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Abstract: A method for detecting and quantifying the cooperativity in the simultaneous binding of
two ligands, A and B, to DNA (intercooperativity;vAB) isproposed. This involves thedetermination
of an apparent affinity constant Kapp for one of the ligands (A) in the limit of its null saturation (nA

3 0), in thepresenceof thesecond one(B). A definition for thisconstant isgiven and an expression
is derived corresponding to a simple model of competitive binding to an unbranched three-state
homogeneous polar lattice with nearest-neighbor interactions (Markov chain). The ratio between
the apparent and intrinsic affinity constants of one ligand in the maximum saturation limit of the
other one becomesvAB

2 , and thus can be graphically obtained from KA
app vs nB plots. All the

frequencies that define the sequence distribution of ligands can be easily calculated by introducing
some generalized statistical weights for the free lattice monomer in a standard sequence generating
function procedure. A model of fluorescence quenching emission is obtained from such frequencies
under the hypothesis of a short-range electron transfer mechanism of the deactivation; it confirms,
as suggested by the binding model, an outstanding influence of the intercooperativity on the
distribution. © 2001 John Wiley & Sons, Inc. Biopolymers 58: 562–576, 2001
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fluorescence emission quenching; metal complexes

INTRODUCTION
The competitive binding of one or several ligands to
a one-dimensional polymer has extensively been
modeled.1–10 Several methods are available for ob-
taining a statistical partition function or a secular
equation from which expressions for the binding iso-
therms can be derived. The matrix method10–12 is

recommended when thesizeof the latticerepresenting
thebiopolymer isfiniteand thenumber of statesof the
lattice is small. Alternatively, nearly infinite chains
can be represented the best by the sequence generat-
ing function (SGF) method of Lifson.1–3 Other ap-
proaches, such as the conditional probability method,
which led to the McGhee–von Hippel isotherm, are
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restricted to particular examples of interaction. For
example, in their original study,4,5 McGhee and von
Hippel considered the simultaneous noncooperative
binding of several species to the same lattice but
cooperativity was beyond its scope, partly because of
the requirement ofexplicit analytical expressions for
the probabilities. However, this method has the ad-
vantage that the statistical distribution of ligands in
the lattice is directly obtained from the procedure. On
the other hand, the SGF method is easily generaliz-
able to ligands that cover more than one lattice mono-
mer (n-mers) or are able to interact in a number of
ways with the polymer, with or without cooperativity
(see Chen2). As far as the weights for a monomer to
be in the different possible states are known, the
derivation of the secular equation is straightforward.
Bujalowski et al.3 gave an illustrative example for the
binding of large ligands to any three-state lattice. The
free state of the monomer is common to all of the
models, whereas the other two states correspond to
very different situations: two different ligands; a
single one that binds in two opposed orientations; a
ligand capable to bind another molecule itself
(“piggyback”); a ligand that transits between two
conformations in solution. In turn, the free mono-
mer can exist in two alternative conformations.
Extensions of the models to simultaneously include
all or some of these features are conceivable but the
parameters proliferate in such an excessive manner
that prevents their accurate experimental determi-
nation.

Certain problems require obtaining the ligand dis-
tribution along the polymer, to estimate, for example,
mean distances between consecutive bound ligands.
This is particularly the case if two or more species
bind that undergo cross-reactions, because the reac-
tion yield depends on the distances between the reac-
tants.13 In addition, the polymer may act as a bridge to
keep the chemical potential difference.14 During the
last decade, the question whether DNA is an electron
conductor, and if so how efficient, has received much
attention.15–26 Attempts to give an answer include
spectroscopic measures of DNA-mediated electron
transfer reaction rates between donor–acceptor pairs.
Two main approaches have been used. In the first one,
reversible and nonspecific binding of the reactants to
DNA serves to generate a distribution of ligand.16–20

An average distance is then calculated, assuming
complete binding and random distribution of the li-
gands. Fluorescence emission quenching, attributable
to the electron transfer reaction, is used to calculate
the value of a parameter reflecting the dependence of
electron transfer on distance. The second approach

consists in the employment of reactants tethered to
oligonucleotides.21,27 The determinations performed
in these constructs are identical to those accomplished
in equilibrated systems; however, the donor–acceptor
separation is controlled exactly. Some of the conclu-
sions shed by these alternative approaches are contra-
dictory. There are examples in both sets of experi-
ments indicating the possibility of long-range elec-
tron transfer,18,21 but also others implying a sharp
dependence on distance.20,27The arguments against
long range electron transfer between noncovalently
bound species are diverse, but many of them em-
ploy some cooperativity reasoning (for a review,
see Ref. 25).

This paper is intended to provide a new tool for the
determination of cooperativity between different li-
gands in their binding to linear biopolymers, which
may be useful to unify the various experimental re-
sults in a coherent view. Whereas the cooperative
binding of a single ligand has been studied in a variety
of ways, ranging from the simple fit of isotherm
equations to specifically designed experiments, such
as those proposed by Nechipurenko,28 the cooperat-
ivity between different species has only been tackled
by means of model fitting. This frequently leads to
lame conclusions, due to the high number of degrees
of freedom for the fitting (see Lincoln8). Besides, as
recognized by Correia and Chaires,9 the error on the
determination of certain parameters propagates on
others, which is particularly true for cooperativity and
ligand size parameters.

Here we propose a generalization of the three-state
secular equation given by Bujalowski et al.,3 which
simplifies the calculation of the sequence frequencies
and conditional probabilities by the SGF method. We
show that a simple proximity model for electron trans-
fer is highly dependent on a single cooperativity pa-
rameter, which explains the fluorescence emission
quenching of an intercalating metal complex by an-
other one. An experimental scheme to determine the
value of such a cooperativity parameter is suggested
on a simple competition basis.

DEFINITION OF THE MODEL

We consider the binding of two different ligands, A
and B, to a linear infinite lattice made up of mono-
mers. The ligands are assumed to bind in only one
direction. The lattice is homogenous, with nearest-
neighbor interactions, i.e., between ligands bound in
adjacent elementary units as defined by Chen.2 Thus,
the binding to an elementary unit only depends on the
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one to be occupied and on the previous one, that is,
the sequence is a Markov chain.29 The model here
derived includes a “single-binding” condition, which
means that any monomer can bind only one molecule,
provoking exclusion between occupied elementary
units. Three monomer states are possible as a conse-
quence of all these requirements—namely, the unoc-
cupied or free state, and two bound states, with the
monomer bound either to the first class of ligands or
to the second one. The bound ligands covern andk
monomers, respectively. All these features are shown
in Figure 1.

The saturation of the lattice, and thus the distri-
bution of ligands, are functions of the free ligand
concentrations (LA, LB). This is parameterized by
the intrinsic affinity constants for the isolated li-
gands (KA andKB). Consequently,KALA andKBLB

are the statistical weights for the single occupied
elementary units, which will be necessary for ap-
plying the SGF method. The interactions between
identical ligands are quantified by the parameters
vA andvB, for the two ligands, respectively. Since
the lattice is assumed to be polar, and the ligands to

bind in only one direction, onlyone intraspecies
cooperativity parameter is needed for each ligand.
Therefore, there is no difference between the inter-
actions with the preceding and the succeeding li-
gands in the lattice.

In the following derivation, we introduce a general
statistical weight for the free monomer,aF, instead of
the arbitrary value of unity usually chosen. This can-
not be interpreted as an affinity parameter of a ligand
for the lattice and has no evident physical meaning. In
fact, the last step of the derivation will consist in
returning to physically sensible conditions by taking
the limit to the unitary statistical weight. Therefore,aF

must not be considered as a measurable magnitude,
but should be viewed as a mathematical tool that
simplifies, as will be shown below, the calculation of
some sets of frequencies that constitute the ligand
distribution. Every macroscopic magnitude (for in-
stance, a frequency) is related to a weight, so that the
later becomes a parameter in the description of the
former. Similarly, the statistical relationship between
consecutive free monomers may be expressed by the
quantity vF. The notation refers to the analogy with
the cooperativity constants for the ligands (see figure
1 for a definition). However, in a realistic model its
value can only be unity, since it represents an equi-
librium between two identical situations, and will be
treated here in a similar fashion as the weight for the
individual free monomer.

The first step of the SGF method1 consists in
defining the SGF’s for all the states of the lattice. This
has to be done consistently with the SGF of the
complete system, i.e.,G(x) 5 ¥N50

` Z(N)x2N, where
Z(N) is the partition function of a polymerN mono-
mers long andx is the variable of the SGF. For a
single n binder, anystate of the polymer can be de-
scribed as an alternation of homogenous sequences,
i0,j1,i1,. . .,js,is,j0, i and j being the lengths of sequences
of free monomer and bound ligand, respectively. Any
is or js must be at least one monomer, except fori0 or
j0. In fact, i0 5 0 represents a lattice starting with
bound ligands, whereasj0 5 0 corresponds to a poly-
mer ending up with free monomers. Therefore, the
number of internal sequences is 2s and is subject to
the following restriction, to accomplish with the total
length of the polymer:

O
s50

s

~is 1 js! 5 O
s50

s

~is 1 nls! 5 N,

0 # s # F N

1 1 nG (1)

FIGURE 1 One-directional binding model. (a) Binding
equilibrium constants of two different ligands to an ori-
ented lattice. The dashed lines identify the lattice mono-
mers. An elementary unit is any uninterrupted fragment
of the lattice. In the example, the ligands cover two (n
5 2) and three (k 5 3) monomers on binding. (b) Coop-
erativity constants quantify the predominance of adjacent
binding of two ligands over isolated binding. The ligands
may be identical (intraspecies cooperativity; upper equi-
librium) or differ in nature (interspecies cooperativity or
intercooperativity; lower equilibrium). The order of the
ligands is essential in the latter case. (c) Hypothetical
cooperativity parameters for the free monomers. Ideal
labeling of certain free monomers (solid line) permits
considering adjacent and isolated binding as for true
ligands, and thus defining a set of equilibrium constants
that are valid as generalized statistical weights.

564 Torralba, Colmenarejo, and Montero



Since monomers bound to one ligand are lumped in
groups ofn adjacent monomers,j can be substituted
by a different index,l, so that,js 5 nls. Accordingly,
the partition function of the polymer can be expressed
as

Z~N! 5 O
s50

@N/~11n!# O
$is,ls%

P
s50

s

uisv ls
n (2)

where{is,ls} indicates all possible lengths under the
restriction (1), anduis

and vjs
5 vjs

n 5 vns

l are
contributions of free (lengthi) and bound (lengthj 5
nl) sequences, respectively. Substitution of (2) in the
SGFG(x) using the condition (1), yields, after some
calculations,

G~x! 5 O
s50

` O
i050

`

ui0x
2i0 O

l050

`

v l0
nx2nl0

3 P
s51

s O
is51

`

uisx
2is O

ls51

`

vls
nx2nls (3)

To account for the interactions between consecutive
monomers or ligands, the statistical weights should be
taken as uis 5 ui 5 vF

i21aF
i and vls

n 5 vn
l

5 vA
l21(KALA)l. Note that in a sequencei long, only

i 2 1 contacts occur, which explains the exponents on
the cooperativity factors. The sequence generating
functions for each state can be extracted from (3) as
follows.30,31 For the free monomer:

U~x! 5
1

vF
O
i51

`

~vFaF!
i~x!2i 5

aF

x 2 vFaF
(4a)

For the monomer bound to ligand A:

V~x! 5
1

vA
O
i51

`

~vAKALA!i~xn!2i

5
KALA

xn 2 vAKALA
(4b)

Analogously, for the monomer bound to a second
ligand, B:

W~x! 5
1

vB
O
i51

`

~vBKBLB!i~xk!2i

5
KBLB

xk 2 vBKBLB
(4c)

Remarkably, the variables ofV(x) andW(x) are raised
to the exclusion sizes, indicating that a monomer to a
ligand must be succeeded byn 2 1 or k 2 1 mono-
mers bound to the same ligand.

Interspecies cooperativity (intercooperativity) is
appropriately represented by a couple of parameters
vAB and vBA. These are the equilibrium constants
associated with the process of moving the two ligands
indicated in the subscript to neighbor elementary units
from other units initially separated by one free mono-
mer at least. Note that in this case different interac-
tions can exist between the same pair of ligands
ordered contrarily. Thus, interactions of this class can
be asymmetric. Again, it its reasonable to make use of
analogous parameters,vFA, vAF, vFB, and vBF, in-
volving the free monomer, as long as they are em-
ployed as statistical weights. Obviously, the only pos-
sible value for them is unity, since all free monomers
are indistinguishable and the equilibrium occurs be-
tween identical states. However, we maintain the no-
tation for the reasons given above. To include the
parameters of intercooperativity in the model, the
procedure established by Lifson1 involves building a
matrix that takes into account all the possible alterna-
tions of states.

M 5 S 0 vFAV~x! vFBW~x!
vAFU~x! 0 vABW~x!
vBFU~x! vBAV~x! 0

D (5)

The secular equation is readily obtained according
to F(x) 5 uM 2 I u 5 0, where I is the identity
matrix. This equation has three discontinuities,x
5{ vFaF, (vAKALA)1/n,(vBKBLB)1/k}. For nearly infi-
nite sequences (N3 `, whereN is the lattice size),
the partition function of the system isZ 5 x1

N. The
value x1 is the greatest root of the secular equation,
which only depends on its numeratorC(x). Therefore,
it is feasible to avoid the discontinuities ofF(x) by
operating directly onC(x). Its generalized expression
becomes:

C~x! 5 xn1k11 2 vFaFx
n1k 2 vAKALAxk11

2 vBKBLBxn11 1 ~vAvF 2 vAFvFA!KALAaFx
k

1 ~vBvF 2 vBFvFB!KBLBaFx
n

1 ~vAvB 2 vABvBA!KAKBLALBx

1 ~vAvBFvFB 1 vBvAFvFA 2 vFAvABvBF

2 vFBvBAvAF 2 vAvBvF

1 vABvBAvF!KAKBLALBaF 5 0 (6)
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Several particular cases of this equation have been
shown to lead to the McGhee–von Hippel isotherms,3

demonstrating the validity of Eqs. (4).

LIMIT APPARENT AFFINITY
CONSTANT AS AN INDICATOR
OF INTERCOOPERATIVITY

Binding experiments are those intended to measure
the equilibrium macroscopic saturation fractionsn
defined as bound ligand concentration over macro-
molecule concentration (monomer concentration in
the case of linear polymers), and the free concentra-
tionsL for every ligand. Intercooperativity is the only
binding property that cannot be considered in individ-
ual experiments of one ligand interacting with a linear
polymer. This fact suggests that its determination
requires specifically designed schemes. However, cur-
rently available methods for evaluating its magnitude
involve fitting the experimental data, collected in
Scatchard plots (n/L vs n), to the equations derived
from the model. This is in any case cumbersome,
since for two species the Scatchard surface to be fitted
is a tetradimensional one (nA/LA andnB/LB vs nA and
nB). Although previous knowledge of other parame-
ters of the interaction, such as affinities and exclusion
sizes, may be helpful to unambiguously estimate the
value of vAB, no obvious features of the plots point
out the qualitative presence of intercooperativity on
the binding. This qualitative information would be
very valuable. Nechipurenko28 developed a challeng-
ing methodology to specifically ascertain the cooper-
ativity effects in the binding of a single ligand to
DNA. He demonstrated that the extrapolation of a
cooperative isotherm to a noncooperative one with an
effective binding constantKeff gives an accurate ap-
proximation of the first at high levels of lattice occu-
pancy. The value of the effective constant makes it
possible to distinguish between dimeric formations
(Keff ' v1/2) and aggregates of unrestricted size (Keff

' vn11). The aim of this section is to extend this
approach to systems with intercooperativity.

The intrinsic binding constant of any ligand to
DNA is K 5 Lb/(L z [free sites]), whereLb andL are
the bound and free ligand concentrations, respec-
tively, and [free sites] is the concentration of unoccu-
pied sites. When two ligands simultaneously interact
with DNA, [free sites] is a function of bothnA andnB,
although an analytical expression relating them can-
not be found. However, it is possible to ideally de-
compose the lattice into two parts: those fractions
bound to one of the ligands (say B) and all the

remaining sequences, that are found either unoccu-
pied or bound to the other ligand. Let us assume that
this second fraction were completely free (nA 3 0).
One can define, for every value ofnB, a total concen-
tration of sites available for the binding of a small
concentration of ligand A, denoted as [Q], and then a
new affinity constant:

KA
app5 lim

nA30

LAb

LA z @U#
(7)

There is one reason to considerKA
app as an apparent

constant: the affinity of A for all the sites is supposed
to be identical. No objections apply in a noninterco-
operative situation but as soon as the binding occurs
with vAB Þ 1, the interactions between both kinds of
ligands provoke an increase (positive cooperativity)
or a decrease (negative cooperativity) of the affinity
with respect to the intrinsic constant. A concomitant
effect takes place on the bound concentration of the
entering ligand. This last point makesKA

app a promis-
ing candidate for detecting intercooperativity inde-
pendently of other interaction parameters.

The procedure to calculate [Q] is closely related to
the derivation originally employed by McGhee and
von Hippel in the development of their model.4 Here
we make it the base and keep the same notation. The
amount of available sites for the binding of A depends
on the concentration of free monomers at a saturation
nB. Besides, due to exclusion phenomena, the gap
distribution is also influential. Since the sites corre-
spond to ligand A, they covern monomers. The
average number of sites per gap,s#, is the arithmetic
mean of the number of sites associated to a gap of
lengthg, weighted with the probability of finding such
a gapPg. No sites are formed for gaps smaller thann
residues. The mentioned averaging is expressed by
the series

s# 5 O
g5n

`

~g 2 n 1 1!Pg

5 ~bk f!~ fb1! O
g5n

`

~g 2 n 1 1!~ff!g21 (8)

The factors (bkf), (fb1), and (ff) are conditional prob-
abilities. The subscripts denote the number of mono-
mer to be considered. Thus,f is a free monomer,bk is
the last monomer covered by a certain bound B li-
gand,k being the number of monomers covered by the

566 Torralba, Colmenarejo, and Montero



species B on binding, andb1 is the first one occupied
by any B ligand. The probability (bkf) reads as “prob-
ability of finding a free residue once a bound B ligand
has already been found.” The preceding summation
can be decomposed in a geometric series and in a
derivative of the geometric series, subtracting the
terms omitted in (8) for exclusion reasons (g , n).

O
g5n

`

~g 2 n 1 1!~ ff!g21 5 O
g51

`

g~ ff!g21

2 ~n 2 1! O
g950

`

~ ff!g921 2 O
g51

n21

~g 2 n 1 1!~ ff!g21

5
~ ff!n21

~1 2 ~ ff!!2 , whereg9 5 g 2 1 (9)

Bearing in mind that, in the limit ofnA 3 0, (ff)
1 ( fb1) ' 1, substitution of (9) in (8) yieldss# 5
(bkf)( ff)n21( fb1)

21. To calculate the concentration of
sites it is necessary to multiply by the number of gaps
of any size (g $ 0), which is proportional to the
concentration of bound ligand B for infinitely long
lattices. The conditional probabilities may be obtained
from the frequency equations given in this paper (see
next section). However, for the simple model here
presented, analytical expressions for (bkf) and (ff) can
be found in the original paper by McGhee and von
Hippel (Ref. 4, equation 13). For the probability (ff),
we use the formulation derived by Tsuchiya and
Szabo,12 which is valid for anyvB. To conclude, the
concentration of free sites left free by the bound B
molecules for the binding of ligand A becomes

@U# 5 DNA~1 2 knB!x1
12n (10a)

x1 5 S ~2vB 2 1!~1 2 knB! 1 nB 1 R

2vB~1 2 knB! D
5 ~ ff!21 (10b)

R 5 ~~1 2 ~k 1 1!nB!2 1 4vBnB~1 2 knB!!1/2 (10c)

The expressions (10), whereDNA is the polymer con-
centration in base pairs, closely resemble the McGhee–
von Hippel equations for the binding of a single species
to DNA. However, attention must be paid to the expo-
nent 1 2 n, which reflects the fact that the entering
ligand is A, although the available space is left free by
the B species. Besides, the quadraticfactor in the
original equation (Ref. 4, equation 15), which

weights the affinity for isolated and nonisolated
sites, is missing in (10). Obviously, this must not
appear in the expression of the concentration of
sites.

Measurements ofLA, LAb, andnB are necessary for
experimentally estimating the apparent affinity con-
stant [Eqs. (7) and (10)]. Besides, some binding pa-
rameters must be previously known. These are the site
sizes for the ligands,n andk, and the cooperativity of
the second ligandvB. In principle, all of them may be
obtained from independent experiments. With the
purpose of understanding the kind of information that
KA

app supplies concerning the intercooperativity, sim-
ulated experiments were carried out. A simple brack-
eting and bisection algorithm32 proved robust enough
for finding the maximum root of the secular Eq. (6) by
iteration to convergence of the saturation fractions,
which were used to calculate the apparent affinity
constant in each case. For a given set of parameters, a
constant ratio of DNA to ligand B total concentrations
r was chosen, and then ligand A concentration was
reduced until convergence to the value of the apparent
constant. The procedure was repeated for increasing
ratiosr and the resulting data were compiled inKA

app

vs nB plots (Figure 2). Such limit curves proved to
have very interesting characteristics. First, ligand A
exclusion size and cooperativity are not influential
on the shape of the curves, consistent with a van-
ishing saturation for this species. [It may seem from
Eq. (10a) that the apparent constant depends onn.
However, such a dependence is eliminated by the
factor LAb /LA when nA 3 0, as shown in the
appendix.] Moreover, as expected, the apparent and
intrinsic affinity constants coincide under no inter-
cooperative binding conditions, regardless of the
values of any other parameter, including all other
types of cooperativity, site sizes, and even affinity
and saturation of the second ligand (horizontal line
in Figure 2).

Intercooperativity affects the value of the calculated
KA

app, which deviates from the intrinsic constant as the
saturation of the ligand B increases. In this case,vB does
modify the dependence of the isotherm onnB. However,
in the extreme of total saturation of the polymer, the
apparent constant takes a significant limiting value of
KAvABvBA. The rationale of this result is a consequence
of the proximity to total saturation. AsnB increases, the
available sites for the binding of the other ligand tend to
be of a minimum size and thus are flanked by two bound
molecules of the other species (smaller gaps do not form
an accessible site). In this situation, the effective con-
stant is the intrinsic constant corrected by the two coop-
erativity parameters, because of the alternate sequence
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generated. An analytical demonstration is given in the
appendix. Thus,KA

app vs nB plots are convenient to
graphically determine the value of thevAB parameter.
They also provide good qualitative information on the
presence of intercooperativity as a characteristic of the
interaction.

DISTRIBUTION OF LIGANDS
IN THE SEQUENCE

Interpretation of the experiments of electron transfer
commented on in the introduction is not possible

unless the distribution of ligands in the sequence is
known. Furthermore, assessing the relevance of inter-
cooperativity on the distances between bound ligands
also requires this information. In this section, a
method is presented for the derivation of all the prob-
abilities needed for the calculation of the distribution,
as functions of macroscopic magnitudes. Any mean
macroscopic magnitude,Y# can be obtained from the
partition function by derivation with respect to the
appropriate statistical weighty according to the ex-
pressionY# 5 ­ ln x1

N/­ ln y. Implicit derivation leads
to the same result from the secular equation:

Y# /N 5 2~~­C~x!/­ ln y!/~­C~x!/­ ln x!!x5x1 (11)

According to the presented model, interactions are
limited to nearest-neighbor contacts. By this hypoth-
esis, the probability to find any randomly chosen
subsequence only depends on two kinds of frequen-
cies: those to encounter any given single elementary
unit, and those at which double-unit sequences ap-
pear. In what follows, we will denote the former asfA,
fB, andfF, and the later asfAB, fBA, fAA, fBB, fFF, fAF,
fFA, fBF, andfFB.

The first set of frequencies relates to the macro-
scopic saturation fractionsnA, nB, andnF. These mag-
nitudes are defined as bound ligand concentrations
over lattice concentration (in monomers). Of course,
the bound concentration must be substituted by the
total unoccupied monomer concentration in the last
saturation fraction. As far as the frequencies of dou-
ble-unit sequences are concerned, there is no obvious
relevant macroscopic magnitude related to them. Nev-
ertheless, an analogous line of reasoning suggests the
introduction of new fractionsnXY. X and Y are
elementary units andnXY quantifies the occurrences
of the sequence XY in the lattice over the monomer
concentration. Overlapping must be borne in mind
in the calculation of these frequencies. For exam-
ple, the sequence AFB contains two double unit
sequences, AF and FB. The free monomer belongs
to both.

To derive the frequencies from the secular equa-
tion, the appropriate statistical weights need to be
selected. For single unit sequences, they have been
described previously. In fact,LA andLB are suitable,
since KA and KB are constants that appear both in
numerator and denominator in expression (11). The
predominance of certain double-unit sequences over
others is a consequence of the cooperativity parame-
ters, that are, accordingly, the most convenient
weights to obtain the second set of frequencies. This

FIGURE 2 Apparent binding constant of one ligand as a
function of the saturation of the other one. (a) Positive
intercooperativity (vAB 5 vBA 5 5.0) deviates the curves
from the intrinsic binding constant. The ordinate at maxi-
mum saturation is explained in the text. (b) Negative inter-
cooperativity (vAB 5 vBA 5 0.5) induces a symmetrical
effect on the curves. The binding parameters used wereKA

5 104M21 and k 5 2 base pairs (bp). The curves are
unaffected by the values ofKB, the exclusion sizen and the
cooperativityvA. The constantvB was 0.1 (dashed-dotted
lines), 1.0 (solid lines), and 2.0 [dashed line, panel (a)] or
5.0 [(dashed line, panel (b)]. Any calculation performed for
vAB 5 vBA 5 1.0 produces a horizontal straight line at the
intrinsic constant value.
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is the reason why it was necessary to introduce coop-
erativity parameters for the free-monomer-containing
alternations of sequence in the model previously de-
scribed. Let us now define the matrix of single unit
saturation fractions as

NI 5 S nF 0 0
0 nA 0
0 0 nB

D

5 lim
aF31
vf311

­ ln x

­ ln aF

0 0

0
­ ln x

­ ln LA

0

0 0
­ ln x

­ ln LB

2
x5x1

(12a)

The matrix of double-unit saturation fractions is, in a
similar way:

NII 5 S nFF nAF nBF

nFA nAA nBA

nFB nAB nBB

D

5 lim
aF31
vf311

­ ln x

­ ln vF

­ ln x

­ ln vAF

­ ln x

­ ln vBF

­ ln x

­ ln vFA

­ ln x

­ ln vA

­ ln x

­ ln vBA

­ ln x

­ ln vFB

­ ln x

­ ln vAB

­ ln x

­ ln vB

2
x5x1

(12b)

The limit is taken to achieve physical meaning for the
free monomer state, as exposed in the definition of the
model. The variablevf represents all the cooperativity
constants involving the free monomer. The meaning-
ful partition function is for a value of the SGF variable
equal to the highest root of the secular equation and
hence the substitution in the matrices. Table I com-
piles a comprehensive list of the saturation fractions
corresponding to this model. Observe that only two
intercooperativity parametersvAB andvBA, remain in
the final equations. Assuming symmetrical interspe-
cies interactions allows reducing them to a single one
(vAB 5 vBA). In this case, the identitiesnAF 5 nFA,
nBF 5 nFB, andnAB 5 nBA must hold, which is easy
to verify.

For the frequencies to be consistent, they should
satisfy the following relationships:

fA 1 fB 1 fF 5 1 (13a)

fAA 1 fAB 1 fAF 1 fBA 1 fBB 1 fBF

1 fFA 1 fFB 1 fFF 5 1 (13b)

Obviously, similar equations do not hold for satura-
tion fractions. The reason is that they are normalized
by monomers and not by elementary units. A conver-
sion to the later is essential, in order to obtain prob-

Table I List of Saturation Fractions for the Model of
Competitive Binding of Two Ligands to a
Homogeneous Infinitely Long Linear Polymera

Single-Unit Saturation Fractionsb

nF 5
1

g~x1!
@x1

n1k 2 ~vA 2 1!KALAx1
k 2 ~vB 2 1!KBLBx1

n

2 ~vA 1 vB 2 vAB 2 vBA 2 vAvB

1 vABvBA!KAKBLALB#

nL1 5
1

g~x1!
@x1

n1k11 2 x1
n1k 2 vL2KL2LL2x1

n111

1 ~vL2 2 1!KL2LL2x1
n1#

Double-Unit Saturation Fractionsb

nFF 5
1

g~x1!
@x1

n1k 2 vAKALAx1
k 2 vBKBLBx1

n 1 ~vAvB

2 vABvBA!KAKBLALB#

nL1-L1 5
vL1

g~x1!
@KL1LL1x1

n211 2 KL1LL1x1
n2 2 vL2KAKBLALBx1

1 ~vL2 2 1!KAKBLALB#

nF-L1 5
1

g~x1!
@KL1LL1x1

n2 1 ~vL1-L2 2 vL2!KAKBLALB#

nL1-F 5
1

g~x1!
@KL1LL1x1

n2 1 ~vL2-L1 2 vL2!KAKBLALB#

nL1-L2 5
vL1-L2

g~x1!
@vL2-L1KAKBLALBx1

2 ~vL2-L1 2 1!KAKBLALB#

a The denominator is common to every saturation fraction, that
is
g~ x1! 5 ~n 1 k 1 1! x1

n1k11 2 ~n 1 k! x1
n1k 2 ~n 1 1!vBKBLBx1

n11

2 ~k 1 1!vAKALAx1
k11 1 ~vB 2 1!KBLBnx1

n 1 ~vA

2 1!KALAkx1
k 1 ~vAvB 2 vABvBA!KAKBLALBx1

b The subscriptL1 represents either ligand A or B. The exclusion
sizesn1 andn2 representn andk or vice versa, whenL1 is A or
B, respectively.L1-L1 means either AA or BB,L1-L2 means
either AB and BA, and so on.
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abilities. The required ratio between the total number
of elementary units in the lattice to the number of
monomers can be derived as follows. The number of
elementary units of the class A is proportional to the
bound concentration of this ligand, which in turn is
proportional to the saturation fractionnA. Similarly,
the ligand B appears in the lattice in an amount related
to nB. Last, the number of unoccupied residues
(monomers) refers to the remaining elementary units
of the sequence. Since the maximum value a satura-
tion fraction can reach corresponds to the inverse of
the exclusion size of the ligand (n or k), the total
fraction of occupied monomers isnnA 1 knB. There-
fore, the ratio between elementary units and mono-
mers, may be defined as

N~nA, nB! 5 nA 1 nB 1 ~1 2 nnA 2 knB! (14)

which is always smaller than or equal to unity. Note
that this normalization factor is valid both for single-
unit and double-unit sequences. Recall that the later
ones overlap and that, for nearly infinite lattices, the
extreme effects can be neglected. In this way, the
matrices of frequencies result from dividing the ma-
trices of saturations (12) by Eq. (14).

PI 5
NI

N~nA, nB!
5 S fF 0 0

0 fA 0
0 0 fB

D (15a)

PII 5
NII

N~nA, nB!
5 S fFF fAF fBF

fFA fAA fBA

fFB fAB fBB

D (15b)

In the absolutely noncooperative case, i.e. when all
the v parameters equal one, the frequencies of dou-
ble-unit sequences coincide with the product of the
corresponding single-unit frequencies, which isfXY

5 fXfY. No interactions at all occur between bound
ligands, and the lattice can be described by means of
the frequencies for each species. From the matrices in
Eq. (15), a matrix of conditional probabilities is de-
fined asP 5 PP(PI)21. The probability of finding any
sequence may be calculated either from Eq. (15) or
from PI and P. For multiple-unit sequences, it is
necessary to employ the properties of event intersec-
tion, formulated in probability theory. For example,
the frequency with which the sequence AFB appears
in the lattice is

fAFB 5 fA~anf!~ fb1! 5 fA
fAF

fA

fFB

fF
5

fAFfFB

fF
(16)

The factors (anf) and (fb1) are conditional probabili-
ties in the notation employed by McGhee and von
Hippel4 (see above).

From an experimental viewpoint, the saturation
fractions nA and nB can be empirically determined,
together with the two free ligand concentrations.
Hence, the matrixPI can be estimated from measure-
ments ofnA andnB and the exclusion sizes. However,
giving a calculation ofPP implies obtaining the value
of the maximum rootx1. As a result, an iteration cycle
for solving the secular equation for each set of obser-
vations must be run and an adequate nonlinear algo-
rithm needs to be implemented.

A SHORT-RANGE MODEL OF
FLUORESCENCE EMISSION
QUENCHING

Cooperative behavior between noncovalently bound
metal complexes has been alleged to refute the argu-
ments in favor of long-range electron transfer in
DNA.8,20,33 The presumed intercooperativity needed
to explain the fluorescence quenching experiments in
the simultaneous binding of the paradigmatic pair
[Ru(phen)2dppz]21/[Rh(phi)2phen]31 (phen, phenan-
troline; dppz, dipyridophenazine; phi, phenanthrenequi-
none diimine) is smaller thanvRU-RH ' 100. How-
ever, even the existence of cooperativity is a contro-
versial matter20,34 and it is difficult to reach an
agreement on the basis of simple fitting to a model.
Nevertheless, it is always interesting to check the
sensitivity of a model to a parameter by comparison
with reported experiments. This is the motivation of
the current section. Here we propose an equation in
terms of frequencies, instead of conditional probabil-
ities, for the probability to find an emitter nearest-
neighboring an active quencher.

First, we assume that all the emitter molecules (B)
bound to any site adjacent to that of an effective
quencher (A) become quenched, but no others. Every
bound A molecule is supposed to be effective, but it
can only act on one adjacent emitter, i.e., in the
sequence FBABF one of the B molecules is still able
to emit, since the quencher gets inactivated after
quenching the other emitter. This is so because the
mechanism for deactivation is electron transfer, with
slow recombination (back-reaction; see Bixon35 for
biologically significant examples of this fact), and
only one A electron is available for reaction. These
assumptions implicitly mean a high quantum yield for
the quenching.
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The probability Q for a bound ligand B to be
adjacent toany effectiveligand A, and thus to become
inactive, is related to the probability of finding it
taking part in the sequence AB or in its symmetrical
BA. Then, both frequencies add. However, for satu-
rations high enough, these two sequences can overlap
and therefore, by the mechanistic conditions enumer-
ated in the previous paragraph, only one emitter is
quenched, no matter that the overlap is ABA or BAB.
As a consequence,Q diminishes as the number of
such sequences increases. To summarize, the pursued
frequency expression is, up to now, the summation of
all double-unit alternate-ligand sequence frequencies
and the subtraction of every triple-unit alternate-li-
gand sequence frequency (i.e.,fAB 1 fBA 2 fABA

2 fBAB). The same argument applies for triple-unit
sequences, which can also overlap to form ABAB or
BABA. In this case, no discount should have been
made, because certainly two B molecules are subject
to quenching. Hence, the frequencies of the alternate
four member sequences must be added. This proce-
dure can be extended ad infinitum, varying the signs
in accordance with the sequence length. The frequen-
cies may be calculated from analogous expressions to
Eq. (16). Finally, because we have definedQ for each
bound B molecule, it is necessary to normalize by the
frequency of B in the lattice.

QfB 5 fAB 1 fBA 2 ~ fABA 1 fBAB 2 ~ fABAB 1 fBABA

2 ~fABABA 1 fBABAB 2 ~· · ·!!))

5 fAB 1 fBA 2
fAB fBA

fB
2

fBA fAB

fA

1
fAB

2 fBA

fA fB
1

fAB fBA
2

fA fB
2

fAB
2 fBA

2

fA fB
2

2
fAB

2 fBA
2

fA
2 fB

1 · · · (17)

The general expression of the series is as follows:

Q 5
1

fB
O
i51

` F fAB
i fBA

i21

~fA fB!i21 1
fAB

i21 fBA
i

~fA fB!i21

2
~fAB fBA!i

fA
i fB

i21 2
~fAB fBA!i

fA
i21fB

i G (18a)

Q 5
1

fB
SfAB 1 fBA 2

fAB fBA

fA
2

fAB fBA

fB
D

3 O
j50

` SfAB fBA

fA fB
Dj

(18b)

The productfABfBA is always smaller than or equal to
fAfB. They are coincident only for completely alter-
nate sequences of A and B ligands. In such an ex-
treme, all four frequencies equal 0.5 and the ratio
under the summation in Eq. (18b) becomes unity. The
overall equation is undetermined, although it is easy
to realize that it must solve to total quenching (Q
5 1). But in most cases (fAB fBA , fA fB) the series in
(18b) is a geometric one and can be summed to the
fairly symmetrical expression (19).

Q 5
1

fB

fA fB~ fAB 1 fBA! 2 fAB fBA~ fA 1 fB!

fA fB 2 fAB fBA
(19)

If the binding of ligands to the lattice is absolutely
noncooperative, two-unit sequence frequencies are
functions of fA and fB. This further simplification
leads to the compact Eq. (20):

Q 5 fA
~2 2 fA 2 fB!

1 2 fA fB
(20)

Note that complete saturation of the lattice with an
equal number of both ligands in highly intercoopera-
tive situations (i.e., AB and BA sequences predomi-
nate over AA and BB) means absolute quenching in
this model, although this is not the case in the non-
cooperative example. In fact, in this case alternation is
not favored over homogeneous sequences and only
two thirds of the emitter result quenched (see Figure 3).

Simulations of fluorescence quenching for the do-
nor–acceptor pair [Ru(phen)2dppz]21/[Rh(phi)2phen]31

were performed, using binding parameters compiled
from bibliographic sources18,20 and a single interco-
operativity constant (vAB 5 vBA) to be fitted. Good
qualitative and quantitative agreement was obtained
between experimental data (reported in Ref. 18) and
the model (Figure 4), with little requirement for in-
tercooperativity (vAB ' 5). Noticeably, high sensitiv-
ity to this parameter was observed in every conducted
simulation (compare the cooperative model with the
noncooperative one; see also Figure A1, in the appen-
dix). However, it must be recognized that this is a
minimum estimate, as real imperfect quenching (i.e.,
quenching quantum yield lower than unity) compels
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to increasing the cooperativity to get a satisfactory fit.
This could be included in the models as a multiplica-
tive factor of the equations.

DISCUSSION

Models of nonspecific interaction of ligands with in-
finitely long lattices relate some macroscopic magni-
tudes with others and implicitly contain information
concerning the distribution of ligands in the sequence.
Whereas the binding densities provide a direct indi-
cation of the frequencies with which every class of
elementary unit appears in the sequence, frequencies
of two or more units are not obvious and must be
indirectly ascertained. The probabilistic approach of
McGhee and von Hippel4 gives a convenient set of
functionalities between the binding densities and the
conditional probabilities of finding successive pairs of
units for the cooperative binding of a single ligand to
DNA, but is not extensible to a higher number of
species. On the other hand, the SGF method facilitates
the derivation of statistical magnitudes for arbitrarily
complex systems. However, the common practice of
taking the free monomer as the reference state makes
it difficult to realize which are the statistical weights
that represent the higher order sequences. Conse-
quently, the available procedures involve obtaining
expressions for all the frequencies for which the
weights are know, i.e., those referring to the ligands
and not to the free monomers, and then adjust the
other frequencies until the conditions of certain event
[Equations (13)] are verified.

We have shown in this paper that assigning an
additional nonunitary statistical weight to the free
monomer simplifies the characterization of the distri-
bution and no probabilistic assumptions need be ex-
pressed, except for those necessary when defining the
model (SGF’s). This allows for verification of the
correctness of the results through independent assess-
ment of Eqs. (13), which are not included in the
treatment, and of other relevant relations. For exam-
ple, according to the definition of the intercooperat-
ivity constant, it may be calculated asvAB

5 (anb1)(f f)[(anf)( fb1)]
21. We illustrate the procedure

for a three-state model: the competitive binding of
two ligands to a homogenous one-dimensional lattice
with nearest-neighbor interactions. The necessary cor-
rections to pass from lattice residues to elementary
units are simple manipulations of the frequencies that
take into account the sizes of the ligands and the
binding densities. It is clear that the model is readily
generalizable to more complex situations and the lim-
iting step is the definition of the SGF’s.

The motivation for obtaining the ligand distribu-
tion is to be able to justify certain properties of some

FIGURE 4 Fraction of Ru(phen)2dppz21 quenched by
increasing concentrations of Rh(phi)2phen31 as reported by
Murphy et al.18 (dots). The experimental conditions were
0.5 mM long chain calf thymus DNA (bp) and 10mM
Ru(phen)2dppz21 in buffer (5 mM Tris z HCl/50 mM NaCl,
pH 7.2) at ambient temperature. The model described in the
text was used to fit the experimental data. The binding
constants were takenKRu 5 106 M21 andKRh 5 107 M21

as in Ref. 20. Both ligands were assumed to cover 3 bp. The
absolutely noncooperative model (solid line) proved unsat-
isfactory. However, inclusion of symmetric intercooperat-
ivity (vRu-Rh5 vRh-Ru) is highly influential. A value as low
asvRu-Rh 5 5 gives a good agreement between the model
(dashed line) and the data. Varying the intracooperativity
constantvRu-Ru up to 10, as suggested by Lincoln et al.,20

has little effect (results not shown).

FIGURE 3 Fluorescence quenching model. Any
quencher is able to act on one and only one adjacent emitter
(curly interrupted arrows on the lattice). In a lattice com-
pletely saturated by an equal number of randomly distrib-
uted quencher and emitter molecules, 67% of the emitters
become deactivated. The random distribution implies fre-
quencies of 0.5 for each elementary unit and of 0.25 for
pairs of bound ligands. Note that the last emitter in the
depicted sequence is not deactivated because the adjacent
quencher operates on the preceding molecule.
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observable phenomena, such as fluorescence emission
quenching,18 reactivity at a distance,26 or DNA cleav-
age by photosensitizers.33 The separation between
bound ligands and their order in the sequence consti-
tutes an aspect of all these problems that should be
brought to consideration when interpreting the da-
ta.20,22 The controversy arisen from electron transfer
studies in DNA is partly a consequence of different
criteria of interpretation, rather than alternative exper-
imental results.25 In many instances, the objections
are not directed to the particular model being em-
ployed. In fact, there is general agreement on details
like homogeneity of the lattice and total binding of the
ligands, and so repetitive DNA sequences and low
concentrations of DNA-avid ligands are used to avoid
misleading effects that are not essential as to whether
the polymer is conducting. Considerations on cooper-
ative behavior are more common in the arguments
against and for long-range electron transfer.8,19,20,34

The elementary model of fluorescence quenching
developed in this paper confirms once more that the
most influential binding parameter on the increase of
quenching facilitated by DNA isvAB. The effect of
other cooperativity parameters is less marked, partic-
ularly at low saturations (results not shown; but see
for example Figure 2). This further proves the validity
of our approach for calculating the sequence frequen-
cies (note that the quenching model is independent
from the SGF procedure) and prompts to the proposal
of a new methodology for the experimental assess-
ment of intercooperativity.

We demonstrate that the intercooperative behavior
in the binding of two competing ligands to a lattice
can be separated from the rest of the interaction char-
acteristics by comparing an apparent affinity constant
with the intrinsic one for any of the ligands. The
former constant [Eq. (7), with Eq. (10)] is here de-
fined in the limit of null saturation for the species
being considered (A) and is a function of the satura-
tion fraction for the other ligand (B). The exclusion
sizes and the intraspecies cooperativity of the second
ligand are needed for the calculation. As a conse-
quence, the experiments oriented to the detection of
intercooperativity must be preceded by fine character-
ization of the individual binding properties. In gen-
eral, this is a requisite easy to accomplish.

A more difficult detail is how to achieve suffi-
ciently low and accurately measurable concentrations
of one of the ligands. The most obvious procedure
consists in constructing “perpendicular” isotherms by
progressively reducing its concentration while the
other’s remains constant and then extrapolating to null
saturation. This can be repeated a number of times for

different total concentrations of the second ligand to
produce the completeKA

app vs nB plot. Nevertheless,
the relevant point in this plot is at maximum satura-
tion of the polymer with ligand B. This suggests an
alternative procedure: a saturating initial concentra-
tion of this ligand may be progressively displaced by
increasing quantities of ligand A. Again, extrapolation
to the limit is unavoidable. However, in this way the
amount of employed material is greatly reduced since
only a few points are required to estimate the limiting
value of the apparent constant (KAvABvBA). An im-
portant remark is the arbitrary choice of the ligand
whoseKapp is going to be determined. Consequently,
two different sets of assays can be designed that
produce two experimentally different evaluations of
the productvABvBA (from KA

app andKB
app). These can

be compared to gain confidence on the conclusions
cast by the analysis.

The main advantage of this new procedure for the
determination of an apparent constant is the oriented
design of the experiments to obtain one and only one
type of parameter. A noncooperative situation is un-
ambiguous since the apparent constant becomes in-
variant with the saturation of the tunable ligand. On
the other hand, imperfect knowledge of other binding
parameters (n, k, vB) may affect the credibility of the
conclusions, since deviated apparent constant would
be obtained. Fortunately, the scheme admits refine-
ment by fitting to the analytical expression of the
curve (see appendix) and iteratively recalculating the
apparent constant. Stress must be made in that such a
fitting is nota step of the procedure, but only a tool for
its verification.

APPENDIX

Analytical Expression for nA/LA in the
Lower Limit nA 3 0 as a Function of nB

In the limit of unity for every free monomer parameter
and null saturation for one ligand, which is equivalent
to take its free concentrationLA 5 0, the general
secular Eq. (6) reduces to the corresponding for the
binding of a single ligand to DNA:

C~x! 5 xn1k11 2 xn1k 2 vBKBLBxn11

1 ~vB 2 1!KBLBxn 5 0 (A1)

The saturation fractionnA (Table I) admits conversion
to terms proportional toLA by means of Eq. (6) and
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thus can be directly transformed intonA/LA. In the
limit situation,

SnA

LA
D

nA30

5
KA

g~x1, LA 5 0!
@vAx1

k11 2 ~vA 2 1!x1
k

2 ~vAvB 2 vABvBA!KBLBx1

2 ~vA 1 vB 2 vAB 2 vBA

2 vAvB 1 vABvBA!KBLB# (A2)

The denominatorg(x1) is as in Table I, except for the
substitutionLA 5 0. The numerator of (A2) contains
all the terms of the secular Eq. (A1). Therefore, it can
be simplified to

KA@x1
k 2 ~vABvBAx1 1 vAB 1 vBA

2 vB 2 vABvBA!KBLB# (A3)

In a similar way,nB(nA 3 0) results, from the ex-
pression in Table I and (A1):

nB~nA 3 0! 5
KBLB

g~x1, LA 5 0!

3 @vBx1
n11 2 ~vB 2 1!x1

n# (A4)

Additionally, from the secular Eq. (A1), the following
identity holds:

LB

­C~x1!

­LB
2 ~k 1 1!nBC~x1! 5 nBx1

k

1 ~knB 2 1!vBKBLBx1 1 ~1 2 knB 2 nB!

3 ~vB 2 1!KBLB 5 0 (A5)

from which xl
k may be implicitly expressed as

x1
k 5

KBLB

nB
@~1 2 knB!vBx1

2 ~1 2 knB 2 nB!~vB 2 1!# (A6)

Dividing (A2), with (A3), by (A4) and substituting
(A6), all dependencies withKB and LB disappear to
yield the equation of a binding isotherm (Cross Limit
Isotherm,CLI):

nA

LA
~nA 3 0!

5 KA

~1 2 knB!~vB~x1 2 1! 1 1!
1 nBvABvBA~x1 2 1! 1 vABnB 1 vBAnB 2 nB

x1
n@vB~x1 2 1! 1 1#

(A7)

This is the intersection of the surface innA/LA vs nA

and nB with the planenA/LA vs nB. Note thatKA
app

differs from (A7) by a factor of (12 knB)xl
12n, where

x1 is as in Eq. (10b), meaning that, whereasKA
app is

normalized by available free sites, the normalization
of the CLI is by the DNA concentration. Therefore, it
provides the limnA30(LAb/LA) factor necessary to
evaluate (7) (see also below). The CLI is a one-
variable (nB) closed form equation, suitable for non-
linear least-square fitting of the parameters. Figure A1
depicts the CLI for some exemplifying cooperative
cases. It is remarkable that, although the isotherm
(A7) is an explicit function of the binding exclusion
size of the ligand A, this relationship is eliminated in
the apparent constant, in accordance with the simula-
tions. Also, no influence ofvA is possible from (A7).

FIGURE A1 CLI (nA/LA(nA 3 0) vs nB) for the same
parameters as in Figure 2. The several values ofvB con-
sidered were 0.01 (dashed-dotted line), 1.0 (solid line), and
5.0 [dashed line, panel (a)] or 100.0 [dashed line, panel (b)].
(a) Nonintercooperative isotherms (vAB 5 vBA 5 1.0)
depend on the cooperativity of the ligand B, in contrast to
the apparent binding constant. (b) The intercooperativity
(vAB 5 vBA 5 100) markedly affects the shape of the CLI.
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Constancy of KA
app in

Nonintercooperative Situations

Let us start from the simplified expression ofKA
app

whenvAB 5 vBA 5 1:

KA
app5 KA

~1 2 knB!~vB~x1 2 1! 1 1! 1 nBx1

x1~1 2 knB!~vB~x1 2 1! 1 1!
(A8)

DemonstratingKA
app/KA 5 1 that implies giving a

proof that

nBx1 5 ~1 2 knB!~vB~x 2 1! 1 1!~x1 2 1! (A9)

Substituting x1 by its value [Eq. (10b)], the right
member of the previous identity becomes

@nB 1 R2 ~1 2 knB!#
3 @nB 1 R1 ~1 2 knB!#

4vB~1 2 knB!
(A10)

Simple algebraic manipulations show that (A10) is
exactly the left member of (A9).

Limit Value of KA
aap at nA 3 0 and

Maximum Saturation of B

From (A7), and from the expression ofx1(1 2 knB),
readily found from (10b), the apparent constant can be
rearranged as

KA
app5 2KAvB

3

~1 2 knB!~1 2 vB! 1 X/2 1 nBvABvBA~x1 2 1!
1 vABnB 1 vBAnB 2 nB

X@vB~x1 2 1! 1 1#

(A11a)

X 5 @~2vB 2 1!~1 2 knB! 1 nB 1 R# (A11b)

Taking the limit of maximum saturation (nB3 1/k) in
(10b) and (10c), one obtains infinity and 1/k, respec-
tively. This leads to indetermination (`/`) in the
apparent constant. Applying the L’Hoˆpital rule in the
equivalent limitx13 ` (taking the derivatives forx1),
with nB 5 1/k, the extreme valueKAvABvBA results,
which is the same as the one inferred from numerical
calculations.
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