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In this paper we show that quantum nonlocality can be sugtéraéed. That is, one can obtain violations of
Bell inequalities by tensorizing a local state with itséifthe second part of this work we study how large these
violations can be. In particular, we show the existence afnfum states with very low Bell violation but such
that five copies of them give very large violations. In fabtstgap can be made arbitrarily large by increasing
the dimension of the states.

That by combining two quantum objects one cansgghe- mental problem to study whether the nonlocality of a quantum
thing betterthan the sum of their individual uses seems to bestate can be super-activated. That is,
a characteristic feature of quantum mechanics. In pasicul
in quantum information theory this effect has been extetgiv can the statg ® p be nonlocal ifp is local? (1)
studied in quantum channel theory (see for instande [2€], [1

[10]) and entanglement theory (see for instarice [14], [25]) some interesting progress have been made on this problem.
Actually, some qf th_ese Work§ show a much stronger behavioihdeed, after some numerical attemp@([lS]), two pariial a
called super-activation That is, one can get a quantum ef- gyers to questiori{1) have recently been obtaineé)in [8] and
fect by combining two objects with no quantum effects. The2q]. In the first work, a positive answer to questifh (1) was
aim of this work is to study this phenomenon in the context ofgiven in the multipartite setting and for the restrictedecas
quantum nonlocality. von Neumann measurements. On the other hand,_In [21] a
The study of quantum nonlocality dates back to the seminadtrong super-activation result was given when one is reetti
work by Bell ([8]). In this work the author took the apparentl  to the particular measurement scenario of two inputs and two
metaphysical dispute arising from the previous intuitidn o outputs per party. Despite this considerable effort, oest
Einstein, Podolski and Rosen ([11]) and formulated it imter () has remained open until now. In this work we show that
of assumptions which naturally lead to a refutable prediicti  the general probleni)(1) has a positive answer. Furthermore,
Given two spatially separated quantum systems, contrblifed as we will explain later, previous results suggest that we ca
Alice and Bob respectively and specified by a bipartite quanget anunbounded Bell violatiowith the statey @ p.
tum statep, Bell showed that certain probability distributions  \n.e must mention that some previous results on super-
p(a,blz,y) obtained from an experiment in which Alice and gcivation have been obtained in different contexts of guan
Bob perform some measurementandy in their correspond- 1y nonlocality. A remarkable one was given by Peres, who
ing systems with possible outpuisandb respectively, can- gnowed that super-activation of two-qubit Werner states ca
not be explained by a local hidden variable model (LHVM). occyr when local pre-processing is allowed on several sopie
Specifically, Bell showed that the assumption of & LHVMim- ot the state of Alice and Bob[([23]). Super-activation was
plies some inequalities on the set of probability distibos 556 considered for arbitrary entangled states by allowdng
pla,blz,y), since then calledell inequalities which are vi- - ¢ yre-processing on the tensor product of different quant
olgted by certain quantum probability distributions proed  iates ). In contrast, our results do not make use ofany
with anentangled state cal pre-processing. The problem of super-activation wes al

of quantum mechanicwiolations of Bell inequalities, com-

monly known asquantum nonlocalityare nowadays a key

point in a wide range of branches of quantum information sci-

ence. In particular, nonlocal probability distribution®pide | PROBABILITY DISTRIBUTIONSIN A MEASUREMENT

the quantum advantage in the security of quantum cryptogra- SETTING

phy protocols ([2],[[1]), communication complexity protis

(see the recent review [6]) and in the generation of trusied r A standard scenario for studying quantum nonlocality con-

dom numbers ([24]). sists of two spatially separated and non-communicating par
In order to pass from therobability distribution leveto the  ties, usually called Alice and Bob. Each of them can choose
quantum state levelve say that a bipartite quantum statess ~ among different observables, labeled by= 1,---, N in
nonlocalif it can lead to certain quantum probability distri- the case of Alice andy = 1,---, N in the case of Bob.
butionsp(a, b|z,y) in an Alice-Bob scenario violating some The possible outcomes of these measurements are labeled by
Bell inequality. In the case where any probability disttibn - ¢ = 1, ..., K in the case of Alice and = 1,---, K in the
p(a, blz,y) produced with the state can be explained by a case of Bob. Following the standard notation, we will refer
LHVM, we say thatp is local. to the observables andy asinputsand calla andb outputs

Due to the importance of quantum nonlocality, it is a funda-For fixed x, y, we will consider the probability distribution
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(P(a, bz, y))ﬁszl of positive real numbers satisfying Il. THE KHOT AND VISNOI GAME
K
P(ablzy) = 1. In the remarkable papéﬂ [7] the authors used a particularly
Porm] interesting gamé kv to give very tight estimates in the con-

text of large violations of Bell inequalitiesThis game is usu-
will be also re-  ally called theKhot-Visnoi gamgor KV game) because it was
1 first defined by Khot and Visnoi to show a large integrality
i A ) ) gap for a semidefinite programming relaxation of certaincom
G|v§n a probab!l|ty distribution?, we will say thatP is plexity problems (se€ [19] for details). Since the KV game
Classicalor LHVM if will play an importag:t[ role in this work we will give a brief
_ description of it (see_[7] for a much more complete explana-
Pla,blz,y) = /QPw(a|x)Qw(b|y)dP(w) @ tion). For anyn = 2! with [ € N and every; € [0,1] we
for everyx, y,a,b, where (€, ,P) is a probability space, SOnSider the groug0, 1}" and the Hadamard subgroup.
Pw(a|x)y2 Oyfor alla, z,w, (X:a Pw()a|z) :pl for all x%wrf)ind _Then’ we cogflder the quotient g_ro@p: {0,1}"/H which
analogous conditions for th@,, (b|y)’s. We denote the set of 1S formed by=- cosets[z] each withn elements. The ques-
classical probability distributions bg. On the other hand, tions of the gamegr, y) are associated to the cosets whereas
we say thatP is Quantumif there exist two Hilbert spaces the answers andb are indexed byn|. The game works as

) N,K
The collectionP = (P(a,b|x,y))
ferred as grobability distribution v

H,, H, such that follows: The referee chooses a coggtuniformly at random
" b and one element € {0, 1}" according to the probability dis-
P(a,blz,y) = tr(E; ® F,/p) () tribution Pr(z(i) = 1) = 7, Pr(z(i) = 0) = 1 — n, indepen-

for everyz, y, a, b, wherep € B(H, ® H,) is a density oper- dently ofi. Then, the refgree asks questiot to Alice a_md
atorand E%), ., C B(Hy), (ng)%b C B(H;) are two sets of question[z ¢ z] to Bob. AI|cz=T and Bob must answer with an
operators representing positive-operator valued meammes ~ €lement of their corresponding cosets and they win the game
(POVM) on Alice’s and Bob's systems. We denote the set off and only ifa © b = z. We can realize the KV game as
guantum probability distributions bg. an element ilRY X~ with N = 27 and K = n. Actually,

It is not difficult to see that botlf and O are convex sets it is very easy to see that for every probability distribatio
and, furthermore, thaf is a polytope. The inequalities de- p — (p(a, b|[x], [y]))gﬁ]_m ,_; We have
scribing the facets of this set are usually calgsll inequali- WIm e

ties As we have explained before, the fact tifais strictly on
contained inQ or, equivalently, that there exist some ele- (Grv, P) = ]Ezg_n Z Z P(a,a® 2|[z], [z & 2]).
mentsQ € Q which violate certain Bell inequalitiesis a [z] a€le]

gf“df;‘_'t point irt1 qua?ttjml inf?rnatior;l tfheo.lr_y ' erpsg\);h;hat aNow, as a consequence of a clever use of the hypercontractive
Ipartite quantum state iscal it for all famiies o s inequality, one can see thatG ) < n- T (seel[7, Theo-

. b . e T
{Ez}a.0r {Fy}y,p, the corresponding probability d|§tr|but|on rem 7]). Furthermore, one can define, for ang {0, 1}", the
Q = (tr(E2 ® Flp)) ., belongs tof. Otherwise, we N (—1)2® _

. v eyiab . vector|u,) € C" by u,(i) = “——— foreveryi =1,--- ,n.
say thatp is nonlocal. It is known that a pure stdte) (| is o . Vn
nonlocal if and only if it is entangled ([12]). However, thie s It is trivial from the properties of the Hadamard group that
uation is not as nice in the case of general states. Indeed, (lpa - |“a><“a|)ae[x] defines a von Neumanr? mea_s;urerr?ent
was shown in([27][[4] that there exist certain entangletesta (VNm) for every[z]. These measurements will define Alice
p which are local, laying the foundation for the later under-and Bob’s quantum strategies. Then, as was shown in [7], for

standing of quantum entanglement and quantum nonlocality = 3 — 5, @ the quantum probability distribution con-

as different quantum resources. structed with the maximally entangled state in dimension

In order to separate the sefsand Q, it is very helpful to  [¥n) = —= >_i_, |i7), and the previous vNms, one obtains
slightly extend the notion of Bell inequality. For an arbity

M € RVK* we consider the quotient W(@) < ol and (Grv, Q) > 01%7 )
o - W (M) n (Inn)
 w(M)’ whereC' andC” are universal constants which can be taken to

H _ 4 —
where we defines*(M) = sup{|(M,Q)| : Q@ € Q} and be, respectively;” = ¢* andC’ = 4 ([2€]).
w(M) = sup{|(M, P)| : P € L} and for every probability
distribution P we denote
N.K
<Ma P> = Z Mg:;p(aab|xvy)
z,y;a,b=1
(see[177],[[18], [[166] for a complete study on this). Note that
the existence of Bell violations can be stated by: (1) > 1
for certainM’s.

1. SUPER-ACTIVATION OF QUANTUM NONLOCALITY

In order to show our super-activation result let's consider
theisotropic state

5, = plta) (el + (1 — p)~

ﬁ ’ (5)
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where|yy) (4] is the maximally entangled state in dimension inequalities mean that quantum mechanics is more powerful
d andd—]l2 is the maximally mixed state. It was proven iin [3], than classical mechanics, taenount of Bell violation quan-

[4] that, is local if tifies how much more powerful it {see [177]][18] and/[16]
for some recent results in this direction). In order to deéine
(3d —1)(d — 1)\@=1 measure of quantum nonlocality for a given statdet’s de-
_ q y g ta]
(d+1)dd ’ note Q, the set of all quantum probabilities constructed with

_ ) _ the statep. Then, for a given element/ € RY*K” we will
Let's fix d = 8 so thatp = « for a certaino > 1 and from  yenote

this point on let us remove thedependence af.
By the previous explanation, it suffices to find a natu- LV,(M) = w, (M) ©)
ral numberk and a quantum probability distributial con- r w(M)’
structed with the staté®* such that) does not belong td.
Therefore, let's consider an arbitrakyand note thad®* can wherew; (M) = sup {\(M, Q>\ 1 Q€ Qp} andw(M) is as

be expanded as defined in Sectiof I. Finally, the key object of study is

P*la) (a4 = PP g ) (Qar | + - , (8 LV, :=sup sup LV,(M).
N,K pfcRN2K?

where the rest of the terms in Equatiéh (6) are formed by ten- . _ .
sor products o) (t4/'s and s with certain coefficients  The quantityLV,, was introduced in[[16] as a natural mea-
which are products gf's and(1 — p)’s. sure ofhow nonlocal a state is (see ] for a more com-

In order to find our violation of a Bell inequality, we will plete explanation). Indeed, since nonlocality usuallgreto
construct the quantum probability distribution and thdatied ~ probability distributions, it is natural to quantify the amt of
Bell inequality at the same time. Indeed, we will considernonlocality of a state by measuring how nonlocal the quan-
the KV game forn = d*, G, and the associated vNms in tum probability distributions constructed witghcan be.LV,
dimension:. Now, on the one hand, we have said in Sectionmeasures exactly this. In fadt, [18, Proposition 3] allowsa

(@ that write LV, in the following alternative way, which emphasizes
. its connection to nonlocality:
w(Ggy) <C—-. (1) 2
d* LV, = = —1,
Tp

Therefore, we will finish our proof by showing that for a high
enoughk, the quantum probability distributio constructed ~wherer,, is the infimum overV, K andP € Q,, of

with our vNms and the stat&®* satisfies

sup {)\ €[0,1]: AP+ (1 — \)P' € £ forsomeP’ e ,c}.

<GKV) Q>
— > 1 (8) .
Car Actually, the KV game was considered in [7] to show that
LViy,y = Cﬁ for certain universal constaut, provid-

To see this, we first note thdG kv, @Q;) > 0 for everyi,
where); is the quantum probability distribution formed by
the vNms and th&" term in [8). Indeed, this trivially follows
from the fact thatG' kv is a game, so it has, in particular,
positive coefficients. Therefore, there will be no candetst
and it is enough to shovZ](8) for the first term [d (6). Since
the state in the first term is the maximally entangled state w

ing in this way a tight lower bound which almost matches the
known upper bound estimafél, < d for anyd-dimensional
statep ([17], [22]). Furthermore, it was recently shown that
we cannot completely remove the factor in the estimate
given by Buhrman et al. Specifically, the following resultsva

proveniin 22).

know again from Sectidnlll thdG v, Q1) is greater or equal d
thanC’ (1n1n)2 =’ @ lid)Q. Therefore, we obtain LViy,y < Dmv (10)
(Grv,Q) _ pFGkyv,Q1) _ C" , 1 whereD is a universal constant. As we will show in the fol-
oLl = oL = (klnd)?’ lowing section, beyond their own interest, these logarithm
dk dk

like estimates are very useful to obtain results about non-

which tends taxo whenk — oo sincea > 1. The proof now — Mmultiplicativity.
follows trivially.

V. UNBOUNDED ALMOST-ACTIVATION
IV. QUANTIFYING QUANTUM NONLOCALITY AND
SOME SHARP UPPER BOUNDS According to the previous section, the problem of the mul-

tiplicativity of guantum nonlocality could be written as
Beyond their interest from a foundational point of view,
o o X . LV e,
quantifying quantum nonlocalitis very helpful in quantum is P -
information theory. Roughly speaking, if violations of Bel (LVp)

> 1 for certain stateg? (12)
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Here, k is any natural number bigger than 1. The proof pre-about one of the most puzzling and powerful effects in na-
sented in Sectiof Il shows that questignl(11) is affirmativeture. In particular, we have answered the recent enhandemen
even fork = 2 and a state verifying LV, = 1. But, how  of problem21 posed by Liang in the Hannover List of Open
large can the quotient ifilL1) be? In this section we will showProblems in Quantum Information ([29]). Actually, the pfoo
that if we forget about super-activation and we focus on theve have presented in this work is very simple and, hopefully,
multiplicativity properties of the measuiel/,, we can give completely understandable for a general audience.

a much stronger result than the previous one in terms of the Beyond the proof of this fundamental result, one could ask

amount of violation. Actually, we will show the following
result:

For everye > 0 andé > 0 we have a statp (of a suffi-
ciently high dimensiom) verifying that

LV, <1+eandLV,e; > 4. (12)

Note that in this case we can make the quotienEin (11) arbi
trarily large for a fixed number = 5 by considering a state
p of a sufficiently high dimension. This is very different from
the estimate obtained in Sectiod 111, where the increasiig

necessary to get a large violation. The prize to pay now is tha

we don’t know that our initial state is local, but jusimost
local in terms of Bell violations. )
)2 "

In order to prove this result, let's consider= ““%
whereq is an arbitrary constant if0, 1) and

€ = pla)(al + (1~ p) .

Using Equation[(TI0) and the fact that the stgteis separable
we deduce that

LVe < Dp

er(l*p) < D(lnd)™ + 1. (13)

On the other hand, by the same computations as in SectiorlﬂatepaLb > O

[[M] we can deduce that, i) is the quantum probability distri-

about the amount of Bell violation in this super-activatein

fect. We have shown that the amount of Bell violation attain-
able by a quantum state is a highly non-multiplicative mea-
sure. Note that the enhancement of a Bell violation via tenso
products had already been studiedlin [15]. However, the en-
hancement known for mixed states was very mild. Here, we
have shown that one can get arbitrarily large Bell violagion
by taking a finite number of tensor products of an almost-
local state. Some results support the conjecture that trés p
nomenon is also true when we study super-activation, so that
one could obtain an unbounded super-activation resul; thi
would mean that one can obtain an arbitrarily large amount
of Bell violations by taking a finite number of tensor prodiict

of a local state. Indeed, Equatidn]10) strongly suppows th

a logarithmic-like estimate like the one given iin [3, Eqoati
(12)] for von Neumann measurements should hold for general
POVMs. The proofs we have presented above could be then
followed step by step to show an unbounded super-activation
result. However, at the moment of this writing we do not know
how to adapt our techniques (n.[22] to get such an estimate.

Finally, it is worth mentioning that, since the quantum prob
ability distributions that we have used in all our proofs are
constructed with vNms (the ones used in the KV game), one
can obtain unbounded super-activation of quantum norfocal
ity in the restricted setting of vNms. Indeed, using the-esti
%) obtained in[[B] for vNms, we can follow
exactly the same steps as in the previous proofs to obtain an

bution constructed with the vNms associated to the KV gameypjtrarily large amount of Bell violation with a finite nurab

(see Sectiofdl) in dimensiod® and the statg®s, we have
that

/ 5

(Grv,Q) <
w(GKv)

5C

_ 3 —ba
2P G Gmap - ¢

LV:;‘®5 >

Takinga = . the statement follows by considering a high
enoughy.

VI. CONCLUSIONS

In this work we have proven that quantum nonlocality can

of tensor products of a state whichHéeal under vYNmsHow-
ever, we must mention that restricting to vNms in the study
of activation of quantum nonlocality (or, in general, prerois
involving tensor products of states) distorts the probletiteq
alot.
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