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Abstract. In this paper, we explore the non-differentiability behavior of the
functions belonging to the Generalized Takagi class, a recent generalization of

the Takagi function. It is derived by replacing the dyadic numbers used in the

definition of classical Takagi function with an arbitrary countable and dense
subset of [0, 1]. Subject to specific conditions on the decomposition of such a

set, we demonstrate that a function within this class is nowhere differentiable

if and only if the sequence of weights does not belong to c0.

1. Introduction

After the discovery of Weierstrass’s example, continuous nowhere differentiable
functions have captivated the attention of a large number of mathematicians. Proof
thereof is the myriad of research into such functions and their properties that can
be found in the existing literature (see [16], [4] or [21]).

The Takagi function is probably the simplest example of a continuous nowhere
differentiable function (see [20]). It is usually defined by

(1.1) T (x) =

∞∑
n=0

gn(x), x ∈ [0, 1],

where gn(x) denotes the distance from x to the set Dn = {k2−n : k = 0, . . . , 2−n}.
The Takagi function exhibits remarkable properties from different perspectives (see
[3] for instance). For this reason, it has been thoroughly studied over the years,
leading to numerous generalizations aiming to extend the intrinsic properties of the
Takagi function to a broader family of functions. The surveys [1] or [18], as well
as the thesis [19], contain a lot of information about the Takagi function and its
generalizations.

One of the most famous generalizations of the Takagi function is the so-called
Takagi class. This family of functions was introduced by M. Hata and M. Yamaguti
in 1984 (see [15]). It is formed by all the functions Tw : [0, 1] → R defined as

Tw(x) =

∞∑
n=0

wngn(x)
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where w = (wn)n is a sequence of weights satisfying that (2−nwn)n ∈ ℓ1. They
proved that the Takagi class is a closed subspace of C[0, 1] endowed with the
supremum-norm, and it is isomorphic to ℓ1.

In 1987, N. Kôno conducted a deep study of the differentiability properties of
the functions in the Takagi class. More specifically, he proved that Tw is nowhere
differentiable if and only if w /∈ c0; Tw is nondifferentiable almost everywhere but it
is differentiable at an uncountable null set and the range of the derivative is all of R,
if and only if w ∈ c0 \ ℓ2; and finally Tw is absolutely continuous, and consequently
differentiable almost everywhere, if and only if w ∈ ℓ2.

Recently, the first two authors have introduced a new generalization of the Takagi
function (see [6]): let D be a dense and countable subset of [0, 1] with 0, 1 ∈ D.
A decomposition of the set D is an increasing sequence of finite sets D = (Dn)n
fulfilling the following properties:

(1) 0, 1 ∈ D0.
(2) D = ∪∞

n=0Dn.
(3) There exist ρ ∈ (0, 1] and a non-increasing sequence of positive numbers

(αn)n ∈ ℓ1 such that

ραn ≤ |x− y| ≤ αn

for every x, y ∈ Dn such that (x, y) ∩Dn = ∅.
It is worth mentioning that Proposition 1.5 of [6] yields that such a decomposition
always exists, no matter the set D we are considering. For every decomposition
D = (Dn)n of the set D, the Generalized Takagi function TD : [0, 1] → R is defined
by

TD(x) =

∞∑
n=0

gn(x)

where gn(x) denotes the distance from x to the set Dn. As a consequence of their
results, J. Ferrera and J. Gómez Gil obtained that TD is nowhere differentiable.

Following the same reasoning as M. Hata and M. Yamaguti, the first two au-
thors also introduced the so-called Generalized Takagi class (see [7]). For a given
decomposition D = (Dn)n of the set D, the Generalized Takagi class is composed
by all the functions TD,w : [0, 1] → R defined by

TD,w(x) =

∞∑
n=0

wngn(x)

where w = (wn)n is a sequence of weights satisfying that (wnαn)n ∈ ℓ1. Under some
extra but mild conditions on the decomposition, they proved that the Generalized
Takagi Class is a closed subspace of C[0, 1] isomorphic to ℓ1.

The Generalized Takagi class includes also the following interesting case: let
r = (rn)n be a strictly increasing sequence of non-negative integers such that r0 = 1
and rn divides rn+1 for every n. We consider the decomposition D = (Dn) of the
set D = ∪Dn where

Dn =

{
k

rn
: k = 0, . . . , rn

}
for every n. We take αn = r−1

n and ρ = 1. The corresponding class receives the
name of Generalized Takagi-Van der Waerden class, and it was originally introduced
in [7]. The approximate differentiability of the function belonging to such a class was
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recently studied in [11]. We must mention that for w = 1 and rn = rn where r ≥ 2
is a fixed integer, we obtain the so-called Takagi-Van der Waerden function. The
set of points where the Takagi-Van der Waerden function has an infinite derivative
was characterized in [9].

In their paper, the first two authors studied the differentiability properties of the
functions in the Generalized Takagi class when the sequence of weights w belongs
to c0. More precisely, they obtained a theorem similar to that of N. Kôno, provided
that the decomposition fulfills certain additional requirements.

The aim of this paper is to provide sufficient conditions (if any) on the decompo-
sition that guarantee that the functions of the Generalized Takagi Class are nowhere
differentiable whenever w /∈ c0. In a sense, the results obtained in this manuscript
together with those appearing in [7], allow us to provide a quite general version
of Kôno’s theorem for the functions belonging to the Generalized Takagi Class.
Among other results, we obtain Theorem 1 below. We introduce some notation
that will allow us to explain this result more precisely.

For every n, we denote by Fn the family of all connected components of [0, 1]\Dn,

and by D̃n the set of midpoints of all the intervals belonging to Fn. Furthermore,
we denote

D̃ =

∞⋃
n=1

D̃n and F =

∞⋃
n=1

Fn.

The requirements on the decomposition that appear in the following result are
illuminated by those properties that arise when considering the Takagi-Van der

Waerden class. In such a case, we have D̃n ⊂ Dn+1 for every n provided that r is

even, and we have D̃n ⊂ D̃n+1 for every n provided that r is odd.

Theorem 1. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

Then, TD,w is nowhere differentiable if and only if w /∈ c0.

Throughout this paper, we will provide examples to demonstrate that require-
ments on the decomposition, such as those mentioned in the previous theorem, are
necessary for the function TD,w to be nowhere differentiable. Contrary to this, we
will show that if the sequence w = (wn)n is non-negative, the function TD,w is
nowhere differentiable without any conditions on the decomposition.

We conclude this introduction with a lemma that will be frequently used. While
it may be well-known, we provide a proof for the sake of completeness.

Lemma 2. Let I ⊂ R be an open interval, f : I → R a function, and x ∈ I.

(1) Let an < x < bn for every n. Assume that limn an = limn bn = x. If f is
derivable at x, then

lim
n

f(bn)− f(an)

bn − an
= f ′(x).

(2) Let x < un < vn for every n. Assume that limn vn = x, and lim supn
un−x
vn−un

<
+∞. If f is right derivable at x, then

lim
n

f(vn)− f(un)

vn − un
= f ′+(x).
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(3) Let un < vn < x for every n. Assume that limn un = x, and lim supn
x−vn

vn−un
<

+∞. If f is left derivable at x, then

lim
n

f(vn)− f(un)

vn − un
= f ′−(x).

Proof. Let us prove (1). For every n we denote

rn =
f(bn)− f(x)

bn − x
and sn =

f(an)− f(x)

an − x
.

We have limn rn = limn sn = f ′(x). Since

f(bn)− f(an) = f(bn)− f(x) + f(x)− f(an)

= rn(bn − x)− sn(an − x) = rn(bn − an) + (sn − rn)(x− an)

we obtain
f(bn)− f(an)

bn − an
= rn + (sn − rn)

x− an
bn − an

.

Taking limits we get the result.
Let us prove (2). For every n we denote

rn =
f(vn)− f(x)

vn − x
and sn =

f(un)− f(x)

un − x
.

We have limn rn = limn sn = f ′+(x). Since

f(vn)− f(un) = f(vn)− f(x) + f(x)− f(un)

= rn(vn − x)− sn(un − x) = rn(vn − un) + (sn − rn)(x− un)

we obtain
f(vn)− f(un)

vn − un
= rn + (rn − sn)

un − x

vn − un
.

Taking limits we get the result.
The proof of (3) is similar. □

2. Lateral derivatives on the set D

In 1936, E. G. Begle and W. L. Ayres proved that the Takagi function has cusps
pointing downwards at every dyadic point of the unit interval (see [2]). Although not
explicitly stated, this result was extended to the Takagi-Van der Waerden function
case by J. Ferrera and J. Gómez Gil (see [6]). These results are the motivation to
look for different conditions on the decomposition that guarantee that TD,w does
not have finite lateral derivatives at x ∈ D provided that w /∈ c0. As we will see in
Example 9 below, the decomposition can behave in a manner that the corresponding
generalized Takagi function is differentiable at every point of D1.

If x ∈ D, then there exists n0 ∈ N such that x ∈ Dn0
but x /∈ Dn0−1. We are

assuming that x ∈ (0, 1) since the study of T ′+
D,w(0) and T ′−

D,w(1) is similar. Thus,
the function

Gn0−1 =

n0−1∑
k=0

wkgk

has lateral derivatives at x given by

G′+
n0−1(x) =

n0−1∑
k=0

wkg
′+
k (x) and G′−

n0−1(x) =

n0−1∑
k=0

wkg
′−
k (x).
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Therefore, in order to study the existence of lateral derivatives of TD,w we may
assume that x ∈ D1 and w0 = 0.

Proposition 3. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

Then, TD,w has not finite lateral derivatives at x ∈ D provided that w /∈ c0.

Proof. We may assume without loss of generality that x ∈ D1 and w0 = 0. For
every n ∈ N we let yn ∈ Dn satisfying that (x, yn) ∈ Fn. Observe that conditions
(1) and (2) imply that yn+1 < yn for every n. It is immediate to see that

TD,w(yn)− TD,w(x)

yn − x
=

n−1∑
k=1

wk
gk(yn)

yn − x
=

n−1∑
k=1

wk

since gk(yn) = yn − x for every k < n. Indeed, if gk(yn) = yk − yn for some
k < n then the midpoint of (x, yk) belongs to (x, yn) and consequently, we are
necessarily under the second alternative. This implies that yk+1 ∈ (x, yn) which is
a contradiction. Hence, if T ′+

D,w(x) exists then the series
∑∞

k=1 wk converges which
implies w ∈ c0. The proof for the left-hand derivative is similar. □

From now on, we will strive to obtain different kinds of conditions on the de-
composition. For a given point x ∈ D1, we will consider yn ∈ Dn such that
(x, yn) ∈ Fn. Throughout the subsequent results, we will assume that the sequence
(yn)n is strictly decreasing. This requirement on the decomposition is very mild.
For instance, it holds when we have that I ∩ Dn+1 ̸= ∅ for every I ∈ Fn and for
every n ∈ N. It means that between two points of Dn there is at least one point
belonging to Dn+1.

Lemma 4. Assume that the decomposition satisfies αn+1 ≤ ρ
1−ραn for every n. If

x ∈ D1, w0 = 0, and yn+1 < yn for every n, then

TD,w(yn)− TD,w(x)

yn − x
=

n−2∑
k=1

wk + δn−1wn−1

where

δn−1 =

{
yn−1−yn

yn−x if gn−1(yn) = yn−1 − yn

1 if gn−1(yn) = yn − x

Furthermore, we have δn−1 ∈ [ρ, 1) provided that gn−1(yn) = yn−1 − yn.

Proof. We have that

TD,w(yn)− TD,w(x)

yn − x
=

n−1∑
k=1

wk
gk(yn)

yn − x
.

If gn−1(yn) = yn − x then gk(yn) = yn − x for every k < n, and hence

n−1∑
k=1

wk
gk(yn)

yn − x
=

n−1∑
k=1

wk

so the claim holds with δn−1 = 1.
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Otherwise we have gn−1(yn) = yn−1−yn. We observe that if gn−2(yn) = yn−2−
yn then

αn ≥ yn − x > yn−2 − yn = yn−2 − yn−1 + yn−1 − yn ≥ ρ(αn−1 + αn)

which is impossible. Therefore, we obtain that gk(yn) = yn − x for every k ≤ n− 2
and

δn−1 =
yn−1 − yn
yn − x

≥ ραn

αn
= ρ.

□

Lemma 5. Assume that αn+1 ≤ ρ
1−ραn for every n. Let x ∈ D1, w0 = 0, and

yn+1 < yn for every n. If δn−1 < 1 and δn < 1 then

TD,w(yn)− TD,w(yn+1)

yn − yn+1
=

n−2∑
k=1

wk +
yn−1 − yn − (yn+1 − x)

yn − yn+1
wn−1 − wn.

Proof. First, we have that δn−1 < 1 implies gn−1(yn) = yn−1 − yn, whereas δn < 1
implies gn(yn+1) = yn − yn+1. Now, we observe that if gn−1(yn+1) = yn−1 − yn+1

then

αn+1 ≥ yn+1 − x > yn−1 − yn+1 = (yn−1 − yn) + (yn − yn+1) ≥ ρ(αn + αn+1)

which contradicts our assumption on the decomposition. Therefore, gn−1(yn+1) =
yn+1−x necessarily. Proceeding in a similar way we get that gn−2(yn) = yn−x, so
we deduce that gk(yn) = yn − x and gk(yn+1) = yn+1 − x for every k ≤ n− 2. □

Proposition 6. Let w /∈ c0. Assume that ρ > 1/2. If x ∈ D1, w0 = 0, and
yn+1 < yn for every n, then TD,w is not right-hand differentiable at x.

Proof. First, we observe that ρ > 1/2 implies αn+1 ≤ ρ
1−ραn for every n. For

the sake of contradiction, we suppose that TD,w is right-hand differentiable at x.
Hence,

T ′+
D,w(x) = lim

n→∞

TD,w(yn)− TD,w(x)

yn − x
:= lim

n→∞
∆n

and by Lemma 4 we obtain

0 = lim
n→∞

(∆n+1 −∆n) = lim
n→∞

((1− δn−1)wn−1 + δnwn) := lim
n→∞

ηn.

For every n we have

(2.1) |wn| ≤
1

δn
|ηn|+

1− δn−1

δn
|wn−1| ≤

1

ρ
|ηn|+

1− ρ

ρ
|wn−1|.

There is n0 ∈ N such that |ηn| ≤ ε ρ for every n ≥ n0, and from (2.1) we get

|wn0+k| ≤ ε

k∑
j=0

(
1− ρ

ρ

)j

+ |wn0−1|
(
1− ρ

ρ

)k+1

for every k ≥ 0. The previous inequality together with the fact that ρ > 1/2 gives
that w ∈ c0, which is a contradiction. □

Proposition 7. Let w /∈ c0. Assume that αn+1 ≤ ραn for every n. If x ∈ D1,
w0 = 0, and yn+1 < yn for every n, then TD,w is not right-hand differentiable at x.



NOWHERE DIFFERENTIABLE FUNCTIONS IN THE GENERALIZED TAKAGI CLASS 7

Proof. First, we observe that αn+1 ≤ ραn implies αn+1 ≤ ρ
1−ραn for every n.

Proceeding via contradiction, let us suppose that TD,w is right-hand differentiable
at x. For every n we denote

∆n :=
TD,w(yn)− TD,w(x)

yn − x
and Γn :=

TD,w(yn)− TD,w(yn+1)

yn − yn+1
,

so we have

T ′+
D,w(x) = lim

n→∞
∆n = lim

n→∞
Γn,

where the second equality follows from Lemma 2. As before, we have

0 = lim
n→∞

(∆n+1 −∆n) = lim
n→∞

(
(1− δn−1)wn−1 + δnwn

)
by Lemma 4, and we let

ηn := δnwn + (1− δn−1)wn−1.

If δn−1 = 1 then

|wn| =
1

δn
|ηn| ≤

1

ρ
|ηn|.

If δn = 1 then

|wn| ≤ |ηn|+ (1− δn−1)|wn−1| ≤ |ηn|+ (1− ρ)|wn−1|.
From now on, we restrict to the situation when δn−1 < 1 and δn < 1. It follows

that gn−1(yn) = yn−1 − yn and gn(yn+1) = yn − yn+1. Recall that

δn−1 =
yn−1 − yn
yn − x

and δn =
yn − yn+1

yn+1 − x
.

If we denote λn := ∆n − Γn, we have that limn λn = 0, and

λn = wn−1

(
δn−1 −

yn−1 − yn − (yn+1 − x)

yn − yn+1

)
+ wn

= wn−1δn−1

(
1− yn − x

yn − yn+1

)
+

wn−1

δn
+ wn =

wn−1

δn
(1− δn−1) + wn

by Lemma 4 and Lemma 5.
If δn−1 ≥ 1− ρ

2 then

0 <
1− δn−1

δn
≤ ρ

2δn
≤ 1

2
,

and therefore |wn| ≤ |λn|+ 1
2 |wn−1|.

Otherwise, we have δn−1 ≤ 1− ρ
2 . Since αn+1 ≤ ραn we get

yn−1 − yn − (yn+1 − x)

yn − yn+1
≥ 0,

and consequently, we obtain that |wn| ≤ |λn|+ δn−1|wn−1| ≤ |λn|+ (1− ρ
2 )|wn−1|.

Finally, joining all the previous inequalities we conclude that

|wn| ≤ max

{
|λn|+

1

ρ
|ηn|

}
+
(
1− ρ

2

)
|wn−1|

which implies that w ∈ c0. □

It is immediately observed that similar results hold for the left-hand derivative,
so we deduce the following theorem:
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Theorem 8. Let w /∈ c0. Assume that the decomposition satisfies that Dn+1∩I ̸= ∅
for every I ∈ Fn, and that either ρ > 1/2, or αn+1 ≤ ραn for every n. If x ∈ D,
then TD,w has not finite lateral derivatives at x.

It is worth noting that for a given countable and dense set D of the unit interval,
Proposition 1.5 of [6] mentioned above, states that it is always possible to construct
a decomposition of such a set satisfying that αn+1 ≤ 1

4αn for every n.
In a sense, this was the motivation to pursue conditions on the decomposition

like those appearing in Theorem 8.
The following example illustrates that a requirement as Dn+1 ∩ I ̸= ∅ for every

I ∈ Fn is needed in order to ensure that TD,w has not finite lateral derivatives at
a point belonging to the set D.

Example 9. Let w /∈ c0 be defined as w0 = 0, w3n−2 = 1, w3n−1 = −1 for every
n, whereas w3 = −2−1 and w3n = 2−n for every n > 1. Let D1 be a finite subset of
[0, 1] such that 0, 1 ∈ D1. For every n we define D3n−2 = D3n−1, and D3(n+1)−2 =

D3n = D3n−1 ∪ D̃3n−1. We consider the countable and dense set D = ∪∞
n=1Dn and

its decomposition given by D = (Dn)n. It satisfies D̃n ⊂ Dn+1 ∪ D̃n+1 for every n.
We have that T ′

D,w(x) = 0 for every x ∈ D1.

Proof. First, we observe that

TD,w(z) = −1

2
g3(z) +

∞∑
k=2

1

2k
g3k(z)

for every z ∈ [0, 1]. From Proposition 2.15 in [7] we obtain

T ′+
D,w(x) = −1

2
+

∞∑
k=2

1

2k
= 0 and T ′−

D,w(x) =
1

2
+

∞∑
k=2

(
− 1

2k

)
= 0,

which gives us the result. □

3. Nowhere differentiability

We begin this section with an example that shows the necessity of a condition
such as the existence of ρ ∈ (0, 1] satisfying that ραn ≤ |x− y| for every x, y ∈ Dn

with (x, y) ∩Dn = ∅, in order to obtain positive results. For the sake of simplicity,
in such an example we define the generalized Takagi function on the interval [−1, 1]
instead of [0, 1].

Example 10. Let us consider the sets D+
0 = {1} and D+

1 =
{

2
3 , 1
}
. For every

n ∈ N we define the sets

D+
2n =

{
k

2n
∈ (0, 1] : k ∈ Z

}
∪D+

2n−1

and

D+
2n+1 =

{
k

2n
− 1

3n+1
∈ (0, 1] : k ∈ Z

}
∪D+

2n.

For all n ≥ 0 we also define D−
n = {−x : x ∈ D+

n } and we consider the set
Dn = D+

n ∪D−
n . Let w /∈ c0 be defined as w2n = 1 and w2n+1 = −1 for every n.

Then, TD,w is differentiable at 0 and T ′
D,w(0) = 0.
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Proof. We may rewrite the function TD,w : [−1, 1] → R as

TD,w(x) =

∞∑
n=0

Hn(x)

where Hn(x) = w2ng2n(x) + w2n+1g2n+1(x). It is immediate that, for every n,
|Hn(x)| ≤ 3−(n+1) for all x ∈ [−1, 1] and

Hn(x) =
1

3n+1
for all x ∈ [− 1

2n
+

1

3n+1
,
1

2n
− 1

3n+1
].

If 0 < |h| < 1
2 there exists an integer n such that 2−(n+1) ≤ |h| < 2−n and as

Hk(0) = Hk(h) for all 0 ≤ k ≤ n− 1 we obtain∣∣∣∣TD,w(h)− TD,w(0)

h

∣∣∣∣ = 1

|h|

∣∣∣∣∣
∞∑

k=n

Hk(h)−
∞∑

k=n

1

3k+1

∣∣∣∣∣ ≤ 2n+2
∞∑

k=n

1

3k+1
= 2 ·

(
2

3

)n

.

Letting h to zero and therefore, n to infinity, we obtain that T ′
D,w(0) = 0. □

Remark 11. In the previous example we have that 0 ∈ D̃. Furthermore, if we
modify such an example by defining D+

0 = {0, 1}, we also have that TD,w is differ-
entiable at 0 ∈ D.

For a point x /∈ D we let an, bn ∈ Dn such that an < x < bn and (an, bn)∩Dn = ∅.
We denote by cn the midpoint of the interval (an, bn).

The problem in the general situation is that we cannot control the position of the
midpoints ck with respect to (an, bn) for k < n. This forces us to require additional
restrictions on the decomposition. However, they are quite mild and allow us to
generalize Kono’s theorem for the Takagi Class (see [17]).

Theorem 12. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

If w /∈ c0, then TD,w is nowhere differentiable.

Proof. By Proposition 3 it is enough to prove that T ′
D,w(x) does not exist whenever

x /∈ D. For a given point x ∈ D̃ we may assume without loss of generality that

x ∈ D̃1 and consequently, x ∈ D̃n for every n since it would belong to D otherwise.
If this is the case, then x is the midpoint of (an, bn) for every n, which implies that
an < an+1 < x < bn+1 < bn for every n since I ∩Dn+1 ̸= ∅ for every I ∈ Fn. From

TD,w(bn+1)− TD,w(bn)

bn+1 − bn
=

n∑
k=1

wk
gk(bn+1)− gk(bn)

bn+1 − bn
= −

n∑
k=1

wk

we deduce that if T ′
D,w(x) exists, then

− lim
n→∞

n∑
k=1

wk = T ′
D,w(x)

by Lemma 2 since
bn+1 − x

bn − bn+1
≤ αn+1

ραn+1
=

1

ρ
.

This implies that the series
∑∞

k=1 wk converges, which is impossible.
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From now on, we assume that x /∈ D̃ ∪ D. For every n, we have that if ck /∈
(an, bn) for every k < n then

TD,w(bn)− TD,w(an)

bn − an
=

n−1∑
k=1

wk
gk(bn)− gk(an)

bn − an
=

n−1∑
k=1

wkg
′
k(x).

Alternatively, if ck ∈ (an, bn) for some k < n then ck = ck+1 = · · · = cn, since
we are necessarily under the second alternative. It also implies that

ak < ak+1 < · · · < an < bn < · · · < bk+1 < bk.

If cn < x then

TD,w(bn)− TD,w(bn−1)

bn − bn−1
=

n−1∑
k=1

wk
gk(bn)− gk(bn−1)

bn − bn−1
=

n−1∑
k=1

wkg
′
k(x)

and
bn − x

bn−1 − bn
≤ αn

ραn
=

1

ρ
.

If x < cn then

TD,w(an)− TD,w(an−1)

an − an−1
=

n−1∑
k=1

wk
gk(an)− gk(an−1)

an − an−1
=

n−1∑
k=1

wkg
′
k(x)

and
x− an−1

an − an−1
=

x− an
an − an−1

+ 1 ≤ αn

ραn
+ 1 =

1

ρ
+ 1.

Therefore, if T ′
D,w(x) exists then taking un = bn or an, and vn = an, bn−1 or

an−1 accordingly, and invoking Lemma 2 we obtain

T ′
D,w(x) = lim

n

TD,w(un)− TD,w(vn)

un − vn
=

∞∑
k=1

wkg
′
k(x)

which is a contradiction. □

From now on, we will concentrate our efforts on proving Proposition 16 below.
It will allow us to obtain the converse result of Theorem 12.

Let x /∈ D ∪ D̃. If 0 < |h| < ρα1, then there exists n(h) ∈ N such that

ραn(h)+1 ≤ |h| < ραn(h).

Furthermore, we denote

N2(h) = {n < n(h) : an < x < cn < x+ h ≤ bn}.
The following result was proven by the first two authors (see Lemma 2.2 in [7]):

Lemma 13. Let w ∈ c0 and x /∈ D ∪ D̃. If the series
∑∞

n=1 wng
′
n(x) converges,

then TD,w is differentiable at x with T ′
D,w(x) =

∑∞
n=1 wng

′
n(x) if and only if

lim
h→0

∑
n∈N2(h)

(
gn(x+ h)− gn(x)

h
− g′n(x)

)
wn = 0.

Proposition 14. Let w ∈ c0. Assume that the decomposition D = (Dn)n satisfies
that for each n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.
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If x /∈ D ∪ D̃ and the series
∑∞

n=1 wng
′
n(x) converges, then TD,w is differentiable

at x with T ′
D,w(x) =

∑∞
n=1 wng

′
n(x).

Proof. We suppose that h > 0 and the set N2(h) is non-empty. The case when
h < 0 is similar. Let n ∈ N2(h) be. We are under one of the following scenarios:

If (1) holds, that is D̃n ⊂ Dn+1, then cn ∈ Dn+1 and hence, for every n + 1 ≤
k ≤ n(h)− 1 we have x < bk ≤ cn < x+ h, so we obtain that k /∈ N2(h).

If (2) holds, that is I ∩ Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1, then
cn+1 ≤ cn. If n < n(h) − 1 and cn+1 < cn then cn+1 < bn+1 < cn < x + h, so we
have n+ 1 /∈ N2(h).

From the previous facts, we conclude that there exist m1,m2 ∈ N such that
m1 ≤ m2 ≤ n(h) − 1 and N2(h) = {m1, . . . ,m2}. Moreover, we have cm1

= . . . =
cm2

necessarily. Hence,∑
n∈N2(h)

(
gn(x+ h)− gn(x)

h
− g′n(x)

)
wn

=

m2∑
n=m1

(
−2(x+ h− cn)

h

)
wng

′
n(x)(3.1)

=
−2(x+ h− cm1

)

h

m2∑
n=m1

wng
′
n(x).

Since the series
∑∞

n=1 wng
′
n(x) converges, the first item of (3.1) tends to 0 as

h → 0 because m1 → +∞ whenever h → 0. Therefore, we conclude that TD,w is
differentiable at x with T ′

D,w(x) =
∑∞

n=1 wng
′
n(x) by Lemma 13. □

The proof of the following result is the same as that of Lemma 2.12 in [7]. Such a
lemma is proved under the assumption that the decomposition satisfies αn+1 ≤ ραn

2
for every n. This assumption is used only to ensure that the decomposition has
the following property: every half interval of Fn contains an interval belonging to
Fn+1. It is immediately observed that such a property holds under the hypotheses
on the decomposition that appear in Lemma 15 below.

Lemma 15. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

For every not eventually constant sequence (ηn)n, with |ηn| = 1 for every n, there

is x /∈ D ∪ D̃ such that g′n−1(x) = ηn for every n.

Proposition 16. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

If w ∈ c0 \ ℓ1, then TD,w is differentiable at an uncountable set.

Proof. Since w ∈ c0 \ ℓ1, it is well-known that for every r ∈ R there exists a not
eventually constant sequence (ηn)n, with |ηn| = 1 for every n, such that

∞∑
n=1

ηnwn−1 = r
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(see page 56 of [13] for instance). There exists x ̸∈ D∪ D̃ satisfying that g′n−1(x) =
ηn for every n by Lemma 15, and we obtain that

T ′
D,w(x) =

∞∑
n=0

wng
′
n(x)

by Proposition 14. □

The next theorem together with Theorem 12 allows us to obtain Theorem 1.

Theorem 17. Assume that the decomposition D = (Dn)n satisfies that for each
n ≥ 0 one of the following situations arises:

(1) D̃n ⊂ Dn+1, or

(2) I ∩Dn+1 ̸= ∅ for every I ∈ Fn and D̃n ⊂ D̃n+1.

If TD,w is nowhere differentiable, then w /∈ c0.

Proof. For the sake of contradiction, suppose that w ∈ c0. If w ∈ c0 \ ℓ1 then TD,w

is differentiable at an uncountable set of points by Proposition 16. Furthermore, if
w ∈ ℓ1 then TD,w is Lipschitz since

|TD,w(x)− TD,w(y)| ≤
∞∑
k=0

|wk||gk(x)− gk(y)| ≤ |x− y|∥w∥1

for all x, y ∈ [0, 1], and consequently TD,w is differentiable almost everywhere by
Rademacher’s theorem. This gives us the result. □

Remark 18. Under the hypothesis on the decomposition that appear in Theorem
17, a similar argument as that used in Proposition 3.1. of [11] allows us to easily
obtain that TD,w is Lipschitz if and only if w ∈ ℓ1. In such a case, the Lipschitz
norm of TD,w is given by ∥w∥1.

It is worth noting that if the set D satisfies that D̃ ⊂ D, then we can construct

a decomposition D = (Dn)n such that D̃n ⊂ Dn+1 for every n. Furthermore, such
a decomposition can be constructed so that ρ = 1/4 and 2αn+1 ≤ αn for every n.
This fact yields that Theorem 1 can be applied in a large number of situations. For
instance, D = Q.

4. Non-negative sequence of weights

As we saw previously, some restrictions on the decomposition are necessary in
order to guarantee that TD,w is nowhere differentiable. However, the state of affairs
change drastically when considering a sequence w = (wn)n of non-negative weights.
In such a case, we do not require any restriction on the decomposition. As the reader
will observe, the existence of ρ ∈ (0, 1] such that |x− y| ≥ ραn for every x, y ∈ Dn

with (x, y)∩Dn = ∅ is not even necessary for proving the results. Furthermore, we
only require that w /∈ ℓ1 in the proof of Proposition 19 below.

Throughout the subsequent results, we study the subdifferentiability behavior of
the function TD,w.

Recall that for a lower semicontinuous function f : R → R and a point x ∈ R,
the subdifferential of f at x, denoted by ∂−f(x), is defined as the set of all ξ ∈ R
that satisfy

lim inf
h→0

f(x+ h)− f(x)− ξh

|h|
≥ 0.
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The function f is said to be subdifferentiable at x whenever ∂−f(x) ̸= ∅. It is
well-known that such a subdifferential can be characterized in terms of the Dini
derivatives

D−f(x) = lim sup
h→0−

f(x+ h)− f(x)

h
and d+f(x) = lim inf

h→0+

f(x+ h)− f(x)

h
.

More precisely, the function f is subdifferentiable at x if and only if

(4.1) D−f(x) ≤ d+f(x) and [D−f(x), d+f(x)] ∩ R ̸= ∅.

In such a case, we have ∂−f(x) = [D−f(x), d+f(x)] ∩ R.
For an upper semicontinuous function f : R → R and a point x ∈ R, the

superdifferential of f at x, denoted by ∂+f(x), can be defined by the formula

(4.2) ∂+f(x) = −∂(−f)(x).

It is well-known that a continuous function f : R → R is differentiable at x ∈ R
if and only if both ∂−f(x) and ∂+f(x) are non-empty. Moreover, in this case,
∂−f(x) = ∂+f(x) = {f ′(x)}.

Among the properties of the subdifferential of a function f : R → R, we must
mention that the set of points with non-empty subdifferential is dense in the domain
of f (see Theorem 4.21 of [5]), and the cardinality of the subdifferential of f is less
than or equal to one at almost every point in the domain of f (see Theorem 4.4.3
of [12]).

In 2011, P. Góra and R. J. Stern proved that the subdifferential of the Takagi
function is R at every dyadic point; whereas, it is empty otherwise (see [14]). In
this sense, the Takagi function constitutes an extreme case for the subdifferential.

We extend this kind of subdifferentiability behavior to the function TD,w.

Proposition 19. Assume that w /∈ ℓ1 and wn ≥ 0 for every n. If x ∈ D, then the
function TD,w(z)− ζz has a local minimum at x for every ζ ∈ R. In particular, we
have

∂−TD,w(x) = R.

Proof. If x ∈ D, there exists n0 ∈ N such that x ∈ Dn0
and x /∈ Dk provided that

k < n0. For every ζ ∈ R we let n ∈ N be satisfying that

n∑
k=n0

wk >

n0−1∑
k=1

wk + |ζ|.

If 2|h| < dist (x,Dn \ {x}) then we have gk(x+ h) = |h| for every n0 ≤ k ≤ n, and
consequently we obtain

TD,w(x+ h)− TD,w(x)− ζh ≥
n0−1∑
k=1

wk (gk(x+ h)− gk(x))

+

n∑
k=n0

wkgk(x+ h)− |ζ||h| ≥ |h|

[
n∑

k=n0

wk −

(
n0−1∑
k=1

wk + |ζ|

)]
≥ 0,

which gives us the result. □

Corollary 20. Assume that w /∈ ℓ1 and wn ≥ 0 for every n. If x ∈ D, then
T ′+
D,w(x) = +∞ and T ′−

D,w(x) = −∞.
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Proposition 21. Assume that w /∈ c0 and wn ≥ 0 for every n. If x /∈ D, then
∂−TD,w(x) = ∅.

Proof. For every n we let an = max{z ∈ Dn : z < x} and bn = min{z ∈ Dn : x <
z}. Observe that an < x < bn. Thus,

d+TD,w(x) ≤ lim inf
n

TD,w(bn)− TD,w(x)

bn − x
≤ lim inf

n

n∑
k=1

wk
gk(bn)− gk(x)

bn − x

≤ lim inf
n

n∑
k=1

wkg
′
k(x),

since we have
gk(bn)− gk(x)

bn − x
= g′k(x)

provided that g′k(x) = −1. We also obtain

D−TD,w(x) ≥ lim sup
n

TD,w(an)− TD,w(x)

an − x
≥ lim sup

n

n∑
k=1

wk
gk(an)− gk(x)

an − x

≥ lim sup
n

n∑
k=1

wkg
′
k(x)

since
gk(an)− gk(x)

an − x
= g′k(x)

provided that g′k(x) = 1.
Therefore, if ∂−TD,w(x) ̸= ∅, by (4.1) we get

lim sup
n

n∑
k=1

wkg
′
k(x) ≤ D−Tw(x) ≤ d+Tw(x) ≤ lim inf

n

n∑
k=1

wkg
′
k(x),

and hence the series
∑∞

k=1 wkg
′
k(x) converges, which is impossible since w /∈ c0. □

Corollary 22. Assume that w /∈ c0 and wn ≥ 0 for every n. Then, TD,w is nowhere
differentiable.

The following example illustrates that such an extreme subdifferentiability be-
havior may disappear when considering an arbitrary sequence of weights.

Example 23. Let us consider the function f : [0, 1] → R defined as f(x) = −T (x)
where T denotes the Takagi function (1.1). From Proposition 19, we have that if
x ∈ D then ∂−T (x) = R, and by (4.2) we obtain

∂+f(x) = −∂−(−f)(x) = −∂−T (x) = R,

so we get ∂−f(x) = ∅ since the Takagi function is nowhere differentiable. The
superdifferential of the Takagi function has been recently studied in [8] and [10].
As a consequence of Theorem 4.5 in [10], we have that ∂+T (1/3) = [0, 1] and by
(4.2) again, we get

∂−f(1/3) = −∂+T (1/3) = [−1, 0].
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[11] J. Ferrera, J. Gómez Gil and J. Llorente, Approximate differentiability in the General-

ized Takagi-Van der Waerden Class, Anal. Math. 48 (2022), 1033–1046. doi:10.1007/

s10476-022-0135-9

[12] K. M. Garg, Theory of Differentiation: A Unified Theory of Differentiation Via New Derivate

Theorems and New Derivatives, John Wiley & Sons, Inc., New York, 1998.

[13] B. R. Gelbaum and J.M.H. Olmsted, Counterexamples in Analysis, Dover Publications, Inc.,
Mineola, New York, 2003.
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