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Abstract
We study the nonlinear dynamics of a reaction-diffusion equation where the nonlin-
earity presents a discontinuity. We prove the upper semicontinuity of solutions and of the
global attractor with respect to smooth approximations of the nonlinear term. We also
give a complete description of the set of fixed points and study their stability. Finally,
we analyze the existence of heteroclinic connections between the fixed points, obtaining
information on the fine structure of the global attractor.

AMS Subject Classification: 35B40, 35B41, 35K55, 35K57, 37B25, 58C06

Keywords: reaction-diffusion equation, setvalued dynamical system, global attractor, up-
per semicontinuity, stability, heteroclinic connections

1 Introduction

In this paper we consider a reaction-diffusion equation having a discontinuous nonlinear term.
The usual way to treat this kind of nonlinearities consists in joining the points in the discon-
tinuity with a vertical line transforming the nonlinearity into a graph. Thus, the equation
transforms into a differential inclusion instead of a differential equation. Equations of such a
type appear in models of physical interest (see, for example, [4], [16], [17]).

In particular, we are interested in the following equation

%—AU—Ff(U)EHQ('Lb)—FWU, on Q x (0,7,

ot
u [oo= 0, (1.1)
u(z,0) = uo (z),
where 2 C R” is a bounded open subset with smooth boundary, w > 0, f : R — R is a
continuous non-decreasing function, and

—1,ifu <0,
Hy(u) =< [-1,1],if u=0,
1, ifu>0



is the Heaviside function.

A natural and useful way for treating this inclusion consists in writing it in an abstract
form by using subdifferential maps. We note that the multivalued map Hy (u) is in fact the
subdifferential of the absolute value |u|. Thus, the equation can be written as

W4 00 () — 907 () 30,
where 9¢° are some subdifferential maps defined below, see (2.1).

One important property of such equations is the lack of uniqueness of the Cauchy problem.
Nevertheless, the asymptotic behavior and the qualitative properties of the solutions can be
studied by using multivalued semiflows instead of semigroups (see [12]). The existence of a
global compact connected attractor for such equations, under suitable conditions, is proved in
19), [20].

Our aim in this paper is twofold. On one hand, if we assume

w < A, (12)

where )\, is the first eigenvalue of —A in H} (), we approximate the nonlinear function Hy by
smooth ones H. and study the convergence of the solutions and also of the global attractors.
In this way we prove the upper semicontinuity of the global attractors of the approximations
A. with respect to the attractor of the original problem Ay, see Section 3.

The approximation of attractors for multivalued semiflows and differential inclusions has
been studied before in [9], [10]. In [10] some types of approximatios for differential inclusions
with upper semicontinuous right-hand sides are studied, proving the upper (and in some cases
lower) semicontinuity of the global attractor. However, the smooth approximations H. that we
consider in this paper are not included in any of the cases treated in [10].

On the other hand, we give a detailed description of the structure of the global attractor
Ap in the case where f = 0 and w = 0 and the problem is one dimensional. In Section 4, we
first prove that equation (1.1) has an infinite, but countable, number of equilibria vy = 0, vli,

vy, ..., Ui, ..., which can be ordered using a natural energy (or Lyapunov function) E (u), see
Section 5:

E()=E(v)<E(@)=E@)<.<E(vy)=FE(y)<..<E(v).

We prove then, in Section 6, that vf are asymptotically stable fixed points, and all the other
ones are unstable. The fixed point v = 0 possesses the following remarkable property: for any
fixed point vy, different from 0 there exists a solution, w (t), with initial value u (0) = 0, such
that w () converges to vy as t — +00. Note that the existence of a Lyapunov function implies
that the global attractor can be described completely by the equilibria and the heteroclinic
connections between them. The natural question is then to establish which connections actually
exist. In the case of uniqueness of solutions, this question has already been studied for reaction—
diffusion equations, see, for example, [5], [6], [13], [14].

In the present case, the attractors of the approximations, A., correspond to a Chafee-Infante
problem for which all existing connections are known, [8]. The natural conjecture is that the
connections are the same when we pass to the limit case, that is, that a connection exists
from the fixed point v to the fixed point v* if E (v) > E (v*). Of course, since the energy is
decreasing, no connections can exist if £ (v) < E (v*). In fact, we will show that, in a sense, it
is natural to expect that (1.1) is equivalent to a Chafee-Infante problem that has has undergo
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all the typical bifurcation cascade of these type of problems, [7], and thus all connections should
be present.

In Section 8, using the results on the approximation of the fixed points obtained in Section 7,
we have given a partial answer to this question. In fact, we prove that a heteroclinic connection
exists from vy to vk, Vk > 1, from vk to vk 1 VE > 2, and from vk to v, Vk > 1. Also,
we have proved that, if there ex1sts a connectlon from vk to v , k> 1 > 1, then it can be

replicated to a connection from v, to v, for all natural n.

2 Preliminaries

Through the paper, we denote by ||| the norm of the space L? (2). Note that (1.1) can be
rewritten in the abstract form

ou L )
{ =00t () - 007 (1) 30, o)
u (0) = wo,

where Ov¢, i = 1,2, are the subdifferentials of the proper, convex, lower semicontinuous func-
tions ¢' : L? () — ]—o00, +0o0] (see [3]):

P! (u) = fQ |VU’ dr + fQ fo s)dsdz, if u € H1 fo s)ds € I Q).
+oo otherwise,

D(0v') ={ue H*(QNH)(Q): flu)eL*Q)},
OV (u) = —Au+ f(u),

B () = { Jo (W5 + Jyt Ho (s) ds ) do, it f;" Ho (s)ds € L' (9,

400, otherwise,
D (04*) = {u € L*(Q) : there exists y € L*(Q), y(z) € Ho (u(z)) +wu(z), a.e. on Q}

and
Ov*(u) = {y € L*(Q), y(z) € Hy (u(z)) + wu(z), ae. on Q}.

We note that ;" Ho (s ds = |u|. Tt is easy to see also that D (9y?) = L? (Q).

Definition 2.1 The function u(-) € C([0,T], L? () is called a strong solution of (2.1) if:
1. u(0) = uo;
2. u(-) is absolutely continuous on (0,T);

3. There exist a function g (t) € 0Y* (u(t)), a.e. on (0,T), such that

dlé[fgw —Au+ f(u) —g(t) =0, ae te(0,7T) (2.2)
or, alternatively,
dq;i) Au+ f(u) —h(t) =wu, ae te(0,T), (2.3)

where, for a.e. t > 0,x € Q, h(t,z) € Hy (u(t,x)), h(t,-) € L*(Q), and the equalities are
understood in the sense of the space L* ().
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For each up € L*(Q) and T > 0 there exists at least one strong solution w (+) of (1.1) such
that g (-) € L*(0,T; L*(Q)). Note that in fact h € L>*(0,T; L>=(2)) and that this is true for
any solution such that A (t) is measurable. Each solution can be extended to the whole semiline
t > 0, so that they are global. Let D (ug) be the set of all strong solutions defined on [0, +00)
and such that g(-) € L2 _(0,7;L?*(€)). Then the multivalued map into the parts of L* (),

loc

Go: Ry x L2 (Q) — P(L* (),

Go(t,bug) = U wul(t
0( 0) u€D(uo) ( )
is a strict multivalued semiflow, that is, for any t; > 0,7 = 1,2, Go (t1 + t2,ug) = Gy (t2, Go (t1, uo))
and Gy (0,-) = Id. Moreover, the set G (t,ug) is compact and the semiflow is upper semicon-

tinuous, that is
dist (Go (t,y), Go (t,y)) — 0, if yr—y.

See [19, Theorem 4, Lemmas 1, 2 and 6] for the proof of these facts.
Let us consider the problem

du
{ = Bu+ f(u) = 1(0), 24
u(0) =ug € L*(Q).

It is clear that any u € D(ug) is a strong solution of (2.4) with [ = g. We shall need the
following regularity result, see e.g. [3, p.189).

Proposition 2.2 For any () € L*(0,T;L*(Q)), ug € L*(Q), there exists a unique strong
solution of inclusion (2.4) such that

u() S C([O7T]7L2 (Q))v \/EZ_ZJ S L2(07T; L2 (Q))’ ¢1<u(>> S L1(07T)7

and Y (u(t)) is absolutely continuous on [6,T], for all § > 0.
d
If ug € D (¢), then d—ltt € L*(0,T;L*(Q)) and ¥' (u) € L>® (0,T) . If ug,vo € L? (2), then

lu(t) —v (@) < ||luo — vol|, for allt € [0,T].

Remark 2.3 Note that, from comparison arguments, if f(0) < 1 then if ug > 0 in 0 then
there ezists a solution of (1.1) which satisfies
du (t)

=\ -1
o Au+ f(u) + wu,

since 0 is a subsolution. On the other hand, if f(0) < —1, since we can compare solutions of
(2.3) from below with
du (t)
dt
we have that the solution of (1.1) is unique an strictly positive for t > 0.
Analogous results can be derived for ug <0, if f(0) > —1 and f(0) > 1 respectively.

—Au+ f(u) = -1+ wu,



The set A is called a global attractor for the multivalued semiflow G if it attracts any
bounded subset B of L? (Q), i.e.

dist (G (t,B),A) — 0, as t — 400,

where dist (C, A) = sup.c¢infeea ||c — af| is the Hausdorff semidistance, and it is negatively
semi-invariant, i.e.

AC Gy(t,A), forallt > 0.
Note that since f is monotone, we have (f(s) — f(0))s > 0 for all s € R. Hence we have,
for every ys € Hy(s), s € R
—f(5)s + Y25 + ws* < ws* + D|s|, (2.5)
with D = |f(0)| + 1. Hence if we assume
w < Ap, (2.6)

where \; is the first eigenvalue of —A in H} (), then the results in [19, Theorem 4] prove that
Gy has the global compact invariant (i.e. A =Gy (¢,.A), Vt > 0) attractor A. Moreover, A is a
connected set [20]. See [1] for the case of singled-valued equations and Corollary 3.2 below.

3 Upper semicontinuity of the global attractor

Let us consider now a parameterized non-decreasing family of functions H, € C! (R), ¢ > 0,
such that
|He (s) — Ho (s)] < ¢, if |s| > &,

—1 < H.(s) <1, for all s,

and such that H! is non-increasing for v > 0, and non-decreasing for u < 0. It follows from
these conditions that

dist (Graph (H.) ,Graph (Hyp)) < ¢, (3.1)

and also that |H. (s)| < C., for all s.
We consider the equation

aua - Aus + f (U€> — H, (u€> = WlUg,

ot _ (3.2)
ue |ag=0,
ue (0) = up.

We note that the boundedness of H! implies that f (u) — H. (u) = f. (u) —w.u, for some w. > 0
and a non-decreasing continuous map f.. Then (3.2) has a unique strong solution . (-) for any
ug € L? (Q) (see [3, p.189]). Hence, it defines a semigroup G. : R, x L? (Q) — L (Q).

Now we derive suitable uniform estimates on the solutions of (1.1) and (3.2), which will be
used below. To accomplish this, note first that, analogously to (2.5), we have

—f(s)s + H.(s)s + ws® < ws® + D|s| (3.3)

with D = |f(0)| 4+ 1, independent of .

Then we have the following result. Note that in the estimates below, when we refer to
solutions of (1.1) we mean that the estimates are valid for all strong solutions in D (ug), that
is, for the multivalued semiflow Gj.



Theorem 3.1 With the assumptions above, assume furthermore (2.6) holds true.
Let 0 < ¢ € L*™®(Q) be the unique solution of

—Ap=wodp+D inQ
o=0 on T

and let ug € B C L* () a bounded set of initial data in (3.2).
Then if u denotes either a solution of (1.1) or (3.2) then we have:
i) Fort >0
lu@)] < C(B,t) + [l

for some bounded, independent of e, decreasing function C(B,t) — 0 as t — co.
i1) Fort>1
[u() [z~ < C(B,1) + 9]l L=

for some bounded, independent of €, decreasing function C(B,t) — 0 as t — o0o. Even more

limsup |u(t, z,up)| < ¢(x), wniformly in = € Q

t—o00

and the limit above is uniform for uy € B. Moreover, if |ug(z)| < ¢(x) for all x € Q, then
lu(t, z,up)| < ¢(x) for allx € Q and t > 0.

In particular the ball in L>(Q) of radius ||@||L=() + 1 is absorbing for (1.1) and (3.2). In
the latter case, the entering time is independent of €.
iii) For every 1 <p<oo, d >0 andt>1

||U,(t) ||W275,p(Q) < C(Ba ¢7 t)
for some bounded, independent of €, decreasing function C(B,¢,t) — C(¢) ast — co.

Proof. We begin with the case of (3.2). Hence, from (3.3) and by standard comparison

arguments we have that
|uc(t, z)| < U(t, )

where U is a solution of the linear problem

ou

U |an= 0, (3.4)
U (0) = |uo|.

Hence, U can be written as U = z + ¢ where

% — Az = wz,
z |aa= 0,
2 (0) = luo| — o

Thus, by standard smoothing estimates of the heat equation we have

—at

€
1@l z=0) < Oz 12020
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with @ = A} —w > 0, since we assume (2.6). This and the fact that the heat equation preserves
the sign of z(0) concludes part i).
For part ii) notice that from (3.2) and the bounds above, we have that for ¢t > 1,

ou,
ot

with h.(z,t) = —f (ue) + He (ue) + wue € L®(1,00; L*(2)) and

— Aue = h(z,1)

||h€||L°°(Q) < OO(B7 Cb, t)

for some function Cy(B,¢,t) as in the statement. Therefore, parabolic regularity gives the
result
Finally, for the solutions of (1.1) note that according to Definition 2.1 and (2.5), we have

lu(t,z)| < U(t,x)

as well. Hence the same arguments as before conclude. m
As a consequence we get the following result.

Corollary 3.2
Assume g9 >0, 1 <p < oo and d > 0. Then
i) For any bounded set B C L* (), the set

U {G.(t.B), t >0} c L (Q)

0<e<eg

is bounded in L? (€2).
i1) For any bounded set B C L? (), the set

| {G.t.B), t =1} c W*r(Q)

0<e<eg

is precompact in W2=%P(Q)).
iii) There exists an absorbing ball for (1.1) and (3.2) in W2=°P(Q). In particular (3.2) has a
compact invariant attractor A. in L* (2).
The attractors A. for (3.2) and Ay for (1.1) attract bounded sets of L? (Q) in the norm of
W2-22(Q).
iv) The union of the attractors
U A-cwr()

0<e<eg

is precompact in W?2=°P(Q).

Remark 3.3 Note that in both Theorem 3.1 and Corollary 3.2 the results remain true if we
take t > to, for any ty > 0, instead of t > 1.

Now we prove a result on the continuity of the semiflows as ¢ — 0.



Theorem 3.4 Assume 1 < p < oo and 6 >0 and let (2.6) hold.
Then for any t > 0 and any compact set K C L*(Q) we have

dist (G: (t,K),Go (t,K)) — 0, as e — 0,

where the distance is taken in the norm of W2~°P(Q).
If ucog — ug in L* () as € — 0, then for any T > 0 there exists a subsequence &, such that
ue, converges to some u € D (ug) in C ([0,T],L*(Q)).

Proof. Note that it is enough to prove the result for the distance in L*(€2). Once this is done,
the compactness results in Corollary 3.2 above conclude.
Suppose the opposite, that is, there exist 6 > 0, €, — 0 and uj € K such that

dist (G., (t,uy),Go (t,K)) > 9, for all n.

Let u, (t) = G., (t,uy). Define the sequences g, (t) = H., (u, (t)) + wu, (t) and h,(t) =
H., (u,(t)). Note that from point i) in Theorem 3.1 it follows that

lun (£)]] < Co, for all £ > 0,

so that
lgn (B)|| < C1 4+ w ||luy, ()| < Cy, for a.e. t > 0.

Also, using similar arguments as in [19, p.722] one can prove that

< Cs.

L2(0,T;L2(Q))

H \/gdugt(t)

Hence, there exists a subsequence, that we still denote the same, such that u, — wu and
du,, d
t% — \/Ed—qz weakly in L?(0,T; L*(Q)). Moreover, Ascoli-Arzel4d theorem implies that
for any fixed M > 0 we have u, — u in C ([4,7],L*(€)) and u is absolutely continuous
on %,T . Furthermore, the compactness results in Corollary 3.2 imply that w, — wu in
C([5.T],L=(Q) N Hg()).
Also, note that g, = h, + wu, converges to some g = h +wu € L>*(0,T;L?(2)) weakly
star in L> (0,T; L*(Q)) and weakly in L*(0,T;L?(Q2)), where h € L*(0,T;L>*(2)). On

Unp

the other hand, since —Au, + f (u,) = o then v/t (—Au, + f (u,)) converges to
1(t) =+t —Ccll—l; + g) weakly in L? (0, T; L* (Q)). Finally, the convergence for u,, above implies
that f(u,) — f(u) in C ([55,T],L>(€2)). Hence, we find at once that u satisfies

du

i Au(t)+ f(u(t) =g (t) = h(t) +wu, ae. on (0,7).

Now, we show that h(t) € Hy(u(t)), a.e. in (0,7"). For this we shall prove first that for
a.e. x € Qand s € (0,7)

dist (hn (s,2), Ho (u(s,2))) — 0, as n — oc.



Indeed, if u (s,z) = 0, then h, (s,x) = H., (u, (s,z)) € [-1,1] = Ho(u (s,x)), Vn, so that the
result is evident. If u (s,z) < 0, then

dist (hy, (s,x), Ho (u(s,x))) = |He, (uy, (s,2)) + 1] — 0, as n — oo.
Finally, if u (s,x) > 0, then
dist (hy, (s,x), Ho (u(s,x))) = |He, (u, (s,2)) — 1] — 0, as n — oo.

Now, Proposition 1.1 in [18] implies that for a.e. t € (0,7)

Then h (t) = lim, o yn () strongly in L2 (), where y, (t) = S2M Noha, (8), M N = 1,
k; > n. We note that for any ¢ € [0,7] and a.e. = € Q we can find n (¢, z,t) such that if k& > n,
then dist (hy (t,z), Ho (u(t,2))) < e. Therefore,

dist (yn (t,x), Ho (u (t,z))) < Z Aidist (hy, (t,z), Ho (u(t,2))) < e.

=1

Hence, since we can assume that for a.e. (t,z) € (0,T) x Q, y,, (t,x) — h(t,z), it follows that
h(t,xz) € Hy(u(t,z)).
It remains to check that w is continuous as t — 0%. Let @ be the unique solution of

d

£—Au+f(u) = wu,
u |an=0,
u (0) = uo,

and let v, (t) = u, (t) —u(t). In a standard way, using that f is monotone, we can prove that

d
7 llonll” < Ko+ Ko ol < K
so that

lon (D17 < o (O)]* + Kt = K.

Hence, ||u(t) —a (t)|* = lim,—o ||vn ()||* < Kt, for t > 0, and
[[u (t) = woll < lu(t) =u (@) + [[w(t) — uoll <9,

as soon as t < ¢ (9).

We have proved that u (-) is a strong solution of (1.1). Since u, (t) — u(t) € Gy (t, K) we
have obtained a contradiction.

Note that at the same time we have established the second statement. m

Now we are ready to prove the following result on the uppersemicontinuity of the attractors

Theorem 3.5 Assume 1 < p < oo and § > 0 and let (2.6) hold.
Then dist (A., Ag) — 0, as € — 0 where the distance is taken in the norm of W2=%P(Q).



Proof. Let n > 0 be fixed and ¢y sufficiently small. Then for sufficiently large T" we have

dist ( U A.) 0) <n/2.

0<€<€0

Now from Theorem 3.4, we have, for sufficiently small £,

dzst( U A.),Go(T U A.) )ﬁn/?.

0<€<so 0<€<so

Hence, by the triangle inequality, we get

dist (Ae, Ag) < dist ( U A.) )

0<5<50

As a consequence of the last theorem and Corollary 3.2, we shall prove the convergence of
solutions of the approximations in the space C' ([O, T], W?2=op (Q))

Corollary 3.6 If u.g — ug in L*(Q), where ug € A., ugp € A, then for any T > 0 there
exists a subsequence &, such that u, converges to some u € D (ug) in C ([O,T] [ W2—op (Q)),
1 <p<oo,6>0.

Proof. We know from Theorem 3.4 that there exists a subsequence such that u., — u € D (uy)
in C([0,T],L*(2)). Then the results follows from the fact that, in view of Corollary 3.2,
Uo<c<e, Ac s precompact in W27 (). m

4 Fixed points

;From now on we will consider equation (1.1) with n =1, 2 = (0,1) and f = 0, which reads

ou 0%*u

= — 75 — Ho(u) >wu, on (0,1) x (0,7),
A S (41)

u(x,0) = ug ().

We shall assume in the sequel that 0 < w < 72. We note that the last condition implies that
the global attractor exists (see Section 2).
Our aim is to give a complete description of the set of fixed points in this particular case.

A fixed point (stationary point or equilibria) is a constant in time solution v. It is clear from
2

3}
the definition of a strong solution that v satisfies —a—z = & + wv, where £ € L?(0,1) and
x

&(x) € Hy (v (x)) for a.e. z € (0,1). We note also that v € H?(0,1) N H} (0,1), and then v, v/
are absolutely continuous on [0, 1], [3].
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First let w = 0. The fixed points v (x) satisfy the system

y’ - _HO (U),
v =y, (4.2)
v(0)=v(1)=0.

The solution of system (4.2) is y*+2 |v| = C, which gives us two families of parabolic functions.
Obviously, vg = 0 is a fixed point. We note that v (x) satisfies

W = —1ifv >0,
v = 1,ifv <0.
Then
72
v(r) = —?+Bx+D, if v >0, (4.3)
72
v(z) = 5+ B'z+ D' if v <0. (4.4)

We note that if (4.3)-(4.4) are local solutions such that v (0) = 0, then D = D’ = 0. Further, we
need to satisfy v (1) = 0. If we consider the case v > 0, then the “time” for going from the initial

point (v (0),y(0)) = <O, \/5) to the point (%, 0), that is a quarter loop, is T' = fog \/% =
v/C. By symmetry the “time” for going from the initial point (v (0),y (0)) = (O, \/5) to the
point (0, —\/6), that is a half loop, is Ty = 27 = 2v/C. The case v < 0 is identical. In order
to satisfy the boundary conditions in (4.2) we need that either (v(1),y (1)) = <0, \/5) or

(v(1),y(1)) = <0, —\/6) Concatenating the functions (4.3)-(4.4) we obtain solutions of (4.2)

if Ty = % forany n > 1, that is, if C' = C,, = ﬁ. We can easily check that these solution belong
to H*(0,1) N H} (0,1) and then are strong solutions of (4.2). Hence there exists an infinite
number of fixed points. We note also that if v+ (respectively v, ) is a fixed point such that
v"(0) > 0 (respectively v’ (O) 0) and C,, = then v} (1) = 0 (respectively v, (;) =0),

so that in the interval [0,1] the functions v+ T;J are given by (4.3)-(4.4) with B= -, D =0
(respectively B’ = %, D= 0). Finally, we obtain the following fixed points:
Vo = 0
2
i) = St @)= @
—Z iz ifo<a<l
2. T D =T>73 -
o (@) = { AR 0y (@) = —uf (@)
5~ if ;<x<1
( x2 T s 1
—7+%71f0§x§57
A C N G o) REE S (@) = —vf (2)
n = —T+2—nn,f;§ < kil L kiseven » U (Z) = —v, (T
_k)?
(= 2") _ I ifh < g < B ks odd,
k= 0 ,n— 1"

Next we ensure that there are no other fixed points.
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Lemma 4.1 For any (vg,y0) € R? the Cauchy problem

y’ S _HO (U)
vV=y (4.5)
v (0) = v0,y(0) = %o

has a unique strong solution in some interval [0, d].

Proof. By a strong solution we mean an absolutely continuous function (v (z) ,y (x)) satisfying
(4.5) for a.e. = € [0,0]. The existence is clear from the previous results, so that we prove only
the uniqueness.

Consider first the case where (vo, o) # (0,0). If vy # 0 (say vy > 0) and vy, vy are two
solutions, then the continuity of any solution implies the existence of an interval [0, §] such that
v; (r) > 0, for x € [0,0]. In such a case Hy (v; (r)) = 1, so that (y; — 1)’ = 0 and then y; = v
on [0,4]. Hence, (v; —vy) = 0 and vy = vy on [0,0]. If vg = 0, yo # 0 (say yo > 0) and vy, vy
are two solutions, then the continuity of y; gives y; () > 0 on some [0, d]. Since v} = y;, this
implies that v; () > 0 on (0, §], and now we argue as before to obtain v; = vy on [0, J].

Finally, let (vo,y0) = (0,0). Let v (z) be a solution not equal to vy = 0. Then in some
interval (0, 0] we have either v (z) > 0 or v (z) < 0. If, say, v (z) > 0, then Hy (v (z)) = 1 and
v" = —1. Hence, v (x) = —% < 0 on (0,0], which is a contradiction. A similar argument is
valid for v (z) < 0. =

Remark 4.2 We have proved that there exists an infinite but countable number of fized points
and have found them explicitly. We note also that the fized points v, v, have exactly n — 1
zeros on (0,1).

Next we observe the following self-similarity property of the solutions. We note that if take
vy and define the function

v (2z), =€ [O,%

v@={ bty .

?v,f(mc), if x¢€ [O,%H
vE (2) =4 —wv (n(z—1)), if zelg, 2],

The case 0 < w < 7?2 is rather similar and we omit the details. In this case the fixed points
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are the following:

v = 0 (4.6)
vf () = —cos(\/_:r;) ﬁ\(/é?sin(\/ax)—l,
v (z) = —vf (o)
. beon(y@n) + S s (vea) - 1 it 0sas),
s (v~ 9) - 22 (G (- )+ 221
vy (r) = —v3 (o)
( L cos (vwz) + 1;:?{?)) sin (Vwz) — 2 if 0<z <1
) Bl T e (B )
T 1fﬁ<x<%,klseven 7
1—cos (2=
~Leos (VB (- £) - S sin (v o ) + 2
1f§§:c§%,klsodd,
L k=0,...n—1
) = —of (@)

Remark 4.3 Observe that for each n € N, in the interval % <z < %, k=0,....,n—1, v}
1s the unique solution of

0*u
g~ U e
w(2) = (52 =0
and v, (z) = —v} (z). Hence its sign is given by (—1)F.
Also, note that, for example vy satisfies v (x) = —v (:U — %) = —v(l—=x), forz € [%, 1},

with analogous symmetries for the other equilibria.

Remark 4.4 We note that when w approaches and crosses the value w2 the fized points 'Uf[
suffer a bifurcation to infinity and disappear. The same occurs for vy when w cross 4w, for
vy when w cross 972, elc.

5 A Lyapunov function

Let us define the continuous function E : H} (0,1) — R by

1 oul?
E(u):é/o

D
Let w(t) be an arbitrary solution of inclusion (4.1). We note that by the regularity of
the solutions, Proposition 2.2, E (u(t)) : (0,+00) — R is a continuous function. We note

dr — /01 <|u| + §u2> dr = ¥t (u) — ¢* (u). (5.1)

13



d
also that if ug € Hj, then E (u(t)) is continuous on [0, 400). It follows also that d_:fb belongs
to L?(6,T;L?(0,1)), for any & > 0. Then Lemma 2.1 in [3, p.189] implies that F (u (t)) is

bsolutel ti o d-— =
absolutely continuous on [0, +00) an 5% |5

Then we can take the derivative of F (u (t)) with respect to ¢ to obtain

E 1 2 1
) ()
dt 0 Ox? dt 0

1d ||ou| *u du du d ,
(52 %) (40.5) = v wion,
for a.e. t € [0, +00), where g (t) € 0¢? (u (t)).
The following properties follow:

2

Ou dx.

ot

1. E(u(t)) is continuous on (0, +00);
2. E(u(t)) < E(u(s)),ift>s>0;

3. If E(u(t)) = E(u(0)), for some t > 0, then u (7) = u (0) for any 7 € [0,t], i.e. u(0) =0
is a fixed point.

Such a function is called energy or Lyapunov function in the literature. Finally note that,
using Young'’s and Poincaré inequalities we have that E is bounded below if (2.6) is satisfied,
that is, if w < 72

We note first that easy computations give

1

E(O) = 0, E(U;{):E(U;):—m, fornZl,iwaO,
n
+ n o (\/TE> -1 1 2
EO) = 0, FE =F (v, )= — if 0 <w < 7.
| o(E)r\
We note that the function n — —- _ ( ﬂ> is strictly increasing and
‘ n coS (‘/Ta) -1 1
lim =——.
n—+oo wWr/W sin (\/_5) 2w

Hence,
E@f) = E(vy)<E(wf)=E(vy)<..<E((v)=E(v,)<..<E(0)=05.2)
lim E(v}) = 0.
n—-+00
For any solution u (t) we define the omega limit set
w{u)}) = {y cu(ty) — yin L?(0,1), where t;, — +oo} ,

which is non-empty.
Lemma 5.1 w ({u(t)}) C Z, where Z is the set of fized points. Moreover, w ({u(t)}) =z € Z,
and u (t) — z, as t — 400, in H} (0,1).
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Proof. Since E is non-increasing along the solutions, and bounded below, we deduce that
E (u(t)) converges to some | € R as t — +00.

Also, from the compactness in Corollary 3.2, w ({w (¢)}) is non empty. Therefore, if y €
w({u(t)}), then there exists a subsequence (again denoted by w (x)) such that u (t;) — y in
H}. The continuity of E in the space H} implies that E (y) = [. Hence, F (y) = [, for all
y € w({u(t)}). Let us prove that y € Z. Fix t > 0. Since u (t;) — y and the multivalued map
Gy (t,-) is upper semicontinuous (see Section 2), we have

dist (Go (t,u (tx)), Go (t,y)) — 0, as t, — +o0.

It is known that u (t + t) € Go (¢, u (tx)) (see [19, p.718]), and then dist (u (t + tx), Gy (t,y)) —
0. The compactness of Gg(t,y) implies the existence of z € Gy (t,y) and a subsequence
u (t + ty,;) such that u (¢t +ty,) — 2. Hence, E(2) =1 =E(y) and y € Z.

Now we repeat exactly the same proof of [2, Proposition 4.1] to obtain that w ({u (¢)})
is connected. w ({u(t)}) is a closed set and it is contained in the global attractor, so that
it is compact. If it is not connected, then w ({u(t)}) = w; U wq, where w; are non-empty
compact disjoint sets. We take open disjoint sets U; such that w; C U;. Since u (t) is a
continuous function, there must exist ¢; — 400 such that w(t;) ¢ Uy U Uy. But the set
{u(t;)} is precompact in L?(0,1), and then there exists a subsequence u (f;,) converging to
some z ¢ Uy UU,. But z € w ({u(t)}), which is a contradiction.

Finally, we note that the set Z is countable. Therefore, the only possibility is that w ({u (t)})
consists of one point of Z. The point z attracts u (t) in H}, because in other case there would
exist a sequence u (¢;) such that |lu(¢;) — z|| my > € and then we could obtain a subsequence

converging to z in H{, a contradiction. m

6 Stability of fixed points

We shall study now the stability of the fixed points in the case w = 0. We say that a fixed
point v of (4.1) is stable in the Banach space Y if for any p > 0 there exists 6 > 0 such
that if [Jug —v||,, < 9§, then [Ju(t) —v|y < p, for any ¢ > 0 and any solution u (-) € D (u)
(ie. |ly—vlly < p, forany t > 0, y € Go(t,u9)). In other words, if the initial data is in
a sufficiently small neighborhood of the fixed point, then all the solutions remain uniformly
in a given neighborhood of the fixed point. In other case we say that it is unstable. We say
that the fixed point v is asymptotically stable if it is stable and there exists § > 0 such that
limy_ 4 dist (G (t,up),v) =0, if ||ug — vy < 9.

We shall prove that the fixed points v;, v; are the unique stable equilibria.

We start proving the following result which is independent of the dimension of the problem.

Proposition 6.1 Assume (2.6) and f = 0. Then (1.1) has a unique positive fized point that
we denote by v and for any nonnegative initial data ug there exists a solution of (1.1) that
converges to v{ ast — +oo.

In particular, this implies that the trivial solution vy = 0 is unstable.

The same results holds true for negative solutions.

Proof. With the notations of Theorem 3.1 note that positive equilibria must satisfy

u=20 on I

{—Au:wu—l—l in )
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which has a unique solution, since (2.6) is assumed. Let U (¢) be the unique solution to

ou

— — AU = 1,
5 U=wU+
U loa=0
U(O)ZU/OZO,

which is strictly positive for ¢ > 0 and it is also a solution of (1.1). Hence, U can be written as

U = z+ ¢, where
0z

5 Az =wz,
Z o= 0,
2(0) = up — ¢.

Since z converges to 0 (again we use that w < A1), the result follows. m
We return now to problem (3.2).

Theorem 6.2 (Stability in H} (0,1)) If w =0 the fized points vy, v; are stable in Hi (0,1).

Proof. We take v; (z) = —% + 2 and put v; = vy. The case vy is similar. We note that
%vl = —1 and then for any solution of (4.1) with uy € H} (0,1) we have that z (t) = u (t) — v,
satisfies 5 o2,
z
E - 81’2 =g (t) 7 (0 1) (07 OO) )
0.0 =210~ 61

z(:r,O)—uo(x) vy ( )EHl(O 1),

where ¢ (t) € Hy(u(t)), for a.e. t, and g € L*(0,00;L*(0,1)). It is known that z €
C ([0,T], H} (0,1)), for any T >0, [15].

dZO
Let HZOHH(} = fo

p, for all t <t;. We shall prove that if p is small enough, then ¢; = 4-o00.

dr <%, p> 0. Let t; be the largest number such that ||z (t)HHg <

Since z (z,t) = z(0,t) + [ 2 ds (2 (-,t) is absolutely continuous on z), we obtain that
S
2 (x, )] < [[z(E)]l gy < p, for any t € [0,41], 2 € [0,1]. The function u (z,t) is then positive if

v1 (r) > p, so that g (t,2) —1 = 0. If p < 3, solving # = p we can easily compute that
vy () > p whenever x € [4p, 1 — 4p.
For x € [0, 4p] we have

4p
Sl < [ 5 ds < VIl 0l < 2%,
0

and the same is valid for x € [1 — 4p, 1]. Again the function u (x,t) is positive for any = € [0, 4p]
such that vy (z) > 2p3. Now solving =% +‘T = 2p2 we obtain that if p < 2 , then this is true

for z € [8p§ 1—8p%]. Hence, u(x,t) > 0, for any = € [8p2,1—8p2}, t € [0,t1], and

g(z,t)—1=0, for a.e. (z,t) € <8,0%, 1-— 8p%> x (0,¢1). We note that p < ¢ implies 8p2 < 4p.
Since (6.1) is a particular case of problem (2.4) with [ (t) = g(t) — 1 € 9¢? (u(t)) — 1,
P? (u) = fol |u| dz, we can use Proposition 2.2 and Lemma 2.1 in [3, p.189] to have that
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L% = (~25.%) and (g(0) - 1.%) = (90, %) — (1LE) = 4 @ ) - (1,2(1).

Hence, multiplying (6.1) by d_i we have

dz d

= = [ ww-nGa=g [ ez

oz

dz|* 1d
dt| " 2dt

7

Integrating over (0,¢) we get

1 1

2 2

Since |u(x,t)] = u(x,t) = vy (z) + z (2, 1), Ju(z,t)| = u(z,0) = vy (x) + 2 (2,0), for all = €

[8p%, 11— Sp%] ,t €[0,t1], we have to consider the last integral only in the intervals I; = [O, 8p%]
3

0z

0z
e (t)

O+ [ o) =0 = )]+ 2 ) de

and I, = [1 — 8pz, ] But on the other hand, |z (z,)| < 2p?, and |vy ()| = vy (z) < 4p? in
I, U I,. Hence,

lu (2, 8)| = |2 (2, 1) + v1 ()] < Cip?, forall z € [, U, t € [0,4,].

Finally,
3
o= |? 1oz | L 1 )

— )| <||=— (0 Csp2 1d ldz | = 4+ Csp™.

o <|Fo cowt ([T atee [ rar) <ty +co
Choosing p < 4C , we have

2
|z (¢ )||H1 < ’OZ '1 < p? forallt €0,t].

Since t; < 400 gives a contradiction, it follows that ¢t; = +o00. =

Now we have:
Theorem 6.3 (Stability in L*(0,1)) If w = 0 the fized points vy, v{ are stable in L?(0,1).
Proof. Put v; = v;. Multiplying (6.1) by z and using |g (x,t) — 1| < 2 we have

1d

Zﬁ“(ﬂ|+”(mm<2/|4W<QW(W (6.2)

Differentiating we get < ||z (¢)|| < 2 and then

Iz @I < llzoll + 2¢ (6.3)

t 1 t 1
[l ds < 5 lal 42 [zl ds < Sl + 2tz 422 (64)
0 0
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Further, we take a sequence z§ € H} converging to zy in L?. If z, (t) are the solutions of
(6.1) with z, (0) = 27, then Proposition 2.2 gives z, — z in C ([0,7], L?(0,1)) for any T' > 0.

Multiplying (6.1) by t% we have

|

Integrating by parts on (0,7") and using (6.4) we obtain
/s
0o 2

Passing to the limit we have

2
+ 2t.

2
td .
F o lely <2

&n
dt

dzy,

dt

dzy,

dt

-2

=3

2 T

Lo || s T2<T21T2dt
3l @y <74 5 [l

dt

1
< 2T+ T |z + Il

1
I (D)7 < 4T +2|20]l + 5T [EY e (6.5)

For a given p > 0 we can choose o and 1" such that 47 + 20 + % < %, o+ 2T < p. Then if
|20]] < o, (6.3) and (6.5) imply ||z (¢)|| < p, for all t € [0,T7], ||z (T)HH(% < £. Finally, choosing
p small enough Theorem 6.2 gives ||z (¢)]| mp < p,forallt > T. Since the first eigenvalue of

2 . .
—2, in H§ (0,1) is Ay = 7%, we have

Eoll
lz (@) < ——2 < p forany ¢ > T
T

]
Hence we get:

Corollary 6.4
i) The solution u (t) = v{ (respectively v ) corresponding to uy = v~ (respectively vy ) is unique.
ii) The equilibrium points v are asymptotically stable.

Proof. The first part is immediate from stability. For the second note that vi are stable,

isolated, and w (ug) = z € Z, for all uy (see Lemma 5.1), so that if ||ug — vy"|| < 4, for § small

enough, then w (ug) = vf. ™

Remark 6.5 This stability result is not difficult to prove also in the case 0 < w < w2 with
some little changes in the proof.

We shall prove further that the other fixed points are unstable.
Theorem 6.6 If w =0 for any n > 2 the fized points v, v, are unstable.

Proof. As before we shall consider the case v, = v;". The other case is similar. We define the
following approximations of v, :

—5 A+ f0<e<EE,
Yl (x) = of (2) + 55, if B2 <o < nl=s , if nis odd,
22 | 2n—l-e,. n-1 , € Y
2 + 2n z 2n + 2n’ lf n S z S 1’



_x? | 1+4e 1+e
5t o0 if0<o < =E,
Yo (x) = of (2) + 55,  if B <ap <o , if n is even,
22 _ 2n— 1+5 n 1 i n—1l+e
2 T+ + 5 2n’ if n S x S ]"

where € > 0. It is easy to see that y” € H} and y” = v in L?. We can compute that
E—

. 1 3t 8 11t
E@l = _24n2_4_n3+ﬁ_4_n3’ if n is odd,
1 2 3 2 3
E@) = — _ L 4= if n is even,

24n2  4n3  n2?2 n3’

so that F (y) < E (v)) for sufficiently small €.

Let u. (t) be a solution with u. (0) = y”. Lemma 5.1 implies that w ({u. (t)}) = 2
Moreover, since E (u. (t)) is non-increasing, it is clear that F (z) = lim;—, 100 F (uc (1)) < E (v)).
Hence, w ({u. (t)}) C {v{, v, ...,v} 1, v, }. Finally, if we denote

— _ ot
Yi UnH}
)

: + +
MINje(1,...,n—1} {”UZ — Uy

2

Y

p:

then for any o > 0 there exist ¢, a solution u. (¢) and 7' > 0 such that u. (0) = y”, ||[y2 — v,}| <
o, and
|ue (t) = vt || > p, forallt > T,

so that v} is unstable. m
Finally, we shall study in further detail the instability of vy = 0.

Theorem 6.7 If w = 0 for any v; (respectively v, ) there exists a solution u; (respectively
uy, ) with u (0) = vo = 0 such that u; (t) — v} (respectively u,, (t) — vy ), as t — +o0.

Remark 6.8 It follows that there exist infinite solutions starting at vg = 0 and also that there
is a heteroclinic connection from vy to any vy and vy, .

Proof. Note that the case k =1 is given by Proposition 6.1. Let now k& = 2 and consider the
equation

Ou_ 0Pu_
ot oz
u(0,z) =0, (6.6)

u(t,0)=u(t, 1) =0.

The same arguments than in Proposition 6.1 applied now in the interval (0, ) proves that the
unique solution of (6.6), u; (t), converges to v5 in L? (0 ( ) Analogously, replacmg 1by —1in
(6.6) and working in the interval to (é, 1), we prove that the unique solution, us (¢), converges
to vy in L?(5,1). We put u(t,z) = uy (t,2), if x € [0,1], u(t,z) = us (¢, x), if x € [5,1]. Tt is
clear that u (t) — vy in L? (0,1). We have to prove that u () is a strong solution for any 7' > 0.
First we check that u () € C'([0,7],L?(0,1)) is absolutely continuous in any compact subset

[a,b] € (0,T). Since ||lu(t) —u(s)|* = foé (uy (£, ) —uy (s,2))° d:v—i—fll (ug (¢, ) — ug (s,2))* da
and uy (t),us () are absolutely continuous in [a,b] with respect to the spaces L* (0, 3) and

L? (%, 1), respectively, the result follows. Hence, u (f) is a.e. differentiable in (0,7") and it
remains to check that u (t) € H?(0,1) and satisfies (2.2) for a.e. ¢t € (0,T) with g (t,z) = 1, if
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x e (0,1), g(t,x)=—1,ifz € (%, 1). We note that ug (t,2) = —uy (t,x — %) = —uy (t,1 —z),

0 0

for z € [5,1], so that P | _1+= s |,_1-, and then u (t) € C'([0,1]). In fact, since
X -2 €T 2

0 1

—uy (t, ), P (t,x) are absolutely continuous in [0, —] and [%, 1], respectively, it follows

Ox 2
0

that ot (t, ) is absolutely continuous in [0,1] for a.e. t € (0,T), so that u (t) € H?(0,1) for
x

a.e. t. The last assertion is now evident.

In the general case we have to repeat the same procedure but now in k intervals. See Remark
43. =

7 Approximations of the fixed points

Let us consider now a parameterized family of functions H, € C? (R), € > 0, such that

1
H.(0) = 0, HL(0) = -,
€
H!(s) > 0,—1< H.(s) <1, Vs,
H!(s) < 0,ifs>0, H! (s) >0,if s <0, (7.1)
lilll H.(s) = 1, lim H.(s)=—1.

Moreover, we shall assume that H. is odd and
H.(s)>g-(s),if s >0, H.(s) < g-(s), if s <0, (7.2)

where
1—¢, if s>e¢,
g-(s) = =25, if —e<s<e,
—1+e¢, if s < —e.

It follows from these conditions that
dist (Graph (H.) ,Graph (H)) < e. (7.3)

The maps H. are approximations of the map Hy (s) as ¢ — 0. It is clear from (7.3) and
(7.2) that if s,, — s > 0 (respectively < 0), £, — 0, then H., (s,) — Ho(s) = 1 (respectively
—1). We study the Chafee-Infante like problem

ou 02
P9 Ho(w) = Mf. (u), in (0,1) x (0,T),

u(0,t) =wu(l,t) =0, '

u(w,0) = uo (2),

where A\. = 1, f. (u) = 3~ H. (u). This equation is an approximation of (4.1) with w = 0 which
is a particular case of (3.2).

It is well known that if n272 < A\. < (n+1)°72%, n € N, then equation (7.4) has exactly
2n + 1 equilibria denoted by v.o = 0, v}, v, k = 1,...,n, with the following properties [7,
p.121]:

iva_k (0) < 0;

d
1. —ou?
v (0) >0, o

dx
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2. vh, v vanish k — 1 times in 0 < z < 1.

Furthermore, if n?7? < A\, < (n + 1)2 72 then all equilibria are hyperbolic.

The construction of the fixed points [7, p. 121] and the fact that H. is odd gives us that
the points in (0, 1) where v, v, vanish are a; = £, j = 1,...,k — 1, which coincide with the
same points for v}, see (4 6) and Remark 4.3. The functlons vz (respectlvely v_,,) are positive
(respectively negative) in 2 < z < 2”1 , and negative (respectively positive) i 1n J o <zr< 29+2,

7=0,. [—} where [/] denotes the 1nteger part of a number. Moreover, v, = —v_,.
Now consider a sequence €, — 0, where n? 7 < A, < (n., + 1) 72, with n., — +oo.

Lemma 7.1 Let k be fized. Then v} . (respectively v_, ) cannot converge to 0 in Hj (0,1) as
e, — 0.

Proof. Consider the interval [0, 1]. Suppose that v}, — 0 in Hj (0,1). Then v/, — 0 in
¢ ([0, 1]).

The functlon v}, has a unique maximum in that interval at some a € (0, 1) and Lot | (a) =
0 (in fact a = 5, but this is not important for our proof). Let z (¢,,) be the first point where
v, (20) = &, Or g (€,) = a if such a point does not exist.

We state that 2 (€,) — 0, as e, — 0. It is clear from (7.1) that the second derivative of v}

+
x
%(;) < vl (x) <&y, for all € [0, z0]. Hence, integrating
To (En "

first on (s,a) and then on (0, z) with = < xy, and using (7.2), we have

is negative in (O, k) and then

St = [ HL ) ar (75

ot (1) = / / H., (vF, (v)) drds + / / H., (v7, (7)) drds (7.6)
o 0
1_
L ()d7d5> 6n// Tdrds.

e LA
- En 2 51306
It follows that ¢ (¢,) — 0, as €, — 0.

Let & > 0 be such that zq (¢,) < d. We note also that v}, (z) > &,, for all z € [z, al.
Therefore, integrating (7.5) over (d,x) with 2 > § we have

v;;k (x) > v;k (0) +/5 / (1 —¢,)drds

and passing to the limit we obtain a contradiction if v, — 0 in C'([0,1]). For the sequence
v_ , the proof is similar. The lemma is proved. m

vV
c\
N

&
—_
o
3
Q)
3
<
O+
o

Hence

We are now ready to prove the following:

Lemma 7.2 v} (respectively v_ ) converges to vl (respectively vy ) in Hj (0,1) as as e, — 0.
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Proof. Note that Corollary 3.2 applied to (7.4) implies that v;k is bounded in, say, H;.
Moreover, it is easy to see that they are bounded in H2. Hence, we may assume that U;k
converges to some v weakly in H?, strongly in H} and in C* ([0, 1]).

We have to check that v is a fixed point. It is clear that the functions g., = H., (v;k)

are bounded in L* (0, 1). Passing to a subsequence we can then assume that g. converges to
2

some g weakly in L?(0,1). Tt is clear that ——22} = ¢ and the result will follow if we prove the

x
inclusion g (z) € Hy (v (x)) for a.e. z € (0,1). By Masur’s theorem [21] there exist z,, € V,,, =

conv kiLj e, | such that z,, — g, as m — oo, strongly in L?(0,1). Taking a subsequence we
>m

have 2, (z) — g (z), a.e. in (0,1). Since 2, € V;,, we get 2, = S0 Aigey,, s Where A; € [0, 1],
ZZV:"{ Ai =1 and k; > m, Vi. Now (7.3) implies that

dist (g, (), Ho(v(x))) — 0, as k — oo, for a.e. x.
Indeed, if v (z) = 0, then g., (z) € [-1,1] = Hy (v (z)). If v (z) > 0, then
dist (gEk (ZL") , Ho (U (:E))) = |H5k (UEk ($)) - 1| — 0, as k — oo.

The argument is similar if v () < 0. Hence, for any > 0 and a.e. z there exists m (z, d) such
that
ge, () Cla(x) —0,b(x)+ 9], Yk > m,

Iivhere [a (Jcb) ,b(z)] = Ho (v(z)). Hence, 2, (z) C [a(xz) —d,b(x) + d], as well. Passing to the
1mit we obtain
g(z) €la(x),b(x)], ae on (0,1).

We shall prove further that v = v;". We know that v;;k (x) > 0, for all x € (0, %), and the
convergence in the space C'([0,1]) implies that v (z) > 0 in [0, 1] and v (0) = v (+) = 0. By
(4.6) the only possibilities are v = v;" or v = 0. Lemma 7.1 gives us that v = v

For the sequence v_ , the proof is similar. =

Corollary 7.3 v}, (respectively v, ) converges to v; (respectively v, ) in H} (0,1) as e — 0T,

8 Heteroclinic connections between fixed points

Let us consider now the important question about which heteroclinic connections can exist
between the fixed points in the case w = 0. These connections give us some information about
the structure of the global attractor.

Recall first that a complete trajectory is a function u (¢) defined on (—oo, 00) such that w ()
is a strong solution of (4.1) on any interval (—7,T). This implies that u (¢) € Gy (t — 7,u (7)),
for all t > 7. Since the global attractor is invariant, it is easy to see that it is equal to the
union of all complete bounded trajectories. Indeed, if ug € A, then we take an arbitrary
solution wy (t), ¢ > 0, with u; (0) = uo and some points u; € A, i = —1,—2,...; such that
u; € Go (1,u;41). Then there exist solutions u; (t) defined on [i,7 + 1] such that u; (i) = u; and
u; (1 +1) = u;51. Concatenating all these solutions we obtain a complete bounded trajectory
lying on the global attractor. Hence, any y € A belongs to a complete bounded trajectory.
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Conversely, if u (t) is a complete bounded trajectory, then it is clear that B = Ue(—oo, o0yt (t)
satisfies B C Gy (t, B) and

dist (G (t,B), A) — 0, as t — +o0.

Therefore, B C A. The same results are valid for the attractors A. defined in Section 3.
We have defined before the w-limit set. For a complete trajectory we define as usual the
a-limit set by

a({u(®)}) ={y:u(ty) —yin L?(0,1), where t;, —» —oc0},
which is non-empty.

Lemma 8.1 Let u(t) be a bounded complete trajectory. Then o ({u(t)}) C Z, where Z is the
set of fized points. Moreover, a ({u (t)}) =2 € Z, and u(t) — 2, as t — —oo, in H} (0,1).

Proof. We note that the global attractor A is precompact in H} by Corollary 3.2 and then
B = Uie(—c0,400)U (t) is precompact in H}. The rest of the proof is the same as in Lemma 5.1
but taking the subsequences ¢, converging to —oc. m

We have obtained in Lemmas 5.1 and 8.1 that every complete bounded trajectory satisfies

u(t) — 2z € Z

t—+o00
u(t) — = € Z
t——00
In such a case we say that there exists a heteroclinic connection from z; to 2z5. In the sequel
we shall denote this property by z; ~ 2z5. Note that the compactness in Corollary 3.2 implies
that although we are now considering the convergence in the phase space L?(0,1) to the fixed
point, we also have convergence in stronger norms, e.g. in Hg.

We note further that the global attractors consists of the fixed points and all the heteroclinic
connections between them. Hence, if we know all the possible connections we have a complete
description of the structure of the global attractor.

We shall consider further the family of approximations given in (7.4). We have seen that if
n?r? < \. < (n+ 1)* 72, then this equation has exactly 2n + 1 hyperbolic fixed points denoted
by veo =0, v}, v, k =1,...,n, and it is well known [8] that

Veg  ~ U;@ Veo ~ U;]gv
Ul U, U g,

— + — —
Usk M Vg, Usk ~ Vg

§

whenever k£ > ¢ > 1, that is, there exists at least one heteroclinic connection from 0 to any
other fixed point and from any v:Ek to any vZ if k >4 > 1. Moreover, these are all the possible
connections; no more bounded complete trajectories can exist. We note again that the complete
trajectory u. (t) converges to the fixed point in the space Hj(0,1).

Using these known connections between fixed points in the approximations we shall prove
some connections in the limit problem. Note that we have already shown in Theorem 6.7 that
for any k > 1,

Vo ~> Uz:.

23



For the rest of the results, the Lyapunov function defined by (5.1) will play a crucial place
in the proofs. We recall first that the inequalities (5.2) hold. Since the Lyapunov function
E is not increasing with respect to ¢ in every trajectory wu (t) it follows that any connection
from U,f to U;c with ¢ > k > 1 is forbidden. Then the question becomes if it is true that for
1 < i < k there exists at least one heteroclinic connection from vif to v as it occurs in the

approximations. In this direction note that in view of (7.4), and since we assume
nir? < A\ < (n.+1)°7%,  with n. — +oo, (8.1)

one can expect that (4.1) has undergo all bifurcation cascade of the Chafee-Infante problem
and thus all connections should be present. We cannot still give a complete answer to this
question, but we shall prove some partial results.

First we shall obtain that there exist a connection from vk to vk , for all £ > 2. This result
will follow from some preliminary lemmas.

Thus, assuming (8.1), let us consider the sequence of fixed points v}, v2, where v} = v.g = 0,

e Ve
or v} = vl or vl =wv,, and v? = v or v2 = v, with k > ¢ > 1. Recall that from Lemma 7.2

€1
and Corollary 7.3 we have v;g — v;, v, — U in H} for any k > 1 ase — 0 (and v, = vo = 0).

We choose then an arbitrary sequence of bounded complete trajectories u. (t) such that

us (t) — v ast— +oo,

2
13
u. (t) — v} ast— —oo,
where the convergence is understood now in the space Hg.

In the sequel by vy, we denote a fixed point equal to v} or v, for any k& > 1 (of course vy = 0
for k =0).

Lemma 8.2 If there erist sequences ue, (t;), ue,; (7;) such that u., (t;) — v, ue, (1;) — v* in
H}, and v,v* are fized points, then either E (v) # E (v*) or v = v*.

Proof. We can assume without loss of generality that ¢; < 7; for all j. If |t; — 7;/ — O then,
eventually passing to a subsequence, the convergence of the functions

Ye; (1) = ue; ({5 + 1)
to some solution y (-) € D (v) in C ([0,T], Hg), T > 0 (see Corollary 3.6), implies that
us; (15) = e, (15 = 1) = y (0) = v,

so that v* = v.
If [t; — 7j] #+ 0, then passing to a subsequence we can assume that for some § > 0 we have

0 +1t; <, for all 5.

Let us define the set

Hl
A(tj,Tj) = m€>OU€j<E UthtSTj ufj (t) 07

where the closure is understood in the space H;.
In the approximation problem (7.4) we have also the Lyapunov function (see [7, p.119]):

E. (u) ( ’ (z) dx—/ouHE(s)ds>dx
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It is easy to check that E. (y.) — FE(y), if y. — y in H} as ¢ — 0. For this, note that
fOE s)ds — |y (z)], for all z € [0, 1]. Indeed, y. — y in C'([0,1]) and then we have three

cases. If y( ) =0, then ve@) pr_ (s) ds‘ < |ye ()| = 0. If y (x) > 0, then

ya(x) ys(l”)
/0 H. (s)ds — y (2)| < / H. (s)ds — y (x)|

It follows from (7.2) that H. (s) =1 — f. (s), for s > €, where 0 < f. (s) < . Hence,
ye(@)
/ H. (s)ds - y ()
0

For y (z) < 0 the proof is similar. On the other hand, ’fya(z (s )ds‘ < |y (x)] < C, for all
. Thus Lebesgue’s theorem implies [° H. (s)ds — |y| in L' (0,1), and then E. (y.) — E (y).
It follows then that E., (ue, (t;)) — E (v), E, (ue, (1)) — E (v*). Since E., (ugj (7)) <
E. (u., (t; +1)) < E., (usj (t )) for all t € [0, 7; — t;], we have that £ (v*) < E(y) < E(v),
for any y € A, r))-
Suppose that v # v* and F (v) = E (v*). Then

E(y)=E@)=FE @), forall y € Ay, ),

s)ds| +

<e+ly-(x) —e—y(z)|+e(y: (x) —e) — 0.

and there exists y € A, ) different from v and v*. Indeed, we take two open sets U, Uz (in
H}) such that
v € Uy, U*GUQ, UiNU; =9

Since u,, (t;) € Uy, ue, (7;) € Us, for j > J, and u,, (t) is continuous, there must exist s; €
(tj, ;) such that u., (s;) ¢ Uy UU,. Passing to a subsequence by Corollary 3.2 we obtain

Ug; (sj) =y € A(tjﬁj%

where y ¢ Uy UUs, y # v, y # v* (the limit is understood in the space H;). Moreover, y cannot
be a fixed point, because there are only two with the same value of the Lyapunov function, see
(5.2).

Further, it is clear arguing as before that s;+& < 7, for some £ > 0 and any j. The functions
we, (t) = ue, (s; +t) converge by Corollary 3.6 to some solution w (-) € D (y) in C ([0,£], Hy).
It is evident that w (t) € Ay, ), for any t € [0,¢], so that E(w(t)) = E(v) = E(v*). This
contradicts that y is not a fixed pomt and this contradiction proves the Lemma. m

Corollary 8.3 Let now

Hy

A= MNep>0Ue<e UfoogtSJroo Ue (t>
If y € A is a fized point such that y # vy, y # v;, then E (v;) < E(y) < E (v). The number of
fixed points in A is finite if vy, # vg.

Proof. In a similar way as in the proof of Lemma 8.2 we can check that F (v;) < E (y) < F (vg),
for all y € A. If u., (t;) — y # v is a fixed point, then choosing a sequence u., (7;) — vy,
7; > t;, and using Lemma 8.2 we obtain that E (y) < E (vj). The same argument is valid for
v;. The last statement is evident. =

Now we are ready to prove the existence of a finite chain of complete bounded trajectories
from v, to v; if K > 17> 1.
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Lemma 8.4 Let w = 0 and let v; and vy be two fixed points different from vg = 0 such that
E(v1) > E(vg) (ice. v1 = vy, v3 = v;, k >4 > 1). Then there exist a finite number of fixed
POINLS Yy ooy Y1, Y05 YLy -5 Ym SUch that

E(v)>E(y—)>->E(y) > >E(yn) > E (),
UV~ Y ™2 m 2 Yo M2 Y 7 0 Y M V2.
Proof. We choose the sequences vy, = vk, Vae; = vc;;. From Lemma 7.2 it follows that
Vi, — U1, Uz, — U2, asg; — 0, in H&.

Let u., (t) be a complete trajectory of (7.4) such that wu., (t) LT Vi U (t) — v,
——00

t——+o00

Fix T' > 0. Using Corollary 3.2 we obtain that up to a subsequence u., (=T) — y in Hj.
Corollary 3.6 implies then that u., converges in C ([-T,T], H}) to some solution u of (4.1)
with u (=7T) = y. We choose successive subsequences for —27, —37T'... and by the standard
diagonal procedure we obtain that a subsequence u.; converges to a complete trajectory u
of (4.1) in C ([-T,T],H}) for any T > 0. We note also that the solution u (¢) is a bounded
complete trajectory contained in the global attractor Ag. Indeed, u,; (t) € A.; and by Theorem
3.5, dist (A.,, Ag) — 0, so that u (t) € Ay for all t. Lemmas 5.1, 8.1 imply the existence of two
fixed points yg, y; such that u (t) R t) — .

t——+00

Suppose that yy # v;.

It is clear that we can choose a subsequence u., (7;) converging to y, as j — oo. We take
§ > 0 small enough, so that in the closed ball Bs (y) of radius ¢ (in the space H}) there is no
any other fixed point, and, moreover, the value of the Lyapunov function F (y) of any point
y € Bs (yo) is different from the value of E of any other fixed point (excluding, of course, the
pair of yg) and there exists £ > 0 such that

Ew) <E(y)—¢<E(y) < E(y)+¢ < E(v), for all y € Bs (yo) ,

where v (respectively ¥) is the first fixed point in the scale (5.2) such that F (v) < E (yo)
(respectively E (v) > E (yo)).
On the other hand, since wu., (t) LT U and vi.; € Bs (yo) (note that vy, — vy # yo in

Hy), there exist t; < 7; such that

o () =l =
|ue, () — yOHHg > 6, forall t <.

Define w,, (t) = ue, (t; +t). Passing to a subsequence we obtain as before that w,; converges to
some bounded complete trajectory w in C' ([=T,T], Hy), for all T > 0, and wu., (t;) — w (0) =
wo, [lwo — y0||H5 = 0.

We shall prove that w (t) 7 Yo Let first 7; —t; — 4-00. Arguing as in Lemma 8.2 we

Hl
obtain that for any z € A, r,) = NesoUe; < Uy <i<r; Ue, (1) ’ the inequality

E(yo) —§ < E(z) < E(yo) +¢

holds. Since w (t) € A, ), for any t € R, we have that the fixed point Z = lim; ., 1o, w (Z)
satisfies the same inequality. Hence, either Z = yq or Z is the pair of 39 with the same value of
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the Lyapunov function. Again passing to a subsequence we can choose t; < s; < 7; such that
ug, (s;) — Z in Hj. Hence, Lemma 8.2 implies that Z = yj.

Let now |7; — ¢;| be bounded by a constant K. Passing to a subsequence 7; —t; — s > 0
and then u., (7;) = w (1; — t;) — w (s). Therefore, w (s) = yo.

Lemma 8.1 gives w () LT Y1 € Z, with E (y_1) > E (yo). We note also that w(t) —

t—+o00
Yo. In the second case (with |7; — ¢;| bounded) we can put w () = yo, for all £ > s. We have
obtained an heteroclinic connection from y_; to ¥, i.e. y_1 ~> ¥o.

If y_1 # vy, repeating the same argument we obtain y_» € Z with E(y_s) > E (y_1)
such that y_o ~» y_;. Continuing in this way we obtain y_3, y_4, etc. By Corollary 8.3,
E(v) < E(y-;) < E(vp) and E (v1) = E (y—;) if and only if v; = y_;. Since the sequence
a; = E (y_;) is strictly increasing and the number of possible fixed points is finite, there must
exist r such that y_,_; = v;. Hence, we have obtained the chain of connections

V1~ Y M Y—(p—1) ¥ 2 Y1~ Yo~ Yi-
In a similar way we obtain the chain of connections from y; to vs. m
As a consequence of Lemma 8.4 we obtain the following:
Theorem 8.5 If w =0 for any n > 2 the following heteroclinic connections exist:

+ +

(Y ~

_l’_
n n—1 n

v o~ vl Vo~ U
n n—1» n n—1

We shall prove further the following connection:
Theorem 8.6 Ifw =0, then v,f ~ vF, for all k > 1.
Proof. It is clear from the formulas of the fixed points that

v (2) < ol (@) <of (@),

o (@) < v () < of (2),

for all z € [0,1] and k£ > 1, and also that there is not any other v; such that vy () < v; (x) or
v; (x) < vy (z) for all z. The same holds for (7.4).

Take, for example, vy, = v}, v; = v;. The other cases are similar. Take the fixed points of
the approximations v:; . and v:], 1- It is well known (see [7]) that the eigenfunction corresponding
to the first eigenvalue of the linearization of (7.4) around vjj & 15 positive. Also note that from
(8.1), this equilibrium is hyperbolic.

We claim now that in the unstable manifold of v;;,k there exists ugj such that ugj(x) >
vl (2), for all z € (0,1).

Once this is shown we have then that the corresponding solution u., (t) = u.,(t, ugj) satisfies
ug, (v,t) > v:jk (z), for all x and ¢, by monotonicity, and wu.; (t) i v;;k. Since u., (z,t) >

v; , (r) the only possibility is that u., () e v;;l. Hence u,, (t) is a suitable complete

trajectory that realizes the connection v, ~ v ;.
J J

Now, we know from Lemma 8.4 that

+ +
Vp > Y ™ oo M Y M Uy,
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for some fixed points y;. In the proof of that lemma it is shown that there exists a subsequence
ug, (7;) converging to y; in Hj (0,1) (and then in C'([0,1])). Hence, v} (x) < y; (x), for all z,
so that either y; = v} or y; = vf. It follows then that v} ~ vy.

We now prove the claim above. Note that from Corollary 3.2, the local analysis around the
hyperbolic equilibria v;; x can be set within a VVO1 P setting and the local invariant theorem in
[7] applies. Denote by qbij . the first eigenfunction of the linearization around v:j .. Then for
i > 0 the point v:j kT HéLy lies in the linear unstable manifold of v; .- Since the unstable
manifold is tangent to the linear unstable manifold at U:j i, for sufficiently small o > 0, there
exists u?, € Wy (v ) such that [u, — (v;k—l—,ugb;jk) llw2-sr = o(p), for any § > 0. In particular
the above is true in the C! topology. Since v;;k + qu;jk is strictly above v;;k in (0,1) and is a

C! function, the claim is proved. =

Finally, we shall obtain some more connections in the case w = 0 using a self-similarity
property of the solutions. In fact note that we obtained in Remark 4.2 that for w = 0 the
equilibria are self-similar. The same property is valid for any solution of the parabolic problem
u (t). In fact, if we define u, (t) = Zu (%, nx), for x € [0, 1], u, (t) = —Lu (R, n (z — 1)),
for x € [%, %], and so on, then we obtain a new solution. This can be verified by a direct
substitution on w, in (4.1) with w = 0. Hence, if u (¢) is a complete trajectory going from vy,
to v;, k >4 > 1, then u, (t) is a complete trajectory going from v, to v;.

We have proved the following results, which somehow extends Theorem 6.7:

Theorem 8.7 Let w=0. If vp ~> v;, k> 1> 1, then vy, ~> vy, for alln € N.

This result allow us to obtain new heteroclinic connections from Theorems 8.5 and 8.6. For
example, from vy ~» vy it follows v4 ~ vo, Vg ~ v3, etc.
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