. [(knR
wexp| — A T2|y (KriRiyy (RRa) 4 g,
w3 z z

Ja(-) being the Bessel function of the first kind and order n [66].
As can be seen from Eq. (33), the polarization characteristics given

(34

by o) (81, 92) are identical to those of the source plane, i.e., the same
transverse patterns of either the state and the degree of polarization are
obtained at any z-plane. On the contrary, the intensity of the beam
evolves as

I(r) = |f(R,R,2)? [cos®(6) + cos* (0 — a)], (35)

still retaining the same angular dependence as at the source plane.

An interesting feature of the propagated intensity, derived from the
expression in Eq. (34), is that it vanishes along the entire z-axis. Also,
that the orientation of the principal axes does not change during prop-
agation because it depends on the parameter a but not on the particular
choice of the scalar CSD Wps(r1,72).

For the choice a = 7/2, i.e., when the intensity profile is circularly
symmetric, the evolution of the propagating intensity profile, shown in
Fig. 9, is the same as in the scalar case for a vortex Gaussian pseudo-
Schell source with topological charge equal to 1 (see Figs. 7-10 in
Ref. [13]). In this figure, the propagation distance is expressed in terms
of the Rayleigh distance zzx = kwf) /2. The profile in the source plane
corresponds to the shape of a Laguerre-Gaussian coherent beam of zero
order and topological charge equal to 1. Unlike the usual partially
coherent hollow beams of the Schell-model type [67-69], the null at the
center of the beam is maintained in propagation. Moreover, a ring of
higher intensity and smaller radius appears in propagation. It can be
observed that the maximum intensity is reached after a certain propa-
gation distance. This can be considered as a self focusing effect of this
kind of sources.

The evolution of the intensity profile for a noncircularly symmetric
case is shown in Fig. 10, where the parameters § and b are the same as in
Fig. 1, but @ = x/4. It can be noted that also in this case the maximum
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pE (@1, 91,72 = wo/V/2, 02)

11/100 ffl/wo

3ﬂ1/wo ifl/w()

Fig. 5. Electromagnetic DoC relative to a point (red spot) located on the circle where the maximum intensity is reached for angles #; = 0, z/4, /3, and 7/2,
respectively, from left to right (source parameters § = 0.25wg,a = /4, and b = 0.5).

J—

e <
>

T9 = ’u}(]/\/i, 91,92)
(=)
=~

o
o
:

92:77/3 7
—62 =7T/2

pg(ry
o

0.2 0.4 0.6 0.8 1
01 /7T

(=}

Fig. 6. Electromagnetic DoC relative to a point located on a circle of radius r,
and angles 0, = 0, 7/4, /3, and 7/2, respectively, for points r; on the same
circle (source parameters 6 = 0.25wg,a = z/4, and b = 0.5).

intensity is not reached at the source plane (see the colorbar scale) but
after a certain propagation distance.

As regards the degrees of coherence, the following relations can be
obtained

W% (R, Ry, 2)

pﬂ,(rl,rz,z:O)

_ Was (r1,r1) Wps(r2, rz)lf(RuRz,Z)‘z

= . (36)
f(RlthZ)f(R27R27Z)|WPs(V17r2)|2

From this result it can be observed that the angular dependence of the
electromagnetic DoC remains invariant in propagation, that is

1o (R,91,R, 82,2) = i (r,01,7,0,,2=0). 37)
After some tedious but straightforward algebra, similar result is ob-

tained for the maximum-visibility DoC

[,127(R, &I,R, 1927 Z) = [127,-(1‘, 01 5T, 02, = 0) (38)
These two results mean that both the electromagnetic DoC and the
maximum-visibility DoC, measured over a ring concentric to the source,

remain invariant in propagation.
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Fig. 8. Maximum-visibility DoC relative to a point located on a circle of radius
ry and angles 6, = 0, 7/4,7/3, and n/2, respectively, for points r; on the same
circle (source parameters § = 0.25wp,a@ = n/4, and b = 0.5).
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R. Martinez-Herrero et al.

I(z,y,z=0.07zR)

0.8
0.6
=
§ 0.4
0.2
0
x /wo
I(z,y,z =0.2zR)
1.5
=
0 1
=
0.5
0
x / wo

Optics and Laser Technology 152 (2022) 108079

I(x,y,z =0.122R)

|

x / wo

—

[

y [ wo

I(z,y,z =0.3zR)

|

x / wo

—

[

y / wy

0

Fig. 10. Intensity maps (normalized to the maximum of the intensity at the source plane) for several propagation distances. The source parameters are 5 = 0.25wy,

a =n/4,and b = 0.5.
6. Synthesis procedures

Well-known procedures for the synthesis of partially coherent sour-
ces stem on the incoherent superposition of coherent fields. This seems
to be the most affordable approach when one deals with sources that are
not of the Schell-model type, and has been followed for the synthesis of
both scalar and vectorial sources [5,10,11,27,28,30,70-72]. The
superimposed fields can be given by the so-called modes, i.e, the
eigenfunctions of the homogeneous Fredholm integral equation whose
kernel is the CSD function (matrix, for vector sources), and their powers
by the corresponding eigenvalues [48,50,73]. Due to the mathematical
properties of the CSD function, the modes are mutually orthogonal and
the eigenvalues nonnegative. When the same approach is used, but with
nonorthogonal coherent fields, one speaks more properly of pseudo-
modes [74,51,13]. From an experimental point of view, it is often
convenient to use a single laser to produce all the modes, but one at a
time. The incoherent superposition of the modes is then performed by
exploiting the integration time of the used detector, or summing the
obtained intensity values a posteriori.

In this section we derive a pseudo-modal expansion for the CSD
matrix of Eq. (20), with the functions defined in Egs. (19)-(21), and
show two possible experimental schemes for its synthesis.

Let us start from the result given in [13], pertinent to a scalar pseudo-
Schell model source. In that case a pseudo-modal expansion was found,
which for the CSD in Eq. (19) can be written as

)= 3 A (), 39)

Wes(r1, 72

with

1 P &N\
ﬂn—2”n'|:l+ +\/— ( +—> ; (40)

wi o wo 2w}
and
y/n(r) :rH,,(\/ﬂr)exp(fmz), 41)

where H,(-) is the Hermite polinomial of order n [66], and
1 AN

n=7(1+ w) . (42)
wo

The matrix © (6;,65), in turn, can be expressed in an analogous way as
that pertinent to the superposition of two mutually uncorrelated
perfectly polarized field, having suitable polarizations and powers. In
particular, we can write

(9],92> Za,vT (0]> (92> (43)

where the fields, written as row vectors, have the expressions

1
Vi) = —(cosH cos(0 — a)e” );
1\/_ 44
V,(0) = 7 (cose™  —cos(0—a) ),

and carry powers proportional to

ay=1+1b); aa=1-1b|, (45)
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respectively. Parameter $ denotes the phase of b.
Inserting Egs. (39) and (43) into Eq. (20), the following expression is
obtained:

Weie) =3 4w, (V001 [, (2)Vy(02) . (46)

n=0 j=1

<.

which represents the pseudo-modal expansion of W(rl,rg) we were
looking for. Each mode, that is,

¥, (r) =, (r)V;(0), (47)

is a field which is fully polarized but not uniformly, except for a = max,
in which case the two fields are uniformly polarized with orthogonal
polarization states over the entire beam cross section.

Note that, in general, V;(6) and V;(6) are not orthogonal, the only
exception being for a = 0.

Fig. 11 shows the polarization patterns of the vectors V; (¢) and V3(0)
for a = x/4 and two different values of . In general, the polarization of
these two fields is not uniform. When the phase of the parameter b is
neither zero nor a multiple of z, i.e., § # mu, the fields V;(6) and V2(0)
have opposite handedness (the Stokes parameter S; is the same but with
opposite sign). For @ # mu, it is possible to find points where these two
fields present orthogonal states of polarization and they obey to the
condition

cos? (0) = cos? (0 — a); ie, 0= “ +2mﬂ. (48)

The angular dependence of the corresponding intensity is shown in
Fig. 12 for several values of parameter a. Note that the two modes are
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Fig. 12. Angular dependence of the intensity for all modes and several values
of a.

weighted by constants a; and a, respectively, so that the total intensity
follows the same angular dependence.

The radial dependence of a few low-order modes is shown in Fig. 13.
It can be observed that the highest amplitude is obtained for the first
order mode. Moreover, the amplitude peak decreases monotonically for
increasing mode order, with n>1.

The combined effect of the radial and angular dependence (of the
intensity) for the particular choice of @ = 7/4 and n = 5 is shown as a
color map in Fig. 14. The polarization pattern for this particular choice
of a = /4 and two different values of f are superimposed to the in-
tensity of such a mode.

The pseudo-modal expansion in Eq. (46) gives us some hints for
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Fig. 11. Polarization maps for V;(6) and V3(6) across the source plane for @ = /4 and = 0(left column) and g = z/2(right column).
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possible synthesis procedures.

In the first scheme, whose working principle is shown in Fig. 15, the
mode Wy(r) is produced as follows. The beam emitted by a laser is split
into two replicas having orthogonal linear polarizations (say, x and y) by
means of the polarizing beam splitter PBS. The replica polarized along x
(¥) is sent onto the spatial light modulator SLM,. (SLM,), which provides
it with the spatial modulation (both in phase and amplitude) corre-
sponding to the x (y) component of ¥,;. The two replicas are eventually
recombined to obtain the whole mode and imaged by means of the
converging lens L onto the source plane S, where a camera can detect the
intensity profile. The sequence of the modes is obtained changing the
transmission function of the SLMs in such a way that, at any step, a

)\n’\p&l(x?y)’Q
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different combination of the indices n (ranging from 0 to a maximum
value N) and j (1 or 2) is realized. The sum over the modes is then
performed assigning a different weight to each of the modes, for instance
on setting the integration time of the camera as proportional to the
values of 4,a;. Of course, a real optical system implemented in a lab will
take account of the peculiarities of the used components. For instance,
SLMs may work in reflection, or may be of the phase-only type, in which
case holographic approaches can be used to produce the required field
distributions.

The second scheme, sketched in Fig. 16, exploits the factorization of
the CSD matrix in Eq. (20). Here, the mutually uncorrelated fields V1 (6)
and V;(0) are produced simultaneously by means of two different laser
(operating at the same frequency), having powers proportional to a; and
ay, respectively. To synthesize V;(6) and V. (0) starting from a linear
polarization, the use of suitable polarization converters (PC; and PCy) is
required, but we will return to the subject shortly. The two fields are

SLMy gs L S
v |
] I
R X == SLMy,
laser Hx+y f’ /ﬁ
Ao PBS

Fig. 15. Experimental set up for first approach.
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Fig. 14. Polariazation patterns for V; () (top row) and V3 (6) (bottom row) with a = z/4 for = 0 (left column) and = z/2 (right column). These polarization maps

are superimposed to the fith order radial mode.
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Fig. 16. Experimental set up for second approach.

then superimposed by means of a polarization-preserving beam splitter
(BS). This corresponds to directly performing the sum over j in the
expansion in Eq. (46). In other terms, the BCP matrix of the field exiting
BS is just the one given by Eq. (43). Finally, the radial part of the CSD
matrix is synthesized on letting the field exiting BS pass through a SLM,
which provides it with the radial modulation y,(r). In conclusion, for
any fixed value of the index n the field imaged onto the source plane has
the CSD matrix given by

W(r1,12) =y, (n)© (61, 0.y, (). (49)
Again, the sum over n can be performed integrating on the response time
of the camera, which can be set according to the values of 4,.

The advantage of the first scheme is that it is extremely general and
can be adopted for the synthesis of any CSD matrix. It requires only one
laser but two SLMs, and the number of modes to be presented in
sequence is 2N. In the second approach, the use of two lasers makes the
synthesis process faster (the number of consecutive modes is N) and only
one SLM is required. On the other hand, it may be difficult, in general, to
physically realize such optical elements as PC; and PC; (if not through
combinations of anisotroopic optical elements and SLMs). A significant
exception occurs, however, when the polarization patterns to be syn-
thesized have axial symmetry (such as radial, azimuthal or, more
generally, spiral), in which case the polarization conversion can be ob-
tained in a rather easy way starting from liquid cristal devices [19,75] or
from glass windows under static stress [70].

7. Conclusions

In summary, a new class of partially coherent, partially and non-
uniformly polarized sources of the pseudo-Schell model type is pro-
posed and analyzed in detail. For these sources, not only does the po-
larization state change but the degree of polarization can change across
the source plane from fully polarized to fully unpolarized. In either case,
both the pattern of the polarization state and the degree of polarization
remain unchanged during propagation. On the other hand, both the
intensity profile and the coherence characteristics depend on the chosen
source parameters. In general, both intensity and coherence change
during propagation. In any case, the intensity, which in general does not
have circular symmetry, always presents a null at the center of the
source, which is conserved in the propagated beam. This results in a dark
hollow beam with structured coherence and polarization. As in the
scalar case, these beams also exhibit a self-focusing effect. The principal
axes of the intensity distribution also remain invariant. In addition, both
the electromagnetic DoC and the maximum-visibility DoC, measured
over a ring concentric to the source, remain invariant in propagation.
The above properties could be very useful in applications such as par-
ticle trapping, free space communications, etc. Finally, some experi-
mental setups have been proposed to synthesize the proposed sources.
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