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Abstract We employ arecently developed spectral method
to obtain the spectrum of quasinormal modes of rapidly
rotating black holes in alternative theories of gravity and
apply it to the black holes of shift-symmetric Einstein-scalar-
Gauss—Bonnet theory. In this theory the quasinormal modes
were recently obtained by employing perturbation theory in
quadratic order in the Gauss—Bonnet coupling constant. Here
we present the full non-perturbative results for the spectrum
within the domain of existence of rotating black holes and
compare with the perturbative results. We also compare with
the quasinormal mode spectrum of rapidly rotating Einstein-
dilaton-Gauss—Bonnet black holes.

1 Introduction

The detection of gravitational waves from the inspiral, merger
and ringdown of compact objects provides us with an excel-
lent new tool to study the strong gravity regime [1,2]. The
numerical relativity predictions obtained within General Rel-
ativity (GR) match well the LIGO/Virgo/KAGRA obser-
vations, which so far support the Kerr paradigm, i.e., the
expectation that rotating black holes in the Universe are well
described in terms of the (exterior) Kerr black hole solution.
The next generation of gravitational wave detectors like the
Einstein Telescope, the Cosmic Explorer or LISA will have
larger signal-to-noise ratios together with larger event num-
bers (see e.g., [3-5]). Thus the Kerr paradigm will be subject
to scrutiny.

There are various reasons to expect that GR will be super-
seded by a more complete theory of gravity. Thus in recent

4 e-mail: fkhoo@ucm.es (corresponding author)
b e-mail: jIblaz01 @ucm.es
¢ e-mail: b.kleihaus @uni-oldenburg.de

de-mail: jutta.kunz@uni-oldenburg.de

Published online: 29 November 2025

years numerous alternative theories of gravity have been sug-
gested, driven largely by cosmological considerations and
attempts to reconcile GR with quantum mechanics [6,7]. Of
course, any viable gravitational theory should conform with
all experiments and observations [8]. But currently the strong
gravity sector is still in need of far more testing [7]. Here the
next generation of gravitational wave detectors should play
an important role.

After the merger of two black holes the newly formed
highly excited black hole undergoes ringdown where it
emits damped sinusoidal gravitational waves, while it evolves
towards a stationary state. These waves are associated with
the quasinormal modes [ 11-13] of the final black hole and are
dominated by the longest-lived ones (although nonlinearities
in the black-hole ringdown could also be important [9, 10]).
Like the black holes themselves, the quasinormal modes
depend on the gravity theory. Therefore accurate ringdown
measurements have the potential to put stringent bounds on
alternative gravity theories (see e.g. [14,15]).

The calculation of the quasinormal mode spectrum for
Kerr black holes was achieved long ago [16]. But already
the quasinormal mode spectrum of the Kerr—Newman black
holes represented a challenging problem, solved only in the
last decade [17-19]. For alternative theories of gravity, how-
ever, the techniques to obtain the spectra of rapidly rotating
black holes remained lacking until recently, and only some
perturbative results were known for slowly rotating black
holes, with notable exceptions in [20-22], where the expan-
sion in the spin parameter was taken to rather high order, and
in [23,24], where scalar and vector modes were calculated
for rapidly rotating black holes.

Here we report the spectrum of rapidly rotating black holes
in shift-symmetric Einstein-scalar-Gauss—Bonnet (EsGB)
theory. This gravity theory belongs to the class of Horndeski
gravities [25], which feature an additional scalar degree of
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freedom, are free of ghosts, and give rise to second order
field equations. In EsGB theories the scalar field ¢ is cou-
pled with coupling strength o and coupling function f(¢) to
the Gauss—Bonnet invariant. In shift-symmetric EsGB the-
ory this coupling function is simply linear in the scalar field,
f(p) = ¢. The theory is thus invariant under a shift of the
scalar by a constant.

The static black holes of this theory were obtained by
Sotiriou and Zhou [26,27], and the rotating black holes by
Delgado et al. [28] (see also Sullivan et al. [29]). Delgado
et al. mapped carefully the domain of existence of rotating
shift-symmetric EsGB black holes. This domain must, of
course, be respected in the calculation of the quasinormal
modes, since beyond this domain no such black holes exist.
The quasinormal modes of rapidly rotating shift-symmetric
EsGB black holes were obtained recently by Chung and
Yunes by applying perturbation theory in the coupling con-
stant to quadratic order in « [30,31] (see also [32] for arecent
study on the quasinormal modes of the static configurations).
We here present the full results, based on an exact treatment
of the dependence on the coupling constant « both for the
background solutions and the perturbations, and then com-
pare these exact results with the perturbative results. We note
that black hole-neutron star mergers in this theory were also
recently studied [33].

To obtain the quasinormal modes we employ our recently
developed spectral scheme [34—37]. After testing this scheme
extensively for Kerr black holes [34], we applied it to
the rapidly rotating black holes of Einstein-dilaton-Gauss—
Bonnet (EdGB) theory, a string theory motivated alterna-
tive theory of gravity [38,39]. Its hairy black holes are well-
studied [40-57], and also the emission of gravitational waves
during the inspiral, merger and ringdown of binary systems
was recently addressed [58].

Since EdGB theory has an exponential coupling function
f (@) = exp (¢), the shift-symmetric EsGB theory may be
considered to be a linearization of the EAGB theory. From
that point of view one may expect similarities between the
black holes of these theories and between their quasinormal
modes. Indeed, the domains of existence of rotating black
holes are rather similar in both theories, with the domain in
shift-symmetric EsGB theory extending further in the cou-
pling constant o [28,44]. Here we also compare the quasi-
normal mode spectra of both theories.

2 Rotating black holes

We now briefly present the action and the field equations of
shift-symmetric EsGB theory and then recall the construction
and properties of the rotating black holes in this theory, first
obtained in Delgado et al. [28].

@ Springer

2.1 Action and field equations

We here consider the shift-symmetric EsGB theory

| I

S(g.¢) = — [ d*xv/=g (R — =9,08"¢ + apREy | .
167 2

(1)

with scalar field ¢, Gauss—Bonnet coupling constant o, and
Gauss—Bonnet invariant
Rip = Ryuvpo R*™P7 — 4R, R* + R>. )

Variation of the action (1) leads to the generalized set of
Einstein equations

1 1
Guv = 5T, + 5T =0, 3)
with
1
G/w = R/w - EguvRy

1
T8 = Vo Vup = S gun (Vo).
GB
TGP =20 Py, VPV 0,
Puvps = Ruvpo + 2810 Rplv + 28v(p Rolu + REpuip&av,
“4)

and to the scalar field equation
V,V*¢ + aREg = 0. 5)
2.2 Stationary rapidly rotating background black holes

In order to construct the axially symmetric stationary back-
ground black hole solutions we employ the line element
parametrization [59]

2 g2, M 2 2 5092
ds? = — fdt +f<dr +rd9)
+ 5 26n20 (a’qb _ gdr)z 6)
S r ’

with “quasi-isotropic” spherical coordinates. The metric
functions f, m, £ and @ depend only on the coordinates r
and 0, and so does the scalar field ¢,

0 =@(r,0). @)

The coupled set of field equations is solved numerically
subject to the boundary conditions, that ensure asymptoti-
cally flat solutions which are regular everywhere on and out-
side the event horizon. Consequently, we require at radial
infinity
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flr=co =M|r=co = Llr=cc =1, ®ly=c0 = @lr=c0 =0,

(3)
at the horizon with horizon radius rg
flr:rH = m|r:rH = E|r:rH =0, a)|r:rH = WH,
0rPlr=ry =0, ©

where wp is a constant, and on the symmetry axis, i.e. at
6=0,rm,

09 flo=0,7 = dom|p=0,x = dpLlo=0,x
= 0pw|p=0,7 = dpPlo=0,x = 0. (10)

Since the solutions possess a Z, symmetry w.rt. reflection
on the equatorial plane, calculations can be restricted to the
angular range 0 < 6 < m/2 by imposing on the equatorial
plane the boundary conditions

09 flo=r/2 = dgmlg=r/2 = 9pLlo=r2
= dgwlg=r/2 = %9 Plo=rs2 = 0. (1)

The global charges of the solutions, mass M and angular
momentum J can be read from the asymptotic behavior of
the metric for large r, while the asymptotic dependence of
the scalar field yields the scalar charge Q,

2M 20 .,
gu(rO) X1 ——=+... 84(r0)~ ——sin"0

+...,¢(r,9)~%+---. 12)

The parameter wy determines the event horizon angular
velocity Qy = wy/rg for fixed horizon size ry.

It is essential to know the domain of existence of black
holes in shift-symmetric EsGB theory since beyond this
domain the theory no longer supports black holes. Perturba-
tion theory in the coupling constant « yields results that are
not limited per se, however, they deteriorate strongly towards
this boundary and become meaningless beyond the bound-
ary. Therefore we demonstrate this domain of rotating back-
ground solutions in Fig. 1, which shows the dimensionless
angular momentum J / M? versus the dimensionless coupling
constant o/ M 2 [28].

The boundary of the domain of existence is provided by
several distinct sets of solutions. The left boundary (black,
axis) corresponds to the solutions of general relativity, the
Schwarzschild black hole (origin) and the Kerr black holes
(axis). The lower boundary (green, axis) represents the set of
static shift-symmetric EsGB black holes. The red part of the
upper boundary shows the extremal black holes of this theory,
which can slightly exceed the Kerr bound J/M? = 1. Finally,
the blue (solid) curve shows the critical black holes. These
correspond to solutions, where some discriminant vanishes,
and therefore represent endpoints in the domain.

1 ‘ ‘ ‘ ‘ ‘ extrémal R |
critical ——
static ———
0.8 GR 1
NE 0.6
5
0.4
0.2
0

0 005 01 015 02 025 03 0.35
M?

Fig. 1 The domain of existence of rotating black hole solutions in shift-

symmetric EsGB theory showing the dimensionless angular momentum

J/M? versus the dimensionless coupling constant «/ M2. The bound-

ary consists of extremal, critical, static, and Kerr black holes. (Data
extracted from [28])

3 Metric and scalar perturbations

We now specify the set of perturbations for the metric and the
scalar field and fix the gauge. Then we address the bound-
ary conditions, choose new coordinates and apply a spec-
tral decomposition, to obtain the final set of equations to be
solved numerically.

3.1 Ansatz

We decompose the full metric into the background part g Lb,jq )

and the perturbations 64, (t, 7, 6, ¢)
guv = g8 + €hyuy (1.1, 0, ¢) = gl
te (ah,(fv) + 3h,<j;)) , (13)

where € is the perturbation parameter, and the superscripts
(P) and (A) denote the axial-led and polar-led parts, given
by

0 0 ai(r,0) ax(r,0)
sh(d) — pi(Mp—on) 0 0 a3(r,0) as(r,0)
Hy ay(r,0) az(r,60) 0 0
ax(r, 0) aq(r, 0) 0 0
(14)
and
No(r,0) Hi(r,0) 0 0
sh(P) — oi (Mp—ar) H\(r,0) Lo(r,6) O 0
my 0 0 To(r, 6) 0
0 0 0 So(r, 6)
(15)

@ Springer
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The remaining symmetries allow us to extract the depen-
dence on the azimuthal angle ¢ and time ¢ by introducing
the azimuthal number M and the complex mode eigenvalue
w. Likewise, we decompose the scalar field into background
and perturbation

(bg) + eei(M‘"'d)_w[)q)(r, 9).
(16)

9 =9 +eSot,r,0,0)=¢

The background metric and scalar field are given by (6) and
(7) respectively. A more thorough description of the back-
ground solutions can be found in [28].

Insertion of the Ansatz for the metric and the scalar field
leads to the coupled set of metric and scalar equations

Guv = GL8 + €8G,u (r, 0)' M9 = 0, (17)
S =80 1 58(r, 0)! M= — (. (18)

3.2 Equations and boundary conditions

Itis convenient to redefine the set of functions {a;, a», a3z, a4,
No, Hy, Lo, To, So} in (14) and (15) to simplify the equa-
tions and to fix the gauge (see e.g. [34]). Three pairs of
the metric functions can be redefined using three functions,
hence reducing the number of independent metric functions
by three. The redefinitions are

ho(r, )

ay(r,0) = —iM, o (19)
ay(r, 0) = sin 6 dpho(r, 0), 20)
. hi(r,0)
az(r,0) = —iM,— , 21
sin 6
as(r,0) = sin6 dghq, (22)
No(r0) = (849 0)) " NG 6), 23)
Lo, 6) = (679 0.0)) LG 0), (24)
To(r0) = (g . 0)) T, 0), (25)
So(r.6) = (g9’ . 0)) T(7. ), (26)

in addition to the function H; that remains. Thus we retain a
set of seven independent functions which we collect in a func-
tion vector X = [Hl, T N L ho, hl, d>1] that is composed
of six of the metric perturbation functions plus the scalar one,
and where we have used the following parametrization,

Hy = (e, y) — i 27)
E T P S

T =T(x,y) ek, (28)

s (29)

L=T L i# 30

= (%)’)me , (30)

@ Springer

'R, (3D
hy=h L.k 32)
1= l(x,y)me , (
® =3 (x,y) (1 —x)ek, (33)

where the function R is chosen such that the perturbations sat-
isfy the ingoing/outgoing wave conditions that are explained
below.
Furthermore, we introduce a new set of coordinates, x and
Y
r—rg

= —, = 0. 34
X o y = cos (34)

The radial coordinate is thus compactified, 0 < x < I, with
the horizonlocated atx = 0, and asymptoticinfinity atx = 1.
The angular coordinate y resides in —1 < y < 1, with the
symmetry axis located at y = £1. In terms of the function
vector X and the new coordinates x and y we then obtain a
lengthy system of seven linear homogeneous partial differ-
ential equations, which we abbreviate as follows

Di(x, )X(x,y) =0, I=1,...,7. (35)

Next we turn to the boundary conditions, since we must
ensure, that the perturbation functions are purely outgoing
waves at infinity and purely ingoing waves at the horizon. To
this end we factor out of the perturbation functions the com-
mon factor exp (iwR*) with eigenvalue w and radial function
R*, requiring the proper choice of R* at the boundaries of the
integration, as follows. Atinfinity, the perturbation functions
are described by

T = ok <T+(9) +0 (%)) , (36)

H, = re'“%’ <H+(9) +0 <1>> (37)
r
N = rei @k’ <N+<9) Lo (1)) , (38)
r
e <L+<9) Lo (})) , (39)
ho = re'®k’ (hg(e) +0 (1» , (40)
r
hy = za)R <h+(9) +0 (l)) 41
"
) = Lok (q>+(e) Lo 1)) “2)
r
and at the horizon,
T = e*i(a)*ZQH)R* (T*(O) + O (r _ ’,.H)) , (43)
H = "H__ —i(0-29m)R* (Hl—(g) +0 @ — VH)) , (44
r—ryg
N = e @22 (N=0) + O (r — 1)), (45)
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2 . .
r : *
I — H__,~i-22mR (L’(@) YOG — VH)) , tions, vyher.e k comes from the expansion in x and [ from the
(r—rp)? expansion in y.
(46) We choose the grid by employing Gauss—Lobato points
ho = e (@=2Qu) R (hJ @ +0@F — VH)) ’ (47) for the radial coordinate x
. . 1 I—-1
hy = —H_i@=22mR (h7 @) +O @ —rp)), 48 x;==(1+cos 7)), I=1,....,Ny, (53
r—ryg 2 N, —1
O = le*i(wszH)R* (@70 +0 ¢ —rm), (49)  and an equidistant mesh for the angular coordinate y

r

M2 —4r2
where Qy = WJJ:{) Towards radial infinity we thus
require % =1+ ZTM + O (riz), and towards the horizon

ddRr* = (rf;H) + O(1), where the g; parameter is obtained

from the horizon expansion of the background functions and
corresponds to the inverse surface gravity /cl;l as in the case
of Kerr black holes [60], the perturbative shift-symmetric
EsGB black holes [30,31] and EdGB black holes [36,37], i.e.
g1 = K;. After introducing these expressions into the field
equations, it is then straightforward to obtain the boundary
conditions that the perturbation functions have to satisfy at
each boundary. These boundary conditions can then be given
in operator form, e.g., they read

Ae, WX, Y)lemo =0, T=1,...,7, (50)
Bl(xvy)x(x7y)|/(:1=07 I=1,...,7, (51)

where Ay, By are linear operators in (x, y) (see [37]).

3.3 Spectral decomposition

In order to calculate the quasinormal modes we now decom-
pose the perturbation functions X7, collected in the vector
X in terms of suitable well-known functions. We expand the
radial part of the perturbation functions in terms of Cheby-
shev polynomials of the first kind, 7; (x), and we expand the
angular part of the perturbation functions in terms of Leg-
endre polynomials of the first kind, PIMZ (y) [34]. Then all
seven perturbation functions can be expressed as follows

Ny—1 Ny+[M;|-1

Xy =Y Y Cuh@Pe. 652

k=0  I=|M.|

forI = 1,...,7. The functions )71 = [ﬁl, T, ﬁ, Z, %0, 7{1,
51] as seen from (27) to (33) are those that remain after
a re-parametrization of the perturbation functions where
the appropriate ingoing (~ e /(@~2%H R™y and outgoing
(~ ei“’R*) behaviors have been factored out, hence ensur-
ing that our resulting perturbation system has the correct
wave behavior at the horizon and at infinity. The parame-
ters Ny and Ny specify the truncation of the expansions and
the number of grid points chosen in the corresponding coor-
dinate domains. The double expansion then introduces a set
of constants Cyx; for each of the seven perturbation func-

(XY h k1w 54
YK = (Ny—1>_ , =1,..., Ny. ( )
To evaluate the perturbation functions X at the grid points,
we need to interpolate the background functions and their
derivatives at these grid points. In addition, from the 11
field equations for the perturbation functions, we only need
to choose 7, while the remaining 4 can be used to test the
accuracy of the solutions. This leads us finally to a system of
7 x Ny x Ny algebraic equations to determine the constants
C1 k.- These algebraic equations can be put in the following
form,

(Mo + Mo+ Mza)z) ¢ =0, (55)

where Mg, M; and M, are numerical matrices of size
(7 x Ny x Ny) x (7T x Nx x Ny), C is the vector of con-
stants Cy x.;, and w is the complex eigenvalue of a quasinor-
mal mode. We solve this quadratic eigenvalue problem (55)
using Maple and Matlab with the Multiprecision Computing
Toolbox Advanpix [61].

There are several ways to estimate the accuracy of the
quasinormal modes calculated. For example, since from the
11 field equations only 7 need to be used to obtain the solu-
tions, the remaining 4 are used to estimate the accuracy. In
addition, other auxiliary parameters of the spectral decom-
position can be varied to estimate the error (for example,
the original number of points of the numerical background,
the collocation grid, etc). We make this analysis for each
of the modes calculated, and for all the results reported in
this work. The relative precision of the quasinormal modes
is always better than 1075, See [34,36,37,62] for extensive
details of the method.

4 Spectrum of quasinormal modes for rotating
shift-symmetric EsGB black holes

Here we present the results for the quasinormal modes of
spinning black holes in EsGB theory with shift symmetry.
We focus on the fundamental modes of (I = 2, 3)-led polar,
axial and scalar modes for M, = 2. The characterization
of the modes in terms of their leading multipolar / behavior
is based on an inspection of the perturbation functions, and
also a smooth connection with the Kerr limit of the modes,
as explained in [34].

@ Springer
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Fig. 2 Fundamental shift-symmetric EsGB (/ = 2) and (I = 3)-led for scaled angular momenta J /M 2=0,0.2,0.4,0.6, 0.8 (from top to
modes for M, = 2:scaled real part M wg (left column) and scaled imag- bottom). The limiting coupling constant for each value of J/M? of the
inary part M w; (right column) of the polar-led, axial-led, and scalar-led background black holes is shown by the dark khaki vertical line
quasinormal modes as a function of the scaled coupling constant o/ M?
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Fig. 3 Comparison of the exact modes with /| = M, = 2 fun- 0.2, 0.4, 0.6, 0.8. Also shown is a comparison between the static modes
damental polar-led and axial-led quasinormal modes where a weak with a full coupling and the perturbative modes for a small scaled angu-
coupling (WC) approximation was employed [30], for J /M2 = lar momentum J /M2 = 0.005 (topmost) [30]
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Table 1 Threshold of the scaled coupling constant o/ M? for each
scaled angular momentum J / M? for the scaled real frequency Mg and
imaginary frequency Mwj of the [ = M, = 2 fundamental axial-led
and polar-led quasinormal modes, derived from the mode comparison in

figure 3. Beyond the threshold, results from the weak coupling approx-
imation begin to deviate from exact results. Thresholds in the first row
are obtained from a comparison between our exact static modes and the
perturbative modes for J/M? = 0.005

J/M? Threshold of «/ M?
Axial Polar
Real freq. Im. freq. Real freq. Im. freq.
< 0.005 0.23 0.15 0.12 0.10
0.2 0.27 0.25 0.11 0.25
0.4 0.19 0.12 0.11 0.15
0.6 0.24 0.12 0.09 0.09
0.8 0.02 0.05 0.03 0.01

In Fig. 2 we show the real and imaginary parts of the
modes scaled by mass, respectively, Mwg and Mwy, as a
function of the scaled coupling constant & = «/M?. The
modes are computed for a range of scaled angular momenta
j= J/M2 =0, 0.2, 0.4, 0.6, 0.8 which includes the static
modes for this theory. The dark khaki vertical lines in the fig-
ures indicate the limiting scaled coupling constant for each
j, which decreases as j grows. These limiting values are
derived from the domain of existence of the shift-symmetric
EsGB black holes. In the Appendix we provide the corre-
sponding fitting functions for the modes in Tables 2, 3, 4, 5,
6,7,8,9,10,and 11.

Isospectrality of the modes is broken as the axial and
polar modes no longer coincide like they do in GR, due to
the presence of the non-trivial scalar field. The [ = 2 polar
modes give the lowest scaled real frequency irrespective of
the scaled angular momentum and scaled coupling constant.
While the highest scaled real frequency is given by the [ = 3
scalar modes in all the cases considered.

In contrast, for the imaginary parts of the modes which
determine the damping time of the modes via 7 = 1/|wy|,
the leading longest lived modes change drastically with the
scaled angular momentum, especially close to the limiting
scaled coupling constant.

‘We show in Fig. 3 the comparison of our exact results with
previous results obtained in a weak coupling (WC) approx-
imation in [31] for the [ = 2 gravitational modes. The best
perturbative result is seen for the scaled real part of the axial
modes for j = 0.2, which agrees with ours up to about 85%
of the limiting scaled coupling constant. The real part of the
axial modes for j = 0.4 and j = 0.6 depicted in the figure
is also in good agreement with ours for a wide range of the
scaled coupling constant. Besides, as shown in the topmost
plotin Fig. 3, the real part of the perturbative axial modes for
Jj = 0.005 [31] follows closely the exact static modes within
arange similar to the j = 0.2 case.

However, the results of the perturbative WC calculations
[31] typically deviate from our exact calculations for larger

@ Springer

values of the scaled coupling constant. The dependence of the
modes on the coupling constant then varies wildly especially
in the imaginary part of the modes. For instance, for a scaled
black hole spin of j = 0.2 we observe in Fig. 3, that the
largest deviation occurs around £ = 0.316, a value that is
close to the maximal value of the limiting scaled coupling
constant. In particular, there are deviations in the imaginary
part of the axial modes of about 5% and deviations in the real
part of the polar modes of about 4%.

As the black hole rotates faster, the corresponding limit-
ing scaled coupling constant (indicated by the vertical line
in Fig. 2) decreases. Of all the cases we have considered,
the largest deviation between our results and the WC ones
is found in Fig. 3 in the scaled imaginary part of the axial
modes for j = 0.8 at about & = 0.168, which amounts to
a deviation of about 55%. This shows that the effect of the
exact treatment of the coupling constant becomes highly rel-
evant for rapidly rotating black holes. On the other hand, the
scaled real part of the perturbative axial modes agrees well
with our results up to about £ = 0.071 (i.e., 30% of the lim-
iting scaled coupling constant). We summarize in Table 1 the
threshold of the coupling constant beyond which the pertur-
bative computations [30,31] depart from our exact results.
Due to a deterioration of our numerical precision, we exhibit
the modes for j = 0.8 only up to & = 0.168, that is about
70% of the limiting scaled coupling constant. The decline in
the precision of the modes is mainly due to the decrease in the
numerical precision of the background solutions, that dete-
riorates as we get closer and closer to the limit value of the
coupling constant. In particular, for this case, the estimated
mean error of the background solutions is less than 107>,
More precisely, it is around 107% close to GR, and around
107 close to the limiting coupling constant. Discussions
about the limiting behavior of the solutions can be found in
[28]. As we discussed above, the precision of all the modes
obtained in this work is of 107> or better.

Lastly, let us compare the exact modes obtained here
for the shift-symmetric EsSGB theory with those obtained
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Fig. 4 Comparison between N ‘ 5 ‘
the I = M, = 2 fundamental 041 | IIM7=0.2, 1=M,=2 IIM™=0.2,1=M,=2
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for EAGB theory in [36,37]. Figure 4 shows a comparison
betweenthe/ = M, = 2 fundamental polar-led and axial-led
modes for j = 0.2 and j = 0.8, respectively. The pink verti-
cal lines with a smaller value of the scaled coupling constant
denote the limiting & values for EAGB, while the dark khaki
vertical lines denote those for the shift-symmetric EsGB. We
find that the modes of these two theories with a different cou-
pling function agree well for smaller coupling constants. This
can be expected since the shift-symmetric EsGB has a lin-
ear coupling function, that corresponds to the first (relevant)
term in the expansion of the EdAGB coupling function.

In this work, we have examined only a fraction of the
modes that we typically obtain using our method. By fixing
M., the spectral method generally captures a spectrum of
modes composed of higher I’s (I > M_) as well as higher
excitation modes. For instance, for the first excitation modes
of the same [, their real parts are usually close to those of
the fundamental modes, while their imaginary parts can be
of an order of 10~! larger in absolute value compared to the
fundamental modes.

5 Conclusions

Following a series of work in the computation of quasinor-
mal modes using our previously developed spectral method,
we here obtained the exact modes for rapidly rotating black
holes in the shift-symmetric EsGB theory with a fully non-
perturbative treatment of the coupling.

We presented the results for the fundamental / = 2 and
! = 3 modes for M, = 2, capturing all types of modes in
the theory, namely the polar, axial and scalar-led modes, and
covered the modes for almost the entire domain of the black
hole solutions. All the modes smoothly connect to the cor-
responding isospectral GR Kerr (Schwarzschild) modes for

aM?

the rotating (static) EsGB black holes. As the scaled cou-
pling constant £ increases, the order of the modes changes,
and thus the longest lived mode changes its character in a
way that also depends on the value of the scaled angular
momentum. Thus the dominant mode can be / = 2 axial-
led, polar-led or scalar-led, or even (I = 3)-led. However,
these modes typically have quite large differences in the real
part. Hence in principle it could be possible to determine the
nature of the dominant mode by measuring the oscillation
frequency, at least in some cases. We note, that for large val-
ues of the scaled angular momentum such as j = 0.8, the
calculation of the modes becomes very sensitive towards the
limiting & value, limiting our numerical accuracy. Therefore
we showed the modes for this case only up to 70% of the
corresponding limiting value of &.

We compared our results with previous perturbative
results obtained in a weak coupling approximation [30,31]
forthe! = M, = 2 gravitational modes. Our results coincide
well in the limit of small scaled coupling constant, whereas
the disagreement grows strongly as we approach large val-
ues of the coupling. Finally we also compared our exact
| = M, = 2 gravitational modes for the shift-symmetric
EsGB and EdGB theories. The domain of the background
solutions and thus the modes in EdGB theory is smaller than
that in the shift-symmetric EsGB theory. As expected, the
modes agree well, when & is small, but behave rather differ-
ently towards the larger couplings as the non-linearity of the
dilatonic coupling kicks in.
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Appendix

In this section we present the fitting functions for the
quasinormal modes of black holes computed for J/M? =
0,0.2,0.4, 0.6, 0.8 in the shift-symmetric EsGB theory. We
find that a fit with only a constant and a quadratic term as
in the weak coupling case [30,31] is no longer sufficient.
We consider in general the following polynomial to fit the

scaled real Mwg and imaginary M w; part of the fundamen-
tal modes as a function of the scaled coupling constant &,
Mog,; = const. + C¢& + Cp28” + Cpat’

+Ceat + Cpst?. (56)

The first term of the polynomial is a constant which is essen-
tially the Schwarzschild/Kerr mode, and Cga’s are the corre-
sponding coefficients for the scaled coupling constant with
power of a = 1, .., 5. For most of the cases, the correspond-
ing fitting functions do not require all the terms in (56) for
best fitting, and in fact only very few cases involve the fifth
order term in (56).

As rotation increases, and as the coupling strength grows
(or as we approach the domain limit), obtaining an analyti-
cal fit of the data gets more challenging. This is because of
the dependence of the mode on the coupling constant that
becomes volatile. Therefore we provide in the Tables 2, 3, 4,
5,6,7,8,9, 10, and 11 below also the range of the & up to
where we obtain the best fit. Note that some of the fits were
obtained up to the limit we reached with our quasinormal
modes. As seen from the following tables, for most of the
cases, a fit higher than second order (with at times an inclu-
sion of a linear term) applies for a larger range of £, compared
to the one in the weak coupling approximation (see Table 1).

Table2 J/ M? =0: fitting functions for the scaled real part Mwp of the axial-led, polar-led, and scalar-led fundamental (/ = 2) and (I = 3)-led

modes for M, =2

Const. Ce2 Ces Cea Uptoé&
| =2, axial 0.37367 0.068387 —0.055620 0.29
| =2, polar 0.37367 —0.23993 0.21673 0.57363 0.29
| = 3, axial 0.59944 0.18955 —0.82486 2.26121 0.32
| = 3, polar 0.59944 —1.04125 3.29484 —3.62983 0.32
| = 2, scalar 0.48381 0.66547 1.08601 0.32
| = 3, scalar 0.67529 1.78553 —3.48822 6.54248 0.32

Table 3 J/M? = 0: fitting functions for the scaled imaginary part Mw; of the axial-led, polar-led, and scalar-led fundamental (! = 2) and

(I = 3)-led modes for M, =2

Const. Cs Ce2 Ces Cye Ces Uptoé
| =2, axial —0.088962 0.00019122 0.058767 —1.40519 0.15
[ =2, polar —0.088962 —0.0022980 —0.61401 1.78256 0.29
| = 3, axial —0.092703 —0.00045510 0.028085 —0.30585 1.72615 —3.62043 0.29
[ =3, polar —0.092703 —0.0010525 —0.10107 0.26903 0.29
| =2, scalar —0.096769 0.094095 —0.41625 1.46514 0.32
| = 3, scalar —0.096537 0.16185 —1.11991 2.84158 0.32
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Table4 J/M 2=0.2: fitting functions for the scaled real part M wpg of the axial-led, polar-led, and scalar-led fundamental (! = 2) and (I = 3)-led
modes for M, =2

Const. Ce Ce2 Ces Cia Uptoé&
| =2, axial 0.40215 0.0040144 0.63326 —1.33504 0.27
[ =2, polar 0.40215 —0.30116 1.58927 0.30
| = 3, axial 0.62968 0.22664 —0.88789 2.81144 0.31
| = 3, polar 0.62968 —1.13181 3.17165 —2.50049 0.31
| =2, scalar 0.51712 0.011722 0.72068 1.51998 0.31
| = 3, scalar 0.70858 1.59011 —2.83220 0.32

Table 5 J/M? = 0.2: fitting functions for the scaled imaginary part Mw; of the axial-led, polar-led, and scalar-led fundamental (I = 2) and
(I = 3)-led modes for M, =2

Const. Ce Ce2 Ces Cea Uptoé
| =2, axial —0.088311 0.00059332 0.12699 —0.29897 0.25
| =2, polar —0.08831 —0.001807 —0.4325 0.932 0.27
[ =3, axial —0.092124 0.016447 —0.079903 0.23416 0.27
| = 3, polar —0.092124 —0.0019111 —0.054688 0.49815 0.27
| =2, scalar —0.096382 0.077734 —0.43800 1.47117 0.27
| = 3, scalar —0.096151 0.071679 —0.45123 1.00643 0.25

Table6 J/M 2=04: fitting functions for the scaled real part Mwg of the axial-led, polar-led, and scalar-led fundamental (/ = 2) and (/ = 3)-led
modes for M, =2

Const. Ce2 Ces Cea Ces Upto &
[ =2, axial 0.43984 0.12943 0.057970 0.30
[ =2, polar 0.43984 —0.43093 4.75327 —10.3132 0.28
[ =3, axial 0.66892 0.34128 —1.751 6.94337 0.30
[ = 3, polar 0.66892 —1.35354 4.30287 —4.2662 0.31
[ =2, scalar 0.55950 1.0092 —1.28804 0.31
[ = 3, scalar 0.75052 2.14602 —3.21421 0.30

Table 7 J/M? = 0.4: fitting functions for the scaled imaginary part Mw; of the axial-led, polar-led, and scalar-led fundamental (/ = 2) and
(I = 3)-led modes for M, =2

Const. Cs Ce2 Ces Cea Uptoé§
[ =2, axial —0.086882 —0.018920 0.19278 —0.78610 0.28
[ =2, polar —0.086859 0.21001 —1.40788 0.30
I = 3, axial —0.090620 —0.072521 0.22987 0.21
I = 3, polar —0.090620 —0.0012312 —0.0065374 0.21
[ =2, scalar —0.094913 —0.0076154 0.11121 0.30
[ = 3, scalar —0.094812 —0.015924 —0.44815 0.30
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Table 8 J/M? = 0.6: fitting functions for the scaled real part Mwg of the axial-led, polar-led, and scalar-led fundamental (I = 2) and (I = 3)-led

modes for M; =2

Const. Ce2 Ces Cea Uptoé&
| =2, axial 0.49406 0.13728 0.24
| =2, polar 0.49404 —0.80871 4.14472 —11.2605 0.24
| = 3, axial 0.72280 0.91093 —8.34835 31.4192 0.26
| = 3, polar 0.72288 —1.55968 5.65631 —7.32024 0.25
| =2, scalar 0.61736 1.14805 —6.26948 0.22
| =3, scalar 0.80644 2.3968 —7.49936 10.2467 0.25

Table 9 J/M? =

(I = 3)-led modes for M, =2

0.6: fitting functions for the scaled imaginary part Mw; of the axial-led, polar-led, and scalar-led fundamental (! = 2) and

Const. Cs Ce2 Ce3 Cea Uptoé
| =2, axial — 0.083765 —0.15513 1.13554 —4.21119 0.26
[ =2, polar — 0.083765 0.13921 —0.67965 2.41021 0.20
| =3, axial — 0.087280 —0.049691 —0.27259 0.24
| = 3, polar — 0.087280 0.069483 —0.78354 0.22
| =2, scalar —0.091245 —0.049609 —0.21400 0.24
| = 3, scalar —0.091501 — 0.0040743 —0.94078 2.31049 0.24

Table10 J/M? =0.8: fitting functions for the scaled real part M wg of the axial-led, polar-led, and scalar-led fundamental (/ = 2) and (/ = 3)-led

modes for M, =2

Const. Ce Ce2 Ce3 Cea Ces Upto &
[ =2, axial 0.58602 0.0095338 —12.4504 130.262 0.13
[ =2, polar 0.58602 —1.23231 23.1094 —161.605 0.09
[ = 3, axial 0.80678 23.5558 —224.515 0.10
[ = 3, polar 0.80678 —40.7329 413.653 —1177.98 0.15
[ =2, scalar 0.70682 1.7076 —44.4424 644.965 —2462.09 0.14
[ = 3, scalar 0.88948 53.7799 —642.354 2240.56 0.16

Table 11 J/M? = 0.8: fitting functions for the scaled imaginary part Maw;

(I = 3)-led modes for M, =2

of the axial-led, polar-led, and scalar-led fundamental (! = 2) and

Const. Ce Ce2 Ces Cea Ces Upto&
[ =2, axial —0.075630 —5.41865 21.6672 0.10
[ =2, polar —0.075630 0.0043261 —0.38365 8.40446 —15.0295 0.08
[ =3, axial —0.079046 —0.13169 —18.2899 0.09
[ =3, polar —0.079046 0.35631 —9.84932 126.068 —493.866 0.13
| =2, scalar —0.081520 —2.09294 67.95 —801.508 2939.41 0.15
| =3, scalar —0.083091 —0.21802 41.0615 0.15
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