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Summary

A one-shot device is a unit that performs its function only once and, after use, the device either
gets destroyed or must be rebuilt. For this kind of device, one can only know whether the failure
time is either before or after a specific inspection time, and consequently the lifetimes are either
left- or right-censored, with the lifetime being less than the inspection time if the test outcome is a
failure (resulting in left censoring) and the lifetime being more than the inspection time if the test
outcome is a success (resulting in right censoring). An accelerated life test (ALT) plan is usually
employed to evaluate the reliability of such products by increasing the levels of stress factors
and then extrapolating the life characteristics from high stress conditions to normal operating
conditions. This acceleration process will shorten the life span of devices and reduce the costs
associated with the experiment. The study of one-shot device from ALT data has been developed
considerably recently, mainly motivated by the work of Fan et al. [2009].

In the last decades the use of divergence measures in the resolution of statistical problems
has reached a remarkable relevance among the statisticians. It can be seen in Basu et al. [2011]
and Pardo [2005] the importance of divergence measures in the areas of parametric estimation
and parametric tests of hypotheses, together with many non-parametric uses. In particular, the
minimum density power divergence estimators, introduced by Basu et al. [1998], are well-known
to have robust statistical properties. Along this Thesis, robust estimators and tests are developed
based on density power divergences for one-shot device testing.

In Chapter 2, we consider the problem of one-shot device testing along with an accelerating
factor, in which the failure time of the devices is assumed to follow an exponential distribution. In
this context, Fan et al. [2009] considered a single stress factor to the accelerated life test plan for one-
shot devices, and analyzed the data by using a Bayesian approach in which the model parameters
in the prior information were assumed to be close to the true values. In contrast, Balakrishnan
and Ling [2012a] developed an EM algorithm for a single stress model, and made a comparative
study with the mentioned Bayesian approach, showing that the EM method is more appropriate for
moderately and lowly reliable products. Proposed minimum density power divergence estimators
and Z-type tests are shown, both theoretically and empirically, to present a much more robust
behavior than the classical MLE and Z-test. However, as opposed to a single-stress test by using
a high stress level so as to attain the aging within a limited time, some ALTSs involve two or
more stress factors. Effectively, multiple-stress model becomes better suited for the prediction of
lifetimes of products, subjected to, for example, electrical, thermal or mechanical stresses; see, for
example, Srinivas and Ramu [1992] and Bartnikas and Morin [2004]. In Balakrishnan and Ling
[2012b], an EM algorithm for developing inference is developed, based on one-shot device testing
data under the exponential distribution when there are multiple stress factors. In Chapter 3, we
extend the results in Chapter 2 to multiple-stress ALTs. In this case, instead of Z-type tests, we
muss define Wald-type tests, which are shown, by means of an extensive simulation study, to be
much more robust than classical Wald-test. In Chapter 4, we extend the results of Chapter 3 by
assuming that the lifetimes follow a gamma distribution. Gamma distribution is commonly used
for fitting lifetime data in reliability and survival studies due to its flexibility. Its hazard function
can be increasing, decreasing, and constant. When the hazard function of gamma distribution is a
constant, it corresponds to the exponential distribution. In addition to the exponential distribution,
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the gamma distribution also includes the Chi-square distribution as a special case.

In practice, the Weibull distribution is widely used as a lifetime model in engineering and
physical sciences. In fact, the Weibull model is also used extensively in biomedical studies as
a proportional hazards model for evaluating the effects of covariates on lifetimes, meaning that
the hazard rates of any two products stay in constant ratio over time. See Meeter and Meeker
[1994], Meeker et al. [1998], and references therein. However, in some situations,the assumption of
constant shape parameters may not be valid; see, for example, Kodell and Nelson [1980], Nogueira
et al. [2009] and Vézquez et al. [2010]. In such situations, Balakrishnan and Ling [2013] suggested
using a log-link of the stress levels to model the unequal shape parameters. Based on this idea, we
develop, in Chapter 5, robust inference for one-shot device testing under the Weibull distribution
with scale and shape parameters varying over stress. Other distributions may be considered for
modeling the lifetimes. In Chapter 6, we consider the Lindley and lognormal distributions. The
Lindley distribution, introduced by Lindley [1958], has shown to give better modeling that the
exponential distribution in some contexts (see Ghitany et al. [2008]). On the other hand, the
lognormal distribution has been studied in different types of censored data, see, for example,
Meeker [1984] and Ng et al. [2002].

Under the classical parametric setup, product lifetimes are assumed to be fully described by a
probability distribution involving some model parameters. However, as data from one-shot devices
do not contain actual lifetimes, parametric inferential methods can be very sensitive to violations
of the model assumption. Ling et al. [2015] proposed a semi-parametric model, in which, under the
proportional hazards assumption, the hazard rate is allowed to change in a non-parametric way.
However, this methods suffer again from lack of robustness, as it is based on the MLE of model
parameters. In Chapter 7, we develop robust estimators and tests for one-shot device testing based
on divergence measures under proportional hazards model.

In lifetime data analysis, it is often the case that the products under study can experience
one of different types of failure. For example, in the context of survival analysis, we can have
several different types of failure (death, relapse, opportunistic infection, etc.) that are of interest
to us, leading to the so-called “competing risks” scenario. A competing risk is an event whose
occurrence precludes the occurrence of the primary event of interest. Balakrishnan et al. [2015a,b]
have discussed the problem of one-shot devices under competing risk for the first time. The main
purpose of Chapter 8 is to develop weighted minimum density power divergence estimators as
well as Wald-type test statistics under competing risk models for one-shot device testing assuming
exponential lifetimes. Chapter 9 finally provides some concluding remarks and also points out
some further problems of interest. The Appendix briefly presents some other results, which have
also been obtained by the candidate during her Ph.D. studies.
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Resumen

Los dispositivos de un sélo uso (one shot devices en inglés), son aquellos que, una vez usados,
dejan de funcionar. La mayor dificultad a la hora de modelizar su tiempo de vida es que sélo
se puede saber si el momento de fallo se produce antes o después de un momento especifico de
inspeccién. Asi pues, se trata de un caso extremo de censura intervélica: si el tiempo de vida es
inferior al de inspeccién observaremos un fallo (censura por la izquierda), mientras que si el tiempo
de vida es mayor que el tiempo de inspeccién, observaremos un éxito (censura por la derecha).
Para la observacién y modelizacion de este tipo de dispositivos es comin el uso de tests de vida
acelerados. Los tests de vida acelerados permiten evaluar la fiabilidad de los productos en menos
tiempo, incrementando las condiciones a las que se ven sometidos los dispositivos para extrapolar
después estos resultados a condiciones mas normales. El estudio de los dispositivos de un sélo uso
por medio de tests de vida acelerados se ha incrementado considerablemente en los tltimos anos
motivado, principalmente, por el trabajo de Fan et al. [2009)].

Por otra parte, en las ultimas décadas, el uso de medidas de divergencia en la resolucién de
problemas estadisticos ha ganado gran importancia dentro de la investigacién. Por ejemplo, en
Basu et al. [2011] y Pardo [2005], se puede apreciar la relevancia de las medidas de divergencia en
la estimacién paramétrica y tests de hipdtesis paramétricos, asi como para otros muchos usos. En
particular, los estimadores de minima densidad de potencia (minimum density power divergence
estimators en inglés), introducidos en Basu et al. [1998], son muy importantes debido a su robustez.
A lo largo de esta Tesis, se desarrollaran estimadores y tests robustos para los dispositivos de un
solo uso basados en estas divergencias.

En el Capitulo 2, presentamos el problema de los dispositivos de un sélo uso con un tnico factor
de estrés, asumiendo que el tiempo de fallo de los dispositivos sigue una distribucién exponencial.
En este contexto, Fan et al. [2009] consideraron un tnico factor de estrés para los tests de vida
acelerados en el contexto de dispositivos de un sélo uso, y analizaron los datos usando un enfoque
Bayesiano en el que los parametros de la informacién a priori se asumian cercanos a los verdaderos
valores. Por otro lado, Balakrishnan and Ling [2012a] desarrollaron un algoritmo EM para un
factor de estrés, e hicieron un estudio comparativo con el método Bayesiano antes mencionado,
mostrando que el método EM es mas apropiado para productos con media o baja fiabilidad. Los
estimadores y tests de tipo Z que proponemos en este capitulo muestran, de forma tanto tedrica
como empirica, ser mas robustos que el estimador de méxima verosimilitud (EMV) y el clésico test
o prueba Z. Sin embargo, muchos tests de vida acelerados constan de mas de un factor de estrés,
lo cudl puede resultar més preciso para la prediccién de los tiempos de vida (Srinivas and Ramu
[1992],Bartnikas and Morin [2004]). En Balakrishnan and Ling [2012b], se desarrolla un algoritmo
EM para multiples factores de estrés asumiendo que los tiempos de vida siguen una distribucién
exponencial. En el Capitulo 3, extendemos los resultados del Capitulo 2 al caso de multiples
factores de estrés. En este caso, en lugar de tests de tipo Z, tenemos que definir tests de tipo Wald,
los cuales generalizan el clasico test de Wald. Con esta idea en mente, en el Capitulo 4, asumimos
que los tiempos de vida siguen una distribuciéon gamma. Esta distribucién se usa comunmente
en estudios de supervivencia y fiabilidad debido a su flexibilidad. Su funcién de riesgo puede ser
creciente, decreciente o constante. En este tltimo caso, la distribucién gamma corresponde a la
exponencial. Aparte de ésta, la distribucién gamma también contiene a la Chi-cuadrado como caso



particular.

En la practica, la distribuciéon Weibull es ampliamente utilizada en ingenieria y ciencias fisicas.
De hecho, esta distribucién también se usa habitualmente en estudios biomédicos para un modelo
de riesgos proporcional que evalue el efecto de las covariables, ya que los ratios o tasas de riesgo de
cualesquiera dos productos se mantienen constantes en el tiempo, véase por ejemplo Meeter and
Meeker [1994], Meeker et al. [1998]. Sin embargo, no siempre es vélido asumir ésto (Kodell and
Nelson [1980], Nogueira et al. [2009] y Vézquez et al. [2010]). En esos casos, Balakrishnan and Ling
[2013] sugirieron relacionar los factores de estrés a los pardmetros de forma. Basdndonos en esta
idea, desarrollamos, en el Capitulo 5 inferencia robusta para los dispositivos de un sélo uso bajo
la distribucién Weibull asumiendo que los parametros de escala y forma varian con los factores
de estrés. También podriamos considerar otras distribuciones para modelizar los tiempos de vida.
En el Capitulo 6, consideramos las distribuciones Lindley y lognormales. En algunos contextos se
ha demostrado que la distribucién Lindley, introducida por Lindley [1958], da mejores resultados
que la distribucién exponencial (Ghitany et al. [2008]). Por otra parte, la distribucién lognormal
ha sido estudiada en diferentes tipos de datos censurados, por ejemplo Meeker [1984] y Ng et al.
[2002].

En el clasico modelo paramétrico, se asume que las vidas de los productos estdn completamente
descritas por una distribuciéon de probabilidad con ciertos parametros. Sin emabrgo, como no se
pueden conoccer el momento real de fallo de los dispositivos de un sélo uso, los métodos parmétricos
pueden ser demasiado sensibles. Ling et al. [2015] propusieron un modelo semi-paramétrico, en
el que, bajo el modelo de riesgos proporcionales, el ratio de riesgo puede variar de forma no
paramétrica. Sin embargo, este método sufre de nuevo de falta de robustez, ya que se basa en
el EMV de los parametros del modelo. En el Capitulo 7, definimos estimadores y tests robustos
basados en medidas de divergencia para el modelo de riesgos proporcionales.

Si bien en los capitulos descritos se asume que hay una sola causa de riesgo, es habitual en el es-
tudio de este tipo de datos, que los dispositivos puedan tener diferentes causas de fallo. Por ejemplo,
en el contexto de andlisis de supervivencia, podemos tener varias causas de fallo (muerte, recaida,
infeccidn, etc.) que son de interés, llevando a lo que llamamos escenario de riesgos competitivos
(competing risks en inglés). Balakrishnan et al. [2015a,b] trataron por primera vez el problema
de dispositivos de un sélo uso bajo riesgos competitivos. El principal objetivo del Capitulo 8 es
desarrollar estimadores y tests para este caso asumiendo distribuciones exponenciales. Finalmente,
en el Capitulo 9 se presentan algunas conclusiones finales y se dan unas pinceladas sobre posibles
lineas de investigacién futuras. El Apéndice presenta de forma breve otros resultados, obtenidos
por la candidata durante la elaboracion de su Tesis.
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Chapter 1

Introduction

1.1 Motivation of the Thesis

On May 2015, Professor N. Balakrishnan (McMaster Uinversity, Ontario, Canada) was invited by
Professor L. Pardo and the Department of Statistics and Operational Research at Complutense Uni-
versity of Madrid (Madrid, Spain), to give a talk entitled “One-Shot Device Testing and Analysis”.
In this talk, Professor N. Balakrishnan first introduced the one-shot devices and the corresponding
form of test and data and made an overview of some results related to the EM-algorithm for this
kind of devices under different lifetime distribution assumptions. All these results had resulted on
the publication of several papers (see, for example, Balakrishnan and Ling [2012a,b, 2013]) and
were collected on the Thesis of Dr. Ling on 2012 (Ling [2012]). An extension of these results can
be found on several papers collected in the Thesis of Dr. So (So [2016]).

While all these results deal with the efficiency of the estimation on one-shot devices, the robust-
ness of these estimators was not considered. In this regard, Professors N. Martin, L. Pardo and N.
Balakrishnan discussed the possibility of applying divergence measures to one-shot device testing
to deal with this problem. In particular, the density power divergence was known to have good
robustness properties in several statistical models. This idea, which also resulted on the concession
of the National Research Project MTM2015-67057-P, can be considered the origin of this Thesis.

This work, developed under the supervision of Professors N. Martin and L. Pardo, has been
funded by the Santander Bank Funding Program (Complutense University of Madrid) and by
an FPU scholarship (FPU 16/03104). It has also received support from the Research Projects
MTM2015-67057-P and PGC2018-095194-B-I100. Three main research stays have been undoubtedly
essential in the development of this work. The first two (July-August 2016 and June-August 2018)
were carried out in McMaster Uinversity (Ontario, Canada) under the supervision of Professor N.
Balakrishnan. The last one (May-July 2019) was carried out in the University of Ioannina (Greece)
under the supervision of Professor K. Zografos.

1.2 Divergence measures

In the last decades the use of divergence measures in the resolution of statistical problems has
reached a remarkable relevance among the statisticians. It can be seen in Basu et al. [2011] and
Pardo [2005] the importance of divergence measures in the areas of parametric estimation and
parametric tests of hypotheses, together with many non-parametric uses. In the following, in
accordance with the scope of this Thesis we focus on parametric methods. In estimation theory
is very intuitive the role of the divergence measures in order to get estimates of the unknown
parameters: Minimizing a suitable divergence measure between the data and the assumed model.

From a historical point of view was Wolfowitz [1952, 1953, 1954, 1957] who considered for
the first time the possibility to use divergence measures (distances) in statistical inference. The
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robustness properties of many minimum divergence estimators in relation to the maximum likeli-
hood estimator (MLE), without a significant loss of efficiency, have been one of the most important
reasons for which that statistical procedures become more popular every day. Important works in
which it is possible to see these facts are, for instance: Beran et al. [1977], Lindsay et al. [1994],
Simpson [1987, 1989] and Tamura and Boos [1986]. Based on these minimum divergence estima-
tors has been possible to get test statistics that have better robustness properties that the classical
likelihood ratio tests, Wald tests of Rao‘s tests. In this Thesis, we shall use divergence measures
in order to present robust inference procedures for one-shot devices that we shall describe in the
next sections.
The statistical distances or measures of divergence can be classified in two different groups:

1. Distances between the distribution function of the data and the model distribution. Examples
include the Kolmogorov-Smirnov distance, the Cramer-von Mises distance, see Mises [1936,
1939, 1947], the Anderson-Darling distance (Anderson and Darling [1952]), etc...

2. Distances or divergence measures between the probability density function or probability
mass function of data (such as a nonparametric density estimator or the vector of relative
frequencies) and the model density. The term ”divergence” for a statistical distance was
used formally by Bhattacharyya [1943, 1946] and the term was popularized by its use for
Kulllback-Leibler divergence in Kullback and Leibler (1951), its use in the textbook Kullback
(1959), and then by Ali and Silvey [1966] and Csiszar [1963], for the class of ¢-divergences.
The three more important families of divergences of this type are: ¢-divergence measures,
Bregman divergences and Burbea-Rao divergences.

In this Thesis we pay special attention to some members of the Bregman divergences and
¢-divergence measures. We are going to describe these two classes of divergence measures. We
shall introduce some additional notation. Let X be a random variable taking values on a sample
space X (usually X will be a subset of R", n-dimensional Euclidean space). Suppose that the
distribution function F' of X depends on a certain number of parameters, and suppose further
that the functional form of F' is known except perhaps for a finite number of these parameters;
we denote by 6 the vector of unknown parameters associated with F. Let (X, Bx, Pp)gcq be the
statistical space associated with the random variable X, where By is the o-field of Borel subsets
A C X and {Pg}gce a family of probability distributions defined on the measurable space (X', Bx)
with © an open subset of RMo, My > 1. In the following the support of the probability distribution
Py is denoted by Sx.

We assume that the probability distributions Py are absolutely continuous with respect to a
o-finite measure p on (X, Bx) . For simplicity p is either the Lebesgue measure (i.e., satisfying the
condition Py(C) = 0, whenever C' has zero Lebesgue measure), or a counting measure (i.e., there
exists a finite or countable setSxy with the property Py (X — Sx) = 0). In the following

AP, fo(x) if p is the Lebesgue measure,
fo(x) = d—e(w) =14 Prg(X=x)=pe(x) if pis a counting measure,
s (z€ Sx)

denotes the family of probability density functions if u is the Lebesgue measure, or the family of
probability mass functions if p is a counting measure. In the first case X is a random variable
with absolutely continuous distribution and in the second case it is a discrete random variable with
support Sxy.

1.2.1 Bregman’s divergence measures

Bregman [1967] introduced a family of divergences measures, between the probability distributions
Pgl and .Pg27 by



B,(01,0;) = /X (¢ (fo, () — ¢ (fo. (%)) — ¢’ (fo, () (fo. () — fo. (®)) dpu ()

for any differentiable convex function ¢ : (0,00) — R with ¢ (0) = lim;_,¢ ¢ (t) € (—00,00). It is
important to note that for ¢(t) = tlogt, we get the Kullback-Leibler divergence,

f91 (iL’)
fo. ()

dict (61,602) = / for () log 2% 4, () (11)
P

and for ¢(t) = t? and discrete probability distributions, the Euclidean distance, namely

M
E(61,62) =Y (po, (i) — po, (:))”. (1.2)
i=1
But the most important family, from the point of view of this Thesis, is the family obtained
when ¢ (t) = 2t'*7 with 7 > 0. The corresponding family of divergences is called “density power
divergences” (DPD), whose expression is given by

dr(91,92)/X< fo T (x) — 1+Tf92( ) fo, () + fo, ' (= )) dy (). (1.3)

This family of divergence measures was considered for the first time in Basu et al. (1998). They
established that d.(671,02) > 0. The expression for 7 = 0 is obtained as

lim d,(61,02) =d 6,0
Tgl}) 7'( 1, 2) KL( 1, 2)
whose expression is given in (1.1). For 7 = 1 we get, for discrete distributions, the Euclidean
distance given in (1.2).
It is interesting to note that the DPD not only is a member of the Bregman’s divergence

measures but also a member of the family nof divergences measures considered in Jones et al.
[2001],

da0r00) = 5 ([ i <w>)6 (@ s @ane ))B
o5 (L ””>>ﬁ’

drp=1(01,02) = d.(01,02),

as, for 8 = 1, we have

i.e., the DPD. For 8 = 0, we have

lim d, 3(01,02) = 1 fol ™ ( —
tiy d.(61,00) = tox ([ 1 <w>)

+log </ fol ™ (= )> )

Jones et al. [2001] considered the Rényi Pseudodistance given by

R (9, fo) = 71 og </ foti( ) + mlog </X ga“(x)dx)
- 5 log (/X fg‘(m)g(x)dx> - (1.4)

lim d, 3(01,02) = (o + 1) Ry (g, fo) -
B—0

(/X fe, (z) fo, (x) du(m))

It can be seen that



1.2.2 Phi-divergence measures

The family of ¢-divergence measures defined simultaneously by Csiszar [1963] and Ali and Silvey
[1966] is defined by,

f01 (SC)
f92 (:B)

where ®* is the class of all convex functions ¢ (z), © > 0, such that at = 1,¢ (1) = 0, and at
x =0, 04 (0/0) = 0 and 0¢ (p/0) = plim, o ¢ (u) /u. For every ¢ € ®*, that is differentiable at
x = 1, the function

061,02 = | fez(w)¢< ) du(x), 6 € & (15)

(z)=o(x)—¢' (1) (z - 1),

also belongs to ®*. Then we have dy(61,02) = Dy(61,02), and 9 has the additional property
that ' (1) = 0. The most important properties of the ¢-divergence measures can be seen in
Pardo [2005]. The Kullback-Leibler divergence measure is obtained for ¢ () = zlogz — 2+ 1 or
¢ (x) = xlog x. We can observe that ¥ (z) = ¢ () — ¢'(1)(x —1). We shall denote by ¢ any function
belonging to ® or ®*.

From a statistical point of view, the most important family of ¢-divergences is perhaps the
family studied by Cressie and Read [1984]: the power-divergence family, given by

A1
501,00 = Doy 0000 = 15 ([ % e 1 (16)
) AN+ \ Uy fé\z (x)
for —oo < A < c0. The power-divergence family is undefined for A = —1 or A = 0. However, if we

define these cases by the continuous limits of Iy (61,602) as A — —1 and A — 0, then I (61,05) is
continuous in A. It is not difficult to establish that

lim I)\ (01, 02) = dKL (017 02)
A—0

and
lim I)\ (01, 92) = dKL (02, 91) .

A——1

We can observe that the power-divergence family is obtained from (1.5) with
b (x m(x”rlfx—/\(x—l));A%O,)\#fl,

¢ (x) =4 d (z limy 0 ¢z (2) = zlogz — 2 + 1,
d—1) (x) = limyx. 160 (z) = —logz +2 — 1.

)=
) =

The power-divergence family was proposed independently by Liese and Vajda [1987] as a ¢-
divergence under the name I,-divergence.

In this Thesis we shall use the DPD, d,(61,62), given in (1.3) the RP, R, (g, fo), given in
(1.4), the ¢-divergences measures given in (1.5) and the power-divergence family given in (1.6).

1.3 Minimum distance estimators

Suppose we have n independent and identically distributed (IID) observations X4, ..., X,, from a
unidimensional random variable X with distribution function G and we model the data gener-
ating distribution by the parametric family (X, Bx, Pp)gce with model distribution function Fp
and density function fg. Our aim is to estimate the unknown parameter 8 for which the model
distribution Fy is a “good” approximation of G in a suitable sense. In the likelihood approach,
maximizing this closeness translates to maximizing the probability of observing the sample data;
the estimate of @ corresponds to that particular model distribution, under which the probability
(or, likelihood) of the observed sample is the maximum. The resulting estimator is known as the

4



maximum likelihood estimator (MLE) of 8. We are going to present a justification of the MLE in
terms of divergence measures.

We denote by g the density function associated to the distribution function G. The Kullback-
Leibler divergence measure between g and fg is given by

dxi(g. fo) = /X o(z) log J?e(gjj)da:: /X o(z) log g(x)d — /X g(x) log fo(a)dz

In order to minimize in 6, dir.(g, fg), it will be sufficient to minimize

~ [ ata)1og fo(e)ds = [ o fo(a)dGz).
X X

But G(x) is unknown and we can consider as estimator of G(z) the empirical distribution function

1 n
= ﬁ ZII(—OO,Q:] (xl) y

where I, is the indicator function of the set A, based on a random sample of size n, X1, ..., X,.
Then we have to minimize

— | 108 fo(@)dGy(a =—*Zlogfe

or equivalently to maximize
I 1
— 1 X)) =— X;
- ;:1 og fo(Xi) - I | fo(Xi)

i.e., we get the MLE. Therefore the MLE has an interpretation in term of the Kullback-Leibler
divergence. This result is the main idea for the development of minimum distance estimators.

1.3.1 Minimum DPD estimators

The minimum DPD estimators were introduced by Basu et al. [1998], by defining

o~

97’ - i dT 5 )
arg mind-(g, fe)

i.e., we must minimize

A (1 3@ - T @) g )+ <x>) .

T

But the term [, ¢7*! () dz has not any role in the minimization in 6 of d, (g, fo). Therefore, we

/ £ ( x—l—:T-/ng(a:)dG(x).

In the same way that previously we can estimate G using the empirical distribution function
based on a random sample of size n, Xy, ..., X, i.e. we must minimize, for 7 > 0,

/ f1+T 1+T12f9

and the negative loglikelihood

must minimize

—% ; log fo(Xi)ue(X;)



for 7 = 0. Differentiating with respect to 0, 5, can be also be defined by the estimating equation,

1< .
TR (X)X~ [ 3 @ ua(a)de =0, (1.7
i=1
for 7 > 0, where 0, is the null vector of dimension p, being ug(x) = mogaij;"m.

Therefore the minimum DPD estimator is defined by

- 1+Tl
arg mingee (/ £ Zfe > >0 ' (1.8)

MLE T=0

)
3
Il

Basu et al. [1998] established the asymptotic distribution of éT, by

Vi (6. -6) £ N0, I (O)K-(6)J71(6),

n—0o0

being

T.(0) = [ wola)if )13+ @do+ [ Liola) = ruo(w)u @) Ha(e) ~ fo(0)} 5 a)ds (19

and
K. (0) ZAus(f)ug(f) o7 (2)g(x)dz — &, (0)€7(9), (1.10)
where £,.(0) = [, ug(x)fg(x)g(x)dx, and ig(x) = —a%wg(x) , the so called information function

of the model. When the true distribution G belongs to the model so that G = Fjy for some 8 € O,
the formula for J.(0), K,(0) and £, (0) simplify to

7:(60) = [ wa(e)uf ()1} (@)da,
x
K (0) = [ uo(w)uf (2) 57 (2)dz ~ E-(0)ET ).
£.(60) = [ wo()f}* (@)
x
They also established that the minimum density power divergence estimating equation (1.7) has a

consistent sequence of roots 5[3 = §n
This result were extended in Ghosh et al. [2013] to the situation in which the observations are

independent but not identically distributed. Let us assume that our observations Xi,...,X,, are
independent but for each ¢, the density function of X; is g;(z), ¢ = 1,...,n, with respect to some
common dominating measure. We want to model g; by the family f;g(z), 0 € ©, i =1,...,n

Thus, while the distributions might be different, they all share the same parameter . In this
situation, the model density is different for each X;, and we need to calculate the divergence
between the data and the model separately for each point, di(g1, f1,6);---,dn(Gn, fn,e) and to

define
. 1147) = [ 1 @ —(1+ )/ffe Ji(a)da + K,

where K is a constant that does not depend on 8. But in case we only had one data point X;
to estimate g;, the best possibility is to assume that g; is the distribution which puts their entire
mass on X;. Then we have,

1
Al 1+7— / 1+‘r (1+ ) fg(I)dl’ﬁ*K,
T 5



and

/0\7 = min H,, - (0
argeelg nr(8),
with

LS (—log fie(x;)) =0

H,,.(0) = iy, [ Fo7 (@) da — (1 + i) Zo(mi))] >0

In this case, we can see that the asymptotic distribution is given by

Vi (8, -8) £ N0, %(0)2,(0)%;(6)), (1.11)

where

%Zn: {/u“’ ujo(x)f}g7 (x)dx

- / (is0(x) + 7us o(@)uTo (2)} {gi () — fi,o<x>}fge<x>dx} ,
[ [wsonlo(w) 5wt - @-,Tw)ﬁ,fw)] ,
1=1

1
€.,(0) = / i 0(2) £ ()gi () e

If we assume that the true distribution g; belongs to the model, i.e, g; = f; o(x) for some 0,
the matrices ¥, (6) and Q..(0) are given by

and

n

=2 [ motentotn 5 e - 006 0)

€..(0) = / wi o) 3 (@)

3

In this Thesis, the observations associated to the methods for one-shot devices are, as we will
see in the next chapters, independent but not identically distributed. Therefore, the result in
(1.11) will be very important. This result was considered in Basu et al. [2018], in order to define
Wald-type tests for simple and composite null hypotheses with independent but non identically
distributed observations.

1.3.2 Minimum ¢-divergence estimators

In the procedure given to obtain the minimum DPD estimator is very important that the term
depending at the same time of fg(z) and g(z) will be linear in g(x). In that case we can estimate

7



g(x)dx by dG, (x) where G, (x) is the empirical distribution function associated to a random sample
of size n, Xi,..., X,,. We can see that in the case of the DPD the term is

/ £ (@) g («) d.
X

If in the term depending of fg(z) and g(z), g(z) does not appear in a linear way it is not possible
to estimate that term using the empirical distribution function. This is the case, in general, for the
phi-divergence measures. In this case, we can define the minimum ¢-divergence estimator (M¢E)
by R
04 = argmindy(fe, 9),

where ¢ is a non-parametric estimator of the density function g. This situation is more complicated.
But the M@E has been used in discrete models because in this case the estimator is a BAN (Best
asymptotically Normal) estimator. We are going to describe it because it will be used in some part
of this Thesis.

Let (X, B, Pg)eeg be the statistical space associated with the random variable X, where Sy
is the o-field of Borel subsets A C X and {Pp}g.¢ is a family of probability distributions defined
on the measurable space (X, Sx) with © an open subset of RMo My > 1. Let P = {Ei}i=1,...Mm
be a partition of X. The formula Prg(F;) = p;(0), i = 1,..., M, defines a discrete statistical
model. Let Y7,...,Y, be a random sample from the population described by the random variable
X, let N; = Z;L=1 Ig,(Y;) and p; = N;/n, i =1,..., M. Estimating 6§ by MLE method, under the
discrete statistical model, consists of maximizing for fixed nq,...,na,

n!

PI‘g(lenl,...,NM:nM)Z (0)><><p§c}”(0) (112)

1
| 111
Nny...Npr:

or, equivalently,
logPrg(N1 =ny,...,Ny = ’I’L]\/[) = —ndKL(ﬁ,p(G)) + k (113)
where p = (p1,...,pm)7 , p(0) = (p1(0),...,pa(0))T and k is independent of . Then, estimating

0 with the MLE of the discrete model is equivalent to minimizing the Kullback-Leibler divergence
on @ € © C RMo_ Since Kullback-Leibler divergence is a particular case of the ¢-divergence
measures, we can choose as estimator of 8 the value 8, verifying

dy(P,p(8s)) = inf dy(p,p(0)),
(D, p(0)) scalh, (D, p(0))
where
M B
dy(p,p(0)) = @qb( ; ) : (1.14)
¢ ; pi(0)

In general we can assume that there exists a function p(0) = (p1(0),...,pa(0))T that maps

each @ = (61,...,0,,)7 into a point in

M
A]V[ = {p: (p17"'7pM)T cDi Z 072 = 17"’7M7Zpi - 1} .
i=1

As 0 ranges over the values of ©, p(8) ranges over a subset 7" of Aj;. When we assume that a given
model is “correct”, we are just assuming that there exists a value 8y € O such that p(6y) = ,
where 7 is the true value of the multinomial probability, i.e., w € T.

Morales et al. [1995] established that

V0, —8) 5 N(0,,I3'(6))

n—oo

where I(0) is the Fisher information matrix defined by
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1.4 One-shot devices

The reliability of a product, system, weapon, or piece of equipment can be defined as the ability
of the device to perform as designed for, or, more simply, as the probability that the device does
not fail when used. Engineers assess reliability by repeatedly testing the device and observing its
failure rate. Certain products, called “one-shot” devices, make this approach challenging. One-
shot devices can be used only once and after use the device is either destroyed or must be rebuilt.
In this section, we introduce some basic concepts to understand this kind of devices.

1.4.1 Accelerated life tests

Most manufactured products are of high quality these days and so they will usually have long
lifetimes. Consequently, if the products are tested under normal conditions, the failure times of
the products will be quite large resulting in a large testing time. To reduce the experimental
time and cost, therefore, accelerated life tests (ALTs) are commonly employed to evaluate the
reliability of such products. An ALT shortens the life span of the products by increasing the
levels of stress factors, such as temperature and humidity. After estimating the parameters from
data collected under high-stress conditions, one usually extrapolates the life characteristics, such
as mean lifetime and failure rates, from high stress conditions to normal operating conditions; see
Meeter and Meeker [1994] and Meeker et al. [1998]. Some common stress factors that could be used
for this purpose include air pressure, temperature, humidity and voltage which can be controlled
easily in a laboratory setup.

1.4.2 Life-stress relationships

In ALTSs, failure rate (the expected number of failures per unit time) is required to relate to stress
factors such that measurements taken during the experiment can then be extrapolated back to the
expected performance under normal operating conditions. A simple model, such a linear model,
may be not enough to describe the relationship between the failure rate and the stress factors.
The most common relationships are described in Meeker [1984], Wang and Kececioglu [2000] and
Pascual [2007]. We consider, without loss of generality, the case of one risk, and we are going to
clarify some of that relationships:

a) The Arrhenius Relationship for Temperature Acceleration

Let T be the applied temperature in degrees Celsius. Note that 7'+ 273.15 is the temperature
on the Kelvin scale. Under the Arrhenius relationship, based on the Arrhenius Law, the
failure rate A\p relates to the temperature 7" in the form

11605 >

Ap = 0
T eXp(7°+71T+273.15

where, v and 7y; are derived from physical properties of the product being tested, and the
test methods. For example, is the activation energy of the chemical reaction rate. The
Arrhenius model is used to describe the failure time of lubricants, light-emitting diodes,
insulating tapes, and bulb filaments (Pascual [2007]).

9



b)

The Inverse Power Relationship for Voltage Acceleration

It is useful for describing the lifetime as a function of applied voltage. The parameter Ay
relates to applied voltage V as follows

1

Ay = )
v YoV

Log-linear relationship

Commonly used in survival analysis, it is often used in practice due to its mathematical
convenience. It shows the relative importance of stress factors in influencing the failure
behavior, regardless of whether the model is correct or not. The parameter A, relates to a
stress factor x in this case in the form

Az = exp(yo + ).

Lifetime distribution models with the log-linear relationships with covariates will be the kind
of relationship considered in the following chapters, where more than one stress factor will
be also considered.

Other relationships

As pointed out by Meeker [1984], assumed life-time relationships will hold only over a limited
range of stress levels. Therefore, there will typically a limit on the highest level of stress,
denoted here by xg. Although a higher limit will provide more precision for estimators, it
can also cause serious bias, if the value is so high that the associated model is incorrect. The
choice of the limit is usually made on the basis of previous results or the engineering (or
biomedical) judgment.

d.1) Standardization Define the standardized stress as
r—Ip
§=—7T+,
TH — D

such that zy =0 <z and x < xyg = 1. zy and xy are the standardized use level, and upper
bound, respectively. The standardized model is

Az = Bo + Bi&.

d.2) Quadratic model As a generalization of the log-linear relationship, it might be
tempting to fit the quadratic model (given here in terms of )

Az = Bo + Bi€ + B2

However, there is general reluctance to use such a model if the desired inferences require
much extrapolation (Little and Jebe [1975]).

1.4.3 Types of censoring

In any kind of data analysis, more information will result in a more complete analysis. In the case
of lifetime data analysis, knowing the exact time of failure of the devices will be the most preferable
situation. However, this is not possible in most of the practical cases, due to constraints on time
and budget of the experiment. Incomplete data frequently arise in life-tests and are referred to as

censored data. We can distinguish between left, right and interval censoring:
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a)

Left censoring

If the device under test fails before observable time, we define that to be left censored. Typical
example includes failure of an alarm system to alert in an incident of fire. The left censoring
is encountered on rare occasions in survival analysis because investigators are very particular
in the selection of participants for the study.

Right censoring

On the other hand, if the study finished but the event of the interest was not observed, the
device under test is said to be right censored. For instance, clothing or mobile phones are
often replaced by new ones when they are still usable, and cars are sent to junkyard when they
are still drivable. An example in survival analysis might be a clinical trial to study the defect
of treatments on heart attack occurrence. The study ends after 10 years. Those patients who
have had no heart attacks by the end of the last year are censored. Due to constraints on
time and cost, right censoring is commonly encountered in life-testing experiments. Under
this form of censoring, while some lifetimes will be completely observed, others will be known
only to be beyond some times. The two main types of right censoring are as follows:

b.1) Type-I censoring The life-test is terminated at a pre-fixed time, resulting in a fixed
censoring time and a random number of failures during the experimental period. Environ-
mental data are almost always Type-I censored.

b.2) Type-II censoring The life-test is terminated as soon as a pre-fixed number of
failures have been observed, resulting in a random censoring time and a fixed number of
failures during the experimental period. Type-II censored samples are also known as failure-
censored samples (Nelson [1980]).

The problem with Type-I censoring (random failures) is that, not guarantying a minimum
number of failures may lead to ineffective inference. This problem is solved with Type-II
censoring. However, the first censoring can be easier from managerial point of view since the
duration of the test is known in advance.

Interval censoring

In some situations, test items are inspected for failure at many time points and one only
knows that items failed in some intervals between two contiguous inspections. Such lifetime
data are said to be interval censored and arise naturally when the test items are not constantly
monitored. Any observation of a continuous random variable could be considered interval
censored, because its value is reported to a few decimal places. This sort of fine-scale interval
censoring is usually ignored and the values are treated as exactly observed.

Left and right censoring may cause floor and ceiling effects, while rounding data to fewer

decimal places results in interval-censored data. It is important to distinguish between censoring
and truncation. Censored values are those reported as less or greater than some value, or as an
interval. On the other hand, truncated values are those that are not reported if exceeds some limit,
but the truncated point is not recorded at all. Therefore, truncated data are less informative that
censored data.

1.4.4 One shot device testing data

In this thesis, one-shot device testing data, which is an extreme case of interval censoring, is studied.

Since one-shot devices can be used only once and are destroyed immediately after use, one can

only know whether the failure time is either before or after a specific time. The lifetimes are either
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left- or right-censored, with the lifetime being less than the inspection time if the test outcome is a
failure (resulting in left censoring) and the lifetime being more than the inspection time if the test
outcome is a success (resulting in right censoring). Some examples of one-shot devices are nuclear
weapons, space shuttles, automobile air bags, fuel injectors, disposable napkins, heat detectors,
missiles (Olwell and Sorell [2001]) and fire extinguishers (Newby [2008]). In survival analysis,
these data are called “current status data”. For instance, in animal carcinogenicity experiments,
one observes whether a tumor has occurred by the examination time for each subject.

Due to the advances in manufacturing design and technology, products have now become highly
reliable with long lifetimes. This fact would pose a problem in the analysis of data if only few
or no failures are observed. For this reason, accelerated life tests are often used by adjusting
a controllable factor such as temperature in order to induce more failures in the experiment.
The study of one-shot device from ALT data has been developed considerably recently, mainly
motivated by the work of Fan et al. [2009]. In that paper, a Bayesian approach was presented
to develop inference on the failure rate and reliability of devices. They found the normal prior
to be the best one when the failure observations are rare, that is, when the devices are highly
reliable. Balakrishnan and Ling [2012a] developed an expectation-maximization (EM) algorithm
for the determination of the maximum likelihood estimator (MLE) of model parameters under
exponential lifetime distribution for devices with a single stress factor. Balakrishnan and Ling
[2012b] further extended their work to a model with multiple stress factors. Balakrishnan and
Ling [2013] developed more general inferential results for devices with Weibull lifetimes under
non-constant shape parameters, while Balakrishnan and Ling [2014a] provided inferential work for
devices with gamma lifetimes. In Balakrishnan et al. [2015a,b] the problem of one-shot devices
under competing risks was considered for the first time. All these results are recorded in the thesis
of Ling [2012] and So [2016].

1.5 Scope of the Thesis

Most of the above results are based on MLE, which is well-known to be efficient, but also non-
robust. Therefore, testing procedures based on MLE face serious robustness problems. The main
scope of this Thesis is to develop robust estimators and test statistics (based on the DPD measures)
for one-shot device testing data. All the theoretical results will be supported by simulation studies
and illustrated by numerical examples.

The Thesis proceeds as follows. In Chapter 2, we assume the one-shot devices with lifetimes
having exponential distribution with a single-stress relationship. In Chapter 3, the exponential
distribution with multiple-stress relationship is considered, generalizing the results in Chapter 2.
Next, in Chapter 4 and Chapter 5, we consider the situation when lifetimes follow, respectively,
a Gamma and a Weibull distribution with non-constant shape parameters. In Chapter 6, similar
procedures are applied to other distribution functions, such as Lindley and lognormal. Chapter
7 develop robust inference for one-shot device testing under the proportional hazards assumption
and, in Chapter 8, we consider the competing risk model (assuming different possible causes of
failure) with exponential lifetimes. Chapter 9 summarizes the main results of previous chapters
and gives some ideas about future work. The Appendixes A and B briefly present some other
results, which have also been obtained by the candidate during her Ph.D. studies.
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Chapter 2

Robust inference for one-shot device testing
under exponential distribution with a simple
stress factor

2.1 Introduction

Let us consider the problem of one-shot device testing along with an accelerating factor, in which
the failure time of the devices is assumed to follow an exponential distribution. In this context,
Rodrigues et al. [1993] presented two approaches based on the likelihood ratio statistics for com-
paring exponential accelerated life models. Fan et al. [2009] considered a single stress factor to the
accelerated life test plan for one-shot devices, and analyzed the data by using a Bayesian approach
in which the model parameters in the prior information were assumed to be close to the true
values. In contrast, Balakrishnan and Ling [2012a] developed an EM algorithm for a single stress
model, and made a comparative study with the mentioned Bayesian approach, showing that the
EM method is more appropriate for moderately and lowly reliable products. Finally, Chimitova
and Balakrishnan [2015] made a comparison of several goodness-of-fit tests for one-shot device
testing data.

In this chapter we develop robust estimators and statistics for one-shot device testing under
the exponential distribution with a simple stress factor. In Section 2.2, we present a description of
the one-shot device model as well as the MLE of the model parameters. Section 2.3 develops the
weighted minimum DPD estimator as a natural extension of the MLE, as well as its asymptotic
distribution. In Section 2.4, Z-type test statistics are introduced for testing some hypotheses about
the parameters of the one-shot device model. The Influence Function of proposed estimators and
test statistics is developed in Section 2.5. In Section 2.6, an extensive simulation study is presented
in order to empirically illustrate the robustness of the weighted minimum DPD estimators, as
well as the Z-type test introduced earlier. A data-driven choice procedure of the optimal tuning
parameter given a data set is provided in also provided in Section 2.6. Finally, some numerical
examples are presented in Section 2.7, with one of them relating to a reliability situation and the
other two are from real applications to tumorigenicity experiments.

The results of this Chapter have been published in the form of a paper (Balakrishnan et al.
[2019Db]).

2.2 Model description and MLE

Consider a reliability testing experiment in which the devices are stratified into I testing conditions
and, in the i-th testing condition K; units or devices are tested under some stress factor (say, for
example, temperature) x;, ¢ = 1,...,1. In the i-th test group, the number of failures, n;, is
collected. This setting is summarized in Table 2.2.1.

13



Table 2.2.1: Data on one-shot devices testing at a simple stress level and collected at different inspection

times
Condition Inspection Time Devices Failures Temperature
1 1T K ny 1
2 IT2 K2 N9 T2
1 1Ty K ny Xy
Let us denote the random variable for the failure time under condition i as Ty, fori=1,...,1
and k = 1,..., K;, respectively. We shall assume here, that the true lifetime Tj; follows an

exponential distribution with unknown failure rate, \;(8), related to the stress factor x; in loglinear
form as
)\i (0) = 9() exp(é‘lxi),

where 8 = (6y,01)7 is the model parameter vector, @ € © = Rt x R. Therefore, the corresponding
density function and distribution function of the failure time under condition i are, respectively,

ft;zi,0) = X;(0) exp{—Xi(0)t} = Og exp(012;) exp{—0 exp(61z;)t}
and
F(t;2i,0) =1 — exp{=Xi(0)t} =1 — exp{—0p exp(b12:)}. (2.1)

Let us denote by R(t;z;,0) = 1 — F(t;x;,0) the reliability function, the probability that a unit
lasts lifetime t. Assuming independent observations, the likelihood function, based on the observed
data as in Table 2.2.1, is given by

I
L(ny,...,n5:0) = [[ F™ (ITi;2:,0) RX ™ (IT;; 21, 0). (2.2)

i=1

Definition 2.1 The MLE of 6, 6 = (50751)T, 18 given by

6= 1 Y 2.
0 arg%neaé( Og‘c(nla 7”170)? ( 3)

where L(ny,...,nr;0) was given in (2.2).
We now introduce empirical and theoretical probability vectors, respectively,
P = (Pi,b2)’ . i=1,....1, (2.4)
and
mi(0) = (11(0), m2(0)", i=1,....1, (2.5)
with p;; = % D2 =1— % m1(0) = F(IT;;2;,0) and m;2(0) = R(IT;; x4, 0).

)
The Kullback-Leibler divergence measure between p, and ;(0) is given by

~ R Pin ~ Di2
d ;> i(0)) =D | i2]
kL(P;; 7i(0)) = pir log (Wu(e)) T hizlos 7Ti2(0))

and similarly the weighted Kullback-Leibler divergence measure of all the units, where K =
Zle K, is the total number of devices, is given by

I I ~ -
K; = _ 1 A Di1 ~ Pi2
Y o em@) = 3 3o s () pes (255 )| 2

K2

For more details about the Kullback-Leibler divergence measure, see Pardo [2005].
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Theorem 2.2 The likelihood function L(n,...,n5;0), given in (2.2), is related to the weighted
Kullback-Leibler divergence measure through

' K, 1
ZZ:; fldKL(f)i,ﬂ'i(O)) =c— glogﬁ(nl, coo,np; 0),

with ¢ being a constant not dependent on 6.

Proof. We have,

I K. 1 " n; K —n. Ki—n;
(P, mi(0) =) -1 K L | K
; g e (P i) ; K ® (F(ITZ-;xZ-,G)> TR 8 (1 —F(ITi;xi,H)>

I
- % > {nilog (F(IT;;24,0)) + (K; — n;)log (R(IT;; 24, 0))}
i=1

I
1 n; . Ki—n; .
¢— o log (1:[1F (ITy; 2;,0)R (ITi,xi,9)>

1
:C_?logﬁ(nl,..qnl;e)?

where ¢ = Z{:l ;L( log (;2) + KI;" log (KI;”) does not depend on the parameter 6. m

Based on Theorem 2.2, we have the following alternative definition for the MLE of 6.

Definition 2.3 The MLE of 0, 5, can be also defined as

o~

I
K,
0 = argmin —di(p;, ™i(0)). 2.7
i3 i (B (0) 2.)

2.3 Weighted minimum DPD estimator

Based on expression (2.7), we could think of defining an estimator by minimizing any (weighted)
divergence measure between the empirical and theoretical probability vectors. As explained in the
Introduction, there are many different divergence measures (or distances) known in the literature,
and the natural question is whether all of them are valid to define estimators with good properties.
Initially, the answer is yes, but we must think in terms of efficiency as well as robustness of the
defined estimators. From an asymptotic point of view, it is well-known that the MLE is a BAN
(Best Asymptotically Normal) estimator, but at the same time we know that the MLE has a very
poor behavior, in general, with regard to robustness. It is well-known that a gain in robustness
leads to a loss in efficiency. Therefore, the distances (divergence measures) that we must use are
those which result in estimators having good properties in terms of robustness with low loss of
efficiency. The DPD measure introduced by Basu et al. [1998] has the required properties and has
been studied for many different statistical problems until now.

Given the probability vectors p; and ;(0) defined in (2.4) and (2.5), respectively, the DPD
between the two probability vectors, with tuning parameter g > 0, is given by

(o mi(6) = (757(6) + 7571(6)) = T (Punlh(6) + uma(6)

1
+ = (ﬁfl“ +ﬁf2+1> . if B >0, (2.8)
B

and dg—o(p;, 7:(0)) = limg_,+ dg(p;, 7:(0)) = dxr(P;, ™i(0)), if 3 =0.
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We observe that in (2.8), the term % (ﬁ?ﬁ'l +ﬁf2+1) has no role in the minimization with

respect to 6. Therefore, we can consider the equivalent measure

_ B+l
B

Definition 2.4 Based on (2.7) and (2.9), we can define the weighted minimum DPD estimator
for 0 as

4By mi(6)) = (71 (@) + 757 (9)) (P15 (8) + P () (2.9)

I

~ K; .,
05 = argmin " = d5(B,. wi(0)),  for f>0,
oco — K

and, in particular, for f =0, we have the MLE.

Theorem 2.5 The weighted minimum DPD estimator of @ with tuning parameter 3 > 0, 55, can
be obtained as the solution of the following system of equations:

(K; F(IT;;24,0) —n;) f(ITy; 2,0) [FP~1(ITy;24,0) + R° (1T} 2,0)] IT; = 0, (2.10)

M-

1

2

(K; F(IT;;2:,0) —n;) f(IT;;24,0) [FP~(ITy; 24, 0) + RP ' (ITy;24,0)| ITiw; = 0. (2.11)

-

=1

Proof. We have

%&;xl’ﬁ) =exp {—0pexp (012;) IT;} exp {012} IT; = f(IT;; s, 0)% (2.12)
and
%@’f“m = exp {—0oexp (612;) I[T;} exp {012} [T;00x; = f(IT;;x;,0)IT;x;. (2.13)
We denote

d;; (ﬁm 771(0)) = 7;175(0) + 7;2,[3(0);
where 7;1,3(0) and T2 5(0) are as follows, for > 0:

Tir,5(0) = {Fﬁ+1(Iﬂ§$i70) —(1+ ;)Fﬂ(ITi;xi,e);?} 7

i

Ti2,5(0) = {RB“(ITi;m,O) —(1+ YR (T 2:,0) Ki}; n; } .

%

Based on (2.12), we have

01O _ 51y (P(ITs00,0) — ™0 (T 00, 0)F (1T, 0) 20
890 Kl 00
and
IT2®) _ 5 4 1y (F(IT500,0) — ™) F(UTs 20, 0)RP (1T 1, 0) 10
a0, K; 0o

On the other hand, by (2.13), we have

97:1,6(6) =(B+1) (F(ITNQ%‘,B) - ) fUITy;2:,0)F°P~ (IT;; 24, 0) I Ty
90, K,
and
T2s®) _4.44) (F(In;xi, 0) - % ) T2, 0)R°™ (ITi; ;. 0) I Tia.
1 i
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Finally, the system of equations is given by

ijgg 0Tap(0)  0Ts®)\ _
K\ 06, 9 )

=1

M-

K (0Tas(0) | 0Tes(®)) _
K 061 06, '

i=1

If we consider = 0, we get the system needed to solve to get the MLE. Hence, the previous
system of equations is valid not only for tuning parameters g > 0, but also for 5 =0. =

Theorem 2.6 Let 0° be the true value of the parameter 0. Then, the asymptotic distribution of
the weighted minimum DPD estimator Og is given by

VE (85 -6") £ N (0.057(6°K,(6°)5'(6")

where
I k. 5
Tp(0) =) & (9 ;g) IT? f2(ITy;2;,0) [FP (ITy; 2:,0) + R (IT3;2;,0)], (2.14)
i=1 0o (
LI SR A S 7}
Kg(0) =) f % ;;) IT?f2(ITy; 2, 6) (2.15)
i=1 o ?

x F(IT;;;,0)R(ITs; 2;,0) [P~ (IT;; 2, 0) + R°~ (IT;; 2, 0)]°
Proof. From Ghosh et al. [2013], it is known that

VE (85 -0°) =5 N (05,0510°)K5(09)751(8"))

where
I 2
150 =% %uijw)ufj(e)wfj“(e),
1:11 ]21 )
K5(0) =33 M 0)ul @) 7(0) - 3 i, (0067 5(6),
i=1 j=1 i=1
with

2
€500 = Zuij(e)ﬂfj+l(9)a

_ Ologmi;(6) 1 0m(0) 1 fU T2, 0)IT; %
W= @ e VT e (52)

1 T4
2 e 2 vl o
Since wi;(0)ul;(0) = % (93 00) , we have

I 1 T 2
K; [ 37+ —
T5(0) =Y (" i2> IT? f2(IT5;2:,0) Y w'(6)
i=1 0o ¢ j=1
K i

=y ? <93 ";) IT? f(IT;; %,0) [FP 1 (ITy;24,0) + R° (1T 24, 0)] .
y ox;
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In a similar manner

1z 2
57:,[3(9)555(9):(23 9°>ITEf (IT;; 2,0 17+
B o g
and
2
I /1 a 2 2 _
Kﬂ(9)=2<i§ "%) IT? f2(IT5524,0) | Y ml H(0) — | (-1 '7(6)
i=1 \0 Y =1 =
Since
2 2 2 9
SO~ | o1 RO) | =T (@)ma(0) (r7NO) + 7 0))
Jj=1 j=1
it holds
~Ki (3 1 1 2
K@(B) :ZFIL <f«? 3;02> ITQf (ITl,xl,G)ml(G)mg(B) (7’(’151_ (0)+7Tg_ (0))
i=1 0o i
I o (1 2
=S 2E B) i raTe.e)
K\ % g2
=1 6o (3
x F(IT;;2;,0)R(IT;; %, 0) [FP~H(IT;;24,0) + Rﬁ—l(m;xi,a)f
(]

2.4 Robust Z-type tests

We are now interested in testing the null hypothesis of a linear combination of @ = (6, 0;)7, H,
mofy + m101 = d, or equivalently

Hy: mT0 =d, (2.16)
where m? = (mg,m;). In this setting, it is important to know the asymptotic distribution of
the weighted minimum DPD estimator of 8. In particular, in case we wish to test if the different
temperatures do not affect the model of the one-shot devices, we need to consider m” = (mg, m;) =
(0,1) and d = 0. In the following definition, we present Z-type test statistics based on 55.

Definition 2.7 Let 53 = (5075, 51,5)T be the weighted minimum DPD estimator of @ = (6o,01)T.
Then, the family of Z-type test statistics for testing (2.16) is given by

S K g
ZK(OB)_\/mTJ?(@ﬁ)Ka@ﬁ)J;l@)m( 03-). 247

In the following theorem, the asymptotic distribution of Zg (55) is presented.

Theorem 2.8 The asymptotic distribution of Z-type test statistics, ZK@B), defined in (2.17), is
a standard normal.

Proof. Let 8° be the true value of parameter 6. It is clear that under (2.16), we have
mTag —d= mT(ag - 00)
and we know that

VK@ - 6") £ N (0,051(0")Kx(6")T5(8")),

— 00
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from which it follows that
VE (mTEB - d) SN (O,mTJEI(HO)Kg(OO)ng(OO)m) .

Dividing the left hand side by

TS (05)K 5(05) 75 (05)m.,

since mT.Igl(@B)Kﬁ(ég)ng(éﬁ)m is a consistent estimator of mTJEI(HO)KB(HO)J[;l(@O)m,
the desired result is obtained by following the Slutsky’s theorem. m
Based on Theorem 2.8, the null hypothesis in (2.16) will be rejected, with significance level «,

if

\ZK(oﬁ)] > 2, (2.18)
where zg is a right hand side quantile of order § of a normal distribution. Now, we shall present a
result providing an asymptotic approximation, to the power function, for the test statistic defined
in (2.18).
Theorem 2.9 Let 0° € © be the true value of the parameter 0 so that

5g i) 6" co

K—oo

and mTO* # d. Then, the approzimate power function of the test statistic in (2.18) at 0" is as
given below, where ®(-) is the standard normal distribution function,

K T p*
1-@ (25 - \/mTJﬁl(Q*)Kg(B*)Jﬁl(O*)m (m* 0" — d))] . (2.19)

Proof. The power function of Z K(@g) at 6" can be obtained as follows:
7(8%) = Pr (‘ZK@B)‘ > 2410 = 0*) (2.20)

=2Pr (ZK(§5) > Z%|0 = 0*)

—QPI‘( = K,\ R (mTaﬁd)>Zg|0—0*>
mTJ 5 (05)K3(05)J 5 (65)m

K .
=2Pr ( —— ——————m' (63— 6") >
m”'J ;5 (03)K3(05)J 5 (05)m

T(0") ~2

K x
za — p— = — (m’o —d)) .
m’J 5 (03)K3(05)J 5" (03)m
Finally, since mTng(aﬂ)Kg (%)J;l(ﬁﬁ)m is a consistent estimator of
m I (0°)Ks(0%)J ;' (6%)m
and
m"VEK (65 — 6") Ki> N(0,mTJ;(6") K 3(6") 5 (6")m),
—00
the desired result follows by following the Slutsky’s theorem. m

Remark 2.10 Based on the above results, it is possible to provide an explicit expression for the
number of devices as

A mTJ5 (05)K5(05)J 5 (65)m R
R(5.a) o (05)Ks(05)7; (65) (2%7(1),1(17%)) i,
mT95 —d
necessary to get a fized power ™ for a specific significance level o. Here, [] denotes the largest

integer value less than or equal to -.
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2.5 Robustness of the weighted minimum DPD estimators
and Z-type tests

An important concept in robustness theory is the influence function (Hampel et al. [1986]). For
any estimator defined in terms of an statistical functional U (F') from the true distribution F', its
influence function (IF) is defined as

[F(tU, F) = 1im 20 ZUWF) _ OU(F)

7 2.21
0 € O |._o+ (221)

where F, = (1—¢)F+eA, with e being the contamination proportion and A; being the degenerate
distribution at the contamination point ¢. Thus, the (first-order) IF, as a function of ¢, measures
the standardized asymptotic bias (in its first-order approximation) caused by the infinitesimal
contamination at the point ¢. The maximum of this IF over ¢ indicates the extent of bias due to
contamination and so smaller its value, the more robust the estimator is.

2.5.1 Robustness of the weighted minimum DPD estimators

Let us denote by G; the true distribution function of a Bernoulli random variable with an unknown
probability of success, for the i-th group of K; observations, having mass function g;. Similarly, by
F; ¢ the distribution function of Bernoulli random variable having a probability of success equal
to ;1(0), with probability mass function f;(-,0) (i = 1,...,I), which are related to the model. In
vector notation, we consider G = (G1 ® 1%}1,...,(?[ ® 17121)T and Fg = (F19® lf(l,...,FLg ®
15,)7.

For any estimator defined in terms of a statistical functional U(G) in the set-up of data from
the true distribution function G, its IF in accordance with (2.21) is defined as

[F.U.G) = limn Z(Get) “U(G) _ 0U(Gy)|
=+ c e e=0*

where Gor = (1 — €)G + A4, with € being the contamination proportion and A; being the
distribution function of the degenerate random variable at the contamination point

t=(t11, b1,y oor b1ty s trie, )T € RTE

We first need to define the statistical functional Ug(G) corresponding to the weighted mini-
mum DPD estimator as the minimizer of the weighted sum of DPDs between the true and model
densities. This is defined as the minimizer of

K; 8+1
10 =Y ¥ 500 - 0] (222)

where g;(y) is the probability mass function associated to G; and

fi(y,0) = ymi1(0) + (1 —y)mi2(0), y € {0,1}.

If we choose g;(y) = fi(y,0), expression (2.22) is minimized at § = 6°, implying the Fisher
consistence of the minimum DPD estimator functional U g(G) in our model.
Under appropriate differentiability conditions as the solution of the estimating equations

OHp(0)
96

LK, 8 dfi(y,0) B—1 dfi(y,0)
RPN D R U | ST e

%
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In order to get the IF of the minimum DPD estimator at Fy with respect to the k-th element
of the ip-th group of observations we replace 0 in (2.23) by

020 = Uﬁ(Gl X 1,1[;1,. . ')Gig—l ® liio—l’Gi(%E ® ]'%io’GiO“’l’ .. .,G] ® 1%1),

where G, . is the distribution function associated to the probability mass function

Gioek(y) = (1 =) fi(y, 0°) + e, (),

where A, (y) = yAglo)k +(1— y)A(Q) with Aglo)k being the degenerating function at point

tig,k?
io k), AY =1 - AWM Y and
tzo,k tﬁo,k

fi(y,0%) if i # i;
gioys,k(y) ifi:io«

9i(y) = {

Then, we have

aHﬂ(B) Z K; B i 8fi(y7 0)
=) e [y, 0°) ——| (2.24)
00 oo S K|, 5, 90 |y_gio
I
; 7 ioy Ofi(y, 0
SRS e PO )
i#io ye{0,1} 0=6."

— 7 6 iO 70
> My, e0) 01ios, ) a(g )
y€{0,1}

9=0%0

I
x| 2
—_—— N

[(1 - <C:)fio (y, 00) + EAtiO,k (y)] }

Now, we are going to get the derivative of (2.24) with respect to e.

7 .
Ki — i 0 ) 10 0 i ,0 80;0
ST | e 28] 2R O
i=1 ye{0,1} 6=6.° 6=6.°

o) Ph.0)| 00

B8 0 i\ €

+f(y,0°) —=—= —_
I )

K; 2 ioy Ofi(y,0) dfi(y,0) 00 0
_Zi Z (5_1).]0? (yvaso) T . . £ fz(yve )
iio K {ye{o,l} 00 =00 00 |g_go Oc
_ 0 fi(y,0) o0’
B—1 10 \Y>» 5 0
+/; 505 % ,0
fz (y ) 69T0 9:920 aé_ f (y )
K;, Z [ B—2 ioy 0fi(y,0) dfi(y,0) 00% 0
- B-1f "(v,02) —F—=| = [ - fily, 8°) + e, (y)]
" {ye{O,l} 060" lo—or 00 lo_gio ¢
_ 0% fi(y,0) 00"
_ ﬁ 1 i0 \Y» 5 _ . 0

fio (y,62) 070 g O [(1—2)fi(y,0°) + ey, , ()]

1w o) O 00 4 )

=00

b-o

Now, we evaluate the previous expression in € = 0, and we have
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I
K; _ dfi(y, 0 dfi(y, 0
IF (i U, Fo) Y 0 {fﬁ o) 2L kD)
i=1 ye{0,1} 6=6° 6=0°
& fi(y,0) ”
B 0
+f(y,0") —————=
fi(y,67) 2070 |p_po
I
K; - ofi(y, 0 fi(y,0
Ity Up o) |30 50 S [(ﬁ 0 00) 2800 10.9)
i#i0 ye{0,1} 6=06° 0=0°
& fi(y,0) H
B 0 i\Y»
+f(y,0") ———
fi(y,67) 2070 |p_po
Ki |: p—1 0 aflo(y’e) aflo(yae) B 0 anZo(y70)
o B-1f, (y,07) — fi(y,0") — 0 —
K ye%:’l} 907 lo—go 00 |g_go 9076 |g_go
K’io — a ZU 7 8 Lo 7
y€{0,1} 6=6° ye{() 1} 0=0°
Then, we have
I
KZ — 8 % 79 8 % )0
IF zo k7U6>F90 Zf Z |:ﬁfz,8 1(y500) fa(eyT ) fé()?é )
i=1 y€{0,1} 6=0° 6=0°
> fi(y,0) H
B 0 i\Y»
+f(y,0") ————
fi(y,07) 2078 |y_po
I
Ki — 81 ,0 81 ,9
_IF(timkaﬁaFeo) Z f Z |:(6 - 1)sz 1(y790) fa(gyT ) f(xg% )
i=1 ye{0,1} 6=6° 0=69
’ aaTe 0—g0
Kio B—1 0 afio(y>0) 10 B afm(y’ )
5 2 S W) T A S P L —o.
ye{0,1} 6=6 ye{o 1} 6=6°
Simplifying,
I
_ 6 i ;0 8 [ 70
IF(tio 1, Ug, Fgo) Z > [ff 'y, 6°) % %) ]
=1 ye{o 1} 9:00 0:00
K; sz (y,0) K; 3fz (y,0)
0 B— 1 0 0 B 0 _
_ Z £ ) =0 | Al Z fo(,6°) =55= =0
ye{o 1} 6=06 ye{o 1} 6=0
Finally,
TF(tiy 1, Upg, Fgo) = Waio.k (2.25)
Iy 1
K, _ dfiy(y,0 K, ) 0
- Na Zye{O,l} ff) 1<ya90) %’9:90 Atio,k(y) - K ZyE{O,l} fﬁ) (y’eo) = (y )’9 00
B I K B-1/ 0y 0fi(y.0) fi(y.0) '
Zi:l K {Zye{O,l} [fi (y,6") aoyT =60 az ’0:90”

Let us now develop IT; ;, x and Iy ; 5, in (2.25) trying to simplify the form of the IF.
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_ a 10 70 Z(] a 20 )
Z fZ[Z 1(y,00) f 6(3 ) tmk o Z fa(g )
ye{0,1} 6=0° ye{O 1} 6=0°
= > [ w60 (an, >ffi0<y,e>)}
ye{0,1}
87r2- (0) 1 a'fri 2(9) 2
_ 0y 97Tig1\Y) Q. 0 0 (2) )
=m0 —5g |, (A1), =1 (0)) + 05" (6%) o o (A2, = mi,2(0))
aﬂ'i (0) 67TZ 1( ) 1
_ 0y YMig1\Y) L _ 27190 0 A
=m0 =5e |, (AW mi01(8)) — 7o' (6°) Tt . (mir(0) - ALY,
_ Omi1(0) B=100 0 ‘ 1)
=g, (T 00+ 7l 00) (mn(0) - AL
Then
Kzo amo 0
Mg e = 2 8¢19( ) - ( 5-1(6%) 1 22510 )) (7%1(0) - A?O)J (2.26)

On the other hand

_ afi(y, 0 dfi(y, 0
> [ff (g 60) 20 fg; ) }
yG{O,l} 69 0—=0° 0—=0°
— Z |:f[3+1( 90) 810gfl(ya ) alogfz(y79) :l
ye{0,1} l 00" 6=6° 00 6=0°

w0 H(0%)uin (6%)ufi (6°) + 7 (6°)uin(6°)uly(6°)
2
= Z 1(0%)ui; (6°)uli(6°).

Therefore,
K 2
Z K N w0 u (0°)ul; (%) = J5(6°) (2.27)
i=1 j=1

Then, taking unto account (2.26) and (2.27), we get

Kio amol (9)
K 80 0= 90

X (Wﬁzl(e )+ 102 (90)) <7Ti01(00) 7A(1) )

IF(tiy 5, Upg, Fgo) =J 5'(6°)

(2.28)

zok

Proposition 2.11 Let us consider the one-shot device testing under the exponential distribution

with a simple stress factor defined in (2.1). The IF with respect to the k—th observation of the
to—th group is given by

IF(tiy 5, Upg, Fgo) =J 5 (00) K (FP1(ITy; 24y, 0°) + RPH(IT}y 5 240, 0°))
(F(IEO,:UZO,BO) Agg,k) F(ITsy: 24, 0°) Ty vy (2.29)
where Aglo)k is the degenerating function at point t;, j, and v;, = (1/90,xi0)T.
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Proof. Straightforward from (2.28) and taking into account that &r”’ié(e) , =Vi- ®
6=0

In order to get the IF of the minimum DPD estimator at Fy with respect to all the observations,
we replace the parameter 0 in (2.23) by

020 — UB(GI,E ® 1%;1, o Gig—1,e ® 1?{%71,6:2‘075 ® 1711(1_0,Gi0+1757 o Gr e ® 1711(1)’

and the probability mass function g;(y) by

gic(y) = (1 =€) fi(y,8°) + Ay, (y),

where Ay, (y) = Zf:ll Ati,k(y)v and we get

OHp(6) S K; Ofily. 0
8/30( ZZ K Z ff(y,ﬁg) T) (2.30)
0=6. =1 ye{0,1} 0=6.
I
K; _ dfi(y, 0
Sy e 2O e
—~ K 00 |, g
=1 ye{0,1} =
Differentiating with respect to &, we have
I
— By, 6.) D (Y, 0e) —
I
Ki -2 afz(yae) afz(yao) 606
-5 (8= 1f2(y,6¢) S Giek(y)
. 0f,(y.0)| 98 . 9f,(y,6)
_51 706# Eia - {81 795177 —Ju 700 +A =0
fio (:00) — o oy, 000 w) = F7(9:00) =50 - [~ fi(y,0°) + At 1 (y)]
Finally,
II
F(t,Ug, Fgo) = =2~ (2.31)
IT5 1
I , - afi(y,0 I : afi(y,0
N B o 1T 0,60 g A~ S oy £ 0.6°) L2
N I K B—1( o0\ 0fi(y.0 0fi (.0 '
Ei:l Kf {Zye{o,l} {fz (y’B ) 5(9% ) 0—00 B(Z : 9=90:|}

Proposition 2.12 Let us consider the one-shot device testing under the exponential distribution
with a simple stress factor defined in (2.1). The IF with respect to all the observations is given by

I

N

0 % B—1 0 Bs—1 . 0
IF(t,Upg, Fgo) =J 5" (6°) 2? [(FP=(IT;; 2;,0°) + RO (IT;;2,8°))
X (F(ITi;J%QO) - AE?) f(ITiQxhgo)ITiVi} ; (2.32)

where Ag) = Z,I::l Agl)k and v; = (1/60,2;)" .

Proof. Straightforward from (2.31) and taking into account that aﬂge(g)

=v,;.
6=0°
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Remark 2.13 Let
h(IT,z,0) = (F°~*(IT;2,0) + RF(IT;,0)) f(IT; g;,o)ITei
0
= [exp {612 — 6y exp (612) IT} [1 — exp {—0g exp (012) IT}" !

1
+exp {61z — Bby exp (01x) IT} 61T o
0

1
ho(IT,2,0) = (FP~*(IT;z,0) + RF(IT;z,0)) f(IT; 2, 0)IT o
0

= [exp {610 — g exp (612) IT} [1 — exp {—6g exp (612) IT})" !
+exp {612 — BOgexp (012) IT} 0o IT) x

be the factors of the influence function of 0 given in (2.29) and (2.32). Based on this, might
be commented on conditions for boundedness of the influence functions presented in this Chapter,
either with respect to an observation other with respect to all the observations, that they are bounded
on ti, k ort, however if =0 the norm of the bidimensional influence functions can be very large
on (z,IT), in comparison with 8 > 0, since

lim hy(IT,2,0) = lim hg(IT,x,O):tligrn hi(IT,x,0)
—r+00

T—+00 T—+00
(61<0) (01,>0)
. =00, if =0
= 1 ho(IT, 2,0
ITEI}roo 2T, 2,6) { <oo, ifBf>0

This implies that the proposed weighted minimum DPD estimators with 5 > 0 are robust against
leverage points, but the classical MLE is clearly non-robust. Same happens for large ITs too, but
in accelerated processes inspection time tends not to be large.

In addition, it is interesting to note that

F(IT;z,0) —>

T —+ 00

1, if6,>0
0, 6 <0’

which matches with the degenerated distributions for cells, and similarly

AO) —

x—+o0o

400, if6; >0
0, if6 <0

approaches both boundaries of A\(0) € (0,400).

2.5.2 Robustness of the Z-type tests

Next, we study the robustness of the proposed Z-type test statistics. The IF of a testing procedure,
as introduced by Ronchetti and Rousseeuw [1979] for IID data, is also defined as in the case of
estimation but with the statistical functional corresponding to the test statistics and it is studied
under the null hypothesis. This concept has been extended to the non- homogeneous data, by
Aerts and Haesbroeck [2017] and Ghosh and Basu [2018]. In our context, the functional associated
with the Z-type test, evaluated at Ug(G) is given by

K
mTJ; (Us(@)Ks(Up(G)J ;' (Us(@))m

Zk(Us(@)) = \/ (m"Us(G) —d). (2.33)
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The influence function with respect to the k—th observation of the ig—th group of observations,
of the functional associated with the Z -type test statistics for testing the composite null hypothesis
in (2.18), is then given by

aZK(FeiO)
IF(tiy gy Zr, Fgo) = —————
Oe e=0t
But,
0Z (Fyio) U 5(Fyio)
e ) 00 T 0.
85 K( )m 85 9
e=0+ e=0+
U5 (F, i) . .
where — is the IF of the estimator and
e=0+
K
Py (0%) = - - : (2.34)
mTJ;(0°)Ks(6°)T ;" (6°)m
Therefore,

Proposition 2.14 Let us consider the one-shot device testing under the exponential distribution
with a simple stress factor defined in (2.1). The IF of the functional associated with the Z -type test
statistics for testing the composite null hypothesis in (2.16), with respect to the k—th observation
of the ig—th group is given by

TF (tig 1y Zxc, Foo) = @ (0°)YmT T F (L 1, U g, Fyo),
where TF (ti, x, Upg, Fgo) is given in (2.29) and ®(0°) is given in (2.34).
Similarly, for all the indices,

Proposition 2.15 Let us consider the one-shot device testing under the exponential distribution
with a simple stress factor defined in (2.1). The IF of the functional associated with the Z -type
test statistics for testing the composite null hypothesis in (2.16), with respect to all the observations
s given by

TF(t, Zy, Fgo) = @ (0°YmTIF(t, U 3, Fo),
where [F(t,U g, Fgo) is given in (2.32) and ®x(68°) is given in (2.34).

From these results, same conclusions are derived about the boundedness of the influence func-
tion associated with the Z -type test statistics presented on this Chapter.

2.6 Simulation study

In this section, a simulation study is carried out to examine the behavior of the weighted minimum
DPD estimators of the parameters of the one-shot device model, studied in this chapter, as well
as the corresponding Z-type tests, based on weighted minimum DPD estimators. We pay special
attention to the robustness issue here. It is interesting to note, in this context, the following. For
each fixed time, IT;, under a fixed temperature, x;, K; devices are tested. In particular, a balanced
data with equal sample size for each group is considered.

As it happens for product binomial sampling model, we must consider “outlying cells” rather
than “outlying observations”. A cell which does not follow the one-shot device model will be called
an outlying cell or outlier. The strong outliers may lead to reject a model fitting even if the rest
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of the cells fit the model properly. In other words, even though the cells seem to fit reasonably
well the model, the outlying cells contribute to an increase in the values of the residuals as well
as the divergence measure between the data and the fitted values according to the one-shot device
model considered. Therefore, it is very important to have robust estimators as well as robust test
statistics in order to avoid the undesirable effects of outliers in the data. The main purpose of
this simulation study is to empirically illustrate that inside the family of weighted minimum DPD
estimators developed in this chapter, some estimators may have better robust properties than the
MLE, and the Z-type tests constructed from them can be at the same time more robustness than
the classical Z-type test constructed through the MLEs.

2.6.1 Weighted minimum density power divergence estimators

The simulation study is carried out to compare the behavior of some weighted minimum DPD
estimators with respect to the MLEs of the parameters in the one-shot device model under the
exponential distribution with a simple stress factor. In order to evaluate the performance of the
proposed weighted minimum DPD estimators, as well as the MLEs, the root of the mean square
errors (RMSEs) are considered. A model in which I =9, different conditions are obtained from the
combination of the temperatures « € {35, 45,55}, being the inspection times I'T € {10, 20,30} and
K;=20Vi=1,...,1I, as in Table 2.6.1, and the simulation experiment proposed by Balakrishnan
and Ling [2012b]. This model has been examined under three choices of (6y,6;) = (0.005,0.05),
(00,01) = (0.004,0.05) and (6p,61) = (0.003,0.05) for low-moderate, moderate and moderate-high
reliability, respectively.

Table 2.6.1: Exponential distribution at a simple stress level: simulation scheme

1 35 10 20
2 45 20 20
3 95 30 20
4 35 10 20
5 45 20 20
6 55 30 20
7 35 10 20
8 45 20 20
9 5 30 20

To evaluate the robustness of the weighted minimum DPD estimators, we have studied the be-
havior of this model under the consideration of an outlying cell for ¢ = 1, with 10, 000 replications
and estimators corresponding to the tuning parameter 8 € {0,0.1,0.2,0.4,0.6,0.8,1}. The reduc-
tion of each one of the parameters of the outlying cell, denoted by 8y or 81 (8 > 6 or 0, > 6;)
increases the mean of its lifetime distribution function given in (2.1). The results obtained by
decreasing parameter 6y and by decreasing parameter ¢; are shown in Figure 2.6.1. In all the
cases, we can see how the MLEs and the weighted minimum DPD estimators with small values
of tuning parameter 3 present the smallest RMSEs for weak outliers, i.e., when 6 is close to 6
(1- 50/00 is close to 0) or 0, is close to 0 (1- 51/01 is close to 0). On the other hand, large
values of tuning parameter 5 make the weighted minimum DPD estimators to present the smallest
RMSEsS, for medium and strong outliers, i.e., when 0y is not close to (1- 90/90 is not close to 0)
or 0; is not close to 6; (1- 91/91 is not close to 0). Therefore, the MLE of (g, 61) is very efficient
when there are no outliers, but highly non-robust when there are outliers. On the other hand,
the weighted minimum DPD estimators with moderate values of the tuning parameter 8 exhibit a
little loss of efficiency without outliers, but at the same time possess a considerable improvement
in robustness in the presence of outliers. Actually, these values of the tuning parameter 8 are the
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Figure 2.6.1: Exponential distribution at a simple stress level:
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most appropriate ones for the estimators of the parameters in the one-shot device model according
to robustness theory: To improve in a considerable way the robustness of the estimators, a small
amount of efficiency needs to be compromised.

2.6.2 Z-type tests

Let us consider the same Simulation Scheme defined in Section 2.6.1 (Table 2.6.1). We are interested
in testing the null hypothesis Hy : #; = 0.05 against the alternative Hy : 6; # 0.05, through the
Z-type test statistics based on weighted minimum DPD estimators. Under the null hypothesis,
we consider as true parameters (6p, 1) = (0.004,0.05), while under the alternative we consider as
true parameters (6o, 61) = (0.004,0.02). In Figure 2.6.2, we present the empirical significance level
(measured as the proportions of test statistics exceeding in absolute value the standard normal
quantile critical value) based on 10,000 replications. The empirical power (obtained in a similar
manner) is also presented in the right hand side of Figure 2.6.2. Notice that, in all the cases, the
observed levels are quite close to the nominal level of 0.05. The empirical power is similar for the
different values of the tuning parameters 3, a bit lower for large values of 3, and closer to one as
the sample size K increases.

Empirical level

Empirical power

0.042 0.044 0046 0.048 0.050 0.052 0.054 0.056

T T T T T T T T T T T T T T
20 40 60 80 100 120 140 20 40 60 80 100 120 140

Figure 2.6.2: Exponential distribution at a simple stress level: simulated levels (left) and powers (right)
with no outliers in the data.

To evaluate the robustness of the level and the power of the Z-type tests based on weighted
minimum DPD estimators with an outlier placed on the first-row cell, we perform the simulation
for the same test and the same true values for the null and alternative hypotheses, in two different
scenarios depending on the way the outlying cell is considered. In the first scenario, we keep 6,
the same and modify the true value of 6y to be 6o < 69, and in the second one, we keep 6, the
same and modify the true value of 6; to be 0~1 < 6#,. Both cases have been analyzed for different
values of K and decreasing 6 in the first scenario (increasing 1 — 0o /6o) or decreasing 0, in the
second scenario (increasing 1 — 6;/6;).

The results for the first scenario are presented in Figure 2.6.3. The empirical level for the one-
shot device model with K; from 10 to 150, true value (6g,6;) = (0.004,0.05) and 6y = 0.001 for
the outlying cell is presented on the top left panel. Similarly, the empirical power for the one-shot
device model with K; from 10 to 150, true parameter (6, 6;) = (0.004,0.02) and 0y = 0.001 for the
outlying cell is presented on the right top panel. In addition, the empirical level for the one-shot
device model with 1 — 6y /6y from 0 to 1 for the outlying cell and true value (6, 61) = (0.004, 0.05)
and K; = 20 is presented on the bottom left panel. Similarly, the empirical power for the one-shot
device model with 1 — 6, /60 from 0 to 1 for the outlying cell and true value and true parameter
(0o,01) = (0.004,0.02) is presented on the bottom right panel.
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Figure 2.6.3: Exponential distribution at a simple stress level: simulated levels (left) and powers (right)
with an fp-contaminated outlying cell in the data.
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Figure 2.6.4: Exponential distribution at a simple stress level: simulated levels (left) and powers (right)
with an 6;-contaminated outlying cell in the data.
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Notice that the outlying cell represents 1/9 of the total observations in the last plots. For large
values of K; (very large sample sizes), there is a large inflation in the empirical level and shrinkage
of the empirical power, but for the Z-type test statistic based on the weighted minimum DPD
estimators with large values of the tuning parameter 3, the effect of the outlying cell is weaker in
comparison to those of smaller values of 3, including the MLEs (8 = 0). If 6o is separated from
6o (1— 9~0/90 increases from 0 to 1), the empirical level of the Z-type test statistics based on the
weighted minimum DPD estimators is not stable around the nominal level, but being closer as the
tuning parameter 8 becomes larger. If 0y is separated from 6, (1- 0 /6o increases from 0 to 1),
the empirical power of the Z-type test statistics based on the weighted minimum DPD estimators
decreases, but being more slowly as the tuning parameter 8 becomes larger.

Figure 2.6.4 presents the results for the second scenario, in which 6, = 0.01 for the outlying
cell on the top left panel and 6; = —0.01 for the outlying cell on the top right panel. Even though
the outliers are, in the current scenario, slightly more pronounced with respect to the previous
scenario, in general terms, we arrive at the same conclusions as in the previous scenario.

2.6.3 Choice of tuning parameter

Throughout this section, we have noted that the robustness of the proposed weighted minimum
DPD estimator seems to increase with increasing ; but, their pure data efficiency decrease slightly.
From the results of our simulation study, a moderately large value of 3 is expected to provide the
best trade-off for possibly contaminated data. Although a possible ad-hoc choice of 5 may work
quite well in practice, when working with real data, a data-driven choice of 8 would be better and
convenient.

A useful procedure of the data-based selection of 8 for the weighted minimum DPD estimator
was proposed by Warwick and Jones [2005]. It consists of minimizing the estimated mean squared
error, an approach that requires pilot estimation of model parameters. We can adopt a similar
approach to obtain a suitable data-driven 8 in our model. In this approach, we minimize an
estimate of the asymptotic MSE of the weighted minimum DPD estimator 55 given by

MSE(B) = (05— 0p)7 (05 — 0p) + %t {75 00)K4(65)75'(85) },

where O p is a pilot estimator, whose choice will be empirically discussed, as the overall procedure
depends on this choice. If we take Op = @5, the approach coincides with that of Hong and Kim
[2001], but it does not take into account the model misspecification.

However, as pointed out by Basu et al. [2017], when dealing with the robustness issue, the
estimation of the variance component should not assume the model to be true. So, following the
general formulation of Ghosh and Basu [2015], we have the following result:

Proposition 2.16 Let us consider the one-shot device model under the exponential distribution
with a single stress factor with distribution function (2.1). The model robust estimates of J3(0)
and K 3(0) defined in (2.14) and (2.15), respectively, can be obtained as

T5(0) =(B+1)T5(0 +Z [ ]Ti§$i70)_%:| (2.35)

x {c(1 )(9) [Fﬁ—l(m; 2:,0) + RV (ITs; 2, 0)] —c(0) [FB_Z(ITZ-;:U, ) — R**(IT;; as, 0)} }

MRﬁ—Q(ITi; i, 0):| ,

- BZ A( NOVIT? f2(ITy; i, 0) {%Fﬁ_Q(ITi;xi,O) +
I
Z OIT? f2(ITy; :,0) (2.36)
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M 126-2 1 Ki—ni g2, 0
X {I:KzF (ITZ,xl,O) + e R (]Tz,xz,e)]

2
s, gy Kimninpa
[K_F (IT;w:,0) — = "R (ITZ,:EZ,H)} }

K3 K3

where

1z

A(’)(O): 62 6o
o)’
0

) S .
c(0) = ( 093 O) IT2 f(IT;;2:,0) + AD(O)IT; f(IT;; 24,0) F(IT;; 4, 6), (2.37)
C(0) = AV(O)IT? f2(IT; 2, 0). (2.38)

Proof. Following Ghosh and Basu [2015], we have

I 2
J5(8) =8+ 1)J5(8) + ZZ % {8uij(0)7rﬂ+1(9) B %ij(e) [ﬁuij(B)uiTj(e) - (%ga(g)]}

i=1 j=1 90 N
and
. I 2 g - I 2 g
%50 =33 2 {us@ul@) 2 0)) - 3% Les06s0)
i=1j=1 ¢ i=1 j=1

The required result follows taking into account that

0 0 O 2

)

cy (),

where Cgi)(a) and Céi)(G) are as given in (2.37) and (2.38), respectively. m

Let us reconsider the previous simulation study with (6p,61) = (0.004,0.05), but now we
perform the selection of 8 following the above proposal for each iteration with different possible
pilot estimators. Let us consider as potential pilot parameters Sp = {0,0.3,0.6,0.9}. The selection
of 8 is done through a grid search of [0, 1] with spacing 0.01 and 10,000 samples. In Figure 2.6.5,
we show the simulated true RMSEs for this scenario and the average optimal values of 8 for this
same scenario. We can observe how the use of pilot estimators leads us to different optimal values
of B, but, in general cases, optimal values of 8 are higher when a higher degree of contamination
is considered, as expected. It seems that the best trade-off between the efficiency in pure data
and the robustness under contaminated data is provided by the pilot choice Sp = 0.4 and so we
suggest it as our pilot estimator. This method, summarized in Algorithm 2.6.5, will be applied in
the following section, in which three real data examples are presented.

2.7 Real data examples

In this section, we present some numerical examples to illustrate the inferential results developed
in the preceding sections. The first one is an application to the reliability example considered by
Balakrishnan and Ling [2012a] which motivated the simulation scheme, and the other two are real
applications to tumorigenicity experiments considered earlier by other authors.
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Figure 2.6.5: Exponential distribution at a simple stress level: average optimal values of § for different
values of the pilot estimators and their corresponding RMSEs.
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Algorithm 1 Algorithm for the data-driven selection of £

Goal: Optimal fitting of the model given any data set
Initialization: @p = 0y 4 (empirical suggestion)
for each f in a grid of [0,1] do

—

2:  Compute the estimated squared bias, Bg = (55 — 50‘4)T(§5 — 50,4).

3. Compute the total estimated variance, Vz = +trace [3;1(55)?g(§5)j;1(55) .
4:  Compute the total estimated MSE, ]\75\E5 = Bg + V3.

5. end for

6: return [, = arg min AjS\Eﬁ.

7: compute aﬁom as your final estimate with optimally chosen tuning parameter.

2.7.1 Reliability experiment (Balakrishnan and Ling, 2012)

In Balakrishnan and Ling [2012a], an example is presented, in which 90 devices were tested at
temperatures x; € {35,45,55}, each with 10 units being detonated at times IT; € {10, 20,30},
respectively. In this example, we have I = 9, and K; = 10, i = 1,...,I. The number of failures
observed is summarized in Table 2.7.1. In this one-shot device testing experiment, there were in
all 48 failures out a total of 90 tested devices.

Table 2.7.1: Reliability experiment.

1 10 10 3 35
2 20 10 3 35
3 30 10 7 35
4 10 10 1 45
5 20 10 5 45
6 30 10 7 45
7T 10 10 6 55
8 20 10 7 55
9 30 10 9 55

The weighted minimum DPD estimators of the parameters of the one-shot device model are
considered. As tuning parameters, S € {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 2, 3, 4}
are taken. The estimates of the reliability function at mission times (time points at which we
are interested in the reliability of the unit) ¢ € {10, 20,30}, namely R(10,So,03), R(20;x¢,83),
R(30; zg, 83), respectively, are also computed, as well as the expected mean of the lifetime, namely,

1 B 1
Aeo(B5)  Bogelrame’

Eﬂ(T|$0) =

under the normal operating temperature xy = 25.

Table 2.7.2 shows that the mean lifetime obtained by the MLE (8 = 0) is greater than that ob-
tained from the alternative weighted minimum DPD estimators. However, results for all considered
choices of 8 seem to be quite similar. We now apply Algonthm 1 to the data. Optlmal B results
to be Bopt = 0.62 and the corresponding optimal parameters, 00 opt = 0.0049 and 91 opt = 0.04696.

2.7.2 EDO1 Data

In 1974, the National Center for Toxicological Research made an experiment on 24000 female
mice randomized to a control group or one of seven dose levels of a known carcinogen, called 2-
Acetylaminofluorene (2-AAF). Table 1 in Lindsey and Ryan [1993] shows the results obtained when
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Table 2.7.2: Reliability experiment: estimates of the model parameters, the reliability function at times
t € {10,20, 30}, and mean lifetime at normal temperature of 25°C

B Bo. b1 5 R(10;25,85) R(20;25,65) R(30:25,05) Es(T)|25)
0 0.00487 0.04732 0.85300 0.72761 0.62065  62.89490
0.1  0.00489 0.04722 0.85288 0.72741 0.62039  62.83953
02 0.00490 0.04714 0.85277 0.72722 0.62016  62.79031
0.3 0.00491 0.04706 0.85268 0.72706 0.61995  62.74654
04  0.00492 0.04700 0.85260 0.72693 0.61978  62.70965
0.5  0.00493 0.04695 0.85253 0.72681 0.61963  62.67944
0.6  0.00494 0.04690 0.85247 0.72671 0.61950  62.65188
0.7  0.00495 0.04687 0.85246 0.72669 0.61947  62.64457
08  0.00495 0.04683 0.85236 0.72651 0.61925  62.59732
09  0.00496 0.04681 0.85233 0.72646 0.61918  62.58398
1 0.00496 0.04681 0.85239 0.72656 0.61931 62.61131
2 0.00496 0.04679 0.85231 0.72644 0.61915  62.57739
3 0.00494 0.04687 0.85255 0.72684 0.61966  62.68584
4 0.00491 0.04700 0.85292 0.72748 0.62048  62.85869

the highest dose level (150 parts per million) was administered. The original study considered four
different outcomes: Number of animals dying tumour free (DNT) and with tumour (DWT), and
sacrificed without tumour (SNT) and with tumour (SWT), summarized over three time intervals
at 12, 18 and 33 months. A total of 3355 mice were involved in the experiment. We make an
analysis combining SNT and SWT as the sacrificed group (r = 0); and denoting the cause of DNT
as natural death (r = 1), and the cause of DWT as death due to cancer (r = 2). This modified
data are presented in Table 2.7.3. Here, x = 0 refers to the control group and x = 1 is the test

group.

Table 2.7.3: EDO1 experiment: number of mice sacrificed (r = 0) and died without tumour (r = 1) and
with tumour (r = 2)

1 IT; K, 2 Nje=0 Nir=1 Nir=2
1 12 145 0 115 22 8
2 12 175 1 110 49 16
3 18 830 0 780 42 8
4 18 620 1 540 54 26
5 33 960 O 675 200 85
6 33 625 1 510 64 51

The weighted minimum DPD estimators of the model parameters and the corresponding es-
timates of mean lifetimes are presented in Table 2.7.4. Here, we distinguish between sacrifice or
nature death (r = 0,1) and death due to cancer (r = 2). Note that, in the model under considera-
tion in this chapter, only one possible failure cause is considered, so both estimations are computed
separately.

Figure 2.7.1 shows the total estimated mean lifetimes for the control group (zo = 0) and the
test group (zop = 1), computed as

1 1

,ﬁ( | 0) 2\ (0 ) 4O (6 ) é\* 91“/33‘0 /g\** 91‘};.’160
zo\UB w0 \V 0.5€ + 0.5

the estimators with 5 € {0.1,0.2,0.3,0.4,0.5,0.6,0.7}, show a reduction when the carcinogenic
drug is administered, but the other ones, 8 € {0,0.8,0.9,1}, do not show this behavior. Thus, in
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Table 2.7.4: EDO1 experiment: estimates of the model parameters and expected lifetimes

Sacrificed/ death without tumor Death with tumor
B G, 0,  EI0) BTN G, O, Ep(I0) By ()
0 0.00594 -0.12980 168.333  191.665 0.00216 0.27620  463.425  351.582
0.1 0.00702 0.09355  142.352  129.639 0.00250 0.32870  399.794  287.795
0.2 0.00698 0.06495  143.302  134.290 0.00250 0.31173  400.433  293.189
0.3 0.00703 0.00999 142.253  140.840 0.00249 0.29613  401.393  298.513
0.4 0.00690 0.00998 145.019  143.578 0.00249 0.27957  401.602  303.655
0.5 0.00677 0.00998  147.662  146.195 0.00249 0.26421  401.839  308.537
0.6 0.00666 0.00998  150.085  148.594 0.00283 0.00997  353.925  350.414
0.7 0.00682 -0.06678 146.635  156.763 0.00249 0.23702  401.985  317.157
0.8 0.00680 -0.08753 147.020 160.468 0.00279 0.00997  358.642  355.083
0.9 0.00679 -0.10530 147.321  163.680 0.00278 0.00997  360.357  356.781
1 0.00678 -0.11980 147.546 166.324 0.00277  0.00995 361.607  358.028

this case, we observe that the first weighted minimum DPD estimators give a more meaningful
result in the context of the laboratory experiment than, in particular, the MLE (8 = 0).
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Figure 2.7.1: EDO01 experiment: estimated mean lifetimes, for different values of the tuning parameter.

Let us apply the ad-hoc procedure for the choice of the optimal tuning parameter presented in
Algorithm 1 to the EDO1 data (2.7.5). Is important to notice that this ad-hoc choice of 8 does not
depend on the results of data analysis and expert knowledge. In this sense, we see that, once the
optimal values of the parameters are obtained, expected lifetimes in control group are seen to be
higher than in the group to which the carcinogen is applied, which is a result that is consistent in
the context of the experiment studied.

2.7.3 Benzidine Dihydrochloride data

The benzidine dihydrochloride experiment was also conducted at the National Center for Toxi-
cological Research to examine the incidence in mice of liver tumours induced by the drug, and
studied by Lindsey and Ryan [1993]. The inspection times used on the mice were 9.37, 14.07 and
18.7 months. In Table 2.7.6, the numbers of mice sacrificed (r = 0), died without tumour (r = 1)
and died with tumour (r = 2), are shown, for two different doses of drug: 60 parts per million
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Table 2.7.5: EDO1 experiment: optimal choice of the estimators

Sacrificed/ death

without tumor Death with tumor
:pt eg,opt e)lk,opt ;;t ef)kjkopt 9>1k,*opt EB,OPt (T|O) E/B7Opt (T|1)
0.24 0.00711 0.00998 0 0.00216  0.27620 107.827 99.681

(x = 1) and 400 parts per million (z = 2). As in the previous example, we consider as “failures”
the mice died due to cancer.

Table 2.7.6: Benzidine Dihydrochloride experiment: number of mice sacrificed (r = 0) and died without
tumour (r = 1) and with tumour (r = 2)

{ IT; K; x; nNjp=0 Nir=1 Njr=2
1 9.37 72 1 70 2 0
2 9.37 25 2 22 3 0
3 14.07 49 1 48 1 0
4 14.07 35 2 14 4 17
5 18.7 46 1 35 4 7
6 18.7 11 2 1 1 9

Table 2.7.7 shows the weighted minimum DPD estimators of the model parameters and the
corresponding estimates of mean lifetimes. Although some differences are observed in the results
for different values of the tuning parameter, in all the cases, the mean lifetime shows a reduction
when the carcinogenic drug is administered. The optimal values are computed and presented in
Table 2.7.8.

Table 2.7.7: Benzidine Dihydrochloride data: estimates of model parameters and expected lifetimes

Death without tumor Death with tumor
8Os B, BT E(TR) Oy O Es(T])  Es(TP2)
0 0.00114 1.03606 309.9401 109.9828 0.00029 2.41598 154.1152 21.91462
0.1 0.00137 0.88718 301.3767 124.1119 0.00034 2.43535 139.4039 19.19976
0.2 0.00141 0.86736 298.6438 125.4474 0.00036 2.41128 136.2217 19.05452
0.3 0.00144 0.85118 297.0690 126.8120 0.00037 2.39392 134.5945 19.08241
0.4 0.00148 0.83279 294.5364 128.0470 0.00039 2.37048 132.5912 19.16100
0.5 0.00151 0.81685 292.6733 129.3098 0.00040 2.35318 130.3661 19.05474
0.6 0.00154 0.80124 290.7204 130.4671 0.00042 2.33504 128.7609 19.09932
0.7 0.00157 0.78793 289.2526 131.5478 0.00044 2.31249 126.9138 19.13369
0.8 0.00160 0.77577 287.6854 132.4363 0.00045 2.29739 125.3146 19.09985
0.9 0.00163 0.76485 286.3007 133.2454 0.00046 2.29251 124.5972 19.09096
1 0.00165 0.75493 284.8778 133.9056 0.00047 2.27947 123.1959 19.05346

Table 2.7.8: Benzidine Dihydrochloride experiment: optimal choice of the estimators

Sacrificed/ death

without tumor Death with tumor
Zpt eg,opt eik,opt ;;t 06,*01)15 9>1k,*opt EB,OPt (T|1) E/B7Opt (T|2)
0.30 0.00143 0.85118 0 0.00029 2.41598 150.859 22.60977
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Chapter 3

Robust inference for one-shot device testing
under exponential distribution with multiple
stress factors

3.1 Introduction

As pointed out in Section 1.4.1, to assess the reliability of one-shot devices, ALTs are frequently
preformed to reduce the time to failure so that enough life data can be obtained in a reasonable
period of time. Although this can be done through a single stress factor, aging is usually induced
in devices by various accelerating factors such as temperature, pressure, humidity, and voltage
simultaneously. Even though a single-stress test at a very high stress level may attain aging within
limited time, a multiple-stress accelerated life test would enable us to achieve the same without
requiring any of the stress factors to be set at very high levels. If maintaining a stress factor at
high stress level for testing purposes is expensive, one could introduce several stress factors set at
slightly elevated stress levels, causing more devices to fail than would under a single-stress test.
For this reason, a multiple-stress model becomes better suited for the prediction of lifetimes of
products, subjected to electrical, thermal, and mechanical stresses; see, for example, Srinivas and
Ramu [1992] and Bartnikas and Morin [2004]. In Balakrishnan and Ling [2012b], an EM algorithm
for developing inference is developed, based on one-shot device testing data under the exponential
distribution when there are multiple stress factors.

Section 3.1.1 generalizes the model presented in Chapter 2 to the case of multiple stresses, and
defines the weighted minimum DPD estimators. In particular, in this chapter, the failure time
of the devices is assumed to follow an exponential distribution, following the notation in Section
3.1.2. The rest of the chapter is organized as follows: in Section 3.2, the estimating equations for
the weighted minimum DPD estimators and their asymptotic distribution is developed, and their
robustness is studied through the influence function study. In Section 3.3, robust Wald-type tests
are provided for testing linear hypotheses. Finally, an extensive simulation study is carried out
and some numerical examples are presented in Section 3.4 and Section 3.5, respectively.

The results of this Chapter have been published in the form of a paper (Balakrishnan et al.
[2020¢]).

3.1.1 One-shot device Inference with multiple stresses

Let us suppose now, that the devices are stratified into I testing conditions and that in the i-th
testing condition K; units are tested with J types of stress factors being maintained at certain
levels, and the conditions of those units are then observed at pre-specified inspection times IT;, for
it =1,...,1. In the i-th test group, the number of failures, n;, is collected. The data thus observed
can be summarized as in Table 3.1.1.
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Table 3.1.1: Data on one-shot devices testing at multple stress levels and collected at different inspection

times
Covariates
Condition Inspection Time Devices Failures Stress 1 e Stress J
1 T K, ny x11 e T1J
2 1T, K> N 21 e Tog
I ITI K] nr T R Xrrj

In this setting, we consider that the density and distribution functions are given, respectively,
by f(t;x;,0) and F(t;x;,0), where x; = (1,2;1,...,2:5)7 is the vector of stresses associated to
the test condition i (i = 1,...,1), and 8 € © = R¥ is the model parameter vector (S will depend
on the distribution associated to the model). The reliability function is denoted by R(t;x;,0) =
1-— F(t;wi,B).

Assuming independent observations, the likelihood function based on the observed data, pre-
sented in Table 3.1.1, is given by

I
L(ny,...,n;0) o [[ F"(ITi; 25, 0) R (IT;; @4, 6), (3.1)

i=1

and the corresponding MLE of 6, 5, will be obtained by maximizing in @ the equation (3.1) or
equivalently, its logarithm. This is, @ = argmaxgco log L(n1,...,n5;0).

The empirical and theoretical probability vectors are given, respectively, by

P = (b, p)’ , i=1....1, (3.2)

and
771(0) = (7’(‘1‘1(9),7&2(0))T, 1= 1,. . .,I, (33)
with ﬁil = %, ﬁiQ =1- 7’ 7r1-1(0) = F(IE,IEZ,G) and 7Ti2(0) = R(ITZ,Q31,0) Let us

consider the weighted Kullback divergence given in equation (2.6) between probability vectors
(3.2) and (3.3). Following Theorem 2.2, it is straightforward that the MLE can be obtained as its
minimization

0 = arg min i ,m; (0 3.4
egeei; e (Pi, mi(0)), (34)

where K = Zilzl K;.
Based on this idea, we can now define the weighted minimum DPD estimators for the one-shot
device model with multiple stresses

Definition 3.1 Let us consider the framework in Table 3.1.1, we can define the weighted minimum
DPD estimator for 0 as

05 = argmlnz —dﬁ (p;,mi(0)), for >0,
oco ‘=

where ds(p;, ™i(0)) is given in (2.9), and p; and 7;(8)) are given in (3.2) and (3.3), respectively.
For p =0, we have the MLE, 6 defined in (3.4).
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3.1.2 The Exponential Distribution

As a generalization of the model presented in the previous chapter, we shall assume here, that the
true lifetime follows an exponential distribution with unknown failure rate \;(@), related to the
stress factor x; in loglinear form as

Xi(0) = exp(:c;?ra),

where x; = (20, %1, --.,2:7)", and 6 = (60, 01,...,05)T. Thus, here © = R/*1. The correspond-

ing density function and distribution function are, respectively,
f(t; i, 0) = Xi(0) exp{—Xi(0)t} = exp(a] 0) exp{— exp(x] 0)t} (3.5)
and
F(t;2;,0) =1 —exp{—X\;i(0)t} = 1 — exp{—texp(x!0)}. (3.6)

On the other hand, the reliability at time ¢ and the mean lifetime under normal operating conditions
x; are given by
R(t;x;,0) =1— F(t;x;,0) = exp (—t exp (IBZTB)) (3.7)

and

E[T;] = )\i =exp (—z0).

3.2 Weighted minimum DPD estimator

In this section, we will first obtain the estimating equations for the unknown parameter 8 and the
asymptotic distribution of the weighted minimum DPD estimators.

3.2.1 Estimation and asymptotic distribution
Theorem 3.2 For > 0, the estimating equations are given by
1
> (K F(ITy;2:,0) — ni) f(ITs; @, 0)ITyw; (FO~(IT;; @, 0) + R (2, 0)) = 0,41,
i=1

where f(IT;;x;,0), F(IT;;x;,0) and R(IT;; x;,0) are given, respectively, by (3.5), (3.6) and (3.7)
and 041 is the null column vector of dimension J + 1.

Proof. The estimating equations are given by

o Z TOBT0) = 3 B m(0) = 0
with _ _
5B m0) = (577 O+ ggr ) = T (Pa g0 + g nsie))
= (34 1) (4(0) ~ 74(0) — Py '(0) + Py (0)) i 0)
= (3 1) ((ma(®) = ) 747 (0) — (mia®) — i) s (6)) 25T (@)
= (5 1) (7 (0) = ) w7 (0) + (71 (8) = i) 7™ (60)) 7 (6)
= (34 1) (ra(8) ~ i) (w7 (0) + 757 (6)) 257 (0) (3.8)
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Taking into account that

0

%7?1‘1(9) = f(IT;;z;,0)ITix;,

we obtain

I
20 Z dﬁ p;,mi(0)) = L;;l Z (Kimi1(0) — ny) (7@{31_1(0) + wf’;l(a)) fUT;; e, 0)IT;x;,
i=1

and then the required result follows. m

Theorem 3.3 Let 6° be the true value of the parameter 0. The asymptotic distribution of the
weighted minimum DPD estimator, 03, is given by

~ 0 c —1/p0 0\ 7—1/p0
VE (05 —0 ) K:;N(OJH,JB (0°)K 5(6°)J;'(0 )),
where

I
K; _ _
JB(O)ZZ?:Z:- xl fA(IT;;2:,0)IT? (FP~ (ITs;24,0) + RP1(IT;; %,,0)) (3.9)

Z—wz T 21Ty, 2, 0)IT?F(ITy; 25, 0)R(IT; x4, 6)

x (Fﬁ*(m;wi,e) + R (T3 ,,0))”. (3.10)

Proof. From Ghosh et al. [2013], it is known that

VE (8, -0°) £ N (0501, 75(6°)K5(6°)751(6%))

where
I 2 K
Js0)=>>" fluij(e)uz;w)?rfflw),
i=1 j=1
I 2 K I K
Kp(0) =) > rui(0)u(0)m ' (0) = Y 7€ 5(0)€05(6).
i=1 j=1 i=1
with

ﬁﬂ
Z% )

o alogmj(e) - 1 87'('”(0) o
w0 =5 @ oo Y

j+1 JUT;0,2,)IT; @, .
i5(0)

2(ITym:,0)IT}
Because u;;(0)u];(0) = wsz%, we have

ij
1 K, 2
Tp(0) =) wra] [PUT;:a:, 0)IT7 Y w7 (6).
i=1 j=1

In a similar manner

N

2
& 5(0)&] 5(0) = xx] f2(ITy; i, 0)IT7 (Z 1)+ ( )

Jj=1
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and

I 9 )
K;
K,B(Q):Zf a! f2(IT;; 2, 0)IT? 2-1g) - | S (=11 (0)
1=1 j=1 =1
Since . 2 ,
2
Zﬁfjﬂil(e) Z( 1)7+1 5(0) —7711(9)71'12(9) (7‘(‘?171(0)4—71'262 1(0)) ;
j=1 j=1
it holds
I
K50) =S Mgal f2(IT 0, 0)IT 70 (0)7,0(0) (r72(0) + 7571(0))
ﬁ( ) Z K f( i T ) 17711( )7712( ) i1 ( )+7Tz2 ( ) .
i=1
n

3.2.2 Study of the Influence Function

In Section 2.5, the IF of the weighted minimum DPD estimators under the exponential distribution
with one stress factor were computed. Same procedures are followed to obtain the IF for the case
of multiple stress factors:

Proposition 3.4 Let us consider the one-shot device testing under the exponential distribution
with multiple stress factors. The IF with respect to the k—th observation of the ig—th group is
given by

IF(tiyx,Up, Fgo) =J 5" (6°) “’f( Tio; iy, 0°) I Tiy i, (3.11)

X (O (I Ty @iy, 6°) + RPN (I Ty @i, 6%)) (FUIT3:,6°) = AL,

k).

where Agl) i 18 the degenerating function at point (t;,,
P00

Proposition 3.5 Let us consider the one-shot device testing under the exponential distribution
with multiple stress factors. The IF with respect to all the observations is given by

I
K.
F(t,Ug, Foo) =J5(6°)) ? fUITy; a,0%) T (3.12)

i=1

x (FP=Y(IT;; 2;,6°) + R*(IT}; x:,0°)) (F(ITi;aci,OO) - Aﬁ?) :

where AS) Zk 1 A(l)

3.3 Wald-type tests

In this section, we develop robust Wald-type tests, presenting also some results in relation with
their power function. IF of the proposed Wald-type tests are finally computed.

3.3.1 Definition and study of the level

Let us consider the function m : R/*! — R" where » < J + 1. Then, m () = 0, represents a
composite null hypothesis. We assume that the (J + 1) x r matrix

am? (6)

M6) = =55
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exists and is continuous in € with rank M (8) = r. For testing
Hy: 6 € O against Hy : 6 &€ O, (3.13)

where ®¢ = {9 eR/T:m(0) = OT} , we can consider the following Wald-type test statistics

o~

Wic(85) = Km"(85) (M (@:)2(0)M(85))  mi(@y). (314)

where 25(55) = ng(ég)Kﬁ(éﬁ)ng(éﬁ) and Jg(0@) and K3(0) are as in (3.9) and (3.10), re-
spectively.
In the following theorem, we present the asymptotic distribution of W (63).

Theorem 3.6 The asymptotic null distribution of the proposed Wald-type test statistics, given in
Equation (3.14), is a chi-squared (x*) distribution with r degrees of freedom. This is,

S~ =
Wk (05) — Xo-

Proof. Let 8° € Oy be the true value of parameter 0. It is then clear that

m(05) =m(8°) + M”(85)(05 — 6°) + o, (H@B - GOH) — M7 (9:)(05 — 6°) + o, (K—l/z) ,
But, VK (55 — 90) K%)OO N (0J+1,2[3(§5)). Therefore, we have

VEm(@s) > N(OT,MT(OO)EB(OO)M(OOD

K—oo

and taking into account that rank(M (00)) = r, we obtain

— -1 -
Km” (05) (M7(6°)55(6°)M(6°))  m(Bs) 5 x2.
—1 —1
5)) is a consistent estimator of (MT(BO)Eg(HO)M(00)> and,

~

But, (MT@)EB@)M(B

therefore,
~ r )
Wk(05) —— .
K( 5) K—oo T
[

Based on Theorem 3.6, we will reject the null hypothesis in (3.13) if

~

Wi (85) > (3.15)

where X?,a is the upper percentage point of order a of x?2 distribution.

3.3.2 Some results relating to the power function

In many cases, the power function of this testing procedure cannot be derived explicitly. In the
following theorem, we present a useful asymptotic result for approximating the power function of
the Wald-type test statistics given in (3.14). We shall assume that 8 ¢ ©y is the true value of
the parameter such that

0; 25 0", (3.16)

K—oo

and we denote {5 (01,02) = mT (6;) (MT (02) X5 (02) M (02)) m (61) . We then have the fol-
lowing result.
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Theorem 3.7 We have

VE (15 (85.67) —£5(67,6") =5 N(0, 03,5 (6")).

where 905 (0,6") 905 (0,6")
0_2 0*) — B ) . (0 B 3 '
Wk,B ( ) aeT 0—o B ( ) 60 0—o
Proof. Under the assumption that
~  p
Bﬁ — 0 s
K—oo

the asymptotic distribution of £ (51 , b\g) coincides with the asymptotic distribution of £ (51, 0*) .
A first-order Taylor expansion of /g (55, 0) at 53, around 0%, yields

_005(0,67)

(zﬁ (éﬂ,e*) — 05 (0", e*)) o

Now, the result readily follows since

(B o) v,
VE (85-67) 55 N (011,55 (67)).
|

Remark 3.8 Using Theorem 3.7, we can give an approzimation for the power function of the
Wald-type test statistics in 0", satisfying (3.16), as follows:

mw,k (0°) = Pr (WK (55) > Xia)
—Pr (K (zﬁ (éﬁ, 0*) -y (0*70*)) > X2, — Kl (07, 0*))

e [V () —ts0n0) (32
w5 (07) owi 5 (07) \ VK

— VKl (6%, 0*))

=1-®g ! Xra _ VKl (67,07
owies (09 \ VK o

for a sequence of distributions functions Pk (x) tending uniformly to the standard normal distri-
bution @ (z). It is clear that

li 0")=1

Aim T (67) =1,
i.e., the Wald-type test statistics are consistent in the sense of Fraser (7).

The above approximation of the power function of the Wald-type test statistics can be used to
obtain the sample size K necessary in order to achieve a pre-fixed power my, i (0*) = 79, say. To
do so, it is necessary to solve the equation

1 X7.a .
To=1— g <UWK,B(0*) <\/E_\/mﬁ(0 .0 )))

The solution, in K, of the above equation yields K 8= [IA(Z;} + 1, where

2 Ap+ By + 1/ Ap(As +2Bp)

A 202 (0%,67) ’

with Ag = 0%, 5 (6) (27 (1 —m))” and Bs = 205 (8%,6") X2,
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We may also find an approximation of the power of Wi (§5> at an alternative hypotheses

close to the null hypothesis. Let 85 € © — @y be a given alternative and let 8° be the element
in O closest to 8% in the sense of Euclidean distance. A first possibility to introduce contiguous
alternative hypotheses is to consider a fixed d € R? and to permit 8% to move towards 8° as K
increases in such a way that

Hix:0% =0°+ K12 (3.17)

A second approach is to relax the condition m (8) = 0, defining ©y. Let d* € R" and consider

the sequence {HK } of parameters moving towards 6° such that
Hi o m(0%) = K~ '/2d". (3.18)
Note that a Taylor series expansion of m(OK ) around 0° yields
m(0%) = m(6°) + M7 (8°) (aK - 00) Yo (HeK - HOH) : (3.19)
Upon substituting 8% = 6° + K~1/2d in (3.19) and taking into account that m(6°) = 0,., we get
m(e%) = K~ 2M7(8")d + o ||6% ~6°| ).
so that the equivalence in the limit is obtained for d* = M* (6")d.

Theorem 3.9 We have the following results under both versions of the alternative hypothesis:
—~ —1
i) Wi (05) PR G (dTM(OO) (MT(eo)zg(eo)M(eo)) MT(BO)d) under Hy g in (3.17);
—00

~ —1
i) Wi (eﬁ) G <d*T (MT(ao)zﬁ(eo)M(eo)) d*> under H  in (3.18).

Proof. A Taylor series expansion of m(683) around 6% yields
m(@5) = m(0") + MT(05)(85 — 6%) + o (Hég - 9KH) .
We have
m(05) = K~2MT(6°)d + MT(6%)(5 — 6%) + o (Haﬁ - oKH) +o (HaK - OOH) .

As
VE(65—0") = N(0,11,%5(6")

and VE (o(||8s — 0%||) + 0 ([|6" ~ 6°])) = 00 (1), we have
VEm(8s) 5 N (MT(OO)d, MT(HO)EB(OO)M(HO)) .
From the relationship d* = M (6°)7d, if m(6™) = K~1/2d*, we can observe that
VEm(85) Kféc N (d*,MT(OO)EB(HO)M(HO)) :

In the present case, the quadratic form is Wi (55) = Z7Z with

7= VEm(@s) (M7 (0550 m(e")
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and
z £ N((MT(OO)EB(QO)M(OO))1/2M(90)Td, 1)

K—oo
where I, is the identity matrix of order r. Hence, the application of the result is immediate and
the noncentrality parameter is given by

d* M (9°) (MT(BO)EB(HO)M(HO))_l M@O°Td=d*" (MT(BO)EB(GO)M(0°)>_1 d.
[
Remark 3.10 If we consider d = VK (8% — 0°), with 0% satisfying (3.16), we have
0K — 6° 4 K-V2K1/%(6" — 9°) = 6*

and therefore we can use the asymptotic result in relation to Hy i in order to get an approzimation
of the power function in @ = 0~

3.3.3 Study of the Influence Function

Next, we study the robustness of the proposed Wald-type test statistics. In our context, the
functional associated with the Wald-type tests, evaluated at U g(G) is given by

Wi (Us(G)) = Km* (Us(@)) (M (U(@)S(U(G)MU(@)) m(Us(G))

The IF with respect to the k—th observation of the ig—th group of observations, of the functional
associated with the Wald-type test statistics for testing the composite null hypothesis in (3.13), is
then given by

Wi (Fyio)

IF (i1, Wk, Fgo) = 9

=0.
e=0+
It, therefore, becomes necessary to consider the second-order IF, as presented in the following

result.

Theorem 3.11 The second-order IF of the functional associated with the Wald-type test statistics,
with respect to the k—th observation of the ig—th group of observations, is given by

PWic(Fyi0)

IF;(tig i, Wk, Fo) = 922

e=0"t
—1
=2 IF(t;y 1, Upg, Foo)m” (6°) (MT(BO)E(BO)M(GO)) m(0°)TF (tiy 1, U, Fgo),
where IF (t;, 1, Ug, Fgo) is given in (3.11).
Similarly, for all the indices,

Theorem 3.12 The second-order IF of the functional associated with the Wald-type test statistics,
with respect to all the observations, is given by

O?Wi (Fy.)

IFy(t, Wi, Foo) = 75

e=0"+
-1
=2 IF(t,U, Fgo)m(6°) (M (6°)5(6°)M(8"))  m(6°)IF(t, U, Fyo),
where IF(t,Ug, Fgo) is given in (8.12).

Note that the second-order influence functions of the proposed Wald-type tests are quadratic
functions of the corresponding IFs of the weighted minimum DPD estimator for any type of con-
tamination.
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3.4 Simulation Study

In this section, Monte Carlo simulations of size 2,000 were carried out to examine the behavior of
the weighted minimum DPD estimators of the model parameters under the exponential lifetimes
assumption.

Based on the simulation experiment proposed by Balakrishnan and Ling [2012b], we considered
the devices to have exponential lifetimes subjected to two types of stress factors at two different
conditions each, the first one at levels 55 and 70 and the second one at levels 85 and 100, and
tested at three different inspection times IT = {2,5,8}. Thus, we can consider a table, such as in
Table 3.1.1, with I = 12 rows corresponding to each of the 12 testing conditions. To evaluate the
robustness of the weighted minimum DPD estimators, we have studied the behavior of this model
under the consideration of an outlying cell (for example, the last one) in this table.

3.4.1 Weighted minimum DPD estimators

We carried out a simulation study to compare the behavior of some weighted minimum DPD
estimators with respect to the MLEs of the parameters in the one-shot device model under the ex-
ponential distribution with multiple stresses. In order to evaluate the performance of the proposed
weighted minimum DPD estimators, as well as the MLEs, we consider the RMSEs. The model
has been examined under (6y,61,602) = (—6.5,0.03,0.03), different samples sizes K; € [40,200],
1 = 1,...,12, and different degrees of contamination. The estimates have been computed with
values of the tuning parameter 8 € {0,0.2,0.4,0.6,0.8}.

In the top of Figure 3.4.1, efficiency of weighted minimum DPD estimators is measured under
different samples sizes K; with pure data (left) and contaminated data (right) where the observa-
tions in the ¢ = 12 testing condition have been generated under (6o, 61, 52) = (—6.5,0.03,0.025).
Same experiment is carried out by contaminating the last two testing conditions (top left of Fig-
ure 3.4.4). The efficiency is then measured for the last-cell-contaminated data, generated under
(00,01,05) = (—6.5,0.025,0.025) (top right of Figure 3.4.4). In the case of pure data, the MLE
(at B = 0) presents the most efficient behavior having the least RMSE for each sample size, while
weighted minimum DPD estimators with larger S have slightly larger RMSEs. For the contam-
inated data, the behavior of the weighted minimum DPD estimators is almost the opposite; the
best behavior (least RMSE) is obtained for larger values of 8. In both cases, as expected, the
RMSESs decrease as the sample size increases.

The efficiency is also studied for different degrees of contamination of the parameters 6; (left)
and 0 (right), as displayed in the top of Figure 3.4.2. Here, K; = 100 and the degree of contam-
ination is given by 4(1 — Z—j) € [0,1] with j € {1,2}. In both cases, we can see how the MLEs
and the weighted minimum DPD estimators with small values of tuning parameter 8 present the
smallest RMSEs for weak outliers, i.e., when the degree of contamination is close to 0 (9} is close
to 6;). On the other hand, large values of tuning parameter § result in the weighted minimum
DPD estimators having the smallest RMSEs, for medium and strong outliers, i.e., when the degree
of contamination away from 0 (6, is not close to 6;).

In view of the results achieved, we note that the MLE is very efficient when there are no
outliers, but highly non-robust when outliers are present in the data. On the other hand, the
weighted minimum DPD estimators with moderate values of the tuning parameter S exhibit a
little loss of efficiency when there are no outliers, but at the same time a considerable improvement
in robustness is achieved when there are outliers in the data. Actually, these values of the tuning
parameter 3 are the most appropriate ones for the estimators of the parameters in the model
following the robustness theory: To improve in a considerable way the robustness of the estimators,
a small amount of efficiency needs to be compromised.
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3.4.2 Wald-type tests

Let us now empirically evaluate the robustness of the weighted minimum DPD estimator based
Wald-type tests for the model. The simulation is performed with the same model as in Table
3.1.1, where (6g,601,602) = (—6.5,0.03,0.03). We first study the observed level (measured as the
proportion of test statistics exceeding the corresponding chi-square critical value) of the test under
the true null hypothesis Hy : 62 = 0.03 against the alternative Hy : 6 # 0.03. In the middle of
Figure 3.4.1, these levels are plotted for different values of the samples sizes, for pure data (left)
and for contaminated data (ég = 0.025, right). Same experiment is carried out by contaminating
the last two testing conditions (middle left of Figure 3.4.4). The empirical levels are then measured
for the last-cell-contaminated data, generated under (6y, 01, 65) = (—6.5,0.025,0.025) (middle right
of Figure 3.4.4). In the middle of Figure 3.4.2, the degree of contamination for both 6; and 65 is
changed with a fixed value of K; = 100. Notice that when the pure data are considered, all the
observed levels are quite close to the nominal level of 0.05. In the case of contaminated data, the
level of the classical Wald test (at 8 = 0) as well as the proposed Wald-type tests with small g
break down, while the weighted minimum DPD estimator based Wald-type tests for moderate and
large values of § provide greater stability in their levels.

To investigate the power robustness of these tests (obtained in a similar manner), we change
the true data generating parameter value to be 65 = 0.035 and the resulting empirical powers are
plotted in the bottom of Figures 3.4.1 and 3.4.2 and in the bottom left of Figure 3.4.4) (when
the last two cells are contaminated). The empirical powers are then measured for the last-cell-
contaminated data, generated under (00,51,52) = (—6.5,0.035,0.025) (bottom right of Figure
3.4.4). Again, the classical Wald test (at 5 = 0) presents the best behavior under the pure data,
while the Wald-type tests with larger § > 0 lead to better stability in the case of contaminated
samples. Same tests are also evaluated with a higher/lower value of reliability (§y = —6) obtaining
the same conclusions as detailed above (see Figure 3.4.3).

These results show the poor behavior in terms of robustness of the Wald test based on the
MLESs of the parameters of one-shot devices under the exponential model with multiple stresses.
Additionally, the robustness properties of the Wald-type test statistics based on the weighted
minimum DPD estimators with large values of the tuning parameter 3 are often better as they
maintain both level and power in a stable manner.

3.5 Real data examples

In this Section, two numerical examples are presented to illustrate the model and the estimators
developed in the preceding sections.

3.5.1 Mice Tumor Toxicological data

As mentioned earlier, current status data with covariates, which generally occur in the area of
survival analysis, can be seen as one-shot device testing data with stress factors and we therefore
apply here the methods developed in the preceding sections to a real data from a study in toxicology.
These data, originally reported by Kodell and Nelson [1980] (Table 1) and recently analyzed by
Balakrishnan and Ling [2013], are taken from the National Center for Toxicological Research and
consisted of 1816 mice, of which 553 had tumors, involving the strain of offspring (F1 or F2), gender
(females or males), and concentration of benzidine dihydrochloride (60 ppm, 120 ppm, 200 ppm or
400 ppm) as the stress factors. The F1 strain consisted of offspring from matings of BALB/c males
to C57BL/6 females, while the F2 strain consisted of offspring from non-brother-sister matings of
the F1 progeny. For each testing condition, the numbers of mice tested and the numbers of mice
that developed tumors were all recorded. Note that we consider mice with tumors as those that
died of tumors, sacrificed with tumors, and died of competing risks with liver tumors.

49



B w0 B
Q|
—~— 0 S — 0
o -v- 02 -v- 02
a A 04 A 04
-%- 0.6 E -%- 0.6
-=- 08 S -=- 08
8
& S
s ° =
w w
2 2 3
8 4
o o S
o
I
o g
s
o
& 4
o S
9
s
0
0
3 B S B
5
—— 0 —— 0
3 -v- 02 -v- 02
S A 04 A 04
-%- 0.6 < -%- 0.6
w0 -= 08 s 7 -= 08
B
8
s
o
T 8 T
8 o© 3 3
w ©
S ]
5 = =]
s 3 =
£ oS £
15 15
o ~
g o 7
5
0
8
g |
5
-
o
o
3
g |
s
T T T T T T T T
50 100 150 200 50 100 150 200
K; Ki
B B
— 0 w L] —— 0
~ ~v- 02 ° S ~w- 02
< A 04 A A 04
-%- 0.6 St -%- 0.6
. = _a
o | = 08 < - = 08
s S
o o}
g o | H
g8 o g8 o |
s g °
S S
‘a (=3
<
5 37 g
~
o
@
@
-
o~ o 7
o
T T T T T T T T
50 100 150 200 50 100 150 200
K; K

Figure 3.4.1: Exponential distribution at multiple stress levels: RMSEs (top panel) of the weighted
minimum DPD estimators of 6, the simulated levels (middle panel) and powers (bottom panel) of the
Wald-type tests under the pure data (left) and under the contaminated data (right).

50



P
S B o B
o S 7 0
—— S ——
-v- 02 -v- 02
A 04 A 04
g | - 0.6 e | “%- 0.6
© -=- 08 © -=- 08
)
< 4
8 | =
= © —
) <)
w w
2} o 8
= s 2
x 3
&
=]
Q
8 4
1=}
w0
&Q
S g 4
o
& g 4
i T T T T T T ° T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
8;—contamination degree B8,—contamination degree
©
B =] B
— 0 — 0
-v- 02 -v- 02
= A 04 o | A 04
-%- 0.6 © -¥- 0.6
-m- 08 -=- 08
<
) S
° ° ©
2 s
o 2
Kl =
2 2 « ]
= £ o
£ £
T o <
A
o~
8
~
s 7 -
24
L
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
8,—-contamination degree 8,—-contamination degree
B B
— 0 < —— 0
g - -w- 0.2 ° -w- 02
A 04 A 04
-%- 0.6 -%- 0.6
-=- 08 -=- 08
™
) s
= o 7 .
] 4]
4 3
2 a
= K
e o
‘a 2 o
5 o | § S 7
IS
-
- 24
2
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10
8;—contamination degree B,—contamination degree

Figure 3.4.2: Exponential distribution at multiple stress levels: RMSEs (top panel) of the weighted
minimum DPD estimators of 6, the simulated levels (middle panel) and powers (bottom panel) of the
Wald-type tests under the 6;-contaminated data (left) and under the f2-contaminated data(right).

51



empirical level

empirical level

empirical level

0.07

0.06

0.05

0.04

0.25

0.20

0.15

0.10

0.05

0.4

03

0.2

0.1

—— 0
-v- 02
A 04
X *- 0.6
il -=- 08
B i
i
i
e
T T T T
50 100 150 200
Ki
B
— —— 0
-v- 02
A 04
*- 0.6
-= 08
R
- )
4 TN AR 4
R v
AT s ahn s
S ~a A KA gk
R . e
# R
T T T T
50 100 150 200
Ki
B
B —~— 0
-v- 02
A 04
*- 0.6
-= 08
| - A
,v‘v<v T
o A, A i
. o O O i

T
0.4

T
0.6

T
0.8

1.0

8,—contamination degree

empirical power

empirical power

empirical power

0.2 03 04 05 0.6 0.7

0.1

0.2 03 04 0.5 0.6

0.1

0.15 0.20 0.25 0.30 0.35 0.40

0.10

B
— 0
-v- 02

A 04
-%- 0.6
-=- 08

B
— 0
-v- 02

A 04
-%- 0.6
-=- 08

S

-

0o

0.2
0.4
0.6
0.8

0.0

0.2

T
0.4

T
0.6

B,—contamination degree

0.8

1.0

Figure 3.4.3: Exponential distribution at multiple stress levels: Empirical levels (left) and powers (right)

under the pure data and under the contaminated data when parameter 6y = —6

52



B
o —~— 0
g - -v- 02
A 04
-%- 0.6
-=- 08
o
8
S
=
w
(2]
=
o
r
g
s
o
< 4
S
T T T T
50 100 150 200
Ki
| B
s
—— 0
-v- 02
" A 04
/ - 0.6
S / -=- 08
s
°
2
2 ©
=
g o
=
£
5
©
8 |
s
=
3
=
T T T T
50 100 150 200
K;
~ | — 0
© | |-w 02
//-/ A 04
e -%- 0.6
©
> -
S % - -=- 08
0
9
o
H
s < |
g o
‘a
£
o )
fg
o~
o
-
pag

Figure 3.4.4: Exponential distribution at multiple stress levels:

RMSE(8)

empirical level

empirical power

0.7

0.6

0.5

04

03

1.0

0.8

0.6

0.4

0.2

0.6

0.5

04

03

0.2

0.1

B
—— 0
-v- 0.2
A 04
-%- 0.6
-=- 08
Or AL
V-
Ny
v Aa
v AA A A ARAA
oA
A
a R
s pe K o -
O I
lf—lfl\",l;.\;.',, Rl -
T T T T
50 100 150 200
Ki
B
—— 0
-v- 0.2
A 04
-%- 0.6
-= 08

_-

-

0

0.2
0.4
0.6
0.8

RMSEs (top panel), empirical levels

(middle panel) and empirical powers (bottom panel) of two-cells contaminated data (left) and 6;-62-

contaminated data (right), when parameter 6o = —6.5.

53



Let 61, 65 and 03 denote the parameters corresponding to the covariates of strain of offspring,
gender, and square root of concentration of the chemical of benzidine dihydrochloride in the expo-
nential distribution given in (3.6). The weighted minimum DPD estimators with tuning parameter
B € {0,0.2,0.4,0.6,0.8} were all computed and are presented in Table 3.5.1. Negative values
for 51 and 52 indicate a greater resistance of F2 strain and male mice. As expected, a greater
concentration of benzidine dihydrochloride is seen to decrease the expected lifetime.

Table 3.5.1: Mice Tumor Toxicological data: Point estimation under the exponential distribution at
multiple stress levels

ﬂ 90 01 62 93

0 -4.452 -0.126 -1.201 0.133
0.2 -4.821 -0.195 -1.300 0.148
04 -4.784 -0.184 -1.291 0.145
0.6 -4.753 -0.176 -1.282 0.143
0.8 -4.731 -0.170 -1.275 0.141

3.5.2 Electric current data

These data (Balakrishnan and Ling [2012b]), presented in Table 3.5.2, consist of 120 one-shot
devices that were divided into four accelerated conditions with higher-than-normal temperature
and electric current, and inspected at three different times. By subjecting the devices to adverse
conditions, we shorten the lifetimes, observing more failures in a clear example of an accelerated
life test design. This numerical example also served as a basis for the Monte Carlo study carried
out earlier in Section 3.4.

Table 3.5.2: Electric current data

i IT; K; n; Temeperature (z;1) Electric current (z;2)
1 2 10 O 55 70
2 2 10 4 55 100
3 2 10 4 85 70
4 2 10 7 85 100
5 5 10 4 55 70
6 5 10 7 55 100
7 5 10 8 85 70
8 5 10 8 85 100
9 8 10 3 55 70
10 8 10 9 55 100
11 8 10 9 85 70
128 10 10 55 100

The estimates of the model parameters are presented in Table 3.5.3, for different values of
the tuning parameter 3. Reliability at different inspections times and normal testing conditions
xo = (25,35), as well as the mean lifetimes, are also presented. As expected, the reliability
of the devices decrease when the inspection time increases. Figure 3.5.1 displays the estimated
reliabilities at a pre-fixed inspection time, t = 30, for different values of temperature and electric
current, and two different tuning parameters: § = 0 (MLE) and a high-moderate value § = 0.6.
Let us denote Réj and EEJ ¢ for the estimated reliability at temperature level ¢ and electric current
level j based on the weighted minimum DPD estimators with tuning parameter 5 = 0 and 8 = 0.6,
which are represented in the top left and top right of Figure 3.5.1, respectively. As expected, they
decrease when the testing conditions increase, becoming especially low for extreme testing levels.
Left bottom of Figure 3.5.1 shows the differences between the two measures, that is, ﬁgj 6 — ﬁéj )
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Table 3.5.3: Electric current data: Point estimation of parameters and reliabilities at time ¢ € {10, 30,60}
and mean lifetimes for different tuning parameters at normal conditions o = (25, 35).

B o 0, 6,  R(10,25,35) R(30,25,35) R(60,25,35) 1

0 —6.5128 0.0301 0.0340  0.9018 0.7334 05379  96.74
0.1 —6.6100 0.0308 0.0346  0.9069 0.7460 0.5565  102.38
0.2 —6.7178 0.0315 0.0354  0.9123 0.7594 0.5767  109.00
0.3 —6.8327 0.0323 0.0362  0.9178 0.7730 0.5975  116.51
0.4 —6.9549 0.0332 0.0370  0.9232 0.7868 0.6190  125.09
0.5 —7.0759 0.0340 0.0379  0.9282 0.7997 0.6395  134.21
0.6 —7.1920 0.0348 0.0387  0.9327 0.8115 0.6585  143.60
0.7 —7.2915 0.0355 0.0394  0.9364 0.8211 0.6742  152.17
0.8 —7.3740 0.0361 0.0400  0.9393 0.8287 0.6867  159.65
0.9 —7.4387 0.0365 0.0404  0.9415 0.8345 0.6964  165.79

1 —7.4869 0.0369 0.0407  0.9430 0.8387 0.7034  170.52

while right bottom of Figure 3.5.1 shows the standardized differences (1?363:6 - f{éj )/ f{éj . While in
absolute value the biggest differences are given for moderate values of temperature and current
electricity (where reliabilities are higher), the most remarkable difference (that is measured with
independence on the scale) is obtained for extreme conditions both of current and temperature.
Note that these are the only cases when the estimated reliability based on the MLEs is higher
than the one based on the weighted minimum DPD estimators with tuning parameter 8 = 0.6.
Table 3.5.4 shows the estimated probabilities of the weighted minimum DPD estimators with
different tuning parameters 8 € [0, 1], compared with the observed probabilities. Last row in
Table 3.5.4 shows the estimated mean absolute error of each weighted minimum DPD estimator
considered here, eiB . MLE (8 = 0) seems, in general, to be one of the worst choices to predict each
testing condition. In particular, we can say that weighted minimum DPD estimators with high
or moderate value of the tuning parameter seem to have a better behavior than the MLEs when
higher-than-normal testing conditions are considered, just as we observed a greater difference in
terms of reliability (Figure 3.5.1).

Table 3.5.4: Electric current data: Estimated probabilities for different weighted minimum DPD estima-
tors

=B

i
% =0 =01 =02 =03 =04 =05 B=06 =07 B=08 =09 pB=1
0 0.154 0.152 0.150 0.148 0.146 0.144  0.142 0.141 0.139 0.138 0.137
0.4 0.338 0.340 0.343 0.346 0.348 0.351 0.354 0.356 0.358 0.359 0.360
04 0371 0373 0376 0378 0381 0.384 0.387 0.389 0.391 0.393 0.394
0.7 0.681 0.691 0.703 0.715 0.728 0.740 0.752 0.761 0.769 0.776 0.780
0.342 0.338 0.335 0.331 0327 0322 0319 0.315 0.312 0.310 0.309
0.7 0.644 0.647 0.650 0.654 0.657 0.661 0.664 0.667 0.669 0.671 0.672
0.8 0.686 0.689 0.692 0.695 0.699 0.703 0.706 0.709 0.711 0.713 0.714
0.8 0.943 0947 0.952 0957 0961 0965 0969 0.972 0.974 0.976 0.977
0.3 0.488 0.484 0479 0474 0.469 0.464  0.459 0.454  0.451 0.448 0.446

© 00 O U i W N | -
o
~

10 09 0.808 0.811 0.814 0.817 0.820 0.823 0.825 0.828 0.830 0.831 0.832
11 09 0.843 0.846 0.848 0.851 0.854 0.856 0.859 0.861 0.863 0.864 0.865
121 0990 0.991 0.992 0.993 0.994 0.995 0.996 0.997 0.997 0.997 0.997

e? 0082 0.080 0078 0.077 0077 0.076 0.076 0.076 0.075 0.075 0.075
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Figure 3.5.1: Electric current data: Estimated reliabilities based on weighted minimum DPD estimators

with tuning parameters 8 = 0 (top left) and 8 = 0.6 (top right) and their differences (bottom left) and
standardized differences (bottom right)
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Chapter 4

Robust inference for one-shot device testing
under gamma distribution

4.1 Introduction

Gamma distribution is commonly used for fitting lifetime data in reliability and survival studies
due to its flexibility. Its hazard function can be increasing, decreasing, and constant. When the
hazard function of gamma distribution is a constant, it corresponds to the exponential distribution.
In addition to the exponential distribution, the gamma distribution also includes the Chi-square
distribution as a special case. The gamma distribution has found a number of applications in
different fields. For example, Husak et al. [2007] used it to describe monthly rainfall in Africa for
the management of water and agricultural resources, as well as food reserves. Kwon and Frangopol
[2010] assessed and predicted bridge fatigue reliabilities of two existing bridges, the Neville Island
Bridge and the Birmingham Bridge, based on long-term monitoring data. They made use of log-
normal, Weibull, and gamma distributions to estimate the mean and standard deviation of the
stress range. Tseng et al. [2009] proposed an optimal step-stress accelerated degradation testing
plan for assessing the lifetime distribution of products with longer lifetime based on a gamma
process.

In this chapter, we extend the results of Chapter 3 by assuming that the lifetimes follow a
gamma distribution. With this premise, weighted minimum DPD estimators, their estimating
equations and asymptotic distribution are developed in Section 4.2. In this section, robust Wald-
type tests are also presented. A simulation study is provided in Section 4.3 and a real example is
presented in Section 4.4.

The results of this Chapter have been published in the form of a paper (Balakrishnan et al.
[2019a]).

4.1.1 The gamma distribution

Let us denote by 6 = (ag,...,as,bo,...,b;)T the model parameter vector. We shall then assume
that the lifetimes of the units, under the testing condition 4, follow gamma distribution with
corresponding probability density function and cumulative distribution function as

o=t t
f(t7w170) Tarn, SXPl—71 | t>07

AT (o) A
and
byt y
Flt 2. 0) — _Y 4.1
(t7 wl? 0) /(; A?l].—‘ (Oél) eXp < )\l) dﬁ% t > 07 ( )
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where «; > 0 and \; > 0 are, respectively, the shape and scale parameters at condition ¢, which
we assume are related to the stress factors in log—linear forms as

J J
a; = exp { > ajzij} and \; =exp { > bjIEij} )
=0 Jj=0

with z;o = 1 for all i. Let us denote by Rp(t;x;,0) = 1 — F(t;x;,0) the reliability function, the
probability that the unit lasts lifetime ¢.
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Figure 4.1.1: Gamma distributions for different values of shape and scale parameters.

4.2 Inference under the gamma distribution

Theorem 4.1 For 8 > 0, the estimating equations are given by

I
le (KZF (ITZ,(BZ,G) — nl) (Fﬁ_l (ITZ,a?“e) + (]. —F (ITZ-;a:Z-,H))ﬁ_ ) r; = 0J+1,
i=1

I
> si (KiF (IT;; @, 0) — ny) (Fﬁ—l (ITy; 2:,0) + (1 — F (IT;; :,0)) ) x; =041,
=1

i\
IT, (T) IT,
i1(0) — 52 F | i, a1+ oy, 1+ oy —— 4.2
D) m0) — apdefr (a1 +aut+as =10 b (a2)

S; = —f (ITuwzae) I, (43)

where F (IT;; x;,0) was given in (4.1). Here, nFp(ay,...,an;b1,...,bm;2) denotes the Gaussian
hypergeometric function. For more details about the Gaussian hypergeometric function, one may
refer to Seaborn [1991].
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Proof. The estimating equations are given by

I
K; 0 , .
592 e BB mi(0)) = 3 3 5ad5 By mi(0)) = O,

i=1
with
s @om(@) = (g 0+ () = TE (B (0)+ P i(0))
=(B+1) (7%61(9) — 5(8) — Pur) '(6) +ﬁ¢27g71(9)) %Wﬂ(@)
= (34 1) (7 (0) ~ 5) 7571(60) — (72(0) — o) 7 (0)) o wia(0)
= 6+ 1) ((1(6) ~ i) w7 (0) + (rx (0) — pia) w1 (6)) 7 (9)
= (3 1) (ra(0) i) (w7 (0) + 7l (0)) 57 0) (4.4)

The required result follows taking into account that

0
%ml(O) = (li.’B;-T,SiQIZT)T.

In the following theorem, the asymptotic distribution of the weighted minimum DPD estimator
of 8, 03, is presented for one-shot device testing data under gamma lifetimes.

Theorem 4.2 Let 0° be the true value of the parameter 8. The asymptotic distribution of the
weighted minimum DPD estimator, 83, is given by

VE (65 - 00) N (02(J+1), ng(ao)Kﬁ(OO)ng(oo)) :

with
e
T5(0) =Y 22w (F7 (T, 0) + (1 - FIT;2,,0) ), (4.5)
i=1
LK
Kp(0) =) 2 WF(IT;2;,0) (1 F(IT; ;:,0))
=1
—1 B—1 2
x (PP~ (ITs50,0) + (1 - F(ITs2:,0)"") (4.6)
and

2. .T T
T lFax,x; lisizix;
[ 2 T )

lisiwiaz? S;Tix;

with l; and s; as given in (4.2) and (4.3), respectively.

Proof. Let us denote

_ dlogm;;(0) Ologm;;(0) T_ 1 0mi;(6) L Omi(6) '
wj(e)_< da 0b > - (mj(e) da  "mi;(0) Ob >

_ (=) . (_1)j+1sw‘ '

= < WZJ(O) Zz (3] 7'['1](0) K3 ’L) ?

with /; and s; as given in (4.2) and (4.3), see Balakrishnan and Ling [2014a] for more details. Upon
using Theorem 3.1 of Ghosh et al. [2013], we have
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VK (éﬁ - 00) SN (OQ(M), J;l(oo)Kﬁ(eo)ng(ao)) :

where
I K,
Tp(0) =D - uis(0)ul;(0)m"(6),
i=1 j=1
I 2 K I K
K3(0) = (Z > fzum(e)ui@(ﬁﬁr?f NOEDY #51,5(0)53/3(0) :
i=1 j=1 i=1
with
2 2
£5(0) = uy(O)r](0) = (lizs, si:)” > _(—1)77(8)
Jj=1 j=1

uijw)uT(e):( i) ):W w,

T
lisia:i Z; S;T; T4

with ” 7 .
i x; lis;x: x;
\Ili:( vt 9 T .

T
lisiz; ®; s;x;x;

It then follows that

j=1
and
I K 2 ) 2
Kj(0) =) 2 | Y m/'(0) - (Z(—w%@(e))
i=1 j=1 j=1
Since )
2 2 2
Soa 7o) — | o1 RO) | =T (O)ma(0) (77N O) + 7 (0))
we have
! K; 1 B—1 2
Ks(0) =Y L ima(0)ma(0) (n7'(0) +7571(0))
i=1
]

Now, we present the IF of the proposed estimators:

Theorem 4.3 Let us consider the one-shot device testing under the gamma distribution with mul-
tiple stress factors. The IF with respect to the k—th observation of the ig—th group is given by

IF(tio,kv Uﬁ, FOO) :J,El(eo)(liowio ) Sig mio)T (47)
X (Fﬂ_l(ITio; Lig s 00) + Rﬂ_l(ITio; Lig s 00)) (F(ITlm Lig, 00) - ASO)) )

where Agl) i 18 the degenerating function at point (t;,, k).
i
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Proof. Straightforward following results in Section 2.5. m

Theorem 4.4 Let us consider the one-shot device testing under the gamma distribution with mul-
tiple stress factors. The IF with respect to all the observations is given by

I
K;
F(t,Ug, Fgo) Jﬁ 00 Z—lwl,swlT
=1

7 (4.8)

X (PPN (IT55:,0°) + RO (T 5,0") (F(IT:,6%) = ALY,
where AS) = kK:Ll Agl)k

Proof. Straightforward following results in Section 2.5. m

4.2.1 Wald-type tests

From Theorem 4.2, where the asymptotic distribution of the proposed weighted minimum DPD
estimators is presented, we can develop Wald-type tests for testing composite null hypotheses.

Let us consider the function m : R2/+1) — R" where r < 2(J + 1). Then, m (0) = 0,
represents a composite null hypothesis. We assume that the 2 (J + 1) X r matrix

omT (0)
MO) = ——F+——
(0) 90
exists and is continuous in @ and with rank M (6) = r. For testing
Hy: 6 € O against Hy : 6 &€ O, (4.9)

where © = {6 € R2/*1) : m (6) = 0,.} , we can consider the following Wald-type test statistics

o~

. . ~ . -1
Wi(B3) = Km” (85) (M”(0:)2(0:)M 85))  m(Bp), (4.10)
where 35(05) = J ;" (05)K 5(05)J 35(85) and J5(8) and K 5(6) are as in (4.5) and (4.6), respec-
tively.

In the following theorem, we present the asymptotic distribution of Wk (03).

Theorem 4.5 The asymptotic null distribution of the proposed Wald-type test statistics, given in
Equation (4.10), is a chi-squared (x?) distribution with r degrees of freedom. This is,

S~ ¢
Wk(05) — B

Proof. Let 8° € © be the true value of parameter 8. VK (5/3 - 00> Ki> N (OQ(JH), DI (55))
—00

Therefore, under Hy, we have
VEm(@s) 5 N <OT,MT(00)25(00)M(00)>
—00
and taking into account that rank(M (6°)) = r, we obtain
-1 R

m”(8s) (M7(6")25(6")M(6")  m(Bs) =5 N2

K—o0
~ ~ ~ —1 —1
But, (MT(HB)EB(OB)M(05)> is a consistent estimator of (MT(OO)EB(OO)M(OO)) and,
therefore, WK@) £, X2 m
K—oo

Based on Theorem 4.5, we will reject the null hypothesis in (4.9) if Wi (55) > X2 o, where X2,
is the upper percentage point of order a of x?2 distribution.
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Results concerning the power function of the proposed Wald-type tests could be obtained in a
similar manner to previous chapters.

As happened under the exponential distribution, it becomes necessary to consider the second-
order IF of the proposed Wald-type tests, as presented in the following result

Theorem 4.6 The second-order IF of the functional associated with the Wald-type test statistics,
with respect to the k—th observation of the ig—th group of observations, is given by

]F2(tio,lc7 Wk, F00>

-1
= 2 IF (i1, Ug, Foo)m” (6") (M7 (6°)5(6°)M(6%))  m(6°)IF (tiy 1, Us, Fo),
where IF (t;y 1, Up, Fgo) is given in (5.8).

Proof. Straightforward following results on Section 3.3.3. =
Similarly, for all the indices:

Theorem 4.7 The second-order IF of the functional associated with the Wald-type test statistics,
with respect to all the observations, is given by

IF(t, Wi, Fyo)

—1
=2 [F(t,Up, Foo)m™ (6°) (M7 (6°)5(6°)M(6°))  m(6°)IF(t,Up, Fo),
where IF(t,Ug, Fgo) is given in (5.9).

Proof. Straightforward following results on Section 3.3.3. m

4.3 Simulation study

In this section, Monte Carlo simulations of size 2.500 are carried out to examine the behavior of
the weighted minimum DPD estimators and Wald-type tests discussed in the preceding sections.

4.3.1 Weighted minimum DPD estimators

Based on the simulation experiment proposed by Balakrishnan and Ling [2014a], we consider the
devices to have gamma lifetimes, under 4 different conditions with 2 stress factors at 2 levels, taken
to be {(30,40), (40,40), (30,50), (40,50)}. Then, all devices under each condition are tested at 3
different inspection times, depending on the reliability considered. The model parameters were set
as (a1, a9, bg,b1,b2) = (—0.06, —0.06, —0.36,0.04, —0.01) while ag = 6.5,7 or 7.5, corresponding to
low, moderate and high reliability, respectively. In order to study the robustness of the weighted
minimum DPD estimators, we consider a contaminated scheme, wherein the first “cell” is generated
under a; = —0.035.

Bias of estimates of reliabilities at normal conditions and different times, as well as the RMSE
of the parameter estimates, are computed with the same sample size for each condition K =
{50,100, 150}, and those are presented in Table 4.3.1, 4.3.2 and 4.3.3.

It can be seen that, while for the non-contaminated scheme, the MLE generally possesses the
best behaviour, weighted minimum DPD estimators with medium [ are a better option in the
contamination scenario. This robustness is in accordance with the earlier finding for the case of
one-shot device testing based on exponential lifetimes.
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Table 4.3.1: Gamma distribution at multiple stress levels: Bias of the estimates of reliabilities for pure
and contaminated data in the case of low reliability.

Low reliability Pure data Contaminated data
True value =0 =02 B=04 =06 =0 =02 B=04 =06
k=50
R(10;5 (25, 30)) 0.8197 -0,0101 -0,0085 -0,0135 -0,3130 0,1216  0,1137 0,1141 -0,0572
R(205 (25, 30)) 0.6168 -0,0037 -0,0058 -0,0064 -0,2287 0,1162  0,1027  0,0993 -0,0294
R(305 (25, 30)) 0.4497 -0,009 -0,0134 -0,0114 -0,1688 0,0037 -0,0009 -0,0063 -0,0788
R(40; (25, 30)) 0.3220 -0,0091 -0,0145 -0,0109 -0,1214 -0,0677 -0,0655 -0,0704 -0,0106
R(50; (25, 30)) 0.2278 -0,0037 -0,0092 -0,0048 -0,0830 -0,0849 -0,0815 -0,0852 -0,1013
RMSE(0) - 0,9933 0,9737  1,0207  2,2000 1,8496  1,7226  1,7652  1,9626
k=100
R(105 (25, 30)) 0.8197 -0,0055  -0,003 -0,0056 -0,2749 0,1291  0,1193 0,1216  0,0100
R(205 (25, 30)) 0.6168 -0,0027 -0,0035 -0,0031 -0,2016 0,1229  0,1084 0,106  0,0194
R(30; (25, 30)) 0.4497 -0,0055 -0,0088 -0,0061 -0,1456 0,0099 0,0064 -0,0007 -0,0498
R(405 (25, 30)) 0.3220 -0,0057 -0,0105 -0,0063 -0,1022 -0,0700 -0,0648 -0,0728 -0,0949
R(505 (25, 30)) 0.2278 -0,0029 -0,0082 -0,0033 -0,0686 -0,0940 -0,0867 -0,0938 -0,1018
RMSE(0) - 0,706  0,6919 0,7174  1,4967 1,7763  1,6122  1,6848 1,6592
k=150
R(105 (25, 30)) 0.8197 -0,0055 -0,0021 -0,0061 -0,2563 0,1317 0,1214 0,1234  0,0697
R(20; (25, 30)) 0.6168 -0,0028 -0,0024 -0,0034 -0,1887 0,1237  0,1092 0,1063  0,0632
R(305(25,30)) 0.4497 -0,0039 -0,0064 -0,0042 -0,1357 0,0120 0,0095 0,0017 -0,0215
R(40;5 (25, 30)) 0.3220 -0,0037 -0,0081 -0,0039 -0,0950 -0,0710 -0,0638 -0,0730 -0,0810
R(50; (25, 30)) 0.2278 -0,0019 -0,0070 -0,0018 -0,0640 -0,0991 -0,0893 -0,0977 -0,0982
RMSE(0) - 0,5714  0,5754  0,5785 1,1034 1,7675 1,5892  1,6629  1,5933

Table 4.3.2: Gamma distribution at multiple stress levels: Bias of the estimates of reliabilities for pure
and contaminated data in the case of moderate reliability.

Moderate reliability Pure data Contaminated data

True value =0 =02 B=04 =06 =0 =02 =04 B=06
k=50
R(40; (25, 30)) 0.5406 -0,0322 -0,0331 -0,0345 -0,0356 -0,0965 -0,0859 -0,0764 -0,0716
R(50;5 (25, 30)) 0.4449 -0,0317 -0,0318 -0,0335 -0,0342 -0,1242 -0,1108 -0,0989 -0,0917
R(60; (25, 30)) 0.3638 -0,0255 -0,0248 -0,0266 -0,0269 -0,1282 -0,1145 -0,1024 -0,0942
R(70; (25, 30)) 0.2960 -0,0165 -0,0151 -0,0169 -0,0169 -0,1195 -0,1067 -0,0955 -0,0872
R(80; (25, 30)) 0.2399  -0,0066 -0,0048 -0,0064 -0,0063  -0,1053 -0,0936 -0,0837 -0,0758
RMSE(6) - 1,1827  1,1857  1,2093  1,2265 1,7034 1,5738  1,4878  1,4367
k=100
R(40; (25, 30)) 0.5406 -0,0169 -0,0177 -0,0174 -0,0184 -0,0774 -0,0666 -0,0552 -0,0512
R(505 (25, 30)) 0.4449 -0,0189 -0,0193 -0,0191 -0,0208 -0,1177 -0,1028 -0,0875 -0,0811
R(60; (25, 30)) 0.3638 -0,0173 -0,0174 -0,0171 -0,0191 -0,1330 -0,1175 -0,1016 -0,0940
R(70; (25, 30)) 0.2960 -0,0132  -0,0130 -0,0127 -0,0147 -0,1319 -0,1177 -0,1028 -0,0951
R(80; (25, 30)) 0.2399 -0,0080 -0,0074 -0,0072 -0,0091 -0,1220 -0,1096 -0,0965 -0,0892
RMSE(6) - 0,8056  0,8074 0,8144  0,8344 1,4918 11,3356  1,2141  1,1558
k=150
R(40; (25, 30)) 0.5406 -0,0128 -0,0128 -0,0131 -0,0132 -0,0713 -0,0592 -0,0483 -0,0432
R(50; (25, 30)) 0.4449 -0,0143 -0,0138 -0,0147 -0,0149 -0,1160 -0,0988 -0,0836 -0,0754
R(60; (25, 30)) 0.3638 -0,0133 -0,0124 -0,0138 -0,0139 -0,1356 -0,1175 -0,1012 -0,0917
R(70; (25, 30)) 0.2960 -0,0105 -0,0092 -0,0109 -0,0109 -0,1374 -0,1209 -0,1053 -0,0959
R(80; (25, 30)) 0.2399 -0,0067 -0,0052 -0,0069 -0,0068 -0,1289 -0,1148 -0,1010 -0,0922
RMSE(6) - 0,6769 0,6788  0,6903  0,7028 1,4402  1,2655 1,1330  1,0542
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Table 4.3.3: Gamma distribution at multiple stress levels: Bias of the estimates of reliabilities for pure
and contaminated data in the case of high reliability.

High reliability Pure data Contaminated data

True value =0 =02 Bg=04 =06 =0 =02 B=04 =06
k=50
R(70; (25, 30)) 0.5157 -0,0587 -0,0551 -0,0580 -0,0623 -0,1591 -0,1374 -0,1259 -0,1101
R(80; (25, 30)) 0.4581 -0,0493 -0,0458 -0,0496 -0,0554 -0,1530 -0,1326 -0,1214 -0,1067
R(90;5 (25, 30)) 0.4059 -0,0385 -0,0349 -0,0395 -0,0465 -0,1431 -0,1240 -0,1133 -0,1000
R(100; (25, 30)) 0.3590 -0,0270 -0,0233 -0,0284 -0,0364 -0,1311  -0,1131 -0,1030 -0,0912
R(1105(25,30)) 0.3169 -0,0154 -0,0116 -0,0170 -0,0258 -0,1181 -0,1012 -0,0915 -0,0811
RMSE(0) - 1,7033 1,7030 11,7033  1,6846 1,8756  1,7491 1,7106  1,5983
k=100
R(705 (25, 30)) 0.5157 -0,0451 -0,0463 -0,0492 -0,0535 -0,1652 -0,1405 -0,1243 -0,1107
R(80; (25, 30)) 0.4581 -0,0421 -0,0441 -0,0475 -0,0525 -0,1677 -0,1438 -0,1278 -0,1157
R(90; (25, 30)) 0.4059 -0,0369 -0,0396 -0,0433 -0,0489 -0,1643 -0,1416 -0,1263 -0,1158
R(100; (25, 30)) 0.3590 -0,0304 -0,0335 -0,0374 -0,0434 -0,1569 -0,1356 -0,1213 -0,1123
R(1105 (25, 30)) 0.3169 -0,0231 -0,0265 -0,0305 -0,0367 -0,1471  -0,1273 -0,1141 -0,1063
RMSE(0) - 1,1432  1,1406  1,1653  1,1651 1,5383 1,3921 11,3102  1,2219
k=150
R(70; (25, 30)) 0.5157 -0,0376 -0,0393 -0,0419 -0,0485 -0,1639 -0,1379 -0,1194 -0,1080
R(80; (25, 30)) 0.4581 -0,0369 -0,0391 -0,0420 -0,0497 -0,1705 -0,1458 -0,1273 -0,1164
R(90; (25, 30)) 0.4059 -0,0341 -0,0367 -0,0398 -0,0483 -0,1702 -0,1474 -0,1295 -0,1195
R(100; (25, 30)) 0.3590 -0,0298 -0,0326 -0,0359 -0,0448 -0,1651 -0,1444 -0,1275 -0,1184
R(1105 (25, 30)) 0.3169 -0,0246 -0,0275 -0,0307 -0,0400 -0,1569 -0,1382 -0,1225 -0,1144
RMSE(0) - 0,9471  0,9525 0,9749 0,9772 1,4014 1,2390 11,1308  1,0681

4.3.2 Wald-type tests

Let us now empirically evaluate the robustness of the Wald-type tests developed. The simulation
is performed under the low-reliability model described before.

We first study the observed level (measured as the proportion of test statistics exceeding the
corresponding chi-square critical value) of the test under the true null hypothesis Hy : a; = —0.06
against the alternative H; : a; # —0.06. In the top of Figure 4.3.1, these levels are plotted for
different values of the samples sizes, pure data (left) and contaminated data (a; = —0.035, right).
Notice that in the case of pure data considered, all the observed levels are close to the nominal
level of 0.05. In the case of contaminated data, the level of the classical Wald test (at § = 0)
displays a lack of robustness, while the weighted minimum DPD estimators based Wald-type tests
for moderate and large positive 8 possess levels closer to the nominal level.

To investigate the power of these tests (obtained in a similar manner), we change the true data
generating parameters value to 8 = (6.5, —0.06, —0.035, —0.36,0.04, —0.01), and a; = —0.45 in a
contaminated scenario, nearer to the null hypothesis. The resulting empirical powers are plotted
in the bottom of Figure 4.3.1. When there are no outliers in the data, the classical Wald test
(at 8 = 0) is quite similar, not even the most powerful, to other tests. On the other hand, when
there are outliers in the data, the Wald-type tests with larger 8 > 0 provides a significantly better
power.

4.4 Real data example: application to a tumor toxicological
data

Survival analysis usually faces problems associated with interval censoring. One extreme situation
is the one in which the only available information on a survival variable is whether or not it exceeds
a monitoring time. This form of censoring, known as current status data, can be seen as one-shot
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Figure 4.3.1: Gamma distribution at multiple stress levels: Levels and powers for pure (left) and con-
taminated data (right).

device testing data, and so we can apply the methods developed in the preceding sections to a real
current status data from a tumor toxicological experiment.

The data considered, taken from the National Center for Toxicological Research, was originally
reported by Kodell and Nelson [1980] and recently analyzed by Balakrishnan and Ling [2013,
2014a] using MLE under a one-shot device model. In Chapter 3, these data were analyzed using
weighted minimum DPD estimators, but under the assumption of exponential lifetimes. However,
the gamma distribution is a better lifetime model for these data (Balakrishnan and Ling [2014a]).
These data consisted of 1816 mice, of which 553 had tumors, involving the strain of offspring (F1
or F2), gender (females or males), and concentration of benzidine dihydrochloride (60 ppm, 120
ppm, 200 ppm or 400 ppm) as the stress factors. For each testing condition, the numbers of mice
tested and the numbers of mice having tumors were all recorded.

Let ay, as and az denote the parameters corresponding to the covariates of strain of off-
spring, gender and square root of concentration of the chemical of benzidine dihydrochloride
in the shape parameter of the gamma distribution, while by, bs and b3 denote similarly for
the scale parameter, respectively. The weighted minimum DPD estimators of model parame-
ters as well as of the mean time to occurrence of tumors for each group, for different values of
g € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1}, are computed and these are presented in Tables
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Table 4.4.1: Gamma distribution at multiple stress levels: weighted minimum DPD estimators of the
model parameters.

B ap a1 az as bo b1 b2 bs MAB(p(9)) RMSE(p(6))
0 2.4066 -0.1875 -1.0099 0.0359 0.8730 0.2419 1.5545 -0.0901 0.2758 0.3950
0.1 2.8958 -0.1743 -1.2198 0.0136 0.3678 0.2196 1.7680 -0.0670 0.2701 0.3931
0.2 2.8644 -0.1477 -1.3185 0.0219 0.4050 0.1885 1.8742 -0.0758 0.2667 0.3926
0.3 2.7834 -0.1375 -1.3920 0.0332 0.4935 0.1756 1.9535 -0.0877 0.2638 0.3922
0.4 2.6980 -0.1275 -1.4569 0.0443 0.5847 0.1635 2.0217 -0.0994 0.2616 0.3919
0.5 2.6343 -0.1205 -1.5071 0.0529 0.6517 0.1549 2.0732 -0.1082 0.2601 0.3917
0.6 2.5965 -0.1189 -1.5404 0.0585 0.6912 0.1525 2.1067 -0.1139 0.2593 0.3917
0.7 2.5758 -0.1219 -1.5603 0.0619 0.7126 0.1551 2.1263 -0.1173 0.2590 0.3918
0.8 2.5636 -0.1267 -1.5716 0.0640 0.7253 0.1598 2.1370 -0.1194 0.2588 0.3919
0.9 2.5597 -0.1328 -1.5771 0.0651 0.7293 0.1659 2.1420 -0.1205 0.2588 0.3920
1 2.5570 -0.1384 -1.5787 0.0658 0.7321 0.1716 2.1431 -0.1212 0.2588 0.3921

Table 4.4.2: Gamma distribution at multiple stress levels: weighted minimum DPD estimators of the

mean time to the occurrence of tumors (in months), E[T].

E[T]
strain  gender conc =0 p=02 p=04 =06 =08 (=1

0 0 60 17461 17316  17.395 17433  17.449 17.455
0 1 60 30.103  30.188  30.598  30.712  30.713 30.694
1 0 60 18.438  18.039  18.031  18.029  18.036 18.044
1 1 60 31.787  31.447  31.719  31.762  31.747 31.728
0 0 120 14.676  14.565  14.577  14.594  14.605 14.610
0 1 120 25.301  25.392  25.643  25.710  25.707 25.691
1 0 120 15496  15.173  15.111  15.092  15.096 15.103
1 1 120 26.715  26.451  26.582  26.588  26.572 26.557
0 0 200 12.348  12.265  12.231  12.231  12.238 12.243
0 1 200 21.288  21.381  21.514  21.547  21.541 21.529
1 0 200 13.039 12776  12.678  12.649  12.650 12.656
1 1 200 22478  22.273 22302  22.283  22.266 22.254
0 0 400 8.991 8.942 8.858 8.840 8.843  8.848
0 1 400 15.500  15.589  15.583  15.574  15.566 15.558
1 0 400 9.493 9.315 9.183 9.142 9.141  9.146
1 1

400 16.366  16.240  16.153  16.106  16.090 16.082

4.4.1 and 4.4.2, respectively, where strain= 0 for F1 strain of offspring, and gender= 0 for females.

There is a significant difference between genders, with males having a higher expected lifetime.
Also, tumors are induced by an increase in the dosage of benzidine dihydrochloride. Empirical
mean absolute error (MAB) and RMSE, measured by comparing predicted probabilities to the
observed ones, are also presented in Table 4.4.1. In both cases, MLE presents the maximum error.
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Chapter 5

Robust inference for one-shot device testing
under Weibull distribution

5.1 Introduction

Let us consider again the one-shot device testing problem with multiple stress factors, schematized
in Table 3.1.1. So far, we have considered that the lifetimes can follow an exponential distribution
(Chapter 3) or gamma distribution (Chapter 4). However, in practice, the Weibull distribution is
widely used as a lifetime model in engineering and physical sciences. In fact, the Weibull model is
also used extensively in biomedical studies as a proportional hazards model for evaluating the effects
of covariates on lifetimes, meaning that the hazard rates of any two products stay in constant ratio
over time. See Meeter and Meeker [1994], Meeker et al. [1998], and references therein. However, in
some situations, the assumption of constant shape parameters may not be valid; see, for example,
Kodell and Nelson [1980], Nogueira et al. [2009] and Vézquez et al. [2010]. In such situations,
Balakrishnan and Ling [2013] suggested using a log-link of the stress levels to model the unequal
shape parameters. Based on this idea, we develop, in this chapter, robust inference for one-shot
device testing under the Weibull distribution with scale and shape parameters varying over stress.

The chapter is organized as follows: in Section 5.1.1, the Weibull distribution is presented.
Inference based on minimum DPD estimators under the Weibull assumption is developed in Section
5.2. A complete simulation study and three numerical examples are presented in Section 5.3 and
Section 5.4, respectively.

The results of this Chapter have been published in the form of a paper (Balakrishnan et al.
[2020Db)).

5.1.1 The Weibull distribution

Let us denote by @ = (ag,...,az,bo,-..,b;)T the model parameter vector. We shall then assume
that the lifetimes of the units, under the testing condition i, follow Weibull distribution with
corresponding probability density function and cumulative distribution function as

n,tmfl ()"

fT(t;.’Bz',O) = lam e (”‘1) , > 07
3
and
_ (L ) i
FT(t;(IIi,G):l—e 4 , t>0,

where a; > 0 and 7; > 0 are, respectively, the scale and shape parameters at condition i, which
we assume are related to the stress factors in log—linear forms as

J J
o; = exp { > ajxij} and 7, = exp { > bjxij} ’
j=0 Jj=0
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with x;o = 1 for all i. Let us denote by Rp(t;x;,0) = 1 — F(t;x;,0) the reliability function, the
probability that the unit lasts lifetime ¢. The hazard function, given by the ratio of the density
function and the reliability function, is

Z.tm—l
(07

3
When n; = 1, the hazard rate is constant and the Weibull distribution in this case is simply
exponential distribution. When 7; > 1, the unit suffers an increasing rate of failure as it ages,
while the opposite is the case when n; < 1. This last case is less common in practice, unless we
only consider the early part of lifetimes of devices. Weibull density function, reliability and hazard
functions, for different values of shape and scale parameters, are shown in Figure 5.1.1.

f(t)
R(®)

00 02 04 06 08 10
h(t)

f(t)
R(Y)

00 02 04 06 08 10
h(t)

Figure 5.1.1: Weibull distributions for different values of shape and scale parameters.

Notice that, as suggested in the literature (see, for example, Meeter and Meeker [1994] and Ng
et al. [2002]), it is often more convenient to work with the extreme value distribution for the log-
lifetimes, as it belongs to the location-scale family rather than the Weibull distribution belonging
to the scale-shape family. For this same reason, we will also consider here the extreme value
distribution with the corresponding probability density, distribution and reliability functions as

1 wom _ 5H 1
fw(w;z;,0) = —e et T = —&e %, —0o < w < 00, (5.1)
g; g;
w—Hi
Fy(wz;,0)=1—¢e°"" =1- e % —00 < w < 00, (5.2)
w—p;

T

Ry (w;x;,0) =1 — Fyy(w;x;,0) = e ° =e % —00<w< o0, (5.3)

. J
where w = log(t), {& = e °i , the location parameter p; = log(cey) = > a;x;j, and the scale
3=0

J
parameter o; = n; ' = exp{— >_ b;z;;}.
=0
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5.2 Inference under the Weibull distribution

Let us consider the weighted minimum DPD estimator for 0, 55, given in Definition 3.1, where
m;1(0) and m;2(0) are given in (5.2) and (5.3), respectively.

Let us first develop the estimating equations of the minimum DPD estimators under the Weibull
distribution, as well as its asymptotic distribution.

Theorem 5.1 For > 0, the estimating equations are given by

I
>l (KiFw (T :,0) = ng) (B (T :,0) + Ry (UT@0,0)) @i = 040,
=1

I
> si (KiFw (UIT;x;,0) — ;) <F§/_1 (IITy; 2:,0) + Ry, (1T a4, 0)) x; =071,
=1

where Fy (1IT;; S;,0), Fw(lIT;;x;,0) and Ry (IIT;;x;,8) are as given in (5.1), (5.2) and (5.3),
respectively, and
li = —{gie_gi}/di, Si :§ie_5il0g(§i), 1= 1,...,].

Proof. The proof is straightforward following (4.4) and taking into account

0

5gT11(0) =i = —{&e Y o, (5.4)
0

%ml(B) = S§; = §ie_5"’l0g(§i). (55)

Theorem 5.2 Let 0° be the true value of the parameter. The asymptotic distribution of the
minimum DPD estimator, Og, is given by

VE(@;-6") 5 N (owﬂ), J;l(eo)Kﬁ(eo)ng(eo)) ,

where J3(0) and Kg(0) are given by

I
Ts(0) =3 %\1’ (F‘fv’l(llTi; z:,0) + RS (T i, 0)) , (5.6)
=1
! K, 2
K;(0) = > 22 W.Fw (T @, 0) Rw (LIT;; 51, 6) (F‘fv’l(lITi; z:,0) + R (T i, 0)) NGRS
=1
with

T 2T
lisizix; S{TiT

2. T T
— ( Px;x]  ls;zx] )
= )

)

Proof. Straightforward following proof of Theorem 4.2 and equations (5.4) and (5.5). m
Now, we present the IF of the proposed estimators:

Theorem 5.3 Let us consider the one-shot device testing under the Weibull distribution with
multiple stress factors. The IF with respect to the k—th observation of the ig—th group is given by

IF (tigr Ug, Fgo) =T 5" (0°) (liy @iy, $igi,) " (5.8)
X (FO (I Ty iy, 6°) + RPN (ITiys @, 6%)) (FUIT5:,6°) = AL,

07 t'iO

where Agl) i 18 the degenerating function at point (t;,, k).
i
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Proof. Straightforward following results in Section 2.5. m

Theorem 5.4 Let us consider the one-shot device testing under the Weibull distribution with
multiple stress factors. The IF with respect to all the observations is given by

I
F(t,Ug, Fgo) =J 5" 002 (Lizg, siz;)T (5.9)

i=1

x (FA~Y(IT;; x;,6°) + RP~1(IT;; a;,6°)) (F(ITI»; z;,0°) — Ag?) ,

where AS) = Zszl Ag)k

Proof. Straightforward following results in Section 2.5. m

5.2.1 Wald-type tests

From Theorem 5.2, and following the idea on previous chapters, we can develop Wald-type tests
for testing composite null hypotheses.

Let us consider the function m : R2/+1) — R" where r < 2(J + 1). Then, m (8) = 0,
represents a composite null hypothesis. We assume that the 2 (J 4+ 1) x r matrix
omT (0)

00

exists and is continuous in € and with rank M (0) = r. For testing

M (8) =

Hy: 0 € O against Hy : 0 &€ O, (5.10)

where ©g = {6 € R2/F1) : m (6) = 0.}, we can consider the following Wald-type test statistics
. . . . -1
Wic(05) = Km"(85) (M"(85)Z(0:)M(©5))  m(9y), (5.11)
where 25(55) = J;l(ég)Kﬁ(ég)ng(éﬁ) and ng(a) and Kg(0) are as in (5.6) and (5.7), re-
spectively.
In the following theorem, we present the asymptotic distribution of Wi (63).

Theorem 5.5 The asymptotic null distribution of the proposed Wald-type test statistics, given in
Equation (5.11), is a chi-squared (x*) distribution with r degrees of freedom. This is,

~

WK(Oﬂ) —> X7

K—o0
Proof. Let 8° € © be the true value of parameter 8. K (Eg - 90> Ki> N (02(J+1), s (55)>
— 00
Therefore, under Hy, we have

VEm(Bs) L5 N (0., M7 (6°)55(6°)M(6"))

K—oo

and taking into account that rank(M (00)) = r, we obtain

m (8) (M7(0)25(6°)M(©%)) m(Bs) 5 ¥

But, (MT@)EB@)M(@@)) ' is a consistent estimator of (MT(BO)Eg(HO)M(00)> ' and,
therefore, Wi (65) £ 2 om
K—oo
Based on Theorem 5.5, we will reject the null hypothesis in (5.10) if WK(b\B) > X7 ., Where
X?Q",a is the upper percentage point of order a of x?2 distribution.
Results concerning the power function of the proposed Wald-type tests could be obtained in a
similar manner to previous chapters.
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5.3 Simulation Study

In this section, a Monte Carlo simulation study that examines the accuracy of the proposed min-
imum weighted DPD estimators and Wald-type tests is presented. Section 5.3.1 focuses on the
efficiency, measured in terms of MSE and mean absolute error (MAE), of the estimators of model
parameters and reliabilities, while Section 5.3.2 examines the behavior of the Wald-type tests de-
veloped in preceding sections. Every condition of simulation were tested until R = 2,500 regular
observations were obtained.

5.3.1 Weighted minimum DPD estimators

The lifetimes of devices are simulated from the Weibull distribution, for different levels of reliability
and different sample sizes, under 3 different stress conditions with 1 stress factor at 3 levels, taken
to be {x1,z2, 23} = {30,40,50}. Then, all devices under each stress condition are tested at 3
different inspection times IT = {IT}, 1T, IT5}, depending on the level of reliability. Our data will
then be collected under 9 testing conditions Sy = {x1,IT1},...,Se = {x3, [T3}.

A. Balanced data

Firstly, a balanced data with equal sample size for each group was considered. K; was taken to
range from small to large sample sizes, and the model parameters were set to 0T = (ao, a1, bo,b1)
= (ag, —0.05, —0.6,0.03), while ay was chosen to be 4.9, 5.3, and 5.7 corresponding to devices with
low, moderate, and high reliability, respectively. To prevent many zero-observations in test groups,
the inspection times were set as IT = {5, 10,15} for the case of low reliability, IT = {8, 16,24} for
the case of moderate reliability, and IT = {12,24, 36} for the case of high reliability. To evaluate
the robustness of the weighted minimum DPD estimators, we examine the behavior of this model
in the presence of an outlying cell for the first testing condition Sy = {x1, IT1} in our table. This
cell is generated under the parameters o' = (ao, @1,bo,b1) = (4.9, —0.025,—0.6,0.03). The setting
used is now summarized in Table 5.3.1. While ALT data are based on extreme observations of
the stress factor, and therefore on low values of the inspection times, we are interested in testing
the accuracy of our estimators under normal conditions. MSEs of estimated reliabilities under the
pure and the contaminated settings are computed and are presented in Table 5.3.3, for different
values of the sample size K; € {50,100}. As expected, MLE presents the best behavior in the
case of pure data, while a gradual decrease in efficiency occurs with greater values of 3. It is
almost the opposite in the case of the contaminated scheme. This behaviour is corroborated when
computing the MAEs and MSEs of the model parameter vector 8, as can be seen in Figures 5.3.1
and 5.3.2, respectively. Here, just the weighted minimum DPD estimators with tuning parameters
B € {0,0.4,0.8} are represented in order to demonstrate the general robustness feature of the
proposed estimators.

B. Unbalanced data

Now we consider an unbalanced data, which does not have equal sample size for all the groups.
This data consists of a total of K = 300 observations, and is presented in Table 5.3.2. Here the
vector of true parameters is 87 = (5.3, —0.025, —0.6,0.03) (moderate reliability). To examine the
robustness in this ALT plan, we increase each one of the parameters of the outlying first cell,
denoted by aq, ay, bo and b;. MSEs of the vector of parameters are plotted in Figure 5.3.3. In all
the cases, we can see how the MLEs and the weighted minimum DPD estimators with small values
of tuning parameter 8 present the smallest MSEs for weak outliers, i.e., when ag is near ag (and
respectively with the other parameters). On the other hand, large values of tuning parameter g
make the weighted minimum DPD estimators to yield the smallest MSEs, for medium and strong
outliers.
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Table 5.3.1: Weibull distribution at multiple stress levels: parameter values used in the simulation study.

Parameters Symbols Values
Low reliability
Inspection times 1T = {IT,IT, T3} {5,10, 15}
Model Par. 07 =(ao,a1,b0,b1) (4.9,—-0.05,—0.6,0.03)
Outlying Par. 0" =(a0,a1,b0,01)  (4.9,-0.025, —0.6,0.03)
Moderate reliability
Inspection times 1T = {ITi,IT, T3} {8,16,24}
Model Par. 0T =(ao,ar,bo,b1) (5.3, —0.05, —0.6,0.03)
Outlying Par. 0" =(ao,a1,bob1)  (5.3,—0.025,—0.6,0.03)
High reliability
Inspection times 1T = {ITi,IT, T3} {12,24, 36}
Model Par. 0" =(ao,a1,b0,b1) (5.7,—0.05,—0.6,0.03)
Outlying Par. 0" =(ao,a1,bob1)  (5.7,—0.025,—0.6,0.03)

Table 5.3.2: Weibull distribution at multiple stress levels: ALT plan, unbalanced data.

1 30 8 60
2 40 8 40
3 50 8 20
4 30 16 60
5 40 16 20
6 50 16 20
7 30 24 40
8§ 40 24 20
9 50 24 20

It seems clear that the weighted minimum DPD estimators can be a robust alternative to MLE
in terms of efficiency, overall when working with potential outlying data. It is important now to
confirm this robustness when working with the Wald-type tests proposed in preceding sections.

5.3.2 Wald-type tests

To compute the accuracy in terms of contrast, we now consider the testing problem
H() tap = —0.05 vs. H1 Lap 7é —0.05. (512)

The level of significance of a test is defined as the probability of rejecting the null hypothesis
by the test when it is really true, while the power of a test is the probability of rejecting the
null hypothesis when a specific hypothesis is true. For computing the empirical test level, we
measure the proportion of test statistics exceeding the corresponding chi-square critical value. For
a nominal size o = 0.05, with the model under the null hypothesis given in (5.12), the estimated
significance test levels for different Wald-type test statistics are given by

1 R

ay) = Pr(Wi(85) > X3 o.0slHo) = 7 > I(Wii(85) > X3 0.05/Ho).

i=1

with I(S) being the indicator function (with a value of one if S is true and zero otherwise). The
simulated test powers will be obtained under H; in (5.12) in a similar way.
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Figure 5.3.1: Weibull distribution at multiple stress levels: MAE of the estimates of parameters for
different reliabilities under pure (top) and contaminated data (bottom)
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Table 5.3.3: Weibull distribution at multiple stress levels: MSEs of estimates of reliabilities for different
sample sizes and low reliability

Pure data Contaminated data
K =50 R(10,25) R(20,25) R(30,25) R(10,25) R(20,25) R(30,25)

B8=0 0.0223 0.0264 0.0458 0.0290 0.0314 0.0670
0.1 0.0222 0.0264 0.0457 0.0281 0.0310 0.0647
0.2 0.0223 0.0264 0.0458 0.0272 0.0307 0.0629
0.3 0.0224 0.0264 0.0460 0.0266 0.0304 0.0615
0.4 0.0226 0.0265 0.0465 0.0261 0.0302 0.0605
0.5 0.0229 0.0266 0.0470 0.0257 0.0301 0.0599
0.6 0.0232 0.0268 0.0476 0.0255 0.0300 0.0594
0.7 0.0236 0.0270 0.0482 0.0253 0.0299 0.0591
0.8 0.0239 0.0272 0.0488 0.0253 0.0299 0.0589
0.9 0.0243 0.0273 0.0494 0.0252 0.0299 0.0588

1 0.0245 0.0275 0.0499 0.0253 0.0299 0.0588

K =100

8= 0.0155 0.0185 0.0314 0.0198 0.1064 0.1490
0.1 0.0155 0.0185 0.0313 0.0201 0.1057 0.1479
0.2 0.0156 0.0185 0.0314 0.0205 0.1048 0.1466
0.3 0.0157 0.0185 0.0315 0.0208 0.1039 0.1450
0.4 0.0158 0.0186 0.0317 0.0212 0.1030 0.1436
0.5 0.0159 0.0186 0.0319 0.0215 0.1020 0.1419
0.6 0.0161 0.0187 0.0321 0.0219 0.1011 0.1404
0.7 0.0163 0.0187 0.0324 0.0222 0.1002 0.1389
0.8 0.0165 0.0188 0.0327 0.0226 0.0994 0.1375
0.9 0.0167 0.0188 0.0329 0.0229 0.0986 0.1363

1 0.0169 0.0189 0.0331 0.0231 0.0980 0.1352

A. Balanced data

We compute empirical Wald-type test levels under the same parameters of low reliability model
in the previous section for testing (5.12). Test powers are computed under the true parameter
vector 87 = (4.9,-0.039, —0.6,0.03) . In the contaminated scheme, first cell will be generated
from éT = (4.9,—-0.048, —0.6,0.03), with the contrasted term nearer to the null hypothesis. This
setting is summarized in Table 5.3.4. Considering samples sizes ranging from K; = 30 to K; = 150,
results are shown in Figure 5.3.4.

For the pure setting, levels of the corresponding Wald-type tests based on different values of
B seem to have the same behaviour. As the sample size increases, test levels get closer (with
some exception, probably associated to empirical statistical error) to nominal level. In the case of
contaminated data, the estimated test level, of classical Wald test (8 = 0) is far away from the
nominal level, while medium-high values of 5 have much more stable robustness properties. With
respect to the power, and focusing on the Wald-type test based on 8 = 0.8, the same behaviour
is observed, with an optimum classical Wald test for pure data, albeit its lack of robustness when
contamination is present. Meanwhile, Wald-type test based on weighted minimum DPD estimator
with 5 = 0.8 is seen to perform the best both in the pure and the contaminated sample cases.

B. Unbalanced data

For the unbalanced ALT plan presented in previous subsection, we compute empirical Wald-type
test levels for the testing problem in (5.12). For illustrating robustness, we consider again an
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Table 5.3.4: Weibull distribution at multiple stress levels: parameter values used in the simulation study

Parameters Symbols Values

Levels
Model True Parameters 07 =(ag,a1,b0,b1) (4.9, —0.05,—0.6,0.03)
Outlying Parameters éT:(ao,dl,bo,bl) (4.9, —-0.025,—-0.6,0.03)
Powers
Model True Parameters 07 =(ag,a1,b0,b1) (4.9, —0.039, —0.6,0.03)

Outlying Parameters éT:(ao,dl,bo,bl) (4.9, —-0.048,—-0.6,0.03)

increment of each one of the parameters of the outlying cell. Results, presented in Figure 5.3.5,
illustrate again the lack of robustness of MLE for medium and strong outliers.

5.4 Real Data Examples

5.4.1 Glass Capacitors

Zelen [1959] presented data from a life test of glass capacitors at higher than usual levels of
temperature (in °C), T' = {170, 180}, and voltage V' = {350, 300, 250,200}. At each of the eight
combinations of temperature and voltage, eight items were tested. We adapt these data to the
one-shot device model taking the inspection times to be IT = {258,315, 455,1065}, respectively.
Logically, higher inspection times are needed when applying less extreme voltages. These data
and its relation with the Weibull distribution has been widely studied in the literature; see, for
example, Meeker et al. [1998] and Rigdon et al. [2012]. As suggested in these papers, we have used
the predictors as log(V') and 1/Tk, where Tk is the temperature in degrees Kelvin.

Weighted minimum DPD estimators are computed for different values of the tuning parameter,
B, and predicted probabilities are compared to the observed ones (top of Figure 5.4.3). The MAEs
and RMSEs are presented in this figure as well. It is easily seen that the MLE seems to be either
the worst, or one of the worst estimators in this case.

5.4.2 Solder Joints

Lau et al. [1988] described an experiment in which the reliability of 90 solder joints was studied
under the effect of three types of printed circuit boards (PCBs) at three different temperatures.
The lifetime was measured as the number of cycles until the solder joint failed, while the failure of
a solder joint is defined as a 10% increase in measured resistance.

A simplified data set is derived from the original one and presented in Table 5.4.1. In it, the two
stress factors considered are the temperature, T'emp, and a dichotomous variable, PC B, indicating
if the PCB type is “Copper-nickel-tin” (PCB = 1) or not.

Table 5.4.1: Solder Joints example

1 20 300 4 10
1 60 300 4 10
1 100 100 6 10
0 20 1300 10 20
0
0

60 800 3 20
100 200 4 20
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Once again, predicted probabilities are compared to the observed ones for different values of
the tuning parameter, 3, (bottom of Figure 5.4.3). Both probability vectors are quite close and
also that there is not much difference in the estimates between different choices of 3, although it
is seen that MLE is probably the worst estimator in this case.

5.4.3 Mice Tumor Toxicological data

Let us consider again the Mice Tumor Toxicological data (Kodell and Nelson [1980]). These data,
studied for the exponential model in Section 3.5.1, consisted of 1816 mice, of which 553 had
tumors, involving the strain of offspring (F1 or F2), gender (females or males), and concentration
of benzidine dihydrochloridem (60 ppm, 120 ppm, 200 ppm or 400 ppm) as the stress factors. For
each testing condition, the numbers of mice tested and the numbers of mice having tumors were
all recorded.

Weighted minimum DPD estimators are obtained for different values of the tuning parameter,
and expected lifetimes are computed for different values of concentration, gender and strain. As
seen in Figure 5.4.2, there is a significant difference between genders, with males having a higher
expected lifetime. This difference is even more remarkable for 5 = 0.8. The effect of Strain is not
so clear, with slightly better results for mice from F2 group.

5.4.4 Choice of tuning parameter

Let us think now about the problem of the choice of the optimal tuning parameter, given any
data set. We could apply the Algorithm 1 (Section 2.6.3) with J3(03) and Kg(6g) as given in
equations (5.6) and (5.7), respectively, in order to avoid complex computations.

We consider the unbalanced data studied in the Simulation Study and we apply this approach
for the contamination in the first component with different choices of the pilot estimator. Results
are shown in Figure 5.4.1. As contamination increases, the chosen tuning parameter tends to be
larger. It seems that a moderate low value of the pilot estimator offers the best trade-off between
pure and contaminated data. Although not presented here, similar conclusions were obtained
under the other contamination schemes. So, we suggest to use the pilot choice Op = 50.4.
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Figure 5.4.1: Weibull distribution at multiple stress levels: simulated MSEs of the weighted minimum
DPD estimators at the optimally chosen 8, starting from different pilot estimators
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Let us apply this procedure to the previous data sets. The corresponding results are shown in
Table 5.4.2. As can be seen, MLE is not the best choice in any case, which clearly demonstrates
the need for the proposed weighted minimum DPD estimators.

Table 5.4.2: Weibull distribution at multiple stress levels: Optimal g for different data sets

Data Glass Capacitors Solder joints Mice Tumors

Bopt 0.94 0.37 0.41
B=0 B =08
Strain F1 Strain F2 Strain F1 Strain F2
60 m120 m200 m400 60 m120 m200 mW400 60 m120 m200 W400 60 m120 W200 m400
31 31 31 31
26 26 26

21 21 21

16 16 16

11 11 11

Gender Gender Gender Gender

Figure 5.4.2: Estimated lifetimes in Tumor Toxicological Experiment.
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Chapter 6

Robust inference for one-shot device testing
under other distributions: Lindley and lognormal

distributions

6.1 Introduction

We have studied the problem on one-shot device testing under the assumption of exponential,
gamma and Weibull distributions. However, other distributions may be considered for modeling
the lifetimes. In this chapter, we consider the Lindley and lognormal distributions.

The Lindley distribution, introduced by Lindley [1958], has shown to give better modeling
that the exponential distribution in some contexts (see Ghitany et al. [2008]). Gupta and Singh
[2013] studied the parametric estimation of Lindley distribution with hybrid censored data while
Mazucheli and Achcar [2011] applied this distribution to competing risks in lifetime data. On the
other hand, the lognormal distribution has been studied in different types of censored data. Meeker
[1984] compared accelerated life-test plans for Weibull and lognormal distributions under Type-I
censoring. Ng et al. [2002] developed EM algorithm for estimating the parameters of lognormal
distributions based on progressively censored data.

After introducing formally both distributions, the chapter is organized as follows: in Section
6.2, inference for one-shot devices under Lindley lifetimes is developed. Same is done under the
lognormal assumption in Section 6.3. Section 6.4 focuses on the development of Wald-type tests for
both cases. Extensive simulation studies are presented in Section 6.5 and Section 6.6, respectively.
Finally, some numerical examples are provided in Section 6.7.

6.1.1 The Lindley distribution

Let us suppose that the true lifetime follows a Lindley distribution with unknown failure rate \;(8),
related to the stress factor x; in loglinear form as

i = X\i(0) = exp(x!'9), (6.1)

where z; = (240, i1,...,2:7)7, and @ = (g, 601,...,0;)T. Thus, here © = R/*1. The correspond-

ing density function and distribution function are, respectively,

22
(60,0 = 7350+ ) expf-Au) (6:2)
and
1+ N +tN
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On the other hand, the reliability at time ¢ and the mean lifetime under normal operating conditions
x; are given by

T+ N i
R(t:2:,0) =1 F(t;a;,0) — LN T e ) (6.4)
14\
and
24N\
FT)|=————.
7 Ai(1+X;)

The hazard function, given by the ratio of the density function and the reliability function, is

i

h(t:2:,0) = o

(1+1).

Remark 6.1 The density probability function (6.2) can be expressed as

F(:200) = Y fi(t,0) +

1_1_)\1 f2(t7wla0)v

L
14+ X\
where

fit; e, 0) = Njexp{=N\;it} and fo(t;2;,0) = )\?texp{—)\it}.

Thus, Lindley distribution is a mizture of exponential and gamma distributions with mizing pro-

portions )‘—’)\ and ﬁ, respectively.
k2 k2

i+

While the gamma distribution generalizes the exponential one, it requires of numerical integra-

tion and will need of the estimation of 2(J + 1) parameters against the J + 1 parameters in the

exponential model (see Chapter 4). Lindley distribution has advantage over the exponential distri-

bution that the exponential distribution has constant hazard rate and mean residual life function

(see Figure 6.1.1) whereas the Lindley distribution has increasing hazard rate and decreasing mean
residual life function (see Shanker et al. [2015]).

6.1.2 The lognormal distribution

We can also assume that the lifetimes of the units, under the testing condition i, follow lognormal
distribution with corresponding probability density function and cumulative distribution function

o 1 _log()\it)2
f(t;x;,0) = mgitexp{ 207 } (6.5)
and
F(t;x;,0) = (W) (6.6)

where ®(-) is the cumulative distribution function of the standard normal distribution, and \; and
o; are, respectively, the scale and shape parameters, which we assume are related to the stress
factors in loglinear forms as

J J
X = exp Zaja:ij and o; =exp ijxij , (6.7)
j=0 =0

with z;0 =1 for all ¢ and 6 = (aq,..,a,b1,..,b7).
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Figure 6.1.1: Denisty, reliability and hazard functions of Lindely (top) and exponential (bottom) distri-
butions

6.2 Inference under the Lindley distribution

Theorem 6.2 Let us consider the model described in Table 3.1.1 under the Lindley distribution.
For g > 0, the estimating equations are given by

I
ZTi (K;F (ITy; %;,0) —n;) [FP~! (IT;;24,0) + RO (1T 24, 0)] & = 0,44,
i=1
where
s 2
T, = (1 +’A.) IT; [(IT; + V)N 4 IT; + 2] exp{—NIT;}. (6.8)

Proof. Straightforward following proof of Theorem 3.2 and taking into account that

9 Y

]
In the following theorem, we establish the asymptotic distribution of the proposed weighted
minimum DPD estimators.

Theorem 6.3 Let 6° be the true value of the parameter 0. The asymptotic distribution of the
weighted minimum DPD estimator g is given by

=~ 0 L —1/n0 0 —1/n0
VE (95 y ) Kj(}N(OJH,Jﬂ (0°)K 5(6°)T5" (0 )),
where
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Z L2 (FPY(ITy; 2, 0) + ROY(ITy; 24, 0)) 2! (6.9)

Z —T F(IT;;2;,0)R(IT;; x;,0) (FP~(IT;; 4, 0) +R5_1(1Ti;wi,0))2wiwr. (6.10)

K2

Proof. Straightforward following proof of Theorem 3.3. =

6.3 Inference under the lognormal distribution

Theorem 6.4 Let us consider the model described in Table 3.1.1 under the lognormal distribution.
For 8 > 0, the estimating system of equations is given by

I
Z A (KiF (ITi; x;, 0) - nz) [Fﬂ_l (ITi; x;, 0) + RP-1 (ITZ'; x;, 0)] x; = O(J+1)

i=1
I
ZAQ (K;F (ITy; %;,0) — n;) [FP~ (IT;; 2;,0) + R°™' (IT;;24,0)] 25 = 0(y11),
i=1
with log(A\IT, log(M\IT, log(AIT,
Aﬂ:qﬁ(OQ( i z’)) A,L-Q:_Og( i i)¢<09( i i)>’ (6.11)
o; o; 05
where ¢(+) is the density function of the standard normal distribution
Proof. The estimating equations are given by
I
K, 0 , .
; fafd/a(l)“ﬂ'z(g)) =041,
I
K, 0 ,
; ?%dﬁ(pwﬂ-l(a)) =0741,
with
8 5 ﬁ+1 3 ﬁJrl B + 1 ~
%dﬁ(pmﬁz(e)) = (a il (0)+ a2 (0) - T pzla 71—11(0) +p128 7T12(0)
~ ~ - 0
= (8+1) (7/(6) = 74(8) — Bumly(6) + Piarly ' (6)) 5-ia(6)
,1 —1 0
= (B+1) (ma(6) = Pu) w1 (0) = (m2(8) — Fia) 3y (8) ) - (6)
_ _ 0
= (B4 1) ((7:1(8) = i) 1 (0) + (ma(6) — Pia) wly ' (8)) 5= (6)

%dé(ﬁi,mw)) = (B+1) (mi1(6) — i) (w1 (0) + 75 1(6)) ﬁbmw)

Then, we have to compute 5%7@-1(0) and %m(e). Following the chain rule

0= (2] o (2)

da o

- { ] [8109 NITS) <log(2m))] ai» (\IT)
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- 0 ) 0 lOg()\Z‘ITi) 1 - ﬁ ‘ log()\iITi) l
= e [y (%57 [ 5= 3o ] (2575

(
_ (log(“T)> 2, = Az, (6.12)
(

g;
o —log(NITG) | [ log(NIT)
} 2 ¢ ( - )

i

—log(\ITy) 5 (ZOQ()\iIE)

0;

0;
Then, the result follows. m

Theorem 6.5 Let 0° be the true value of the parameter 8. The asymptotic distribution of the
weighted minimum DPD estimator 85 is given by

VK (éﬁ - 00) SN (og(m),J;l(eo)Kﬁ(eo)ng(ao)) ,

K; _ _
Jﬁ(e):Z?Ai (FP=Y(IT;2:,0) + R°(IT;; 24, 0)) (6.14)

K.
Kg(0) =) #AiF(ITi; i, 0)R(IT;; @;,0) (F*~\(IT}; 2, 0) + R (ITj; 24,0))°,  (6.15)

Ahzxl  AjApxix! ) (6.16)

T 2 T
ApApx;x; AL xix;

and Ajy and Ao were given in (6.11).

Proof. Straightforward following proof of Theorem 4.2 and equations (6.12) and (6.13). m

6.4 Wald-type tests

From Theorem 6.3 and Theorem 6.5, and following the idea on previous chapters, we can develop
Wald-type tests for testing composite null hypotheses.

Let us consider the function m : R® — R", where » < S and S = J + 1 (Lindley distribution)
or S = 2(J+1) (lognormal distribution). Then, m (8) = 0, represents a composite null hypothesis.

We assume that the S x r matrix

omT (0)
M (0) = —=
() 50

exists and is continuous in € and with rank M (0) = r. For testing
Hy: 6 € O against Hy : 6 &€ O, (6.17)

where ®¢ = {0 cR:m(0) = 0,«} , we can consider the following Wald-type test statistics

o~

Wic(8) = Km” (85) (M (@)2(0,)M(85))  mi(@y). (6.18)

where X5(05) = J5'(05)K5(05)J 5 (85) and J;'(0) and K(0) are as in (6.9) and (6.10)
(Lindley distribution) or in equations (6.14) and (6.15) (lognormal distribution), respectively.
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Theorem 6.6 The asymptotic null distribution of the proposed Wald-type test statistics, given in
Equation (6.18), is a chi-squared (x*) distribution with p degrees of freedom. This is,

Wi(85) =5 2.

K—o0

Proof. Straightforward taking into account the asymptotic distribution of the proposed minimum
DPD estimators. m
Based on Theorem 5.5, we will reject the null hypothesis in (5.10) if

WK(b\B) > X?,av

where X';Q",a is the upper percentage point of order a of x?2 distribution.

6.5 Simulation study under the Lindley distribution

In this section, we develop a simulation study in order to evaluate the performance of the proposed
weighted minimum DPD estimators and Wald-type tests under the assumption of Lindley lifetimes.
We consider different scenarios both for balanced and unbalanced data (equal or different sample
size K; in each condition i, respectively). In the case of balanced data, different reliabilities and
sample sizes are taken for both pure and contaminated data, while in the case of unbalanced data,
the performance is evaluated under different degrees of contamination. The results are recorded
and averaged over 1000 simulation runs, in the R statistical software.

6.5.1 The weighted minimum DPD estimators

First of all, we evaluate the robustness of the estimators by means of the RMSE of the parameter
vector @ for different values of the tuning parameter 8 € {0,0.2,0.4,0.6}. The main purpose of
this study is to show how there are alternative estimators to the MLE (8 = 0) that can offer a
better performance in terms of robustness.

A. Balanced data

The lifetimes of devices are simulated from the Lindley distribution, for different levels of reliability
and different samples sizes K; € (40, ..., 150), under I = 12 conditions with two stress factors at
two levels each one, tested at three different inspection times. The parameter values used in this
simulation are detailed in Table 6.5.1 and the results are shown in Figure 6.5.1.

With independence of the reliability considered, we observe how, when a pure scheme is eval-
uated, the MLE presents the highest efficiency, while in a contamination scheme, this estimator
becomes the worst, with the greatest error. Bias of estimates of reliabilities at normal conditions
and different times, as well as the RMSE of the parameter estimates, is computed with the con-
tamination of the last two cells #; = 0.026 and 6y = 0.026, under medium reliability. Results are
presented in Table 6.5.2, with similar conclusions.

B. Unbalanced data

In this scheme, we consider an unbalanced data, in which each condition is evaluated under a differ-
ent sample size (Table 6.5.3). The data are generated under low reliability, with 8 = (6, 01, 6,)7 =
(—5.5,0.03,0.03)T. To contaminate the data, the last cell is generated by 0 = (90,51,02)T or
6 = (6,61,02)T, with the degree of contamination measured by 4(1 — 6,/6;) € (0,...,1) and
4(1 — 62/6,) € (0, ...,1). Results are shown in top of Figure 6.5.2. When a pure data scheme is
considered ((1 —60/61) =0 or (1 — 6/63) = 0), the MLE presents the lowest error. This changes
when increasing the dregree of contamination, with alternative estimators with S > 0 presenting
a much more robust behaviour. As expected, when increasing the contamination, the error also
increases, specially when 8 = 0.

88



Table 6.5.1: Lindley distribution at multiple stress levels: parameter values used in the simulation.

Efficiency.

Reliability Parameters Symbols Values

High reliability Number of Conditions 1 12
True parameters 0o, 01, 02 —6,0.03,0.03
Contamination 0, 0.025
First Stress factor T, 1=1,...,1 {55,85}
Second Stress factor Tio, 1=1,...,1 {70,100}
Inspection Time 1T, i=1,...,1 {2,5,8}

Moderate reliability =~ Number of Conditions 1 12
True parameters 0o, 61, 02 —5.5,0.03,0.03
Contamination 0, 0.024
First Stress factor Ti, i=1,...,1 {55,85}
Second Stress factor Tig, 1=1,...,1 {70,100}
Inspection Time IT;, i=1,...,1  {1.5,4.5,7.5}

Low reliability Number of Conditions 1 12
True parameters 0o, 61, 02 —5,0.03,0.03
Contamination 52 0.023
First Stress factor Tin, i=1,...,1 {55, 85}
Second Stress factor Tig, 1=1,...,1 {70,100}
Inspection Time IT;, i=1,...,1 {1,4,7}

6.5.2 The Wald-type tests

To evaluate the performance of the proposed Wald-type tests, we consider the scenario of unbal-
anced data proposed in the previous section. We consider the testing problem

Hy:0p=-5.5 against Hj:60y# —5.5. (6.19)
We first evaluate the empirical levels, measured as the proportion of test statistics exceeding

the corresponding chi-square critical value for a nominal size o = 0.05. The empirical powers are
computed in a similar way, with 8 = —0.75. Results are shown in Figure 6.5.2.

6.6 Simulation study under the lognormal distribution

In this section, a simulation study evaluate the performance of the proposed weighted minimum
DPD estimators and Wald-type tests under the assumption of lognormal lifetimes. Once, again,
we consider different scenarios both for balanced and unbalanced data (equal or different sample
size K; in each condition ¢, respectively). In the case of balanced data, different sample sizes are
taken for both pure and contaminated data, while in the case of unbalanced data, the performance
is evaluated under different degrees of contamination. The results are recorded and averaged over
1000 simulation runs, in the R statistical software.

6.6.1 The weighted minimum DPD estimators

Let us evaluate the robustness of the estimators by means of the RMSE of the parameter vector 6
for different values of the tuning parameter § € {0,0.2,0.4,0.6}.
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Table 6.5.2: Lindley distribution at multiple stress levels: bias of the estimates of reliabilities for pure
and contaminated data in the case of moderate reliability. Two-cells contamination

High reliability Pure data Contaminated data
True value B=0 =02 =04 8=06 B=0 =02 =04 B=06
K; =50
R(10; (45, 60)) 0.7738 -0.0044 -0.0051 -0.0053 -0.0054 -0.4407 -0.4081 -0.3490 -0.1816
R(20; (45, 60)) 0.4874 -0.0023 -0.0032 -0.0035 -0.0034 -0.4188 -0.4027 -0.3675 -0.2156
R(30; (45, 60)) 0.2791  0.0024 0.0015 0.0014 0.0016 -0.2667 -0.2618 -0.2488 -0.1595
R(40; (45, 60)) 0.1512  0.0053 0.0047 0.0047 0.0050 -0.1491 -0.1479 -0.1438 -0.0982
R(45; (45, 60)) 0.1097  0.0059 0.0054 0.0055 0.0057 -0.1089 -0.1083 -0.1061 -0.0741
RMSE(0) - 0.1329 0.1332 0.1358 0.1384  1.3142 1.2285 1.0720 0.6058
K; =100
R(10; (45, 60)) 0.7738 -0.0018 -0.0022 -0.0024 -0.0025 -0.4394 -0.4066 -0.3479 -0.1777
R(20; (45, 60)) 0.4874 -0.0005 -0.0010 -0.0013 -0.0012 -0.4194 -0.4033 -0.3691 -0.2196
R(30; (45, 60)) 0.2791  0.0019 0.0014 0.0013 0.0014 -0.2671 -0.2624 -0.2503 -0.1673
R(40; (45,60)) 0.1512 0.0032 0.0029 0.0029 0.0031 -0.1493 -0.1481 -0.1446 -0.1053
R(45; (45, 60)) 0.1097  0.0034 0.0032 0.0032 0.0034 -0.1090 -0.1085 -0.1066 -0.0803
RMSE(@) - 0.0938 0.0952 0.0981 0.1006 1.3102 1.2242 1.0696 0.5912
K; =150
R(10; (45, 60)) 0.7738  0.0002 0.0001 0.0000 0.0000 -0.4377 -0.4048 -0.3463 -0.1747
R(20; (45, 60)) 0.4874  0.0018 0.0016 0.0015 0.0016 -0.4191 -0.4030 -0.3690 -0.2202
R(30; (45, 60)) 0.2791  0.0031 0.0029 0.0029 0.0031 -0.2672 -0.2625 -0.2506 -0.1699
R(40; (45,60)) 0.1512 0.0034 0.0033 0.0034 0.0036 -0.1493 -0.1482 -0.1448 -0.1079
R(45; (45, 60)) 0.1097  0.0033 0.0033 0.0033 0.0035 -0.1090 -0.1085 -0.1068 -0.0826

RMSE(0) - 0.0720 0.0729 0.0749 0.0768 1.3079 1.2220 1.0683 0.5879

Table 6.5.3: Lindley distribution at multiple stress levels: ALT plan, unbalanced data.

iz oz IT; K
1 55 70 15 90
2 55 100 1.5 90
3 85 70 1.5 75
4 8 100 1.5 75
5 55 70 45 75
6 55 100 45 75
7 85 70 45 75
8 8 100 4.5 75
9 55 70 75 75
10 55 100 7.5 60
11 85 70 75 60
12 8 100 7.5 30

A. Balanced data

The lifetimes of devices are simulated for different sample sizes, under 3 different stress conditions
with 1 stress factor at 3 levels, « € {30,40,50}. Then, all devices under each stress condition are
inspected at 3 different inspection times, IT € {12,24,36}. The corresponding data will then be
collected under I =9 test conditions. A balanced data with equal sample size for each group was
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considered. K; was taken to range from small to large sample sizes, and the model parameters were
set to be 87 = (—6,0.03,—0.6,0.03)T. To evaluate the robustness of the weighted minimum DPD
estimators, we studied their behavior in the presence of an outlying cell for the first testing condition
in our table. This cell was generated under the parameters éT = (—5.7,0.03, —0.6,0.03)T. Bias of
model parameters, as well as bias for the reliability at normal testing conditions (I7p, z) = (60, 25),
were then computed, for different tuning parameters, for the cases of both pure and contaminated
data and are presented in Tables 6.6.1 and 6.6.2, respectively.

For the case of pure data, MLE presents the best behaviour and an increment in the tuning
parameter 3 leads to a gradual loss in terms of efficiency. However, in the case of contaminated
data, MLE turns to be the worst estimator, and weighted minimum DPD estimators with g > 0
present much more robust behaviour. Note that, as expected, an increase in the sample size
improves the efficiency of the estimators, both for pure and contaminated data.

Table 6.6.1: Lognormal distribution at multiple stress levels: bias for the parameter vector.

Pure data Contaminated data
K, p=0p8=02p=04 =06 p=0p8=02p=04 =06
40 1.0681 1.0455 1.0455 1.0600 1.0536 0.9811 0.9811 0.9789
50 0.8710 0.8647 0.8634 0.8891 0.9420 0.8932 0.8543 0.8593
60 0.8362 0.8509 0.8534 0.9021 0.9469 0.8869 0.8685 0.8533
70 0.7518 0.7617 0.7653 0.7802 0.8977 0.8210 0.7850 0.7741
80 0.7113 0.7121 0.7225 0.7338 0.8952 0.8135 0.7651 0.7478
90 0.6781 0.6830 0.7067 0.7118 0.8597 0.7780 0.7226 0.7100
100 0.6505 0.6458 0.6571 0.6700 0.8417 0.7520 0.7032 0.6871
110 0.6026 0.6011 0.6131 0.6297 0.8394 0.7469 0.6871 0.6613
120 0.5589 0.5603 0.5766 0.5865 0.8279 0.7360 0.6746 0.6524

Table 6.6.2: Lognormal distribution at multiple stress levels: bias for the reliability under normal testing
conditions

Pure data Contaminated data
K, (=0p=02p8=04 =06 pg=0p8=02 =04 =0.6
40 0.1099 0.1061 0.1083 0.1084 0.1297 0.1215 0.1193 0.1157
50 0.0918 0.0907 0.0919 0.0911 0.1072 0.1030 0.0990 0.0967
60 0.0889 0.0881 0.0869 0.0874 0.1061 0.1009 0.0968 0.0934
70 0.0796 0.0788 0.0787 0.0780 0.0909 0.0864 0.0853 0.0833
80 0.0771 0.0780 0.0776 0.0767 0.0884 0.0864 0.0836 0.0832
90 0.0702 0.0700 0.0704 0.0698 0.0771 0.0754 0.0747 0.0738
100 0.0696 0.0691 0.0689 0.0682 0.0737 0.0726 0.0721 0.0714
110 0.0680 0.0670 0.0668 0.0665 0.0703 0.0705 0.0693 0.0690
120 0.0652 0.0648 0.0640 0.0636 0.0642 0.0641 0.0642 0.0642
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B. Unbalanced data

In this scenario, an unbalanced data with different sample size in each condition is considered (see
Table 6.6.3). The data are generated with 8 = (—6,0.03, —0.6,0.03)”7. To contaminate the data,
the first cell is generated by 8 = (—6,dy, —0.6,0.03)7, with (1 —aj /a1) € (0, ...,1). Note that when
pure data are considered this value is equal to O.

Table 6.6.3: Lognormal distribution at multiple stress levels: ALT plan, unbalanced data.

i za Iy K
1 30 30 60
2 40 30 40
3 50 30 20
4 30 60 60
5 40 60 20
6 50 60 20
7 30 90 40
8 40 90 20
9 50 90 20

Bias of the parameter vector 0 as well as bias of the reliability evaluated at (ITp, o) = (80, 20)
are presented in top of Figure 6.6.1. While for low degrees of contamination the difference is very
slight, this becomes important when considering a high degree of contamination.

6.6.2 The Wald-type tests

To evaluate the performance of the proposed Wald-type tests, we consider the scenario of unbal-
anced data proposed in the previous section. We consider the testing problem

Hy: by =0.03 against Hj : by # 0.03. (6.20)

We first evaluate the empirical levels, measured as the proportion of Wald-type test statistics
exceeding the corresponding chi-square critical value for a nominal size &« = 0.05. The empirical
powers are computed in a similar way, with by = 0.002. Results are shown in bottom of Figure
6.6.1. Similar conclusions are obtained for the empirical levels, with an increment in the robustness
for # > 0. The behaviour of the empirical powers is not so clear when a high value of § is taken.

6.7 Application of Lindley distribution to real data

6.7.1 The benzidine dihydrochloride experiment

Let us consider a simplified version of data given in Section 2.7.3. While the original study
distinguished between mice sacrificed and died without tumor, we consider them in a same category,
as our interest is focused on the carcinogenic effect of the drug. We then have an unbalanced
data set with sample sizes (K1, Ko, K3, K4, K5, Kg) = (72,25,49, 35,46, 11) and observed failures
(n1,n2,n3,n4,n5,n6) = (0,0,0,17,7,9). Figure 6.7.1 shows the estimated probabilities for each
one of the 6 observed conditions as well as the estimated RMSE for the probabilities, both under
the Exponential and Lindley distribution models and the MLE. The error under the Lindley
distribution is clearly inferior to the exponential one. We apply our proposed estimators and
evaluate their performance for different tuning parameters (top of Figure 6.7.2). It can be seen
how the estimated probability error decrease for 5 > 0.
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Figure 6.6.1: Lognormal distribution at multiple stress levels: bias for the parameter vector (top left),
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empirical powers (bottom right) for different degrees of contamination

6.7.2 Glass Capacitors

We now consider data from a life test of glass capacitors at higher than usual levels of temperature
and voltage, which was already studied in Section 5.4.1. As in the previous example, we apply
our proposed estimators and evaluate their performance for different tuning parameters (bottom
of Figure 6.7.2), observing again how the estimated probability error decrease for 8 > 0.

95



Benzidine dihydrochloride experiment

o .
P . MLE (Lindley)
A MLE (Exponential)
04 observed probability A
o | a @ o _
S S
@
o
N . 2
3
© 8
S [
2 ]
. 5 4
@ N 5 °©
< 53
31 . 3
: £
A K -
g
N
S
*
o
2@ @ @ s |
T T T T T T °
1 2 3 4 5 6 Lindely Exponential
Condition Distribution

Figure 6.7.1: Lindley and exponential distributions: MLE approach for the benzidine dihydrochloride

experiment
Benzidine dihydrochloride experiment
34 .« B=0 .
A B=04 2
= B=08 b
w R4 observed probability N
S 2
o
g °
%
] @
= £ 8
n 5 o
. 5 °
E3 5 ~ \
5 94
| a o o °
S . § \
= © °
b7l n
[ 8 27 \U
~ N
S o
ks 8 | .
. S ~
n °
. n \u
o n T
S 4@ @ @ 3 ] °
T T T T T T S T T T T T T
1 2 3 4 5 6 0.0 0.2 0.4 0.6 0.8 1.0
condition B
Glass Capacitors
| °
S
& 3 § i
S
o |t . P
S m
Y oo
* * = 3o
x o
® @ ® ® ® 3
B &
. . o
g 7 . S 3
z 34
n ¢ s
= 8
3
=
g
2 £ 3
S
. B=0
A  pB=04
= p=08 °
2 -| & observed probability & 2 4 ° o o o ° ° ° ° o o
T T T T T T T T ° T T T T T T
1 2 3 4 5 6 7 8 0.0 0.2 0.4 0.6 0.8 1.0
condition ]

Figure 6.7.2: Lindley distribution: estimated probabilities and their corresponding empirical errors in
the benzidine dihydrochloride experiment and glass capacitors examples

96



Chapter 7

Robust inference for one-shot device testing

under proportional hazards model

7.1 Introduction

Under the classical parametric setup, product lifetimes are assumed to be fully described by a
probability distribution involving some model parameters. This has been done with some com-
mon lifetime distributions such as exponential (Balakrishnan and Ling [2012b]), gamma or Weibull
(Balakrishnan and Ling [2013]). However, as data from one-shot devices do not contain actual life-
times, parametric inferential methods can be very sensitive to violations of the model assumption.
Ling et al. [2015] proposed a semi-parametric model, in which, under the proportional hazards
assumption, the hazard rate is allowed to change in a non-parametric way. The simulation study
carried out by Ling et al. [2015] shows that their proposed method works very well. However,
this method suffer again from lack of robustness, as it is based on the (non-robust) MLE of model
parameters.

In this chapter, we extend the robust approach proposed in the above chapters and develop
here robust estimators and tests for one-shot device testing based on divergence measures under
proportional hazards model. Section 7.2 described the model and some basic concepts and results.
The estimating equations and asymptotic properties of the proposed estimators are given in Section
7.3. Wald-type tests are then developed based on the proposed estimators, as a generalization of the
classical Wald test. In Section 7.5, a simulation study is carried out to demonstrate the robustness
of the proposed method. A numerical example is finally presented in Section 7.6.

The results of this Chapter have been published in the form of a paper (Balakrishnan et al.
[2021]).

7.2 Model description and Maximum Likelihood Estimator

Consider S constant-stress accelerated life-tests and I inspection times. For the i-th life-test, K
devices are placed under stress level combinations with J stress factors, z;, = (zs1,...,%ss), Of
which K, are tested at the i-th inspection time 7;, where K = Zi[:l Kisand 0 <7 < -+ < 77.
Then, the numbers of devices that have failed by time 7; at stress x, are recorded as n;s. One-shot
device testing data obtained from such a life-test can then be represented as (n;s, K;s, €5, 7;), for
1=1,2,...,Jand s=1,2,...,85.

Under the proportional hazards assumption, the cumulative hazard function is given by

H(t,z;m,a) = Ho(t; n)\(x; o), (7.1)

where Hy(t; m) is the baseline cumulative hazard function withn = (n1,...,n7),and o = (o ..., ay)
is a vector of coefficients for stress factors. We now assume a log-linear link function for relating
the stress levels to the failure times of the units in the cumulative hazard function in (7.1), as
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J

H(t,;n,a) = Ho(t;m) exp | Y ;g
j=1

The corresponding reliability function is given by

R(t,z;m, o) = exp (—H(t,z;n, @) = Ro(t; )™, (7.2)

where Ro(t;m) = exp(—Ho(t; 1)) is the baseline reliability function, with 0 < Ro(7r;m) < Ro(11-1;1) <
<o < Ro(m;m) < 1.

Instead of adopting here the parametric approach, wherein we assume a specific functional form
for the baseline hazard Hy(t;n), such as exponential, Weibull or gamma, we may adopt a semi-
parametric approach in which we make mild assumptions about the baseline hazard. Specifically,
we may subdivide time into the observed intervals and assume that the baseline hazard is constant
in each interval, leading to a piece-wise exponential model. We let

1— Ro(mr;m) =1 — exp(—exp(nr)), i=1,

y(ni) = 1 — Ro(74;m) .
——————— =1—exp(—exp(n;)), ©#I.
= Ro(rorin) p(—exp(mi)), i#

We then have

I
Ro(ri;m) =1— H {1 — exp(—exp(nn))} =1 -G,

m=t

Ho(mi;m) = —log(1 — Gy),

where G; = H;:l {1 —exp(—exp(nm))} fori=1,...,1.

Remark 7.1 We now present a connection between the proportional hazards model and a para-
metric model with proportional hazard rates. The two-parameter Weibull distribution is commonly
used as a lifetime distribution having proportional hazard rates. Suppose the lifetimes of one-shot
devices under test follow the Weibull distribution with the same shape parameter A = exp(b) and
scale parameters related to the stress levels, as = exp(ZjZl c;xsj), s =1,...,5. The cumulative
distribution function of the Weibull distribution is then given by

A
Fr(t;as,\) =1 —exp (— (;) ), t>0.

If the proportional hazards assumption holds, then the baseline reliability and the coefficients of
stress factors are given by

Ro(t;\) = exp(—tA exp(—Aco))

and ag = —Xcg, s=1,...,S5. Furthermore, we have

1; = log (‘10% (1 - 11—_}2](?(()7(1)1)» ’
nr = Mlog(7) — o).

Consider the proportional hazards model for one-shot devices in (7.1). The log-likelihood func-
tion based on these data is then given by
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l(n11,...,n1s3M, Q) (7.3)

= > nislog [l = R(ri, @s;m, @) + (Kis — nis) log [R(7i, @s;m, @)] + C

i=1 s=1
J
= ZZn log [1 — (1= Gy)®(Eim )| 4 (K, — nig) log (1 — Gi) exp D ajag | +C,
i=1 s=1 Jj=1

where C' is a constant not depending on 1 and .

Definition 7.2 Let 0 = (n, ). The MLE, @, of 0, is obtained by maximization of (7.3), i.e.,

0 = arg max Ln11,...,n18;M, ). (7.4)
6
In order to study the relation between the MLE, 57 in Definition 7.2, with the Kullback-Leibler
divergence measure, we introduce the empirical and theoretical probability vectors, as follows:

T nis Kis —nis\ "
Pis — (pislvpiSQ) = <Kis, [(ZS> s (75)
mis (1, @) = (mis1 (0, @), misa (M, @), (7.6)

where i = 1,.. ~aIa s = 13 .. '7Sa Wisl(n,a) =1 _R(Tivws;"ha) and 7(-7252(777‘1) = R(Tiaxs;nva)'

Definition 7.3 The Kullback-Leibler divergence measure between p,, and m;s(n, &) is given by

~ ~ ﬁisl ~ ]/7\1'52
d T ) =pjs1l —————— | + Dis2 L _
KL(p'Ls7 zs(n, )) Pis1 0g< isl( 7 )> Dis2 og( (1, ))

and similarly the weighted Kullback-Leibler divergence measure of all the units, where K = Zle K
1s the total number of devices under the life-test, is given by

I S
SN B s (B m(n, )

i=1 s=1
K Z Z Kis |:pzsl log ( Dist > + Dis2 log <]7152):|
i=1 s=1 77131(77, ) ﬂ-isl("ha)
Zsl Kts Kis — is 1 # .
KZZ ln o b ) G Og<R(Ti7ws;7l,a)>]

For more details, one may refer to Pardo [2005]. The relation between the MLE and the
estimator obtained by minimizing the weighted Kullback-Leibler divergence measure is obtained
on the basis of the following result.

Theorem 7.4 The log-likelihood function (nii,...,nrs;m, ), giwen in (7.8), is related to the
weighted Kullback-Leibler divergence measure through

I S K 1
;; IéquL(ﬁimﬁis(naa)):C_gé(nlla-nvnls;naa)a

with ¢ being a constant not dependent on m and cx.

Definition 7.5 The MLE, 5, of 8, can then be defined as

I s
KZ&
0= arg mlnz Z dx L (Pis, mis(N, ). (7.7)

i=1 s=1
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7.3 Weighted minimum DPD estimator

7.3.1 Definition

Given the probability vectors p,, and m;5(n, &) in (7.5) and (7.6), respectively, the DPD between
them, as a function of a single tuning parameter 5 > 0, is given by

~ B+1 /. N
dﬁ(pisv 7"1‘5(777 a)) = (71—5:{1( ) + nggl( 7a)> - T (pislﬂ—z@sl(na Cl() +pi52771'632(777 a))

1
+3 (B2 +0i%") . i8>0, (7.8)

and dﬁZO(i)im Tis (T]a )) = hmﬁ—)O"’ dﬁ(ﬁisv 7"is("77 a)) = dKL(ﬁis’ 7"is("77 a))’ for ﬂ =0.
As the term (ﬁf;{l +ﬁf;§1) in (7.8) has no role in the minimization with respect to 6, we

can consider the equivalent measure

P B+1 /. ~
dﬁ(pisv 7Tis("77 a)) = (Witl( ) + 771’2-51( 7a)) - T (pislﬂiﬁsl(n7 a) + piSQﬂ-;'BsZ(Th a)) )

and then can redefine the weighted minimum DPD estimator as follows.

Definition 7.6 The weighted minimum DPD estimator for 0 is given by

I S
a . K'Ls *
05 = arg;nln E E K dﬁ(pis,ﬂ'is(ma))? for 8 >0,

i=1 s=1

and for B =0, we have the MLE, /é, as defined in (7.7).

7.3.2 Estimation and asymptotic distribution

The estimating equations for the weighted minimum DPD estimator are as given in the following
result.

Theorem 7.7 For > 0, the estimating equations are given by

ZZ(SZS Kis(1 = R(1;,s;m, @) — nis) X [(1 — R(7i, @s; n,a))’ + R (r, xgm, a)] =0y,
i=1 s=1
Zzézs zs R(Thws;’r]aa)) _nis) X [(1 _R(Tiyws;n7a))6_l +Rﬁ_1(7i7ms;"77a)] = 0J7
i=1 s=1
where
OR(1;, zs;M, @) A\ G,
Sis(m) = —2 20— — (1 — Gy)M@s= 1\ (g, 7.9
(n) i (1-Gy) (@) (79)
bualer) = PATEZIA) (4 3 og(1 — G\ (a: ), (7.10)
with
0G; [ exp(nu)exp(—exp(n.))Gi/v(nu) i< u,
= , (7.11)
877u 0 , 1> U

Proof. The estimating equations are given by

I S
zs 0 ~
d 18" 18 ) - 7d* iss is 5 = 0 s
an ;; 5(Dis wis (1, ) ;; on 5(Diss mis(n, @) I
I S )
o ZZ K dj (Dis> mis(n, @) = ZZ a—ad;g(f)is,ﬂ'is(n,a)) =0y,
i=1 s=1 i=1 s=1



with
0 .~
aid,@(pisa 7Tis(777 a))
_ (9 sn 9 _pn _ B+l 9 s 9
- (87] sl (777 ) + anﬂ-st (777 a) 5 p251 an (0) +p182 an 152(777 (X)

= (54 1) (1.0 = 7a(0.0) = il (1,) 4 Prarl (1,) 5L mia (.00

= (B+1) (T (n.0) =pu) wly' (0.@) = (T (m, @) = Prea) 7y (m, @) ) %wm, a)

= B+ 1) (T (m,0) = Pi) 7y (0. 00) + (ma (. @) = Pia) 7y (m. ) %m(n, a)

= (54 1) (i (1.0) = i) (i () 4 725 (0, )) 5w (.0 (712)

and

0 . -
S (Brsmis (1, )

= (B4 1) (mina(m @) — i) (25 o) + 7 ) m (@) (T13)

But, %71’1‘51(7],01) and %ﬂisl(n,a) are as given in (7.9) and (7.10), respectively. See equations
(25) and (26) of Ling et al. [2015] for details. m

Theorem 7.8 Let 0° be the true value of the parameter 6. Then, the asymptotic distribution of
the weighted minimum DPD estimator, 03, is given by

VE(0;-6") 5 N (o,% ng(ao)Kﬂ(O*)ng(OO)) :

where Jg(0) and Kg(0) are given by

I
ZZ K% lS na [( R(Tiams;nva))ﬁ_l +Rﬂ_1(7—iams;n7a)j| ’ (714)

S
1 s=1

P K
I S K'Ls
Z K ls nv (Tiams;nva)(l 7R(Ti7$s;naa))
=1 s=1
x [(1 = Ry, zy;m,0))° ' 4 RPN zim, )], (7.15)
with
A”s , _ is is ,
e = (e o
and 0;5(n) and 6;s(a) are as given in (7.9) and (7.10), respectively.
Proof. We denote
o _ alogﬂ-isj(naa) 810g7’(‘i5]‘(']’],a) T
uzs] (nva) - ( an 9 60[
( 1 87Tisj (777 a) 1 67Tisj (77’ a))T
Tisg (na Ol) 377 ’ Tisj (777 a) Oa

Jt+1 _1)i+1 T
(Wés(n)v(l)—‘r)ézs(a)> )

Tisj (M, Q) Tisi (M,
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with d;5(n) and d;5(a) as given in (7.9) and (7.10), respectively.
Now, upon using Result 3.1 of Ghosh et al. [2013], we have

VK (éﬂ - 00) N (0,+J, J;l(ao)Kﬂ(eo)ng(eo)) ,

where
I s 2 K
] 1
i=1 s=1j=1
I S 2 K I S
) 28+1 T
Kﬁ(e) = ZZZ %uw](n’a)uz;](n’a)ﬂ-wﬁj (U;a) - ZZ 'LsB 777 )gis,ﬂ(n7a)7
i=1 s=1j5=1 i=1 s=1
with
2
T
’ﬁ 777 Zuwj ,’77 ;8;;1 (77»0‘) = (625 Z +1 769] ,’7’ )
j=1

Now, for wis;(n, a)u;{;j (n, @), we have

wisj (1, @)u,;(n, o) =

with

It then follows that

i=1 s=1 Jj=1
I s
Kis —
- ZZ K Ais(’l’],a) (Wﬁll(naa) 132 (7], )) .
=1 s=1

]

From here on, and for simplicity, we will denote R(7;, xo; 7, &) simply by R(7;,x¢;0)). Based
on Result 7.8, the asymptotic variance of the weighted minimum DPD estimator of the reliability
at inspection time 7; under normal operating condition x¢ is given by

Var(R(r;,x0;05)) = Var(R(0g)) = PTS4(05) P

where
X5(05) =J5'(05)Kps(05)J 5 (05), (7.16)

J3(0), Kg(0) are as given in (7.14) and (7.15), respectively, and P is a vector of the first-
order derivatives of R(7;,xo;0)) with respect to the model parameters (see (7.9) and (7.10)).
Consequently, the 100(1 — a)% asymptotic confidence interval for the reliability function R(0) is
given by

~ ~

(R(@5) — 21-ajose(R(81)), R(B5)+ 21-apr5e(R(B7))) .

——

where se(R(aﬁ)) = Var(R(aﬁ)) and z, is the uppper v percentage point of the standard normal
distribution.
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However, an asymptotic confidence interval may be satisfactory only for large sample sizes as it
is based on the asymptotic properties of the estimators. Balakrishnan and Ling [2013] found that,
in the case of small sample sizes, the distribution of the MLE of reliability is quite skewed, and
so proposed a logit-transformation for obtaining a confidence interval for the reliability function,
which can be extended to the case of the weighted minimum DPD estimators of the reliabilities as
well to obtain a confidence interval of the form

( R(85) R(05) )
R(@5)+ (1 - RO:)T" R(Bs)+ (1 - R(8:)/T )
)
G

se(R(65) )
R(63)(1—R(85))

(7.17)
where T' = exp (zl,a/g

7.3.3 Study of the Influence Function

Theorem 7.9 Let us consider the one-shot device testing under proportional hazards model defined
in (7.2) and let us define the statistical functional Ug(-) corresponding to the weighted minimum
DPD estimator as the minimizer of the weighted sum of DPDs between the true and model densities.
The IF with respect to the k—th observation of the igsg—th group is given by

IF(tigsok: Upg, For) =J 5" (9*) K (FPH(Tigs @50, 07) + R (75, 5 07))

X (084 (1), 00, (@D (Flrig @309 = A, ), (7.18)

i9s0,k

where ASO)SO . 18 the degenerating function at point t;,s, k-
The IF with respect to all the observations is given by

I S
* K * *
F(t.Ug, For) =J5"(07) Yy == [(FP (i, 0:07) + R (3, 2.:60))

i=1 s=1

<65 (m), 0% (@) (Flriwai07) - ALY (7.19)

where Agz Zk 1 A(l)

'Ls Kk
Derivations of equations (7.18) and (7.19) require some heavy computations that are quite

similar to those developed in Chapter 2.

Remark 7.10 Let

1 0G,, _
- 7 N ! )\ S 74 S .0 ].7 'L S .0 /6 1 ﬁ 1/ s .0
Folrarm) an %01 @) [RlTios 203 O)(1 = R(rig, @10 0))"" + R (7, 2103 )]

h2,i(Tig, @se: 0) = 10g(Ro(Tig, M) A(@sy; @)sy5 [R(Tig, Tse30)(1 — R(7i, @5y:0)) " + RP (15, 4,3 0)]

hl,i(Tioamsoae) =

be the factors of the influence function of 0 given in (7.18) and (7.19). Based on this, it may be
mentioned that conditions for boundedness of the influence functions presented in this paper, either
with respect to an observation or with respect to all the observations, are bounded on t; s, ort,

but if B =0 the norm of the IFs can be very large, in comparison to B > 0, since it can be deduced
that

{:oo, if 3=0

lim  hyi(7,,®s,,0) =  lm  ho (T, Xs,y,0) = <o B0

x§07—>+oo atg07—>+oo

(7.20)

This implies that the proposed weighted minimum DPD estimators with 5 > 0 are robust against
leverage points, but the classical MLE is clearly non-robust.
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7.4 Wald-type tests

Let us consider the function m : RI*7 — R", where » < (I + J) and

m(0) =0,,

which corresponds to a composite null hypothesis. We assume that the (I +.J) x r matrix M (0) =

T
amaie(e) exists and is continuous in 6 and rank M (6) = r. Then, for testing

Hy: 6 € O against Hy : 6 &€ O,

(7.21)

(7.22)

where ®¢ = {0 e RUH) . m 0) = OT}, we can consider the following Wald-type test statistics:

~

Wic(85) = Km? (@5) (M (05)2(0:)M(85)) m(B5)

where 25(55) is as given in (7.16).

Theorem 7.11 Under (7.21), we have

= L

where x? denotes a central chi-square distribution with r degrees of freedom.

Proof. Let 8° € O, be the true value of the parameter 6. It is clear that
m (55) =m (90) + MT (55) (aﬁ - 90) + Op (H/ég - 00H>
=MT (55) (55 — 00) +op (K71/2) .
But, under Hy, VK (55 — 00) K%)Do N (O(IJ’,J), 33 (00)). Therefore, under Hy,
~ L
VEm (85) 5 N (0., M7 (6°) =, (6°) M (6"))
and taking into account that rank(M (00)) = r, we obtain

Km (8;) (M” (0°) 35 (09) M (6°)) m (8;) 5> 1

K—o0

Because (MT (55) 33 (§5> M (5[3)) B is a consistent estimator of (MT (00) DI (00) M (00)) B

we get
= L
Wi (8:) £

— 00
]

Based on Theorem 7.11, we shall reject the null hypothesis in (7.22) if
Wi(65) > X7.as

where X?ﬂya is the upper a percentage point of y? distribution.

7.5 Simulation Study

In this section, an extensive simulation study is carried out for evaluating the proposed weighted
minimum DPD estimators and Wald-type tests. The simulations results are computed based
on 1,000 simulated samples in the R statistical software. Mean square error (MSE) and bias are
computed for evaluating the estimators in both balanced and unbalanced data sets, while empirical

levels and powers are computed for evaluating the tests.
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7.5.1 The weighted minimum DPD estimators

Suppose the lifetimes of test units follow a Weibull distribution (see Remark 7.1). All the test
units were divided into S = 4 groups, subject to different acceleration conditions with J = 2 stress
factors at two elevated stress levels each, that is, (z1,22) = {(55, 70), (55, 100), (85, 70), (85, 100) },
and were inspected at I = 3 different times,

(7'1,7'2,7'3) = (2,5,8).

Balanced data

We assume (c1,c2) = (—0.03,-0.03), ¢y € {6,6.5} for different degrees of reliability and b €
{0,0.5}. Note that the exponential distribution will be included as a special case when we take
b = 0. In this framework, we consider “outlying cells” rather than “outlying observations”. A cell
which does not follow the one-shot device model will be called an outlying cell or outlier. In this
cell, the number of devices failed will be different than what is expected. This is in the spirit of
principle of inflated models in distribution theory. This outlying cell (taken to be i = 3, s = 4), is
generated under the parameters (¢1,¢;) = (—0.027, —0.027) and b € {0.05,0.45}.

Bias of estimates are then computed for different (equal) samples sizes K, € {50,70,100} and
tuning parameters 8 € {0,0.2,0.4,0.6} for both pure and contaminated data. The obtained results
are presented in Tables 7.5.1, 7.5.2, 7.5.3 and 7.5.4. As expected, when the sample size increases,
errors tend to decrease, while in the contaminated data set, these errors are generally greater than
in the case of uncontaminated data. Weighted minimum DPD estimators with 8 > 0 present a
better behaviour than the MLE in terms of robustness. Note that reliabilities are underestimated
and that the estimates are quite precise in all the cases.

Unbalanced data

In this setting, we consider an unbalanced data set, in which at each inspection time i,
(K1, K2, K3, Ki4) = (107, 157,207, 30r) for different values of the factor r € {1,2,...,10}. We
then assume (cg, ¢1,¢2) = (6,5, —0.03,—0.03), b = 0.5, and ¢; = —0.027. MSEs of the parameter 0
are then computed and the obtained results are presented in Figure 7.5.1.

As expected, when the sample size increases, the MSE decreases, but lack of robustness of the
MLE (8 = 0) as compared to the weighted minimum DPD estimators with 8 > 0 becomes quite
evident.

7.5.2 Confidence Intervals

We now study the performance of the proposed methods for the estimation of reliabilities and their
confidence intervals. Let us consider the scenario of balanced data with (cg,b) = (6,0.5) described
previously. We estimate the bias for the reliability at the inspection times under the normal
operating conditions xgy = (25, 35) for different values of the tuning parameter 5 € {0,0.2,0.4,0.6}.
Coverage Probabilities (CP) and Average Widths (AW), both in their basic form and based on the
logit-transformation, are also computed and presented in Table 7.5.5, Table 7.5.6 and Table 7.5.7
for K;s € {50, 70,100}, respectively.

It is clear that each estimate tends to the true value accurately, and the coverage probability
is close to the nominal level with a larger sample size resulting in a smaller width. The tuning
parameter is not very significant when an uncontaminated data-set is considered, while in case
of contaminated data, estimates and confidence intervals based on MLE are improved by those
based on > 0. Confidence intervals obtained through the logit transformation are generally more
satisfactory.
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Table 7.5.1: Proportional hazards model: Bias for the semi-parametric model with b = 0 and ¢y = 6.

Pure data Contaminated data

Ki;s = 50 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

nm  -0.66688 -0.00494 -0.00276 -0.00053 -0.00372  0.09898 0.06722 0.03547 0.01708
n2  -0.01304 -0.00228 -0.00078 0.00109 -0.00131 0.06902 0.04716 0.02531 0.01286
n3  -3.92056 -0.02788 -0.01810 -0.01389 -0.01982  0.34916 0.23252 0.12087 0.05402
o1 0.03000  0.00010 0.00002 -0.00001 0.00002 -0.00281 -0.00193 -0.00107 -0.00056

Qs 0.03000  0.00033 0.00027 0.00025 0.00030 -0.00259 -0.00167 -0.00081 -0.00028

Pure data Contaminated data

K;s = 70 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

nm  -0.66688 -0.00780 -0.00675 -0.00716 -0.00802 0.09876 0.06233 0.03209 0.01278
n2  -0.01304 -0.00459 -0.00386 -0.00410 -0.00465 0.06810 0.04315 0.02257 0.00948
n3  -3.92056 -0.03954 -0.03763 -0.04073 -0.04458 0.35084 0.21624 0.10254 0.03023
a1 0.03000  0.00027 0.00025 0.00026 0.00029 -0.00276 -0.00173 -0.00086 -0.00030

Qa2 0.03000  0.00035 0.00034 0.00038 0.00041 -0.00267 -0.00163 -0.00075 -0.00017

Pure data Contaminated data

Kis =100 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

nm  -0.66688 -0.00778 -0.00682 -0.00711 -0.00785 0.09857 0.06207 0.03231 0.01320
n2  -0.01304 -0.00477 -0.00412 -0.00429 -0.00477 0.06776 0.04275 0.02248 0.00952
n3  -3.92056 -0.02739 -0.02332 -0.02387 -0.02586 0.36315 0.23019 0.12013 0.04993
a1 0.03000 0.00031 0.00028 0.00029 0.00031 -0.00271 -0.00169 -0.00084 -0.00029

Qs 0.03000 0.00016 0.00013 0.00013 0.00015 -0.00287 -0.00185 -0.00099 -0.00045
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Table 7.5.2: Proportional hazards model: Bias for the semi-parametric model with b = 0.5 and ¢y = 6.

Pure data Contaminated data

Ki;s = 50 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

m  -1.38827 -0.01224 -0.00988 -0.03700 -0.07648 0.03590 -0.00540 -0.03356 -0.08611
n2  -0.48138 -0.00687 -0.00537 -0.02153 -0.04394  0.02362 -0.00239 -0.01962 -0.04962
n3  -6.46391 -0.05973 -0.05148 -0.19693 -0.40632 0.14538 -0.03531 -0.17304 -0.47276
o1 0.04946  0.00032 0.00023 0.00124 0.00274 -0.00125 0.00010 0.00106 0.00325

Qs 0.04946  0.00061 0.00056 0.00174 0.00361 -0.00097 0.00043 0.00155 0.00410

Pure data Contaminated data

K;s = 70 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

n -1.38827 -0.02188 -0.01955 -0.05972 -0.10800  0.03391 -0.01254 -0.06567 -0.12770
n2  -0.48138 -0.01318 -0.01171 -0.03481 -0.06298  0.02199 -0.00731 -0.03817 -0.07423
n3  -6.46391 -0.06923 -0.06287 -0.27869 -0.55900 0.16868 -0.03493 -0.30595 -0.67033
a1 0.04946  0.00062 0.00055 0.00202 0.00446 -0.00121 0.00033 0.00217 0.00530

Qa2 0.04946  0.00054 0.00051 0.00235 0.00433 -0.00128 0.00029 0.00260 0.00520

Pure data Contaminated data

Kis =100 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

nm  -1.38827 -0.01771 -0.01652 -0.06256 -0.08467 0.04334 -0.01518 -0.06228 -0.08025
n2  -0.48138 -0.01071 -0.00996 -0.03610 -0.04904 0.02774 -0.00875 -0.03612 -0.04659
n3  -6.46391 -0.05209 -0.04718 -0.27304 -0.41072  0.21133 -0.04194 -0.27462 -0.38078
a1 0.04946  0.00057 0.00053 0.00204 0.00340 -0.00145 0.00048 0.00226 0.00316

Qs 0.04946  0.00034 0.00030 0.00217 0.00315 -0.00168 0.00026 0.00204 0.00295
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Table 7.5.3: Proportional hazards model: Bias for the semi-parametric model with b = 0.5 and ¢o = 6.5.

Pure data Contaminated data

Kis =50 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

n  -0.66879 0.00223 0.00097 0.00020 -0.00900 0.17046 0.14959 0.12180 0.11436
n2  -0.01553 0.00320 0.00227 0.00156 -0.00465 0.11845 0.10401 0.08415 0.08029
13 -4.42056 -0.01196 -0.00948 -0.01543 -0.03474 0.56481 0.50586 0.43705 0.36957
o1 0.03000 0.00004 0.00001 0.00004 0.00021 -0.00437 -0.00389 -0.00336 -0.00286

Qs 0.03000 0.00014 0.00013 0.00018 0.00030 -0.00426 -0.00379 -0.00324 -0.00274

Pure data Contaminated data

Kis =70 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

n -0.66879  0.00050 -0.00537 -0.00598 -0.00468 0.16516 0.14230 0.12082 0.10748
n2  -0.01553 0.00166 -0.00294 -0.00333 -0.00217 0.11371 0.09772 0.08279 0.07497
n3  -4.42056 -0.03260 -0.03492 -0.03697 -0.04026 0.55639 0.49446 0.42414 0.36377
a1 0.03000 0.00016 0.00017 0.00019 0.00021 -0.00434 -0.00386 -0.00329 -0.00322

Qs 0.03000 0.00029 0.00032 0.00034 0.00036 -0.00418 -0.00367 -0.00314 -0.00318

Pure data Contaminated data

Kis =100 True value 0 0.2 0.4 0.6 0 0.2 0.4 0.6

n -0.66879 -0.00302 -0.00428 -0.00423 -0.00453 0.15788 0.14182 0.12319 0.10443
n2  -0.01553 -0.00136 -0.00242 -0.00237 -0.00256 0.10788 0.09716 0.08443 0.07154
n3  -4.42056 -0.02671 -0.02485 -0.02528 -0.02720 0.55329 0.49534 0.43019 0.36647
a1 0.03000 0.00019 0.00018 0.00019 0.00020 -0.00422 -0.00376 -0.00325 -0.00276

Q2 0.03000 0.00014 0.00014 0.00014 0.00015 -0.00427 -0.00381 -0.00331 -0.00281
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Table 7.5.4: Proportional hazards model: Bias for the semi-parametric model with b = 0.5 and ¢o = 6.5.

K;s = 50 True value

Pure data

Contaminated data

0 0.2

0.4 0.6

0 0.2

0.4

0.6

m

T2

3

-1.38845

-0.48171

-7.28827

0.04946

0.04946

-0.00292 -0.02634

-0.00007 -0.01454

-0.08460 -0.15057

0.00058 0.00102

0.00057 0.00108

-0.06961 -0.10441

-0.03906 -0.08819

-0.34018 -0.97897

0.00237 -0.08206

0.00246 -0.10152

0.28565 0.19158 0.13289 0.07420

0.18184 0.12322 0.12394 0.12467

1.21433 0.81382 0.14850 0.33555

-0.00889 -0.00592 -0.00116 -0.32679

-0.00891 -0.00594 -0.00112 -0.39906

K;s =70 True value

Pure data

Contaminated data

0 0.2

0.4 0.6

0 0.2

0.4

0.6

m

T2

3

-1.38845

-0.48171

-7.28827

0.04946

0.04946

-0.01510 -0.03564

-0.00878 -0.02069

-0.06124 -0.15643

0.00041 0.00110

0.00047 0.00111

-0.05629 -0.08443

-0.03247 -0.11914

-0.22439 -0.99978

0.00155 -0.01596

0.00168 -0.02075

0.28682 0.18935 0.03294 0.02196

0.18302 0.12036 0.02563 0.04542

1.24650 0.87564 0.14490 -0.01407

-0.00916 -0.00637 -0.00104 -0.15771

-0.00910 -0.00631 -0.00113 -0.19334

K;s =100 True value

Pure data

Contaminated data

0 0.2

0.4 0.6

0 0.2

0.4

0.6

m

T2

3

-1.38845

-0.48171

-7.28827

0.04946

0.04946

-0.00904 -0.01105

-0.00531 -0.00635

-0.06888 -0.07584

0.00048 0.00053

0.00041 0.00047

-0.05924 -0.23063

-0.03368 -0.12308

-0.29436 -0.96654

0.00202 -0.00879

0.00207 -0.01198

0.28616 0.19928 0.05644 0.03762

0.18172 0.12619 0.03911 -0.01015

1.22401 0.87425 0.21922 -0.38512

-0.00897 -0.00635 -0.00168 -0.09403

-0.00904 -0.00642 -0.00164 -0.11596
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Table 7.5.5: Proportional hazards model: Bias, Coverage Probabilities (CP) and the Average Widths
(AW) of 95% confidence intervals for the reliability with b = 0.5, ¢o = 6 and K;s = 50

Uncontaminated data Contaminated data

R(2, ) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00028 0.00032 0.00035 0.00037 0.00116 0.00043 0.00036 0.00038
CP  0.90400 0.90500 0.89718 0.89898 0.90800 0.90891 0.89627 0.89867
AW 0.00646 0.00666 0.00691 0.00716  0.00780 0.00684 0.00693 0.00718
CPiogit  0.93800 0.93500 0.93347 0.93571  0.85100 0.92993 0.93152 0.93552

AW ogi¢  0.00749 0.00776 0.00814 0.00852  0.00895 0.00796 0.00815 0.00853

Uncontaminated data Contaminated data

R(5,x0) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00081 0.00095 0.00103 0.00107 0.00343 0.00129 0.00105 0.00110
CP  0.92100 0.91700 0.91734 0.91224 0.92100 0.91592 0.91541 0.91198
AW 0.02385 0.02436 0.02508 0.02585  0.02725 0.02483 0.02511 0.02589
CPiogic  0.93900 0.93600 0.93649 0.93980  0.87900 0.93293 0.93555 0.93961

AWioge  0.02638 0.02700 0.02794 0.02898  0.02993 0.02750 0.02797 0.02901

Uncontaminated data Contaminated data

R(8,xp) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00147 0.00169 0.00183 0.00191 0.00585 0.00228 0.00186 0.00196
CP  0.92600 0.92200 0.92137 0.91939  0.92300 0.91992 0.91944 0.91914
AW 0.04710 0.04814 0.04930 0.05017  0.05207 0.04886 0.04934 0.05023
CPiogir  0.93900 0.93800 0.93952 0.94490  0.88400 0.93894 0.93756 0.94473

AWiogie - 0.05098 0.05222 0.05362 0.05469  0.05601 0.05295 0.05366 0.05475

110



Table 7.5.6: Proportional hazards model: Bias, Coverage Probabilities (CP) and the Average Widths
(AW) of 95% confidence intervals for the reliability with b = 0.5, ¢co = 6 and K;s = 70

Uncontaminated data Contaminated data

R(2, ) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00016 0.00019 0.00022 0.00022  0.00108 0.00029 0.00023 0.00022
CP  0.89800 0.90090 0.90389 0.90071  0.90800 0.90891 0.90276 0.90051
AW 0.00531 0.00546 0.00568 0.00586 0.00654 0.00560 0.00570 0.00585
CProgit  0.95000 0.94795 0.94785 0.94630 0.84500 0.93894 0.94882 0.94619

AW ogi¢  0.00593 0.00612 0.00640 0.00665  0.00724 0.00627 0.00642 0.00664

Uncontaminated data Contaminated data

R(5,x0) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00046 0.00057 0.00070 0.00066 0.00333 0.00088 0.00073 0.00065
CP  0.91500 0.91992 0.92638 0.92097  0.91200 0.92392 0.92426 0.91980
AW 0.01981 0.02021 0.02087 0.02139  0.02302 0.02057 0.02090 0.02137
CPiogic  0.94600 0.94695 0.95399 0.95339  0.86600 0.93794 0.95496 0.95330

AWioge  0.02132 0.02178 0.02258 0.02325  0.02465 0.02217 0.02261 0.02323

Uncontaminated data Contaminated data

R(8,xp) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00086 0.00106 0.00133 0.00122 0.00576 0.00160 0.00138 0.00119
CP  0.92400 0.93093 0.93047 0.92908  0.91800 0.93293 0.92835 0.92792
AW  0.03933 0.04018 0.04129 0.04175 0.04415 0.04076 0.04135 0.04172
CPiogir  0.95400 0.95295 0.95297 0.94934  0.88900 0.94695 0.95292 0.94924

AWiogie  0.04169 0.04266 0.04392 0.04448  0.04657 0.04324 0.04398 0.04445
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Table 7.5.7: Proportional hazards model: Bias, Coverage Probabilities (CP) and the Average Widths
(AW) of 95% confidence intervals for the reliability with b = 0.5, co = 6 and K;s = 100

Uncontaminated data Contaminated data

R(2, ) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00008 0.00009 0.00010 0.00010 0.00105 0.00019 0.00011 0.00010
CP  0.93100 0.93594 0.92995 0.93394  0.91200 0.93800 0.93219 0.93516
AW 0.00437 0.00447 0.00461 0.00475 0.00546 0.00458 0.00462 0.00475
CPiogit  0.96200 0.95996 0.95939 0.96037  0.80900 0.95600 0.96053 0.96150

AWiogi¢  0.00472 0.00484 0.00502 0.00520  0.00587 0.00496 0.00503 0.00520

Uncontaminated data Contaminated data

R(5,x0) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00022 0.00026 0.00029 0.00025 0.00324 0.00056 0.00031 0.00025
CP  0.93300 0.93193 0.93604 0.93496 0.91200 0.93700 0.93725 0.93617
AW  0.01636 0.01661 0.01704 0.01747 0.01923 0.01692 0.01706 0.01747
CPiogic  0.95300 0.95996 0.96041 0.96240  0.83900 0.95700 0.95951 0.96454

AWiogie  0.01724 0.01753 0.01802 0.01854  0.02018 0.01784 0.01805 0.01854

Uncontaminated data Contaminated data

R(8,xp) 0 0.2 0.4 0.6 0 0.2 0.4 0.6

Bias  0.00041 0.00047 0.00053 0.00047 0.00559 0.00099 0.00057 0.00046
CP  0.94200 0.93994 0.94010 0.93598  0.92100 0.94200 0.94130 0.93718
AW 0.03259 0.03318 0.03387 0.03428 0.03691 0.03365 0.03391 0.03428
CPiogir  0.95000 0.95696 0.96142 0.95833  0.86000 0.95400 0.96255 0.96049

AWiogie  0.03397 0.03463 0.03541 0.03588  0.03834 0.03511 0.03545 0.03588
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7.5.3 Wald-type tests

To evaluate the performance of the proposed Wald-type tests, we consider the scenario of unbal-
anced data proposed discussed above. We consider the testing problem

Hy:ap =0.04946 against Hj : ag # 0.04946, (7.25)

Under the same simulation scheme as used above in Section 7.5.1, we first evaluate the empirical
levels, measured as the proportion of Wald-type test statistics exceeding the corresponding chi-
square critical value for a nominal size of 0.05. The empirical powers are computed in a similar
manner, with af = 0.05276 (¢; = —0.032, c; = —0.028). The obtained results are shown in
Figure 7.5.1. In the case of uncontaminated data, the conventional Wald test has level to be
close to nominal value and also has good power performance. The robust tests, however, has
a slightly inflated level values (as compared to the nominal value), but possesses similar power
as the conventional Wald test (which is evident from the Figure 7.5.1). But, when the data is
contaminated, the level of the conventional Wald test turns out to be quite non-robust and takes
on very high values as compared to the nominal level. This, in turn, results in higher power (see
Figure 7.5.1). However, the proposed robust tests maintain levels close to the nominal value and
also possesses good power values (as can be seen in the Figure 7.5.1). Thus, taking both level and
power into account, the robust tests, though is slightly inferior to the conventional Wald test in
the case of uncontaminated data, turn out to be considerably more efficient than the conventional
Walk test in the case of contaminated data

7.6 Application to Real Data

7.6.1 Testing on proportional Hazard rates

Based on Balakrishnan and Ling [2012b], we suggest a distance-based statistic on the form
Mg = mawx; ; |nis — Kis(1 — R(IT;, x4 05)) (7.26)

as a discrepancy measure for evaluating the fit of the assumed model to the observed data. If the
assumed model is not a good fit to the data, we will obtain a large value of Mg. In fact, under the
assumed model, we have

n;s ~ Binomial(K;s, 1 — R(IT;, xs; 0)),

and so, by denoting ®;, = [K;s(1— R(IT;, @4;05))— Mg] and U, = | K,y (1—R(IT}, x4; 05))+ Mg,
the corresponding exact p-value is given by

p — value = Pr (maxi,S nis — Kis(1 — R(IT;, :cs;ag))‘ > Mg)

=1-Pr (maxi?s nis — Kis(1 — R(ITi,wS;ag))‘ < Mg)
I S
=1-T[II#r ( nis — Kis(1 — R(ITi,acs;aﬁ))‘ < Mﬁ)
Zjlszl
=1- [ Pr (@i <nie < s0). (7.27)
i=1s=1

From (7.27), we can readily validate the proportional hazards assumption if the p-value is suffi-
ciently large.

7.6.2 Choice of the tuning parameter

In the preceding discussion, we have seen how weighted minimum DPD estimators with § > 0
tend to be more robust than the classical MLE overall when contamination is present in the data.
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Figure 7.5.1: Proportional hazards model: MSEs and estimated levels and powers for unbalanced data
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MLE has been shown to be more efficient when there is no contamination in the data. It is then
necessary to provide a data-driven procedure for the determination of the optimal choice of the
tuning parameter that would provide a trade-off between efficiency and robustness. One way to do
this is as follows: In a grid of possible tuning parameters, apply a measure of discrepancy to the
data. Then, the tuning parameter that leads to the minimum discrepancy-statistic can be chosen
as the “optimal” one.

A possible choice of the discrepancy measure could be Mg, given in (7.26). Another idea may
be by minimizing the estimated mean square error, as suggested in Warwick and Jones [2005] and
in previous chapters. The need for a pilot estimator became the major drawback of this procedure,
as will be seen in the next section.

7.6.3 Electric Current data

We now consider the Electric Current data (Ling et al. [2015]), in which 120 one-shot devices were
divided into four accelerated conditions with higher-than-normal temperature and electric current,
and inspected at three different times (see Table 7.6.1). In Table 7.6.3, estimates of the model
parameters by the use of the proportional hazards model and the Weibull distribution are provided,
for different values of the tuning parameter. Estimates of reliabilities and confidence intervals under
the proportional hazards assumption are given in Table 7.6.2. Table 7.6.3 also presents the dvalues
of the distance-statistic Mg and the corresponding p-values. From these values, it seems that the
proportional hazards assumption fits the data at least as well as the Weibull model. The best fit
is obtained for 8 = 0.5. To complete the study, Warwick and Jones [2005] approach is achieved for
different values of the pilot estimator in a grid of width 100. However, as pointed out before, the
final choice of the optimal tuning parameter depends too much on the pilot estimator used (see
Figure 7.6.1).

Table 7.6.1: Electric Current data

Inspection Timer, 2 2 2 2 5 5 5 5 8 8 8 8
Temperature xs; 55 80 55 80 55 80 55 80 55 80 55 80

Electric current z4,, 70 70 100 100 70 70 100 100 70 70 100 100
Number of failuresn;s 4 8 9 8 7 9 9 9 6 10 9 10
Number of tested items K;, 10 10 10 10 10 10 10 10 10 10 10 10

0.8

Bopt
04

0.2
L

0.0
L

Figure 7.6.1: Electric Current data: estimation of the optimal tuning parameter depending on a pilot
estimator by Warwick and Jones procedure
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Table 7.6.2: Electric Current data: estimates of reliabilities and corresponding confidence intervals

Table 7.6.3: Electric Current data: one-shot device
hazards model and the Weibull distribution

B8 R(2,25,35;6) R(5,25,35:0) R(8,25,35:0)

0 0.817 (0.516, 0.949)  0.739 (0.397, 0.924)  0.689 (0.336, 0.907)
0.1 0.824 (0.526,0.952)  0.751 (0.412, 0.928)  0.704 (0.353, 0.912)
0.2 0.833 (0.535,0.956)  0.765 (0.427, 0.934)  0.721 (0.370, 0.919)
0.3 0.843 (0.545, 0.960)  0.780 (0.442, 0.941)  0.740 (0.387, 0.927)
0.4 0.855 (0.555, 0.965)  0.797 (0.457, 0.948)  0.760 (0.405, 0.936)
0.5 0.868 (0.566,0.971)  0.816 (0.474, 0.956)  0.782 (0.423, 0.946)
0.6 0.884 (0.581, 0.976)  0.837 (0.493, 0.965)  0.807 (0.445, 0.956)
0.7 0.901 (0.601, 0.982)  0.861 (0.516, 0.973)  0.836 (0.471, 0.967)
0.8 0.918 (0.626, 0.987)  0.885 (0.544, 0.980)  0.863 (0.503, 0.975)
0.9 0.931 (0.649, 0.990)  0.902 (0.570, 0.985)  0.884 (0.533, 0.981)

testing data analysis by using the proportional

s
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Proportional Hazards model

Weibull distribution

Mg p-value  T° current 7 N2 n3 Mp p-value intercept T° current shape
1.80 0.695 0.023 0.018 0.123 0.543 -2.182 1.80 0.695 7.022 -0.053 -0.040 -0.817
1.72  0.745 0.024 0.018 0.141 0.555 -2.283 1.72 0.745 7.398 -0.055 -0.043 -0.845
1.65 0.796 0.024 0.019 0.156 0.565 -2.399 1.65 0.796 7.803 -0.057 -0.046 -0.869
1.58 0.833 0.025 0.020 0.167 0.572 -2.534 1.57 0.833 8.254 -0.060 -0.050 -0.890
1.49 0.931 0.026 0.022 0.177 0.579 -2.695 1.49 0.931 8.747 -0.064 -0.054 -0.906
1.40 0.942 0.027 0.023 0.183 0.582 -2.887 1.40 0.942 9.324 -0.068 -0.058 -0.920
1.51 0.892 0.029 0.025 0.187 0.585 -3.130 1.51 0.892  10.026 -0.073 -0.063 -0.931
1.64 0.876 0.031 0.027 0.190 0.586 -3.438 1.64 0.876  10.868 -0.079 -0.069 -0.938
1.76 0.861 0.033 0.030 0.189 0.586 -3.798 1.76 0.861 11.827 -0.086 -0.076 -0.942
1.84 0.750 0.036 0.032 0.185 0.582 -4.106 1.84 0.750 12.575 -0.091 -0.082 -0.938
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Chapter 8

Robust inference for one-shot device testing under
exponential distribution and competing risks

8.1 Introduction

In lifetime data analysis, it is often the case that the products under study can experience one
of different types of failure. For example, in the context of survival analysis, we can have several
different types of failure (death, relapse, opportunistic infection, etc.) that are of interest to us,
leading to the so-called “competing risks” scenario. A competing risk is an event whose occurrence
precludes the occurrence of the primary event of interest. In a study examining time to death
attributable, for instance, to cardiovascular causes, death attributable to noncardiovascular causes
would be a competing risk. Crowder [2006] has presented review of this competing risks problem
for which one needs to estimate the failure rates for each cause. Balakrishnan et al. [2015a,b] and
So [2016] have discussed the problem of one-shot devices under competing risk for the first time.
However, in previous chapters, it was assumed that there is only one survival endpoint of interest,
and that censoring is independent of the event in interest. The main purpose of this chapter is to
develop weighted minimum DPD estimators as well as Wald-type test statistics under competing
risk models for one-shot device testing assuming exponential lifetimes.

In Section 8.2, we present the model formulation as well as the notation to be used the rest
of the chapter. The weighted minimum DPD estimators for one-shot device testing exponential
model under competing risks are then developed in Section 8.3. Their asymptotic distribution
and a new family of Wald-type test statistics based on them are also presented in this section. In
Section 8.4, an extensive Monte Carlo simulation study is carried out for demonstrating the robust
behaviour of the proposed estimators as well as the testing procedures. The developed methods
are then applied to a pharmacology data for illustrative purposes.

The results of this Chapter have been writen in the form of a paper (Balakrishnan et al. [2020d]).

8.2 Model description and MLE

In this section, we shall introduce the notation necessary for the developments in this chapter,
paying special attention to the MLE of the model, as well as its relation with the minimization of
Kullback-Leibler divergence.

The setting for an accelerate life-test for one-shot devices under competing risks considered
here is stratified in I testing conditions as follows:

1. The tests are checked at inspection times IT;, fori =1,...,1;
2. The devices are tested under J different stress levels, z; = (z;1,...,2,7)7, fori=1,...,I;

3. K, devices are tested in the ith test condition, for i =1,...,1;
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4. The number of devices failed due to the r-th cause under the i-th test condition is denoted
by ni, fori=1,...1, r=1,...,R;

5. The number of devices that survive under the i-th test condition is denoted by n;,g = K; —

Zle Ny

Table 8.2.1: One-shot device testing under competing risks.

Failures Stress levels
Condition Times Devices Survivals Cause 1l --- Cause R  Stress1 --- Stress J
1 1Ty Ky n1o ni1 N1R T11 T1Jg
2 IT, K, n29 na1 e N2R To1 EE Tog
I ITy Kr nro nri NIR T Ty

This setting is summarized in Table 8.2.1. For simplicity, and as considered in Balakrishnan
et al. [2015a], we will limit in this chapter, the number of stress levels to J = 1 and the number of
competing causes to R = 2, even though inference for the general case when J > 1 and R > 2 can
be presented in an analogous manner.

Let us denote the random variable for the failure time due to causes 1 and 2 as Tj,, for
r=124¢=1,...;1, and k = 1,..., K;, respectively. We now assume that T;., follows an
exponential distribution with failure rate parameter \;.(6) and its probability density function

fo(t;2:,0) = Xip(0)e™ 2Ot 5 0,
)\zr(a) = 07‘0 EXP(arlxi),
0= (010’011’920’621)T7 97’0397*1 >0, r=1,2,

where z; is the stress factor of the condition 4 and 6 is the model parameter vector, with 8 € R*.
We shall use 7;0(0), m;1(0) and m;2(6) for the survival probability, failure probability due to
cause 1 and failure probability due to cause 2, respectively. Their expressions are

71'2‘0(0) = (1 — Fl(ITZ7£L'Z,0))(1 — FQ(ITZ,LL'Z,G)) = exp(—()\ﬂ + )\7,2)ITZ),

Aq

mi1(0) = m(l —exp(—(Xi1 + Ai2)IT3)),
i

Ti2(0) = ﬁ(l —exp(—(Ni1 + Xi2)IT3)),

where A\; = X (0), 7 =1, 2. Derivations of these expressions can be found in So [2016] (pp. 151).
Now, the likelihood function is given by

I
L(no1, ..., nr2;0) o [ [ 7io(8) 0w (0)" 7i2(6)"2, (8.1)
1=1

where No; + N1 + No; = Ki, 1= ].,...,I.
Now, we present the classical definition of the MLE.

Definition 8.1 The MLE of 0, denoted by 5, s obtained by maximizing the likelihood function in
(8.1) or, equivalently, its logarithm.

We will present an alternative definition of the MLE later on (see Definition 8.3). Let us
introduce the following probability vectors:

~ PO 1 .
p; = (pz'mpihpiz)T = F(mo,nihnm)T? i=1,...,1, (8.2)

?
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71'1(9) = (7’(’10(0),’/T21(0),7T12(0))T, ’L:1,7I (83)

The Kullback-Leibler divergence measure (see, for instance, Pardo [2005]), between p, and m;(0)
is given by

dKL Pmﬂ'z szr IOg ( 0))

. Dio ~ Dit ~ Di2
= piol i1 1 — i2 1 —
biofo8 (Wio(a) haloe <7Tz'1(9)> o (Wi2(0)>

njo nio/ K; N1 ni/K; N2 nio/K;
= I 1

Kl' 08 ( ﬂio(e) ) + Kl 08 ( 7Ti1(0) + Kz 08 71'1‘2(0)

1 N0/ K; ni [ K; nio/K;
= — gl al ol ,
K; {no Og<7ﬁ‘0(9) ) i Og(”ﬂ(@) o Og(

7Ti2(0)
and the weighted Kullback-Leibler divergence measure is given by

I

K; N
d¥<VL(0) = Z ?dKL(Pwﬂ'i(e))
i=1
I
1 nio/ ni1/ K; niz/ K;
- io L - alog | ——= i2log | ——= | ¢,
KE{” Og(mow) ) s <7m<0> T8 1a ()
Theorem 8.2 The likelihood function L(ng1,...,n52;0), given in (8.1), is related to the weighted
Kullback-Leibler divergence measure through
" K; 1
d}QVL(G) = Zzzl f’dKL(ﬁwm(H)) = C— ? 10g£(n01, BN PY 0),

(8.4)
with ¢ being a constant, not dependent on 0

Proof. We have

I

; %dm(@m(a)) = Il(é{”o log ( ZO/K) > + 1y log (’;ig) + iz log (’;2‘2/(5))}

(6
:;{g;{niolog( )+nﬂlog< ) +n1210g<Kf>}

I

- {mo log (mio(6)) + nix log (mi1(0)) + nig log (mi2(6)) }

=c— log (H Tio(0)"™ i ( )”“ﬂz(@"”)

= e~ o log (£(0)5,IT,)),

where ¢ = ZZ 1 Zr 0 {nw log (nm } and it does not depend on the parameter vector 6. m
Based on Theorem 8.2 we can give the following alternative definition for the MLE

Definition 8.3 The MLE of 0, 5, can be obtained by the minimization of the weighted Kullback-
Leibler divergence measure given in (8.4)
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8.3 Weighted minimum DPD estimator

8.3.1 Definition

Given the probability vectors p; and m;(0), defined in (8.2) and (8.3), respectively, the DPD
between both probability vectors is given by

ds (B mi(8)) = (nls(0) + 7 (0) + 75 ()
+1 /.
— BT (pioﬂg)(a) +p117T11(0) +p1271'f2(0)>
1
+3 (ﬁfo“ +o +ﬁf§“) , if >0,

and dg—o(p;, 7i(0)) = limg_,o+ dg(p;, 7:(0)) = drx.(P;, wi(0)), for B = 0.
The weighted DPD is given by

1
ZK} [( ﬁ+1 )+Wﬁ+1(9)+ﬂf2+1(0))

i=1 ?
B+l
B

<.

N . 1
(onﬂﬂo(e) Jr‘pz'ﬂﬁ(e) +pi27fg(0)) + 3 (P Jrﬁflﬂ Jr@ﬁgﬂ)}
but the term & (ﬁfoﬂ + ﬁfl"’l + ﬁf;l) 1 =1,..., I, does not have any role in its minimization with

respect to 6. Therefore, in order to minimize dgv (0), we can consider the equivalent measure

K,
“d% (0 :Z;? [( B+1(g )+7rfl+1(0)+7rf2+1(0)>
,% (Biomly(6) + ul; (6) + @zwg(a))] . (85)

Definition 8.4 We can define the weighted minimum DPD estimator of 0 as

0/3 = arg min dW(O), for >0
6ce

and for B =0 we get the weighted mazximum likelihood estimator.

8.3.2 Estimation and asymptotic distribution

Theorem 8.5 The weighted minimum DPD estimator of @, with tuning parameter 8 > 0, 55, can
be obtained as the solution of the following system of four equations:

ZK { =m0 (O)IT: [7:0(0)" " (mi0(6) — pio) — (1 = m0(8))” D5 | L + (1 = 70(0))°TLs} = 0,

where

N |2 (1= m0(8) — pur| + M | 5255 (1 — mio(6)) — i

Fi = )
7 (Air + Xiz)?

o N 52 (1= mio(8) = pa | = A% [ 52835 (1= T (8)) — pia]
we (Air + Aig)A L ’

Li = (M1 /010, A, Aia /020, Aiowi) T and 7 = 52853255 (1/610, i, —1/020, —23)"
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Proof. The estimating equations are given by

0

55 18 (6) = 0u, (8.6)

where *dgveighted(ﬂ) is as given in (8.5). Equation (8.6) is equivalent to

1 9 1o 2
?%ZZKZWZJA( BFZZ Zp””ﬂ—lr _047 (87)

that is,

I I 2
Sy S K+ s ()T %ZZ Kopin e (0) 7O o,

I 2
S5 Kl 0 D, (0) i) = 01

i=1 r=0
But,
mio(0) = exp(—(Xi1 + Ai2)IT3),
il it
(0) = — 21— Mt 4 A)ITH) = — 2 (1 70(0)),
71(0) = 1 (1~ (- + AT = 1 (1 a(6))
(0) = 2 (1 — exp(— (A + A2 IT) =+ (1~ 70(6))
T = ——— (1 —exp(—(N\; o)1) = ——— 1 —m ;
2 Ai1 + iz P ! ? Ail + iz 0
and so
Om0(0 0
Waoa( ) = _Inﬂio(g)%[)\il + Xia] = —ITimio(0)(Ni1 /010, N1 Tis Nia /020, Niowi)T = —ITimio(0)1;,
871'1'1(0) 0 )\il )\il 87T10(0)
9o~ (1~ mo(®) {ae Ai1+AiQ] i+ A2 00
(971’1'2(0) 0 )\ig )\ig (97'(10(0)
—(1—m0(0)) | < _ ,
9o~ (1~ mu0(®) {ae AHHZ«Q] N1+ A2 00
where

(1/ao, zi, —1 /a2, —;) ™.

R S O I Y
0O N1+ Nia | 00 N1+ N2 ] (N1 + Aiz)?
We then obtain the desired result. m

Now, by using (1.11), we can obtain the asymptotic distribution of the above weighted minimum
DPD estimator.

Theorem 8.6 Let 8° be the true value of the parameter 0. The asymptotic distribution of the
weighted minimum DPD estimator of 0, 03, is given by

VE (8, -6°) £5 N (04, 051(0°) K 5(69)751(6))

where

I 2
T5(0) = Y23 Lt (0l 07 (0), (59



i=1r=0 i—=1
. _ 2 * * _ Omir(6)
with §; 5(60) = > _,_ou;,.(0)7;,.(0) and u}.(0) = =55, where
87@- 0
8065 ) = —IT;mo(0)L;,
37’Fi1(9) /\1‘1
= ITym; (1= ,
80 >\i1 + )\i2 17710(0)l1 + ( 7710(0))7'1,
(971'2'2(0) . )\Z‘Q

0 A )~ (1 mol)r
L = (N1 /010, Ainis Aiz /020, Nigwi) " and 1 = 5852255 (1/610, i, —1/020, —2:) "

Proof. Directly from (1.11) and proof of Theorem 8.5. m

8.3.3 Wald-type tests

Let us consider the function m : R’ — R", where r < 4. Then

m (0) =0,

(8.9)

(8.10)

with 0, being the null column vector of dimension r, which represents the null hypothesis. We

assume that the 4 x r matrix .
om* (0)
M(0)= —F——~+—
(9) 50
exists and is continuous in “0 ” and that rank(M (0)) = r. For testing
Hy: 0 € O against Hy : 0 ¢ O,

where
Oy={0€06;:m(0)=0,},

we can consider the following Wald-type test statistics:
~ ~ ~ ~ ~ -1 ~
Wi (8s) = Km (0,) (147 (8,) 2 (85) M (85) ) m.(B5).

5 (55) —J; (55) K (§5> I (56) ,

and Jg (@) and K g (0) are as given in (8.8) and (8.9), respectively.

where

Theorem 8.7 Under the null hypothesis, we have
~ L 2
Based on Theorem 8.7 , we can reject the null hypothesis, in (8.11), if
Wi (%) > X

where X?ﬂya is the upper a percentage point of y? distribution.

(8.11)

(8.12)

Remark 8.8 (Robustness properties) In Chapters 2 and 3, the robustness of the weighted
minimum DPD estimators and Wald-type tests, for B > 0, was theoretically derived through local

dependence under the exponential assumption but in a non-competing risk framework, for large

leverages x;s. Analogous computations would result in the same conclusion for the competing risks

scenario. However, we could not directly infer about the robustness against outliers in the response

variable which are, in fact, the misspecification errors. In the next section, a simulation study is
carried out in order to empirically illustrate the robustness of the proposed statistics with § > 0,

and the non-robustness when B =0, also against such misspecification errors.
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8.4 Simulation Study

In this section, a Monte Carlo simulation study that examines the accuracy of the proposed
weighted minimum DPD estimators is presented. Section 8.4.1 focuses on the efficiency, mea-
sured in terms of root of mean square error (RMSE), mean bias error (MBE) and mean absolute
error (MAE), of the estimators of model parameters, while Section 8.4.2 examines the behavior of
Wald-type tests developed in preceding sections. Every step of simulation was tested under S =
5,000 replications with R statistical software. The main purpose of this study is to show that within
the family of weighted minimum DPD estimators, developed in the preceding sections, there are
estimators with better robustness properties than the MLE, and the Wald-type tests constructed
based on them are at the same time more robust than the classical Wald test constructed based
on the MLE.

8.4.1 The weighted minimum DPD estimators

The lifetimes of devices are simulated for different levels of reliability and different sample sizes,
under 4 different stress conditions with 1 stress factor at 4 levels. Then, all devices under each
stress condition are inspected at 3 different inspection times, depending on the level of reliability.
The corresponding data will then be collected under I = 12 test conditions.

A. Balanced data: Effect of the sample size

Firstly, a balanced data with equal sample size for each group was considered. K; was taken
to range from small to large sample sizes, two causes of failure were considered, and the model
parameters were set to be 8 = (19,0.05, 029,0.08)T with ;9 € {0.008,0.004,0.001} and 6y €
{0.0008, 0.0004, 0.0001} for devices with low, moderate and high reliability, respectively. To prevent
many zero-observations in test groups, the inspection times were set as IT € {5,10,20} for the
case of low reliability, IT € {7,15,25} for the case of moderate reliability, and IT € {10, 20, 30} for
the case of high reliability. To evaluate the robustness of the weighted minimum DPD estimators,
we studied their behavior in the presence of an outlying cell for the first testing condition in our
table. This cell was generated under the parameters 6 = (610,0.05, 02,0.15)T. See Table 8.4.1 for
a summary of these scenarios. RMSEs, MAEs and MBEs of model parameters were then computed
for the cases of both pure and contaminated data and are plotted in Figures 8.5.1, 8.5.2 and 8.5.3,
respectively, with similar conclusions for the three error measures.

For the case of pure data, MLE presents the best behaviour (overall in the model with high
reliability) and an increment in the tuning parameter S leads to a gradual loss in terms of effi-
ciency. However, in the case of contaminated data, MLE turns to be the worst estimator, and
weighted minimum DPD estimators with 5 > 0 present much more robust behaviour. Note that,
as expected, an increase in the sample size improves the efficiency of the estimators, both for pure
and contaminated data.

B. Unbalanced data: Effect of the degree of contamination

Now, we consider an unbalanced data with unequal sample sizes for the test conditions. This data
set, which consists a total of K = 300 devices, is presented in Table 8.4.2. A competing risks model,
with two different causes of failure, was generated with parameters 8 = (0.001, 0.05,0.0001, 0.08)%".
To examine the robustness in this accelerated life test (ALT) plan (in which the devices are tested
under high stress levels, so that more failures can be observed), we increased each of the parameters
of the outlying first cell (Figure 8.4.1). The contaminated parameters are expressed by 9~10, §11, 520
and 521, respectively.

When there is no contamination in the cell or the degree of contamination is very low, and
in concordance with results obtained in the previous scenario, MLE is observed to be the most
efficient estimator. However, when the degree of contamination increases, there is an increase in
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Table 8.4.1: Parameter values used in the simulation. Study of efficiency.

Reliability Parameters Symbols Values
Risk 1 010, 011 0.008,0.05
Low reliability Risk 2 020, 021 0.0008, 0.08
Contamination 01 0.15
Temperature (°C) T = (x1, 20,3, 24)  (35,45,55,65)
Inspection Time (days) IT = {ITy,ITs,ITs} {5,10,20}
Risk 1 010, 611 0.004,0.05
Moderate reliability  Risk 2 020, 021 0.0004, 0.08
Contamination 021 0.15
Temperature (°C) x” = (x1,22,23,24)  (35,45,55,65)
Inspection Time (days) IT = (ITy, 1T, ITs) {7,15,25}
Risk 1 010, (911 0.001,0.05
High reliability Risk 2 020, 021 0.0001, 0.08
Contamination 01 0.15
Temperature (°C) xl = (z1,x2,73,24)  (35,45,55,65)

Inspection Time (days) IT = (ITy, 1Ty, ITs) {10, 20, 30}

Table 8.4.2: ALT plan, unbalanced data.

1 13 10 50
2 |45 10 40
3 |5 10 20
4 |65 10 40
5 |3 20 20
6 | 45 20 20
7 15 20 30
8§ |65 20 20
9 |3 30 20
10 | 45 30 20
11 | 55 30 10
12 165 30 10

the error for all the estimators, but weighted minimum DPD estimators are shown to be much more
robust. This is also the case for whatever choice of the contamination parameters we considered.

8.4.2 'Wald-type tests

Let us consider the balanced data under moderate reliability defined in the previous section. To
compute the accuracy in terms of contrast, we consider the testing problem

HO : 921 =0.08 wvs. H1 : (921 ;é 0.08. (813)

For computing the empirical test level, we measured the proportion of test statistics exceeding
the corresponding chi-square critical value. The simulated test powers were also obtained under
H, in (8.13) in a similar manner. We used a nominal level of 0.05. Table 8.4.3 summarizes the
model considered for this purpose. As in the previous section, an outlying cell with 01 = 0.15 is
considered to illustrate the robustness of the proposed Wald-type tests (Figure 8.4.2).

In the case of pure data, we see how a big sample size is needed to obtain empirical tests close
to the nominal level. In the case of contaminated data, empirical test levels are far away from the
nominal level, with the MLE again presenting the least robust behaviour.
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Figure 8.4.1: RMSEs of the weighted minimum DPD estimators of 6 for different contamination param-
eter values. Unbalanced data.

Table 8.4.3: Parameter values used in the simulation study of Wald-type tests.

Study Parameters Symbols Values
Levels Model True Parameters 607 = (610, 011,020,621) (0.004,0.05,0.0004, 0.08)
Powers Model True Parameters 07 = (010,611, 6020,051) (0.004,0.05,0.0004, 0.09)

This simulation study has illustrated well the robust properties of the weighted minimum DPD
estimators for § > 0, which is inevitably accompanied with a loss of efficiency in a the case of
pure data. It seems that a moderate low value of the tuning parameter can be a good choice
when applying the estimators to a real data set. However, when dealing with specific data sets,
especially when we have small data sets, a data driven procedure for the choice of tuning parameter
will become necessary.
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Figure 8.4.2: Levels and Powers of the weighted minimum DPD estimators-based Wald-type tests for
different values of K; with pure (left) and contaminated data (right), for the case of moderate reliability.

8.4.3 Choice of tuning parameter

Let us consider again the problem of choosing the optimal tuning parameter in a DPD-based family
of estimators, which has been extensively discussed in the literature; see, for example, Hong and
Kim [2001], Warwick and Jones [2005], and Ghosh and Basu [2015], which consisted on minimizing
the estimated mean square error of the estimators, computed as the sum of estimated squared bias
and variance; that is,

— ~ ~ 1 L L
MSE; = (85— 0r)" (05 — 0p) + otrace [Jﬁl(eﬁ)Kﬁ(eﬁ)Jﬁl(ag)] ,

where @p is a pilot estimator, whose choice will be empirically discussed, since the overall proce-
dure depends on this choice. We consider again the balanced scenario under moderate reliability
discussed earlier. For different pilot estimators and a grid of 100 points, optimal tuning parameters
and their corresponding RMSEs are computed (see Figure 8.4.3). The optimal tuning parameter
increases when the contamination level increases in the data, and it seems that a moderate value
of B is the best choice for the pilot estimator, as suggested also in previous chapters.
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Figure 8.4.3: Estimated optimal 8 and the corresponding RMSEs for different pilot estimators in the
proposed ad-hoc approach for the case of moderate reliabiulity.

8.5 Benzidine dihydrochloride experiment

Let us reconsider our example in Section 2.7.3, the Benzidine dihydrochloride experiment, to study
the performance of the proposed procedures. As noted in Section 2.7.3, this experiment considers
two different doses of drug induced in the mice: 60 parts per million (z = 1) and 400 parts per
million (z = 2) and two causes of death are recorded: died without tumor (r = 1) and died with
tumor (r = 2). The data are presented in Table 2.7.6.

Estimators of parameters were obtained for different choices of tuning parameters. We then
computed the expected mean lifetime of the devices under the two doses of drug, both for the whole
population (E,—; and E,—5) and particularly for the mice that died without tumor (E._; and
El_,). We have also computed the probability of failure due to cause 1 (die without tumor) given
failure, for both doses of drug (Pl_; and P}_,). We applied the procedure described in Section
8.4.3 to determine the optimal tuning parameter for this data set, over a grid of 100 points. The
resulting optimal tuning parameter, 0.37, and its corresponding estimators are presented in Table
8.5.1. Finally, we estimate the errors, as given by
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i=1

Nir — Kﬂfir(a)
K;

, (8.14)

for different tuning parameters 3, and the corresponding results in Table 8.5.2. The minimum is
obtained for 5 = 0.8, while 8 = 0.37 also presents a lower estimated error, which is in concordance
with the estimate obtained earlier.

Table 8.5.1: Estimations for the BDC experiment for different hoices of tuning parameters

B 610 011 020 0o Ei_, Ep—o  Ey=1 Eg—> Piy Pi_y
0 0.00089 1.3191 0.00028 2.493 300.545 80.355 150.203 18.952 0.4997 0.2358
0.1 0.00091 1.3072 0.00029 2.465 297.876 80.593 146.984 18.872 0.4934 0.2341
0.2 0.00094 1.2844 0.00031 2.441 295.010 81.658 144.138 18.869 0.4885 0.2310
0.3 0.00097 1.2627 0.00033 2.408 291.902 82.572 140.528 18.818 0.4814 0.2279
0.4 0.00281 0.5329 0.00027 2.531 208.917 122.608 122.893 19.891 0.5882 0.1622
0.5 0.00104 1.2150 0.00036 2.367 285.233 84.626 135.755 18.859 0.4759 0.2228
0.6 0.00285 0.5253 0.00028 2.511 207.847 122.908 121.491 19.884 0.5845 0.1617
0.7 0.00282 0.5277 0.00028 2.503 209.051 123.322 121.277 19.824 0.5801 0.1607
0.8 0.00112 1.1412 0.00041 2.313 284.037 90.723 130.889 18.988 0.4608 0.2093
0.9 0.00271 0.5458 0.00029 2.496 213.458 123.669 122.077 19.741 0.5719 0.1596
1 0.00263 0.5514 0.00030 2.488 219.303 126.339 123.241 19.715 0.5619 0.1560
0.37 0.00279 0.5378 0.00026 2.537 209.275 122.221 123.529 19.946 0.5902 0.1632

Table 8.5.2: Estimated errors for the BDC experiment

B 0 0.1 0.2 0.3 0.37 0.4 0.6 0.7 0.8 0.9
est. error 0.1051 0.1049 0.1047 0.1044 0.1043 0.1051 0.1052 0.1050 0.1040 0.1048
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Figure 8.5.1: RMSEs of the weighted minimum DPD estimators of @ for different values of reliability
with pure (left) and contaminated data (right)
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Chapter 9

Conclusions and further work

9.1 Notes and Comments

In this Thesis, an overview on divergence-based robust methodology for one-shot device testing is
done. The development of this work followed different phases.

First of all, we developed robust inference for one-shot device testing under exponential lifetimes
and one single stress factor in a non-competing risks setting (see Chapter 2). Despite the apparent
simplicity of this model, this was the first and necessary step in order to develop a complete
divergence-based robust theory on one-shot device testing. The choice of DPD as our divergence
candidate, the computation of the asymptotic distribution of the resulted estimators, or the study
of the influence function in this non-homogeneous setup were some of the major challenges we
faced. Boundedness of the IF, accompanied with an illustrative simulation study, were not only
excellent results, but also a motivation to continue with this research. In this point, it may be
important to note that in the original study, presented in the corresponding paper of Balakrishnan
et al. [2019b], a quite different notation to that used in Chapter 2 was used. We considered a
balanced setting, with same number of observations in each condition, let say K. On the other
hand, as only one stress factor was considered, we could see our data as a I x J contingency
table, in which at each time, IT}, ¢, = 1,2,...,I, K devices are placed under temperatures x;,
j=1,...,J. At each combination of temperature and inspection time, n;; failures were observed.
Then, the likelihood function, based on the observed data was given by

I J
E(nlh. . .,TL[J;B) = HH Fmii (ITi;l‘j79) RKinij (ITZ';ZE]',G) .

i=1j=1
In this case, we defined the minimum DPD estimator as the minimizer of

I J

d5(P, 7(0)) = ﬁ %

i=1 j=1

FPYY(ITy; 25, 0) + RPT (ITy; 5, 0) (9.1)

G ()

The following step was to extend the model considered in Chapter 2 to the case of multiple
stress factors. This was done in Chapter 3. The first difficulty found here was the formulation of
the problem, as the introduction of more stress factors and the possibility of unbalanced data did

B (i s K—nij g 7. 1
,8 KF (IT“xJ?e)Jr K R (ITUJ:J70) +/B

not allow the original formulation in (9.1). Once this problem was solved with the introduction of
the weighted minimum DPD estimators more general results, which includes the single-stress setup
as a particular case, were developed. In this case, we could not talk any more about Z-type tests,
but Wald-type tests with asymptotically chi-square distribution instead of normal distribution.
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Once this extension to the multiple-stress factors setting was completed, it was necessary to
consider other more realistic distributions for the lifetimes, although computation of estimating
equations and asymptotic variances became more complicated. For example, gamma and Weibull
distributions, presented in Chapter 4 and Chapter 5, respectively, or Lindley and Lognormal dis-
tributions, studied in Chapter 6. Finally, we extended our robust methods to develop robust
estimators and tests for one-shot device testing based on divergence measures under proportional
hazards model and competing risks model, in Chapter 7 and Chapter 8, respectively. However,
many problems remain still open. We present some of them in the following section.

9.2 Some challenges

9.2.1 On the choice of the tuning parameter

Along this Thesis, we have discussed the problem of choosing the optimal tuning parameter given
a data set. Different procedures are discussed for this purpose, all of them based on the following
idea: in a grid of possible tuning parameters, apply a measure of discrepancy to the data. Then, the
tuning parameter that leads to the minimum discrepancy-statistic can be chosen as the “optimal”
one. A possible choice of the discrepancy measure could be Mg, given in (7.26). Another idea
may be by minimizing the estimated mean square error, as suggested in Warwick and Jones [2005].
However, as noted in Section 7.6.3, the need for a pilot estimator became the major drawback
of this procedure, as the final result will depend excessively on this choice. This problem was
also highlighted recently in Basak et al. [2020], where an “iterative Warwick and Jones algorithm”
(IWJ algorithm) is proposed. Application of the IJW algorithm and other possible approaches is
an interesting issue to be faced in the future.

9.2.2 Robust inference for one-shot devices with competing risks under
gamma or Weibull distribution

In Chapter 8, robust inference for one-shot device testing under competing risks is developed,
under the assumption of exponential lifetime distribution. However, the competing risks model
has been also considered in literature under other distributions. For example, in Balakrishnan
et al. [2015¢], an expectation maximization (EM) algorithm is developed for the estimation of
model parameters with Weibull lifetime distribution. For further work, we can also develop robust
inference for one-shot devices with competing risks under gamma or Weibull distributions.

For example, let us consider the setting described in Table 8.2.1, limiting, for simplicity, the
number of competing causes to R = 2. Let us denote the random variable for the failure time due
to causes 1 and 2 as Ty, forr=1,2,i=1,...,I,and k = 1,..., K;, respectively. We now assume
that T;,, follows a Weibull distribution with scale parameter «;, and shape parameter 7;,., with
probability and cumulative density functions as

ir—1 1:ir(0)
Mir t K 1
5 i70 = - 3 )
fr.(6:20,0) (air(9)> (Oéz'r> eXp( <ai,) ) =0

1 Nir
FTT(t;a:i,O)—l—eXp(—( > ), t>0,
(€778

respectively, where x; is the stress factor of the condition ¢, related to shape and scale parameters

by a log-link function

air = o (0) = exp(a,x;),

134



Nir = 0ir(0) = exp(brx;),

where a, = (ay0,ar1,...,0r7), by = (byo,bp1,...,0,5) and 0 = (a1, az,by,by)” € R ig the
model parameter vector. As it happened in the non-competing-risks model (Chapter 5), instead
of working with Weibull lifetimes, it is more convenient to work with the log-transformed lifetime
Wik = log(Tirr ), which follows an extreme value (Gumbel) distribution (see Meeker et al. [1998]).
The corresponding probability and cumulative density functions of the extreme value distribution

fw, (t;2;,0) = (azi(rg)) (airt(0)>mr(e)le}(p ( (ozirl(a))mr(gj St

Fy, (t;x;,0) =1 —exp (— exp <W>) , t>0,

Oy

are

respectively, where —co < w < 00, pir = log(a;,) and o;. = 77;1. We define correspondingly

the log-transformed inspection times [IT; = log(IT;). We shall use m;0(0), m;1(0) and m;2(0) for
the survival probability, failure probability due to cause 1 and failure probability due to cause 2,
respectively. Their expressions are

UT; — UT; —
0o (e (V) g (10
i1 032
_ W — M1 W — iz w—pir) 1
m1(0) = exp { — exp —exp | ——= ] pexp —dw,
—00 Oi1 02 Ji1 il
T,
' — i — Wi —piz) 1
mi2(0) = / exp {exp (M) — exp (w,ug) } exp <w H 2) dw,
—o0 Jil 02 T2 Tio

Then, the likelihood function is given by

I
L(no, ..., n12;0) o [ [ mio (@) 0 (0)™ iz (6)", (9.2)
=1

where ng; +n1; + ng; = K;, i =1,...,1; and MLE is obtained by minimizing 9.2 on 6. Following
the same spirit of previous chapters, we can define the weighted minimum DPD estimator of 8 as
55 = arg min*dg/(e), for 5 > 0,
0co
where *dEV(H) is as in (8.5). For 8 = 0, we have the MLE. Estimating equations and asymptotic
distribution of proposed estimators may need to be obtained. We are currently working on this
problem and hope to report the findings in a future paper.

9.2.3 EM algorithm for one-shot device testing under the lognormal
distribution

Chapter 6 deals with the problem of one-shot device testing under lognormal distribution, in
particular, new estimators and tests are proposed based on divergence measures and are shown
to present a better behaviour than classical MLE in terms of robustness. However, up to our
knowledge, no previous literature was done in relation of one-shot device testing under log-normal
distribution. It would be of interest to develop an Expectation Maximization (EM) algorithm for
the estimation of the MLE in this context.

EM algorithm, (Dempster et al. [1977]), is a very popular tool to handle any missing or incom-
plete data situation. This iterative method has two steps. In the E-step, it replaces any missing
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data by its expected value and in the M-step the log-likelihood function is maximized with the
observed data and expected value of the incomplete data, producing an update of the parameter
estimates. The MLEs of the parameters are obtained by repeating the E- and M-steps until con-
vergence occurs. Note that, in the case of lognormal lifetimes, it would be very helpful to work
with the logarithm of lifetimes, so in the E-step, which will need of the conditional expectation
of the log-likelihood of complete data, we could use the left-truncated and right-truncated normal
distributions (see Basak et al. [2009] for progressively censored data).

9.2.4 Model selection in one-shot devices by means of the generalized
gamma distribution

Let us assume, without loss of generality, the multiple stress factors setting presented in Table
2.2.1. We may assume that the lifetimes follow a generalized gamma distribution, f(¢,x;; g, Ai, 0;),
where ¢ > 0 is the lifetime, —0co < ¢ < co and o; > 0 are shape parameters and A; > 0 is a scale
parameter, related to the stress level x; in a log-linear form. The generalized gamma distribution
has been widely studied in recent years because its flexibility. It contains many distributions as
special cases. For example, is the lognormal distribution when ¢ = 0, the Weibull distribution when
¢ = 1 and the gamma distribution when ¢/o; = 1. Other well known probability distributions,
such as the half-normal or spherical normal distributions, can be obtained as special cases. For
more details, see Stacy and Mihram [1965] and Balakrishnan and Peng [2006].

The advantage of using the generalized gamma distribution as the lifetime distribution is also
demonstrate by the flexible tails of its density function, which can determine the type of depen-
dence among the correlated observations (see Hougaard [1986]). However, the generalized gamma
distribution has not been considered so far for one-shot device models. Model discrimination within
the generalized gamma distribution, by means of information-based criteria, likelihood ratio tests
or Wald tests, will be a challenging and interesting problem for further consideration.

9.3 Productions

During the PhD a total of 16 manuscripts have been produced, 13 of which are already accepted in
JCR impact factor journals, while the others are currently under revision. Furthermore, 2 chapters
of book have been also published. These are numerated as follows, following the order they appear
in the Thesis.!

Articles published in JCR journals

1. Balakrishnan, N., Castilla, E., Martin N. and Pardo, L. (2019). Robust estimators and test-
statistics for one-shot device testing under the exponential distribution. IEEE transactions
on Information Theory. 65(5), pp. 3080-3096.

2. Balakrishnan, N.; Castilla, E., Martin N. and Pardo, L. (2020). Robust inference for one-
shot device testing data under exponential lifetime model with multiple stresses. Quality and
Reliability Engineering International. 36, pp. 1916-1930.

3. Balakrishnan, N., Castilla, E., Martin N. and Pardo, L. (2019). Robust estimators for one-shot
device testing data under gamma lifetime model with an application to a tumor toxicological
data. Metrika. 82(8), pp. 991-1019.

4. Balakrishnan, N., Castilla, E., Martin N. and Pardo, L. (2019). Robust inference for one-shot
device testing data under Weibull lifetime model. TEEE transactions on Reliability. 69(3),
pp. 937-953.
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Appendix A

Optimal design of CSALTs for one-shot devices
and the effect of model misspecification

Along this Thesis, we have focused our efforts on developing robust inference for one-shot device
testing by means of divergence measures. So far, however, we have little discussed about optimal
design, which is another problem of great importance in reliability, as it would result in great
savings in both time and cost. Note that there are many types of ALTs. For example, constant-
stress ALTs (CSALTSs) assume that each device is subject to only one pre-specified stress level,
while step-stress ALTs (SSALTSs) apply stress to devices in such a way that stress levels will get
changed at prespecified times. To design efficient CSALTs for one-shot devices under Weibull
lifetime distribution, subject to a prespecified budget and a termination time, Balakrishnan and
Ling [2014b] considered the minimization of the asymptotic variance of the MLE of reliability at
a mission time under normal operating conditions. In a similar manner, Ling [2019] and Ling and
Hu [2020] designed optimal SSALTs for one-shot devices under exponential and Weibull lifetime
distributions, respectively. In this Appendix, we briefly present the problem of optimal design of
CSALTSs in one-shot device testing. This problem, as well as the effect of model misspecification,
have been extensively studied in Balakrishnan et al. [2020a).

Let us suppose, that the data are stratified into I testing conditions Si,...,.S7, and that in
testing condition S;, IV; individuals are tested with J types of stress factors being maintained at
certain levels, and inspected at K; equally-spaced time points. Specifically, IV;; items are drawn
and inspected at a specific time T;;, with Z,If:l N;r = N;. Then, n;; failure items are collected from
the test at inspection time Tj;. Let @; = (1,2,1,...,7;7)7 be the vector of stress factors associated
to testing condition S; (i = 1,...,I). The MLE of 0, 0, is then determined by maximizing the
log-likelihood function of the data, with respect to the model parameter 6.

We want to describe an algorithm for the determination of the best ALT plan, by minimizing
the asymptotic variance of the MLE of reliability at a specific mission time under normal operating
conditions. Then, we would need the Fisher information matrix for model parameters. Let us con-
sider the inspection plan ¢ = (f, K;, N;x), consisting of inspection frequency, number of inspections
at each condition, and allocation of the products. The Fisher information matrix under ¢, is given
by

i

1(6;¢) = Z i Nip (R(T;; 5 o Réﬂ'k; Si)> (aR(Cla}g; Si)> <8R((91:;,;; SZ-)) ’

i=1 k=1

where Ty, = k x f, for k = 1,..., K;, for equi-spaced time points, and R(T;;S;) denotes the
reliability function. The asymptotic covariance matrix of the MLEs of the model parameters can
be obtained by inverting the observed Fisher information matrix.
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V=V(0;¢)=1(0:¢) "

Using these expressions, the asymptotic variance of the MLE of reliability under normal oper-
ating conditions at a specific mission time ¢y can be computed by the delta method

Vr(¢) = AV(R(to; z)) = PRV Pp,

where Pp = %

5 and x( is the vector of stress factors associated to the normal operating
condition.

Suppose the budget for conducting a CSALT for one-shot device testing, the operation cost
at testing condition S;, the cost of devices (including the purchase of and testing cost), and the
termination time are specified as Cyydget, Coper,is Citem and Tie,, respectively. Then, for a given test
plan, ¢, that includes the inspection frequency, f, the number of inspections at testing condition
S;, K; > 2, and the allocation of devices, Ny, for ¢ = 1,2, ..., I, the total cost of conducting the
experiment is seen to be

I K; I
TC(C) = Citem Z Z Nik + f (Z Kicoper,i> .
=1

i=1 k=1

In Balakrishnan et al. [2020a], an algorithm for the determination of an optimal CSALT subject
to a specified budget (TC({) < Chudger) and termination time is presented, by minimizing the
asymptotic variance of the MLE of reliability; and applied to the case that the lifetimes of the
devices follow a gamma or a Weibull distribution. In an extensive simulation study, this algorithm
is evaluated, as well as its sensitivity over parameter misspecification. It is seen that, within
moderate errors of the parameters, the designs of optimal CSALTSs are quite robust. In this paper,
the effect of model misspecification between gamma, Weibull, lognormal and BS distributions in
the design of optimal CSALTSs is also examined. Results do reveal that the assumption of life-
time distribution to be Weibull seems to be the more robust to model misspecification, while the
assumption of lifetime distribution to be gamma seems to be the more non-robust or more sensitive.
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Appendix B

Robust Inference for some other Statistical
Models based on Divergences

This appendix briefly presents a series of results in the area of robust statistical information theory,
which have also been obtained by the candidate during her Ph.D. studies. Section B.1 summarizes
the results given in Castilla et al. [2020d]. Section B.2 deals with the diveregnce-based estimators
in the logistic regression model. See Castilla et al. [2018a,b,c, 2020c] and Castilla and Chocano
[2020]. Finally, Section B.3 contains three results (Castilla et al. [2018d, 2019, 2020b]) related with
composite likelihood methods.

B.1 Multiple Linear Regression model

The multiple regression model (MRM) is one of the most known statistical models. Mathematically,
let (Xi1,...,Xip,Ys), ¢ =1,...,n, be (p+ 1)-dimensional independent and identically distributed
random variables verifying the condition

with X7 = (X;1,..., X;p) and 8 = (B, ...,ﬁp)T and €s are i.i.d. normal random variables with
mean zero and variance o2 and independent of the X ;. The n x p matrix with elements X;; will
be denoted by X i.e., X = (X4, ..., Xn)T. We can use the matrix and vector notation

Y =XB +e, (B.2)

with Y = (Yi,....Y,) and e = (e1,...,e)".

As we have seen along the development of this Thesis, minimum distance estimators have been
presented in different statistical models as an alternative to the classical MLE, which is known
to have good efficiency properties, but not so good robustness properties. With this motivation,
Durio and Isaia [2011] studied the minimum DPD estimators for the MRM. In the cited paper, the
robustness of DPD estimators was analyzed from a simulation study, with no theoretical support.
Minimum DPD estimators have also been used in order to define Wald-type tests as, for example,
in Basu et al. [2016] and Ghosh et al. [2016]. Broniatowski et al. [2012] considered the RP in order
to give robust estimators, minimum RP estimators, for the MRM.

Let Xq,...,X, be a random sample from a population having true density g which is being
modeled by a parametric family of densities fg with 8 € ® C RP. The RP between the densities
g and fg is given by

Ra(9.0) = o ([ dotwr e ) Lo ( [gtor i) o ([ sotorgtenic)
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for a > 0, whereas for a = 0 it is given by

Ro g. o) = lim R (9. fo) = [ gta)tog 220
i.e., the Kullback-Leibler divergence, Dguyiiback(9, fo), between g and fo (see Pardo [2005]). In
Broniatowski et al. [2012] it was established that R, (g, fo) > 0, with R, (g, fo) = 0 if and only if
fe=g.

The minimum RP estimator is obtained by minimizing the RP, R, (g, fo), with respect to
0 € © where g is an empirical estimator of g based on the available data.

In Castilla et al. [2020d], a new family of Wald-type tests was introduced, based on minimum
Rényi pseudodistance estimators, for testing general linear hypotheses and the variance of the
residuals in the multiple regression model. The classical Wald test, based on the maximum likeli-
hood estimator, can be seen as a particular case inside this family. Theoretical results, supported
by an extensive simulation study, point out how some tests included in this family have a better
behaviour, in the sense of robustness, than the Wald test.

B.2 Multinomial Logistic Regression model

The multinomial logistic regression model, also known as polytomous logistic regression model
(PLRM) is widely used in health and life sciences for analyzing nominal qualitative response vari-
ables (e.g., Daniels and Gatsonis [1997], Bertens et al. [2016], Dey and Raheem [2016] and the
references therein). Such examples occur frequently in medical studies where disease symptoms
may be classified as absent, mild or severe, the invasiveness of a tumor may be classified as in
situ, locally invasive, or metastatic, etc. The qualitative response models specify the multinomial
distribution for such a response variable with individual category probabilities being modeled as a
function of suitable explanatory variables. One such popular model is the PLRM, where the logit
function is used to link the category probabilities with the explanatory variables.

Mathematically, let us assume that the nominal outcome variable Y has d + 1 categories
Ci,...,C4y1 and we observe Y together with k explanatory variables with given values zp, h =
1,...,k. In addition, assume that ,BJT = (Boj, B1js - Brj) s § = 1,...,d, is a vector of unknown
parameters and 3, is a (k4 1)-dimensional vector of zeros; i.e., the last category Cgy1 has been
chosen as the baseline category. Since the full parameter vector 87 = (ﬁlT, - ﬁdT) is v-dimensional
with v = d(k + 1), the parameter space is © = RU k1) Let

Ty ((L’,ﬁ) :P(?EC] | 33,,3)

denote the probability that ¥ belongs to the category Cj for j =1,...,d + 1, when the vector of

explanatory variable takes the value 7 = (

intercept fo;. Then, the PLRM is given by

. exp(a:Tﬁj)

= d ,
1+ - exp(z”By)

Now assume that we have observed the data on IV individuals having responses y; with as-

Zo,Z1,...,2k), with g = 1 being associated with the

7 (z, B) j=1,..,d+1. (B.3)

sociated covariate values (including intercept) x; € R¥*1 i = 1,..., N, respectively. For each
individual, let us introduce the corresponding tabulated response y, = (y;1, ...,yi’dH)T with ;-
=1land y;s =0for se{l,..,d+1} —{r} if g; € C,.

The most common estimator of 3 under the PLRM is the MLE, which is obtained by maximizing

the loglikelihood function,
N d+1

log £(B) = Zzym logm; (zi, B) .

i=1 j=1
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One can then develop all the subsequent inference procedures based on the MLE E of 3.

In Castilla et al. [2018a], a new family of estimators is defined as a generalization of the MLE for
the PLRM. Based on these estimators, a family of Wald-type test statistics for linear hypotheses
is introduced. Robustness properties of both the proposed estimators and the test statistics are
theoretically studied through the classical influence function analysis and illustrated by real life
examples and an extensive simulation study.

Note that in Castilla et al. [2018c] and Castilla et al. [2020c] new estimators and Wald-type
tests are developed, in the context of Logistic Regression analysis with complex sample survey
data, based on phi-divergence measures.

B.2.1 Robust inference for the multinomial logistic regression model
with complex sample design based on divergence measures

In many practical applications, we come across data which have been collected through a complex
survey scheme, like stratified sampling or cluster sampling, etc., rather than the simple random
sampling. Such situations are quite common in large scale data collection, for example, within
several states of a country or even among different countries. Suitable statistical methods are
required to analyze these data by taking care of the stratified structure of the data; this is because
there often exist several inter and intra-class correlations within such stratification and ignoring
then may often lead to erroneous inference. Further, in many such complex surveys, stratified
observations are collected on some categorical responses having two or more mutually exclusive
unordered categories along with some related covariates and inference about their relationship is of
up-most interest for insight generation and policy making. Polytomous logistic regression (PLR)
model is a useful and popular tool in such situations to model categorical responses with associated
covariates. However, most of classical literature deal with the cases of simple random sampling
scheme. (e.g. McCullagh [1980], Agresti [2002]). The application of PLR model under complex
survey setting can be found, for example, in Binder [1983], Roberts et al. [1987], Morel [1989]
and Castilla et al. [2018b]; most of them, except the last one, are based on the quasi maximum
likelihood approach.

Let us assume that the whole population is partitioned into H distinct strata and the data
consist of ny clusters in stratum h for each h = 1,..., H. Further, for each cluster : = 1,...,ny
in the stratum h, we have observed the values of a categorical response variable (Y') for mp; units.
Assuming Y has (d + 1) categories, we denote these observed responses by a (d 4 1)-dimensional
classification vector

T . .
Yhij = (yhij17~---ayhij,d+1) ,h=1,...,Hi=1,..ny, j=1,.. .mp;,

with ypij = 1 if the j-th unit selected from the i-th cluster of the h-th stratum falls in the r-th
category and yp;j; = 0 for [ # r. It is very common when working with dummy or qualitative
explanatory variables to consider that the k& + 1 explanatory variables are common for all the
individuals in the i-th cluster of the h-th stratum, being denoted as xp; = (Znio, Thit, ....7xhik)T7
with the first one, xp;0 = 1, associated with the intercept.

Let us denote the sampling weight from the i-th cluster of the h-th stratum by wp;. For each i,
h and j, the expectation of the r-th element of the random variable Yy;; = (Yhij1, ..., Yhij7d+1)T,
corresponding to the realization yy,;, is determined by

exp{wﬂﬂr}
d T ’
Thir (B) = E [Yhijr|®ni] = Pr (Ynijr = lxn) = L4 2 ?Xp{w’”ﬂl}
1+ 27:1 eXp{xI{iﬁl}7

with 8, = (Bro, Br1, ...,ﬂrk)T € R¥! r = 1,...,d and the associated parameter space given by
Q — RA(k+1)

, (B.4)
r=d+1
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Note that, under homogeneity, the expectation of Y,;; does not depend on the unit number j,
so from now we will denote by

T
Mhi Mhi Mhpi

N N . .
Y = thij = E Yhijts s ZYhij,d+1 = (Yhit, -, Ynias1)
i=1 i=1 =1

the random vector of counts in the i-th cluster of the h-th stratum and by ,; (3) the (d 4 1)-
dimensional probability vector with the elements given in (B.4), 7p; (8) = (mhi1 (8) , -+, Thi,d+1 B)"

Even though the quasi weighted maximum likelihood estimator, is the main base of most of the
existing literature on logistic models under complex survey designs, it is known to be non-robust
with respect to the possible outliers in the data. In practice, with such a complex survey design, it
is quite natural to have some outlying observations that make the likelihood based inference highly
unstable. So, we often may need to make additional efforts to find and discard the outliers from
the data before their analysis. A robust method providing stable solution even in presence of the
outliers will be really helpful and more efficient in practice.

The cited work by Castilla et al. [2018b] has developed an alternative minimum divergence esti-
mator based on ¢-divergences, as well as new estimators for the intra-cluster correlation coefficient.
A simulation study shows that the Binder’s method for the intra-cluster correlation coefficient ex-
hibits an excellent performance when the pseudo-minimum Cressie-Read divergence estimator (by
considering the Cressie-Read family of ¢-divergences), with A = 2/3, is plugged. However, this
paper does not lead with the problem of robustness. In Castilla et al. [2020a], the minimum quasi
weighted DPD estimators for the multinomial logistic regression model with complex survey. This
family of semiparametric estimators is a robust generalization of the maximum quasi likelihood
estimator, by using the DPD measure. Their asymptotic distribution and accurate robustness
properties are theoretically studied and empirically validated through a numerical example and
an extensive Monte Carlo study. Recently, Castilla and Chocano [2020] studied the robustness of
negative ¢-divergences, through the boundedness of the influence function and extensive simulation
experiments.

B.3 Composite Likelihood

The classical likelihood function requires exact specification of the probability density function but
in most applications the true distribution is unknown. In some cases, where the data distribution
is available in an analytic form, the likelihood function is still mathematically intractable due to
the complexity of the probability density function. There are many alternatives to the classical
likelihood function; one of them is the composite likelihood. Composite likelihood is an inference
function derived by multiplying a collection of component likelihoods; the particular collection
used is a conditional determined by the context. Therefore, the composite likelihood reduces the
computational complexity so that it is possible to deal with large datasets and very complex mod-
els even when the use of standard likelihood methods is not feasible. Asymptotic normality of the
composite maximum likelihood estimator (CMLE) still holds with Godambe information matrix to
replace the expected information in the expression of the asymptotic variance-covariance matrix.
This allows the construction of composite likelihood ratio test statistics, Wald-type test statistics
as well as Score-type statistics.

We adopt here the notation by Joe et al. [2012], regarding composite likelihood function and
the respective CMLE. In this regard, let {f(-;0),0 € © C R? p > 1} be a parametric identifiable
family of distributions for an observation vy, a realization of a random m-vector Y. In this setting,
the composite density based on K different marginal or conditional distributions has the form
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K
CL@O.y) = [] 14 (). € A 0)
k=1

and the corresponding composite log-density has the form

K
y) = > wila,(0,y),
k=1

with €4, (0,y) =log fa, (yj,j € Ay; ), where {A}5 | is a family of random variables associated
either with marginal or conditional distributions involving some y;, j € {1,...,m} and wy, k =
1, ..., K are non-negative and known weights. If the weights are all equal, then they can be ignored.
In this case all the statistical procedures produce equivalent results.

Let also y4, ...,y,, be independent and identically distributed replications of y. We denote by

n

Cg(e7y17 7yn) = ch(oa yz)

i=1
the composite log-likelihood function for the whole sample. In complete accordance with the
classical MLE, the CMLE, 8., is defined by

~

0. = argmachﬁ 0,y,) = argmaxZZwkéAk (0,y,). (B.5)
6co oco i

It can be also obtained by solving the equations.

w(0,Y1,.,Y,) = 0p, (B.6)

where

AP L o TS iiwkmk 0,,)
i=1 k=1
Composite likelihood methods have been successfully used in many applications concerning, for
example, genetics (Fearnhead and Donnelly [2002]), generalized linear mixed models (Renard et al.
[2004]), spatial statistics (Varin et al. [2005]), frailty models (Henderson and Shimakura [2003]),

multivariate survival analysis (Li and Lin [2006]), etc.

B.3.1 Composite likelihood methods based on divergence measures

Let us consider the DPD measure, between the density function g (y) and the composite density
function CL(0,y), i.e

1

—g(y)'*? } dy  (B.7)

oo ().c20.9) = [ {ecom ™ - (145 ) ecomow + 5

for 8 > 0, while for 8 = 0 we have,

lim ds(9 (), CL(6..)) = dicc(9 () .CL(6, ).

. .. . ~B
The composite minimum DPD estimator, 6, is defined by

~

B .
In the case of 8 = 0 it can be shown that it coincides with the CMLE.
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In the case of testing composite null hypothesis is however, necessary to get and study the
composite minimum DPD estimator which is restricted by some constraints of the type m(6) = 0,,
where m is a function m : © C R? — R", r is an integer, with r < p, and 0, denotes the null
vector of dimension r. The function m is a vector valued function such that the p x r matrix

_ om™(0)

00

exists and it is continuous in @ with rank(M(0)) = r. In this context the restricted composite
minimum DPD estimator is defined by

M(0)

0. = argmin dg(g(.),CL(B,.)), (B.8)
{6€0:m(6)=0,}
where dg(g(.),CL(0,.)) is defined by (B.7).

Composite minimum DPD estimators were defined in Castilla et al. [2018d], where the associ-
ated estimating system of equations and the asymptotic distribution were also provided. It was
shown that the composite minimum DPD estimator is an M-estimator and it is asymptotically
distributed as a normal with a variance-covariance matrix depending on the tuning parameter [3.
In this same paper, a robust family of Wald-type tests was introduced, based on the composite min-
imum DPD estimators, for testing both simple and a composite null hypothesis. The robustness
of this new family of tests was studied on the basis of a simulation study.

Following this idea, Rao-type tests were also developed in Castilla et al. [2019]. In this case,
when considering a composite null hypothesis, the restricted composite minimum DPD estima-
tor will be needed. A simulation study was developed based on two numerical examples, and a
comparison is done between these proposed Rao-type tests and the Wald-type tests developed in
Castilla et al. [2018d]. Based on this simulation study, it seems that Wald-type tests are slightly
better than the Rao-type tests, but due on the good behavior of both test statistics in relation to
the robustness, we may select in each moment the easier test statistic.

B.3.2 Model selection in a composite likelihood framework based on
divergence measures

Model selection criteria, for summarizing data evidence in favor of a model, is a very well studied
subject in statistical literature, overall in the context of full likelihood. The construction of such
criteria requires a measure of similarity between two models, which are typically described in
terms of their distributions. This can be achieved if an unbiased estimator of the expected overall
discrepancy is found, which measures the statistical distance between the true, but unknown
model, and the entertained model. Therefore, the model with smallest value of the criterion is the
most preferable model. The use of divergence measures, in particular Kullback-Leibler divergence
(Kullback [1997]), to measure this discrepancy, is the main idea of some of the most known criteria:
Akaike Information Criterion (AIC, Akaike [1973, 1974]), the criterion proposed by Takeuchi (TIC,
Takeuchi [1976]) and other modifications of AIC Murari et al. [2019]. DIC criterion, based on the
density power divergence (DPD), was presented in Mattheou et al. [2009] and, recently, Avlogiaris
et al. [2019] presented a local BHHJ power divergence information criterion following Avlogiaris
et al. [2016]. In the context of the composite likelihood there are some criteria based on Kullback-
Leibler divergence, see for instance Varin and Vidoni [2005] and references therein.

In Castilla et al. [2020b] a new information criterion was presented, for model selection in the
framework of composite likelihood based on DPD measure, which depends on a tuning parameter
B. This criterion, called composite likelihood DIC criterion (CLDIC) coincides as an special case
with the criterion given in Varin and Vidoni [2005] as a generalization of the classical criterion
of Akaike. After introducing such a criterion, some asymptotic properties were established. A
simulation study and two numerical examples were presented in order to point out the robustness
properties of the introduced model selection criterion.
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