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ABSTRACT. In this paper, we explore the non-differentiability behavior of the
functions belonging to the Generalized Takagi class, a recent generalization of
the Takagi function. It is derived by replacing the dyadic numbers used in the
definition of classical Takagi function with an arbitrary countable and dense
subset of [0,1]. Subject to specific conditions on the decomposition of such a
set, we demonstrate that a function within this class is nowhere differentiable
if and only if the sequence of weights does not belong to cg.

1. INTRODUCTION

After the discovery of Weierstrass’s example, continuous nowhere differentiable
functions have captivated the attention of a large number of mathematicians. Proof
thereof is the myriad of research into such functions and their properties that can
be found in the existing literature (see [16], [4] or [21]).

The Takagi function is probably the simplest example of a continuous nowhere
differentiable function (see [20]). It is usually defined by

(1.1) T(z) = gn(x), x€0,1],
n=0

where g, (x) denotes the distance from z to the set D,, = {k27" : k =0,...,27"}.
The Takagi function exhibits remarkable properties from different perspectives (see
[3] for instance). For this reason, it has been thoroughly studied over the years,
leading to numerous generalizations aiming to extend the intrinsic properties of the

Takagi function to a broader family of functions. The surveys [1] or [18], as well
as the thesis [19], contain a lot of information about the Takagi function and its
generalizations.

One of the most famous generalizations of the Takagi function is the so-called
Takagi class. This family of functions was introduced by M. Hata and M. Yamaguti
in 1984 (see [15]). It is formed by all the functions Ty, : [0,1] — R defined as

Tw(@) =Y wngn(z)

n=0
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where w = (wy), is a sequence of weights satisfying that (27 "wy,), € ¢;. They
proved that the Takagi class is a closed subspace of C[0,1] endowed with the
supremum-norm, and it is isomorphic to £;.

In 1987, N. Kéno conducted a deep study of the differentiability properties of
the functions in the Takagi class. More specifically, he proved that T, is nowhere
differentiable if and only if w ¢ co; T, is nondifferentiable almost everywhere but it
is differentiable at an uncountable null set and the range of the derivative is all of R,
if and only if w € ¢p \ ¢2; and finally T, is absolutely continuous, and consequently
differentiable almost everywhere, if and only if w € £s.

Recently, the first two authors have introduced a new generalization of the Takagi
function (see [6]): let D be a dense and countable subset of [0,1] with 0,1 € D.
A decomposition of the set D is an increasing sequence of finite sets D = (D),
fulfilling the following properties:

(1) 0,1 € Dy.
(2) D =U%,D,.

(3) There exist p € (0,1] and a non-increasing sequence of positive numbers
(an)n € £ such that

pon < |z —y| < oy
for every z,y € D, such that (x,y) N D,, = 0.

It is worth mentioning that Proposition 1.5 of [6] yields that such a decomposition
always exists, no matter the set D we are considering. For every decomposition
D = (D), of the set D, the Generalized Takagi function Tp : [0, 1] — R is defined
by

Tp(x) = 3 gala)
n=0

where g, (x) denotes the distance from z to the set D,,. As a consequence of their
results, J. Ferrera and J. Gémez Gil obtained that Tp is nowhere differentiable.

Following the same reasoning as M. Hata and M. Yamaguti, the first two au-
thors also introduced the so-called Generalized Takagi class (see [7]). For a given
decomposition D = (D), of the set D, the Generalized Takagi class is composed
by all the functions Tp ,, : [0,1] — R defined by

TD,w(x) = Z wngn(x)
n=0

where w = (wy, )y, 1s a sequence of weights satisfying that (w,ay,), € £1. Under some
extra but mild conditions on the decomposition, they proved that the Generalized
Takagi Class is a closed subspace of C[0, 1] isomorphic to ;.

The Generalized Takagi class includes also the following interesting case: let
r = (1), be a strictly increasing sequence of non-negative integers such that ro = 1
and 7, divides 7,41 for every n. We consider the decomposition D = (D,,) of the

set D = UD,, where
k
D, = {:k—O,...,Tn}
Tn

for every n. We take a,, = r;;t and p = 1. The corresponding class receives the
name of Generalized Takagi-Van der Waerden class, and it was originally introduced
in [7]. The approximate differentiability of the function belonging to such a class was
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recently studied in [11]. We must mention that for w = 1 and r,, = r™ where r > 2
is a fixed integer, we obtain the so-called Takagi-Van der Waerden function. The
set of points where the Takagi-Van der Waerden function has an infinite derivative
was characterized in [9].

In their paper, the first two authors studied the differentiability properties of the
functions in the Generalized Takagi class when the sequence of weights w belongs
to cg. More precisely, they obtained a theorem similar to that of N. Kono, provided
that the decomposition fulfills certain additional requirements.

The aim of this paper is to provide sufficient conditions (if any) on the decompo-
sition that guarantee that the functions of the Generalized Takagi Class are nowhere
differentiable whenever w ¢ cg. In a sense, the results obtained in this manuscript
together with those appearing in [7], allow us to provide a quite general version
of Kono’s theorem for the functions belonging to the Generalized Takagi Class.
Among other results, we obtain Theorem 1 below. We introduce some notation
that will allow us to explain this result more precisely.

For every n, we denote by F,, the family of all connected components of [0, 1]\ D,,,
and by D,, the set of midpoints of all the intervals belonging to F,,. Furthermore,
we denote

. oo . oo
D=|JD, and F=|JF.
n=1 n=1

The requirements on the decomposition that appear in the following result are
illuminated by those properties that arise when considering the Takagi-Van der
Waerden class. In such a case, we have 5n C D, 41 for every n provided that r is
even, and we have En C 5n+1 for every n provided that r is odd.

Theorem 1. Assume that the decomposition D = (D), satisfies that for each
n > 0 one of the following situations arises:

(1) En C Dyy1, or

(2) IN D,y # 0 for every I € F,, and D, C l~)n+1.
Then, Tp . is nowhere differentiable if and only if w ¢ cy.

Throughout this paper, we will provide examples to demonstrate that require-
ments on the decomposition, such as those mentioned in the previous theorem, are
necessary for the function T'p ,, to be nowhere differentiable. Contrary to this, we
will show that if the sequence w = (wy,), is non-negative, the function Tp,, is
nowhere differentiable without any conditions on the decomposition.

We conclude this introduction with a lemma that will be frequently used. While
it may be well-known, we provide a proof for the sake of completeness.

Lemma 2. Let I C R be an open interval, f: I — R a function, and x € 1.

(1) Let a, < x < by, for every n. Assume that lim, a,, = lim, b, = x. If f is
derivable at x, then

. f(bs) — flan) ’

lim —————" = .

e —— f'(=)

(2) Letx < up < vy foreveryn. Assume thatlim, v, = z, andlimsup, J»= <

+oo. If f is right derivable at x, then
lim f(vn) — f(un)

n Up — Un

= [ (2).
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(3) Letu, < vy, <z for everyn. Assume that lim, u, = x, and limsup,, %
+oo. If f is left derivable at x, then
lim f(vn) — flun) _ flf(m).
n Up — Up
Proof. Let us prove (1). For every n we denote
Tn:f(bn)ff(x) and Sn:f(an)*f(x)'
b, —x Ay — X
We have lim,, 7, = lim,, s,, = f/(z). Since
f(bn) - f(an) = f(bn) - f(x) + f(x) - f(a'n)
=7Tp(bn —2) = sp(an — ) = rp(bn — an) + (5p — 70) (T — an)
we obtain ) — flan)
n) — J\Gn) _ T — Qp
e, e
Taking limits we get the result.
Let us prove (2). For every n we denote
Tn:f(vn)*f(x) and Sn:f(un)*f(z)
Up — X Up — X
We have lim,, r, = lim,, s,, = f*(z). Since
fon) = flun) = f(vn) — f(2) + f(2) = f(un)
=71 (Un — ) — Sp(tp — ) = rp(vy — up) + (8n — ) (T — uy)
we obtain
f(vn) — .f(un) =Tn+ (Tn - Sn) i .
Uy — Up Up — Un
Taking limits we get the result.
The proof of (3) is similar. O

2. LATERAL DERIVATIVES ON THE SET D

In 1936, E. G. Begle and W. L. Ayres proved that the Takagi function has cusps
pointing downwards at every dyadic point of the unit interval (see [2]). Although not
explicitly stated, this result was extended to the Takagi-Van der Waerden function
case by J. Ferrera and J. Gémez Gil (see [6]). These results are the motivation to
look for different conditions on the decomposition that guarantee that Tp ,, does
not have finite lateral derivatives at © € D provided that w ¢ ¢y. As we will see in
Example 9 below, the decomposition can behave in a manner that the corresponding
generalized Takagi function is differentiable at every point of D;.

If © € D, then there exists ng € N such that « € D,, but ¢ D, 1. We are
assuming that = € (0, 1) since the study of T'D‘fw (0) and Ty, (1) is similar. Thus,

the function
no —1

Gno—l = Z WEGk
k=0

has lateral derivatives at x given by

’nofl nofl

G;j;_l(x) = Z wkg;:'(x) and G;L_D_l(x) = Z wkg;c_(x).
k=0 k=0
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Therefore, in order to study the existence of lateral derivatives of T'p,, we may
assume that x € Dy and wy = 0.

Proposition 3. Assume that the decomposition D = (D,,),, satisfies that for each
n > 0 one of the following situations arises:

(1) Bn C Dypq1, or
(2) IN D,y #0 for every I € F,, and Dy, C Dy
Then, Tp . has not finite lateral derivatives at x € D provided that w ¢ cg.

Proof. We may assume without loss of generality that z € D; and wy = 0. For
every n € N we let y,, € D,, satisfying that (z,y,) € F,. Observe that conditions
(1) and (2) imply that y,+1 < y, for every n. It is immediate to see that

n—1
=2 w
k=1

since gk(yn) = yn — x for every k < n. Indeed, if gi(yn) = yx — yn for some
k < n then the midpoint of (x,yx) belongs to (x,y,) and consequently, we are
necessarily under the second alternative. This implies that yxy1 € (x,y,) which is
a contradiction. Hence, if T’+ () exists then the series Y7~ | wy, converges which
implies w € ¢y. The proof for the left-hand derivative is similar. O

TD,w (yn) TD w
wk
. Z

From now on, we will strive to obtain different kinds of conditions on the de-
composition. For a given point x € D, we will consider y,, € D, such that
(z,9yn) € Fn. Throughout the subsequent results, we will assume that the sequence
(yn)n is strictly decreasing. This requirement on the decomposition is very mild.
For instance, it holds when we have that I N D,,1 # @ for every I € F, and for
every n € N. It means that between two points of D,, there is at least one point
belonging to Dy, 1.

Lemma 4. Assume that the decomposition satisfies a1 < 1 550 for every n. If
x € Dy, wg =0, and ypy1 < yn for every n, then

n—2
Tp.w(yn) = Tow(®) = ZU)k + Op—1Wp—1
Yn — T k=1

where
It n i gn 1 (Un) = Yn—1 — YUn
6n—1 == Yn .
1 ngn—l(yn) =Yn —
Furthermore, we have 6,1 € [p, 1) provided that gn—1(Yn) = Yn—1 — Yn-

Proof. We have that

TD,w (yn) TD w
wk
. Z

If g—1(yn) = yn — x then gx(yn) = yn — x for every k < n, and hence

gl &

k
> wy, — = > wy,
k=1 Yn k=1

so the claim holds with §,,_; = 1.



6 JUAN FERRERA, JAVIER GOMEZ GIL, AND JESUS LLORENTE*

Otherwise we have g,—1(Yn) = Yn—1 — Yn- We observe that if g,—2(yn) = yn—2 —
Yn then

U > Yn —T > Yn—2 — Yn = Yn—2 — Yn—1 T Yn—1 — Yn = p(n—1 + )

which is impossible. Therefore, we obtain that g (y,) = yn —  for every k < n — 2
and

5n_1 _ Yn—1 — Yn Z pan

Yn — T Qp

O

Lemma 5. Assume that a,41 < i"pan for every n. Let x € Dy, wg = 0, and
Ynt1 < Yn for everyn. If 6,1 <1 and §,, < 1 then

Wn—1 — Wy

-2
Tp.w(Yn) = Tpw(n+1) _ "E: w4 In=1 = n = (o1 = @)
Yn — Yn+1 P Yn — Yn+1

Proof. First, we have that d,_1 < 1 implies g,—1(Yn) = Yn—1 — Yn, Whereas o, < 1

implies gn(Yn+1) = Yn — Ynt+1. Now, we observe that if g,—1(Ynt1) = Yn—1 — Unt1
then

Qi1 = Yntl — & > Y1 — Ynt1 = Un—1 — Yn) + (Un — Unt+1) > p(an + @ny1)

which contradicts our assumption on the decomposition. Therefore, g,,—1(yn+1) =
Yn+1 — ¢ necessarily. Proceeding in a similar way we get that ¢, —2(yn) = yn — , so
we deduce that gx(yn) = yn — = and gk (Yn+1) = Ynt1 — « for every k <n —2. O

Proposition 6. Let w ¢ co. Assume that p > 1/2. If x € Dy, wy = 0, and
Ynt1 < Yn for every m, then Tp ,, is not right-hand differentiable at x.

Proof. First, we observe that p > 1/2 implies ap41 < fppan for every n. For
the sake of contradiction, we suppose that T’p ., is right-hand differentiable at x.

Hence,

T w\In *T w .
T/D'fw(:c) = lim -2 (yn) D (?) = lim A,

n—00 UYp — T n—00

and by Lemma 4 we obtain

0= lim (Apt1 —Ap) = lim (1 = 6p1)wp—1+ Spwy,) ;= lim n,.

n—oo n— oo n— oo

For every n we have

1 1—8,1 1 1—p
21 W, S ra 7771 + — Wn—1 S - 77n + — Wp—1]-
(2.1) |wn| 5n| | |wn—1] pl | P | |

On,
There is ng € N such that |n,| < € p for every n > ng, and from (2.1) we get

k ; k+1
1—p 1—-p
gkl < 3 () T o] ()
=0 P P

for every k > 0. The previous inequality together with the fact that p > 1/2 gives
that w € ¢y, which is a contradiction. (I

Proposition 7. Let w ¢ cy. Assume that a1 < pay, for every n. If x € Dy,
wo =0, and Yn41 < yp for every n, then Tp ,, is not right-hand differentiable at x.
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Proof. First, we observe that a,+1 < pa, implies a,+1 < ﬁan for every n.
Proceeding via contradiction, let us suppose that T'p ,, is right-hand differentiable
at x. For every n we denote

Twn*Tw Twn*Twn
A, = D,w(Yn) D,w(T) and T, = D,w(Yn) Dw(Y +1)’

Yn — T Yn — Yn+1

so we have
Tr () = lim A, = lim Ty,
where the second equality follows from Lemma 2. As before, we have

0= lim (Ap4y —Ap) = lim (1= bp—1)wn—1 + Snwy)

—00
by Lemma 4, and we let
M = 0wy + (1 — dp—1)Wp—1.
If §,_1 = 1 then

If §,, = 1 then
[wn| < 0| + (1 = dn—1)[wn—1| < [na] + (1 = p)|wr—1].
From now on, we restrict to the situation when §,,_1 < 1 and §,, < 1. It follows
that gn—1(yn) = Yn—1 — Yn and gn(Ynt1) = Yn — Yns1. Recall that
571—1 _ Yn—1 — Yn and 671 — Yn — Yn+1 )
Yn — T ynJrl — T
If we denote A\, := A,, — I';,, we have that lim, \,, = 0, and

)\n = Wp—1 (571_1 _ Yn—1 — Yn — (yn—H - a:)) +w,
Yn = Yn+1

—x Wy Wy —
:wnflfsnfl (1_ Un > + ol +wy, = - 1(1_§n71)+wn
Yn — Yn+1
by Lemma 4 and Lemma 5.
If 0,-1>1—% then
1—0,_
0 < 1-0p < P -
On 20,
and therefore |wy,| < |An| 4+ S|wp_1].
Otherwise, we have 6,1 <1 —£. Since a1 < pa, we get

b

N =

Yn—1 —Yn — (yn-i-l - .13)
Yn — Yn+1

=0,

and consequently, we obtain that [w,| < [An|+ 0p_1|wn—1] < [Ap| 4+ (1 = §)|wp_1].
Finally, joining all the previous inequalities we conclude that

1
ol < s { ol + 2ol + (1= )

which implies that w € cg. (]

It is immediately observed that similar results hold for the left-hand derivative,
so we deduce the following theorem:
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Theorem 8. Letw ¢ cg. Assume that the decomposition satisfies that Dy 1 NI #
for every I € F,,, and that either p > 1/2, or ap+1 < pa, for everyn. If x € D,
then Tp 4, has not finite lateral derivatives at x.

It is worth noting that for a given countable and dense set D of the unit interval,
Proposition 1.5 of [6] mentioned above, states that it is always possible to construct
a decomposition of such a set satisfying that a,+1 < ian for every n.

In a sense, this was the motivation to pursue conditions on the decomposition
like those appearing in Theorem 8.

The following example illustrates that a requirement as D, 1 N T # () for every
I € F, is needed in order to ensure that T’p ,, has not finite lateral derivatives at
a point belonging to the set D.

Example 9. Let w ¢ ¢g be defined as wyg = 0, wgp—2 = 1, ws,—1 = —1 for every
n, whereas w3 = —27! and ws,, = 27" for every n > 1. Let D; be a finite subset of
[0, 1] such that 0,1 € D;. For every n we define D3, 3 = D3, _1, and D3, 11)—2

D3, = D3, _1U Dgn 1. We consider the countable and dense set D = U32; D,, and

its decomposition given by D = (D,,),,. It satisfies Dn C Dy U Dn+1 for every n.
We have that Tp () = 0 for every x € D;.

Proof. First, we observe that

— 1
Tp,w(z) = —*93 )+ 21931@
k=2

for every z € [0, 1]. From Proposition 2.15 in [7] we obtain

_ R 1
TS () = +Z S=0 and Th,) =i+ (_2k> o,
which gives us the result. ([

3. NOWHERE DIFFERENTIABILITY

We begin this section with an example that shows the necessity of a condition
such as the existence of p € (0, 1] satisfying that pa,, < |z —y| for every z,y € D,
with (z,y) N D,, = 0, in order to obtain positive results. For the sake of simplicity,
in such an example we define the generalized Takagi function on the interval [—1, 1]
instead of [0, 1].

Example 10. Let us consider the sets D = {1} and Di = {2,1}. For every
n € N we define the sets

k
Djn:{e(o,l]:keZ}UD% 1

2n
and
+ k 1 +
D3, 1= on 3 €(0,1]:ke€ZyUDs,.
For all n > 0 we also define D;; = {—x : z € D;J} and we consider the set
D, = DF UD;. Let w ¢ co be defined as ws, = 1 and wy,11 = —1 for every n.

Then, Tp ., is differentiable at 0 and 77, ,,(0) = 0.
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Proof. We may rewrite the function Tp ., : [-1,1] = R as

Tpw( ZH

where H,(z) = wangon(z) + w2n+192n+1($). It is immediate that, for every n,
|H,(x)| <3~ for all 2 € [~1,1] and

1 1 1 1

1
Hn(x) = W for all S [—27 3n+1727 - 3n+1]'

If 0 < |h\ < 3 there exists an integer n such that 2~ < || < 27" and as
Hy(0) = Hi(h )for all 0 <k <n—1 we obtain
Tpw(h) — Tp.w(0 1 T 2\"
h |h| ZH’“ 23k+1 <2 23k+1*2‘ 3/
k=n k=n
Letting h to zero and therefore, n to infinity, we obtain that T/D7w (0) =0. (]

Remark 11. In the previous example we have that 0 € D. Furthermore, if we
modify such an example by defining D = {0,1}, we also have that Tp,, is differ-
entiable at 0 € D.

For a point x ¢ D we let a,,, b, € D,, such that a,, < x < b, and (a,, b,)ND,, = 0.
We denote by ¢,, the midpoint of the interval (a,, by,).

The problem in the general situation is that we cannot control the position of the
midpoints ¢, with respect to (an,b,) for k < n. This forces us to require additional
restrictions on the decomposition. However, they are quite mild and allow us to
generalize Kono’s theorem for the Takagi Class (see [17]).

Theorem 12. Assume that the decomposition D = (D,,), satisfies that for each
n > 0 one of the following situations arises:

(1) D, C Dyiq, or

(2) IN D,y #0 for every I € F,, and D, C l~)n+1.
If w ¢ co, then Tp ., is nowhere differentiable.

Proof. By Proposition 3 it is enough to prove that Tzl),w () does not exist whenever

x ¢ D. For a given point z € D we may assume without loss of generality that
z € D; and consequently, z € D,, for every n since it would belong to D otherwise.
If this is the case, then z is the midpoint of (ay, b, ) for every n, which implies that
an < Apy1 < T < bpy1 < by, for every n since I N Dy, 7é (0 for every I € F,,. From

n

TD,w(bn+1) - TD,w(bn) o gk(bn+1)
b1 — by 7Zwk b+1—b Zwk

k=1
we deduce that if 75 () exists, then

n
. ’
~lm, ) v =T o)
by Lemma 2 since
b7z+1 - < Q41 _ 1
bn - bn+1 - POnt1 P
This implies that the series Z;’;l wy converges, which is impossible.
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From now on, we assume that ¢ D U D. For every n, we have that if ¢, ¢

(an, by) for every k < n then

—1
TD,w(bn) - T’D,w(an) 3 gk(b gk: an
= we—"——7""""""""" = wkg
b, —an kzz:l b, —an Z k
.-+ = cp, since

Alternatively, if ¢, € (ap,b,) for some k < n then ¢, = cp41 =
we are necessarily under the second alternative. It also implies that

ap < Op41 < -+ < Gy < b, <~-~<bk+1 < bg.
If ¢,, < x then
n—1
TD,w<bn> - TD,w(bnfl) _ gk:(bn)
b — b1 _,;“’k b —bn : Zw’“g’“
and
by — < Gn 1

bnfl - bn a POn P

If x < ¢, then
n—1

T’D,w(an) _T'D,w(anfl) _ gk(an) gk An— 1
R T

Gp — Ap-1 el

and )
T — Qp-1 _ T — Qnp +1< n+1:7+1.
Gp — Ap—1 Gp — Ap—1 e 1Y

Therefore, if T{)yw(x) exists then taking w, = b, or a,, and v, = a,,b,_1 or
an—1 accordingly, and invoking Lemma 2 we obtain

. TD,w Unp TDw vn
Th, (x) = i 12l =1 Zwkgk

O

which is a contradiction.
From now on, we will concentrate our efforts on proving Proposition 16 below

It will allow us to obtain the converse result of Theorem 12
Let x ¢ DU D. If 0 < |h| < pay, then there exists n(h) € N such that

P (ny+1 < [h| < pany.-
Furthermore, we denote
No(h)y={n<n(h):ap <z <c,<x+h<b,}.
The following result was proven by the first two authors (see Lemma 2.2 in [7])
Lemma 13. Let w € ¢o and = ¢ DU D. If the series oo L wngh(x) converges
then Tp ., is differentiable at x with Tp, ,,(z) = >20_ ) wngy,(x) if and only if
n h) — n

h—0 h "
n€Nz(h)

Proposition 14. Let w € ¢g. Assume that the decomposition D = (D,,),, satisfies
that for each n > 0 one of the following situations arises

(1) En C Dy, or
(2) IND,y1 # 0 for every I € F,, and Dy, C Dp11q
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If & ¢ DUD and the series oo L wngh(x) converges, then Tp., is differentiable
at x with Tp ,(x) = Y2071 wng), ().

Proof. We suppose that h > 0 and the set Ny(h) is non-empty. The case when
h < 0 is similar. Let n € Na(h) be. We are under one of the following scenarios:

If (1) holds, that is ﬁn C D41, then ¢, € D, 41 and hence, for every n 4+ 1 <
k <n(h)—1 we have x < by, < ¢, < x + h, so we obtain that k ¢ Na(h).

If (2) holds, that is I N Dyp4q # 0 for every I € F, and D, C ﬁn+1, then
Cnt1 < cp. n<n(h)—1and ¢pq1 < ¢, then ¢p11 < bpi1 < ¢, < .+ h, so we
have n 4+ 1 ¢ Na(h).

From the previous facts, we conclude that there exist mi,ms € N such that

my < mg < n(h) —1 and Na(h) = {mq,...,ma}. Moreover, we have ¢,,, = ... =
Cm, Decessarily. Hence,
gn(z +h) — gn(x
> (PR 0,
n€Naz(h)
A [ =2 h—cp

(3.1) =y (W) W, ()

n=mi

—2(x+h—Cmy) &
= 7 ! Z Wn g ().

n=m:j

Since the series > - w,g,, (z) converges, the first item of (3.1) tends to 0 as

h — 0 because m; — +o0o whenever h — 0. Therefore, we conclude that T'p 4, is
differentiable at z with Tp, ,(x) = >°77 | wng), () by Lemma 13. O

The proof of the following result is the same as that of Lemma 2.12 in [7]. Such a
lemma is proved under the assumption that the decomposition satisfies a1 < £5=
for every n. This assumption is used only to ensure that the decomposition has
the following property: every half interval of F,, contains an interval belonging to
Fnt1- It is immediately observed that such a property holds under the hypotheses

on the decomposition that appear in Lemma 15 below.

Lemma 15. Assume that the decomposition D = (D,,), satisfies that for each
n > 0 one of the following situations arises:

(1) 5n C Dyy1, or

(2) INDyy1 # 0 for every I € F,, and D, C .5n+1.
For every not eventually constant sequence (0, )n, with |n,| = 1 for every n, there
is x ¢ DU D such that g/, ,(z) = n, for every n.
Proposition 16. Assume that the decomposition D = (D), satisfies that for each
n > 0 one of the following situations arises:

(1) 5n C Dyqyq, or

(2) INDyy1 #0 for every I € F,, and D, C .5“+1.
Ifw e ¢y \ b1, then Tp ,, is differentiable at an uncountable set.

Proof. Since w € ¢y \ ¢1, it is well-known that for every r € R there exists a not
eventually constant sequence (1, )n, with |n,| = 1 for every n, such that

%)
§ NMmWp—-1 =T
n=1
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(see page 56 of [13] for instance). There exists # ¢ DU D satisfying that g/, ,(z) =
N, for every n by Lemma 15, and we obtain that

Tp() =Y wag,(2)
n=0

by Proposition 14. O
The next theorem together with Theorem 12 allows us to obtain Theorem 1.

Theorem 17. Assume that the decomposition D = (D,,), satisfies that for each
n > 0 one of the following situations arises:

(1) D, C Dyiq, or N N
(2) INDy,y1#0 for every I € F,, and Dy, C Dypiq.
If Tp . is nowhere differentiable, then w ¢ co.

Proof. For the sake of contradiction, suppose that w € co. If w € ¢o \ ¢1 then Tp 4,
is differentiable at an uncountable set of points by Proposition 16. Furthermore, if
w € ¢y then Tp ,, is Lipschitz since

Tp.u(2) = Tow(@)l < Y lwellgn(@) = g(y)] < o = ylllw])
k=0

for all z,y € [0,1], and consequently Tp ., is differentiable almost everywhere by
Rademacher’s theorem. This gives us the result. O

Remark 18. Under the hypothesis on the decomposition that appear in Theorem
17, a similar argument as that used in Proposition 3.1. of [11] allows us to easily
obtain that Tp ., ts Lipschitz if and only if w € £,. In such a case, the Lipschitz
norm of Tp ., s given by ||w||1.

It is worth noting that if the set D satisfies that D C D, then we can construct
a decomposition D = (D,,), such that D,, C D,41 for every n. Furthermore, such
a decomposition can be constructed so that p = 1/4 and 2ay,41 < «, for every n.
This fact yields that Theorem 1 can be applied in a large number of situations. For
instance, D = Q.

4. NON-NEGATIVE SEQUENCE OF WEIGHTS

As we saw previously, some restrictions on the decomposition are necessary in
order to guarantee that Tp ,, is nowhere differentiable. However, the state of affairs
change drastically when considering a sequence w = (wy, ), of non-negative weights.
In such a case, we do not require any restriction on the decomposition. As the reader
will observe, the existence of p € (0, 1] such that |z — y| > pay, for every z,y € D,
with (z,y) N D, = 0 is not even necessary for proving the results. Furthermore, we
only require that w ¢ ¢; in the proof of Proposition 19 below.

Throughout the subsequent results, we study the subdifferentiability behavior of
the function T'p 4.

Recall that for a lower semicontinuous function f : R — R and a point = € R,
the subdifferential of f at x, denoted by 0~ f(z), is defined as the set of all £ € R
that satisfy

poo S ) = () — g

> 0.
h—0 ‘h| -
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The function f is said to be subdifferentiable at x whenever 0~ f(x) # (0. It is
well-known that such a subdifferential can be characterized in terms of the Dini
derivatives

D™ f(z) = h;fi%lfp w and  d. f(x) = liminf w

More precisely, the function f is subdifferentiable at = if and only if
(4.1) D f(e) <dif(x) and [D”f(x),dsf(2)] VR 0.

In such a case, we have 0~ f(x) = [D™ f(z),d; f(z)] N R.
For an upper semicontinuous function f : R — R and a point z € R, the
superdifferential of f at x, denoted by T f(x), can be defined by the formula

(4.2) 0" f(z) = —0(=f)(2).

It is well-known that a continuous function f : R — R is differentiable at x € R
if and only if both &~ f(x) and OT f(x) are non-empty. Moreover, in this case,
0 f(x) = 0" f(z) = { ()}

Among the properties of the subdifferential of a function f : R — R, we must
mention that the set of points with non-empty subdifferential is dense in the domain
of f (see Theorem 4.21 of [5]), and the cardinality of the subdifferential of f is less
than or equal to one at almost every point in the domain of f (see Theorem 4.4.3

of [12]).
In 2011, P. Gora and R. J. Stern proved that the subdifferential of the Takagi
function is R at every dyadic point; whereas, it is empty otherwise (see [14]). In

this sense, the Takagi function constitutes an extreme case for the subdifferential.
We extend this kind of subdifferentiability behavior to the function T'p 4.

Proposition 19. Assume that w ¢ ¢1 and w, > 0 for every n. If x € D, then the
function Tp ,(z) — (z has a local minimum at © for every ¢ € R. In particular, we
have

8~ Tp.u(z) = R.

Proof. If x € D, there exists ng € N such that « € D,,, and « ¢ Dy, provided that
k < ng. For every ¢ € R we let n € N be satisfying that

n no—1
Z wg > Z wg + |C].
k‘:’rbo k=1

If 2|h| < dist (z, Dy, \ {z}) then we have g, (x + h) = |h| for every ng < k < n, and
consequently we obtain

no—1
Tpuw(x+h) =Tpw(w) =Ch= )  wklgr(z+h)—gr(z))
k=1
n n no—1
+ > wigk(x+h) —[¢[[p] > |n| lz wy — (Z wi + |c> >0,
k=no k=ng k=1
which gives us the result. O

Corollary 20. Assume that w ¢ ¢, and w, > 0 for every n. If x € D, then
T (x) = +00 and Ty, (x) = —oo.



14 JUAN FERRERA, JAVIER GOMEZ GIL, AND JESUS LLORENTE*

Proposition 21. Assume that w ¢ ¢ and w, > 0 for every n. If x ¢ D, then
G*Taw(:r) = 0.

Proof. For every n we let a,, = max{z € D,, : z < 2} and b, = min{z € D,, : & <
z}. Observe that a, < & < b,. Thus,

T bn - T . . - bn -
d+Tp (x) < liminf D b) () < lim inf Zwk—gk( b) 9x(7)
" n— "= n—
< lim inf Zwkg,;(x),
[ —
since we have
gk (bn) — g ()
Zn——x = gi(x)

provided that g, (z) = —1. We also obtain

T w\Yn) — T w . - n)
D™ Tp (z) > limsup L. (aa) — xD’ (@) > lim supzwk—gk(aa) ik(m)
n n n =1 n -

> limsup Y wigj(z)
T k=1
since
grlan) —gr(x) _
PP = gr(@)
provided that g (z) = 1.
Therefore, if 0~ Tp ., (z) # 0, by (4.1) we get

n n
lim sup Zwkgfc(x) <D Ty(x) <diyTy(x) <lim ianwkg;(x),
T k=1 [

and hence the series Y, wygj,(z) converges, which is impossible since w ¢ ¢o. O

Corollary 22. Assume thatw ¢ co and wy, > 0 for everyn. Then, Tp ,, is nowhere
differentiable.

The following example illustrates that such an extreme subdifferentiability be-
havior may disappear when considering an arbitrary sequence of weights.

Example 23. Let us consider the function f : [0,1] — R defined as f(z) = —T'(z)
where T denotes the Takagi function (1.1). From Proposition 19, we have that if
x € D then 0~ T(x) =R, and by (4.2) we obtain

0t f(z) = =07 (~f)(z) = -0 T(x) =R,

so we get 0~ f(z) = 0 since the Takagi function is nowhere differentiable. The
superdifferential of the Takagi function has been recently studied in [8] and [10].
As a consequence of Theorem 4.5 in [10], we have that 97T(1/3) = [0,1] and by
(4.2) again, we get

0" f(1/3) = -07TT(1/3) = [-1,0].
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