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We generalize Stochastic Local Search (SLS) heuristics into a unique formal model. This model has two key 

components: a common structure designed to be as large as possible and a parametric structure intended to be 

as small as possible. Each heuristic is obtained by instantiating the parametric part in a different way. Particular 

instances for Genetic Algorithms (GA), Ant Colony Optimization (ACO), and Particle Swarm Optimization (PSO) 

are presented. Then, we use our model to prove the Turing-completeness of SLS algorithms in general. The proof 

uses our framework to construct a GA able to simulate any Turing machine. This Turing-completeness implies that 

determining any non-trivial property concerning the relationship between the inputs and the computed outputs 

is undecidable for GA and, by extension, for the general set of SLS methods (although not necessarily for each 

particular method). Similar proofs are more informally presented for PSO and ACO. 
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. Introduction 

Tackling optimization problems is a necessity in virtually all indus-

rial and scientific areas, yet finding the optimal solution is computa-

ionally intractable for many of these problems. Thus, we rather focus

n looking for reasonable suboptimal solutions for typical problem in-

tances, normally by means of heuristics. Stochastic Local Search (SLS)

lgorithms [1] , and particularly notable families of them such as Evo-

utionary and Swarm optimization methods [2,3] , can be good choices

o tackle many optimization problems. In these methods, a set of sim-

le entities interact with each other according to simple rules, chang-

ng across iterations and collaboratively constructing and improving so-

utions to the problem under consideration. For instance, in a Genetic

lgorithm [4] , chromosomes (entities) mix with each other and consti-

ute evolving solutions by themselves, whereas in Ant Colony Optimiza-

ion [5,6] some ants (agents) collaboratively draw a candidate solution

a path or set of paths) on a graph while they iteratively traverse it. SLS

euristics in general, and evolutionary and swarm algorithms in partic-

lar, have been applied to a wide variety of domains (see e.g. [7–11] ). 

During the last years, this field has witnessed an explosion of new

ethods which, in some cases, have been motivated mainly by the

eauty of the natural procedure they try to replicate, rather than by

isplaying an actually different behavior guaranteeing new interesting

athematical properties during the search [12] . Given the huge num-

er of parameters and alternative steps each method admits, making a

ew algorithm reach good solutions for a known benchmark (or a sig-
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ificant part of it) is often a matter of using a powerful parameter tuner

13–15] to optimize it for the specific benchmark until it achieves its

est, sometimes over-fitted, results —or even just a matter of a long try-

nd-fail designer time until it works fine (sometimes even by chance,

ometimes just because the modifications made it be roughly equivalent

o other previously known good algorithm) [16] . Many newly proposed

ethods seem to be equivalent to others up to some small changes in

ome algorithm steps, yielding the feeling that we are speaking about a

ort of continuous space of algorithms rather than conceptually different

lgorithms deserving different names. 

Aiming to put some order in this field, some classifications of these

lgorithms based on their morphological structure, natural metaphor,

r basic mechanics have been proposed (see e.g. [1,17,18] ), as well as

ome informally defined generalizations embracing just a few specific al-

orithms (e.g. [19] ) and many surveys describing and comparing meth-

ds (e.g. [20,21] ). Perhaps the framework providing more generality is

he Generalized Local Search Machine (GLSM) [22] , which models SLS

trategies as non-deterministic finite state machines. It illustrates the

un-time behaviour and control of SLS algorithms and provides a mod-

lling tool for hybrid and non-cooperative SLS strategies, although it

s incomplete: it does not represent termination conditions, neighbour-

ood relationships, or the definition of the search space or solution set.

dditionally, some of the extensions proposed by the authors (namely

he ones for cooperative and evolutionary problems) completely alter

he framework, instead of slightly modifying some features. 
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To the best of our knowledge, the literature lacks a fully formal (and

eneral enough) definition of the common and the different parts of SLS

ethods, such that any method can be the result of taking the framework

nd instantiating it in some specific way. Such framework would enable

he definition of new and existing algorithms in a common language,

asing their classification and direct comparison. By using a common

eld language, new methods could be developed via a scientific and

tandardized variation of other known methods, their properties could

e more easily investigated, and the results could be seamlessly classi-

ed and added into the knowledge base. 

In this paper we present a formal language with some fixed struc-

ure and some parametric structure such that all SLS methods we are

ware of can be the result of instantiating the latter according to the

arget method. Note that, since all (standard or variant) SLS methods

re algorithms , any programming language would actually let us imple-

ent all of them. Our language, however, will not pursue the generality

f programming languages but the opposite: having the least generality

nd freedom needed to generalize stochastic local search, in particular

y making the common structure be as large and the parametric one

e as small as possible. This way, the language aims to make all ba-

ic algorithmic elements visible, atomic, and clear for comprehension,

anipulation and testing. 

In order to prove the capability of our general formal model to aid

n the discovery of new non-trivial properties, we will use it to prove a

isheartening meta-property: the general impossibility of checking any

on-trivial property regarding the results of SLS methods. One could

rgue that this impossibility is an obvious consequence of their ran-

omness: since they involve non-deterministic choices, we cannot pre-

ict their result with certainty. However, we will show that their unpre-

ictability lies on deeper reasons far beyond their randomness, as their

ehavior would remain unpredictable even if they behaved in a deter-

inistic way (or, alternatively, even if we knew in advance the results

f all coin flips determining all their random choices during their execu-

ion). In particular, this implies that their behavior cannot be predicted

n general by means of statistics, as they would remain unpredictable

ven in the absence of randomness. 

The key to discover the unpredictability of SLS methods will be prov-

ng that they are Turing-complete. Rice’s theorem [23,24] shows that

etermining if a program written in a Turing-complete language fulfills

 non-trivial property regarding only its observable behavior (i.e. the

elationship between its inputs and its outputs) is undecidable . 1 Our for-

al model will let us prove that SLS methods are Turing-complete in

eneral, so Rice’s theorem will apply to them as well. 2 

One could argue that the Turing-completeness of such methods could

e just a trivial consequence of assuming that they are a too general and

ree concept —or rather the trivial consequence of representing them

ith a too general model . For instance, suppose our general model of SLS

ethods includes a post-processing step which maps the best solution

ound by a particular algorithm upon its termination, along with the

roblem input, into the actual algorithm’s solution to be returned to the

ser. Suppose this post-processing step can be any algorithm. Then, the

uring-completeness would be the trivial consequence of our freedom

o make that step be any algorithm. 3 Quite on the contrary, our proof of
1 By non-trivial we mean fulfilled by neither all programs nor by none. Thus, 

nding out if programs fulfill properties such as e.g. returning 7 for input 5, re- 

urning 7 for some input, computing function 𝑓 ( 𝑥 ) = 2 𝑥 , or halting for all inputs 

s undecidable. 
2 Note that our goal has nothing to do with showing that the result of an 

LS method (i.e. the solution it finds to the problem being solved) can be any 

rogram written in a Turing-complete language (the ideal output in Genetic 

rogramming [25–27] ). Very unrelated to this, we will prove that in general SLS 

ethods are Turing-complete by themselves, i.e. for any recursively enumerable 

unction, they can compute it. 
3 Similarly, by abusing the freedom to define any fitness function, the fitness 

unction itself could be any computable function. 
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uring-completeness will show that we do not need that much freedom

t all —regardless of whether it is actually allowed by the model. In fact,

he Turing-completeness will arise from the intrinsic basic mechanics of

hese algorithms, even if each involved step is defined in an extremely

imple and minimalist way. 

In order to emphasize the fact that the generality of the model is not

ecessary to achieve the Turing-completeness, we will prove the Turing-

ompleteness for a particular instance of our general model representing

 particular SLS method: a Genetic Algorithm (GA). This GA will be

uch that, given a Turing machine to be simulated and its correspond-

ng input, it iteratively constructs individuals representing longer pieces

f the history (i.e. sequence of traversed configurations) of that Turing

achine for that input. The GA will necessarily tend to create such indi-

iduals because correctly enlarging that history with subsequent Turing

achine steps according to the transitions of the machine will increase

heir fitness —although the fitness function will not embed any Turing

achine mechanics and will just check sub-string inclusion. 

Despite the fact that we will show the Turing-completeness of our

eneral model for its GA instantiation in particular, note that the Turing-

ompleteness of a general model is implied by the Turing-completeness

f any of its instances, so this will indeed prove the Turing-completeness

f SLS in general . This does not imply that all particular SLS methods are

uring-complete. Based on our general model, we will also show how

ur proof, developed in the context of the GA instance, can be easily

dapted to other instances representing popular SLS methods, namely

article Swarm Optimization (PSO) [28] and Ant Colony Optimization

ACO) [5,6] . 

The contributions of this paper are the following: 

a) developing the first fully formal model with enough generality to

represent any SLS method we are aware of by instantiating its para-

metric elements, yet keeping the common part of the model as large

as possible; 

b) using the formal model to prove the inherent unpredictability (in

particular, beyond randomness) of stochastic local search methods in

general, which is due to the Turing-completeness of their mechanics

at its most basic level; and 

c) providing a formal proof of the Turing-completeness of GA, as well

as sketching informal proofs for ACO and PSO. 

The rest of the paper is organized as follows. In the next section

e describe our general model of SLS heuristics through its operational

emantics. Section 3 introduces the particular models for GA, PSO, and

CO to exemplify instances of the general form. The proof of the Turing-

ompleteness of GAs (and thus of SLS) is presented in Section 4 , and

e informally discuss how to prove the Turing-completeness of other

nstances of SLS in Section 5 . In Section 6 we present our conclusions

nd lines of future work. 

. General form of stochastic local search 

In order to abstract the common structure of SLS strategies, in this

ection we design a language and a set of operational semantics con-

tituting our General Form of SLS. We claim that Genetic Algorithms,

volution Strategies, Ant Colony Optimization, Iterated Local Search,

tochastic Gradient Descent, Simulated Annealing, Particle Swarm Opti-

ization and every other stochastic local search algorithm we are aware

f are instances of this general operational semantics. 

The decisions on how to formalize the semantics will be heavily in-

pired by the operational semantics of While by Nielson & Nielson [29,

p. 12–14 and 32–36] . More specific semantics will be provided later

or different specific algorithms, but we believe the following seman-

ics are at the lowest abstraction level able to generalize the whole of

LS computation. In the following, we assume that a given algorithm A

eceives a specific instance p of a problem and explores different solu-

ions. The best solution found by the computation is stored in a variable

amed Best . 
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.1. State and syntactic categories 

The State of the computation is a function from variables to val-

es. The relevant variables of the computation constitute the following

uple: 4 

( 𝑃 𝑟𝑜𝑏, 𝑆𝑜𝑙𝑠, 𝐵𝑒𝑠𝑡, 𝐹 𝑃 𝑊 , 𝐸𝑥𝑡𝑟𝑎 ) ∈ Problem × Solution[] ×
olution × F/P/W × Extra 

Since we are aiming to generalize the SLS computational model, the

ategories that define the tuple will be abstract enough to fit any SLS

trategy. However, we shall define what each category represents and

ive a glimpse of its structure in different algorithms. 

State is not a constant function, as the value associated with each

ariable may change during the computation. The letter 𝑠 will represent

n instance of State . We shall write 𝑠 [ 𝐴 ↦ 𝑏 ] to represent a new state

here the value associated to 𝐴 is 𝑏 and every other variable has the

ame value as in the state 𝑠 . 

Next we explain the syntactic categories necessary for SLS computa-

ion: 

Problem must be able to encapsulate the optimization problem that

ur algorithm must solve. Not only the abstract problem (e.g. nonlinear

ptimization, TSP 5 , etc.) but also the concrete instance and parameters

f the problem (e.g. the function to optimize, the graph with edge costs

or TSP, etc.). When Prob ∈ Problem is initialized at the beginning of

he computation, it will determine how the functions required for the

omputation of the problem work. 

Solution is the category that represents possible solutions of the

roblem within the computation. For instance, in a GA Solution would

epresent the codification of the chromosomes; and in an ACO algo-

ithm, Solution would be the data type to store the subgraphs that repre-

ent the paths followed by ants. Solution[] represents a set of instances

f Solution . Thus, Best ∈ Solution will be the variable that represents

he best solution found by the computation and Sols ∈ Solution[] the

et of solutions that are being considered in the current iteration of the

lgorithm. 

The most general category is F/P/W , which stands for Fitness /

heromones / Weights . F/P/W must be general enough to represent ev-

ry variable necessary to guide the search in an SLS algorithm; e.g. in a

warm-based heuristic, FPW ∈ F/P/W would consist of the Weights of

ach individual, its linear moment, etc.; for a GA, FPW would store the

itness of every individual, and in an ACO algorithm the Pheromones

f each path. 

Lastly we introduce the Extra category. It will be used to wrap the pa-

ameters required to define the auxiliary functions needed for the com-

utation, as well as any other variable needed by the specific algorithm

hat is being run. For example, the crossover or mutation rate for a GA

ould belong to this category. Extra will be key to the implementation

f complex heuristics, as it is the default way to carry lateral effects

f computation steps. In hybrid methods, Extra will carry all the nec-

ssary data to transition between heuristics. The functions would read

his information and operate accordingly. 

Additionally, let T [29, p.14] consist of the truth values tt (for true)

nd ff (for false), let Pexp be the syntactic category used to input the

roblem into the computation (an instance of Pexp will be translated

nto its corresponding Problem instance to be processed), let Stm be

he set of statements (semantic blocks) that build the SLS computation

odel, and Algorithm be the set of SLS algorithms. 

We shall also define the meta-variables that will be used to range

ver constructs of our syntactic categories: 

p will range over input problem expressions, Pexp . 
4 Other auxiliary variables such as array indexes and loop counters are not 

eflected here, although they would be necessary for the implementation of SLS 

lgorithms. 
5 Travelling Salesperson Problem: finding the minimally valued route in a 

ositive-valued graph that goes through every single node exactly once. 
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3 
A will range over the set of SLS algorithms, Algorithm . Note that we

re considering the abstract algorithms, which are independent of the

nstance being run or the problem at hand. 

Lastly, S will range over statements, Stm . Also 𝑆 

′, 𝑆 1 and 𝑆 2 will

tand for statements. 

We assume that the structure for Pexp constructs is given elsewhere

s it is not relevant for the computation. However, the structure for Stm

onstructs is indeed relevant and hereby presented: 

 ∶= 𝑆 1 ; 𝑆 2 |setProb ( 𝑝 ) |generate |nextGen |evaluate |stop |compute ( 𝑝 ) 
We use compute( p ) to start the execution of our given algorithm

 by running setProb( p ) , which translates the problem from Pexp

o Problem and then calls generate to create the original set of can-

idate solutions, evaluate to rate them, and stop to decide whether

he algorithm has finished or if the process must be iterated by calling

extGen , which generates a new set of solutions with the acquired SLS

nowledge. 

The meaning of the statements is further detailed by the following

unctions and rules. 

.2. Auxiliary functions 

Before we begin to introduce the auxiliary functions that will help us

efine how the state varies during the computation, let us introduce the

ollowing notation: Let Space be any space relevant to the computation

here variables or syntactic constructs may range (e.g. F/P/W ) and let

pace not be Extra ; then, we define Space ∗ as Space × Extra . 

Since any step of the computation and any change of the state may

nvolve a change in Extra for at least some SLS algorithm, we note that

very one of the following functions can also alter the value of Extra .

ext we present the functions: 

• ( ℂ ) � 𝐴 � ∶ 𝐀𝐥𝐠𝐨𝐫 𝐢𝐭 𝐡𝐦 ⟶ 𝐄𝐱𝐭 𝐫 𝐚 . This is the function that takes an in-

stance A of Algorithm and starts the computation by initializing

every parameter and variable needed by the heuristic. 

• � 𝑝 � 𝑠 ∶ 𝐏𝐞𝐱𝐩 × 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 ∗ . This is the semantic function

for Pexp that translates the problem from the input form to the com-

puting form that can be stored as a variable value. The previous state

of the computation is used to adapt the problem to the algorithm that

is being run. 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . This function uses the value of Prob

given by the state 𝑠 to generate a new random value for Sols con-

cordant to the problem stored. 

•  ext �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . It uses the values of Prob, Sols , and

FPW given by the state 𝑠 to stochastically compute the new value

for Sols , using the information obtained by the previous iterations of

the algorithm, and in such a way that the solutions are concordant

to the problem. 

•  eval �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐅 ∕ 𝐏 ∕ 𝐖 ∗ . It uses the values of Prob, Sols , and

FPW given by the state 𝑠 to compute the new value for FPW , deter-

mined by the problem stored and the information obtained by the

previous iterations of the algorithm. 

•  eval �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 ∗ . It uses the values of Prob, Sols, Best ,

and FPW given by the state 𝑠 to compute the new value for Best ,

which is the best solution found so far. 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐓 . This is the stop criterium function. It analyses

the whole state and returns tt if the stop criteria has been met and

ff if it has not. 

Since this is an abstraction of the SLS computation model, different

LS algorithms will implement these functions differently. Just to give

n example, let us consider two GAs: the first one returns the value of

he best individual of the last generation, and the second one the best

ndividual amongst all generations. The former has a  eval �� 𝑠 function

hat ignores Best , whereas the latter does consider it in every generation.

imilarly, the parameters of the algorithm directly affect most of these

unctions. 
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Fig. 1. Operational semantics for the General Form. 
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Readers should also be aware that many of these functions, specially

 eval �� 𝑠 ,  eval �� 𝑠 and  �� 𝑠 , could be overloaded with daemon actions

uch as local search phases, automatic parameter modifications, and

ther mechanisms to improve solutions. For the sake of generality and

otation simplicity, no terms or functions are given to specifically denote

aemon actions in our design, as they can be easily integrated within

he other elements of the language. 

.3. Rules 

Finally, we introduce the rules of our SLS computation model

n its General Form. The execution begins at an initial state s with

he [ compute ] rule by inputting the problem p as a parameter:

compute( 𝑝 ) , 𝑠 ⟩. 
The values of the initial state s are not relevant, as they will be

hanged by the input problem and no previous information will affect

he computation in any way. 

We introduce a special notation in the same way as we did for defin-

ng the functions. Let Var be any variable of State other than Extra . We

efine Var ∗ as Variable × Extra . 

As usual in operational semantics, the meaning of the statements is

pecified by a transition system with two kinds of configurations: 

• ⟨𝑆, 𝑠 ⟩ represents that the statement 𝑆 is to be executed from the state

𝑠 . 

• 𝑠 represents a terminal state. These final states often come in the

𝑠 [ 𝐴 ↦ 𝑏 ] notation. 

A valid transition from configuration 𝛼 to configuration 𝛽 is repre-

ented by 𝛼 ⇒ 𝛽. The transition rule 
𝛼⇒𝛽

𝛾⇒𝛿
indicates that we can only

ransition from configuration 𝛾 to configuration 𝛿 if a valid transition

rom 𝛼 to 𝛽 can be made. 

The rules for the General Form are defined in Fig. 1 and have the

ollowing purposes: [ comp ] rules allow to concatenate instructions car-

ying on the state modifications; [ set problem ] loads the instance to run

nto the state of the computation; [ generate ] , [ next generation ] , and

 evaluate ] run their corresponding statements to generate the initial so-

utions, the following generation, and evaluating the fitness of their gen-

ration, respectively; and the [ stop ] rules either finish the computation

nd return the final state or trigger the next iteration of the process,
4 
epending on the evaluation of the stop function at the current state.

inally [ compute ] is the first rule we apply to start the computation,

nd all the others are applied as we unravel it. 

. GAs, PSO & ACO As instances of the general form 

Instances of the General Form for particular algorithms (GA, ACO,

SO) are introduced in this section. 

.1. Genetic algorithms 

Now that the general model has been presented, more detailed se-

antics, based on it, will be provided for genetic algorithms. The goal

s now to showcase the structure of the computation of genetic algo-

ithms while keeping the semantics general enough to be applied to

articular instances of the genetic algorithms (i.e. different variants of

A). The representation of the chromosomes, selection method, muta-

ion rate, stop criteria, and other particularities of the genetic algorithm

nstance should not be relevant to the semantics. This semantics is gen-

ral enough to cover degenerated instances of the genetic algorithm such

s e.g. evolutionary strategies, where the selection and crossover steps

re trivial. 

The statements and functions added to this semantics are meant to

how the importance of sequentially modifying a set of individuals to

uide the search. The memory of genetic algorithms resides on its pop-

lation, as fitness values of a generation are no longer relevant after the

reation of the next generation. 

The State is defined as in the General Form. However, some syntac-

ic categories can be further specified. In this case, Solution will rep-

esent the codification of a single chromosome and Solution[] a set of

nstances of Solution . Thus, Best ∈ Solution will be the fittest chromo-

ome found by the computation and Sols ∈ Solution[] the current gen-

ration together with every other solution needed to compute crossovers

nd mutations. Also, FPW ∈ F/P/W now consists of the fitness of every

ndividual (which must be recomputed for every generation). 

We will use the same meta-variables of the General Form, the only

ifference being the structure for Stm constructs: 

𝑆 ∶= 𝑆 1 ; 𝑆 2 |setProb ( 𝑝 ) |generate |select |cross |mutate |nextGen |
valuate |stop |compute ( 𝑝 ) 
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Fig. 2. Instantiation of the operational semantics for Genetic Algorithms. 
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Fig. 3. Instantiation of the operational semantics for Ant Colony Optimization. 
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Three new statements ( select , cross , and mutate ) are con-

idered to structure the process that was previously abstracted by

extGen in a single step. This showcases how the evolution is per-

ormed in GAs: fitness-biased selection of individuals to cross over, gen-

ration of new individuals, and mutation of the population. The mean-

ng of the statements is further specified by the following functions and

ules. 

• �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . This uses the values of Prob, Sols , and

FPW given by the state 𝑠 to compute the new value of Sols consist-

ing of the individuals of the previous generation selected for the

crossover stage. 

• �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . It uses the values of Prob, Sols , and FPW

given by the state 𝑠 to compute the new value of Sols , which is de-

termined by a combination of the result of the crossover operation

applied to the selected individuals and some of the original individ-

uals. 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . It uses the values of Prob, Sols , and

FPW given by the state 𝑠 to compute the new value of Sols consisting

of the individuals already present in Sols after modifying (mutating)

some of them. 

Since this is an abstraction of the genetic algorithm computation

odel, different genetic algorithms will implement these functions dif-

erently. For instance, consider a GA with elitism where, in each gen-

ration, some of the individuals will be selected as the elite by �� 𝑠 ;

he �� 𝑠 operation will force them into the next value of Sols and  �� 𝑠 
ill not modify them. On the contrary, in an elite-less GA every indi-

idual will be subject to modifications by �� 𝑠 or  �� 𝑠 , and may not

e selected by �� 𝑠 . The definitions of the other functions used in the

ollowing rules remain unmodified with respect to the General Form. 

To complete the semantics, we take the rules from the General Form

nd modify them by redefining one rule ( [ next generation ] ) and adding

hree new ones: [ selection ] , [ crossover ] , and [ mutation ] are introduced

o represent the corresponding namesake stages where a GA performs

ts population transformations in each generation. The changes over the

perational semantics of the General Form are presented in Fig. 2 . 

.2. Ant colony optimization 

In this section we particularize the operational semantics from the

eneral Form to represent Ant Colony Optimization algorithms. ACO

lgorithms generate a completely new population on each generation.

owever, the previous iterations influence how the new generation is

reated. We may, therefore, establish that the memory of ACO resides

n the pheromones rather than on the individuals. 

For this model, the State is also defined as it was in the General

orm, although some of the syntactic categories are further specified as

ollows. 

Problem is basically as described in the General Form. The only

ariation is that now we are dealing with some form of optimal routing

earch in a graph, so it will at least represent the graph of the problem

s well as other relevant data for the computation. 
5 
Solution is the category that represents possible solutions of the con-

idered route finding problem, so it is a data type to store ordered sub-

raphs. These subgraphs are formed from the paths taken by ants. Note

hat sometimes the best solution may be the composition of paths tra-

ersed by several different ants. Solution[] represents a set of instances

f Solution . Thus, Best ∈ Solution will be the most efficient subgraph

ound by the computation and Sols ∈ Solution[] the set of subgraphs

enerated and simulated by ants in the current iteration of the algo-

ithm. 

The core of F/P/W will be the representation of the pheromones

ropped by the ants of previous iterations. Thus, FPW ∈ F/P/W will

tore optimality values for more than one iteration. Additionally, it will

epresent any performance-based parameters needed for the computa-

ion of auxiliary functions. Of course, the pheromone values do not

eed to be scalar, and vectors are a natural way to implement multi-

heromone ACO heuristics [30] . 

We will use the same meta-variables of the General Form, the only

ifference being the structure for Stm constructs, now given by: 

𝑆 ∶= 𝑆 1 ; 𝑆 2 |setProb ( 𝑝 ) |generate |nextGen |simulate |evaluate |
top |compute ( 𝑝 ) 

In this case, the only new statement is simulate . This decision is

ade to highlight the relevance of the fitness evaluation for these meth-

ds. Although the generation of new individuals is pheromone-biased

nd relatively simple, it is in the fitness evaluation of the chosen paths

simulation) where pheromones are dropped for the following genera-

ion. To make use of this statement, we introduce the [ simulate ] rule

nd modify [ evaluate ] to include the simulation step. 

The list of functions remains unchanged from the General Form, but

heir specifications are worth noting: 

•  ext �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . This uses the values of Prob and

FPW given by the state 𝑠 to compute the new value of Sols deter-

mined by the stored problem and the information obtained by the

previous iterations of the algorithm (except for the first iteration).

Note that Sols is no longer relevant for this function. 

•  eval �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐅 ∕ 𝐏 ∕ 𝐖 ∗ . It is as seen in the General Form, al-

though in this particular case this function carries out two differ-

ent tasks: computing the fitness of every ant in Sols and storing the

pheromones dropped by it. 

Again, different ant colony algorithms may implement these func-

ions differently; e.g.:  eval �� 𝑠 could consider solutions not present in

ols , such as the densest pheromone path, as potential best solutions.

inally, the rules for Ant Colony Optimization are the same as the

nes of the General Form with the modifications mentioned to include

imulate , as shown in Fig. 3 . 

.3. Particle swarm optimization 

The last particularization of the operational semantics for SLS com-

utation we present in this paper is the operational semantics for Particle

warm Optimization algorithms. 

In PSO individuals of the solution population move around the

earch space trying to find the optimal solution. This process is simi-

ar to that of GAs, since we can see each movement as a new generation

f solutions generated after the previous population by following a set

f rules. However, the way the new positions of the particles are com-

uted is structurally different from that of GAs. Again, the memory of
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Fig. 4. Instantiation of the operational semantics for Particle Swarm Optimiza- 

tion. 
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SO lies on the individuals and not so much on the weights that have to

e recalculated on each generation. Thus, this is an interesting example

o illustrate how the same philosophy of GAs can be implemented in a

ifferent computational model and still have its operational semantics

ncluded in our General Form of SLS computation. 

The State is defined as it was in the General Form, although some

yntactic categories are further specified as follows. 

In this case, Solution represents the position, direction, and speed

f a particle in the search space, and Solution[] represents a set of

olution particles. Thus, Best ∈ Solution will consist of the optimal

oint found by the computation so far (ignoring its momentum) and

ols ∈ Solution[] will give the current position and momentum of each

article of the swarm. 

The F/P/W category represents every variable necessary to direct

he search in the SLS scheme. FPW ∈ F/P/W now consists of the fitness-

ased weights of every particle (which must be recomputed in every

eneration). 

We will use the same meta-variables of the General Form, the only

ifference being the structure for Stm constructs, now given by: 

𝑆 ∶= 𝑆 1 ; 𝑆 2 |setProb ( 𝑝 ) |generate |divert |aim |move |nextGen |
valuate |stop |compute ( 𝑝 ) 

Stm is changed in a similar fashion as it was for GA: divert , aim ,
nd move are introduced to detail the way in which nextGen works.

irst, divert introduces a random influence in the future movement,

hen aim targets the movement towards the objective, and finally move
ombines those two forces to set the new position of the particle. 

The order of divert and aim statements is actually interchange-

ble for the computation, but for the functions and rules that follow, we

ill assume that divert precedes aim in every iteration. To make use

f these statements, we will add their namesake rules. Similarly as for

A, additional functions are required: 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . This function uses the values of Prob

given by the state 𝑠 to compute new random momentum values for

Sols while not changing any positions. These momentum changes are

called diversions. 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . It uses the values of Prob, Sols , and

FPW given by the state 𝑠 to compute attractions between particles

of Sols , then merges this attraction with the momentum values ob-

tained by  �� 𝑠 and sets a new momentum value for each particle in

Sols . 

•  �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 [] ∗ . It uses the values of Sols given by the

state 𝑠 to compute the new positions of every particle in Sols based

on its previous position and momentum (direction and speed). 

•  eval �� 𝑠 ∶ 𝐒𝐭 𝐚𝐭 𝐞 ⟶ 𝐅 ∕ 𝐏 ∕ 𝐖 ∗ . This is as seen in the General Form

although, in this particular case, the function computes and updates

the fitness values of the individuals based on their position inside

the search space. The fitness of every particle determines its weight

for the attraction stage. 

Once more, different particle swarm algorithms may implement

hese functions differently. For example, different neighbourhood

opologies [31] would yield different  �� 𝑠 and  �� 𝑠 functions. Simi-

arly as in the previous instances, the list of rules for PSO adds new ones

o showcase the stages of the computation in each iteration, as well as

 modification in [ next generation ] to introduce them, as it is depicted

n Fig. 4 . 

The previous three examples (GA, ACO, PSO) are illustrative of the

ower of the General Form semantics to model the semantic behavior

f different algorithms of stochastic local search. We will use them to

rove a significant semantic property: the Turing-completeness of SLS

trategies in general. In the next section, we will prove this property

hrough one of the instances of our SLS model. 

Note that, given that Turing-completeness, any algorithm of any kind

not just SLS) can be emulated by our SLS model —if properly codified

s input of the SLS instance proved to be Turing-complete. We trivially

nfer that, in particular, any SLS algorithm can be codified into and em-
6 
lated by our SLS model. Yet the purpose of our SLS model is not just to

nable the representation of any SLS method, but also doing so through

 natural use of the model parameters. The model instances defined in

he previous sections for GA, ACO, and PSO illustrate this capability, and

imilarly natural instances can be created for variants of these methods

nd others. 

We already mentioned how the framework could deal with PSO algo-

ithms with different neighbourhood relationships, as well as with multi-

heronome ACO algorithms. Clearly, algorithms originally designed as

 modification of others are expected to be defined in a similar way (e.g.

iver Formation Dynamics (RFD) [32] could be defined in a very similar

ay as ACO). 

Many popular algorithm variations are easy to define as well. For in-

tance, for multi-population algorithms [33] , a population identifier can

e added as a parameter for individuals and be handled by the differ-

nt functions. For multi-modal or multi-objective optimization [34–36] ,

𝑒𝑠𝑡 may easily become a vector, and  eval �� 𝑠 can manage the identi-

cation of different objectives. In co-evolutionary algorithms [37] , we

ould borrow the previous techniques to handle multi-population, and

𝑥𝑡𝑟𝑎 could include the structures needed to manage the global fit-

ess of the model. Similar techniques can also cover the instantiation

f decomposition-based strategies [38] . Some trajectory-based heuris-

ics such as Simulated Annealing [39] or Iterated Local Search require

 single individual population. Our General Form also accommodates

echniques to handle constrained optimization problems [40] , in partic-

lar by including penalization or blacklisting parameters into  eval �� 𝑠 
independently of the heuristic being instanced). 

Of course, these techniques for the mentioned heuristics are not the

nly ways to instantiate our framework —they are just an illustration of

ts versatility. As a final example, consider the SEMO, FEMO, and GEMO

ulti-objective algorithms presented in [36] : All of them keep a popula-

ion of Pareto optimal individuals, therefore making 𝐵𝑒𝑠𝑡 = 𝑆𝑜𝑙𝑠 at the

nd of each iteration. Here we see how having 𝐵𝑒𝑠𝑡 be a vector eas-

ly accommodates for multi-objective optimization. We can also divide

he “next generation ” stage of these methods in two steps: selection and

utation. Since the three algorithms only differ in which individuals

re mutated, their instantiation would be the same except for a slightly

ifferent  �� 𝑠 function. This way our model captures their common

eneral structure while adapting for their particularities. 

. Turing-completeness of stochastic local search heuristics 

In this section we prove the Turing-completeness of SLS computa-

ion, which means that any program that can run on a Turing Machine

TM) can also be run by launching an SLS strategy. We achieve this by

roving the Turing-completeness of an instance of these strategies: ge-

etic algorithms. As far as we know, this property has not been proved

efore and has serious implications for the investigation of semantic

roperties. Note that the convergence of some SLS methods has been

tudied in the literature under specific conditions and configuration set-

ings (see e.g. [41–46] ). Due to the Turing-completeness of SLS methods

nd Rice’s theorem, we conclude that very strong and exceptional hy-

otheses will be required, in general, to achieve this kind of semantic
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nowledge —in the same way as proving that a program produces its ex-

ected outputs is undecidable in general, but it can be proved for some

ubsets of programs if we heavily constrain their form in some way (e.g.

rograms with restricted loop structures or no loops at all). 

Introducing strong constraints can let us reason about desirable se-

antic properties in some SLS settings; e.g. polynomial-time approxima-

ion to maximizing submodular functions [47,48] or convergence of SA

o the global optimum under strong ergodicity [42] . However, restric-

ions on the expressivity of the method (when viewed as a computation

odel) will always come with them. Turing-completeness also disables

n general the use of Statistics to predict the behavior of SLS methods.

ven if we defined a GA that simulated a universal Turing machine, run

t for many instances and calculated its average outputs or execution

imes; this would not tell us anything about what to expect, in general,

f the same GA were run for new untested instances. It would be equiv-

lent to trying to predict the behavior of a C++ program for all inputs

ust by observing what it does for some and calculating the average of its

utputs or execution times. Statistics are, however, very useful indeed

or the analysis of SLS methods when additional constraints do limit

heir scope. 

Note that proving the Turing-completeness of GAs has nothing to do

ith the Turing-completeness of the solutions constructed by some GAs

such as some GAs dealing with Genetic Programming [25–27] ). It con-

ists in showing the existence of a GA which can simulate any program

or technically, Turing machine) for any input it could receive. That is,

hen the initial configuration of that GA codifies that Turing machine

nd its input in some form, the final solution of the GA provides the

utput of that Turing machine for that input. 

Achieving Turing-completeness requires representing all the internal

emory of a program no matter how much it grows. Therefore chromo-

omes will be required to grow arbitrarily in the GA constructed for our

roof, like they do in GA domains such as e.g. Genetic Programming

hen no size bounds are set. Given the way GAs behave exactly like

rograms in our proof, constraining the sizes of chromosomes would

ot make GAs easy to predict though, in the same way as predicting the

utput of programs using only a polynomial amount of memory, or exe-

uting only for an exponential number of steps, is decidable but PSPACE-

ard (and thus, intractable if P ≠PSPACE) or EXPTIME-hard (and hence

ntractable in any case) respectively. 

Note that if a computation model includes some component allowed

o be any program then the model will very probably be Turing-complete.

e could argue that GAs are general enough to let some components,

uch as its fitness function, be any program. If achieving the Turing-

ompleteness required exploiting that total freedom to define some com-

onent in any way, then one could wonder if the Turing-completeness

xists only for GAs with that high level of sophistication. Were that the

ase, many categories of simpler but widely used GAs could be non-

uring-complete and easily predictable, giving the Turing-completeness

f GAs in general a marginal impact in practice. Quite on the contrary,

ur proof will show that GAs are Turing-complete even when all their

omponents are defined in remarkably simple ways. In particular, the fit-

ess function will just check for substring inclusion. This simplicity will

how that, if we wished to define a particular category of non-Turing-

omplete and efficiently-predictable GAs by constraining the way GA

omponents are defined, then constraints would be so strong as to nearly

ullify the resulting category. 

.1. Proving the Turing-completeness of genetic algorithms 

In this section we prove the Turing-completeness of GA by construct-

ng a GA capable of simulating any given Turing Machine for any given

nput, i.e. a GA being universal for Turing machines. Technically, we

ill present a GA that solves the problem of finding the complete com-

utation history (i.e. sequence of all configurations iteratively reached

uring the computation) of any given Turing machine for any given in-
7 
ut. Before we begin with the description of this GA, we introduce some

efinitions and results that will help us build it. 

Let 𝑀 = ( 𝑄, Σ, Γ, 𝛿, 𝑞 0 , 𝐵, 𝐹 ) be a Turing Machine (TM) as defined in

49, p. 327] , that is: 𝑄 is the set of states; Σ is the input alphabet; Γ is

he tape alphabet; 𝛿 is the transition function; 𝑞 0 ∈ 𝑄 is the initial state;

 ∈ Γ is the blank symbol; and 𝐹 ⊆ 𝑄 is the set of final states (accept-

ng states). The Post Correspondence Problem (PCP) consists in, given a

nite set 𝑊 of pairs ( 𝑎, 𝑏 ) of finite strings, finding out if, for some finite

equence of pairs (where there may be several occurrences of the same

air), the string obtained by consecutively reading the first components

f the pairs and the string read on the second ones coincide. The Modi-

ed Post Correspondence Problem (MPCP) adds the constraint that the

rst pair of the sequence is fixed. In order to show the undecidability

f MPCP, in [49, pp. 401–412] any pair ( 𝑀, 𝑤 ) , where 𝑀 is any Turing

achine and 𝑤 ∈ Σ∗ is its input, is mapped into a set of MPCP pairs 𝑇 

uch that 𝑀 halts for 𝑤 iff the answer of MPCP for 𝑇 is yes. We will use

his deterministically generated finite set 𝑇 of pairs in our construction

ext. 

This set of pairs 𝑇 can only be generated if the TM never moves left

rom the initial position and never writes blanks. Luckily, for every TM

here is an equivalent TM with these restrictions [49] . Given the way

 is constructed, we will have a pair to represent the initial state and

nput of ( 𝑀, 𝑤 ) , a closing pair to represent the end of the computation,

airs to represent the accepting states 𝑞 𝑓 of 𝑀 and that will simulate

he consumption of every symbol in the tape, a ( 𝑥, 𝑥 ) pair for each 𝑥 ∈
, a (# , #) pair for the separator symbol # (these symbols separate the

epresentation of each full TM configuration from the one reached in

he next computation step), and a pair to represent every transition in

. Furthermore, if the first pair of a MPCP partial solution is the one

hat represents the initial state of the machine, then there is one and

nly one pair 𝑡 ∈ 𝑇 able to extend that partial solution. This allows the

xtension of the partial solution to effectively emulate the computation

f ( 𝑀, 𝑤 ) . 
In order to prove the undecidability of PCP, in [49] the halting prob-

em for Turing machines is reduced to MPCP, and MPCP is reduced

o PCP. Thus, if PCP were decidable, so would be the halting problem

which is undecidable). As mentioned before, this proof uses the pairs

n 𝑇 to establish that MPCP has a solution if and only if 𝑀 stops with

 as its input. Moreover, the shortest possible solution for MPCP will

epresent the complete computation history of 𝑀 for input 𝑤 . 

With these ingredients, we can design a GA that tries to solve MPCP

or input 𝑇 by sequentially finding the next pair (the next step of the

omputation) until MPCP is solved. We will prove that, for every com-

utation step of the represented TM, our GA converges to the next step

f the computation. This means that the GA can successfully emulate

he behavior and tape status of every possible ( 𝑀, 𝑤 ) tuple. 

The idea is that this GA will mimic the way genetic programming

uilds structured individuals (in this case just linearly structured, i.e.

equences with different sizes) in order to design an individual that ar-

anges the pairs 𝑡 𝑖 from 𝑇 into incremental partial solutions of MPCP

ntil a complete solution is found. We will employ the operational se-

antics for GAs to describe this algorithm. Its population will consist

f just one individual. This individual is represented as a sequence of

lements we will call tiles , and we should interpret 𝑡𝑖𝑙𝑒 𝑖 as the compu-

ational representation of 𝑡 𝑖 ∈ 𝑇 (i.e. the representation of 𝑡 𝑖 in the GA

omain). 

The fitness function always returns the number of correctly ar-

anged tiles and stores the best partial solution found so far (return-

ng this solution is necessary only at the end of the computation).

oth the selection and crossover stages are unnecessary and will not

hange anything in the individuals. The changes from the mutation

tage only affect the end of the tile sequence of the individual, i.e. the

nd of the program execution history the GA is building: if the last

ile is incorrect, then it is substituted by another random one; if it is

orrect, then a new random one is added afterwards, expanding the

equence. 
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With these elements we can guarantee, for every execution step, that

he GA will always have convergence in probability to add the next cor-

ect execution step. However, by introducing a blacklist of tiles via Ex-

ra to filter the ones already discarded in the current step of the MPCP,

e can guarantee regular convergence. In order to accelerate the con-

ergence of the implementation, the special pair of 𝑇 denoting the be-

inning of the sequence may have its corresponding tile removed from

hose that can be randomly added to the individual. Finally, the GA will

nly stop when the tile for the closing pair has been placed correctly. 

Note that this is an extremely simple GA, in particular with a single

ndividual population that only varies via mutation. This makes it akin

o simple trajectory-based methods like Simulated Annealing (SA) or

terated Local Search (ILS). 

Now we define the data structures (not to be confused with the ac-

ual GA variables being instances of them; boldface and italics are used,

espectively, to distinguish them) and the functions used in our opera-

ional semantics: 

ata Structures 

• Tile is a pair of strings. It is used to represent pairs 𝑡 𝑖 ∈ 𝑇 . 

• Problem is an array of elements of type Tile and an integer, which

represent the set 𝑇 of pairs in the MPCP codification of the input

( 𝑀, 𝑤 ) and |𝑇 | respectively. 

• Solution consists of a linked list of Tile elements, which represents

an ordered arrangement of the pairs that code the instance of MPCP.

• F/P/W is just one integer. It counts the number of correct tiles

chained so far in the only element of Sols . 

• Extra is an array of Boolean values. It represents a blacklist of tiles

that resets every time a new correct one is added to the partial so-

lution, and filters out the incorrect ones tried so far for the current

iteration. 

unction Definitions 

• ( ℂ ) � 𝐴 � returns an instance of Extra with every value set to true. 

• � 𝑝 � 𝑠 processes ( 𝑀, 𝑤 ) to create 𝑇 as in [49, pp. 401–412] , then

codes every pair in 𝑇 as instances of Tile and gives a Problem in-

stance with the initial tile in the first position of the array, the closing

tile in the second position and all the others in the next |𝑇 | − 2 po-

sitions. The integer value of Problem is set to |𝑇 |. 

•  �� 𝑠 gives a linked list with 2 elements, the first one is the first el-

ement of the array Prob 6 , and the second one is chosen randomly

among all other positions of Prob with index lower than the integer

stored. It also returns an instance of Extra equal to Extra with the

corresponding position set to false. 

• �� 𝑠 always returns the only element in Sols and Extra . 

• �� 𝑠 always returns the only element in Sols and Extra . 

•  �� 𝑠 is defined as follows. If FPW equals the number of tiles in Best ,

then it appends a new random tile from Prob (with index 𝑖 ∈ [1 , 𝑁 −
1] , where 𝑁 is the stored integer, and the first index of the array is

0), and then returns the augmented list of tiles and an instance of

Extra with every value set to true except for the value with index 𝑖

(this resets the blacklist). 

Otherwise, a new tile from Prob is chosen randomly with index 𝑖 ∈
[1 , 𝑁 − 1] where 𝐸𝑥𝑡𝑟𝑎 [ 𝑖 ] is true. The returned values are a linked

list of tiles consisting of a modified version of Best with 𝑃 𝑟𝑜𝑏 [ 𝑖 ] at

the end, and an instance of Extra equal to Extra except for the value

with index 𝑖 , which is set to false. 

•  eval �� 𝑠 concatenates all the strings from the tiles of Sols into two

strings 𝑎 and 𝑏 , where 𝑎 is the concatenation of the first elements of

each tile in the order given by Sols and 𝑏 is analogous for the second

elements. 

If FPW has not been initialized but 𝑏 cannot be expressed as 𝑎 fol-

lowed by other symbols, then the function returns 1 and Extra . 
6 The representation of the problem to solve, in this case the list of all MPCP 

iles. 

t

 

w  

8 
If FPW has not been initialized and 𝑏 can be expressed as 𝑎 followed

by other symbols, then the function returns 2 and an instance of

Extra with every element set to true. 

Otherwise, the function returns FPW and Extra if 𝑏 cannot be ex-

pressed as 𝑎 followed by other characters, and returns 𝐹 𝑃 𝑊 + 1 and

an instance of Extra with every element set to true if it can. 

•  eval �� 𝑠 returns the first FPW tiles of Sols linked in the same order. 

•  �� 𝑠 only stops if the number of tiles in Best equals FPW and the

last tile of Best equals 𝑃 𝑟𝑜𝑏 [1] (the closing tile as defined in � 𝑝 � 𝑠 ). 

roof of Turing-completeness 

heorem 1. There is a genetic algorithm that, given any Turing Machine

and any input 𝑤 , is able to simulate every step of the computation of 𝑀

or 𝑤 . Thus, genetic algorithms are Turing-complete. 

roof. To prove this result, we will consider the GA described above

nd use induction over the number of computed steps. Let 𝑎 be the con-

atenation of the first elements of each tile in 𝐵𝑒𝑠𝑡 respecting their order,

 the concatenation of the second elements and let 𝑎 𝑖 , 𝑏 𝑖 be the strings

etween the ( 𝑖 − 1) -th and the ( 𝑖 ) -th separators # in 𝑎 and 𝑏 respectively.

The induction hypothesis (IH) will be the following: if a computa-

ion of ( 𝑀, 𝑤 ) takes 𝑛 transitions then, at some point, 𝑏 will have 𝑛 + 2
eparators # , no more symbols after the ( 𝑛 + 2) -th separator, and each

 𝑖 ⊂ 𝑏 will correctly represent the state, pointer, and tape of 𝑀 after 𝑖

omputation steps. 

Induction Basis: For 𝑛 = 0 we have to prove that, at some point,

𝑏 0 ⊂ 𝑏 such that 𝑏 0 represents the original configuration of ( 𝑀, 𝑤 ) . This

s granted after the first evaluation, since the first tile of the chromosome

s determined to be the first pair of the MPCP by the algorithm. 

Induction Step: For 𝑛 = 𝑘 + 1 we use the (IH) and see how the al-

orithm behaves at that point in time. 𝑏 𝑘 is a string with a finite set

f symbols. The construction of the pair set 𝑇 seen in [49, pp. 401–

12] implies that one and only one tile can augment a partial solution

f MPCP. Also, there are no tiles whose first or second elements contain

 symbols. 

Thus, if the described GA always finds the next tile to augment its

urrent partial solution stored in 𝐵𝑒𝑠𝑡 , then after adding |𝑏 𝑘 | + 1 tiles

where |𝑏 𝑘 | is the number of symbols present in string 𝑏 𝑘 ) we will have

dded at least one more separator to 𝑎 (to match the one present in 𝑏 ),

hich implies adding it to 𝑏 , since the only tiles that have a separator

re (# , #) and ( 𝑞 𝑓 ## , #) . 
All that remains to be proved is that the added tiles have correctly

omputed 𝑏 𝑘 , and that the described GA always finds the next tile to

ugment 𝐵𝑒𝑠𝑡 . The first property is given in [49, pp. 401–412] , whereas

he second one is proved in the following lemma. 

emma 1. The GA described above always finds the next tile to augment

ts current partial solution stored in 𝐵𝑒𝑠𝑡 . 

roof. The construction of 𝑇 implies that, for every partial solution 𝑐

f the MPCP instance, there exists one and only one 𝑡 𝑖 ∈ 𝑇 such that 𝑐

ollowed by 𝑡 𝑖 is also a partial solution [49, pp. 401–412] . By applying

his property to 𝐵𝑒𝑠𝑡 once it has been initialized, we get that there is

ne and only one Prob [ 𝑖 ] ∈ Prob such that the concatenation of 𝐵𝑒𝑠𝑡 and

rob [ 𝑖 ] is also a partial solution. 

The mutation step chooses a random, not initial, and not blacklisted

ile from Prob . In the first iteration after modifying 𝐵𝑒𝑠𝑡 , the probability

f choosing the correct tile is 1 
|𝑃 𝑟𝑜𝑏 |−1 . The divisor decreases by one unit

or every blacklisted tile, and each erroneous choice blacklists one tile.

n the worst case scenario, after |𝑃 𝑟𝑜𝑏 | − 2 iterations the probability of

hoosing the right tile is 1. □

This completes the proof of the induction step. Thus, we have proved

hat the described GA can correctly emulate every step of the computa-

ion of any given ( 𝑀, 𝑤 ) . □

Analogously, it can be proved that our GA halts iff ( 𝑀, 𝑤 ) does,

hich makes the Halting Problem undecidable for SLS computation in
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eneral; but this is much simpler to prove by directly applying the prop-

rties of 𝑇 as follows. If ( 𝑀, 𝑤 ) halts, then a tile that represents an ac-

epting state in its first string will be added to our partial solution. If this

s a ( 𝑞 𝑓 ## , #) tile, then  �� 𝑠 will return tt and our GA will halt. If it is

ot that kind of tile, then the GA will keep on adding tiles that eliminate

he symbols of the tape like ( 𝑋𝑞 𝑓 , 𝑞 𝑓 ) , ( 𝑋𝑞 𝑓 𝑌 , 𝑞 𝑓 ) , or ( 𝑞 𝑓 𝑌 , 𝑞 𝑓 ) until the

nly viable option is a ( 𝑞 𝑓 ## , #) tile. A more detailed explanation of this

limination process can be seen in [49, pp. 401–412] . 

It is worth noting that the proposed universal GA is particularly sim-

le. Essentially, it lies in just two key ideas: (a) when the mutation oper-

tor changes a chromosome (the only one in the population), it just mod-

fies its ending part, which is replaced or expanded by some sequence

andomly taken from a given finite set of possible sequences (the tiles);

nd (b) the fitness function, as well as the condition to decide between

eplacing or expanding in (a), just checks if some sequence is a prefix of

nother one and for how long. The mechanics of this GA are particularly

imple, and by no means they embed the internals of the behavior of a

M (tape, pointer moves, states, etc.). The TM to be simulated by the

A is actually received in the form of the finite set mentioned in (a).

ote that using any Universal Turing Machine (UTM) 7 requires receiv-

ng the TM to be simulated by it codified into some arbitrary notation,

nd similarly, simulating any TM with our GA requires receiving the

M codified into an appropriate notation, in particular that finite set

entioned in (a). Although this set can be manually defined for each

imulation case, there is actually an automatic way to obtain it from

 TM defined with its most typical notation: converting it into a set of

PCP tiles as described in [49] . 

Note that we could trivially make a deterministic universal GA from

ur GA by removing its randomness. We could do it just by making the

A try the different tiles to be added to the chromosome in any arbitrary

eterministic order, instead of randomly (the blacklist could be trivially

sed to know which tile must be tried next). 

Finally, we show that a more memory-efficient (but less simple) im-

lementation can be created by eliminating from Sols those tiles whose

nformation is no longer relevant to the evolution of the solution. If

ome symbols on the first parts of the tiles have already been completely

atched in the concatenation of the second parts, then they no longer

rovide information to determine the next tile to be appended to Sols .

oreover, if a symbol in the concatenation of the first parts has at least

wo separator symbols # to its right in the concatenation (not neces-

arily together or right next to it), then eliminating it still preserves the

ntirety of the TM configuration in the last computation step (recall that

ach full TM configuration is surrounded by a # symbol at each side).

herefore, we can safely eliminate from Sols all the tiles whose symbols

n the first parts have already been completely matched and have at

east two # symbols to their right in the concatenation of first parts. 

This implementation would require careful modifications in Extra

nd the functions previously defined, in particular to keep track of how

any symbols from the concatenation of the second parts of Sols need

o be skipped by  eval �� 𝑠 (because they already matched symbols that

ave been removed from the concatenation of the first parts), as well

s to take into account that we no longer keep the full computation

istory, but just the TM configuration at the last step and part of the

onfiguration at the current one. Note that, by removing tiles this way,

ols will never contain symbols from the representation of more than

wo TM configurations. The stop condition would now require that the

ast tile is 𝑃 𝑟𝑜𝑏 [1] and that the concatenations of the first and second

arts match if we skip the already-matched symbols of the concatenation

f the second parts. The remaining functions would be trivially adapted.

By trimming unnecessary tiles this way, the representation size of

ols (and thus, the representation size of our only individual in the GA)

oes not grow with the number of simulated TM steps as in our origi-
7 A Turing Machine that, given any TM and an input, simulates the computa- 

ion of the latter TM for that input, see e.g. [50, p. 20] . 

n  

f  

r  

s  

9 
al construction, but it is just proportional to the maximum amount of

emory used by the simulated TM during its execution. This indepen-

ence between the size of the chromosome and the number of simu-

ated TM steps is not required at all to achieve the Turing-completeness

f GAs. However, it is needed for other Complexity-related properties,

uch as e.g. the property that GAs where chromosomes have polynomial

ize can simulate any TM running in polynomial space. Note that this

ould not be possible if the full history was stored in the chromosome, as

olynomial-space TMs can take exponential time (i.e. have exponential-

ize histories). On the contrary, tile-trimming GAs with polynomial-size

hromosomes can simulate all TMs running in polynomial space, so even

ery basic semantic properties of GAs with polynomial-size chromo-

omes are PSPACE-hard to decide. 

. Proving Turing-completeness for other instances of the general 

orm 

The Turing-completeness proof presented in the previous section can

e adapted to work with other instances of SLS computation. Of course,

ot all instances of SLS algorithms are Turing-complete; however, we

laim that most other popular methods different from GA are too. Next

e informally illustrate how we could prove it for the other two methods

nstantiated in this paper. 

Let us consider Ant Colony Optimization. From a TM and input

 𝑀, 𝑤 ) we can build the set 𝑇 of MPCP tiles as before. We can construct

n ACO instantiation such that, if it is applied to that MPCP instance,

hen it necessarily tends to solve it, thus developing on the fly the exe-

ution of 𝑀 for 𝑤 . Since Turing-completeness requires unlimited mem-

ry, an infinite graph to be traversed by the ants is necessary in ACO,

r more precisely, a finite graph (in particular, a tree) that can be it-

ratively extended during the ACO execution up to any needed finite

ize on demand, without limit. Each edge represents taking some tile of

he MPCP instance, and each path from the root to any leaf represents a

artial solution (sequence of tiles). In the beginning of the execution of

CO, this tree just consists of a single node. When an ant reaches a leaf,

he ant finishes its journey and the path is reinforced via pheromones

nly if the tile sequence of the path consists only of legal moves (i.e.

f one of the two strings read through the sequence of tiles is a prefix

f the other, as we did for GA). In that case, right after removing the

nt new edges are created from the leaf (thus no longer a leaf), one for

ach available tile, which will eventually let subsequent ants go one step

urther. 

This way, ACO encourages ants to follow legal paths according to the

iles and extend them. Pheromone trails are reinforced only on the cor-

ectly computed tiles (edges). We assume that each newly created edge

tarts the execution with a 0 pheromone trail, pheromones do not disap-

ear after any number of iterations, and probabilities to select each edge

re directly proportional to the amount of pheromones in all available

dges. We can see that, in this setting, there is convergence in proba-

ility to eventually reach any step of the TM computation. By using the

ame stop criterion used for the Turing-complete GA, we again achieve

uring-completeness. 

Proving the Turing-completeness of Particle Swarm Optimization is

ore closely related to the proof for GA than the one for ACO. In addi-

ion to the standard adaptations of PSO to deal with a discrete domain,

e need the solution vectors to be arbitrarily enlarged on demand to

epresent arbitrarily long representations of the full TM memory state,

s we did for GA. Moreover, similarly as the mutation operator of GA

as restricted to affect only the last part of the solution (i.e. the part

t grew from), the two forces governing the movement of particles in

SO are defined to affect only specific scopes as follows: The force that

akes particles move closer to the best particle will make all particles

ecessarily copy all the components (tiles) of the best solution; and the

orce that makes particles randomly move will make particles create

andom additions in a new component (tile) of its vector, used to let the

equences of MPCP tiles enlarge. This way, the particle that copies the
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ormer best solution (i.e. becomes it) and next randomly adds the suit-

ble addition to its vector (which must be the legal tile) becomes the new

est particle, the one to be followed next. Again, this process converges

n probability to eventually creating the sequence of tiles representing

he corresponding execution of the TM. 

Similarly to the GA case, blacklists can be introduced in the previ-

us ACO and PSO constructions to turn the convergence in probability

nto regular convergence. This way, the maximum number of steps up to

ermination would be bounded by a function over the number of steps

ctually needed by the TM to run for its input. Also, unnecessary el-

ments of the constructed trees and solution vectors of ACO and PSO,

espectively, could be trimmed as we did in the alternative GA construc-

ion described in the last paragraphs of the previous section. 

. Conclusions and future work 

We have presented a fully formal language which, by means of its

ommon structure and its parametric constructions, lets us define any

tochastic local search method to the best of our knowledge. In order

o illustrate its flexibility, its instances for three algorithm families with

ery different mechanics (GA, PSO, ACO) have been presented. By using

ur common and standardized language in the definition of new and

xisting algorithms, the functional relationships between algorithmic

hoices and problem features could be more easily investigated. Results

rom different researchers, working with different algorithms, could be

eamlessly classified and added into a common knowledge pool. 

We have also formally proved Turing-completeness of the GA in-

tance, which implies Turing-completeness of the general model it in-

tantiates, and thus Turing-completeness of stochastic local search meth-

ds in general. Besides, we have sketched how this Turing-completeness

roof can be easily adapted to the other two instances presented, which

upports the idea that many other important families will be Turing-

omplete too. 

By Rice’s theorem, Turing-completeness of a method implies unde-

idability of all its non-trivial semantic properties (i.e. the ones con-

erning the relations it computes between its inputs and its outputs,

nd being fulfilled neither always nor never). This undecidability means

hat, for a given property, no algorithm exists that decides whether the

roperty is satisfied or not. This result constitutes an important limita-

ion to any attempt to predict the behavior of these methods. For ex-

mple, it implies the undecidability, in general, of whether GA, ACO,

r PSO instances, allegedly designed to solve some optimization prob-

em, will eventually produce solutions of some desired kind (e.g. optimal

olutions, solutions always reaching some performance ratio, solutions

eaching some performance ratio on average, solutions fulfilling some

iven structural condition, etc.). These semantic properties may still be

roved for particular cases (e.g. a given SLS method solving a partic-

lar problem or problem instance), as well as for subsets of cases dis-

bling Turing-completeness by constraining the general freedom of the

ethod or the problem. However, as we pointed out in the paper, re-

oving Turing-completeness (e.g. by not letting GA chromosomes grow

nboundedly) is not enough, by itself, to enable efficient property detec-

ion in general, as it may only turn the undecidability into intractability

e.g. PSPACE-hardness). 

Regarding our lines of future work, we wish to use our model to de-

elop a fully formal taxonomy of stochastic local search methods. Dif-

erent levels of that taxonomy would be reached by instantiating the

eneral Form up to a higher or lower level of abstraction. Additionally,

e wish to investigate the complexity of semantic property identifica-

ion in general when chromosomes cannot grow at all . We suspect that

e would still have PSPACE-hardness in this case, and note that this in-

ractability would be consistent with known convergence results in the

LS field. For instance, SA is guaranteed to reach the optimum solution

f we can proceed at a slow enough pace, in particular taking exponen-

ial time in some bad cases [51] . This makes the heuristic search take,
10 
n practical terms, as much time as an exhaustive search over the corre-

ponding (exponential-size) search space. 

Finally, we wish to systematically investigate what restrictions in

he definition of the elements of a heuristic, beyond the representation

ize of algorithm entities, make the difference between enabling Turing-

ompleteness for that method and not enabling it, with special attention

o non population-based heuristics due to their simplicity. 
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