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Abstract. We consider a quasilinear parabolic equation and its associate stationary problem which correspond to
a simplified formulation of a Bingham flow and we mainly study two qualitative properties. The first one concerns
with the Absence and, respectively, disappearance in finite time, of the movement. We show that there is a suitable
balance between the L' —norm of the forcing datum f.. and the measure of the spatial domain Q (essentially saying
that the forcing daum must be small enough) such that the corresponding solution u..(x) of the stationary problem
is such that u., = 0 a.e. in Q (even if f., # 0). Moreover, if f. is also the forcing term of the parabolic problem,
and if the above mentioned balance is strict, for any uy € L*(€2) there exists a finite time 7, r, > 0 such that
the unique solution u(z,x) of the parabolic problem globally stops after 7y, ., in the sense that u(¢,x) =0 a.e. in
Q, for any t > T, r..- The second property concerns with the Formation of a positively measure “solid region”.
We show that if the above balance condition fails (i.e., when the forcing datum is large enough) then the solution
U (x) of the stationary problem satisfies that u., # 0 in Q and its “solid region” (defined as the set .7 (uo) =
{x € Q: Vu.(x) = 0}) has a positive measure. Similar results are obtained for the symmetric solutions u(¢) of the
parabolic problem. In addition the convergence u(t) — . in H (Q), as t — o0, does not take place in any finite
time.
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1. INTRODUCTION

The main goal of this paper is to establish some qualitative properties of solutions of the following nonlinear
parabolic equation

\%
ou— KAu—gVv- (Wzl) = f(t,x) in Qx(0,7),
W=0 on 9Q x (0,T), M
u(0) = uy, on Q,
and its associate stationary problem
Vi
—KAUw — gV - | =—— | = fool(x in Q,
& (|ww|) fo(x) @)
oo =0 on Q.
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Problems (1) and (2) are scalar problems which arise, for instance, in the study of some Bingham fluids after
suitable simplifications. It corresponds to materials which behave as rigid bodies at low shear stress but flow as
viscous fluids at high shear stress (see, e.g., the formulation presented in [19]). We recall that the name is associated
to Eugene C. Bingham (1878-1945) who, for the first time, in 1916, proposed a mathematical description for this
visco-plastic behavior [6]. Common examples of Bingham fluids are tooth paste and paint. The Bingham model
has also been used to describe the blood flow in small vessels, such as arterioles and capillaries, where the size of
the vessel diameter is comparable to the size of blood cells, see e.g. [37]. The isothermal flow of an incompressible
Bingham visco-plastic medium, is modeled by a system of equations (of the Navier-Stokes system type) and it can
be shown that, if for instance, the spatial domain is a cylinder then the problem can be reduced to some scalar
problems as (1) and (2). The constants k, g are the viscosity and the plasticity constants, respectively. In some
sense, the above continuos medium behaves like a viscous fluid (of viscosity k) in the “viscous region” ¥ (u(t,.))
={x € Q:|Vu(t,x)| > 0} and like a rigid medium in the “solid region” 7 (u(t,.)) = {x € Q: |Vu(z,x)| = 0}.

We also mention that problems of this nature also arise in other different frameworks, as, for instance, in image
processing where mainly x = 0. This leads to very delicate regularity questions (see, e.g. [10], [1] and [27]). In
addition, problem (2) is a very good example of the family of (p,q)-double phase problems (see, e.g., the survey
[30D).

The existence and uniqueness of L”2—weak solutions to problems (1) and (2) are today well-known results
under different regularity assumptions on the data (see, e.g., [21], [23], [22], [25], and also [7], among other
references). We point out that weaker notion of solutions can be considered under more general conditions on the
data, nevertheless, since this paper is mainly devoted to the study of some qualitative properties we will not deal
with other weaker notion of solutions. We will assume that Q is a bounded regular open subset of R, k and g are
positive constants and at least f € L>(0,T : L*(Q)), up € L*(Q) and f.. € L*(Q). Thus the weak formulation of
problems (1) and (2) can be expressed in terms of the following variational inequalities:

ueC([0,T]: L*(Q))NL*0,T : H (Q)),du € L*(0,T : H-1(Q)),
u(0) =uy onQ,

(Quue).v—u(t) + [ Vu(t)- V- u)dr +g(i0) — jw(®) = [ 16— u(n)ds )
Vv € H} (Q) and ae. t € (0,T),
and, respectively,
Uo € HY(Q)
{ K/QVum~V(v—um)dx—|—g(j(v) () > /Qfm(v—um)dx, W e HY(Q), @)

where (,) denotes the duality between H} (Q) and H~1(Q), j(v) = g/ |Vv|dx for v € H} (Q).
Q

Note that both variational inequalities can be formulated also (see [7]) in terms of the subdifferential of the
convex function ¢(v) given by

(P(V){ g/Q|Vv|2dx+g/Q|Vv|dx ifve H)(Q),
+oo otherwise,
as

du+0e(u) > f(t,x),
and

0P(Ue) 3 foo
respectively. It was shown in [7] (see Theorem 15) that the domain of (9¢) is D(d@) = H*(Q)NH{ (Q). Never-
theless, we know that, in general, ue, ¢ C*(Q), .. ¢ H>(Q) (see [25]). In addition, an equivalent formulation can
be given in terms of suitable Lagrange multipliers (see [21] and [23])). Namely, concerning the parabolic problem
(1), there exists A(#,x) such that

{ AelL=((0,T)x )",

[A|<1land A-Vu=|Vu| ae.in(0,T)xQ, )
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and
du— KAu+ gdivAd = f(t,x).
Analogously, concerning the associate stationary problem (2), there exists Ao (x) such that
Aew €L2(Q)V, ©)
Aew| <1and Ae-Viteo = |Vieo| a.e. in Q,
and
—KAUs + gdiv A = foolx).
We also recall that under some additional conditions on f and u it can be proved (see, e.g. [7], [20], [19]) that
if
f(t) = fioin L2(Q), ast — oo,
then u(t) — e in H} (Q), as t — +oo, where u(x) is the (unique) solution of the associated stationary problem.
In order to simplify the exposition, we will assume that

ft,x) = fu(x), ae. in Q,
and
fo#0ae. in Q. @)
Notice that f., is a simplified representation of the addition of the gradient pressure and the external forcing in the
vectorial Navier-Stokes type formulation. Thus the condition (7) is very natural since the case f.. =0 a.e. in Q has

a restrictive meaning in fluid mechanics.
In order to simplify the exposition we will also assume that

w = 0ae. in Q. 8

In this paper we are interested, among other things, in proving the two following different qualitative properties.
Property 1: Absence and, respectively, disappearance in finite time, of the movement. We will show that if

Vel < (12" ©
LY(Q) = oy ’

where |Q| and @y denote the measure of the subset Q and unit ball of RY, respectively, then the unique solution
Us(x) of problem (2) satisfies u. =0 a.e. in Q (even if f., # 0). Moreover, if the balance is strict

Vel < (12N (10)
L'(Q) oy ’

for any ug € L () there exists a finite time 7, 1., > 0 such that the unique solution u(t,x) of problem (1) globally
stops after Ty, 1., in the sense that u(r,x) =0 a.e. in Q, forany r > T,,, 1. .
Property 2: Formation of a positively measure “solid region”. We will show that if the above balance condition

fails, i.e.
Q (N*])/N
|nm@>gQ$) , (a1

then the unique solution u.(x) of problem (2) satisfies u., # 0 a.e. in Q but its associated “solid region” (defined

as the set .7 (o) = {x € Q : Vu(x) = 0}) has a positive measure. Moreover, there is a large class of initial data,

ug € L*(Q), for which the convergence u(t) — u. in H} (Q), as t — +oo, does not take place in any finite time.
Concerning the stationary problem, the previous two properties can be stated as follows:

Theorem 1.1. Assume f.. € L*>(Q) such that (8) holds. Let u..(x) be the unique solution of problem (2). Then:

i) If the balance condition (9) holds then u., =0 a.e. in Q.
ii) If the opposite balance condition (11) holds then u.. # 0, u. € L*(Q), and its associated “solid region”

& (Us) has a positive measure. In fact . () C {x € Q! Uoo(x) = ||uo°||Lw(Q)}
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Our strategy to prove this and others qualitative properties relies on the use of classical symmetrization tech-
niques. Namely, we consider the symmetrized problem

VU.,
—KAUs — gV - = f* in Q*,
¢ (VU«J) Jela) (12)
Uo=0 on 0Q*,
and the associate parabolic problem
VU
U=0 on 99" x (0,T), (13)
U(0) = Uy = ug, on Q*,

where Q is the ball centered at the origin with the same measure as €, ug and f are the spherically symmetric
rearrangement of the data ug and f.., respectively (see definition and properties in Section 2). Then we will start
by proving the qualitative properties firstly to the symmetric problems and then we will deduce them for the non
necessarily symmetric problem.

Concerning the parabolic problem, the qualitative properties we will get are the following:

Theorem 1.2. Assume f. € L*(Q) such that (8) holds and let uy € L*(Q). Let u(t,x) be the unique solution of
problem (1).Then:

1) if the balance condition (10) holds then there exists a finite time Ty, ,, > 0 such that u(t,x) =0a.e. inQ,
foranyt > T, ..
ii) If the opposite balance condition (11) holds and u}y € H*(B(0,R)) N H} (B(0,R)) is such that
K d, y_duj g d
g g ) g

for some Ao(r) € sign (‘%O(r)) a.e. in (O,R), with S(u;) C B(0,Ro) then we have

(PN 20(r) + fu(r) > 0 in H'(0,R), (14)

S(U(t)) c B(O,Ry) foranyt >0,

with

U(t,r) = U@l =@mory) onSU®).
Moreover,

U(t) = Ue in HY(B(O,R)) ast — +oo, (15)

where U is the unique solution of problem (12), and there exits a R* € (0,R) such that

[U(t) = Usellcoqge gy >0 foranyt > 0. (16)
In addition, for any t > 0 we have that

[fre @ ultn) = [ut) g} < [Hx € Q72 Utx) = [UG) e} (17)

The useful tool we will use to reduce the study to the symmetric case is the following set of comparison results:

Theorem 1.3. We have:
1) Let uw(x) be the unique solution of (2). Then

up(x) <Un(x) ae xeQF (18)
and
Vil (x)] < |VUx(x)] ae xe Q. (19)
2) Let u(t,x) be the unique solution of (1). Then, for any t € [0,T] we have the mass comparison of u and U
/ w (t,x)dx < / U (t,x)dx,Vt > 0,Vr € [0,R], (20)
B(0,r) B(0,r)

assumed that Q* = B(0,R).
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As already mentioned, after proving this result, the proof of the above qualitative properties is reduced to the
establishment of the properties for solutions of problems (12) and (13) in the framework of symmetric solutions.
This will be done in Section 3 where we will present also some other remarks. In this way, we improve many
previous results in the literature, most of them dealing with the case f. = ¢, where c is a positive constant (see,
e.g. [25], [23] and [19]). We also recall that most of the previous results on the existence of a finite stopping time
Ty, 1. (see part i) of Theorem 1.2) hold assuming f.. = 0 and under the important restriction on the dimension of
the space N = 2 ( other conditions on the dimension of the space N when dealing with other non-Newtonian flows
can be found in [2] and [11]).

2. SYMMETRIZATION: REARRANGEMENT COMPARISON RESULTS

We begin by recalling some basic definitions from the theory of rearrangements of functions. Given a real
valued measurable function u defined in a measurable subset Q of RY, the distribution function of u is the function
defined by

u(t) =[x e Q:ulx)| > 7} 2D
The decreasing rearrangement of u is the smallest decreasing function & from [0, o] into [0, ] such that u(u (7)) > 7
for every 7. Equivalently

u(s) =inf{t>0:u(r) <s}. (22)

The spherically symmetric rearrangement of u is the function u* : Q* — R defined by

u(x) = o ") = (), r=|x|. (23)
where @y is the measure of the N-dimensional unit ball and Q* is the ball centered at the origin having the same
measure as Q, that is, Q* = B(0,R) with R = (%) I/N.

In order to prove Theorem 1.3 a suitable approximation of problem (2) is considered: given f.. € L?() and
1 < p <2, let us consider the following non-linear problem

—KAup — gAplp = foo in Q,
{ u,=0 on dQ, @4

where A, is the p-Laplacian operator defined as
Ay =div(|Vv[P 2 V).

The existence and uniqueness of a solution u,, of (24) in the space H& (Q) can be deduced from classical results in
the literature (see, e.g., [21]). In addition, we know that u,, is the solution of the variational problem

min (K/ |Vv|2+§/ Vv|p/fmv).
veHl(Q) \ 2 Jo rJa Q

Moreover, since f. ; 0 a.e. in Q we know that u;, > 0 a.e. on Q (see, e.g., [14]).
It will be useful to apply the following result:

Lemma 2.1. We have

tim iy =t | 1 = 0- (25)

p—1
Proof. The solution u, € H} (Q) of (24) satisfies
8 8 P 1
k [ Vi, (Vv—Vu +f/ vvpff/ Vi >/ - (v—u,) WveHN(Q). 26
L vervr=vup)+ & [y =& [ v |7 [ pvu) e @) 26)
Thus, by taking v = u. in (26) we obtain the following estimate:

8 8 P
k| Vu,(Vu., —Vu +f/ Vump—f/ Vu 2/ o (thoo — Uy). 27
/(; P( P) p Q‘ | p Q| p’ Qf( P) ( )

In the same way, choosing v = u,, as test function in (4), it follows:
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K‘/ Vuoo(Vup—Vum)—l—g/ |Vup|—g/ |Vum\2/fm(up—um). (28)
Q Q Q Q
From (27) and (28) we deduce:
2 1 p 1 p
K [ Vit =Vup| g | | =[Vup|" = |Vup| ) g [ (= Viteo” — |Viteo| (29)
Q Q\ P Q\P

Since the following estimate holds

1 1
/Q(p\Wp\”—!Vup!) > (p—l) 1Qf, (30)

1 1
o=y < (1= )90 [ (31900 = 7).

Taking the limit as p — 1 is the above inequality we obtain (25).g

inequality (29) gives

Now we will state some other technical lemmas which will be used later. Let Q be the function defined in
(0, 4-o2) by

O(r) =k +g|r|" 2, (31)
and let
B(r) =xr+g|r|"*r.

Lemma 2.2. Letu, € H& (Q) be the non-negative solution of problem (24). Then the decreasing function

o /{Mp>T} Q(|VMP|) ’VMP}de

is Lipschitz continuous and the following inequality holds a.e. T > 0,
o< [ MWDW|%</M%7M (32)
- u u X w(s)ds,
= dt J{uy>1) R

where | p(’L’) denotes the distribution function of u, and f. is the decreasing rearrangement of fe.

Lemma 2.3. The following estimate holds a.e T > 0

5 Sl —1 d 2
1< —u (7)[Nol TINIBI——/ Vu,|) |Vu,| dx. (33)
<y ONoy iy (0 4187 T | S 207D 19
Lemma 2.4. The decreasing rearrangement u,, of uy, is absolutely continuous in (0,|Q|) and satisfies
du, S 1 s~
— L)< B -(0)do |, 34
200 < 58 (g [ F0)a0) a4
where
LNt
a(s)=Nays ~¥ . (35)
Moreover, if fo = f, we have
duy,

RLUIpE %B*l <061s) /Oxjic(e)de> . (36)
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For the proofs of Lemmas 2.2, 2.3 and 2.4 we refer to [35], [36] and [14]. We are now in conditions to prove
part 1) of Theorem 1.3.

Proof of part 1) of Theorem 1.3. Let U, € H} (Q*) be the solution of the symmetrized problem

P S
Since f is non-increasing, we deduce (see, e.g., [14]) that
U,=U, onQ".
On the other hand, from Lemmas 2.2, 2.3 and 2.4 we deduce
—Oc(s)dudLs(s) < —OC(S)M a.es € (0,]Q]l.
From this inequality, using the definition of symmetric rearrangement, we obtain the estimate
’Vu;‘,(x)| <|VU,(x)| ae. xe Q" (38)
Furthermore, from Theorem 1 of [36] we have
uy(x) <Up(x) ae. xe€Q. (39)
Using Lemma 2.1 we get that
u, — u, and U, — U strongly in H& (Q"). (40)

From (40), passing to the limit, as p — 1, in (38) and (39) we get estimates (18) and (19).m

Proof of part 2) of Theorem 1.3. It follows the same global idea of the proof of part 1 but with important addi-
tional arguments, as usual in the application of rearrangement techniques to nonlinear parabolic problems. Several
alternatives are possible. Here we will follow the approach indicated by J.I. Diaz in [17] (see also [15], [18] and
[16]) since it leads to some quantitative inequalities which are not evident to be obtained through the implicit time
discretization used in the theory of accretive operators. We start by approximating the diffusion operator by the
degenerate quasilinear operator given in terms of the p-Laplacian operator for p € (1,2). Thus, we consider the
parabolic problem

O — KAu— gApu = foo(x) in Qx(0,7),

u=0 on dQ x (0,T), (41)

u(0) = uo, on Q,
and its symmetrized problem

U — kAU — gA,U = fX(x) in Q" x (0,7),
U=0 on dQ* x (0,7), (42)
U(0) = Up = ug, on Q*.
It can be easily shown (using the techniques of [7]: see also Chapter 4 of [14]) that the associated diffusion operator
is the subdifferential of a convex function d¢ () on the Hilbert space H = L*(Q), with ¢ (1) given by

K

K[ \voPdx+ / VolPdx ifve H(Q),
o= 3 fo/ate v j(©@)

+oo otherwise.

Then we know (see Theoreme 3.6 of [9]) that, without loss of generality, we can assume that ug € D(d @ p) and that
we are dealing with strong solutions, in the sense that i, (t) € L*(Q) for a.e. t > 0 (and, similarly, U, (t) € L*(Q*)).
Then we can apply the main result of [31] proving that the following identity holds

du #O) Ju(t,o) ,  dk
Aﬁ;mmw-% 2% 4o = (1, 1(6))

where
)

K(ts) = /0 i(t,0)do,
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and u(z,-) is the scalar decreasing rearrangement of the solution u. Then applying the same techniques of the proof
of part 1) we get that k(z,s) satisfies

ok 92k 2k |" 7% 9%k
* E_Kaz(s)ﬁ —&—ga,,(s)’as2 o2 7/ fo(0)do, s (0,|Q),t€(0,T)
(FN*)§ k(r,0)=0, k(t, |Q\) €(0,7T),
k(0,s) = 0,|Q
5) /0 (o se< ),

where, for p € (1,2],
1/N (N— p
ap(s) == [NwN/ sV WN}

K(t,s) = /()Sﬁ(t, o)do

Analogously, by defining

we get that
oK ’K 2K |P? 821(
&t—Kaz()az—Fgap()‘az /fm o)do, s€(0,]Q]),t€(0,7)
(FN)q K(1,0)=0, K(t|Q]) =0, 1e(0,7),
K(O,s):/o iio(0)do se(0,1Q).

As in [17], using that the corresponding fully nonlinear operator is T-accretive in the Banach space L™(0, |Q]), we
get the comparison

k(t,s) < K(t,s) vVt €[0,T], Vse(0,]Q])

which implies the inequality (20).

The convergence of solutions when p \, 1 can be obtained through a very easy modification of the proof given
in part 1) since we have the convergence of the subdifferentials d¢ (1) — d@(u) in the sense of resolvents (/ +
89¢,(u))'z— (I+89¢(u)) 'z, for any z € L*(Q) and any § > 0 (see Proposition 3.14 of [9]).m

Remark 2.5. The above convergence argument holds under much more general conditions (see, e.g. [34], [27]
and their many references).

3. QUALITATIVE PROPERTY OF THE RADIALLY SYMMETRIC PROBLEMS AND PROOFS OF THE MAIN RESULTS

3.1. The stationary symmetric problem. In this subsection we shall consider only the radially symmetric case
in which Q = B(0,R), the open ball of radius R centered at the origin, and the datum of the stationary problem (2)
[ is assumed to be a radially symmetric and nonnegative function.

The uniqueness of solutions implies that the problem can be formulated in the following terms: given

R
fe>0 with /0 [foo ()P Yy < oo, (43)
find u.. € H}(B(0,R)) such that
K d, y_1dus g d
N () (N2 (1) = fulr), for € (0R),
(44)
d o
U=(R)=0 and %(0) =0,
for some scalar-valued function A..€L*(0,R) satisfying
dltes duc .
0o < wo(F)—— =|— .. .
[Ao(F)] <1 and Aw(r) I (r) P (r)] ae.in (0,R) (45)
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Note that, by the regularity proved in [7], we know that u., € H>(B(0,R)). In fact, this implies that u., € C'([0,R))
and that ¥V "' (r) is an element of H'(B(0,R)) and, that, in particular, 1..cC®(0,R). We also mention that
condition (45) can be equivalently written as

Awa(r) € sign <‘Z‘:’(r)> ae. in (0,R),

where sign denotes the maximal monotone graph of R given by sign(s) = 41 if s > 0, sign(s) = —1 if s < 0 and
sign(0) = [—1,+1].

We are interested in studying the solid region generated by the solution,

due
Suw) = {ref0.R): Z=(r) =0},
and its dependence with respect to the data f.,R, K and g.

As a matter of fact, due to applicability of symmetrization techniques, we want to know sufficient conditions in
order to get a nontrivial (radially symmetric) solution u«(r) > 0 and non-increasing for r € (0,R). Thus, we shall
consider only the case in which the solid region generated by the solution, S(u.) contains a neighborhood of the
origin. As we shall see, in our case it is related to the monotonicity of the function A..(r). In this framework, the
interesting case arises when function f.(r) satisfies an additional condition:

fw(r) is a non-increasing function of r. (46)
We have
Proposition 3.1. Assume f. satisfying (43) and (46). Then:
a) if
Y
gRT/o ST fo(s)ds < 1 47)

the non-increasing solution u.(r) of (44) is the trivial solution u.(r) = 0 and A(r) is the decreasing
function given by
1
gVl

Aoo(r) = /OrsN_lfoo(s)ds, forany r € (O,R], (48)

b) if we assume that there exists a Ry € (0,R) (Ro depending on g) such that

1 Ro no
e /O N (s)ds =1, (49)
then us € L*(B(0,R)) and the non-increasing profile of the solution u.(r) is given by
M., ifr € (0,Ro),
oo (1) = 1 (R 1 o o ‘
E/r (GN—I /0 s fw(s)ds> do ifre€ (Ro,R),

with
LN B L
Mo = E/Ro W/o Jeo(s)ds ) dO = ||| 1= (0.
and A«(r) is given by the non-increasing function

1 r
Ao(r) = max {— N / sV oo (s)ds, — l} forany r € (O,R]. (50)
8r 0
Proof. We start by assuming a strict balance i.e. we assume the stronger condition
1 R N-1
W/O S foo(s)ds < 1 (51)

Given g > 0 and f.(s) satisfying (43), let us introduce the function

1 " oN_
V()= e [ 9 el
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Then, by differentiation with respect to r we can see that y(r) is a strictly increasing function. Indeed, this is
equivalent to have the following condition on f..(r)

fool(r) > (N;l) /O'rsN*‘fm(s)ds ae. r < (0,R). (52)

2

If we define the functions | .
o(r) = —— and r:/sN*lmsds7
(r) P B(r) A foo(s)

then (52) implies that &' (r)B(r) + a(r)B’(r) > 0 ae. r € (0,R). Note that condition (52) is an easy consequence
of the assumption (46) since given r € (0,R) we have f.(r) > fw(s) a.e. s € (0,r) and integrating we get that

Fulr) > rﬁN /0 "Nl (s)ds a. r € (O,R),

which, in turn, implies (52).
Moreover, by I’Hépital rule, y(0) = 0, and so, y(r) > 0 for any r € (0, R]. We also recall that, since [A.(r)| < 1,
then

— Aeo(r) = min{y(r), 1} for any r € (0,R], (53)
which will lead to the expression (50). On any positively measured subset of the solid region S(u.) the equation
in (44) reduces to the condition

g d

CN-Tgr
Moreover, dé—‘f(O) = 0 and if we denote by Ry (with Ry € (0, R]) to the boundary of S(u..), we get (since the profile
U« (r) is non-decreasing) that necessarily

Aalr) = ~¥(r) = =y

Now, to prove a) it suffices to use the fact that condition (47) implies that A.(R) = —y(R) € (—1,0). Thus,
Aw(r) € sign(0) a.e. in (0, R) and the choice u..(r) = 0 satisfies all the requirements as to be a solution of problem
(44). Moreover, by the uniqueness of solutions, u« () = 0 is the unique choice satisfying all the conditions of weak
solution of (44).

If we assume now condition (47) then it is clear that we can approximate f.. by a sequence of functions f. ,
satisfying (43), (46) and the strict balance (51). Then, the respective solutions of the problems (44) must satisfy that
Uoo, = 0 on Q and as the convergence fu, — fo in L?(B(0,R)) implies the convergence te. , — ueo in L?(B(0,R))
(recall that the operator is the subdifferential of a convex functional on L?(B(0,R))) we finally deduce that . = 0
on Q.

To prove b) we assume conditions (52) and (49). Then, the expression (54) and the facts that y(r) is a strictly
increasing function and that we must have [A..(r)| < 1 for any r € [0,R] imply that, necessarily, Ao (r) > —1 for
any r € (0,Rp) and A (r) = —1 for any r € [Ro, R] (see (53)).

Finally, once we have determined the function A (r) on [0,R], the (unique) expression for u.(r) is found by

integrating twice in the equation
d du Nl
R Y DA
dr ( dr r) K Flr),
and using the fact that u..(R) = 0 and “'dL;"(r) =0forany r € [0,Ro].m

(V" (1)) = foo(1), 7 € S(ttes).

/ "Y1 £ (s)ds for any r € [0, Ro]. (54)
0

Remark 3.2. The above result gives a necessary and sufficient condition in order to have a trivial solution
U (r) = 0 of problem (44), once we assume the additional condition (46). Notice that condition (47) holds when
(| foll 21 (B(0,r)) is small enough, for fixed values of g and R. In the special case of fo = c and N = 2 condition (47)
coincides with the condition 2%

c< ¥, (55)
assumed in [25). Notice that now condition (47) is stated in the more general terms of the L' norm of function
Jw(r) and that the balance condition is independent of . In fact the above characterization remains true for the
limit case x = 0 but in this case, as in the paper [1], the solution u. must be searched in the class of bounded
variation functions.
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Remark 3.3. For the case k = 0 the paper [33] proves that if f.. € LN(B(0,R)) then the rigid region S(u..)
have a positive measure. In fact, by using the results of [1] it is easy to see that the regularity f.. € LV (B(0,R))
is necessary, since in [1] some explicit examples are given showing that the conclusion fails for some special
symmetric functions f. such that f.. ¢ LY (B(O,R)).

Remark 3.4. If f.o = c and N =2 an explicit solution was given in the [25] (and later collected also in [23] and
[22]) when
2g
— 56
c> R’ (56)

(which is a special case of (49)). In that case

(R—Ro> (E(RJFRO),zg) ifr € (0,Ro),

2K 2
Uoo (1) =

(%) Gwen2) - wremn

Other properties of the solid region S(u..) (and its complementary: Q = Q — S(u..)), for instance in the case in
which Q is a ring, can be found in [32].

Remark 3.5. It is remarkable that the measure of the solid region (in other words, the value of Ry) is independent
of R (once that R is large enough).This is entirely different to the case of the free boundary raised in the problem
—Apu+u=1 inQ=B(0,R),
u=0 on 0Q,

with p > 2. In that case the “solid region” is defined as Q) = {x € Q : u = 1} and it is well-known that |Q;|
increases when R increases (see, e.g. [14] and [29]).

Remark 3.6. Some numerical experiences can be found in [25], [28], [12] and [19].

3.2. Proof of Theorem 1.1. Now we consider the elliptic non-radially symmetric problem.
Proof of i). By definition we know that f7 satisfies (46). Moreover, by virtue of the properties of the decreasing
rearrangement we deduce that

R
ol = 12y = [ 5" fao)ds

( |Q| ) 1/N

R=|— .

(VY

Thus assumption (9) is equivalent to the condition (47). By Proposition 3.1, we get that the solution U.. of (12)

satisfies U, = 0 in Q*. Then, from inequality (18) we deduce that u’,(x) = 0 in Q*, which implies that u.(x) =0

in Q.

Proof of ii). We note that assumption (11) implies that

R
gRill\/—l/O sV (s)ds > 1.

Thus, since y(r) is strictly increasing and y(0) = 0, necessarily, there is a unique Ry € (0,R) such that
L /RO sV (s)ds = 1 (57)
nga/ 1 Jo * -

and condition (49) holds. Then, by Proposition 3.1 we know that VU., = 0 on the ball B(0,Ry). But, from (19) we

get that Vi, (x) = 0 on the ball B(0,R). This implies that u’ (x) is a positive constant on the ball B(0,Ry), and

then the “solid region” (the set . (u.) = {x € Q : Vi, (x) = 0}) has a positive measure: in fact

.7 (1) > ONRY .

and

Moreover, from the proof of ii) we know that .77 (u%,) = {x € Q:ul(x)= ||u;||Lm(Q*)} and since [|u, || ;=) =

[[ttoo || () We conclude that .7 (ue) C {x € Q: u(x) = Huoo||Lw(Q)} -
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3.3. The parabolic symmetrized problem. We consider now the parabolic problem (1) for Q = B(0,R) and
radially symmetric, with non-increasing profiles data, up and f.. As mentioned in the Introduction, given uy,
f € L*(B(0,R)) the existence and uniqueness of solutions u € C([0,+<o) : L*(B(0,R))) is a direct consequence of
the results of [7].

Let us start by considering Property 1. Notice that the parabolic problem can be formulated as a nice special
case of the abstract Cauchy problem

dt

u(0) = uy,
where X is a Banach space and B: D(B) C X — 22(X) is an accretive operator. The general question of the possible
finite extinction time of the solution, when operator B is multivalued for u = 0, was analyzed firstly in Brézis ([8])
for the case of X = H a Hilbert space and then in [13] for the case of a general Banach space. It was shown there
that the necessary condition

{ N Bu() 3 f() inX,

f(¢) € B(0) for r large enough,
is almost sufficient. In our case we have a complete description of operator B
B:D(B) C L*(Q) — 2(L*(Q)),
Bu = —xAu— gdiv (%) . D(B) = H*(Q) N HY (%),
nevertheless, the set B(0) is defined in a very implicit way and thus the abstract results of [8], [17] for multivalued
operators can not be directly applied. As in [1], it can be shown that
B0) S {e € B |l < g,

A more direct formulation of the problem is the following:

E(tvr) - WE(VN E(t,r))f Wflg(ﬂ A(t,r)) = fw(r), fort > 0,r € (O,R),
(58)
u(t,R) =0 and ?(r,o) =0, fort >0,
r
u(t,R) = uo(r) re (0,R),
for some scalar-valued function A€L? (0, +c0: L*(0,R)) satisfying
[A(z,r)] <1and )L(t,r)%(t,r) = ‘(;':(t,r) ae. re(0,R),t>0. (59)

Proposition 3.7. Let uy € L*(B(0,R)), fw € L™ (B(0,R)) ,ug, foo > 0, satisfying (43) and (46) Let u(t,r) be the
unique solution of (44). Then:
2 If
W(R) = ;/RsN_lfw(s)ds <1 (60)
gRNfl 0
then, for any ug € L*(B(0,R)) there exists a finite time T, r. > O such that u(t,r) globally stops after
Ty, in the sense that u(t,r) = 0 a.e. in B(O,R), for anyt > T, r... Moreover
RHL‘OHL”(B(O,R)
of = eN(1—y(R))
b) Assume (46) and that there exists a Ry € (0,R) (Ro depending on g) such that
1

T,

/ORO N f(s)ds = 1. 61)

Let up € H*(B(0,R)) NH{ (B(O,R)), uo symmetric, non-negative and with non-increasing profile, such

that
K d y_yduy g d

er1$( dr (r) N1 dr

(PN 20(r) + fu(r) > 0 in H'(0,R), (62)
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for some Ay(r) € sign (%(r)) a.e. in (0,R) and with S(ug) C B(0,Rp). Then %(l,r) >0a.e re(0,R)

and a.e. t > 0, the profile of the solution u(t,r) is non-increasing in r, for any t > 0, and we have
S(u(t)) C B(0,Ry) for anyt > 0,
with
u(t,r) = [lut)|l =po.ry on S(ult)), for anyt = 0.

c) Under the same conditions than in b), u(t) — ue in H}(B(0,R)) as t — +oo, where u. is the unique
solution of problem (44), and there exits a R* € (0,R) such that

[[u(t) = tes|| co g+ gy > O for any t > 0.

Proof. To prove part a) we will use the comparison principle. Let us show that we can construct a supersolution
u(t,r) = ot) such that a(t) = 0 for t > T, 1. for some T, s, > 0. Then from the comparison inequalities 0 <
u(t,r) < a(z) for any t > 0 and a.e. r € (0,R) we deduce our conclusion.
The non-trivial part of the proof is to characterize the condition on ¢(¢) in order to know that %(#,r) is a superso-
lution of problem (58). Since by construction S(@(¢)) = B(0,R), then, as in the proof of i) of Proposition 3.1, we
must have
g d
AN or

for some A(t,r) such that ’I(t,r)‘ <1lae. (t,r) € (0,4) x (0,R). Then

(NI, 7)) > ful(r) = (1), 7 € (O,R),

T(tr) < — o (t)r

gN

/Orstlfw(s)ds—l—

g1

Then, in order to know that ’I(t, r)‘ < 1 it is enough to have that

!
o/ ()R >
gN

—y(R)+

(with y(R) given in (60)) to conclude that %(z, r) is a supersolution (see, e.g., the proof of Theorem 4 of [1]). Thus
we must have

o'(t) > 1-y(R)).

But from the balance condition (60) we know that y(R) — 1 < 0. Thus we can take

il
R

N
alt)= |K— %(1 —y(R))t| foranyr>0,
+

for some K > 0. To check that
uo(r) <u(0,r) a.e. on B(O,R)
it is enough to take

K= ||u0||L°°(B(0,R)7
and the conclusion follows with
Rl|uol|z=(B(0,r))
“ofe = eN(I—w(R))

Let us prove part b). As usual in the rearrangement theory, it is easy to see that the profile of u(¢,r) is non-
decreasing in r € (0,R). Moreover, the assumptions on uo(r) implies that %(n r)>0ae.t>0andae. re (0,R)
(this is a classical result for m-accretive operators in a Banach lattice (see, e.g., Proposition 1 of [4]). Then, on any
positively measured subset of the solid region S(u(z)) the equation in (58) reduces to the condition

—rNg_l %(W*A(t,r)) :fw(r)—%(t,r), reSu(t)).
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Moreover, aai;“ (¢,0) = 0 and if we denote by Ry(¢) (with Ry(¢) € (0,R]) to the boundary of S(u(r)), we get (since
the profile of u(z,r) is non-decreasing) that necessarily

At,r)=—y(t,r)=— /rstl(foo(s) - %(t,r))ds a.e. r € (0,Ry). (63)

grV-1 Jo ot

Moreover, if y_,(r) is the function defined by (54) in the proof of Proposition 3.1, then y_,(r) is strictly increasing
(since we are assuming (46)), and so

y(t,r) <y, (r)<lae.re(0,Ry)ae.t>0,

since %(r,r) > 0. In particular

A(t,r) > Ao(r) > —1ae. re (0,Ry) ae. t > 0.

This implies that S(u(r)) C B(0,Ry) for any ¢ > 0.
The statement of part c¢) is an special case of Theorem 4 of [19].g

Remark 3.8. Notice that in the parabolic case it is assumed a strict inequality in the balance. Among other
Rlluo ||z B(0,r))

difficulties, notices that the estimate Ty, 1., < —NI—v(R) is not useful when y(R) = 1.
Remark 3.9. Part a) of Proposition 3.7 holds if we replace fw(r) by a time dependent function f(t,r) >0, f €
L} .(0,-+c0: L (B(0,R)) such that

f(t,r) = foolr) forae. t > Ty >0

with a function f.(r) satisfying the conditions of proposition 3.7. In that case we must take

Ty
K= uoleewon + [ 100l
It suffices to use the fact that the realization of operator B on L (B(0,R)) is T-accretive (see, [5]).

Remark 3.10. Notice that, from the proof of part b) we also know that A (r) = —1 for any r € [Ry,R] (thanks to
the assumption (46)) but now, in contrast with the stationary case, we do not know if A(t,r) = —1 on [Ry, R] since
the monotonicity of the function A(t,r) is not evident (due to the presence of the time derivative of the unknown).

3.4. Proof of Theorem 1.2. Proof of Theorem 1.2 To prove part i) we apply part 2 of Theorem 1.3. Then it
suffices to show that if U(¢,x) is the unique solution of problem (13) then there exists a finite time 7y > 0 such
that U(¢) = 0 for any ¢ > Ty. This is a consequence of part a) of Proposition 3.7. Indeed, if R > 0 is such that
Q* = B(0,R), from elementary properties of the rearrangements, we know that u, f € L (B(O,R)),ug, fi >0

and satisfy (43) and (46) and the same for u;. We recall that, as in the proof of Theorem 1.1, the assumption (60)
is equivalent to the condition (10). Then we deduce that

R||uo ||L°“(B(0 R))
Ty < Ty fe < i o0y
1l = N1y (R))
where y* is the function y corresponding to the datum f.
To prove (17) we recall that by a well-known result due to Hardy, Littlewood and Polya [26], the inequality (20)
implies that for any continuous, nondecreasing convex function @ : [0, 4-o0) — [0, +e0) we have
D(u*(t,x))dx < O(U(t,x))dx, ¥t >0, Vr € [0,R].
B(0,r) B(0,r)
In particular, for any p € [1,+o0]
1u(t) |y < 10O ey Vi > 0. (64)
In addition, given M > 0 . For any € € (0,M), consider any continuous, nondecreasing convex function ®e :
[0,4c0) — [0,4-0) such that
Pe(s) =0if s € [0,M — €] and Pe(M) = 1.
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Then, by taking M = My (t) = ||U(t)|| ;= (o) We have that, for any & € (0, My ())

D, (u”(t,x))dx < P (U(t,x))dx,¥t >0, Vr € [0,R].
B(0,r) B(0,r)

Then, taking r = R

D (1" (t,x))dx < / dx.

\/{x: u* (t.x)>My (1)—e} {x: e (U(1,x))>My (t)—€}

Letting € | 0 we obtain in the limit that, given t > 0
[{xe Q@ : w'(t,x) =My(1)}| < [{x€ Q" : U(t,x) =My (1)}
Then, from (64) we get that
|{x eQ*: u(t,x) = ||u*(t)||Lm(Q*)}| < |{x€ Q" : U(t,x) =My(t)}.

Finally, since [[u*(1)|| = (q+) = [|u()|| ;= (q) We arrive to the desired conclusion.
The proof of part ii)) of Theorem 1.2 was given in the previous section (see Proposition 3.7).m

Remark 3.11. We do not know if in case i) the profile of the solution u(t,.) may have a solid region before the
Jfinite time stopping time Ty, r,,. In the special case of the Total Variation problem (k = Q) it was shown in [1] (see
also [3]) that the answer is affirmative but this is possible since the solution u(t,.) is merely in BV (Q): the case
K > 0 leads to more regular solutions and the study made in [1] is not applicable.
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