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Error resilience of fracton codes and near saturation of code-capacity threshold in three dimensions
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Fracton codes have been intensively studied as novel topological states of matter, yet their fault-tolerant
properties remain largely unexplored. Here, we investigate the optimal thresholds of self-dual fracton codes, in
particular, the checkerboard code, against stochastic Pauli noise. By utilizing a statistical-mechanical mapping
combined with large-scale parallel tempering Monte Carlo simulations, we calculate the optimal code-capacity
threshold of the checkerboard code to be pth � 0.107(3). This value is the highest among known three-
dimensional codes and nearly saturates the theoretical limit for topological codes. Our results further validate
the generalized entropy relation for two mutually dual models, H (pth ) + H ( p̃th ) ≈ 1, and extend its applicability
beyond standard topological codes. This verification indicates the Haah’s code also possesses a code-capacity
threshold near the theoretical limit pth ≈ 0.11. These findings highlight fracton codes as highly resilient quantum
memory and demonstrate the utility of duality techniques in analyzing intricate error-correcting codes.
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I. INTRODUCTION

Quantum error correction (QEC) plays a pivotal role in
the development of large-scale quantum computing [1–4].
Currently, the leading QEC strategy is the surface code, a
two-dimensional (2D) topological code that has been realized
across various quantum computing platforms [5–8]. Neverthe-
less, despite its structural simplicity and ease of experimental
implementation, the surface code suffers from significant
drawbacks, specifically regarding its inefficiency in encod-
ing logical qubits and performing logical operations [9–12].
Consequently, the search for more efficient QEC schemes
that surpass the performance of the surface code has become
a major focus in the modern study of fault-tolerant quan-
tum computation. Simultaneously, as the construction and
fault-tolerance properties of error-correcting codes are deeply
rooted in the physics of topological order and statistical me-
chanics [4,13–16], the exploration of new QEC strategies also
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holds promise for discovering novel phases and new physical
phenomena.

Over the past years, a wide array of quantum codes
beyond the surface code has been proposed, including higher-
dimensional variants of topological codes [12] and numerous
quantum low-density parity-check codes utilizing remote in-
teractions [17]. Nevertheless, in stark contrast to the diversity
of the codes, our understanding of their fault-tolerance prop-
erties remains rather limited. In particular, the construction
primarily focuses on the code parameters [[n, k, d]], where
n and k represent the number of physical qubits and log-
ical qubits, respectively, and d denotes the code distance.
While these parameters serve as key metrics for a code’s
capability in encoding logical information, crucial metrics of
the code’s resilience against errors are still lacking. Specifi-
cally, a code possessing favorable parameters may inherently
suffer from a low error threshold, thereby rendering it prac-
tically irrelevant. Therefore, determining the fault-tolerance
threshold is a critical subsequent step in characterizing these
codes. Ideally, one would employ a decoding algorithm ca-
pable of handling realistic error models and identify the
accurate threshold. However, due to the hypergraph struc-
ture inherent in the underlying decoding problem, efficient
decoding algorithms remain unknown for the most of those
codes. As demonstrated in various notable studies of topo-
logical codes [4,18–22], identifying the accurate threshold
can prove highly nontrivial, even under the simplest error
models.
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TABLE I. Optimal code-capacity thresholds of representative topological codes. Results of this work are bold faced. [·] Indicates the
expected value from the generalized entropy duality.

Code pX
th pZ

th H (pX
th ) + H (pZ

th )

2D Surface code 0.1094(2) [4] 0.1094(2) [4] 0.9962(9)
2D Color code 0.109(2) [37] 0.109(2) [37] 0.994(9)
3D Toric code 0.2327(3) [38] 0.033(4) [18] 0.99(2)
3D Color code 0.276 [20] 0.019 [20] 0.986
X-Cube code 0.152(4) [22] 0.075(2) [22] 1.00(1)
Checkerboard code 0.107(3) 0.107(3) 0.98(2)
Haah’s code [≈ 0.11] [≈ 0.11] [≈ 1.00]

Fracton codes constitute a novel class of three-dimensional
(3D) topological quantum codes that are of significant interest
to both condensed-matter physics and quantum computing
[23–36]. In contrast to standard topological codes, which
typically possess a constant ground-state degeneracy (GSD),
fracton codes are characterized by a subextensive GSD and
excitations that exhibit restricted mobility or immobility. No-
tably, previous studies on the X-cube fracton code have
demonstrated strong error resilience, evidenced by a re-
markably high threshold [22]. Specifically, the X-cube code
achieves a code-capacity threshold of approximately 0.075,
considerably surpassing the 0.033 threshold of the 3D toric
code [18] and the 0.019 threshold of the 3D color code [20].
Nonetheless, although fracton codes have been extensively
examined through the lenses of condensed-matter theory, their
fault-tolerant properties remain largely unexplored. To the
best of our knowledge, the X-cube code represents the solitary
case whose optimal threshold has been explicitly computed.

In this work we investigate self-dual fracton codes and
compute their optimal threshold against stochastic Pauli er-
rors. The determination of the error threshold can be mapped
to a phase transition problem, allowing us to determine
the optimal threshold value. However, the exact calculation
of this optimal threshold is highly nontrivial, as it corre-
sponds to analyzing phase transitions in three-dimensional
random spin models which are notoriously difficult to sim-
ulate. The complexity is further exacerbated in this context
because the relevant spin models involve multispin interac-
tions and very strong first-order phase transitions. This leads
to immense demands of computational resources, as the cal-
culation for a single code potentially require millions of CPU
hours. Therefore, we restrict our numerical simulations on
the checkerboard code while also analyzing the threshold of
Haah’s code through a generalized entropy duality.

The importance of our work is twofold. First, we de-
termine that the checkerboard code exhibits a remarkably
high code-capacity threshold of pth � 0.107(3), even under
a conservative estimate. This represents the first instance of
a three-dimensional code nearly approaching the saturation
value of ≈0.11. While our analysis is restricted to random
Pauli noise, this simplified error model constitutes a funda-
mental starting point and is extensively employed in the study
of codes with complicated structures. Moreover, our result
also establishes a concrete theoretical benchmark to guide the
future development of new efficient decoders.

Second, we corroborate the validity of a powerful gener-
alized entropy duality across a broader scope of topological

codes. It is expected that the X and Z code-capacity thresholds
of a Calderbank–Shor–Steane (CSS) code with a zero rate
satisfy the inequality H (pX

th ) + H (pZ
th ) � 1, where H (p) :=

−p log2 p − (1 − p) log2(1 − p) denotes the binary Shannon
entropy [4,39]. From the perspective of statistical physics,
the saturation of this bound corresponds to the duality re-
lation H (pth ) + H ( p̃th ) ≈ 1, where pth and p̃th denote the
critical points of two mutually dual models [22,40]. This im-
plies that determining the critical point for one model allows
for the deduction of the critical point for its dual. And for
self-dual models, the critical point can be immediately esti-
mated. Moreover, while this work focuses on code-capacity
thresholds, this duality extends to include scenarios involving
measurement errors [41,42].

It is important to note that although this generalized dual-
ity can save significant computational resources, it is rooted
in a self-consistent replica-symmetry-breaking approximation
[22,40]. Therefore, it must be sufficiently verified before it can
be confidently applied to different codes. Table I summarizes
the success of this duality to standard topological codes. Com-
bined with our current and previous findings, we confirm its
applicability to fracton codes. Supported by these extensive
justifications, we expect that Haah’s code, whose simulation
is even more resource demanding, also nearly saturates the
code-capacity threshold pth ≈ 0.11.

The manuscript is organized as follows. Section II
describes the checkerboard code and its key properties.
Section III is dedicated to a brief overview of the statistical-
mechanical mapping and the generalized entropy duality rela-
tion. The problem of optimal error threshold is also discussed.
Section IV presents an analytical statistical-mechanical anal-
ysis of the checkerboard code and our numerical results.
Section V discusses the situation of the Haah’s code. Finally,
we conclude in Sec. VI.

II. CHECKERBOARD CODE

The checkerboard code is defined on a cubic lattice of lin-
ear size L with periodic boundary conditions (PBC), where a
single qubit resides at each lattice site. The stabilizer operators
Âc = ∏

i∈∂c σ̂ x
i and B̂c = ∏

i∈∂c σ̂ z
i are defined at the center

of every other cube c as the tensor product of Pauli σ̂ x and
σ̂ z operators between the eight spins residing at its vertices.
These stabilizers are distributed throughout the lattice in a
checkerboard pattern as shown in Fig. 1(a), so that in a sys-
tem of linear size L there are L3/2 Âc stabilizers and L3/2
B̂c stabilizers. To satisfy both periodic boundary conditions
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FIG. 1. Illustration of the checkerboard code and its excitations.
(a) Physical qubits (black dots) reside on the vertices of the lat-
tice. Stabilizers Âc and B̂c are defined on each colored cube c as
products of σ̂ x and σ̂ z operators, respectively, acting on the vertex
set ∂c. (b) Fracton excitations are generated in quartets by a rigid
one-dimensional string operator. (c, d) A dipolar pair of fractons with
even separation moves freely in the plane perpendicular to its dipole
moment.

(PBC) and the checkerboard structure, the model is defined
only for even L. These conditions ensure that neighboring
stabilizers always share two qubits, guaranteeing that all stabi-
lizers commute with each other and that the energy spectrum
and ground-state degeneracy can be determined analytically,
with the ground states |ψ〉 satisfying the condition Âc|ψ〉 =
B̂c|ψ〉 = +|ψ〉 ∀c.

Since the model is invariant under the exchange σ̂ x ↔ σ̂ z,
the Âc and B̂c stabilizers share the same excitation spectrum
and dynamics. The model is characterized by a Z2 charge con-
servation law for each IJ plane of cubes (IJ = xy, yz, zx), as
indicated by the relation

∏
c∈IJ−plane Âc = ∏

c∈IJ−plane B̂c = 1,
which enforces that any excitation above the ground state must
satisfy these Z2 conservation laws on each plane. Due to the
geometry of the checkerboard distribution, the application of
an individual σ̂ x or σ̂ z operator to a specific qubit generates
four elementary excitations, known as fractons, associated
with the B̂c or Âc stabilizers sharing the affected qubit.

These fractons can be viewed as gapped topological defects
generated on top of the ground state. Due to overlapping
Z2 charge conservation laws, individual fractons cannot be
moved without creating additional excitations. However, a
pair of fractons (a dipole) possesses restricted mobility in
directions orthogonal to its dipole moment. For example, as
depicted in Fig. 1(b), an adjacent pair of fractons (a dipole)
living in one xz plane can be moved without energy cost along
a rigid line l in the y direction by applying string operator∏

n∈l σ̂ x
n or

∏
n∈l σ̂ x/z

n . Moreover, if a dipole is oriented along
the z axis, the pair can move freely along the x and y direc-
tions. This motion is generated by stacks of adjacent z strings,
forming a flexible membrane that permits motion within the
xy plane, as shown in Figs. 1(c) and 1(d).

Due to the planar conservation laws and the redundancies
introduced by PBC, the checkerboard code on a lattice of L3

qubits exhibits a total ground-state degeneracy of 23L−6. Thus
its ground-state manifold can be regarded as a computational
space comprising 3L − 6 logical qubits, each associated with
a pair of anticommuting logical operators XL and ZL.

III. STATISTICAL MAPPING AND DUALITY

A. Error correction

For a given stabilizer model, let Q denote the set of physical
qubits. The commuting X -type and Z-type stabilizer operators
are denoted by ÂSX and B̂SZ , respectively, where SX/Z serves
as both a label for the stabilizer and an identifier for its anchor
cell (in the checkerboard model, these would be the cubic cells
c, as shown in Fig. 1). The supports of these operators on the
lattice are denoted by ∂SX , ∂SZ ⊂ Q. The logical code space
is defined as the ground-state subspace of the Hamiltonian:

H = −
∑
SX

ÂSX −
∑
SZ

B̂SZ , (1)

where ÂSX =
∏

i∈∂SX

σ̂ x
i , B̂SZ =

∏
i∈∂SZ

σ̂ z
i .

Error correction in topological stabilizer codes proceeds by
identifying the error configuration η, which can be represented
as a product of Pauli X and Z operators acting on the qubits.
When the system is initialized in a ground state of H, an error
generally drives it into an excited state in which a subset of
the stabilizers acquires eigenvalue −1. This pattern of violated
stabilizers defines the error syndrome s.

Because the exact configuration η is typically unknown,
the syndrome s is used to estimate the most likely logical
error class. Two error configurations η and η′ are considered
equivalent if they differ only by a product of stabilizers Ô
(i.e., η′ = Ôη). This equivalence breaks down if the config-
urations differ by a logical operator λ. Consequently, for a
given syndrome s, errors are grouped into equivalence classes
[ηs + λ]. The probability of a syndrome is given by the sum
over these classes: Pr(s) = ∑

λ Pr([ηs + λ]), and the most
likely logical error class is the one with the highest total
probability.

Error correction is asymptotically reliable if there exists a
unique most-probable class [η∗

s ] such that, in the thermody-
namic limit, Pr([η∗

s ]) → Pr(s) [4]. This condition holds only
when physical error rates remain below a threshold probability
pth, a limit guaranteed by the threshold theorem [43]. Above
this threshold, the logical error class cannot be reliably deter-
mined; thus, the optimal threshold is a fundamental parameter
for assessing the performance of any quantum code.

In this work we focus on independent noise models where
X and Z error syndromes are decoupled and treated sepa-
rately. For self-dual models, such as the checkerboard code
and Haah’s cubic code, the error analysis for X and Z sec-
tors is identical, leading to equal threshold probabilities:
pX

th = pZ
th ≡ pth.
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B. Statistical-mechanical mapping

To ascertain whether it is possible to identify the most
likely error class for a given physical error probability p, one
can relate the quantum information properties of a given error
model to the physical features of a classical Ising spin model
subject to disorder. Ever since its first introduction in Ref. [4],
this relation has been an active subject of study and has been
formalized under the name of the statistical-mechanical (SM)
mapping [21].

Focusing on a noise model with independent X (or Z)
errors, whose statistics can be treated separately, consider an
error configuration η ⊆ Q (i.e., a set of qubits affected by an
error) that is consistent with a given observed syndrome s. For
any other error configuration η′ = η + V obtained by further
applying errors to the set of qubits V ⊆ Q, we have

P(η + V ) = P(η)
P(η + V )

P(η)

= P(η)
∏

�∈V ∩η

1 − p

p

∏
�∈V \η

p

1 − p
, (2)

where � labels individual qubits, and the products run over
those qubits in the specified subsets of Q. Two configura-
tions belong to the same equivalence class iff they differ
by a product of stabilizers ÂSX (or B̂SZ ): in that case, the
possible flip set V corresponds to the symmetric difference
of the supports ∂SX (or ∂SZ ). This allows us to express the
probability distribution of all error configurations belonging
to the same equivalence class through a statistical-mechanical
partition function of a classical spin model.

To see this, we start off by placing an Ising degree of free-
dom σSX/Z = ±1 at the center of each stabilizer SX/Z . Then,
for each physical qubit error Xi(Zi ), define the set of stabilizers
that share it as NX (Z )(i) ≡ {SX (Z ) | i ∈ ∂SX (Z )} and introduce a
coupling between all Ising spins σSX/Z ∈ NX (Z ) corresponding
to stabilizers that share said physical qubit operator. For a
given initial error configuration η, the total probabilities of all
configurations in the same equivalence class are captured by
the following partition function:

Z (η, T ) =
∑
{σ }

exp

⎡
⎣β

∑
i∈Q

ηi

∏
j∈NX (Z )

σ j

⎤
⎦. (3)

The coupling strengths ηi = ±1 depend on whether the qubit
i was part of the original error configuration (ηi = −1) or not
(ηi = +1). The proposed classical model accurately captures
the statistical properties of the error model given by Eq. (2)
once we relate the effective inverse temperature β to the
single-qubit error probability p via the Nishimori condition:

e−2βN = p

1 − p
. (4)

It can be shown that the partition function Z (η, T ) depends
only on the error equivalence class of η, consistent with its
correspondence to Pr([η]).

C. Optimal error threshold

Given an error syndrome s and a candidate error con-
figuration η, one can infer the most likely logical error by

comparing the relative probabilities of different error classes.
For an independent X (or Z) error model with a homogeneous
error rate p, the probability ratio of two equivalence classes
distinguished by a logical operator λ is reflected by the ratio
of the partition functions of the model with error configuration
η and η + λ, which is equivalent to the free energy cost of
applying λ onto the system:

Pr[η + λ](X (Z ),p)

Pr[η](X (Z ),p)
= Z (η, βN )

Z (η + λ, βN )
≡ e−βN δFη,λ(βN ). (5)

To determine the appropriate correction, it is necessary to
identify the most probable equivalence class [η∗

s ]X (Z ) such
that, in the thermodynamic limit, Pr([η∗

s ]X (Z ) ) → Pr(s). For
this to occur, the free energy difference δFη,λ associated with
the addition of a logical operator must diverge in the thermo-
dynamic limit. Since applying a logical operator corresponds
to flipping a set of couplings across the entire lattice of the
associated Ising model, the condition δFη,λ → ∞ implies that
introducing a domain wall incurs a free energy cost propor-
tional to its size. This condition is met only if the Hamiltonian
Hη supports an ordered phase at finite temperature [4]. The
existence of an ordered phase at the temperature βN cor-
responding to the error probability p ensures that, in the
thermodynamic limit, the error model can always be decoded
for error rates below the threshold. Thus, the optimal error
threshold can be inferred by studying the order–disorder phase
transition of the classical Ising model with quenched disorder.

D. Generalized duality in classical spin systems

As explained in the previous section, the SM mapping
allows one to capture the statistics of the possible equivalent
error configurations that match a given error syndrome with
the partition function of a classical Ising model.

While the disordered Ising model is characterized by the
interplay of disorder and temperature, it accurately describes
the statistics of the quantum spin system only when it satisfies
the Nishimori condition e−2βN = p/(1 − p): this identifies the
Nishimori line (NL), a special locus in parameter space along
which the quenched disorder distribution is exactly matched
to the Boltzmann weight of the classical model [40]. Along
the NL, the probability of flipping an Ising spin, dictated by
its Boltzmann weight e−βE , is identical to the probability of
flipping the bonds which share said spin (which corresponds
to changing the error configuration, dictated by the error prob-
ability p).

The enhanced symmetry between thermal and disorder
fluctuations renders the Nishimori line a particularly interest-
ing region of parameter space: beyond its already mentioned
relation with the statistics of the corresponding QEC error
model, this symmetry strongly suggests that the multicritical
point of the disordered Ising model lies on the NL owing
to its invariance under renormalization-group transformations
[44,45]. This property implies the existence of a transition
from an error-correctable to a non-error-correctable phase in
the thermodynamic limit [4,21], which is guaranteed by the
threshold theorem [43]. On top of that, it is exactly along this
line that it is possible to define an approximate fixed-point
condition which relates the position of the multicritical points
of any Ising model with its geometrically dual model [46].
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This can be derived by recalling the relation between the
partition functions of the model and that of its dual.

To do this, consider a d-dimensional Ising Hamiltonian that
can be written in the following form:

H = −J
∑
Cj

∏
i∈∂Cj

σi. (6)

Here, Cj labels the r-dimensional coupling object (i.e., a
simplex) which represents an interaction involving all Ising
spins σi lying on its boundary ∂Cj (e.g., a segment on the 2D
nearest-neighbor Ising model or a tetrahedron in the 3D tetra-
hedral Ising model). Each of these elements C will contribute
to the partition function of K ≡ βJ with the aligned and
antialigned Boltzmann factors u±(K ) = e±K , which appear in
the configurations with

∏
i∈∂Cj

σi = ±1.
The geometrically dual model is constructed using the

procedure outlined in [47] and consists of a set of dual Ising
spins σ ∗ connected by a set of dual couplings C∗. We can
introduce the dual weights associated to each coupling of the
dual model as the two-component Fourier transform of the
original weights u∗

±(K ) = [u+(K ) ± u−(K )]/
√

2. Under this
construction, the partition function of the original and dual
lattice are related by the Normal Factor Graph (NFG) duality
theorem [48], which, in this context, represents a generalized
version of the Kramers-Wannier duality [49,50]:

Z{u±(K )} = 2a Z̃{u∗
±(K )}, (7)

where a is some appropriate factor. It follows that the prod-
uct Z{u±(K1)}Z̃{u∗

±(K2)} is invariant under the simultaneous
transformations u±(K1) � u∗

±(K2), u±(K2) � u∗
±(K1). The

transition points K1, K2 of the two models are then given by
the fixed-point condition [51]

u±
(
KC

1

)
u±

(
KC

2

) = u∗
±
(
KC

1

)
u∗

±
(
KC

2

)
, (8)

which reflects the symmetry under duality transformation.
One can make a similar conclusion in presence of

quenched disorder using the replica trick. Consider n replicas
of the disordered model characterized by the same Hamilto-
nian,

H = −J
∑
Cj

η j

∏
i∈∂Cj

σi, (9)

where η j = −1 with probability p. One can define an aver-
aged Boltzmann weight for each of the cases where the spins
of individual coupling ∂C are antialigned for 0 � k � n of
the n replicas and are aligned in the remaining n − k replicas.
Averaging over the possible values of ηC , one gets

xk (p, K ) =
〈

exp

[
KηC

n∑
α=1

∏
i∈∂C

σα
i

] 〉

= pe(n−2k)K + (1 − p)e−(n−2k)K

= pun−k
+ uk

− + (1 − p)wn−k
+ wk

−, (10)

where we introduced the index α to distinguish different
replicas, reused the shorthand notation u±(K ) for the Boltz-
mann factors in the replicas with ηC = +1, and introduced
w±(K ) ≡ e∓K for the replicas with ηC = −1. To take into
account all possible spin configurations of the n-replicated

systems, the disorder-averaged partition function will be a
function of all these Boltzmann factors:

〈Zn〉dis ≡ Zn{x0(p, K ), x1(p, K ), ... xn(p, K )}. (11)

Keeping in mind that u± and w± correspond to different bond
configurations and therefore undergo different Fourier trans-
formations, we can define the dual Boltzmann factors on the
dual lattice as the n-fold two-component Fourier transform:

x∗
k (p, K ) = F (pun−k

+ uk
− + (1 − p)wn−k

+ wk
−)

= p(u∗
+)n−k (u∗

−)k + (1 − p)(w∗
+)n−k (w∗

−)k

= 2−n/2(p + (−1)k (1 − p))(eK + e−K )n−k

× (eK − e−K )k. (12)

The disorder generalization of Eq. (7) directly follows:

Zn{x0, x1, ... xn} = 2āZn{x∗
0, x∗

1, ... x∗
n}. (13)

Since the multicritical point is expected to lie along the Nishi-
mori line Eq. (4), where the enhanced symmetry reduces
the fixed-point conditions to a one-parameter problem, the
replicated local weights {xk} cannot, in general, satisfy the
full set of self-duality equations xk = x∗

k simultaneously in the
presence of disorder, as the resulting system of equations is
overconstrained.

Restricting our analysis to the Nishimori line, which in
our generalized formulation is given by the condition e−2KN =
p/(1 − p), Eq. (12) yields an exact hierarchy among the dual
Boltzmann factors, distinguished by the parity of k:

x∗
k

x∗
0

= (1 − 2p)k (even),
x∗

k

x∗
0

= −(1 − 2p)k+1 (odd). (14)

For 0 < p < 1, the k > 0 sectors are suppressed in magnitude
relative to the principal factor, with |x∗

k /x∗
0 | � (1 − 2p)2 < 1.

Following the standard replica approach, we set K = KN (p)
and impose the principal-factor condition only on the k = 0
sector. This gives [22,40,46]

x0
(
pC

1 , KC
1

)
x0

(
pC

2 , KC
2

) ≈ x∗
0

(
pC

1 , KC
1

)
x∗

0

(
pC

2 , KC
2

)
. (15)

The inclusion of subleading sectors (k > 0) would shift the
estimate slightly while leaving the leading condition as the
dominant constraint. Nevertheless, it was shown in several
cases to yield the closest approximation of the true multi-
critical point [20,22,52–55]. Employing the replica trick limit
n → 0, the principal-factor condition reduces to

H
(
pC

1

) + H
(
pC

2

) ≈ 1, (16)

where H (p) := −p logp − (1 − p) log(1 − p). This corre-
sponds to the limit of the bound H (pX

th ) + H (pZ
th ) � 1. While

the derivation of Eq. (16) relies on the leading Boltzmann
factor, i.e., on the replica analysis, it works surprisingly well
for known topological codes as summarized in Table I.

With this in mind we turn our attention to the 3D frac-
ton models to determine whether the presence of subsystem
symmetries may affect the reliability of this prediction.
Specifically, as the non-self-dual X-cube code was shown to
saturate the error threshold bound in a previous work [22],
here we complement it for the self-dual checkerboard code.
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FIG. 2. Illustration of the statistical mapping from the checker-
board code (left) to the tetrahedral Ising model on a face-centered
cubic lattice (right) derived from [56]. Blue and cyan circles, located
at the vertices and face centers of the fcc lattice, represent the Ising
spins associated with each stabilizer, constructing the dual lattice of
the checkerboard code. The action of a single-qubit error is mapped
into a four-body interaction with strength η±

v ; these are defined for
each lattice site v in the fcc lattice and are represented by a red
(green) tetrahedron placed in each shaded cube (blank cube) of the
lattice on the right.

IV. EFFECTIVE SPIN MODEL AND NUMERICAL
SIMULATIONS

A. Random spin models with subsystem symmetry

In the checkerboard code, each qubit is shared by four
stabilizers; using the method outlined in Sec. III B, the error
model can be mapped into a random tetrahedral Ising model
[25,56]. For both the X and Z error model, each qubit i lies
at the corner of four stabilizers of the checkerboard code. In
the effective spin model, we will label the set of Ising degrees
of freedom associated to the stabilizer sharing said qubit i as
{σ j, σk, σl , σm}=NX (i) = NZ (i).

The partition function in Eq. (3) can be rewritten as

Z (η, T ) =
∑
{σ }

exp

⎡
⎣β

∑
i∈Q

ηi σ jσkσlσm

⎤
⎦. (17)

This can be rewritten in a more convenient form on a face-
centered cubic lattice comprising 1

2 L3 spins for a system of
linear size L as shown in Fig. 2. Labeling the lattice sites as
v = (x, y, z) ∈ Z3, the Hamiltonian of the model is given by

H = −
∑

v

(η+
v σvσv+x̂+ŷσv+ŷ+ẑσv+x̂+ẑ

+ η−
v σvσv−x̂−ŷσv−ŷ−ẑσv−x̂−ẑ ), (18)

where η±
v is labeling the upward and downward four-body

tetrahedra ηi.
Beyond the trivial global Z2 symmetry, the Hamiltonian

is invariant under flipping all spins in any arbitrary XY , Y Z ,
or XZ layer of the lattice. This subextensive set of subsystem
symmetries undergoes spontaneous symmetry breaking, lead-
ing to a subextensive ground-state degeneracy of 23L−6. This
degeneracy directly reflects the ability of the checkerboard
code to encode 3L − 6 logical qubits.

FIG. 3. Energy histograms at the transition temperature for a
representative disorder value below threshold (p = 0.090). While
a sharpening of the double-peak structure with increasing system
size is consistent with a first-order transition, it can also occur if
the two peaks move closer together as L grows, reflecting strong
finite-size effects. The decisive signature of a first-order transition is
the suppression of energetic configurations between the peaks, which
is expected to become more pronounced with increasing system size
(as shown in the inset). This provides a reference for the expected
behavior below the error threshold.

B. Disorder simulations

The tetrahedral Ising model with no disorder is character-
ized by a very strong first-order phase transition [56]. While
quenched disorder reduces the amount of latent heat required
to break the phase boundaries, the features of the first-order
transition are still relatively sharp near the threshold (see
Fig. 3): this leads to very slow equilibration, which makes the
simulation of each disorder configuration of the error model
severely expensive from a computational perspective. When
paired to the fact that one needs to study the average of data
from several hundreds of disorder iterations in order to study
the disorder average, it is necessary to optimize the individual
simulations in order to minimize their equilibration time and
overall runtime. With this in mind, each disorder realization
has been simulated with parallel tempering in conjunction
with Metropolis-Hastings and over-relaxation updates in order
to speed up the equilibration process [57,58]. The temperature
distribution is tailored for all disorder simulations at a given
disorder value p and system size L in order to maximize the
mixing of replicas between ordered and disordered phase in
the average case.

The disorder averages are obtained through a large number
of configurations (Nd ∼ 500), and their statistical uncertain-
ties are derived through the Jackknife resampling method
[58]. The specific number of temperatures and disorder iter-
ations used for each disorder average is reported in Table II.

Equilibration of each individual disorder iteration is in-
ferred by combining various analyses. The timeseries of the
energy is divided into bins with intervals [2τ , 2τ+1 − 1],
where τ ∈ N labels a specific bin. After averaging the values
stored in each bin, the system can be considered equilibrated
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TABLE II. Simulation parameters of the data shown in Figs. 3
and 4 for the random-bond checkerboard code. Nd denotes the num-
ber of independent simulations used for the disorder averaging of
the respective system size L at disorder value p. For each of these,
NT different temperatures were simulated in parallel at different tem-
peratures with a PT update between adjacent replicas proposed, on
average, every ten sweeps of Metropolis updates through the whole
lattice. τ indicates the number of sweeps used for equilibration, with
2τ representing the disorder-averaged equilibration time. To ensure
proper equilibration and sampling for the majority of the replicas,
each disorder simulation was run for approximately 2τ+1 sweeps: 2τ

for thermalization, followed by 2τ for sampling.

p L Nd NT τ

0.090 12 200 96 21
0.090 14 200 96 21
0.105 10 500 64 20
0.105 12 500 128 22
0.105 14 500 96 22
0.107 10 500 96 21
0.107 12 500 128 22
0.107 14 500 128 23
0.110 10 500 96 22
0.110 12 500 96 23
0.110 14 500 96 23

when the last values of the last three bins are within error bars
of each other [19].

While this method ensures equilibration at low tempera-
tures, it is less reliable when studying temperatures near the
phase transition, where the system visits both phases over
time. In most cases, a qualitative analysis of the χO, CV ,
and O was sufficient to infer whether a disorder simulation
had failed to reach equilibration or if too few samples were
taken.

In the few cases where this was not sufficient, the energy
histograms were tested through a reweighting method [58]:
after collecting the energy histogram for each inverse tem-
perature β, the energy histogram at a new temperature β ′
can be derived by applying to each bin at total energy E a
weight e−(β ′−β )E . The simulation is considered equilibrated
if, for most temperatures near the phase transition, the energy
histograms agree within sufficient statistical uncertainty after
appropriate reweighting. This ensures that while the disorder
average at certain individual temperatures might still have
gotten stuck in one of the two phases, the majority of the
replicas have consistently captured the expected behavior of
the system at their respective temperatures. After taking into
account the optimization of the temperature distribution, the
system still required a remarkable amount of Monte Carlo
sweeps to reach equilibration. The simulations were run on
the LRZ KCS cluster [59] and used over 7 × 106 CPU hours in
total, with an average of ≈106 CPU hours of simulation time
per (L, p) dataset. Due to the cumbersome amount of compu-
tation time each point requires, computation was restricted to
a limited set of (L, p) points. The system sizes simulated lie in
the range of L ∈ [10, 14], as lower system sizes were affected
by excessively large finite-size effects which make them ir-
relevant for scaling purposes, whereas higher system sizes

were computationally unapproachable due to the exponential
growth of the simulation times required. After a preliminary
round of simulations used to infer a rough position of the error
threshold, the range of relevant disorder values was originally
set to be p ∈ [0.105, 0.110]. To achieve an estimate of the
threshold value with precision comparable to that of previous
works [20,22,37], it was sufficient to simulate only three dat-
apoints: the lower bound, an upper bound, and a conservative
estimate of the possible location of the threshold, which was
set at pmid = 0.107. Simulating additional intermediate dis-
order values would only increase computational cost without
improving the statistical robustness of the threshold estimate:
for this reason, the reported simulation set represents the min-
imal dataset that captures all qualitative changes relevant for
locating the tricritical region while keeping the computational
effort within feasible limits.

C. Numerical results

We simulated the random tetrahedral Ising model using
large-scale parallel tempering Monte Carlo simulations, av-
eraging the results of enough disorder configurations in order
to obtain the disorder-averaged features of the model. Each
configuration simulated for a given value of the disorder
parameter p is obtained by starting from a fully FM set of
couplings (η±

v = +1 ∀ v) and then proposing a random flip to
each coupling with probability p. This way, the average ratio
between number of AFM couplings and the total number of
couplings equals p.

Accompanying the phenomenon of subsystem symmetry
breaking [56,60], the model shows strong features of a first-
order phase transition even in proximity of the error threshold.
This property, coupled with the restricted set of lattice sizes
accessible, requires us to carefully analyze the subtle changes
in the thermodynamic features of the model between the
system sizes available. To infer whether the system shows a
transition at a given disorder value, we studied the behavior of
the energy histogram,

P(e) = 〈δ(e − e′)〉, (19)

where e′ = E ′/N is the energy density for a given configu-
ration of a system of size N = L3/2 and the second-moment
correlation length

ξL = 1

2 sin (|kmin/2|)
(

G̃(0)

G̃(kmin)
− 1

)1/2

. (20)

Here, G̃(k) := ∑
r G(r)e−ik·r is the Fourier transform of the

spatial correlator G(r) and kmin is the smallest nonzero wave
vector in reciprocal space [58]. The spatial correlator of the
model is defined as [56]

G(r) = 1

N

∑
v

〈σvσv+x̂+ŷσv+ŷ+rẑσv+x̂+rẑ〉. (21)

The resulting energy histograms and second-moment cor-
relation lengths for the error rates analyzed are shown in
Fig. 4. The first-order nature of the phase transitions is primar-
ily identified by the characteristic sharpening of the double
peaks present in the energy histograms: as the system size
grows, the well between the two peaks should deepen, de-
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FIG. 4. Disorder-averaged energy histograms (top row) and correlation lengths (bottom row) at different disorder values and for various
system sizes. While the energy histograms present a typical first-order double-peak behavior at all disorder values due to strong finite-size
effects, the presence of a first-order transition at p = 0.105 is made obvious by the sharpening of the two peaks and a deepening of the
minimum between them as the system size grows, a feature that can still be observed, although in less evident capacity, at p = 0.107. This
lowering of the minimum corresponds to a growing domain wall free energy cost as the system size increases which, in the thermodynamic
limit, determines the presence of a first-order transition. On the other hand, at p = 0.110 the minimum goes up with system size, indicating that
the first-order features of the system are slowly disappearing. This is further highlighted by the sharp absence of any crossing in the correlation
lengths, regardless of system size, another indicator of a crossover regime. The sharp contrast between these behaviors allows us to identify
the ordered and disordered phases of the model and estimate the optimal error threshold to sit in between 0.107 and 0.110.

noting an increase in the latent heat required to break the
phase boundaries (see Fig. 3). On the other hand, the ab-
sence of a clear phase transition between the ordered and
disordered phase in the thermodynamic limit is diagnosed
by observing that the two peaks tend to get closer and less
defined as the system size grows larger, meaning that the
presence of two peaks is only a finite-size effect and that, in
the thermodynamic limit, these will eventually collapse into
a single peak. To corroborate this evidence, the second-order
correlation length is used: while in the case of first-order phase
transitions this is much more susceptible to finite-size effects
and is not a good indicator of the transition point, this can still
be used to discriminate between a disorder-induced crossover
regime, where the correlation length should not show any
crossing, a first-order phase transition, where a crossing is not
expected but may still occur due to finite-size effects, and a
second-order phase transition, where a crossing is expected in
the large-system limit.

In order to prove whether the checkerboard code satu-
rates the threshold bound, the search for the error threshold
was done at first for disorder values around p = 0.11, the
expected critical point for self-dual models with quenched
disorder [22,40,46]. At p = 0.110 and above, the double-peak
behavior in the energy histograms is still visible but tends
to disappear at larger system sizes. This, combined with the
lack of crossing in the correlation length (which rules out

the possible presence of a continuous phase transition), con-
firms that the system is indeed in a crossover regime and
that the double-peak behavior observed is caused by finite-
size effects and will disappear in the thermodynamic limit.
This serves as a characteristic example of the behavior of
the system in the disordered regime and a reference against
which to compare observations at lower error rates, especially
due to the fact that the decisive signatures lie in the ways in
which the strong finite-size effects evolve as the system size
increases.

At disorder value p = 0.105 and below, the two peaks
tend to sharpen and the gap between them deepens as the
system size increases, indicating the presence of a first-order
phase transition. Given the first-order nature shown by the
energy histograms, a crossing in the correlation length is
not necessarily expected. Nevertheless, the observation of a
crossing between the larger system sizes is consistent with the
relaxation of finite-size effects and rules out the eventuality of
a crossover regime.

The behavior shown at p = 0.107 was similar, although
much less accentuated, as the minimal point in the gap of the
energy histograms lowers only slightly with system sizes; con-
sidering the presence of a crossing in the correlation lengths
between the two curves at larger system sizes, we argue that
the system is still in the decodable phase, but is in very close
proximity to the threshold.
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These observations allow us to estimate the tricritical point.
Since we can place it within the interval [0.105,0.110), the
most conservative claim that does not exclude any value in this
range is to set it at pth � 0.107(3). The size of the error bar is
comparable to that in previous numerical threshold estimates
(see Table I) and is sufficient to cover the full interval of
uncertainty while remaining deliberately conservative.

This threshold represents the highest optimal error thresh-
old among any 3D topological codes. Moreover, from this
value we find H (pX

th ) + H (pZ
th ) ≈ 0.98(2), which nearly sat-

urates the error threshold bound and also confirms the
applicability of the generalized duality for the checkerboard
code.

V. CONSIDERATIONS ABOUT HAAH’S CODE

Haah’s cubic code is a seminal fracton code, notable for
having no stringlike logical operators and for being one of
the first constructions to reveal fracton order in a quantum
error-correction context [23]. The code is defined on a cubic
lattice with two qubits per site, and its stabilizers follow the
general structure introduced in Eq. (1): each cube hosts an X-
and Z-type eight-body stabilizer. Identifying each cube C with
its (0,0,0) vertex v and labeling the two families of qubits as
{1, 2}, the stabilizers take the form

ÂC = σ̂ X,2
v+x̂σ̂

X,2
v+x̂σ̂

X,1
v+x̂+ŷσ̂

X,2
v+ẑ σ̂ X,1

v+ẑ+x̂ σ̂ X,1
v+ẑ+ŷ σ̂ X,1

v+x̂+ŷ+ẑ σ̂ X,2
v+x̂+ŷ+ẑ,

B̂C = σ̂ Z,1
v σ̂ Z,2

v σ̂ Z,2
v+x̂ σ̂ Z,2

v+x̂+ŷ σ̂ Z,1
v+x̂+ŷ σ̂ Z,2

v+ẑ σ̂ Z,1
v+ẑ+x̂ σ̂ Z,1

v+ẑ+ŷ.

The model is characterized by a subextensive number of
fractal symmetries [61]. As a result of these symmetries and
the associated Z2 fractal conservation law, a single-qubit er-
ror creates a cluster of four fracton excitations which cannot
be separated by any local operator. These defects can only
move collectively along the underlying fractal pattern and are
therefore individually immobile.

The noise model of the Haah’s code for independent X and
Z errors can be represented through the SM mapping with
a classical Ising model with four-body interactions. Taking
into account the fact that each vertex contains two qubits,
the Hamiltonian consists of two four-body interactions on the
tetrahedra as depicted in Fig. 5. This leads to a random fractal
Ising model:

HFIM = −
∑

v

(η+
v σvσv+x̂σv+ŷσv+ẑ

+ η−
v σvσv+x̂+ŷσv+ŷ+ẑσv+x̂+ẑ ). (22)

For simplicity, we take η+ = η− = 1, meaning that the two
qubit families have the same error probability p.

The error-threshold analysis of the model was found to
be numerically intractable due to the nontrivial nature of the
fractal subsystem symmetries. In the presence of periodic
boundary conditions, the way in which the fractal excitation
propagates gives ground-state degeneracies which strictly de-
pend on the system size L:

GSD(HFIM) =

⎧⎪⎪⎨
⎪⎪⎩

22L−1, L = 2n,

22L−5, L = 4n − 1,

22m−1, L = 2m−1(2n + 1),
22m−1, L = 2m−1(22n−1 − 1),

(23)

FIG. 5. (a) Illustration of the stabilizer structure of the Haah’s
code. Two sets of qubits are situated at the vertices of a cubic lattice.
The X- and Z-type stabilizers AC, BC are defined for each unit cell
C as a product of Pauli operators acting on a subset of the 16
qubits residing at the vertices of the cube. (b) A single-qubit X (or
Z) error excites four cubic stabilizer operators. Since the structures
are equivalent for X and Z stabilizers up to a global rotation, both
independent noise models can be represented by the random fractal
Ising model Eq. (22).

with integers n, m � 1 [56]. This strongly affects the behavior
of the system, leading to different finite-size effects for the
different system size sequences. Even for the simplest size
sequence L = 2n, the accessible lattice sizes are restricted
to L = 4, 8, which are insufficient to locate the phase tran-
sition due to strong finite-size effects. Larger systems (L �
16) are computationally prohibitive, with preliminary runtime
estimates approaching ≈1.5 × 107 additional CPU hours of
computation per (L = 16, p) dataset.

Nevertheless, given the extensive justification of the gener-
alized entropy duality Eq. (16) for standard topological codes
and fracton codes, it is reasonable to conjecture Haah’s code to
behave similarly. Since the Haah’s code, we can expect that its
code-capacity threshold should lie very close to the pth ≈ 0.11
bound, even though a direct numerical confirmation remains
an open challenge.

VI. SUMMARY

In this work we investigated the fault-tolerance threshold
of self-dual fracton codes. By mapping the error-correction
problem onto a statistical-mechanical model and performing
large-scale numerical simulations, we computed the opti-
mal thresholds of the checkerboard code against stochastic
Pauli noise. Our numerical analysis identifies a code-capacity
threshold of pth � 0.107(3) for the checkerboard code. This
value is notable not only for its magnitude—outperforming
other 3D codes—but because it represents the first instance
of a 3D code that nearly saturates the theoretical limit of
pth ≈ 0.11 allowed for topological stabilizer codes [4].
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Moreover, our results further corroborate the general-
ized entropy duality in Eq. (16), confirming its applicability
beyond standard topological codes. The remarkable effective-
ness of this duality may be attributed to the self-averaging
nature of both the ordered and disordered paramagnetic
phases and the lack of spin glass phase along the Nishimori
line. This ensures that the self-consistent replica analy-
sis yields reasonable descriptions. Our validation carries
significant practical importance alongside its theoretical im-
plications. Exact threshold computations are notoriously
resource intensive and generally lack efficient algorithms.
For 3D codes in particular, determining their thresholds can
consume millions of CPU hours. The generalized duality
can save immense computational resources. Leveraging this
predictive power, we conjecture that the code-capacity thresh-
old of Haah’s code, which is even more computationally
demanding to simulate, also approaches the theoretical limit
of pth ≈ 0.11. Similarly, one can also expect that the bivari-
ate bicycle codes [62], which are a rich class of quantum
low-density parity-check codes characterized by symmetry-
enriched topological order [63], also possess such an optimal
error threshold.

Looking forward, while this work focused on code-
capacity threshold, a critical next step is to extend the
analysis to include measurement errors and circuit-level noise.
Developing effective strategies to treat these more general
noise models beyond the surface code remains an exciting
open question. Furthermore, from a theoretical perspective,
it is of great interest to investigate the precise nature of

the correctable-to-uncorrectable phase transition across the
threshold, which may reveal novel critical behaviors unique
to fracton states of matter.
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