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Integrable hierarchies associated with the singular sector of the Kadomtsev—
Petviashvili(KP) hierarchy, or equivalently, witl operators of nonzero index are
studied. They arise as the restriction of the standard KP hierarchy to submanifolds
of finite codimension in the space of independent variables. For h@hadex

these hierarchies represent themselves as families of multidimensional equations

with multidimensional constraints. Thiedressing method is used to construct these
hierarchies. Hidden Korteweg—de Vries, Boussinesq, and hidden Gelfand—Dikii
hierarchies are considered, too. ZD00 American Institute of Physics.
[S0022-24889)02812-1

[. INTRODUCTION

It is well established now that the Kadomtsev—Petviashdl) hierarchy is the key ingre-
dient in a number of remarkable nonlinear problems, both in physics and mathefsat¢c.g.,
Refs. 1-4. In physics, its applications range from the shallow water wases Refs. 1-4to the
modern string theorysee, e.g., Refs. 5x8Resolution of the famous Schottky problem is one of
the most impressive manifestations of the KP hierarchy in pure mathema&iseral methods
have been developed to describe and analyze the KP hierarchy and other integrable hierarchies, for

instance, the inverse scattering transform methédsrassmannian approadhi;*® or 9-dressing
method!*~1641"These methods have arisen to study generic properties of the KP hierarchy and
other integrable equations. In particular, the construction of everywhere regular solutions of inte-
grable systemssolitons, lumps, dromions, eicwhich may have applications in physics, was a
main interest.

Much less attention was paid to singular solutions of integrable equations. Pole-type solutions
of the Korteweg—de VrieKdV) equation have been known for a long time. However, interest in
this class of solutions increased only when it was shown that the motion of poles for the KdV
equation is governed by the Calogero—Moser md8&l.Similar results for rational singular
solutions of the KP equation have been obtained in Ref. 20. The general study of generic singu-
larity manifolds began with the formulation of the Painleralysis method for partial differential
equations in Refs. 21 and 22. The structure of generic singularities of integrable equations turns
out to be connected with all their remarkable propertiesx pairs, Backlund-transformations,
etc) (see, e.g., Refs. 23 and.Xharacteristic singular manifoldse., singular manifolds with
additional constrainjshave been discussed in Refs. 24-26.

A new method to analyze singular sectors of integrable equations has been proposed in Ref.

@Electronic mail: luis@ciruelo.fis.ucm.es

0022-2488/2000/41(1)/385/29/$17.00 385 © 2000 American Institute of Physics



386 J. Math. Phys., Vol. 41, No. 1, January 2000 Konopelchenko, Alonso, and Medina

27. It uses the Birkhoff decomposition of the Grassmannian, its relation with zero sets of the
function and its derivatives, and properties of Backluransformations. This method provides a
regular way to construct desingularized wave functions near the blow-up (Bak&off stratg.
Note that the connection between the Painlanalysis and cell decomposition for the Toda lattice
has been discussed in Ref. &&e also Ref. 29 Note also that the characteristic singular mani-
folds considered in Refs. 24 and 26 correspond to the second Birkhoff strate®, ¢,=0).

A problem closely related to the study of these singular sectors is the following: A standard
KP (and KdV) hierarchy flows in the so-called big cell of the GrassmaniEmse open subset of
the GrassmannianThe Birkhoff strata are subsets with finite codimension. Are there any inte-
grable systems associated with the Birkhoff strata? A positive answer to this question has been
given recently in Ref. 30. It occurs that in the KdV case the corresponding integrable hierarchies
are connected to the Scldinger equation with energy-dependent potential.

In the present paper we study integrable hierarchies associated with the singular sector of the
KP hierarchy. This sector consists of different Birkhoff strata or equivalently of different Schubert
cells. The Schubert cells have finite dimension and are connected with the family of the Calogero—
Moser-type models which describe motion of poles. Here we will concentrate on integrable sys-
tems associated with Birkhoff strata. We show that they can be constructed by restricting the
standard KP hierarchy to submanifolds of finite codimension in the space of independent vari-
ables. To build these hierarchies we will mainly use #héressing method. Integrable systems
associated with Birkhoff strata are rather complicated as well as the corresponding linear prob-
lems. They are of high order, though there are effectivelyl2dimensional hierarchies. For
higher Birkhoff strata these integrable equations clearly demonstrate a sort of quasi-
multidimensionality. We also discuss hidden Gelfand—Dikii hierarchies. Besides illustrating by
simpler formulas some of the results of this work, we can in this case provide useful methods to
construct solutions.

An important property of the hidden KP hierarchies is that they are associated wfibra-
tors of nonzero index. This result is due to the interpretation of the Grassmannian as the space of
boundary conditions for the operator acting on the Hilbert space of square integrable functions.
We prove that the codimension of Birkhoff strata coincides with the index of correspoaiding

operator up to sign.
We finish this introduction by describing the plan of the work. In Sec. Il we recall some basic

facts about the KP hierarchy. In Sec. Il A we briefly presenttzessing method. In Sec. Il B we
review the Grassmannian and its stratification. The relation between singular sectors of the KP

hierarchy and?operators of nonzero index is considered in Sec. Il C. Section Il is devoted to the
construction of the hidden KP hierarchies. In Sec. Ill A the case index 1 is carefully ana-

lyzed. The case indea= —2 is studied in Sec. IlIB and the cases of index —3 and higher
indices are discussed in Sec. Il C. Finally, hidden Gelfand—Dikii hierarchies are analyzed in Sec.
IV. We prove that under certain conditions the only hidden Gelfand—Dikii hierarchies are the KdV
hidden hierarchy and the Boussinesq hidden hierarchy. The former is studied in Sec. IV A, the
latter in Sec. IV B. A method of constructing solutions is developed in Sec. IV C.

II. THE STANDARD KP HIERARCHY AND SOME GENERAL METHODS

We start by recalling some basic facts about the KP hierarchy and some of the methods
developed to its study. The KP hierarchy can be described in various (segse.g., Refs. 148
The most compact form of it is given by the Lax equation

oL .
In=[(|_ ).,L], n=123,., (2.7)

where

L=0+uyd 1+ u,d 2+ugg 3+ (2.2
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is the formal pseudodifferential operatars 9/9t,; and (L") . denotes the differential part af".
Equation(2.1) is an infinite set of equations for scalar functiamgu,,us,... . These equations
allow one to express,,us,... viau,; and its derivatives with respectsttpandt,. As a result one
gets the usual form of the KP hierarchy given by

du . au gu o tu 245 .
—=flu—,—,....——,...|, n=345,.., .
at, M T aty at, atq 23
whereu=u, andf, are certain functions on,du/dt,,duldt,,...,0 tuldt,,.... Thesimplest of
these equations is
au  d°u 5 au 3( d )‘1(92u 2.4
—=—F+6U—+3|—| —. :
gty ot gty \aty)  ot2

Equation(2.1) arises as the compatibility condition of the linear equations

Ly=Ny (2.9

and

Iy
So=(LNFy, n=123,., (2.6

where = (t,\) is the wave function of the KP hierarchy,is a complex parametéspectral
parameter, andt=(t,,t,,...,t,,...)e C*. This wave function has the form

x(LA), (2.7

Y= exp( >Nt
n=1

where

x1(t) N X2(t)

=1+

for large . (2.8

The functions#(t,\) and the adjoin wave functiog* (t,\) [solution of equations formally
adjoined to Eqgs(2.5) and(2.6)] obey the famous Hirota bilinear equation

f d () g (1, 0)=0 (all t and t’), 2.9
S,

whereS,, is a small circle around =,
Finally, the wave function is connected with thdunction via

= Y)

0 , (2.10

x(t,\)
where[a]:=(a, 3a? 3a3,...).

A. The 67-dressing method

Now, we present a sketch of tifedressing methotsee, e.g., Refs. 1418t is based on the
nonlocald problem:



388 J. Math. Phys., Vol. 41, No. 1, January 2000 Konopelchenko, Alonso, and Medina

ax(t,\,\)

- | [ durdintnmotmRim A NG Y, @1
IN -
where y is a scalar functionRO(,u,ﬁ,)\,f) is an arbitrary function, the bar means complex

conjugation,G is a domain inC, andg(t,u) is a certain function of and the spectral parameter.
A—\g

It is assumed thay is properly normalizefly ——— 7(\g)] and Eq.(2.11) is uniquely solvable.

By virtue of the generalized Cauchy formula, theroblem(2.11) is equivalent to a linear integral
equation. The form of this linear equatipend corresponding nonlinear equations, associated with
(2.11] is encoded in the dependence of the functgion t. To extract these equations, we
introduce long derivatives

a
V== +g 1t Mg (L), (2.12
at, n

wheregtnzag/atn. Then, we consider the Manakov ring of differential operators of the form
n n n
L:m%,... u“l”z“a"'(t)vllvzzvss'"v (2.13

Whereun1n2n3~~-(t) are scalar functions. In this ring we select thasehich obey the conditions

Jd
L,—_X:O (214)
2N

andLy—0 as\—c. Condition (2.14 means thal y has no singularities irs. The unique
solvability of (2.11) implies that for such. one has

Lix=0. (2.15

The set of equationg2.15 is known as the system of linear problems. Note that taking into
account that §/dt,) ¥=gV,x, Eqg.(2.19 can be equivalently written as

L;y=0, (2.16

where in operatork; one has to substitufé, by d/dt,,. The compatibility conditions of2.15 [or

(2.16)] are equivalent to nonlinear equations m§n2n3---(t), which are solvable by thé-dressing
method. One has to select a basis among an infinite set of linear equatit®gor (2.16)]. If one
considers an infinite family of timetg,(n=1,2,3,...) one has an infinite basis of operatorand,
consequently an infinite hierarchy of nonlinear integrable equation associate®vtith

To get the standard KP hierarchy one can choose the canonical normalizatiofi.ef, x

— 1+ x1/N+ x/\?+--- asA—x) and put

g=exp( > )\“tn) .
n=1

The long derivative¥ , areV,,=a/dt,+\" (n=1,2,3,...) and the corresponding linear problems
take the form

n
Lox= Vn—go u(H) V¥ | x=0, (2.17)
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or equivalently

oY e
E_go uk(t)ﬂ—, n=12,3,.., (2.18
whereuy(t) are scalar functions. Equatiai2.18 is just equation(2.6) and their compatibility

conditions are equivalent to the KP hierarchy in the usual form. Fdeessing method provides
a wide class of exact explicit solutions of the KP hierarchy which correspond to degenerate

kerEaIsRo(,u,ﬁ,)\,r) of theg—progem(z.ll) (see Refs. 14-16, and.4t is worth realizing that

the @ problem fory and the adjoiry problem fory™* (t,\) imply the Hirota bilinear identity2.9).

Note that in the KP case, the domdmis Dy,=C—D.,, whereD,, is a small disk around
=wo(dD,=S,). In a similar manner, one can formulate the KP hierarchy if one cha@sasch
that 90G=S (S being the unit circlge

B. Grassmannian and stratification

Next, we comment on some basic facts about the Grassmannian approach in relation to the
standard KP hierarchy. Following Refs. 8 and 27, we consider the Grassmannian Gr as the set of
linear subspace®/ of formal Laurent series on the circi,. That means thatV possesses an
algebraic basis

W:{WO()\)vwl()\)1W2()\)v} (219)

with the basis elements

Sn

wo(N)= > a\ (2.20

=—w

of finite order. Heresy<s; <s,<--- ands,=n for largen. It can be proved that Gr is a connected
Banach manifold which exhibits a stratified structlité’ To describe this structure one introduces
the setS, of increasing sequences of integers

S={s0,51,S0,-- -}, (2.21)
such thats,=n for largen. One can associate to eadhe Gr the set of integers
Sw={neZ:3weW of order n} e S;.
On the other hand, giveBe S, one may define the subset of Gr,
S={WeGr:S,=5}, (2.22

which is called the Birkhoff stratum associated w&hThe stratun is a submanifold of Gr of
finite codimension (S) =2 ,-¢(n—s,). In particular, ifS={0,1,2,3,.} the corresponding stratum
has codimension zero and it is a dense open subset of Gr which is called the principal stratum or
the big cell. Lower Birkhoff strata correspond $-{s;,s;,S,,...} different from{0,1,2,3,...
The KP hierarchy wave functio(t,\) (2.7), (2.9 leads naturally to a familyv(t) in Gr.2’
In order to see it we start by introducing € S..):

W=spad(t,\), all t}. (2.23
Using (2.6) and Taylor expansions, one gets

W=spad ¢, 01,02, .}, (2.24
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whered=dldt;. Now, the flow defined as
W(t)‘:exq_zkzl)\ntn)wy
can be characterized as

W(t) =spaf x(t,\), Vix(t\), Vix(t\),.. }, (2.29

whereV,=d/dt;+\. SinceV]ixy=\"+O(\""1), one has

Swin={0,1,2,.}. (2.26

So the flowsW(t) generated by the standard KP hierarchy belong to the principal Birkhoff
stratum?’3* Then, it seems natural to wonder if there exist integrable structures associated with
other Birkhoff strata. In this sense, only recently some progress has been made. In Ref. 30 it was
shown that for the KdV hierarchyreduction of the KP hierarchyevolutions associated with the
Birkhoff strata are given by integrable hierarchies arising from the Siihger equations with
energy dependent potentials. One of the main goals of the present paper is the study of integrable
structures associated with the full KP hierarchy outside the principal stratum.

C. (9_operators of nonzero index and singular sector of KP

Finally, we propose a wider approach which reveals the connection of stratification of the
Grassmannian with the analytic properties of theperators. This approach is based on the
observation that the Grassmannian can be viewed as the space of boundary conditiong for the

operator Let us consider the Hilbert spad¢ of square integrable functions=w(\,\) on
Q:=C-D,, (whereD,, is a small disk around the poit=), with respect to the bilinear form:

- J J NS dAAdn -
Then, givenWe Gr (described abovethere is an associated domdih, on H for 9, given by

those functionsv for which sw € H and such that their boundary values®nare inW. Thus, we
have an elliptic boundary value problem. To formulate it correctly, that is to have a skew-

symmetricd operator:
(v,0u)=—(av,u) YueDy, VveDy (2.28

one has to defin@/, the dual of an eleme in the Grassmannian, as the space of formal Laurent
seriesv(\) of A € S,.(S.=dD..) which obey the condition

Jsx Z?T)i\)\ v(Nu(N)=0, YueW. (2.29

Properties of\ andW are convenient to evaluate the index ofEeperator. LetSy, and Sy,
be subsets of integers determined by the orders of elemeitsand W. Then, we have

Si={—nlne Sy} (2.30
Let?w denote the operatcEacting on the domaim,,. The index of this operator is defined as

index dy:=dim(ker dy,) — dim(coker ).
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It can be determined as

index ay=card Sy—N)—card Sy~ V), (2.3)

whereN={0,1,2,..}. Note that the index of thgw operator is closely connected to the notion of
virtual dimension ofW used in Ref. 13,

v.d(W)=card Syy—N)—card N—-S;,).

Indeed,
0e Sy=index dy=V.d(W). (2.32

Let us consider now subspac®¥(t) generated by the standard KP hierarchy. Sigg:
={0,1,2,..} [see(2.26] and Sy, ={1,2,..;, one has that inde#;)=0. Thus, all the equations
of the standard KP hierarchy are associated with a sector of Gr with zero index of

Now, what about the case of nonzero index? How to characterize these sectors in Gr? Are
there integrable systems associated with them? Addressing these questions is the main subject of
our paper. The answer can be formulated as follows: Given the wave fungtigh) of the
standard KP hierarchy, we consider submanifoldsof finite codimension in the spa¢& which
are defined bynm constraints

f()=0, i=1,2,..m (2.33

(f; are some analytic functiongmposed on the independent variables(t;,t,,...). Thepoint is
that under appropriate conditions, the restrictiag, of the wave functiorys on M determines

familiesW,{s) in Gr which correspond tgoperators of nonzero index. We will show that these
sectors of Gr are associated with integrable hierarchies.

The nonzeraj-index sector of Gr is closely connected to its singular sector. Indeed, suppose
that the restriction off on the manifold(2.33 defines the corresponding famiWy,.{s) such that

S, )ZN—{rl,rz,...,n}. (2.39

reqs

Then it is clear that
A 'W,ed 9) (2.35

are elements of Gr with zero virtual dimension and, consequently, the same holds'Wf,s.
Therefore, there is a function, (t), associated with. ~'W,.s such that

_r(t=[AT1)

M= =

On the other hand, the elements of minimal ordef2r85 are ~'y,.{S,\). This means that the
function’y is singular on the submanifold or, equivalently

7| ,=0. (2.36

Then, the submanifoldd leading to the nonzero index sector of Gr are zero manifolds of the
7-function of the KP hierarchy. This property is rather obvious if one observeg2tg8 deter-

mines a domain for thgoperator with a nontrivial kernel. Consequently, the determinant of the
d operator, which is proportional te(t(s)),® vanishes. Therefore, the constrained wave function
Yed S\) IS a regularization of the wave functioq(t,\) on the blow-up submanifola\1.
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The above coincidence between a singular and nonzerdex sectors is an important feature

of the KP hierarchy. It demonstrates close relation between singular and nehirelex aspects
of the integrable hierarchies.

Note that integrable hierarchies with constrained independent variables have been discussed in
different context also in Refs. 32 and 33.

lll. HIDDEN KP HIERARCHIES

Now, we proceed to the construction of nonlinear systems associated with manifolds of finite
codimensions given by constraint®.33. First, we realize that for “good” functions;, the
theorem of implicit function implies that one can solve E233 with respect to anyn variables,

i.e., one can express variablestnl,t A, as functions of the others=(...t,,...)

X(n&{ng,...,nyt) in the form

nyree

tnizbi(s), i=1,..m. (3.1

Formula(3.1) gives us the parametrization of the manifold given(By33 by the independent
variabless. Since any set ofn times can be chosen &g in (3.1), one has an infinite number of

different parametrizations of the same manif@@d33).

The KP wave function/(t,\) restricted to the manifold3.1), i.e., the functiony,{S,\) is
regularizablé® Since in what follows, we have to considéf.{s,\) and ,.{s,\) instead ofy
and y we will omit the label res in both cases. In order to construct restricted KP hierachies we

start with the?—problem(Z.lJ) for the regularized restricted functigp(s,\). This function has
canonical normalization, the correspondifgroblem is uniquely solvable and

g(s,)\)=ex;{ > )\”tn(s)). (3.2
n=1
Then, one can use all the machinery of Edressing method.

A. The case index (d)=-1

We start our study of the hidden KP hierarchies by considering the simplestntade
Suppose first that we solve the constrdift) =0 with respect td;, then we have

tl:bl(321531'-')1 (33)
g(s,)\)=exp<)\b1(s)+2 )\“sn) (3.4
n=2
and the long derivatives , are
AL S P 3
" oe 75 . nN=23,... (3.9

Since in this case the operator of the first ordek iis missing in the basi€.25 one has
S\Nres(s):N_{l}a
consequently, due t(.30 and (2.31),

index(dy,_s)=—1. (3.6)
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In order to get the linear probleni2.16) associated t63.4), one has to construct the operatbrs
of the form (2.13 which obey conditiong2.14 andLy—0 as\—o. This is a tedious but
straightforward calculation after which one gets the infinite set of linear problems

Tyth— Toth= oW+ Ugdth+ Updyth+ UzdZ i+ Ugdedy i, (3.7)

and
Os b= eh=V otV 1dyxh+Vodyih,
Osgt=Po+ Prdx+ Podyp+ Padyih+ dxdy,... (39
O =3P gk,

where n=4,5,6,...; n=2n,+3n5 with n,=23,... andn;=0,1, and we have madg:=s,,

y:=s3. By denotingb:=b,, we have that the coefficients {8.7) and(3.8) are given by

U= Byxxx1 1 3byx1x T 3xaxxt 3bxxaxxt 3b>2<)(2><+3b><)(3><+3)(4><_byy)(l_Zby)(ly_3b><b><y)(1
+ bxbelx_ 3b>2<le_ 3be2y+ 4be2x_ bybxxXl_ 3be1Xlx_ 3X3X1x~ 3b>2<bxxX1

—3b,x1X2x T 2Dy X 1 X1y~ 3DxX2X 1x— 3X2X 2xH 3X1X2X 1xH 2X2X 1y~ 2X3y s (3.9

Uy = 30,0+ 3byx1x+ 3x2x— 3x1xX1— 2le_ b32/_ b>2<by!

Up=3b+ b3+ 3x1x+byby, Uuz=—2b,, u,=3b,,
Vo=2X1X1x~ 2X2x~ 2byX1x V1:_b>2(, vo=—2by.
Ps=—bx, Py=2b7—by, P1=bi-bby—xax,

Po= X1X2xt X1X1y— 2bXXleX_X%X1X+X1XX2_X3X_X2y_ byx1x— Byx1y T 2bxx okt 2b%x1x -

The absence of an operatBrof the pure first-ordei imposes the constraints:

Byxxt 3X1xxt 3Xax— byy_ 2X2y_ 3bxbxy_ be1y+ belx_ bx><by

— 3x1X2— 3DEDux— 3x2xX1+ 3x1XE + 2X1yx1=0,
(3.10
bs, — bex— 2x 15+ 2b, by +b3=0,

bss_ bxy+ bybyx+ byz/_ b>2<by_ bi_ Xox— X1yt 3byx1xt X1X1x=0

and so on. Higher linear problems and the expressions of the coefficients are complicated and we
omit them. The linear problem8.7) and (3.8 represent themselves as an infinite hierarchy of the
linear problems for the restrictélidder) KP hierarchy with index= — 1. All these problems are
compatible by construction and the compatibility conditions for them give rise to an infinite
hierarchy of nonlinear evolution equations, a restrigteidden KP hierarchy. The simplest sys-

tem of this hidden KP hierarchy is the one associated (@tf) and the first equation if8.8) and

has the form
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(t‘—S4):
u t—_u XX—_SU y__5 2 X+_4u u X_l_:Zu X1

__ 2 2,2 1,2 4 2 2,2 2
Uz = — 3UgUgxx— 5Ugx T 3Vox+ Ugyx T 2U1— gU4Ugx— 3UsUgy— §U4U3y+ gU4Ugy— gUgUgUysy,
(3.11

— 2 1.2 2 2 2 2 2
Uzt= — 3Usxxxt Uxx— sUgU2x— 3UpUay + 3Uayy — 3UaUzy — 2Voy+ 3UsUaxy — 3UpUsaUax— UaVox

2 2
+ 5UsUgux T 5UgUsy,

— 2 8 1,,2 4 2 2,2 2
Ut = — gUgUgxxx— gUaxUsxxt 3V0xx+ Ugxxt 2VOX_ gUgUgx— §ulu4y+ §u4u4yy+ §u4y_ 3UgUsy

2,.2 2 4 2 2 2 2
—UgVoyt §UsUaxy T §UsUaxUgy — 5U1U4U4,— §UsU4U4xx— §U3Ug,— 2U3V oyt §UoUsU4y

— 1.2 4 2 2
Uot = Voxxx ™ Uoxx™ 5UsUox — 3UoUay — Voyy = 3Ualoy — UgVoxy — sUoU4aUax = UaVoxx— U2Voy — U1V ox
where
1.2 1.2, 2 2 4 4 -1 1,3,1
Vo= 37UgU3— gU3~+ §UsUax— 3U1+ gUay— 5dydy ~(Up— 25U+ GUsUs).

Note that since due t(8.9) u,=3b, anduz=2b,, one can rewrite the syste(8.11) as a system

of four equations for the variablds u,, u;, andu,. Equation(3.11) and higher equations are
solvable by thed-dressing method, though all solutions would be expressed in implicit form.
Then, we have an infinite hierarchy of integrable 2-dimensional equations. This hierarchy is
associated with a restricted element in the Grassmannaian which satisfies

Wied 8) =spaf ViVix(s,\),n=0m=0,1}. (3.12

Note that the basis of the spa¥é.{s) is formed by two-dimensional jets of special form in
contrast to the one-dimensional j€&25 for the standard KP hierarchy with index=0.

Note also that if one tries to construct the linear problem starting gviththe form(3.4) with
b, = const, the procedure collapses. In this cgs&0 gives too strong constraints on the function
X (x1x=0, x2x T xX1y=0,...).

As has been mentioned before, the form(8a3) gives only one possible parametrization of
the manifold defined by the equatidfit) =0. Let us take the one given by

t2:b2(slis3ls4!'--)! (313
so
g(s,)\)=exp( AS;+A2by(s)+ D N, (3.14
=3
and long derivatives are
Vot ™2 0 ni134 3.1
"= s, P, , n=134,... (3.15

Similar to the previous case, one gets an infinite family of linear problems with the corresponding
family of constraints. The first linear problem is of the form£s,, y:=s;3, t:=s,)

T3P=Usdoh+ Ugdydytht Uz i+ Undy b+ Ugth,

2
Op=V3d i+ V2&y¢+ V 10yt Vb



J. Math. Phys., Vol. 41, No. 1, January 2000 Singular sector of the KP hierarchy . . . 395

The compatibility condition for this system leads to the first integrable system of this hidden KP
hierarchy. The expressions of the potentials, the constraints and the system are a bit more com-
plicated than in the above-studied case and we omit them here. Note that in this case we have

Wied 8) =spaf ViVix(s,\),n=0m=0,1} (3.19
and consequently

index(dw,_gres=—1. (3.17)
Let us consider now the next choice,

t3=b3(51,55,S4,.-.). (3.18

One has

g=exp()\sl+)\252+)\3b3(s)+2 Ns, (3.19
=4

and the long derivatives have the form

Vet 3P0 1245 3.2
n_(?Sn (9Sn [l n= 1y Ty ( . @
Using these long derivatives we can find the corresponding hierarchy of linear problems and
nonlinear integrable equations. On first sight, one could think that,asV, andV:=V, are
third-order operators, the operators of the first and the second order are missing and consequently

index 9= — 2. However, by taking the linear combination of long derivatives=0; here
b, V,—b,V,=Db,d+N\by,—b,d,— \2b,,

we see that only the first order his missing and then, we have indéx — 1.
A similar situation takes place in the general case

tn=bn(Sl,...,Sn,l,SnJrl,...) (321)
for n=3. One has
Ve 2 0y s 3.2
™ 9Sm 9Sm » M#N. (322

In a similar way to the previous case, one gets the operators of the second, thim- 1)tk
order by taking linear combinations of the operat®ss V,,...,V,,_1. Then, we have that in the
general case index=—1.

We finally point out that all the hierarchies of linear problems and integrable systems consid-
ered in this section are closely connected. In fact, since they are associated with different param-
etrizations of the same manifofqt) =0, they are related to each other by change of independent
and dependent variables.

B. The case index (d)=-2
Suppose now that we take=2 in (2.33), i.e., the manifoldM is defined as

f,(1)=0, fo(t)=0.
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Then, one possible parametrization is

t1:b1(53is41'-')1 t2:b2(s3is4l"')l
and the functiorg and the long derivatives are given by

[

g(s,)\)=exp( )\bl(s)+7\2b2(s)+23 Nsi |,

ab,

= k =
S 75, 75, +A%, k=34,5,...

In order to construct linear problems we look for the operators of the form
_ n n n .
L=2 Uy V3oV, Ve

satisfyingLx=0. It is easy to see that fan#1,2 we have an orden operator of the form
V33V,*Ves with n3=0,1,2,... anch,, ns=0,1. On the other hand, as each long derivative is of a
order=3, there are not operators of order 1 and 2. Then,

W,ed 8) = spaf V2V 14V 25y (s,0),n3=0,1,2,..04,n5=0,1},

(3.23
Sw,es(s):N_{laZ}

and consequently

index(dw,_s) =~ 2.

In order to get the linear problems involving the minimum number of independent variables we
use, instead 0f3.23), the more convenient system of generators\gf{s) given by

Wied ) =5paf V32V ,4x(s,M),n3,n=0,1,2,.. Vsx(S\)}. (3.29
The linear problems corresponding to the lowest orders are then

3 2 2 3 2 2
TqP— Igh+ Ur193051+ Uyod50a 0+ Ugd3h+ Ugdqth+ Uz dadah+ Usd5h

+U50')5¢'+ U4(94lﬁ+ U30"3¢+ Uolp:O, (325)
35— Ja+ V7030430 +Ved3P+Vsdsh+V 4dath+Vadsh+ V=0, (3.26

504 — I3+ Pgdadsth+ Prdadah+ Ped5d+ Psdsih+ Padah+ Padzh+pop=0, (3.27)

whereu;, 1=0,3,4,...,11yv, k=0,3,...,7, ang,, | =0,3,...,8 can be expressed in term$ef b,,
and y,, (n=1). Due to the absence of operators of the first and second ordewm have two
constraints orb,, b,, and y,,(n=1) associated to each equati$125—(3.27).

Note that only two linear equations amo(®j25—(3.27) are independentform the basis of
the Manakov ring For instance, the probleni8.26 and(3.27) are equivalent modulo the prob-
lem (3.25. Indeed, acting by operatar, on (3.26) and by the operataf; on (3.27), subtracting
the equations obtained and usi(®25 one gets an identity. Then, choosing, for instari8e25
and (3.26 we have a system of two three-dimensional linear equatiwagablesss, S,, Ss).
However, it implies thai/ satisfies also a two-dimensional linear equation. Indeed, u8i2),
one can expres&sys via the derivatives ofy with respect tes; ands, (since in generalis#0).
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By substituting this expression int8.26), one gets

D303 — Y+ T 1405050+ T 130304+ T 12030+ T 10030+ 1 1193950+ 1093941

T 9IS+ T gda+ T 70304+ T 6O+ 404+ T 3050+ oh=0, (3.28

wherer; (i=0,3,4,6,7,...,14) ant,, can be expressed in terms wf (i=0,3,4,...,11) and/; (]
=0,3,4,...,7). Thus, one has the two-dimensional equ&8dt8) with variabless; ands, and the
three-dimensional equatiai®.25. The compatibility condition of the linear problem constituted
by these two equatiori®r equivalently(3.25 and(3.26)] gives rise to a three-dimensional non-
linear integrable system with independent varialdgs,,Ss.

In the same way, taking into accouf®24), the equations in linear problems which involve
higher timess, (n=6,7,...) can be written in the form

J
a_sli:ﬁ23324¢+"‘+ Pksdsh+---+Proty, K=6,7,..., (329

wherek=3n5+4n, and p,, are certain functions and we have two constraints associated with
each equatiori3.29. In order to eliminateisy in (3.29, we use(3.25 so that

Iy ~
£=ag3534¢+ > Brogm, (95030, k=6,7,....
k Mg, My

By construction, these last equations are compatible with(8@8, thus, we have an infinite
hierarchy of commuting 2 1-dimensional integrable systems for the coefficients.

Finally, from (3.25 we can expres¥gy as a linear combination of elements of the form
VQWZ“X, we can eliminatéVsy for the system of generators W,.{s) [see(3.23, (3.24)]. In
fact, by using(3.25-(3.27) in (3.23 we get

Wied9)=spanfV33Vy4x(s,\), n3z=0,1,2,.0,=0,1,2.

C. Higher indices of the 0_operator

We finish Sec. Ill by discussing the basic properties of the case iftdex3 [or equivalently
m=3 in (2.33]. We will show that we have a hierarchy of integrable systems associated with
each manifold defined by2.33 with m=3, but in this case the hierarchy consists of
3+ 1-dimensional nonlinear systems, instead of thel2dimensional systems found in the cases
index 9= —1 and indexd= —2. As all the basic properties are exhibited for= 3, we start by
considering this particular case. Suppose then, that wertek8 in (2.33 and solve the con-
straints with respect to;, t,, andt;. We have

ty=bi(s) tr=by(s), tz=bs(9),

consequently

o

g(s\)= ex;{ Ab1(S) +N\2b,(S)+A3bs(s) + 22 N'si |,

and the long derivatives are

dby db, b
NN R N\

— N1t +2K,  k=45,...
JSk dSK dSK dSK

Vi
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From the expressions of the long derivatives, it is easy to see that=fdr we have an operator
of ordernin  of the formV ,*V 5V ¢V 77 with n,=0, ns, ne, n;=0,1(at most one of them equal
to 1). On the other hand, as every long derivative is of orgtdr there are not operators of order
1, 2, and 3. Then

Wied 8) =span{V 4V stV 7 x(s\),n,
=0,n5,Ng,N5
=0,1 at most one ofng,ng,n; equal to 1, (3.30

so that
Swee=N—{1.2.3

and consequently

index(dw, (s)=—3.

In order to get the linear problems involving the minimum number of independent variables we
use, instead 0f3.30), the more convenient description bf,.{s) as

Wied 9)=span{V,*Viox,ns=0n5=0,1,2,3Vsx,V7x,V5Vex}. (3.30)
The lowest order linear equations constructed using the system of generat8r3lrare

Tetp— O30+ Urod3d 4+ Usad2daht Us7d3ds -+ Usedgth+ Ussdatht U add i+ Upadsdat+ Uy i
+Uq1d50¢0+ Uloﬁé‘/f"‘ Ugdydsih~+ U8f7421‘r/f+ U707+ Ugdgih+ Usdsif+ Ugdth+ Ugh=0,
(3.32

4061~ O2+V odadsihtVedahtVd7ih+Vedeh+Vsdsth+Vadath+voyy=0,  (3.33

0407— Isdsi+ P09+ Podadsth+ Padah+ Prd7th+ Pedst+ Psdsth+ Padath+ Poth= ?: 4
3.3

I507p— I3+ Q119596+ Q1005+ Ugdads i+ Ugda i+ U707+ Usdeth+ Asdsth+ Uadath+ Aot
=0, (3.35

Tgth— I3+ Wi195d6h+ Wiodath+ Wod 4 dsth+ Wed th+ Wy 07+ Wedeth+ Wi ds iy + W,dath+ Wo i
-0, (3.36

whereu;, 1=0,4,5,...,.19;v;, j=0,4,5,..,9;py, k=0,45,..,10;q;, 1=0,4,5,...,.11; andv,, r
=0,4,5,...,11 are functions &f;, b,, b;, x, (n=1) and their derivatives. Besides, we have three
constraints on the coefficients of the wave functions for each equeid®—(3.36).

Again, among these five equations, there are only three independent ones (3082lo~or
instance, acting of3.33 by af-,, on (3.395 by ai and using(3.32, (3.33, and(3.34) one gets an
identity. So(3.35 and similarly(3.36 are satisfied due to Eq63.32—(3.34). These three equa-
tions provides a four-dimensional systdiveing the independent variableg,ss,Sg,S;). How-
ever, using Eq(3.33 one can get,y in terms of derivatives ofy with respect to the three others
independent variables, i.e.,

1
7= — V_7(<94l96¢_ TP+ Vodadsh+Veds+Vedeh+Vsdsh+Vadah+vo), (3.37
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and then this term can be eliminated frg®32 and (3.34. As a result one gets two linear
equations fory which contain onlyd,, ds, anddg. The linear problem determined by this couple

of equations is compatible by construction, and the compatibility condition gives rise to a system
of nonlinear equations in three dimensioss,(ss, andsg). A new system in the hierarchy can be
obtained as the compatibility condition of one of the equations considered hefoege 7; has

been eliminatedand (3.37). In this case we have a system of 3-dimensional nonlinear equa-
tions (spatial variabless,, ss, Sg, and timesy). Linear problems containing higher times
Sg,Sg,... have the form

W= D Vinn ' deodtth, k=89,..., (3.38

NgNgng

wheren,, ns=0, ng=0,1 andv, ,_, are certain functions. Note that (8.38 we have already
eliminated the term¥, s by using(3.33.

The compatibility conditions of3.38 with the equation obtained by eliminatidg in (3.32
defines an infinite hierarchy of 81 dimensional nonlinear systems with four independent vari-
ables:s,, ss5, Sg, and times,. Now, one could eliminate als@;y from Eqgs.(3.32, (3.33, and
(3.34), in order to get a single linear equation containing derivatives with respect to only two
independent variables, andss. But in order to do it, one has to invert an involved differential
operator. Consequently, the correspondingl12dimensional equation is a complicated integro-
differential one.

Finally, from the above discussion, it is clear that we can elimiNate from (3.31), then we
get a basis oW,.{9) in the form:

W,ed 8) =span{V,*Viox,n,=0n5=0,1,2,3Vx,V5Vex}.

We finish the study of the hidden KP hierarchies by summarizing the results for the general
casem= 3. Solving Eq.(2.33 with respect to the firsin times one has

tk=bk(sm+l,sm+2,...), k=1,2,...m,

then
m o0
g=exp{2 b9+ X Nksy
k=1 k=m+1
and
m
Vi=—+ 2 A +AK, k=m+1m+2,....
55k =1
In this case

Swreés)zN—{l,z,...m},
and consequently
index(gwreés)) =—m.

Now, by constructing operators of the form

2: n n

— m+1 m+2

L unm+1nm+2,_ m+le+2
Mm+1Mm+2,...
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which satisfy the conditioni2.14), one gets an infinite hierarchy of linear equations. One can see
that there aren of them which form a basis of Manakov ring of operators of lowest order with
minimal number of independent variables, (1, Sni+2:---» Som+1). AS above, one can in gen-
eral eliminate dys 1, domib,....0m+aty from these subsystem, and get a system of three-
dimensional linear problems. In this way, the whole hierarchy consists+ii 3limensional
nonlinear systems with constraints.

We finally point out that 3-1 hierarchies of integrable systems with constraints have been
discussed in a different situations in Refs. 34—36.

IV. HIDDEN GELFAND-DIKII HIERARCHIES ON THE GRASSMANNIAN

As a particular case of hidden KP hierarchies associated with sectors of Gr with n@nzero
index, we discuss here the hidden Gelfand—D{dD) hierarchies, ¥ 1-dimensional integrable
hierarchies associated with energy-dependent spectral problems. We prove that under certain
assumptions the only hidden GD hierarchies are those associated witlligereequations with
energy-dependent potentidlsidden KdV hierarchies

2m

Fop=| KP4 2 (K™, k=N,
and that associated to the third-order equatiudden Boussinesq hierarchy

3= K2+ Uy (9Kk+Ug(9) h+ (V1 (9K+ V() dyth,  ki=AZ.

The hidden KdV hierarchies were already introduced and studied from the point of view of
the Hamiltonian formalism in Ref. 37 and they were further generalized and analyzed in Refs. 38
and 39. As for the hidden Boussinesq hierarchy, it is one of the four cases studied in Ref. 40 in
connection with the theory of energy-dependent third-order Lax operators. In both cases we
manage to formulate a general solution method.

The start point here is ahGD wave function. It is a particular KP wave functiaf(t,\)
verifying the reduction conditions:

dx=0, m=12,... 4.2
As a consequence, its corresponding flow can be characterized as
W(t)=spanA™V['x(t,\),m=0,0<n<|—1}.

Note thatW(t) does not depend on the parametgrsm=1,2,..., so from now on they will be
supposed to be set equal zero, or equivalently

t=(t1,....th,...), n&(h):={1,2131,...}.
In theg—dressing method, reductioii4.1) correspond to kernels of the form
Ro( 2,0, 0) = (' =\ Ro(w),

then, we have thé problem

ax(t,\) 2
N et

(6, NR,(EN), (4.2)

where
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2i -~ ~ e
g=expg ——|. Ra(t,A)=0o(t,M)RA(N)Go (1,G"N)

with go(t,\) =expEi.() tA) and R,(\)a=1,2,..] are| arbitrary functions. Note that the
problem(4.2) is invariant under multiplication by'.

We now focus our attention on the study of the hidden 1-GD hierarchy. In order to do that,
given an integer numbear>0yr ¢ (I), we consider restriction undet,=r—1—[(r—21)/I] con-
straints (2.33), (here[-] denotes integer partsolved with respect to the first consecutidte
parameters. It means

ti=bi(s) 1<i<r, i¢(l)
with s =(s;,...,S;,...)n>r,n& (). We have then that

Wres(s)=spar{)\m'Vi"11Vi"2"’...X(sf A),MNg, Ny, =04q,is,...20igis,...e(l)} (4.3

and long derivatives are here defined as

J _ab,
+ 2N —+\", n=r.

Vo=
"ogs, = 9s,

Clearly, if we look for (1+ 1)-dimensional hierarchies associated with these restrictions we need
W,ed s)=spafA™V2x(s ,\),m=0,0<n<|-1} (4.4

wherex stands now fors, . Consequently we are interested in those submanifditi$or which
the correspondingV,.{s;) verifies(4.4). In this sense we have:

Proposition 1: The family \W{s) satisfies (4.4) if and only if the functiof(s, ,\) obeys an
infinite system of linear equations of the form

b= oS K) X,
_vl-1 m 4.9
In 2m=00‘nm(sr!k)‘?x g, n>r, ne(l),

where y, and ay,, are polynomials in k=\'.

Proof: The functiony(s, ,\) as well as its long derivatives of all orders with respect to the
variabless, belong toW,.{s;). Then, if (4.4) holds all these functions can be decomposed in
terms of the basi&™V}y. Therefore(4.5) follows.

Reciprocally, if y satisfies a system of the forfd.5 then from(4.3) and by using Taylor
expansion we deduad.4) at once. O

The next statement describes the cases in widch may arise.

Proposition 2: Only two classes of parametrized submanifoldssatisfying (4.4) are al-
lowed

(i) Submanifolds\{?) of the form

tri—1=bi(me1), i=1,..m, m=1,

for the second GD hierarchy
(i) SubmanifoldsM‘®) of the form

t1=b(s,),

for the third GD hierarchy
Proof: Let us assume tha#.4) holds thenW,.{s) has no elements with ordersuch that
o<n<min(r,l). Moreover
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ordef A"V x)=Im+nr.

Let us first consider the case-1. It implies thatl +r<2r, and therefore if there aiiet (1) such
thatr <i<I+r then the functions/;y are elements of ordérwhich cannot be decomposed in
terms of the basia'™Vy. The only way to avoid these functions is to take2, and conse-
quently the allowed are the odd integens=2m+1 (m=1).

Consider now the case<|. We have

orde(V,x)<ordeVZy)<ordef\'V,x).

Thus, given « (1) such that <i<2r then the function¥; y are elements of ordemvhich cannot
be decomposed in terms of the basi&V)]y. But it is obvious that these functions will arise
unless we take=2 andl=3. O
As it will be proved below one can construct explicit examples of submanith,%’ and
M® satisfying(4.4). Observe that in these cases the corresponding families of subspaces in the

Grassmannian lead to the following values of the index:of

(1) For M?):
Sw (s, p=N—1{13,...an—1},
so that
index(dw, s, . ))=—m.
(2) For M®):

S\Nreész):N_{l}'
and as a consequence

index(gwregsz)) =—-1.

In both cases the families of subspaces in the Grassmannian lie outside the zero index sector of the

d operator. Next, we are going to show that for both classes of submanifolds described above there
exist hierarchies of integrable systems.

Before analyzing these two cases, it is worth noticing that we have only looked for submani-
folds associated to (£1)-dimensional hierarchies of integrable systems, obtained by solving
constraintg2.33 with respect to the first variables. Nevertheless, by using the methods of Sec. Il
and solving the constraints with respect to any set of variables, we can get in general multidimen-
sional hiddenl-Gelfand—Dikii hierarchies for arbitrarly andr(r & (1)). It is also clear that all
these hierarchies belong to sectors in the Grassmannian with nonzero index.

A. Hidden KdV hierarchies

Consider first submanifolds2, verifying (4.4). From Proposition 1 the constrained wave
function #(s,41,\) satisfies an infinite linear system of the form

Fth=U(Soms1,K) ¥,
(4.6)
Ion+1¥=an(Sm+1,K) U+ Bn(Sm+1,K)dxp,  n>m,

wherek:=\2, U=U(Syms1,K) :=k?™ 1+ 32" kU (Smy1), anday,, B, are polynomials irk. By
introducing the bilinear form
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1
B('/”‘P):Z_W

p(N)  e(N) ‘
p(=N)  o(=N)|’

we may write the coefficients,, and 8, in (4.6) as

an:B(ﬁzmll/fﬁxl//)' Bn:B(df’&an'ﬂ) .7
B(4,dxh) B(4,dxih)
Then, we haver,= — 38,,. Furthermore, the compatibility conditions fe4.6) imply
don+1U=JBn,
where
Ji=— 193+ 2ud,+ uy. (4.8

On the other hand, the functig, is related to the trace of the resolvent of the Sdimger
operator

¢(32m+1v)\)¢(92m+1a_)\)
B(4,dx¢p)

Thus, from(4.7) and the polynomial character @, as a function ok it follows that

R($m+1.K) =

Bn=(K"""R),
where k" ™R) , stands for the polynomial part &' ™R with R being substituted by its expan-
sion ask— oo,

R
RZl"’E n(sznm+1) -
n=1 k

Therefore
don1U=J(K"""R), . 4.9

It turns out’ that the coefficientsR, are differential polynomials in the potential functions
(ug,uq,...,Usy). They can be determined by identifying coefficients of powerk f the equa-
tion

JR=0.

In this way the set of equatior{4.9) constitutes a hierarchy of integrable systems associated with
the Schradlinger operator in4.6). We will refer to this hierarchy as Kdy,.;. Solutions of the
members of the hierarchies can be derived from the functiorad x,, .

For example, fom=1, using our standard techniques and the method considered above to
construct the hierarchy, we have that the potential function is given by

U2:2bx,

, (4.10
Up=Dbj+2x1x,

Uo=2x3x— 2X2X1x T X1P22F 2 X 1xbx

whereb:=b,. The first integrable system in the hierarchy corresponds=&; and takes the form
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JiUo= 7Uzxxx— UgUox— 7U2Uox ,

AUy = = 3UoU1,— Uglpy + Uy, (4.11

9= — JUplUpy+ Uy
The second equation if@.6) is in this case
Geth= Ugxih+ (K= 3U5) Iy,
and the absence of the pure first ordein W,.{s,) meangEq. (4.6)] the constraints
X1x= D0, Xoe= XX1x— Byx- (4.12

Note also, that using#.10 and the first equation it4.12), system(4.11) is equivalent to a system
of two equations fob andug,

Uor= 2Dyxxx— 2DxxUo— byloy,
(2b,+3b2)+ 2b,(2b,+ 3b2) — Ugy+ by (2b,+ 3b2),=0.
Analogously, form=2, we have that the potential function is given by
Us=2by,,
Us=2by,+b3,,
Up= 201,00+ 2x1,
U1 =2X3¢~ 2X2X1xF X1D2uct +2x1:D2ct by,
Uo=2x5x— 2X4X1x T X3D2xxt 2X3xD2xt X1b1xx T 2D 1,0¢ 15— (Ug—bF,) xox -
The second equation i@.6) is
Iip= GUaxtp+ (K— 3Us) dyif,
and the absence of ordexsand\® means the constraints
b5t 02— b1,=0, X1~ Do = b1 =0, 2okt b= 2x1x1=0,
2Xaxt D 20x1X3)x+ Daxe X2 X3 =020 + 2X2x1X1x=0.

Finally, we point out that although we have only considered constraints solved with respect to
the first parameters, submanifolds of the fomnfﬁ) can be parametrized in other ways and we
also get hierarchies of integrable systems. Unfortunately, in this case, there are not available direct
methods to construct the hierarchies, as the one discussed above to construct fhe Klafer-
archy, but we can always use standard techniques to get integrable systems. For example, taking
the casen=1 with the parametrization

t3=b(S), S:=(Sl,35,...,52m+1,...)
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and takingx:=s;, t:=sg we have the linear problem

92h=(Uzk®+ U k2 + UK+ Ug) tr+ Vo dyih,

(4.13
A= agp+ (B1K+ Bo) dxth,
where
us=bZ, u,=2b,, u;=1+2bxy,,
bXX
Up=— b_Xl_beXlxX2+ 2X1xF 2byxax, (4.14
X
by« Uoy 2 1-uy
Vo= ap=—2 M ,31—u_2' Bo=2 o
and the absence of orderin Eg. (4.13 means the constraints
1 by
Xix=p Pe,  Xox=XX1xt 202 (4.19

By imposing the compatibility condition in the linear proble{@.13 we have the integrable
system

U3t=2B1xUp+2BoxUz+ B1lax+ Bolay
Uzt =2B1xU1+2BoxUz+ B1Uix+ Boloy,
U1t=2B1xUo+2BoxU1+ B1lox T Bolix,
U1t= aoxx T 2BoxUo+ Bolox— @oxVo,
Uot= (2ao+ Box+VoBo)x
that using(4.14) and(4.15 can be reduced to a system of two equationsbfandug:

b1 3-2b b))+ — i L lb.p=0
b, b2 (3— xt)+2_bxu0x_ b, b/ PO

X/ x

XX

(byby)i— b_>2( U+

+1 bxx 2 bt 1 bt 1 bxx bxx -0
o™ 5| pF XX— b, b2 XUo— b, b2 Uorz—bx ES: X— :

X X X

B. Hidden Boussinesq hierarchy

Our next task is to show that the submanifolei® satisfying(4.4) are also associated with
a hierarchy of integrable systems. From Proposition 1, now, we have

F3P= (S, K) Y+ V(S ,K) dyih,
(4.16
Inth=an($,K) 4 Bul(S2,K) b+ yn(5,K) 0245,

wherek:=\3, u=uy(s,) + kuy(s;) + k2, vi=vy(s,) +kvy(S,) anda,, B,, andy, are polynomi-
als ink. By introducing the trilinear form
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W(N) o(N\) 7(N)
Y(ek) @(eN) m(eN) |,
P(€°N)  @(€°\)  n(€N)

T(¢,0,m):=
(4 @,m) G

wheree=(—1+iv3)/2, we may write the coefficients i#.16) as

oo ) o Tt
T(adgy) " T(aih )’

=
Yn:T(l/A 5xi/f,t921!f) .
T(,dxi, 05 )
By now using(4.16) it immediately follows that
an= =32V ¥n+ Ynxxt 3Bnxl-
Furthermore, the compatibility conditions f6£.16) imply

IV
apu

:J( Ynxt ﬂn) ,
Yn

whereJ is the matrix operator given by
Jii= =203+ 2Va,+vy,  Jipi==dp— d2-V+30,-U—U,,
Jo1i=— 95+ VA2+3Udy+ Uy,
J22=4 203 2(V 35+ 33 V) + (V24 3Uy) dt oy (V24 3uy) 1.

The standard technique shows that these equations are related to the resolvent trace functions

T, b N oyh) T(4, 0y h, N2dx)
(Rey K)o T(dyih, ) . T, o))
2O Tawng |1 2T T(gawaty) |
T(, dxip,054h) T, 0xth, I5)
in the form
d3n+1V dan—1V

=J(k""1S), . (4.1

=J(k"R) ., (
‘93n+1u) (K'R)+ d3n-1U
In these expressiorR and S are substituted by their expansionlkas «,

Res e o5 SE)

n=1 n=0

The coefficientsR,, are S, are differential polynomials in the potential functions,v;(i=0,1).
They can be determined by identifying coefficients of powerk of

JR=0, JS=0.
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It is easy to prove that Eq4.17) constitutes an evolution equation forandv. The set of these
equations is a hierarchy of integrable systems associated with the third-order opei@td6in

We will refer to this hierarchy as the hidden Boussinesq hierarchy. Solutions of the members of
the hierarchy can be derived from the functidnand y, :

Uo=DyxxX1~3X1xX3 1 3Xaxt 3Dxxaxt 3b>2<X2x+ 3byx1x T X 2xxt 3Pxx1xx T 3X1xX1X 2
= 3X2xX2~ 3bux1X2— Bbxbix 1+ BX1xXbx— Bx2xX 10— 3bEx 11

U]_: bi‘l’ SbXX+ 3)(1)(’

(4.18
Vo= 3D, = 3x1x1 T 3x2x+ 3Dy X 1x

V1:3bx .

The first equation of the hidden Boussinesq hierarchy corresponds to the time parameter
t:=s, and takes the form

_2 8 2,2 2 2 2 2
FtUo= 5V 1V 1xxxxT 3V1xV1xxxt 5V 1xx— 8V0oV1Vixx— §VoV1x~ 3UoV1Vix

1 2 2 2
—3UoxV1— 5VoxxxT 5VoVox T Uoxxs

—_ 2,2 iy 2 _ 2 _ L 2_2 2
atul_ aV1Vixx— aV1Vix 3U1V1Viy 9u1xV1 3V1xxx+3(VOV1)x+u1xx1

(4.19

_ 4 4 4 1,,2
IVo=3V1Vixxxt 3VixVixx— 3VoViVix— sViVox— VoxxT 2Uqy,
OV 1= — VIV 1 — Vit 2
tV1= 9V1Vix— Vixx Uix,
The second equation in the linear probléml6 is

dup=(ag+ arK) g+ Bodxth+ d2p
with

_2 2 _ 2 _ 1,,2
ap=35ViVix—3Vo, @1=—35Vy, Bo= 5Vl

Finally, the constraints imposed by the absence of the first ordéf,ifs,) are given by

2 2
%bxxx_ X1xX2F Xax T X1xxt X1xX1— X2xX1— b5 =0,

. (4.20
bx+ bt_ bXX_ ZXlX: 0.

C. Methods of solution of hidden Gelfand—Dikii Hierarchies

A solution method for the hierarchies studied above was discussed for the hidden KdV
hierarchies in Ref. 41 and some solutions were exhibited there. The main idea is that taking a
particularl-GD wave function (=2 for anz) andl =3 for M®)) the constraints imposed by the
absence of some orders\M{s;) determine differential equations for the functidnsassociated
with the submanifolds\1{?) and M(®) satisfying(4.4). If these equations can be solved, they lead
to solutions of the corresponding hierarchy. In general, these differential equations are too com-
plicated to be solved. Nevertheless, we may provide appropriate methods of solution directly
based on the Grassmannian. To this end it is required an elémentGr associated to a wave
function ¢ for the I-Gelfand—Dikii hierarchy, such that the functions \&f admit meromorphic
expansions in the diskDy=C—D, with fixed poles\;,i=1,..n of maximal ordersr;,
i=1,...n. Under these conditions any linear functional\¢hof the form
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n

° o diw .
=2 ¢ g (@) o<1 gje{hii=1..n),
admits a representation
dA
I(w)= f W(MW(N) =——, VweW, (4.21
Seo 277')\

with a finite order functioriv. For example in the casge=1, Vi=1,...n we have

1 dw _jg A s N AN d\
mm(q)_ s, ()\_q)n+1_ ; ()\j_q)nJrl i )\]_)\| W( )27”)\

Proposition 3: Given W Gr associated to a wave functiafn for the KdV hierarchy and a
linearly independent set of m functiondls}™ ; such that for certain numbers;c

WCKer()\ZIi—Z Cijlj)! i=1,..m, (4.22
J

where(\2l;)(w)=I;(A\?w). Then, a submanifold{?) satisfies (4.4) if
L ($(tN)=0, i=1,..m, (4.23

for all te M),
Proof: Let {W;:i=1,...m} be the functions representing the functiongls From (4.22) it
follows that

7\2\7Vi:2_ cijW;+1;, i=1,.m,
]

whereT; are elements ofV. Moreover, from(4.21) we have that the equatior4.23 are equiva-
lent to

_ dn |
%S Wi()\)lﬂ(t,)\) m=0, i=1,..m.

Therefore, ifty;_1=bi(Sms1), 1=1,...m are the functions characterizing the parametrized sub-

manifold Mﬁﬁ), then, the restricted wave functiof(s,,+1,\) generates a subspaté.s such
that

Wo= Wes sparf; ,i=1,...m}.
As a consequence
V.Ad(We9 =Vv.d(W)—m=—m.

Moreover, it is knowf? that the virtual dimension of a subspadédoes not change under the
action of an invertible multiplication operator. Then, by taki2g32 into account we have

Indexdy, (s, ) =V.0(Wied Somy 1)) =V.d(Wied = —m.
Hence, it is easy to deduce that

Swre§52m+1):N_{1i3a---,2n_ 1},
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so that the statement follows at once.

In the same way one proves:

Proposition 4 Given W associated to a wave functigrfor the Boussinesq hierarchy and a
nontrivial functional | on W verifying

wcC Ker(k3l —cl),
for a certain number c. Then a submanifold®) satisfies (4.4) if

[((t,N))=0, (4.29

for all te M®.

These results allow us to determine the functitgs b;(s;) from constraints of the types
(4.23 and (4.24).

We devote the rest of the section to illustrating this method by constructing some solutions.
We concentrate first on the hidden KdV hierarchies. Our first example is based on the subspace
We Gr of boundary values of functione=w(\) analytic on the unit disk\|<1, with the
possible exception of a single real potel<q<1 and such that

N2WCW, Regw,q)=cw(—q),
for a givenc>0. This subspace determines a KdV wave function

a(t)

B 2qc(t)
- 2g+c(t)’

lp(t’)\):eXF:( 21 )\zn_lth—l ’ a(t)

where
c(t):=c ex;{ -2, q2“‘1t2n1> .
n=1
We may construct solutions of the K¢Wierarchy fromwW by means of the functional
[(w)= dw 0
which obviously satisfiea?l =0. The implicit equatior ((t,\))=0 reads

a(t)

a(t)

1 q2'

By introducing the new variables
y:=2qt;, X:=Sgz,
z:=203x—logc+2 >, q?" s, 1,
n=2
the equation reduces to

1 2
—+ (4.25

y+z=log 2q @}

For g>0 it defines two branchegV=2qb()(z) (i=1,2), while forq<O0 it leads to only one
branchy®=2qb®)(z). Moreover, from(4.25 we have
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dy_ 1
dz- T yror

This relation together witli4.10 leads to the following expressions for the corresponding solu-
tions of the Kd\4 hierarchy

o V(YT A (y*+4y—4)

R N (2 1L
y(y+4)(y?*+4y—8)
u=q* yr2)" : (4.26
oYy t4)
N L

They represent coherent structures which propagate freely without deformation. In the gé&ie of
it determines a singular solution.

More general solutions of this type can be defined by increasing the number of poles. Thus,
one may take the subspadées Gr of boundary values of analytic functioms=w(\) on the disk
[N|<1, with the possible exception afi single poles at given real numbers <{g;|<1i
=1,...n) and such that

N2WCW, Resw,q)=cw(—q),

with ¢;>0. The corresponding KdV wave function reads

n

1+2 a(t))

=1\ i

lﬂ(t,)\)ZeXD( 21 D PTY
n=

where the coefficients; satisfy the system

n

a(t) +ci(t) >

j=1 +qj

=ci(1)

with

ci(t):=¢; exp( 22 at"” 1t2n_1).

By using again the functiona(w)=w’(0), theimplicit equationl (¢})=0 is now

n a t n
( -3 A )) 2 LICA
=1 q =1 0
It can be shown that the corresponding solutions of the Kt\rarchy represent composite

structures which decompose asymptotically into solutions of the {di26).

Another kind of solution is obtained by considering the subspdeeGr of boundary values
of analytic functionsv=w(\) on the disk|\| <1, with the possible exception of a single pole at
A=0 and such that

NWCW,  (w,q)=cw(—q),

for givenc>0 andqge R such that—1<q<1. The wave function is
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1+

a(t) c(t)—1
T) , at)=q SR

P(t,\)=ex 21 P Y
n=

where

c(t):=c ex;{ -2> q2”1t2n1) .
n=1

Solutions of the Kd¥\ hierarchy can be derived by taking the functional

dw dw
I(W)=ﬁ(q)+cﬁ(—q),

which verifies
WCKer(\?l—g?l).

The implicit equation (¢(t,\))=0 leads to

1 1
n;) (2n+1)g? t2n+1=ﬁ(c(t)— m)

By introducing the new variables
y:=23 200" Mo —loge,  x:==s;3,
z:=40°x+1ogc+43 ,-,ng?" s, 1,
the equation reduces to
y+z=—sinhy.
It defines one implicit brancly=y(z) which satisfies

dy 1

dz~ 1+coshy’

From this relation and4.10 we get the following expressions for the associated solution of the
KdV; hierarchy:

4q°
U0= - y

y
coslf >

Ui=qr 1+ cost‘?(y/Z)Jr cost (y/2))’

1
_ _on2
Uz=-29 (1+ cosH (y/2))'
They again represent coherent structures propagating freely and without deformation.
The same strategy can be applied for characterizing solutions of the hidden Boussinesq hier-
archy. Let us first take the subspadk= Gr of boundary values of functiong=w(\) analytic on
the unit disk|\|< 1, with the possible exception of a single pol@nd such that
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ANBWcw aw 0)=0
1 dh ( )_ .
This subspace determines a wave function for the Boussinesq hierarchy given by

2

gty

tLN)=g(t,\M)| 1+ ———7-7"7F77—|.

YN =8O gt (k—a)
Consider now the functional

d?w
I(W):W(O)’

which obviously satisfiea®-1=0. The equation(#(t,\))=0 implies
qt?+2t,—2qt,=0,
so that one finds the following explicit solution of the hidden Boussinesq hierarchy:

B 12q6 B q3
U=~ 1529203 1T (1429207

- 3q _3q
VoS Trag?’ VT Tr g0 ™

Other solutions can be generated by starting with the same subdpaGr and by taking the
functional

d4

I(W):W(

0).
In this case
Nl(w)=24 dw 0

so thatWC Ker(A3l). The constraint((t,\))=0 takes the form
PtT+40%5+4q(2+ g%t,)t5+ 8(1+ 92ty)t, — 49°(2t,+ t5) =0.

A particular solutiont;=b(s,) of this equation is

1 1
b=~ + — \/~1-20%,+2\/1+ 2q%, + 205, + 29},
q q

It can be seen that the corresponding solution, as a functigni®flobally defined ok only for

s,>—1/4q*, otherwise its domain i&—[ —q?(1+ V- 1—4q%s,),—q*(1— V—1—4q%s,)].

ACKNOWLEDGMENT
This work was partially supported by CICYT Proyecto No. PB95-0401.

V. E. zakharov, S. V. Manakov, S. P. Novikov, and L. P. Pitaev3kieory of SolitongNauka, Moscow, 1984
2M. J. Ablowitz and H. SegurSolitons and Inverse Scattering Transfo(81AM, Philadelphia, 1981



J. Math. Phys., Vol. 41, No. 1, January 2000 Singular sector of the KP hierarchy . . . 413

3M. J. Ablowitz and P. A. ClarksorSolitons, Nonlinear Evolution Equations and Inverse Scattef®ambridge Uni-
versity Press, Cambridge, 1991

4B. G. KonopelchenkoSolitons in MultidimensionéNorld Scientific, Singapore, 1993

SE. Witten, Commun. Math. Phy4.13 529 (1988.

6L. Alvarez-Gaume, C. Gomez, G. Moore and C. Vafa, Nucl. Phy80B 455 (1989.

"R. Dijkgraaf, Intersection Theory, Integrable Hierarchies and Topological Field Theiorilew Symmetry Principles in
Quantum Field Theory, NATO ASI Cargese, 19®lenum, London, 1991

8p. Van Moerbekelntegrable Foundations of String Thegrin Lectures on Integrable Systems, edited by O. Babelon
et al. (World Scientific, Singapore, 1994

9T. Shiota, Invent. Math83, 333(1986.

10M. Sato, RIMS Kokyuroku433 30 (1981); The KP Hierarchy and Infinite-Dimensional Grassmann Manifolds in Theta
Functions—Bowdoin 1987. Part 1, Proceedings of the Symposium of Pure Mathematicd9/ Phart 1(AMS, Provi-
dence, 1989 p. 51.

1E. Date, M. Kashiwara and T. Miwa, “Transformation Groups for Soliton Equations,” in Nonlinear Integrable Systems-
Classical Theory and Quantum Theory, edited by M. Jimbo and T. Mdarld Scientific, Singapore, 1983

12M. Jimbo and T. Miwa, Publ. RIMS Kyoto Universit}9, 943(1983.

13G. Segal and G. Wilson, Publ. Math. I. H. E. &L, 5 (1985.

14y, E. Zakharov and S. V. Manakov, Funk. Anal. Ego. PrilozB, 11 (1985.

151, V. Bogdanov and S. V. Manakov, J. Phys.24, L719 (1988.

16y, E. Zakharov, ininverse Methods in Actigredited by P. C. Sabati¢Springer, Berlin, 1990

171, V. Bogdanov and V. E. Zakharov, St. Petersburg Matt6, 75 (1995.

18H. Airault, M. McKean, and J. Moser, Commun. Pure Appl. Ma&h, 95 (1977).

19D, V. Choodnovsky and G. V. Choodnovsky, Nuovo Cimentd® 39 (1977).

201, M. Krichever, Funct. Anal. Appl12, 76 (1978.

213, Weiss, M. Tabor, and J. Carnevale, J. Math. PB¢s522 (1983.

22]. Weiss, J. Math. Phy&4, 1405(1983.

22A. Ramani, B. Grammaticos, and T. Bountis, Phys. Rigf) 159 (1989.

24]. Weiss, “Backlund transformations and Painleve property,” in Solitons in Physics, Mathematics and Nonlinear Optics,
edited by P. Olver and D. Satting€8pringer, Berlin, 1986

25p. G. Estevez and P. R. Gordoa, Stud. Appl. M&#%).73 (1995.

26, Pickering, talk given at NEEDS 97, Crete, July 1997.

2"M. Adler and P. van Moerbeke, Adv. Matth08 140 (1994).

28M. Adler and P. van Moerbeke, Math. Ang96, 1 (1993.

29H. Flaschka, A. C. Newell, and M. Tabor, “Integrability,” iwhat is Integrability?edited by V. E. ZakharoySpringer,
Berlin, 1991.

30M. Manas, L. Martnez Alonso, and E. Medina, J. Phys.38, 4815(1997.

31p, G. Grinevich and A. Yu. Orlov, iProblems of Modern Quantum Field Thepmdited by A. A. Belavinet al.
(Springer, Berlin, 1989 p 86.

32A. Degasperis, S. V. Manakov, and A. |. Zench@imnpublisheil

33A. 1. Zenchuk, Pis'ma Zh. Eksp. Teor. Fig6, 206 (1997.

34M. Jaulent, M. A. Manna, and L. Martez Alonso, J. Phys. &1, L1019 (1988.

35M. Jaulent, M. A. Manna, and L. Martez Alonso, J. Phys. &2, L13 (1989.

36p_ M. Santini, Inverse Prob8, 285 (1992.

S7L. Martinez Alonso, J. Math. Phy€1, 2342(1980.

38M. Antonowicz and A. P. Fordy, Physica 28, 345 (1987.

39A. P. Fordy, A. G. Reyman, and M. A. Semenov-Tian-Shansky, Lett. Math. Affy25 (1989.

40M. Antonowicz, A. P. Fordy, and Q. P. Liu, Nonlinearity 669 (1991).

41B. Konopelchenko and L. Martez Alonso, Phys. Lett. 236, 431(1997.

“2p. Pressley and G. Segdlpop Groups(Oxford University Press, Oxford, 1986



