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considered and explicit expressions under the multiple linear regression model with
nested models are accordingly derived. Finally, a simulation study empirically illustrates

the robustness advantage of the method.
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1. Introduction

Consider a set of real-life observations coming from an unknown distribution to be statistically modeled. Different
candidate models may be assumed to fit the data and so a natural question arises as to how to choose the model that
best fits the data. If the assumed model is too simple, with few number of parameters, it may not capture some important
patterns and relationships in the data. In contrast, if the assumed model is too complex with large number of parameters,
the estimated model parameters may over-fit the observed data (including possible sample noise), then resulting in a
poor performance when the model is applied to new data. A model selection criterion is a rule used to select a statistical
model among a set of candidates based on the observed data. It defines an objective criterion function quantifying the
compromise between goodness of fit and model complexity, typically measured through an expected dissimilarity or
divergence. Then, the dissimilarity measure needs to be minimized to select the model with the best trade-off. In other
words, model selection criteria rely on a measure of fairness between a candidate model and the true model (i.e., the
probability distribution generating the data).

The Akaike information criterion (AIC) is one of the most widely known and used in statistical practice model selection
criterion. It was developed by Akaike [1,2] as the first model selection criterion in the statistical literature. The AIC
estimates the expected Kullback-Leibler divergence [3] between the true model underlying the data and a fitted candidate
model, and selects the model with minimum AIC. Of course, the true model underlying the data is generally unknown
and so an empirical estimate obtained from the observed data is used.
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Following similar ideas than the AIC, several other model selection criteria have been proposed in the literature. For
example, Schwarz in [4] developed the “Bayesian information criterion” (BIC), which imposes a stronger penalty for model
complexity than AIC. Also derived from AIC, Hurvich and Tsai [5-7] studied the bias problem of the AIC and corrected
it with a new criterion called “Corrected Akaike information criterion” (AIC¢). This criterion tries to cope with the fact
that the AIC is only asymptotically unbiased and hence, the bias may be important when the sample size is not large
enough and the number of parameters is large. Indeed, under small samples sizes the AIC tends to overfitting the observed
data. Konishi and Kitagawa [8] extended the framework in which AIC has been developed to a general framework,
including other estimation methods than maximum likelihood to fit the assumed candidate model. The resulting model
selection criterion was called the “generalized information criterion” (GIC). The penalty term of GIC reduces to that of
“Takeuchi information criterion” (TIC) developed by Takeuchi in [9] when the fitting method is maximum likelihood.
Finally, Bozdogon [10] proposed another variant of AIC, called CAIC, that corrected its lack of consistency. Interesting
surveys about model selection criteria can be found in [11,12].

Most of the previous procedures measure the fairness in terms of the Kullback-Leibler divergence. However, some
other divergence measures have been explored, extending the methods with better robustness properties. For exam-
ple, [13] considered the density power divergence (DPD) [14] to define a robust model selection criterion. Similarly, Toma
et al. [15] introduced another robust criterion for model selection based on the Rényi pseudodistance (RP) [16]. Related
to the problem of selecting the best model in regression, i.e. addressing the problem of selecting the most appropriate
variables, we can consider the recent proposals based on divergence measures appearing in [17,18]. See also [19].

All the previous criteria assume that the observations are independent and identically distributed. A new problem
appears if the observations are independent but not identically distributed (i.n.i.d.o.). In this context, Kurata and
Hamada [20] considered a criterion based on DPD, extending the theory of [13]. The main purpose of this paper is to
introduce a new robust model selection criterion in the context of i.n.i.d.o. based on RP, thus extending the methods
of [15].

The rest of the paper goes as follows. In Section 2 we introduce RP for i.n.i.d.o. and we present some theoretical
results necessary for next sections. The criterion based on RP is considered in Section 3 and an application to multiple
linear regression model (MLRM) is presented. Section 4 studies the restricted case, where some additional conditions on
the parameter space are imposed. The corresponding explicit expressions for the MLRM comparing a model with many
parameters to other with a reduced number of parameters are derived. In Section 5 we deal with the Influence Function
of this criterion. In Section 6 a simulation study illustrates the robustness of the proposed criterion and compare it with
other model selection criteria. Section 7 deals with a real data example. Some final conclusions are presented in Section 8.
The proofs of the main results in the paper appear in an Appendix.

2. Rényi’s pseudodistance for independent but not identically distributed observations

Let Yy, ..., Y, be i.n.i.d.o. observations, where each Y; has true probability distribution function G;,i = 1, ..., n, and
probability density function g;,i = 1, ..., n, respectively. For inferential purposes, it is assumed that the true density
function g; could belong to a parametric family of densities, fi(y,0),i = 1,...,n, with # € ® C RP a common model
parameter for all the density functions. In the following, we shall denote by Fi(y, #) the distribution function associated
to the density function fi(y,0),i=1,...,n.

The value of @ that best fits the original distributions g1, ..., g,, would naturally minimize some kind of distance
between the true and assumed densities, (g1(y), - .., gx(y)) and (fi(y, 9), . .., fa(y, 8)). Here, we will use the family of RP
divergence measures defined in [16] as measure of closeness between both sets of densities.

Definition 1. Consider f(-, #), g(-) two probability density functions. The Rényi’s pseudodistance (RP) between f and g
of tuning parameter « > 0 is defined by

1 1
log ( f . 0)“+1dy> ~Ligg ( / 5. o)“g(y)dy)
a+1 o
1 a+1
s ([rorw).

The RP divergence defined in Eq. (1) is always positive and it only reaches the zero when both densities coincide. Then,
the best model parameter value approximating the underlying distribution would naturally minimize Eq. (1) in § € ©.
Indeed, if the true distribution g belongs to the assumed parametric model with true parameter 6, the global minimizer
of the RP is necessarily 8 = 6.

At o = 0, the corresponding Rényi’s pseudodistance between f and g can be defined by taking continuous limits as
follows

Ro (F(-,0), 8(-) =
(1)

o _ g(y)
Ro (f(-,0),2(:)) = g?gRa fly.0),8(y) = /g(y) logf(y’ 0)dy
- / £(y)logg(y)dy — / £(y)logf (v, 0)dy. @)
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Hence, Ry (f(-, #), g(+)) coincides with the Kullback-Leibler divergence measure between g and f. For more results about
Kullback-Leibler divergence measure, see [21]. The RP have been applied in many different statistical models with very
promising results in terms of robustness with a small loss of efficiency. For example, [22] considered the RP divergence
under the name of y-cross entropy. Additionally, Toma and Leoni-Aubin [23] defined new robust and efficient measures
based on RP. In [24], Wald-type tests based on RP were developed in the context of MLRM, and were extended later
in [25] for the generalized multiple regression model. In [26], Wald-type tests based on RP for two dependent normal
populations were developed. Moreover, in [25] a robust approach for comparing two dependent normal populations via a
Wald-type test based on RP was carried out. In [27] the restricted MRPE was considered and their asymptotic properties
studied; moreover, an application to Rao-type tests based on the restricted RP was there developed.

Note that the last term in Eq. (1) does not depend on 6. Hence, the minimizer of the RP measure can be obtained, for
o > 0, by minimizing the surrogate function

1 1
log ( [ 10 0)“+‘dy) — Liog ( [ 1. o)“g(y)dy) . 3)
a+1 o
The above expression can be rewritten using logarithm properties as
[f(y, 0)g(y)dy

(x (ffy oot+ldy)ot+l,
and thus minimizing R (f(- 0),g(-)) in @, for o > 0, is equivalent to minimize
Jf(y, 0)g(y)dy
(ff ) (mdy) a1

Similarly, for & = 0, we have that the first term in Eq. (2) does not depend on 6 and hence, minimizing Ry (f(-, 8), g(-))
is equivalent to minimizing

Vi (0) = — f )logf(y. 6)dy. 5)

Vi) = (4)

However, now Expression (4) does not tend to Expression (5) when o — 0. In order to recover such convergence, and
then extend the classical results based on Kullback-Leibler divergence, we slightly modify Expression (4) as
, d 1
Vo (0) = — S, 67 gy + -, (6)
a(ff y’9a+1dy)a+1 o

where the value of # minimizing (4) is the same as for minimizing (6). Next lemma proves the required convergence of
the objective functions.

Lemma 2. For any two density function f(-, @) and g(-), the following convergence holds
lirr}J Vo (0) = Vo(0).

Proof. First, note that

lim (_ (f f.0rgvdy 1 ) -

a—0 o ff(y, 9)a+1dy) uaﬁ o

leads to an indeterminate (0/0). Let us denote

o) = ( / 5. 0)“+‘dy) -

Taking derivatives on its logarithm

% tog ( / £, o)““dy> ,

we obtain, after some algebra, that M = Z(L) dzl@)

by

logz(a) =

. On the other hand, the derivative of the function logz(«) is given

’

dlogz(e) 1 it ) a ([fy, 0" logf(y, 6)dy)
da  (a+ 12 log(ffy Oy )+ ([ f(y. 6y1dy)
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and solving the above equation we have that

9z(a) { log(/fy a+1dy> o (ff(y,0)“+1logf(y,0)dy):|
(o + 172 :

da a+1 ([ f(y. 0)+'dy)
x (/fw,m““@oaﬁ

Hence, applying L’'Hépital rule in (7), we obtain that

. [y, 0 g(y)dy 1 aﬁu g(y)logf(y, §)dy + 2
lim — + —
a—0 a (ff(y, 0)a+1dy)a%1 o a—>0 z— a%
Finally,

o lim,_o [ f(y.0)*g(y)logf(y, 0)dy = [ g(y)logf(y. 8)dy

o lim,_.o r)g(a) 1 logl + ojf(y 0)lolgf(y Oy _

e limy_oz=1"=1.

Hence, the result holds. ®

Now, let us denote V;,(#) the corresponding objective functions for each pair of distributions (fi(y, #), gi(y)),i =
1,...,n,as given in (6). As all densities f(y, #) share a common parameter, the model parameter that best approximates
the different underlying densities should minimize the weighted objective function, giving equal weights to all functions
Vi.«(#). Hence, we consider

n i 700‘1. d
Ha(o)zrllZv,-,a(a):;Z[_ Jhiy )g(y)yaJr;] (8)

i=1 o1 Lo (ffity, 9)+1dy) =

Definition 3. Consider (g1(y), ..., g(¥)) and (fi(y, 9), ..., fa(y, 8)), n pairs of true and assumed densities for i.n.i.d.o.
random variables Y;,i =1, ..., n. For any @ > 0, the value 6, satisfying

1 ffi(% 0) gi(y)dy 1 1
0 « = — — - — — — Viol 0
oo = argmem E + = argm;n E «(0)

io1 Lo ([ fiy, 0)+1dy) e i=1
is called the best-fitting parameter according to RP.

In the following we shall assume that there exists an open subset ®¢ C @ that contains the best-fitting parameter
0 .

For any fixed i = 1, ..., n, the true distribution g; of the random variable Y; is usually unknown in practice and thus
0, , must be empirically estimated. As we only have one observation of each variable Y;, the best way to estimate g; based
on the observation y; is assuming that the distribution is degenerate in y;. We will denote this degenerate distribution by
g;. Therefore, the empirical estimate of the RP divergence with o > 0, given in Eq. (1) is

R 1 1 .
R (fi(Yi, 0),8) = log ( / fiy, 0)"“dy> — — logfi(Yi, 0)" + k, 9)
oa+1 o
and similarly the empirical estimate of the RP for « = 0, stated in (2), yields to
Ro (fi(Y:, 0), &) = — log fi(Y;, 0) + k, (10)

where k in (9) and (10) denotes a constant that does not depend on 6. As discussed earlier, the best estimator of the model
parameter 0, based on the RP divergence should minimize its empirical estimate. But again, minimizing the estimated RP,
R, (fi(Y;, ), 8), for o > 0, is equivalent to minimizing
~ i(Yi, 0 1
Vo ) = —— O 1 (1)
a (ffz(y’ 9)"‘“dy) a+l [

and for o = 0, we can proceed the same way and conclude that minimizing Ry (fi(Y;, #), &) in 0, is equivalent to minimizing

Voo (Yi,0) = —logf(Y;, ). (12)

Now, all the available information about the true value of the parameter comes from the set observed data, and so to
obtain the best estimation fitting jointly all the observations we should consider the weighted objective function given
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for o > 0 as

B AL 01 | 1
H”’“(o)_n;[ oL, 0 }

Lo (13)
== Z Via(Yi, 0)
n-
i=1
with
, =
I ®) ( [ 10 o)““dy) ,
and correspondingly,
1 n
Ho.o(8) = lim Hoo(6) = 2 > Vio(Yi, ) (14)
Remark at this point that the expected values of the estimates are indeed the theoretical objective functions
Vio(0) = Ey, [Via(Yi, 0)] . Haol8) = Ey, vy, [Hna(6)].
Definition 4. Given Yy, ..., Y, be i.n.i.d.o. and @ > 0, the minimum RP estimator (MRPE), ﬁa, is given by
aa:ar min H, ,(6), 15
8 g Fina(0) (15)

with Hp, (@) defined in (13) for « > 0 and in (14) for « = 0.

Note that at « = 0, we recover the maximum likelihood estimator (MLE) of the model and so the MRPE family includes
the classical estimator as a particular case.
As the MRPE, 6,, is a minimum of a differentiable function, it must annul the first derivatives of the function H, ,(6)

1< V(Y2 6
,ZMZQ j=1,...,p.
n 4 06;

That is, the estimation equations of the MRPE are

1 L (0 ) .
fE afi(Y;, 0)*u;(Y;, O)L, (6 Y;, 0 =0, =1,...,p,
aLl(0)<f(!)J(l)() Qﬁ(l) J p
with
d log(fi(y. 6))
iy, 0) = ———-,
“](y ) 96;
and
L, ®) fay) /
o , [x d 1 (y, 0 a+1, ,0 d
o a+1(/f(y y)" @+ [0 u, o)y
=a (/fz \Z 0)‘*“dy> /f Y. 0 ui(y, 0)dy, i =1,
It is 1nterest1ng to observe that if Yl, ..., Y, are independent and identically distributed (i.i.d.) random variables, the

MRPE 0 coincides with the estimator 0 proposed in [28].
We next study the asymptotic dlstrlbutlon of the MRPE, 0 For notation simplicity, let us define the matrices
@, o (0g.0) and £2,, (05.o) as follows:

1
Via (ag,a) = n Z]g) (0g,a) ’ (16)

i=1

with

; 9?Vio(Yi: 0
]g) (og,a)= Ey, [M] ,i=1,...,n,
39180/( 9=0g.oz ik=1...
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and

Via(Yi; 0 .
204 = ZVary (8' (i )> Ji=1,...,n (17)
a6; =1eep log,,

Additionally, let A4, ..., A, be the eigenvalues of £2,, (og,a). From now on, we will assume that inf, A, > 0, so that
24 (0g.) can be inverted.

Consider the conditions C1-C7 that are given in Appendix. Now, the following result, whose proof can be seen in [26],
holds.

Theorem 5. Suppose the previous regularity conditions C1-C7 hold. Then,

1 L

V0o (0a) ? Pna (0s.0) (0 —bga) = N(O,. I), (18)
being I, the p-dimensional identity matrix.
Remark 6. In [26], a similar study is done for the estimation problem. The difference between this paper and [26] is

that in order to extend ML as established in Lemma 2, we have changed the signs of some expressions and the term é is
added. More concretely, we have considered

[fly.0rgdy 1
o (ff(y, 9)a+1dy)r+1 o
while the corresponding expression in [26] is
Jf. 0)g(y)dy

Ol(ff y’0a+ldy)a+1 '

Hence, the expressions for H,(#) are opposite in this paper and in [26] up to an additive term. Note however that this
term does not depend on @, so that the estimation equations are the same. Moreover, the expressions for ](') (Og a) and
24 (0g.a) are the same, so that the convergence of Theorem 5 applies in our case, too.

Va (0) = -

Ve (0) =

2.1. Example: The MPRE under the MLRM

Consider (Y1, ..., Yy) a set of random variables, related to the explanatory variables (X1, ..., X;) through the MLRM,
Yi=X{B+e&, i=1,...,n, (19)
where the errors &/s are i.i.d. normal random variables with mean zero and variance o?, XiT = (Xi1, ..., Xpp) is the vector
of independent variables corresponding to the ith condition and 8 = (ﬁ1, cees ﬂp)T is the vector of regression coefficients

to be estimated. We will consider that, for each i, X; is fixed, yielding to i.n.i.d.o. Y/s, with ¥; ~ N(Xfﬂ, o).
We next derive the explicit expression of the MRPE for the parameters § = (8, o). With the previous notation, the
assumed density functions are f; (y, 8, 0) = /\/(X,-Tﬂ, o2) and then, using Eq. (6), we have that for o > 0,

1 —a(Yi—X] B)?
(27.[)0(/2001 eXp ( 202 ) l
— + —

« ((2n)a/zoa./1 Fa) o @ (20)

1 1 + o O‘+1) a X B
= —— o T o+l exp _|_ —
o 2 2 o a

and thus, the MRPE for « > 0 is obtained minimizing the averaged objective function

ViolYi; B,0) =

Hnaﬂg Zvlayhﬁa

B 14 Zer " Yi—XTB\*\ 1
__a( ) 720 a exp< ( >)+a'

Ignoring all constant terms, we have that the MRPE for the MLRM is given, for « > 0, as

(Ea,aa)—argr};lnz-a ot+1 exp( 2 (YO‘Xﬁ) )

i=1

6



A. Felipe, M. Jaenada, P. Miranda et al. Journal of Computational and Applied Mathematics 440 (2024) 115630

Moreover, taking derivatives with respect to 8 and o, the estimation equations of Ea and o, are

oo () (e
e () ){(2) ] =

which is exactly the same system as the one obtained in [26]. For « = 0, if we denote X = (X4q,...,X,)
Y = (Y1, ..., Ys), we get the MLE of 8, and oy, i.e.

(21)

T

nxp and

~ 1< —~
B, = (X"x)"'X"Y and G2 = EZ(Yi_XiTﬂo)2~
i=1

Finally, from the results in [26], it can be seen that matrices ¥, (8, o) and §2,, (B, o) are given by
_1 n
' 2
oo (B.0) = ;ﬂ” (B.0%)
i=
o l T
= ko™it (a+1)72 [nix 0 }

1T
-X'X 0
=1<1<a+1>—3[n0 2],

WVia(Yi B0 ))
2N var RIS i
Z . " [( 89] Jj=1 k}

1 1xTx 0
I<120273,/2 ! 0 (B3e?+4a+2) | -
2o+ 1) (e+122a+1)

and

244 (B.0)

with

1 ‘1 2(aa+]) o
k= — < +°‘> Ky = koo Wit 22)
o 27

These are the same matrices appearing in [26] up to a multiplicative constant. For the previous matrices and taking
o = 0, we get the Fisher information matrix for (8, o) in both cases, i.e.

1 1T
=-X'X 0
wn,o(ﬂ,w:[“z " 2],
(,2

and

S

1 T
=-X'X 0
-Qn,o(ﬂ,Cf):[”z 0 2:|-
o2
3. Model selection criterion based on RP

In this section we present the model selection criterion based on RP. Let us consider a collection of | candidate models

M= (M, ... M)} (23)
se{l,...1}

such that each M is characterized by the parametric density functions

f('# 05) = (f]('705)s e »fn('vos)) ) 05 € 6S - Rps7

with associated distribution functions F(., 05) = (F1(6s), ..., Fy(., 0;)), where 6, is common for all density functions in
model s. That is, each candidate model would represent a parametric family defined by a common parameter, which may
contain different number of parameters. Based on the random sample Yi, ..., Y,, we need to select the best model from
the collection {M(S)}se{l ,,,,, )y according to some suitable selection criterion. For such purpose, for each assumed model M®,
we should first determine the best parameter 6 fitting the sample and subsequently select the best fitted model from the

7
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collection. Then, given a set of observations, the model selection is performed in two steps: we first fit all the candidates
models to the data, and then select the model with best trade-off between goodness of fit and complexity in terms of RP.

We next describe the first step of the model selection algorithm. Let consider a fixed parametric model M) modeling
the true underlying distribution. If the true distribution was known, the parameter that best fits the model M*, denoted
by 02&1&,1 can be obtained by maximizing the theoretical averaged objective function H,(@) defined in Eq. (8) under the
s-model.

Following the discussion in Section 2, if the true underlying distribution is unknown but we have a random sample
Y1, ..., Yy, the best estimate of the true parameter based on the sample from the RP approach is the MRPE defined in
(15).

Once all candidate models are fitted to the observed data (or to the true distribution, if it is known), we should select
the model with the best trade-off between fitness and complexity. Therefore, we need a measure of fairness between
the best candidate for each model and the true distribution. The goodness of fit of a certain model M® with associated
densities f(-, 0;) and the best-fitting parameter 02, based on the RP can be quantified by the averaged objective function
H,(6;) given in Eq. (8).

As the true distribution is generally unknown, 0; is estimated by @Z Hence, we can estimate Ha((;’fg) by Ha(’ﬂz). But

again H, needs to be estimated, and the natural estimator is Hn,a(/éfx). However, as the sample is used both for estimating
the parameter and for estimating H,, it does not hold that

Errveots [Hn (8) ] # B [He (82) ]

Moreover, the estimation bias would depend on the model and consequently, we need to add a term correcting the
bias caused by the model assumption.
The AIC criterion selects the model that minimizes

~2) " logfi(yi, )+ 2p = 2Hy 0 (8) + 2p,
i=1

where 2p is the term correcting the bias. Following the same idea, we define the RPyy —Criterion as follows:

Definition 7. Let {(MES), . ..,M,(f))] be | candidate models for the i.n.i.d.o. Yy,..., Y, The selected model
se{1,...,1}

(M;, ..., M;) according the RPyy—Criterion is the one satisfying

(M;.....M?) = min RPy (Mﬁ”,...,M;)@),

sef{l,...,1}
where
1 -1
R (M. ML T) = o (B) + v (2, () @ (7). (24)
n

We can observe that

)

1< p
: (s)
lim RPy; (Mf MY, %) =— § 1 log fi(¥:, ) +
i=

and hence we recover AIC criterion up to the multiplicative constant 2n.

The tuning parameter « controls the trade-off between efficiency and robustness. Hence, for small values of « (in the
limit « = 0), the corresponding results will be more efficient while less robust. On the other hand, for large values of «,
the results will lead to robustness but with a loss of efficiency.

In order to justify the RPyy —Criterion, we shall establish that the estimated function RPyy MES), cee, Mﬁf)) quantifying

the loss of choosing a model is an unbiased estimator of it theoretical version, Ey, ..y, [Ha (@2)]

Theorem 8. Assume that conditions C1-C8 hold. Then,

Ev,..n [RPNH (Mﬁs’, L M,ﬁ”,@i)] =Ey,.y, [Ha (@Z)] Vs=1,....1

Proof. See Appendix. H

Remark 9. A nice robust model selection criterion in the context of penalized regression called robust Akaike information
criterion (robust AIC) is proposed in [29]. Analyzing Theorem 3 in that paper, it can be seen that when the sample size
tends to infinity, the robust AIC obtains the same expression as the RPyy criterion proposed in this section from a structural
point of view. The differences between both approaches rely on the expressions for the estimators. Consequently, it could

8
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be interesting in a future research to compare the behavior of these two model selection criteria in the context of penalized
regression. This similarity appears only in the case of penalized regression and cannot be generalized for other situations.

We next develop explicit expressions for the RPyy-criterion under the MLRM.
3.1. Example: The RP-based model selection under the multiple linear regression model

We consider the MLRM defined in Section 2.1.

Yi=X/B+e, i=1,...,n (25)
We consider several models {(Mgs), e M,(f))}s:],,_,,, where each model differs on the parameter 8 considered. For
example, consider four explanatory variables (X;, X5, X3, X4) and four different models given by
MV, M) =Y = Bo + BiXi + BaXo + B3Xs + €,
(M, ..., MP) = Yi = Bo + BiX: + BoXa + BaXa + €
MP, ... MP) =Y, = By + BiXs + B3Xs + BaXa + €,
MY, MBI =Y = o+ BoXa + BsXs + BaXa + €.

Each of the models has five parameters that need to be estimated. Let us then determine the corresponding values of
RPy (M“,... My ,0a) fors=1,2.3,4.

As stated in Section 2.1, for each s = 1, 2, 3, 4, the estimators ofﬁi and 35 are the solutions of the system

. ] 2 vi—xT g
Zexp —%( —= ) ( = )XSJ-:04
i=1
vi-XT,8 Y;—XxT .8 2 !
o i iR 1
Zexl’ (‘ (7> ) {(a ) - m} =0

where X; ; corresponds to the values of observation i restricted to the variables appearing in model s. Note that, although
B has a different meaning for the different models, this is not the case of o. However, the estimation of ¢ is different for
the different models and so this estimation is denoted for by &3 for the sth model.

At o = 0, we have that the model parameters can be explicitly obtained as

(26)

n
“35

_ - 1 ~\2
By = (XIx,)'XTY and (53 = HZ(y,- ~X!.Bo)" .

i=1

Thus, according to Eq. (13),

~ 11 Y- X'B 1
H s = —= —ko “ait -~ —
na(B,0) = E ko exp( 0 < = ) )—i— a

with k as defined in (22).
Next, let us obtain expressions of ¥, (°,0) and §2;, (8°, o). Note that these matrices also depend on the model s.
Applying again the results of the previous section, we obtain

3 IxXIx, 0
Ws,n(ﬂv ) Kl ((X+1) |: 0 L]7
a+1
(o) it [0 7
s.n ,0) =Ko ——— (3e?+4a42) | >
Qa +1)°?2 0 Aat1)2a+1)

where K; was defined in (22). Note that these matrices have dimension (p + 1) x (p + 1) where p is the dimension of
vector @ for each model. In our example, p = 4 and therefore,

~ S (a+1)2 I, 0
o (7.7) it (7)o 0 [ L8]

Qo+ 1)2 (@+12(2a+1)
and hence,
1
12 a+ 12 (30 + 4o +2
tmce(_q (ﬂfxﬁi) (ﬂs As)):(gé)zKl (@ +1) Jr( )2 ( — ) )
(2a+1)2 2Qa+ 1)

9
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Therefore, applying the RPyy—Criterion given in Definition 7

RPyy(MY, ... . M¥ B a‘j)

o’

2
1 + o Z(O"H) Z +1 o Yl - X;’:,‘AZ
=—— - Tetlexp | —o | ——
o P 2 o}

1
1 1 a+ 13 (@+1)2 (30?440 +2
- L (p et G’ +do +2)) (28)
o n (20{—|-1)2 2Q2a+1)
Finally, we select the model with minimum, in s, RPNH(MSS), cee, M,(f), ﬁi 02) as the most appropriate model among

the four candidates.
4. The restricted model

Let us consider a particular case of the model selection problem. In some situations it is interesting to compare a
full model based on # € @ C RP, with p parameters with other restricted models where the parameter has to satisfy
additionally linear constraints of the form

{0 ©/ m@6)=0,}, (29)

where 0, denotes the null vector of dimension r with r < p and m : R? — R’ is a vector-valued function such that the
p X r matrix

am’(6)
30

exists and is continuous in 8, and rank(M (0)) = r, V@ € ©. Related to the divergence-based restricted estimation, in [30]
the restricted minimum DPD estimator was defined. Later, in [31] the restricted MRPE for general populations was given.

Given a candidate model, we have already established that the best fitting parameter for this model based on the RP
is defined by

M@®) = (30)

0, , = arg min H,(0
& g()e@c]RP ( )

where H,(#) was defined in Eq. (8). On the other hand, applying the same criterion for the restricted model, we obtain
that the best-fitting parameter for the restricted model is given by

R =ar min  Hy().
8. gae()/ 1(9)_0r «(6)

Following similar arguments than in Section 2, we defined the restricted MRPE as follows.

Definition 10. Given Yi, ..., Y, be i.n.i.d.o., the restricted MRPE (RMRPE), 5{1. is given by

0, =arg min  Hy.(0), (31)
0cO/m@)=0,

with H ,(0) defined in (13) for @ > 0 and in (14) for « = 0.
Note that
Hno(8o) < Hna(a).

The following theorem presents a representation of the RMPRE.

Theorem 11. Assume conditions C1-C8 and suppose that 0, , satisfies the conditions of the restricted model. Then,
~ OH, ,(6
M2(F, — Ogo) = P(B )02 <A> T op(1)
a0 0=

being
P*(0g.0) = Qo0 )M(8g.0) ¥, (0g.0) "

with
Qa(og.a) = Wn (ag,a)

Proof. See Appendix. H

10
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In the following lemma we establish a property about matrix P} (6 ,) that will be required for the next theorem.

Lemma 12. Given P}(0, ) and ¥, (05 ). it follows
P;(ag,a)wn (0g,a) P:(og.a) = _PZ(og,a)-

Proof. Applying the definitions and denoting

-1

A Og) = MO 0 (0g0) " MOg0]
we obtain
P (0g.0) @ (Bg.0) P65 )
_ [wn (Bge) ™ M(Bg.c)A (B M8 o) &, (8g.0) ' — @ (og_a)’l]
@y (0g.0) Po(0g.0)
=[ 1 (Be) " M)A (B MO0 — 1d] P (Bg.0)
=0, (0ga)” M(g.o)A" (Bg.0) M(0g.0) @ (Bg.e) ™ Mg o)A ' (Bg.c) @ (0.0
— Wy (Bga)  M(Bgo)A (B M(Bg0) P (Bg) ' — Pilga)
=— PZ(Gg,a).

-1

Hence, the result holds. ®|

Suppose now that we have chosen a model as the best fitting model and we wonder if this model overfits the
data and a restricted model is more accurate. Then, we can pose this problem as a model selection problem with two
models, the big one and a restricted model, and apply the results of the previous section. Hence, it suffices to compute
RPNH(MES), ey M,(f), 0) for both models and select the one attaining the minimum. Assuming the restricted model is
correct, in the following theorem we shall establish the asymptotic distribution of

2n [RPNH (M, M9.9,) = Roy (M, .., M,(f),?)’a)] ,

where RPyy (Mgs), e M,(f),/éa> was given in (24) and

RPyy (MES), e M,(f),aa) = Hug @a) + %trace (.Qﬁ @a) R (éa)_l) ,

being ¥R @a) and 2R @a) the matrices defined in (16) and (17) but for the restricted model.
Note that the probability of selecting the restricted model is

Pr (RPNH (Mﬁ"), L M;’“,ﬁa) — RPyy (Mﬁ"), L M,(j‘),ﬁa) > 0) .

Theorem 13. Assume conditions C1-C8 hold and suppose that the fitting parameter, 0 ., belongs to the restricted model.
Then, the asymptotic distribution of

2n (RPws (Mﬁs’, . M,ﬁ”,@a) — RPyy (Mﬁs’, . Mffl'éa))
coincides with the distribution of the random variable
r
ij(og,(,)zf + 2trace (£2, (0g.0) ¥, (0g.0)) — 2trace (125 (0g.0) (¥3) " (0g.0))
j=1
where Z1, ..., Z are independent standard normal variables, A1(0g o), . ... Ar(0g o) are the nonzero eigenvalues of —Q ,(0g «)

M(8g.0)" @1 (0g.a) " 20 (6. and

r = rank (nn (0g.0) QuBg M (B5.0) T, (0.0) " £2, (og,a)) .

Proof. See Appendix. N

The above result provides a way to asymptotically compute the probability of over-fitting, which is of great interest
in model selection theory.

11
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4.1. Example: The RP-based model selection under the multiple linear regression model and restricted parameter spaces.

We shall consider the MLRM as defined in Section 3.1 and we are interested in comparing a full model with a restricted
model under the restrictions

ﬂp—r+1 ="’=ﬁp=O-

In this case the model parameter is § = (ﬁo, .oy B, (7) and the function m(@) defining the restrictions is
m@)=m(Bo.....Bp.0) = (Bp—rs1:---. Bp).

Consequently, its derivative is given by

0p—
om(0 (p—r+1)xr
M(e)=a;)=< I )
01xr

Let us expressed the design matrix X as
X=X1.X2),

with X; an x (p — r + 1) matrix and X; a n x r matrix. It is clear that X; is the design matrix for the restricted model
and X, corresponds to the design matrix for the full model whose parameters are not in the small model. The matrices
¥, (B,0) and 2, (B, o) given in Eq. (27) can be rewritten, using the notation X; and Xy, as

1 1
3 xXIx; 1XIX; 0
U, (B.o)=K(@@+1D2|ixXIx; IixXIx, o0 [,

2
being K; as defined in (22) and
1 1
XX, oxIx, 0
1T 1T
2,(B,0) =K12(72m n 2 X1 HXZXZ 0
0 0 (3% +40+2)

(a+1)2(2a+1)
Now, the inverse of the matrix ¥, (8, o) is given by

TIA]] TlA]z 0
T (Bo)=Ki(@+ 1) | nAy nAp 0 |,

0 0o <«
with
A = (XI%0) 7 4+ (XI%) T XD XER (X0%,)
A = — (XI%,) 7 XIx,D 7,
Ay = —D7'xI% (xT%,)
Ay =D,
being

-1
D =X]X, - X0X; (X]Xy)  X[X,.
Therefore, we have that the matrix ¥, 1(B, o) can be computed as

nAy nAp 0 0(p—r)xr

U (B, o)M(B,0) =K (@+1)*? | nAy nAy 0 Iyr
0 0 <« o,
— (XT%4) 7 XTX,D !
=K' (@+1)**n D!
0

On the other hand,
1 K@+ 177
o n

(M(B,0) &, (B,0) M(B,0)) D,

12
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and
M(B. o) & 2 PRI L LA
(B.o) ¥, (B,o)2,(B,o)=(ax+1) m( Arxr, 0),
and so, multiplying the above expressions we obtain that
» . L - & Ix) T xIx,
Q. (B.0)= W, (B.o)M(B.o)[M(B.c) ¥, '(B.0)M(B.0)] = | P ;
0
and
-1
1 Kio2, 0 (X[xy) XX, 0
Q(B.OM(B.0) Ty (Bo) ! 2y (Bo) =@+ P N0 L,
0 0 0
Consequently, in this case we can compute the r—first eigenvalues as
K02
— ... = = 3/2 g
M(0g.0) = Ar(fgo) = (@ + 1) Qa+ 172
and hence,

2
K]O'ga P

.
E )L,~(0.,,,,)[)Zi2 = —(a + 1)*? s X

s /2 AT
— Qo+ 1)

On the other hand, we have

20 (Bor) 07 (Bur5) = Krof, o1 o
, 0, 0 Ou) = K10y =
n \Pa> O« n o 19¢g (20(—1—1)3/2 0 0 (3e? +4a+2)
2(2a+1)(a+1)
and hence the trace of the above matrix is given by
P - (o + 1)3/2 (3% + 4a +2)
trace (2 o) U (B,. 5, 2 Kj————— N— ),
(20 (B %) 7 (B ) =~ ot 4 \ P D 550 T s 1)
and
=~ ~ + 1)%2 (3? + 4a +2)
trace (27 (B,,.5,)) (TR~ (B, Gu ZKL —r+ D)+ — .
(20 (B ) ()7 (B B) = ki Fm T+ D+ e r
Therefore,

(o + 1)%2 .
(a +1)3/2°°
Finally, the asymptotic probability of selecting the restricted model when this model is correct is

trace (2, By, 52) ¥y (B, ) — trace (28 (B, ) (¥XY' (B, 5)) — og K
Pr (Zn (RPNH(M?), o M®)8,) — RPy(MS Mﬁf),ﬁa)) > 0) —

K02 K02
_ 3/2 8.« 2 3/2 g.a _
Pr(( a+1) 7(2a+1)3/2xr+2(a+1) 7(2a+1)3/2r>0 =

K02,
Pr((a+1)3/2(zo[_i_gi)3/z(2r_xrz) >0) =Pr(x’ <2r).

5. Influence function analysis

In this section we obtain the Influence Function for RPyy criterion. The results presented in this section are based
on Toma et al. [15] and Kurata and Hamada [20]. The influence function (IF), introduced by Hampel in [32,33] is the
main tool to discriminate whether an estimator or test statistic is robust. The IF describes the effect of an infinitesimal
contamination of the model on the estimator or test statistic. The desired property associated to a robust estimator is the
IF to be bounded. When this is the case, the estimator is said to be B-robust. In [26], the IF of the minimum RP functional

13
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for the non-homogeneous case was obtained. We shall introduce some of the notation considered in that paper in order
to clarify the new concepts introduced in this section.

We shall denote by G; the true distribution function associated to the observation Y; and by T,(G, ..., G,) = T4(G)
the minimum RP functional with G = (G4, ..., G,). Let A, be the distribution that takes the value t; with probability one,
and let us consider

Gie = (1—¢)Gi + €Ay,

for some small ¢ > 0. and we also denote G¢e = (Gis, ..., Gne) With £ = (t1, ..., ty). The IF of T,(G) in the ip-th
direction is defined by

To(Giy ... GiernvrsGn) —To(Gyy ..., G
IF (ti, T, G, - . ., Gy) = lim € fo.€ n) = TolGr n)
0 e—0 &

and the influence function in all directions is given by
T, (Gte) — To(G
IF(t.To. Gr,.... Gy) = lim M
£—> E

Their expressions can be seen in Castilla et al. [26]. In the particular but important case that the true distribution
belongs to the model, i.e.,

G(y)=Fy,0) fori=1,...,n
we get,

IF (tiy, To. F1 (1 0), ..., Fa (,0)) = ¥, (6) Djy o(0)

and
n

IF (6, To, Fy (2 0) ... Fa (. 0) = &1 () > Dia(6)

with
li.o(0)
Dig(8) = ————
(f fily, 0)*+dy)

and

o(0) = £ 6.0) [ 0.0 w36 dy £ 6.0 0. ) [ fiy 0"y,

The best fitting parameter 6, , can be expressed as T,(G). Considering RPNH(M - M§S , 0a) the term for correcting

the bias, i.e. %trace (.Qn 0 v, 1 (0)), is a function of the parameter and it is a contmuous function by condition C8.
Consequently, the behavior of the bias depends onT,.
We can observe that other term in RPNH(M . Mﬁs , 0a) ie. Hy, (@Z) depends on T, and on the data at the same

time. Therefore, the influence function of H, , (0a) cannot be bounded, even if the estimator is robust. The functional
form of H, ,, *Ry(G), is in accordance with (8) given by

] n
"R(6) =~ 3 [ log(y. Ta(6)G(»
i=1

for « = 0 and

n

1 1
Z{ oL (T /f:y, ) dGi(y) + a}

i=1
with

L, (To( )—</fy, ““dy)?,

for « > 0. Then, the IF associated to the functional *R,(G) is defined by

*Ry(Ge,e) —* Ry (G
I (6, R Gr - G) = im et t,s)g 4(6)

14
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Therefore, for « = 0, we have

n

1
IF (£,"Ro, G, .., Gn) = —— Z{ u; (v, To(G)" dG(W)IF(t, Ty, Gy, ..., Gy)
i=1

—/logf,- . To(G)) dGi(y) + logf; (ti,To(G))},

with
0 logfi(y, To(G))
9To(G)
In the particular but important case that the true distribution belongs to the model, i.e.,

G(y)=F@y,0) fori=1,...,n

Uj (y TO( ))

we have,

n

1
IF (t’*ROaF],Ov"'an,a) = _EZ{ ui(.yso)Tff (.yvo)dyIF (ti09T()tsFl ('90)a~"7Fn (’70))
i=1
- [ £ 01081000y - 08, .00

1 n
= nZ{/fi(y,o)logfz(yaa)dy—logfi(the)}
i=1

In order to get IF (t,*R,, G1, ..., Gy), for @ > 0, we need to calculate

(3LL (Ta(cs)))
de eeo

We have,

(aL; (Ta(cg))) =a (/f,-(y, Ta(c))““dyym
ae e0

v / F0. Tl @)1t (7, Tu(G) dYIF(E, Ty . ... Ga).

Therefore we have,

0"Ru(Ge) _ - .
(88) 72{ o (T TRER) (f afi(y, TolG))\ui (v, To(G)) dGi(y)

x IF(t,T,, G, ...,Gn)
- / 0. Tul@)FdG) + ; 0)“)

I oLl (T ) / o }
I (Ta(c»Z( o) 0T )

In the particular case that the true distribution belong to the model, i.e.,

Gy)=F@y,0) fori=1,...,n

we have,

IF (t,"Res Frgs -, Fug) = oI, @ 2 {/flcy 0! — £, (t;, 0)° }

It is immediate to see that

lim IF (¢,*Rq. F19, ..., Fno) =IF (t,*Ro, F1, ..., Fnyp) .
a—0
Finally, note that in the case of independent and identically distributed random variables we have,

IF (t,Ro. Fo) = / £ (.0)logf (v.0) dy — logf (t,, 6)

15
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Table 1
Results for uncontaminated data.
p 1} 1 2 3 4 5
AIC 0 0 0 0 840 160
BIC 0 0 0 0 975 25
AIC, 0 0 0 0 881 119
RPNHo 01 0 0 0 0 822 178
RPNH o, 0 0 0 0 822 178
RPNHp 04 0 0 0 0 826 174
RPNHo 0 0 0 0 826 174
RPNH, > 0 0 0 0 827 173
RPNHp 4 0 0 0 0 823 177
RPNH, 5 0 0 0 0 824 176
RPNH, 7 0 0 0 0 819 181
RPNH1 o 1} 0 0 0 828 172
for « = 0 and
1

IF (t," Ry, Fg) =

at+l _ a
e {/fcy,m ) ]

for > 0.

6. Simulation study

To evaluate the performance of the RPyy-criterion introduced in this paper, we consider the situation of a polynomial
regression model. We take the model

Yi=Xi+2XP - X +X' +e,i=1,...,n,

where ¢; ~ N(0, 1) and the variables X; are fixed in a way such that the interval [—2,2] is divided in n + 1 intervals of
the same length. Next, we take n = 100, so that

4
Xi= -2+ 102(14—1),1_ 1,...,100.

We consider several theoretical models aiming to fit this data. These models are given by the degree of the polynomial
defining the model. Note that the regression coefficients adopt the same expression as in MLRM, just taking X' as X;, and
thus we can use the formulas developed in the previous sections. In our case, we have considered six different models,
varying from constants (degree 0) to polynomials of degree 5. Thus defined, each model is characterized by the degree,
denoted by p.

We take 1000 different sample data (Y*,X°),s = 1,..., 1000 and for each sample, we select the best fitting model
according to several criteria. We have considered AIC, BIC, AIC, and the RPyy-criterion for different values of the tuning
parameter, namely « = 0.01, 0.02, 0.04, 0.1, 0.2, 0.4, 0.5, 0.7 and 1.

In Table 1 we have written the number of times that each model is selected for each model selection criterion. From
these results, it can be seen that BIC seems to be the best fitting selection criterion, the other model selection criteria
having a similar performance.

As it was explained throughout the paper, we expect RPyy to be a robust selection criterion. To check this hypothesis,
we have considered a situation of contamination. Thus, we consider the previous model but we introduce contamination
in some of the data. More concretely, we define

€ ~ U(—r, 1T + 30),

for some of the data chosen at random. Here, r is a constant measuring the strength of contamination, in the sense that
the bigger r, the strongest the contamination. We have considered three values r = 1,5, 10. We have also chosen an
asymmetric contamination model, so that no compensations due to symmetry might appear. The choice of 30 is given by
approximating the range of values of the original model in the interval [—2, 2]. Moreover, we have varied the proportion
of data affected by contamination. In this study, we have chosen the proportion of contamination as 0.05, 0.10, 0.20, 0.30.

Again, we have obtained the best fitting model according different model selection criteria, and we have conducted
this experiment 1000 times. The number of times that each model is selected for each combination of contamination and
strength of contamination r is given in Tables 2-5. The left part of each table corresponds to r = 1, the center part for
r = 5 and the right part for r = 10.

Finally, in Tables 6-8 we show the quadratic error between the estimated parameters and the real values of the
parameters for each method and each degree of contamination. This error is obtained by

5 A
> (- BY
i=0
6
16
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Table 2
Results when a 5% of data selected randomly are contaminated.
p r=1 r=>5 r=10
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
AIC 0 0 4 21 651 324 0 0 8 31 648 313 0 0 19 50 612 319
BIC 0 0 25 78 784 113 0 0 42 97 748 113 0 0 74 122 689 115
AIC, 0 0 6 28 681 285 0 0 9 39 661 291 0 0 24 61 634 281
RPNHg 01 0 0 4 17 836 143 0 0 5 17 829 149 0 0 13 28 799 160
RPNHg o2 0 0 2 29 851 118 0 0 6 62 823 109 0 0 9 70 798 123
RPNHg 04 0 0 2 25 842 131 0 0 2 18 832 148 0 0 1 14 834 151
RPNH 4 0 0 0 0 825 175 0 0 0 0 827 173 0 0 0 0 824 176
RPNHy > 0 0 0 0 826 174 0 0 0 0 826 174 0 0 0 0 826 174
RPNHj 4 0 0 0 0 822 178 0 0 0 0 820 180 0 0 0 0 817 183
RPNHg 5 0 0 0 0 827 173 0 0 0 0 828 172 0 0 0 0 816 184
RPNHo 7 0 0 0 0 825 175 0 0 0 0 820 180 0 0 0 0 818 182
RPNH1 0 0 0 0 826 174 0 0 0 0 823 177 0 0 0 0 820 180
Table 3
Results when a 10% of data selected randomly are contaminated.
D =1 r=5 r=10
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
AIC 0 0 32 80 575 313 0 0 46 94 546 314 0 0 68 116 513 303
BIC 0 0 115 165 608 112 0 0 149 176 562 113 0 0 207 192 491 110
AlC. 0 0 38 88 587 287 0 0 56 100 565 279 0 0 82 128 529 261
RPNH o1 0 0 28 47 750 165 0 0 32 54 724 190 0 0 40 64 685 211
RPNHg o2 0 0 26 37 777 160 0 0 25 54 762 159 0 0 31 69 731 169
RPNHg 04 0 0 20 78 784 118 0 0 27 115 737 121 0 0 33 109 740 118
RPNH 4 0 0 0 2 840 158 0 0 0 0 835 165 0 0 0 0 852 148
RPNHy > 0 0 0 0 817 183 0 0 0 0 822 178 0 0 0 0 832 168
RPNHo 4 0 0 0 0 825 175 0 0 0 0 835 165 0 0 0 0 835 165
RPNHy 5 0 0 0 0 833 167 0 0 0 0 835 164 0 0 0 0 834 166
RPNHy 7 0 0 0 0 837 163 0 0 0 0 831 169 0 0 0 0 834 166
RPNH1 o 0 0 0 0 846 154 0 0 0 0 828 172 0 0 0 0 835 165
Table 4
Results when a 20% of data selected randomly are contaminated.
P r=5 r=10 r=20
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
AIC 0 0 74 159 457 310 0 0 94 171 428 307 0 0 121 194 391 294
BIC 0 0 248 236 403 113 0 0 290 239 369 102 0 0 350 243 313 94
AIC, 0 0 84 171 474 271 0 0 107 185 435 273 0 0 144 207 386 283
RPNHg 01 0 0 46 94 567 293 0 0 49 96 527 328 0 0 53 96 494 357
RPNHg o2 0 0 43 86 587 284 0 0 44 93 566 297 0 0 49 91 546 314
RPNH 04 0 0 33 76 653 238 0 0 35 93 637 235 0 0 46 96 636 222
RPNH 4 0 0 44 211 622 123 0 0 22 118 711 149 0 0 16 78 759 147
RPNHg > 0 0 0 0 838 162 0 0 0 0 835 165 0 0 0 0 834 166
RPNHp 4 0 0 0 0 825 175 0 0 0 0 834 166 0 0 0 0 824 176
RPNHg 5 0 0 0 0 820 180 0 0 0 0 833 167 0 0 0 0 820 180
RPNHo 7 0 0 0 0 823 177 0 0 0 0 818 182 0 0 0 0 816 184
RPNH1 o 0 0 0 0 823 177 0 0 0 0 812 188 0 0 0 0 826 174

where ,31 is the estimated parameter for the coefficient of degree i for the selected model and fg; is the corresponding
real value, i.e. (0, 1,2, —1, 1, 0).

From the results in these tables, it can be seen that the performance of AIC, BIC and AIC, dramatically decreases, in the
sense that the proportion of times obtaining the true degree p = 4 decreases if contamination is present. As expected,
the bigger the rate of contaminated data, the poorer the performance. Note however that they are not very affected for
different values of r.

On the other hand, the results are quite similar to the uncontaminated case for RPyy and big values of the tuning
parameter. This was the expected result and it follows the same behavior as other situations where RP has been
considered. The best behavior appears for « = 0.4 and @« = 0.5, where the efficiency is good and the performance
in terms of robustness is very good.

Finally, it can be seen that the quadratic errors follow the same behavior. Hence, the estimations are much better in
the case of contamination when the RPyy criterion is applied. As expected, the quadratic errors increase as the degree
of contamination increases. Note however that for the RPyy criterion, the corresponding errors for different degrees of
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Table 5

Results when a 30% of data selected randomly are contaminated.
P r=1 r=>5 r=10

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

AIC 0 0 117 162 424 297 0 0 152 170 396 282 0 0 187 192 350 271
BIC 0 0 354 232 317 97 0 0 411 231 272 86 0 0 480 223 222 75
AIC. 0 0 139 182 423 256 0 0 170 192 401 237 0 0 218 201 345 236
RPNHy 01 0 0 57 83 493 367 0 0 54 94 468 384 0 0 55 92 409 444
RPNHy o, 0 0 53 80 510 357 0 0 54 84 497 365 0 0 56 87 458 399
RPNHy 04 0 0 47 80 553 320 0 0 49 85 537 329 0 0 53 79 562 312
RPNHy 1 0 0 76 200 527 197 0 0 88 204 544 164 0 0 58 145 633 164
RPNH, » 0 0 11 48 779 162 0 0 7 15 817 161 0 0 2 11 824 163
RPNHj 4 0 0 0 0 826 174 0 0 0 0 806 194 0 0 0 0 823 177
RPNHy 5 0 0 0 0 827 173 0 0 0 0 797 203 0 0 0 0 818 182
RPNHy 7 0 0 0 0 833 167 0 0 0 0 809 191 0 0 0 0 820 180
RPNH1 0 0 0 0 828 172 0 0 0 1 810 189 0 0 0 0 827 173

Table 6
Quadratic error between the vector of estimated parameters and the realvector of parameters
for different methods and degrees of contamination for r = 1.

Method 0% 5% 10% 20% 30%

AIC 0.3232 6.9323 14.4651 29.8924 50.0073
BIC 0.2296 6.2863 13.4257 27.5233 43.2754
AlC, 0.3039 6.7781 14.3572 29.5171 48.9798
RPNHj 01 0.3333 44628 10.6302 23.1182 35.0075
RPNH 2 0.3336 3.1688 9.1788 21.4306 33.7234
RPNHy 04 0.3320 1.1511 6.0465 17.8433 30.7373
RPNHj 1 0.3340 0.3604 0.4596 6.2461 21.1560
RPNH, » 0.3416 0.3623 0.4126 0.4572 1.8985
RPNHy 4 0.3733 0.3985 0.4330 0.4849 0.5891
RPNHy 5 0.3949 0.4211 0.4496 0.5115 0.6042
RPNH, 7 0.4548 0.4862 0.5013 0.5869 0.6867
RPNH; o 0.5554 0.6059 0.6305 0.7512 0.8627

Table 7

Quadratic error between the vector of estimated parameters and the realvector of parameters
for different methods and degrees of contamination for r = 5.

Method 0% 5% 10% 20% 30%
AIC 0.3232 7.9160 163224 33.6331 54.9498
BIC 0.2296 7.4007 15.0274 29.7602 45,6349
AIC. 0.3039 7.8843 16.0214 33.1256 53.7613
RPNHo 01 0.3333 4.8847 115048 24,5893 36.2259
RPNHg o 0.3336 3.3245 9.4987 22.1142 34,1580
RPNHo.04 0.3320 0.9610 5.6644 17.2625 30.0149
RPNHo.1 0.3340 0.3683 0.4346 3.6863 16.6361
RPNHo.» 0.3416 0.3698 0.4062 0.5003 1.1497
RPNHo 4 0.3733 0.3996 0.4278 0.5002 0.6641
RPNHo s 0.3949 0.4181 0.4525 0.5252 0.6865
RPNHo 7 0.4548 0.4867 05124 0.6106 0.7693
RPNH; o 0.5554 0.6046 0.6520 0.7844 0.9405

contamination are more stable, and indeed, they are almost the same when the tuning parameter is greater than 0.2. Note
also that the results are very similar for different values of r.

In order to test if this is the usual behavior of these methods, we have repeated this study for different values of the
polynomial regression, each coefficient varying in {—2, —1, 0, 1, 2}. This leads to 3125 different models for each value of
r = 1,5, 10, so that we have 9375 different situations. And for all of them we can extract the same conclusions.

6.1. Choice of optimal tuning parameter

A practical concern for the implementation of the RPyy criterion is determining the optimal tuning parameter. Because
the best trade-off between robustness and efficiency would depend on the amount of contamination in the data (which
is unknown in practice), selecting a suitable value of « is a challenging issue in real-data applications. Several studies on
inferential methods based on divergences suggest moderate values of the tuning parameter for a suitable compromise
between loss in efficiency and gain in robustness. Indeed, from our results, moderate values around « = 0.4 and « = 0.5
have shown a competitive performance with the classical AIC, BIC and AIC. methods under uncontaminated data, but with
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Table 8
Quadratic error between the vector of estimated parameters and the realvector of parameters
for different methods and degrees of contamination for r = 10.

Method 0% 5% 10% 20% 30%
AIC 0.3232 9.7049 18.9952 39.1522 62.6121
BIC 0.2296 9.0393 17.4135 33.0922 49.2856
AIC, 0.3039 9.5909 18.6002 38.5421 61.3608
RPNHg o1 0.3333 5.7905 12.8467 26.2409 38.0303
RPNHy 02 0.3336 3.5522 10.0976 22.8845 34.9776
RPNH o4 0.3320 0.8402 5.1664 16.4898 29.1456
RPNH 4 0.3340 0.3769 0.4206 2.9669 13.6491
RPNH, > 0.3416 0.3698 0.4035 0.5040 1.0845
RPNHy 4 0.3733 0.4043 0.4298 05134 0.6376
RPNHy 5 0.3949 0.4296 0.4514 0.5430 0.6703
RPNH, 7 0.4548 0.4953 0.5121 0.6168 0.7535
RPNH{ 0.5554 0.6106 0.6388 0.7671 0.9396
Table 9
The Hald cement data.

X X, X3 X4 Y

7 26 6 60 78.5

1 29 15 52 743

11 56 8 20 104.3

11 31 8 47 87.6

7 52 6 33 95.9

11 55 9 22 109.2

3 71 17 6 102.7

1 31 22 44 72.5

2 54 18 22 93.1

21 47 4 26 115.9

1 40 23 34 83.8

11 66 9 12 1133

10 68 8 12 109.4

a clear gain in robustness highly desirable in contaminated scenarios. Moreover, values exceeding o = 1 are discouraged
because of their remarkable loss of efficiency. Thus, the choice of the optimal « typically falls within the interval [0, 1].

Some works has been made for developing a data-driven criteria for selecting the best value of the tuning parameter
based on the specific data under study. For example, Warwick and Jones [34] proposed selecting the optimal « that
minimizes the estimated mean squared error, an approach that has to deal with the drawback of requiring a pilot
estimation of the model parameters. Hence, this approach was somewhat pilot-dependent in some statistical models
and so Basak et al. [35] improved upon this method by introducing iterative updates to the pilot estimator, reducing the
dependency of the criterion on the initial pilot choice. Their proposed optimal choice of the tuning parameter could
be adopted for selecting the best RPyy model selection criterion. However, from our results, moderate values of «
yield comparable performance under the different contamination scenarios, making the implementation of an optimality
algorithm less critical in this model. As a result, any moderate value around o = 0.4 would be appropriate for robust
model selection.

7. Real data example

In this section we analyze two sets of real data at the light of this new model selection tool based on RP. We have
considered two examples and look for a MLRM assuming that the explanatory variables are fixed, so that the dependent
variables are not identically distributed and we can apply the results in the previous sections.

7.1. Hald cement data

We consider the problem proposed in [36] and later studied in [15]. The dependent variable Y measures the
heat evolved in calories per gram as a function of four ingredients: tricalcium aluminate (X;), tricalcium silicate (X;),
tetracalcium alumino-ferrite (X5) and dicalcium silicate (X4). The data are given in Table 9. It is assumed that Y can be
written in terms of X1, X5, X3, X4 as a MLRM. We have considered the RPyy procedure to select the best model for different
values of the tuning parameter.

Considering different subsets of independent variables, we obtain 15 different multiple linear models and the goal is
to select the best one. However, it is known that at least two independent variables are needed because cement needs
a combination of at least two reactants. Hence, we can remove the four simple linear regression models and we finally
consider 11 possible models.
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Table 10
Results for the Hald cement data.
RPNHy 01 RPNHy o2 RPNHy 04 RPNHy 05 RPNHg 07
X1, X, 2.4179 2.3655 2.2642 2.2170 2.1280
X1, X3 3.8824 4.3871 4.1321 4.0138 3.7933
X1, X4 2.5408 2.4827 2.3738 2.3226 2.2261
X2, X3 3.3638 3.2836 3.1140 3.0349 2.8868
X2, Xa 3.7164 3.8865 3.6579 3.5523 3.3565
X3, Xa 2.9519 2.8785 2.7413 2.6771 2.5564
X1, X2, X3 2.4024 2.3493 2.2495 2.2026 2.1141
X1, X2, X4 2.4013 2.3484 2.2490 2.2023 2.1142
X1, X3, Xa 2.4295 2.3759 2.2752 2.2279 2.1386
X2, X3, X4 2.6091 2.5490 2.4363 2.3834 2.2837
X1, X2, X3, X4 2.4747 2.4197 2.3164 2.2679 2.1765
Best model (X1, X2, Xs) (X1, X2, X4) (X1, X2, X4) (X1, X2, X4) (X1, X2, X3)
RPNHq RPNHq » RPNHo.4 RPNHo 5 RPNH, 7
X1, Xz 2.0064 1.6822 1.2656 1.1249 0.9197
X1, X3 3.4984 2.7476 1.8439 1.5662 1.2019
X1, Xa 2.0946 1.7454 1.3004 1.1517 0.9411
X2, X3 2.6873 2.1710 1.5474 1.3482 1.0702
X2, X4 3.0967 2.4472 1.7055 1.4771 1.1616
X3, X4 2.3930 1.9647 1.4322 1.2638 1.0347
X1, X2, X3 1.9933 1.6716 1.2598 1.1264 09173
X1, X2, Xa 1.9939 1.6735 1.2623 1.1240 0.9228
X1, X3, X4 2.0167 1.6921 1.2756 1.1352 0.9985
X2, X3, X4 2.1482 1.7891 1.3340 1.1824 1.0089
X1, X2, X3, X4 2.0521 1.7221 13014 1.1601 0.9548
Best model (X1, X2, X3) (X1, X2, X3) (X1, X2, X3) (X1, X2, Xa) (X1, X2, X3)
Table 11
Sum of error predictions and selected model for several values of «.
a Sum of prediction errors Parameters of the best model
0.01 47.972729 71.648307 + 1.451938X; + 0.416110X, — 0.236540X4
0.02 47.974591 71.714100 + 1.450493X; + 0.415189X; — 0.237022X4
0.04 47.980177 71.785102 + 1.449055X; + 0.414200X; — 0.237562X4
0.05 47.984374 71.822679 + 1.448337X; 4+ 0.413678X, — 0.237854X,
0.07 48.146040 48.204309 + 1.694829X; + 0.655214X; — 0.255725X3
0.10 48.185386 48.207083 + 1.694688X; + 0.654400X, — 0.258594X3
0.20 48.463301 48.207252 + 1.695774X; + 0.651180X, — 0.270680X3
0.40 51.506012 48.132841 + 1.712755X; 4 0.637983X, — 0.326003X3
0.50 50.229813 76.333477 + 1.406477X; + 0.353684X, — 0.280523X4
0.70 64.749860 48.377648 + 1.758178X; + 0.605115X; + 0.415870X3

We have applied the RPyy-criterion defined in (28) for different values of the tuning parameter to select the most
appropriate model. The solution is given in Table 10. As it can be seen in this table, the combinations of X;, X5, X3 and
X1, X2, X4 seem to be the best candidates, with tiny differences between them. These results are similar to the conclusions
obtained in [15]. Remark also the good performance of model X1, X,.

The corresponding sum of prediction errors and the values of the estimations for the best model for each value of «
are given in Table 11. In this case, the possible outliers do not affect the predictions, so that the best values for « are the
smaller ones.

7.2. Studying body fat

For this example, we study the body fat percentage in terms of various (more concretely 14) body measurements such
as height, weight, age, chest circumference, abdomen circumference, hip circumference and thigh circumference. We look
for a multiple regression model and we consider the data corresponding to 252 adult men. This data can be found in [37]
an studied e.g. in [38]. It is assumed that Y can be written in terms of Xq, ..., X14 as a MLRM and we have not used any
transformation of the data. Exploring the data, it seems that there are two outliers.

Considering different subsets of independent variables, we obtain 2'* different multiple linear models and the goal is
to select the best one. We have considered the RPyy procedure to select the best model for different values of the tuning
parameter. The results are shown in Table 12.

In these models, X; corresponds to variable “Density determined from underwater weighing”, X, corresponds to “Age”,
X4 corresponds to “Height” and X7 to “Abdomen circumference”. Note that we obtain almost the same result for any value
of o and that the corresponding coefficients are almost the same. These similarities come from the fact that there are not
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Table 12

Explaining body fat for different values of «.
o Best model Sum of errors
0 445.30998 — 408.76351X; + 0.01197X, + 0.05168X7 1.2573046
0.01 481.81620 — 437.85347X; — 0.00760X, 13061157
0.02 482.64988 — 439.16676X; 1.3068753
0.04 482.64988 — 439.17177X, 1.3071916
0.05 482.64988 — 439.17338X; 1.3072978
0.07 482.64988 — 439.17629X; 1.3074954
0.1 482.64988 — 439.18037X; 1.3077842
0.2 482.64988 — 439.19357X; 1.3088156
0.4 482.64988 — 439.21993X; 13113155
0.5 482.64988 — 439.22947X; 1.3123650
0.7 482.64988 — 439.24154X; 1.3138016

many outliers in the data. Remark however that RPyy proposes a model simpler than ML, where the outliers lead to
include two new variables.

8. Conclusions

In this paper we have developed a new procedure for model selection for independent but not identically distributed
observations aiming to compete with other methods based on maximum likelihood in terms of efficiency but being more
robust against outlying data. For this purpose, we have considered RP, a tool that has proved itself to provide robust
estimations in many statistical problems. We have developed a model selection criterion, the RPyy-criterion, extending the
well-known AIC. Besides, we have shown that the sample estimator is an unbiased estimator. Next, we have considered
the case of having a restricted model and we have developed a procedure to decide whether the large model is more
appropriate for modeling the available data. As an example of application, we have developed the MLRM when we aim
to find the best model fitting a set of data. We have conducted a simulation study that shows that this new procedure
works very well under contamination, i.e. simulations suggest that the procedure is robust. Besides, it seems that the cost
in terms of efficiency is reduced. Finally, we have applied this new procedure in two situations with real data.
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Appendix. Proofs of the results

Assumptions
We consider the following regularity conditions:

C1. The support, X, of the density functions fi(y, @) is the same for all i and it does not depend on 6. Besides, the true
probability density functions g1, ..., g, have the same support X.

C2. For almost all y € X the density fi(y, #) admits all third derivatives with respecttof# € ® andi=1,...,n.

C3. Fori=1,2,...,n the integrals

f f(v, 6)"dy

can be differentiated thrice with respect to # and we can interchange integration and differentiation. As a
consequence of this condition, it follows that

Wia®) _ o [Via(Yi )] 9Via(®) _ o [8*VialY:. 0)
a6 T 00007 'L 060007

—
) ; ] =] (0).

C4. Fori=1,2,...,n the matrices J (8g.) are positive definite.
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C5. There exist functions M](,j, and constants my such that

‘ 9 Via(y: 0)

00;00,00, ‘ = M;(!3 . V0 c O, Vi kI
j

and

[Mjﬁ; (Y)] =mj <00, Ve O, Ykl

2T 220 (v PETAN
C6. For all j, k,I and @ € O, the sequences {w} {M} a {M} are uniformly
j=1,...p k=1,...,.p k=1

36; 36;06) 36,3601
integrable in the Cesaro sense, i.e.

=1,....p
. 1 [ [0VialYi. 0) |

nll)ngo (sup ZEYi |:‘849] 1{ avi‘gé‘yi,e)>n}(yi) =0,
[; J .
1< 92V, (Y, 6) ]

lim | sup — Ey. =0,
s oo (,131’ n ; " U 36,30 {3 a0, | (0

96,00
1y~ [V 0) |

lim {sup— » Ey, ‘ Iio3v v (Y)|)=o.
(a2 | Erom

C7. Foralle >0

n—oo

Vi o (Y;
lim ZEYI H (0)7‘“( L

1 -
: [ 2, 0 g

z](Yi) > 8\/5 =0.

C8. The matrices ¥, 1(9) and £2, () are continuous for arbitrary 6 € ©.

Proof of Theorem 8. Consider a fixed s = 1, ..
evaluated at/éz gives

o (B) =vie 0+ (Pe®)  (7-03.)

=05 o

+% (/éf’ B 0;’“)T (a;‘:’;g)%:@ﬂ (é; N og’a) o <
= Via () + (3\/1';0(0))9:02& (.~ %.)
5O -0.) 1000 @ - 0) o (|70

2
8. :
Summing over i and dividing by n, taking into account that Oz’a maximizes H, (@), we get

., I. A Taylor expansion of V;, (#) defined in Eq. (6) around 0;01 and

n s
a og,a

)

1 T 2
Ho@,) = Hu (83.0) + 5 (@fx - 0;@,) 7, (65,) (?fa - 0;a) +o ( 5 6. )
and hence,

1 T
Evyoootn [ nHe (82) | = nHa (85.0) + 5B, [ﬁ (0.~ 60) @n (6) v (0 - o;,a)] +0p(1). (34)
But by Eq. (18), and applying Corollary 2.1 in [39], we have
k
s T s c
\/ﬁ <0a - "Z,a) L (0;.01) \/ﬁ (0“ - 0;“) n:)oo Z )‘iw;a)ziz’
i=1
where 11(6; ), - . ., An(f ) are the eigenvalues of the matrix

Uy (650) On(650) " 20 (65.) Un(650) ' = 20 (6) Ta(6,)"

22



A. Felipe, M. Jaenada, P. Miranda et al. Journal of Computational and Applied Mathematics 440 (2024) 115630

and Zi, ..., Z are independent normal random variables with mean zero and variance 1. Therefore,

B [V (7~ 0.) 200, Vi (T -0, |
k

= > by ,) +op(1)

i=1

trace (.Qn (0;&) v, (0;,0[)71> + op(1).

On the other hand, taking into account that@i maximizes Hy o (#), a Taylor expansion of Hy, o (0) at@i and evaluated
at 0, , gives
s 1 ~s\T ((9*Hpq (0) s 2
HrL,a (0;’0[) = Hn,a (00() + 5 (o‘sg’a - 00() (W 0=‘~Z (O'Sg,a - oa) + 0 .

5

)

o

0
But then, multiplying by n and considering the expected values,

=5

MHe (03.0) = Bty [WHna (00)] = By, [ ()]

+ %Eyl,...,yn |:«/E (0;& —@Z)T (EW)():@ vn (02,_0( —bi)i| + 0p(1).

30 90"
Besides,
azHH.(X (0) P S
( 90067 )y 1 " (0. - (35)

by the continuity of ¥,. Hence, substituting in (34)

=nHy (0 ) + %EYI_WY,] [ﬁ @ - 0;,a)r @, (6..) v (0, - o;a)] +0,(1)

£ [ (8) ]+ 5B [ﬁ (8- 6.) 0 (6.) VA (@ - 0;,0[)} +0p(1)
+ 3B [V (0 =) 2005 Vi (05~ ) [+ 0,0

Er, o [ ()] + B [V (@~ 85.) 0 (03.) v (@, —%)] +0p(1),

T
0;,01 _§Z> !p“ (o‘sg,a) \/ﬁ (0‘Sg_u _afx)jl + op(l)

Hence, the result holds.

Proof of Theorem 11. -
The RMRPE estimator of 0, 6,, must satisfy

OHn.a(8) T — OHn.o(0) - M@
{( )Hﬁ’"wann—%}@{( )1, = MO )

m(’éa) =0, m(?ia) =0, ’

1

where A, is a vector of Lagrangian multipliers. Now, applying Eq. (18), we can write 5& =0y, +tn” /2 where ||t|| < c,

for some 0 < ¢ < co. We have, applying Taylor,

OHn (0 OHn (0 32Hp o (0 ~
(o) (o) (Pt
30 /o3, 90 /g, 0000°  / p—y, ,

+ 0([[0y — 0g.41%),
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and hence

o (aHn,a(0)> _n (aHn,a(0)>
0 Jop, 30/ opy.

92Hn,o(0
+< n,(T)
3006

) 20, — 0 ) + o(n"/?([0, — g 4 11%).
0=0g,a

However,
o(n"2 (18, — g 4II7) = o(n'2||t]2/n) = o(n~"2||t]1%) = 0(0,(1)) = 0,(1).

Now,
<32Hn.a(0)> _ 12”: 92Vi(Y;; 6)
30j89k 0=0g o n i1 39j89k btg

Polg 82Vi(Y; ) _
Therefore,

dHy o (0) OHno(0 3
n'/? ( 20( ) = n'/? ( go( )) + ¥, (0g.ot) nl/Z(oa - og,ot) + Op(l).
0=0, 0=0g o

As the RMRPE 5(, must satisfy the conditions in (36), and in view of (37) we have

n1/2 aHn,a(o)
a0

) = — W, (0g.0) 200 — 0g.0) — M()n"21, + 0,(1).
0=0g.a

And applying the continuity of M, this can be written as

~ 0H, 4(0
By (B 1B — Og.0) — M(Bg o )n/2h, = n”z( el )) +0p(1).
9=0g,a

On the other hand, applying Taylor to m, we obtain
n'2m(@,) = n'’m(6g.q) +M(0g..) 18, — .0) + 0,(1).

From (39) and applying that m(ga) = 0;, m(0g ,) = 0,, it follows that
M(8g.o) 026, — 6g.,) + 0,(1) = 0,.

Now, we can express Egs. (38) and (40) in matrix form as

(— Wn (og,ot) _M(og,oz)> <n1/2(5a - 0g,a)> — <n1/2 (al-glﬂw)>0=9ga> + Op(l).

M(og,uz)T 0r><r nl/z)\n Or
Therefore,
~ -1 OHp
20, —0g)\ _ (—¥n(0sa) —M(bg0) nl/2 <aHm§0>)a_0 o)
nl/2xn M( g,a)T 0r><r 0 e 4 '
3
But
— ¥, (0g.0) —M(bg.) ~1 _( Pillgo) —Qu(00)
M(0; )" 0 —Q,(0z..)"  Ru(bg.) )

where P} (g ) and Q,(6g ) are given in (32) and (33), respectively. The matrix R,(fg o) is the matrix needed to make

the right hand side of the above equation equal to the indicated inverse. Then,
0Hy(0)

n'2(0, — 0g.) = P*(8.,)n"? <—) +0p(1)
00 )y,

and the result holds.

Proof of Theorem 13. Let us denote

~

L=2n [RPNH (Mﬁ”, o M,25>,'50,) — RPyy (Mﬁ”, MY, 00,)] .
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Then,

L=2n[Hn, @a) — Hug @a)] + 2trace [Qn @a) v, @a)_l] — 2trace [.Qﬁ (6,) ot @a)_l] }

First, note that

0H, 4 (0
H, (601) = Hne (0341) + (T()> (5‘1 - 031"‘)
0=0g.o

1 3%H,, (0 Y ~
-0 <7‘)> (B — 05.0) + o0, — Og.a ).
0=0g o

0090"
Hence.
IHnq (0
2nliy (1) ~ o 00.)] = 2 (@) Vi@, o,
0=0g.a
9%Hp o (0
+\/ﬁ(5a—0g’a)r<%§)> (0 — 0g.0) + 0p(1).
000" /oy, .

Now, taking into account that

oH, . (0
Vi1 (B — 85.) = PL(0g0 )00 <7()> T 0,(1),
00 0=0g

9*Hn,o (0)
(S ), = e 0se)
0=0g o

by Eq. (35), we conclude that

2n [Hy (B) — Hu (Bg.c)]

- <8Hn o (0)> P (0.0 (aHn,a (0)>
00 0=bg o a6 0=6g o

dH,, 0\ 9H,.,, (0
+ v ( ’ “) P2 (Bg ) T (B.0) P(By o)/ (—“) + 0p(1).
0 )4, 0 /o,

Now, applying Lemma 12, we know that
P;(og,a)wn (0g,a) PZ(og,a) = _PZ(og,oz)a

and thus,

T
20 [Ha (8.) — Hua (0g.0)] =ﬁ(L’“~a “”) P:wg.aw(ia”w “’)) T o,(1).
0=0g o 0=0g o

and

a0 a0

On the other hand,

Hna (0 .
o (00) = o 0) + (P52 ) (0000
0=0,

A 2
43 (g0 —0.) <7a e (0))

aoaoT (0&‘1 _/éot) + 0(||0g,a _)éa”z)-

0=0,
Now, taking into account that

2 2
(a Hi.o 50)) . (a Hna 50)) B (00),
0000 0=0, 0000 0=6g o

Mo ®)
a0 =0, o

we conclude that

21 [Hy (B) — Hna (05.0)] = —v/1 (B0 — 05.0)" @0 (0g.0) 11 (B — 05.) + 0,(1).
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Applying (BH"B‘—Z“’)))(}:a = 0, we have by Taylor

0Hp o (0
0= n1/2 <"’—()> + Wn(og,a)nl/z (aa - og,ot) + Op(l)a
0=0g o

30"
so that
OHpq (0
N2 (0 —0g0) = —n'2 W,(0g0)7" (”—T()) + 0,(1).
00 0=0g
Hence,
dHpo (0)\" _ dHp.q (0)
20 [Hy (8) — Huw (Bg.0)] = —v/1 (n_o()) @, (05) " Vi <"_0> +0p(1).
3 0=0g o 3 0=0g o

But as P*(0g.o) = Qq(0g.«M(8g o)’ ¥y (6g.0) " — ¥ (6g.) ', we obtain

dHno (0)\" _
2n [Hn,a @a) - Hn,a (éa)] =- ‘/ﬁ <—()> Qa(og’a )M(og’o‘)T W” (03,01) !

aoT 0=0g o

0H, 4 (0)
" f(T) ol

Finally we have,

/i <8Hn_a(0)> L5 N(Ow, 2, (05.0)),
0=0g

30T n—o00

and thus the asymptotic distribution of 2n [Hy ¢ @a) — Hpe (50[)] coincides with the distribution of the random variable

> ilBg.0)Z7.
i=1

where Zi,...,Z. are independent standard normal variables, A1(0g4), ..., Ar(fg,) are the nonzero eigenvalues of
-1
—Q,(0g.o)M(0g o Y@, (og,ot) 2, (Qg,a) and

r = rank (Qa(ag,a)M(og,a)T @, (05.0) " 22 (og,o,)) .
For more details see Corollary 2.1 in [39]. This finishes the proof.
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