Theorem 5.2 LD {51 4. 1) b probabidily dpuce and
2t X be on antegrably beunded fuzsy sohdom marabl
Then, there erials o sequence of integrobly bounded
fuzzy rendem varichles {Xm e, mih simple o-leoeks
Junctiona such that

Jim deofEp(X), BelXY) - 0. O

§ Concluding remarks

Az we have commented helge, Lho metric epasces
(C(RT).d) and [FIR*).d,.) are complete.
that we now ndd 8 convexity condiblon bo sybsots in
(R and FIRY), s Lhet K (M) demotes the colbec
Liom of nensmpty compecl enpver subseta of BP, anrl
FARF) is tha cless of Tugey sets of BF being upper
semicentinuous, mwerwil, convex and having cutnpns,
closed coavex bl il che: support. Then, (K (R, ) s
w closed subzpace of (C(RP), aY, and (FRF) do) 6 &
céoecd aubepace of [FIRY), dg].

‘I'he reaulta in Sections 3, 4 ancl 5 oan be eatahlished

Arsume

Bur 7, [R¥}-valurd fuzzy randomn variables. |r this casa,
both variablee, the linle cae sl those 0 the conver.
geok saquence, will he F, B - valyed.

(e sl beg eap phasized that, due 1o the adiled ron-
vealy, Llw Aumann integrat of & eimple Tasw lom sct can
ba eanily computed by 1enna of the wse of the scalar
product and the Minkowshi ackdition (see ehreu, 1966,
Bymne, 157TE). Conzequently, che fuszy expreoled value
of a simple fuzzy tandom variable can Yir ensily com-
puted by meana of Lhe we af Lhe Razey product by o
scalar and the fuzey adilitnn baeserl on fedeh's suten-
sion principle | LBTE].

IT e cowpbaine Ll lusl comelugions with Theomems
8.1 wnd 32, we can obiain an operationnl procedurc
L compute the fozzy expacted vahte of o peroral ince-
grehly tutawled Tuzcy random varabla,
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Abstraci—  Evorybody in the furzg Aaeld
knows aboul the controversy hetween Frob-
ahility and Fuzziness, Some artichs are 16l
.;Il.lblmﬂfl Ceony time fo bime, dicusrsing con-
goptual differancey andl showing omparative
auslysas ar collabarmtive approsches. In this
papet wE puoint ont what we think s the main
fape, sometines madr uhscore hocawse 1F ace-
roenpanying complaing: & pure Bayesian doss
pot accept the idea of modeling other thing
diffarent thap ucis, which are always erisp,

Key wardss Fugay Seta Theary, Decion Makig,
FPrahabilly Theocy.

[ INTRODUCTION.

Saoce Badeh's fonpdatainmal paper on Fuecy Sl [2|.|_
doubits aboul tle relevines of the fuzzg mundel as an
allerpative mslei for unrertanly ave Lesw ool
pareut by some key probabilily sewearchern, marly
cotiing [rom the Bayesian held,

The twa sechots of iz article devoted sorme g
frizndly conversalanz 0 arder 1o get a better urler
atanding abuut auch s controvtesy  Leing rashoane af
ibern workivg on & dilfeecnl pide, il was an wivan
tage. Thas paper reflecce part af their final cunlusion.
0 no way the controversy 1= doe ta nmlaer of sonal
srgumEnes, but 10 a deep different ponl ol view. A
peee Bayesinn, sven il hefahe s willing 1o aceept the
exiatence ol diferent kiods of wnsceamies, il sil’

hex MENDEL

Industrial Engineering and OV R
Uraveratly of Californio ot Berkeley
Berkeley, Colifornie, 5.4,

claimy that only crinp Hased models deserye to he de
veloped [L1) Limting detailed dsscriptions of sdvan-
tages or dissdvaolages nf each approach i sametiines
mieleading the main seue.

II. A sHORT VIEW TO BAYESIAK
POSTULATES,

Tlhe cantrovaray between Fuzey Sels and Frobability
Theary conves in fact from he very hegimning of the
history of Fuzzy 5Soto ‘Cheory. Thalwis and Prade [5],
[ar Fearngle, refer 10 8 very short paper by Loginoy
[14]. sulbknitted for publication as early as Dhecember
4 [LBRR). Hinee chen, Lugzy Sri Theory haa been
e focosz of & somctimes sLrong corbroversy. Al
ticles sbuut the relationship helween (nezicess and
prabability &re sl teing published (aee, = g., (6] o1
the apecial issuc of the |EBRE Transactiooe an Fuzzy
Spatema -vol 15, lrbruary 1970 )

& pure Bayemian clains Ut Peobability is all we
weed  Let us ereined roain Bapsian postolates fol
lewing samr key papers, all of Lo veey wellknown
in the Fuszy lteraturs  ©hessman [H. French 6],
Laviclette-Sranun |6, Lindley [8], Falvig [12] and
Sallings [20]

Facst. oo all, Bayenian Theoary uee bo be presented
a5 a subyreties shewry [or Probability, oppoped Lo the
frequentist approacl. Lo fact, some argumenls -
tially coaning from the fuzzy ficld did apply woly Lo
A frecquentist approach to prabakilicy [12,34]).

The Lerin subgzetave should be nghtly undemteod,
sinen Aayesial Theory pursues s Bl chjectivily, 17



we wanl to bwild up a mhodel in ardec to deat with
aneertamty, Bayesing say, we have Lo wse suly avanl-
able mlzrnaln, ol esswenptiars  The wse of precr
koawledge in Lhe Bayesian made]l shoubl oot meke
ws thirk that Beyesian Theory is nod odfective. Thie
wauld he Lhe case if these priare are cdefined with-
out yustifcation. Decision maker prosmnal experiende
and opuinow cnay bat be directly koown., Bub we
do know ahom the decigions such o deciaion ssker
makes an the basie of them. We an look at hiafher
peds. Acls will ellow Bayecian Theney 1o Le opem-
tenal Bapssiwn Theory indeed dealw with petsensd
pelividies, hub it tries in fact to he ekfechve iboey-
ety aspect. Thia key segumenl 15 made clear. eg.
by Lindley [9]. the Hayssian approach is the only
opme dArefining & measurs of uncarlamey Leing "oper-
ationally testable™ {Laviglotte-Seaman (&) Hence,
Payssian Probabilidy is the only way of uperationaly
traling with uncertainty. The rantrosersy should not
be meelermloed gs fuzziness versis probability. There
ia mo particular conbroversy bhelwesn Bayesian 1'hes-
ry versuw Tuzziness. The enolroverny ba Bayesian ap-
proach verews any olher model for uncertainty.

Felaced to Lindley's argurnents are Cox's papees
5| Cox's work ghows how hasic rules of probabetity
[ablanw frure congistence with Boulean algebra, where
a kiy bale ba played by the basic Ariaeotelian asaump-
Lon wheeh claeaifes svery asgerticn in one and only
ane of twe classes: true and felee [sec Zodeh [2E])
Tlwerefaze, feom thin kenary lagee we cerch probnbal-
iLy, and Mom prohability we'll Fall ints the Bavesian
tnodel. That's the snderlying Bayorian Argnment in
heese man [1)

i;an a pure Bayenian model be bull oo from
nen-binary logie?

Bawesian Theory clmms for rotesnaiidy o ileci
zon making (s, eg., French [6]), hecanse person
al decision toaking is consitered as e only opers-
tineal approach to oneertanty (==, eg . Lavialatbe-
Sraanian [E-]] Bomwe besic Dayrsama assuaephicls £B0
hee ezitiziect, ot it ia not possible Ao wake ralwaal
decisinns wilhoul making such assurnplions, poils
oul Cheeseman $1] (wes alze [2(]. Hut o ocder ol
aperelional, Bapesiatie need a rriap space of aclions.

Puirs Bayssians do moc care ahoul what Lhe derao

areg

prokablity means o the el wotld  They o onoo
rare abont anythwng callel prubakifisies uncevigin-
Iy, They do not care il coneepla aee crasp o fuzzy.
They An not like argumenls Tke “the world i= Tueay,
therafire our mathernatics slould slso br leey” (o
Fronch [6)1. We do el knnw about arguments, b
just know about Rcts, They cliwime. {7MBp RS RHUeLp:
tion in the Bawesien wmodel apphies o nels amb bl
Layesian anedel refres qusl Lo arta,

Al are alwags crsp. Only coearmenrs of {erisp)
acln can be checkel  This ix o key Bavesian argi-
ment.

Ruyesian probabilily in o preseeiptive theory, Lot &
dencriptive one  [fapesians do not porsoe expleining
how homan brasgs think, but how e oeedel conpis-
lent decigion making. IT you Reve bren caletens in
your behevior, your preferances can be clelad e ol
i had & Bayesaan roaend Frono a Dayesian geutil af
view, fuzainees shonld be underatond jusl as aucer-
tainty aboal meaning Scme DBayrsiaos claim oo fart,
that any kind of unccrtamnty ran be perdectly repre-
gented as a probability distrbulinn deflied 2n the
fumibty of 8l presible intended meanengs (hecaeman
[1]). But ihe queslum sboat how perfert is bs repre-
zutitation 15 nnt Lhe resl moue heer A pure Baycsian
will claim that this w the anly cheres. ax s conse-
vuenee of e sperehivneltty ived Qeurrence of Lhose
wtended meanaoges are tisie Weslable when all s
pregsible mteneded meannggs aee inpesed L le s
Crinp aoes ace the unly pussible Randanon feoa e
Honal derision kg sheary

Yayreran Theory siecd models peeseead ul s
sisbent Nsbavir, wiirh tefers Lo deizicn making
abaut crspoacly b ongerstnod as an upcralinna
theary sipee beliayior 2an b measorsd by oaneeis al
sota and bals  Bagesian Theary conclude that our
buhavicr - consestanl- can e sslely rndsled w of
we had inoane mind 2 prodabdisie disenSaben on
the set ol acte. ke f we nad a profobelrsfc oprman
Yow ronoe an atdividual ceaches 1o cdeosionos eol
pbaervahle: finul avla an: the omly obsreatle efor
triation

Bayesimn Theory w jusified as an agematiconl e
gistent derision-based measure sl personad whserl -
iy From a Rapesiae point of soew gl i nnseass o

ghink ahui! probabalcty i Lhere is oa decigicn mikes.
if thers: 15 L0 decizama prableit) alatsd o Lermad of erap
geticns. Heyedisn ral ienaliy 17 abont acte. no mat-
per previclR argunents juslifying thaan A Bayraan
cJuima juet o b consislens oo acls, becsuse Lhis
;g Lhe only sbaernabls fact Rhout sur decision naking
pracesa Wenleling seraanel nres in ble anly realistac
goal fTom & Beyesian ponl of view  Bayezisng wall
fave ho prableme in agrecing wilh Ebic [7] on the
eniplence b diferent kinds of wncerlamtics, Bul »
Hayeainl would say it has oo seose L0 COTBider un
curlaintics Lhal have not been oprrationally defined,
and anly acls wre eperatonal. 11 % a wasle of s
1o consider Lie exislence of ditferent kinds of uncer-
|ajnbies (07 EVEL MOrE geieTah madedy], sikee shere 1s
amly oo seassiatenl and operatinal ceazore of per-
sanal noceckainky

111. Decisior MAKING VERSUS
DECIsTY PROCESSES,

Che <lassical example of feifhess as a lusey g6l mey
lepd to mone musinderstanding A Bapesian ap-
prrash where the degree of membearshap is undeestond
gr a likelibood ndes] capbures @ pacticular uncsr
Laimy adeolt falfners. A likelihood Tunction acoms
fully apprafriate oo coisersabinn whete the wiprd
1ol e s im e Lo goess the partivalar feipht of
Jehn L thg sase Ule vegue soncepl G s used
e carry onn the lack ol & rsiraloe st rabinkisn
whoys Lhe crien propercy Aeight. Theze A oothing
Tuzay abuul ksight.

But b may ke the case Lt the TequnTed erpre-
smnlation ol the 2rizp atzribule @ st chrar o ic is
v comples Lo be Farmalized, as for many caarnpmasile
concepts [see anty [14]]. Beiog comnplex, an alter-
pgsive faxy approhch nny bie justidied an least due
Lo a lnw opeulivekeas nf the Bayesan aperoach. A
key characteristic wilh prilzess i@ that heght can e
repressrted in the real ine. An abalogous Trpcesen
raticn frr mare conmlex coprepts ey be un groerisl
far [rom being clewr. Agwin 2 pure Rayesian will h=
only interested in Lhuss acls associabed tesuch com
plex oncepts, whatevet Lhege craoplex concepts are.

Shafer's rewisw 1] on Savage’s olasacal wark [L5

provides, 1ogetler with discussasy, wns resellent e
pugilon of Ragesiun paradnues.  For reample. Lhe
Hategian model wsumes thik geery peTsno lsan Bl-
wage well-defined corplele | ranaitive perferences. re-
gardloss any dBeulty  Urcision maker doe ool al-
weys define & complote order selation o Lhe set ol
allernatives. (iambling with Lews an search [oe fear
pric tay he nut accepted alier all [see also Shafer
P&y, Moteover, the decigon mist be between rlearly
defined arts, so conacguences can be checked |uithet
wize opecatinoality ig losl). Beld on fuzsy evebls are
bl w0 casy Lo wceepl  The ket " you san LD dellars 1f
b mewd man eolers the Toom s tall: otherwise, you
Tase Lk dllars” dows wot give a rule of @hat n b Jf
we o nol agree oo i the man Jusl entering the coom
ie doll or mol Lolf (see (18]).

Fromw ok poait el view, the mam argunent 1 thal
the conceprs of decesaom gnd ol shondd wot he oo
Tused. Bavesiaon wlways 1alk aboul acts: they arc
particular and chservable, Buk nsually the ohbeers-
ahbe el ig a consegquence of a previo iner deosicon
pracess which is in facl che irnportant bimen degisacem
{which iy be not ohnervable in the Rapesian sense].
Frir snasnpie, while walkiog on rerkeley strecis noe
nue decide 10 help a homeless sillg shead on Lhe
sclewatk  Huch o decision d8onot auoacl, Giving a
particular amennt of cotey 18 an act. and idrparnd-
% o ety GreHmstaoces (some af e aee basuradly
ranchian, a the trlal amount of muney sach one of
e Dt ot fonr pecketa and Jmw L iz odistrluled
Fille aned rornss  Chrice one has decided i help that
hrrialess, we are Fackd to che pralien ol chiaosing an
art aciocding o thal decisicn, hetwern Llpye atcetna
twes coaninE to o mind while sil widking towirds
Lhal lmeless Oiree walldrfined acts Lase been cho-
e ammong all Uiy st hand develiping oor pravicus
Lecimion about atlitides 15 wheer Lhe Paverian mol-
ol wncks Azl as allmruslives use Lo appear be chose
irrispl alternobiees at Lhe end of an iwner lsirtarchacal
derision proeess, For mxample. anoe ane nas decicked
s islp chat homedesn, e wiay shute that “alchotgh
aure e feels lonely, hogey mod gquite diesy, belter
Erve Sineapare changs” Citvibg some spare clhage i"
wewher wowell-defines drcision. In Eact, wr mlrod uce
aiie naned aooaur pecket ek up kb PROAAEL & ol




ple of roina and only tlin, when we ELve Lhicer L
etina Lo Lhal Bemeleas, we aes aboaed Fach AP i
the funer deciaion 15 albout o Trraunal atbtode which
18 ol well defined. A Bayeman would] ot Lakr care
theal thase prevuns non-ulservable desisons ahioul
attiluden {they are not e, Lhey are nat crasp, they
are ol sbssrvable ur tracalie]

(e shyective may be v muolel an e Feason .
g Ftacess, nel just miodeling slservabie acis {gr
Przblern may be abcue decisian Jrracerges. ML i broe
that fram aets we can Lry to gurss [ow anr aoind
#atke:d nat the final decision. Bul aur sner decisian
provess may kel he meking e at alt of oot 2e Pieres
of the adel, seither well defined conBturnceg  Tn
aur hotielrss exarnple, thin is the rase only ance we
are [heed LnoLhe inst stey of mhel o odo i nrder o
kelp bian: “huw many and which apss Trinn clise
TENE in my pocksl P Ena give hin™ 1 In Tar
L owe reach to Lhe sfrcigion al felpang thar Yomeleas
aller vlearly jl1-defined Brenment=. "Yeher asked Lo
make chiaces, chey [people) laok Tar ArguInenis un
whizls ta hase 1hece choies" | wnyx Shater (1G] Chur
derision makivg jencedures are st af e Lime e
AION prisieesed guile Etesacrhizally strerisen ik Mk,
Sty (U] efams char g fuzzy jwoperiy w0 bperas-
chical system of propertiog) Mgl s docion
Hraregs involved at sach stiep less 2 eas abel e
Lalicrnalives, go poire acis wk AREPAT wl i1E final
shape, " The prefarenees wo copgnro- Aol an L
YreElare weoask ourseleses and hecee e geles Lo
b Lnestions 15 an sweenigal parh of the fogiatrore cign”
Whider [167 W o net < hocs e g ul! pnai e
AEE e eanonague. We Linild g e PN s ey
Ly eornzanng apitades Lhetreies) wlarn < oo be gn
Attt an ponrlvalelined T e o HELE et Al
of Liete proresscs wili ol the snt allew A 1 ileHas
woaren ses ol feasible wris |1y a Arfusafeing derpsic
[sheie e Leaiting T L vozied rae L o8 2z, g FeEnT N
kncown chinn e of feacibly wees e “hro-a F 3lter
natives [see [LB] for the fnimartanee of runeleyet e
tetknds)  Choositg, ameang Uheae siieedey o pah
Lema Midhs we dbe cloesing, arcne D5 mal jpodels
G aclions, nob paricidar acks, and 1 chos LTSS
Hayrsian Theory has prabliems i bt azdeaalely
stated. Ragsitan Tlhrocy will fil Frrlevtly iy icin

n
v

the lusl stage of such w decision feroress, wlsn the
problem has bren slready stated o lerms of [=rBy
Al

Acts are the untput of an jnner derision nuthing
procens.  lecidion making, iF underlood in 4 wide
senge. conlmns Jermons whach are ol only whrgt
acte. Human key decimeons da not see 1o be acrg
{the sehpurtanl burnan decisane was bt EIVILE L
dimen Lu Lhat huziarlees, bt deciding te help bhim in
some way]. Modeling our acts 19 etpuetanl, bul oue
argutnenta shonld alan dewespve gore riffare A RUTE
Flayeatat will cluim Lhat chaa second prohlem s nal
npealivnal

Langenge is an open system thal evolyes ke
Scirnre- searching fur n batter =aplanatinn of real-
g Mo model -about langoage o1 Science ran Tully
eeplaim reality e ran Ty to amprove explenationg
Ly gelting better wod wider mndels, bt if not based
R acty, again these modeln will be consdersd nag
uperseatial by Huyesiags

Many Furzy theurts share with Fraguentiaty Lhe
Flatnniz way they refate wilh reality, i fard TRy
argurnenis in Fuzzy Sels, a2 Frequentict Prahakility,
fume fram the attermpt to get mathesatical sooel-
ots ahout che [perheps subrective, i Jrre snatand |
werld. Such a model will most nrabably help us an
Make future decisions. but thal's pat the majn hssLe
o lm taken anio arecanl in order Lo ereals 2 fnd
. Hetige undlerutanding of realivy MAY tie fiy flueil
The duect oliprctive of i stalies [though of we want.
tu nderataned reglily sure it w hecanae [ lave some
[rrevicsiea stecision preklem celaled with thar Pisce Af
renlilyf. Buth Froguentisg and many fuzry mondel
5 share o descrepdive reprezentalion view, CHRaiLe
t3 Lhe presesptioe decsing making apprumch ol L
Hayesian Theary (Bee crmiments of Drubian-Peads in
Lassndeite-Searman's paper [5]]. The prablem iz ugain
that a Hapezian claztis thiat olly 9tk BPe uperafroual
# thus 1a the only Luag we sheuld he mudrhag.

As painted out by Shafer [V, prabakility pro.
vides ns with o pratocel far new infarom [0 T
tuletiral pralilems, “ Loy, in prehlems ol rverylay
hife, wr cobsdanily snenunces unexpectad anforma-
vion inforioalion fer which we have no rrotocal apd
iy ftegieucy expericnes Agaun, Auvswan dn nol

epre whoul these ArgUns meanwhile Liey are oun-
paervable. Senre ily itdividusl aree are conandlared
;Jleh.-alllﬂ. Havmualzs el have 21Ricltes in ||:||:u'.!n|-
sng apthing Ferepl abidividaal lesisizn [820) making
“:-snbhn'l!- IUia oo enly tlat probkakihiy 15 preson-
]:J pnd prescmplive wWHal chasasterizes the Bayesian
puint af wiew Tl he Faer flal the wacle r:n.a_[.lg,_..",ﬂ_t,_
ical pncadel 15 bl Mrana idiviena acts, Mois st Lhat
Prabability Theary pruvides 3 good anael for encer-
Jaintp, but shal individual ares - F cnnsj“?m in the
Payesian arnse can be explamed 4 if decision maker

waa ploying [orleris.

[emputet's ergnal wosk -Shaie=r 17| w.r;.l'.ea-. Wy
metivated “br the desire te oblain probahilicy judg-
mants bazed only an sample dma. wichnul depen-
dence o pror suhjeclive Spiniaa™  For example,
nat ipfermativeness can beoanodeird by means of
iha pair of trvial apper aad lowsr hownds. ma.:.e.ul
of any partacuiar pror diecrbuticn.  Probabilities,
Shafer points rat o 16 “should ke copstructed by
fraenining rvidencs, nor by eianuring one's attitude
traward bets."

Taking the path vf rezfism o5 dtned by Ry |14]
as "acknowledging Lhul a serlane number of ohjeris,
ahaut whicl we cal: reasan objscricely, pre-ecist 'cut
thees’ independsuiie of any research carried oot
This is the elasical sewnid - zzicude, which is ba-
sically deseripine fae dascoerng, Bew [ i 1adlong
abaut the fnuze of Deemizn 411 Reionces, and da
nngrisies siuch & pard of eehas: from the mTiamLatn;
peth, which Eraically s dor notias for preucribing
[Hey notices 1hat under this appeshzl i i umally
reyquired some slacenienl which gees the path of pe
ahigin, an the enseency of a roenp eee oFder ian Lhe st
of Letting rates 13 che nueel o 3 decisicn aker)
Ry 23] elaims 1aan Desizon-dad Srienven shonld be
mainly developed willin a third path: che path of
comabruciesme This path acknoaledgen the dificul-
tice in apprehending elearly and basizally pumues Lo
pravids the harm Fir whal ke calls o szcammienfa-
Het. The roncepta moels, preedures and resilts
nee hiece seen Az suilabile taols Far develnping convae-
tiona and allawing Lkeen Lo evelve® [ Rny [LH)

W, FinaL Cosses -

A basie scheme of the Baysian posin, =
undegstand 1o che fulluwing Leernss i -usr Lo be
useful, any lheory had 4o be operatenzig and il or
det tu e opecationsl suel a Leory st 10 based
upue obaervable facte; for 2 Rapssian, oo unly ob
survahle [acts are persooal acla, snohea : -reoral acls
iz The only thing we shonld be modaline  then, the
ohly medel that alluws a consestent diecien ok
ing pracedure amony acts ix Prohabilty  That doos
nol mean thet any probabilinler uneerteocye exises:
it just. meeang thel il an indivedunl bag o zcnsisden
behavinr, hinfher wets can be mndeled w2 e fabe is
plaving lolicries. Any uther approach «.. rarerLainly
will be non aperational vt will Lead to 500 - ansislent
decssion making procedures.

The key riam is the Bayesian app:..
only fecing) acts aze obesrvable 1asting we can Lages,
featuras ar propectics e ncl belpig e 2ue such a
dewp argnment.
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: ? " Abstract

I thiy papar we iavestigate spplieatlons of fumy
thecry to problems of decision-making, Primarily,
o atwedy the concept of fuszy probabdlity, thee posi-
ity of sElmetiog puch a prahability, an wolh ae the
statigtical testiog oF ikexact hypothesss, Ancther

om that we will address is ot of regresion
analysis with fuzzy dats {ser [17], |5, for the origin
wod previous devidapment of thim problern]. Amang
the unifylng methada that we plan to explors in
this apecific satting, are inkegrale with repect to
sonadditive meamres (i.a, Choguet inegrals, [21],
aetevalued probehdlitles |9, and optimization with
inaseact constraintd [3].

Clamicah statistical techaiques sautee that both
the date and the probability functlons sre repre-
penxed by nown nurmetical valums. In particolsr,
confidence estimation and tasting of hypekhbases,
whether in & Bayesiao fraresork or net, are based
on the amumption that knowledge of date i pre-
oime.

There are, however, many instances {aee, foc ex-
ample, [3], [5], {24} when the avallable informmtint
ia 8 mixture of randomoess and Fuzzicess, A pim-
ple exarmple of yuch &.mixtuee 8 o candom exper-
jmants when the obearymtione ars pomercal, but
the probabilitick are fuzzy {[13], {25)].

Io one of che modsls which we Investigste »m
rongidet ordinary random varisbles hot e aeame
that the probebilitis are fuzy-wiusd. The prob-
terme whicl we address will include: (1) Bayeaien
extimation of parameters when the prior informs-
tion is fugzy-valued; (2} estimation of & fuzzy prob-
abiliey; () taating of fuzzy hypotheses of the form
"3 in ™ [F being & fuzzy set); (4} fuazy quantified
rudes and ihe aggrapation of decigion cetena.

Ancther protilern thae we will addrow is oyres-
piem &nalyzsis with fozzy data. This approach, pic-
neerod in [17], was recently desacribed =ithis & beaat-
squares framewati in [5l, However, the probilam
(aven Bar intervel-valoed daee] b much more eon-

*Fmearch Jupparted i part by the Netionsl Sciemcr
Faurdatlan Gramt I0T-5MIT02, sad by & Graod fron the
Facukty Davloptuant Coupelt, Unlvarity of Crecmosil

&5

plex, and =r wlll describe & Teber fit For the data
using Fpoeinl linear operators o B* which lewve &
cone iwveriant.

1 Introduction
Consider the following simphe axampbes;

(%] & etudent in mclesd b chosen st ndom. What
ia the probabiliny that the student in tal?

{b1 Tt s kenown thwa the score oo & pacticular teat
follevea the rormad dlstribution with mean G5
atul standard deriatlon 2.4, For s stwdent cho-
s at random, whet is the probability that
beabe had & rery high acore on thae wet?

All thaoe mtamples bhave io commen & mixtue
of tandomness and Puzriness. The sxpeciment s
reodor, ghring ciae tor a [ rael-valued) rendomn var-
able, X. Howaver, bhe Mizziness is present in terms
of the rangs of the conde variagle, Mure specifi-
cally, we: wank to caloulate o prokabilicy of the Farm
£1X w M) where M is u fuzzy set, Tl clo Lhis, e
have W addeean the besic problem of w probebility
of & uzayr evvant, Tle Rt bo recognize the impor-
tanoe of this problem was Badeb [22] who defined
the probability of w laaey avent aa n real, (noa-
Fusmy) rumber betwean 0 and 1. To ceview Lis
convept briefly, Iet (0. T, ) be g prohabillity spacs;
{t iy the sample sprce of Bt ookcomes of G0MTLE Fad-
dom excperiment; P i & 7-algeben of subscts of [t
(calked evente), rad F: P — [(h1] 4 a prohnbal-
iby measure io the uaual gensz, A fugzzy event in §1
ia n fuzzy aubset A af 1, given by e mamberbip
fumction wy : 78— 0.1

Then the probability of & fuzzy cvent A (22| o
definecl e

) PLd) = Eipal = fn padP

whare £{] stands for the cxpected value,

Exarapla 1: [F (739 a Gnite set wich n elements and
iF P ia the wnidosm mosmspe assigning prolhabillty
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