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Abstract
We build on a characterization of inner functions f due to Le, in terms of the spectral
properties of the operator V = M}‘Mf and study to what extent the cyclicity on

weighted Hardy spaces Hf) of the function z = a — z can be similarly inferred from
the spectral properties of the corresponding operator V. We describe several proper-
ties of the spectra that hold in a large class of spaces and then, we focus on the par-
ticular case of Bergman-type spaces, for which we describe completely the spectrum
of such operators and find all eigenfunctions.

Keywords Inner functions - Cyclic functions - Multiplication operators -
Reproducing kernel Hilbert spaces - Point spectrum

Mathematics Subject Classification 47B32 - 30J05 - 47A10 - 47A16

1 Introduction
1.1 Starting from Le’s work
In classical complex function theory, the concepts of inner and cyclic functions

play a prevalent role. A function f : D — C is called inner if its modulus is
bounded by 1 at every point and its radial limit boundary values have modulus
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equal to 1 at almost every point of the boundary. A theorem of Beurling pro-
vides a complete description of invariant subspaces under the shift operator in
the Hardy space H” based on inner functions and this is a cornerstone of modern
complex analysis. A function is called cyclic (in a space H of analytic functions)
if it is contained in no proper invariant subspace of H. Thanks to a factorization
obtained by Smirnov, cyclic and inner functions can be seen as dual to each other,
and thus, Beurling’s Theorem also implies a complete description of cyclic func-
tions in H2. For more on this topic, we refer the reader to [9]. In trying to develop
a similar theory suited to spaces of analytic functions other than H?, several gen-
eralizations of inner functions have been proposed since the work of Rudin in the
1960s. One of these concepts is particularly based on the inner product properties
that make inner functions special for invariant subspaces of a given Hilbert space
H: we say f € H is a H-inner function if it has norm 1 in A and

(f.7fy=0,  j#0.

It is easy to check that, under mild assumptions, the normalized orthogonal projec-
tion of the constant function 1 onto an invariant subspace is a H-inner function and
this has numerous consequences [3]. Recall that a multiplier fin a space H is a func-
tion for which the operator M, of multiplication by f acts boundedly on H. We are
going to study properties of M, through the mirror of its precomposition with its
adjoint M7, acting on certain function spaces that are described as follows. Through-
out this article w = {®, },y Will denote a monotonic positive sequence satisfying
wy = 1,1im,_, % =1, and

oo 2
)
Z(l—”—“> < . (1.1)
n=0 w”
We will then say that w is a valid weight. In that case, we will denote by
@py .

wn
Cy 1= sup ; C) i=sup .
neN @y neN W41

Finally, denote by Hi the space of holomorphic functions f over the open unit disc D
of the complex plane with Maclaurin coefficients {a, },cy satisfying

[c)

12 = la,l*w, < o. (1.2)

n=0

HZ, is called a weighted Hardy space with weight w. The conditions on the space
guarantee several properties:

(P1) Polynomials form a dense subset.

(P2) Both the shift operator M, and its left-inverse are bounded in Hi (with norms
given in terms of C, and C)).

(P3) The unit disc is the common domain for the elements of the space.

% Birkhauser



Towards spectral descriptions of cyclic functions Page30f27 52

(P4) The assumption (1.1) guarantees that we can make use of an important theorem
in spectral theory while still including a large class of relevant examples.

(P5) By the monotonicity, eitherCy =1 < C,orC, =1 < C,.

(P6) The space HZ, is an example of a reproducing kernel Hilbert space over the disc
(see the next section for the definition).

Bergman-type spaces Af} (p > —1) will attract some of the focus in the present arti-

n+p+1

-1
" ) . With this weight, the norm is

cle, which are those H2 with o, = (

also given by
I = 6+ 1) / FOP( = 212 dAG).
D

where dA denotes the normalized element of area measure. We prefer the notation
a = —1 — g, which identifies these Bergman spaces with other family of spaces
called Dirichlet-type spaces. The definition of the weight can be made sense not only
for values where @ < 0 but even up to a < 1. For a > 0, these are usually referred
to as Dirichlet-type spaces, but our choice of norm is equivalent only to the usual
norm in such spaces, with the exception of the special values « = —1 (referred to as
the Bergman space, A2), and a = 0 (the Hardy space, H?). These weights are non-
decreasing when « € [0, 1) and non-increasing when @ < 0. The limit case @ = 1 is
not included in this notation, but it can be understood to correspond to the well-
studied classical Dirichlet space D, where w, = n + 1. After studying the previous
cases in detail, we will make comments about this particular space. In previous work
by our second author [21], a characterization of H-inner functions for the Dirichlet
space in terms of multiplication properties was found, building on previous work by
Richter and Sundberg [19]. This characterization was then expressed in operator-
theoretic terms by Le [16, Theorem 2.8] in a strikingly simple form that is valid in a
huge class of reproducing kernel Hilbert spaces:

Theorem 1.1 (Le) Let w be valid and f be a multiplier on Hi. Then, the following

are equivalent:

(a) fis Hi-inner.
(b) M;Mfl =1

1.2 Cydlic functions and the operator M; M;
As mentioned, cyclic functions play a dual role to that of H-inner functions: this is
true in that they are exactly those for which the orthogonal projection of the function

1 onto their corresponding invariant subspace is, again, the function 1. A complete
description of cyclic functions has not even been achieved in long-studied spaces
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such as the Dirichlet space, in which the Brown—Shields conjecture (a proposed
characterization) has been open for over 40 years, becoming a fundamental problem
in the fields of Complex Analysis and Operator Theory. A good reference for this
problem is [6]. It is safe to say that we do not fully understand cyclicity, and in the
present work, we would like to explore it from new perspectives. Cyclic functions in
weighted Hardy spaces were studied in [8]. There, it is shown how to understand
whether a function f'is cyclic solely in terms of the action of the operator V = M}‘Mf
on the basis of monomials. More explicitly, a function f (normalized to have
f(0) = 1) is cyclic if and only if

lim (A )0 = 1,
n—oo ’
where A, € C+DX("*+1) ig the invertible matrix with entries
A= (MDY, jk=0....n (13)

The theorems there and in Le’s work do not need (or mention) the assumption (1.1).
Since H-inner functions f can be described, as in Theorem 1.1, in terms of the
eigenvalue properties of the operator M;Mf, and cyclic ones can be described in

terms of other information about said operator, it seems reasonable to ask the
following:

Main question:

What can we learn about the cyclicity of f from spectral information about M;Mf
?

There is a tiny bit of information about cyclicity already contained in Le’s Theo-
rem 1.1: unless fis constant, if part (b) of Theorem 1.1 is satisfied, then fis H-inner
and then it is not cyclic. However, it seems plausible that weaker necessary condi-
tions may be found. Notice condition (b) is about 1 being both an eigenvalue and the
corresponding eigenvector.

1.3 A more modest set of goals for the present article

Even though cyclicity is not understood for a general function f, it is well understood

when a polynomial fis cyclic in a space: a polynomial f can be shown to be cyclic in

HZ) if and only if it has no zeros at the points where point evaluation is a bounded

functional (essentially, either D, for spaces with Zfio ui) = 4+00; or ﬁ, for spaces
J

where that sum is convergent). In this sense, the function f(z) =a — z serves as
good initial test for questions related to cyclicity: any reasonable condition related to
cyclicity, when studied for such f should present a transition as @ moves from the
interior of the disc to its exterior. In the first family of spaces we study (Bergman-
type spaces with @ < 0), we will indeed observe that the existence of eigenvalues of
V., =M;_M,_. will depend exactly on whether a € D or not. This will not be true in
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the other spaces (when a € (0, 1)), but we will still be able to observe a noticeable
transition when passing through the unit circle.

With the long-term goal of identifying features of Mf*Mf that may be meaningful
towards understanding cyclicity, we will focus here on the toy problem of describing
the spectrum, point spectrum, and corresponding eigenfunctions, of Mf*.Mf for f of
the form f(z) = a —zfora € C.

The transition is somewhat apparent already in our first main Theorem, where
(in any Hf) space and for any a € C\{0}) we describe the spectrum completely
except for the determination of two positive sequences that may compose the point
spectrum:

Theorem 1.2 Let a € C\ {0} and w be a valid sequence. Consider the operator
V,=M,_ M, acting on Hi. Then

a

o(V,) =0, (V) U [(1—lal)*, (1 + [a])?].

Moreover, the point spectrum is contained in two positive sequences, A~ converg-
ing to (1 — |a|)? from below, and A* converging to (1 + |a|)*> from above. Both
(1 —|aD? = A~ and AT — (1 + |a|)? are in £3/2.

Notice that the containment mentioned in the theorem may be strict and the two
sequences of eigenvalues may be empty or contain a finite number of eigenvalues
only. When it comes to studying the Hardy space H? (w = 1), it should be noted that
the lack of point spectrum (i.e., the fact that both A* and A~ are empty of actual
eigenvalues) is well established, since a theorem of Hartman and Wintner [11] gives
every answer needed: we denote by T, the Toeplitz operator with symbol
@ € L®(T). This is the operator on H? consisting of multiplying by ¢ and then pro-
jecting from L? onto H?. With this notation, and for any bounded analytic function f,
our operator M;‘Mf is just 7|2, and Hartman and Wintner described the spectra of all

self-adjoint Toeplitz operators

Theorem 1.3 Lerp : T - R with @ € L*®. Then

0(Ty) = 0o(T,) = [ess  inf p(e”), ess Sup p(e?)].

Two remarks are in order at this point: first, in the case of the Hardy space, the
operator M;Mf depends only on the modulus of f on the boundary, and so, it cannot
detect whether f has an inner part or not. In this sense, the answer to our main ques-
tion for this space is, clearly, that there is no relation whatsoever with cyclicity.
However, this obstruction only happens exactly in H?, and we will accordingly
observe different spectral behaviour for the operator M:Mf when acting on H? com-
pared to its action anywhere else. A

Therefore, the reader may be asking why should anyone be optimist about ever
finding any such information in other spaces? Despite the H? negative result, the
truncations of M;Mf to the finite-dimensional spaces P, encapsulate all information
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about the cyclicity of the function except for the value of f(0). This can be seen from
the description of optimal polynomial approximants (polynomials studied on [8] and
which characterize the cyclic behaviour), since these are obtained from the linear
system Mc = ¢, with M given by (1.3). The matrices studied in that context do not
correspond exactly with the truncations of the operator as we will understand it, but
this is due only to the lack of normalization of the basis of monomials, and thus, the
truncations of our operator do contain all the necessary information (except for the
multiplicative constant f{0)).

Regarding the essential spectrum of V,, Theorem 1.2 reveals that it is the inter-
val [(1 = |a|)?, (1 + |a|)*]. One could notice then that a € T happens if and only if
V, :=M;_M,_, is not invertible, that is, 0 € o(V,). When studying cyclicity of a
function f, one can start by ruling out functions with zeros inside the domain D,
since any zero of f will be a common zero of the elements of [f], the smallest invari-
ant subspace containing f, which means that f will not be cyclic. One can also decide
upon functions that are non-zero on a larger disc (1 + €)D, since the Taylor polyno-
mials p, around 0 of 1/f will show p,f — 1to converge to O exponentially fast with n
in the norm of the space Hi. In this sense, the most interesting functions are those
that we can dub critical in that they have zeros or singularities on the boundary but
none inside of D. We suspect that our argument to obtain Theorem 1.2 will also
yield a general version for many more functions and that the essential spectrum will
always be given by Hartman—Wintner’s Theorem 1.3 interval description. In this
way, all critical functions with zeros on the boundary would have 0 in the spectrum
of the corresponding operator V.

After the proof of Theorem 1.2, we will obtain descriptions of the point spectra
as well as all eigenfunctions in the following results. From now on, we will use sev-
eral notations that will simplify the statements: consider j € N and @« € R be fixed,
then we denote by ¢;, the quantity

0j= Va2 +4al2G+ D+ 1 - a).

We also fix, from here onwards, the two sequences A* and A~ that will be applicable
in the next results

> FQj+2- a)o;

A =lal’+1+ .
j = lal 2+ D+ 1-a)

(1.4)

Moreover, we will denote a point
Ci = —OJ Fa
ket a(+ 1)

and with it, we define the function
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(z—c,)
RE = e (1.5)
Ja

Now, we are ready to state our main results. First, for a < 0:

Theorem 1.4 Leta € C\ {0}, @ < 0 and V, acting on Azl_a, A" asin (1.4), and Rj_a
given by (1.5).

1 Ifo<|al <1
o,(V))=4".
Every eigenspace is one-dimensional and
ker(V, — Aj_l) = span{Rj_a}.

(i) Iflal =2 1Lo,(V,) =0

Let us remark that this result points to the possible existence of a necessary con-
dition for a (non-constant) function to be cyclic, that the point spectrum of the oper-
ator be empty. This would be meaningless in the Hardy space but powerful else-
where. However, we will immediately see that such condition is not necessary in
other cases, and thus, this hypothesis is limited to some spaces.

Theorem 1.5 Let a € C\ {0}, a €(0,1) and V, = M;__M,__ acting on Hf) where

a

-1
w, = < " ; * ) . Consider A* as in (1.4) and Rjia as in (1.5). Then:

@ If0<lal <1,
o,(V,) = A"
Eigenspaces are one-dimensional and
ker(V, — A_;rl) = span{R:a}.
(i) Iflal > 1:
Gp(Va) =Atui.
Moreover, all the eigenspaces are one-dimensional with

ker(V, — /1;—'1) = span{Riia}.
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Notice, in particular, how the critical value |a| = 1 sides with case (i) this time as
opposed to Theorem 1.4.

Since cyclicity does not depend on the choice of equivalent norm on a particular
Hilbert space, we feel entitled to study the phenomenon with our preferred choice
of equivalent norms, that will have the advantage of making eigenvalue equations
into rather simple ODEs. This simplicity breaks when we study the Dirichlet space,
because the ODEs stop being homogeneous. Hence, we will see some limitations to
the scope of our results. In a previous work [4], the integrability of differential equa-
tions arising from some extremal problems relevant to cyclic functions was made
easier under the Bergman-type choice of equivalent norm. We observe some simi-
larity between the two processes and we believe that there is a deeper connection
between the two phenomena.

On a final comment, it would be reasonable to normalize the function f to have
supremum modulus equal to 1 over the disc. This could lead to connections with de
Branges—Rovnyak spaces or the general theory of contractions on Hilbert spaces,
where the defect operator (I — M;M,)"/? is known to play an important role. In
our results, this could be interpreted by dividing each eigenvalue by (|a| + 1)> and
performing a related transformation on the eigenfunctions. This could simplify the
appearance of the spectrum. However, the natural norm for such normalization in
spaces smaller than H? seems to be the one associated with multipliers, and since
this norm is more complicated to work with in general, we decided to stay with
the form of f we chose initially. Some of our results can be understood to provide
efficient lower bounds for the multiplier norms of a — z in various spaces, but in
Bergman-type spaces, these norms are well known.

The plan of this article is as follows: we start in Sect. 2, by presenting basic prop-
erties of the spaces and the norms that we will use as well as generalities about
reproducing kernel Hilbert spaces and multiplication operators acting there; then, in
Sect. 3, for each space Hi and value of ¢ € C\ {0}, we show how to obtain a recur-
rence relation for the coefficients of an eigenfunction. We continue with an explora-
tion of the whole spectrum in Sect. 4, achieving then the complete description of the
spectral properties up to describing the point spectrum, therefore establishing Theo-
rem 1.2. To do so, we make use of the great machinery developed in [14]. When one
particularizes on the case of our Bergman-type norms, the recurrence relations will
lead to a homogeneous first-order differential equation. This differential equation
will be solved completely in Sect. 5 for each of the spaces. This will yield the proof
of Theorems 1.4 and 1.5. We explore the problem in the Dirichlet space in Sect. 6,
where the main issue will be a lack of homogeneity of the ODE obtained, leading us
to the study of hypergeometric functions. We conclude in Sect. 7 with some further
remarks and suggestions for future research.

2 Preliminaries

Consider a weighted Hardy space Hfu. The associated inner product is
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(e8]

(f.8) := ), a,b,m,

n=0

for each f(z) = Y. a,2" and g(z) = Y b,2" in the space. This is a clear example
of reproducing kernel Hilbert spaces over the unit disc D. That means that the eval-
uation map f — f(4) is a bounded linear functional on Hi for each A € D. Accord-
ingly, there exists an element of H2, called the reproducing kernel k, € H?, such
that

(fox0) = f(), Vf € H..
In fact, it is an easy exercise to check that x, is given by
- (A7)
K@) =) u, Vz € D.
0 @

Several classical and well-known examples of weighted Hardy spaces are the Hardy
space H? (with weight w, = 1), with norm also given by

2 ) 1/2
Ifll > = sup ( / v<re"’)|2de> ;
O<r<1 0

the Bergman space A? (which is the weighted Hardy space with weight w, = ﬁ),
whose norm is also given by

12
Wl = ( / lf(z)IZdA(z)> ,
D

and the Dirichlet space D (with weight @, = n + 1), with norm

12
Wl := (13 + 112 ) < +oo.

Regardless of the choice of equivalent norm, a relevant and well-studied class of
spaces is that of the Dirichlet-type spaces D, (for « € R), corresponding to Hf) for
the weight w, = (n + 1)*. The norm thus defined is often denoted || - ||,, and the
cases a = —1, 0, 1 correspond, respectively, with A%, H? and D. Furthermore, there is
a continuous inclusion D, & Dy whenever f < a (indeed, note that [|f1|, < ||f|l, for
every f€D,) and for any a and f € Hol(D) we have f € D, if and only if

-1
. n—a . . .
f' € D,_,.Foreach a < 1, the weight @, = < " ) gives an equivalent norm in

the Dirichlet-type space D, and we will refer to this norm.
On the other hand, we will make use of the class of weighted Bergman spaces A;

(for p > —1) of functions f € Hol(D), such that

% Birkhauser
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1/2
Wil += <<ﬁ+1> / 1f(z>|2<1—|z|2>ﬂdA<z)> :
D

Notice that the || - ||A; norm is equivalent to || - ||, if a = =1 — f < 0 and it is well

-1
known that Az is a weighted Hardy space with weight w, = <n ; * > . In fact,

this weight can be used to define a Dirichlet-type space equivalent norm for a < 1.

. . . n+a
For @ > —1, one can also choose the equivalent norm given by weight < " >

These are the two different choices our approach will be specifically good for,
although we will focus on the former and make use of the latter only when a = 1
down below.

A holomorphic function ¢ is called a multiplier on a space H if, for each f € H,
the pointwise product @f belongs to H. Each multiplier ¢ defines a linear bounded
multiplication operator M, : H — H, whose norm

M Nl p—n = @l mane

is the multiplier norm of @ on H. The space of all multipliers with this norm, M,
is a Banach space. It is obviously closed under multiplication and if 1 € H (like in
our case, for all Hi spaces), then M, C H. Even though the norm on M, depends
on the choice of equivalent norm imposed on H, the actual elements do not depend
on this choice. Hence, when H = D,, we denote M, := M,. The class of poly-
nomials P is contained in M, for all « € R. For more general functions, there is a
clear transition as @ changes in R in terms of multipliers: for « < 0, M, = H® (the
Banach space of bounded analytic functions with the uniform norm); as @ changes
from O to 1, it becomes increasingly difficult for a function to be a multiplier, but for
a > 1, elements of the space D, are so regular that they are automatically multipli-
ers. A complete characterization for @ € (0, 1] was achieved by Stegenga [22], but
this is not elementary and we skip the details. A sufficient condition for a function
f € D to be a multiplier of D is that f’ € H®, and this is enough for the purposes of
this paper, since we will only deal with multiplication by polynomials.

3 Recurrence relations

We denote the canonical basis e,(z) := z"/4/®,. This is an orthonormal basis for

Hi (and in fact, formed by Hf)-inner functions). Recalling the above notation, from
now on, fixed a € C, we denote by V, the operator

V. .=M' M
a a—z

a-—z°
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We will use the convention that /2, denotes the n-th Maclaurin coefficient of a holo-
morphic function /# and i_; := 0. Eigenfunctions for V, have several special proper-
ties, and we start with the following:

Lemma 3.1 Let a € C\ {0} and consider the operator V, acting on HZ). For each

A€o ,(V,), the associated eigenfunction h(z) = ano h,z" comes given by the

unique (up to normalization) solution to the recurrence relation
@py1 - @pyy
—ah,_; +h, = Ah,,

n n

for each n > 0.

2
la|*h, —ah,,

It seems adequate to point out that when a = 0, this lemma still holds except
for the fact that the equation cannot be considered a recurrence relation.

Proof Let A € C and consider h(z) = Y h,7" € Huzj. Since e,(z) = 7"/4/w, form

n=0""n
an orthonormal basis on Hf), one has

Vh(z) = DM M, h.e,)e, )
n=0

= Y{ah(z) - zh(2),az" — ')

"
n=0 @y

Now, simply distributing the inner products, and using the convention that 4_; = 0,
gives

o0

Vah(z) = Z (|a|2hna)n - ahn+la)n+1 - ahn—lwn + hna)n+1)

7"
n=0 @

Hence, the eigenvalue equation V,h(z) = Ah(z) becomes equivalent to the recurrence
relation in the statement of the lemma. a

4 Essential and point spectrum

The reader may be wondering whether the argument of a plays any role. It turns
out that the problem of determining the point spectrum of V, is rotationally
symmetric.

Lemma 4.1 Leta € C\ {0} and consider V, acting on H>. Then, V, ~ V., for each
0 € R. In particular

o(V)) =0(Vyw) and o (V,) =0 ,(V,m), for all 6 € R.

% Birkhauser
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Proof Given 6 € R, consider the surjective linear operator R, : Hi - Hi given by
R,f(z) = f(e7). It is clear that R, is a unitary operator, since it preserves the inner
product

(Rof - Rog) = Y 1" 8,0, = Y f, 8,0, = (f.g).
n=0 n=0
Let us check that R, is precisely the unitary transformation making the two operators
similar. Consider any i € H?. Since e,(z) = 2"/ 4/, form an orthonormal basis in
H?, we have

w’

RV, Roh(z) = 2<R; * M, Roh.e,)e,(2)
n=0

= Y {(a-Dh(e"z), (a - Z)ei"ezn>i-
n=0 wn

Just distributing the inner products and using the same convention as before, the lat-
ter series can be rewritten as
—inf n

o0
in 2 i(n+1)0 — i(n—1)0 e <
2 <€ hn(lal w, + wn+l) — ae'"+h hn+1wn+l —ae hn—lwn) @

n=0 n

(o]
n

_ 2 i0 = —if <
- 2 ('al hna)n —ae hn+la)n+1 —ae hn—lwn + hna)n+1 ) (0_
n=0 n

That amounts to saying
R;VaRgh(Z) = Vaeieh(Z).

Therefore, V, = M,__M,__ is unitarily equivalent to V., and so, they share the spec-

trum as well as all the spectral parts. a

The operator V, being self-adjoint guarantees that the spectrum will be real. In
fact, we can at this point check that, in very large generality, V, has only strictly
positive point spectrum.

Corollary 4.2 Let a € C\{0}, w be a valid weight, and V,, act on Hi. Then

o,(V,) C (0, 00).
Proof V, is self-adjoint, and thus, o ,(V,) C R. Let us check that any eigenvalue 4
must be strictly positive. By Lemma 4.1, we can assume a > 0. We thus fix @, a > 0

and A4 <0, and suppose h(z) = Y, h,z" satisfies the recurrence relation from Lemma
3.1 with A, = 1. By induction, this implies that all /, are real. Define

B, :=(ah, —h,_))w,,

% Birkhauser
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(with By = a > 0). The recurrence relation becomes then
B, ,=aB,— Ah,w,.

Since A < 0, this implies, first, that i, and B,, are positive for all n € N: indeed, this
holds for n = 0, and if it does for n, then

B, >aB,. 4.1
This implies that
ahn+la)n+l > aBn + hna)n+1' (42)

From (4.1), if a > 1, we obtain that B, grows exponentially, but this means that at
least one of |, |, |h,_, | is comparably large, and thus, 4 cannot be holomorphic in D.
On the other hand, from (4.2), we can see that i, ; > %, which also means expo-
nential growth if @ < 1, and lack of holomorphicity. Finally, we can assume a = 1,
and (4.1) implies that B, is non-decreasing, which means that

h, > + 1.

+h, >

1 1
o, " o,
Therefore

o0 1 o0
2
a2 > Y —+ Y o,
n=0 @y, n=0

At least one of these two last sums must be infinite and, therefore, 4 cannot be in
H>. a

We already noticed that the point spectrum depended on the choice of norm.
However, the rest of the spectrum does not depend on the choice of equivalent norm
or even (to some extent) on the choice of space. This will be a consequence of the
Blumenthal-Weyl criterion and the Lieb-Thirring bound, as described in Theo-
rem 1 of [14]:

Theorem 4.3 Let J denote the infinite Jacobi matrix given by sequence
J, n+l = Jn+1,n =a, and Jn,n = bnforn > L ]f

2i(an -1+ ibi < o,
n=1 n=1

then the essential spectrum of J is [—2,2]. The point spectrum is then contained in
two sequences, AT and A~, converging to =2 from outside of the interval, with both
A;r —2and A7 + 2 belonging to 312,

We will make use of this to describe completely the spectrum of V, provided that
one can describe the pure point spectrum, by proving one of our first main goals:
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Theorem 1.2. This complements the computations to be done for some choices of
-1
. n—a
weight w, = < n > whena < 1.

Proof of Theorem 1.2 As usual, we assume a > 0. Notice V, is self-adjoint and
thus, its discrete spectrum is just its pure point spectrum. The positivity of the
point spectrum was shown in Corollary 4.2. Let us find the essential spectrum.
By Theorem 4.3, we just need to check that V,, seen as an infinite matrix repre-
senting its action on normalized monomials, is a Hilbert—-Schmidt perturbation of
(a®> + DI — aJ,,, where J,, is the free Jacobi matrix, given by taking a, = 1 and b, = 0
for all n > 1. In fact, fixed a weight w and a value a > 0, the infinite matrix J associ-
ated with the operator V,, is a Jacobi matrix given by

for all n > 1. Thus, for J — (@ + 1)I + aJ, to be a Hilbert—Schmidt perturbation of 0,
we need to check that

© 2 oo 2
) 10
24* <1— ">+ <1— "><oo.
,; wn—l ,; a)n—l
Since lim,_, , ®,/®,_; =1, using 1 — \/)_c = ;;\/x;, one just needs to check (1.1) is
met. O

We can actually provide bounds on the potential eigenvalue sequences men-
tioned in the previous theorem, and in particular show that if @ is non-increasing,
At is empty.

Lemma4.4 Let a > 0, h be an eigenfunction for some A for V,, acting on Hi, with @
valid. Then:
(D If wis non-decreasing, then
A€ [(a—1)* = Cya,(a+1)* + (Cy — Dal.
D) If wis non-increasing, then
A€ [(a=17=(C;—1),@-1)?).

Proof We show the proof of the upper bounds for 4. The same principles as in case
(D) give the lower bounds. From Lemma 3.1, we have

Clz+1—l a)n 1 wn a)n
hn+1= n<—_+5(1_ ) _hn—l_'

a (G n+1 n+1
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We are going to show that {|A,|} is an exponentially growing sequence and, thus, &
cannot be in Hol(D). As a basis for induction, we can thus assume that |/, | > |h,_,|.
In case (I), suppose

A=@+ 1 +(Cy—1+ea,

with € > 0. Since 1 — 2= > 0, we have

n+1
w,
|hn+1|>(|hn|(C0+1+g)—|hn_l|)w .

n+1

By induction, this is larger than |4, |(1 + Ci) and we are done. In case (II), notice that
0
lita = 2l < lalll2ll + ||zAll,

and the shift is a contraction. Thus, ||V, || < [IM,_,||I> < (la| + 1)*. In the notation of
Theorem 1.2, we then know that A must be part of A~. O

For the particular case of H?, the case (II) of Lemma 4.4 implies that the point spec-
trum is empty, recovering Hartman—Wintner’s result. In the next section, we solve the
remaining questions on Bergman-type spaces.

5 A complete description of point spectrum and eigenfunctions

For the choice of norms we made for A;Zj spaces, (1.1) holds, because if

-1
n—a
a)n=< n > , then

We recall some notations and introduce new ones that are stable during this section.
A number a € C\ {0} is considered fixed, giving rise to a function f with
f(z) = a—z, for which we study the operator V, = MM, acting on some space.

1— W11 —a

o n+l—-a

n

Whenever we try to find whether certain complex number A belongs to the point
spectrum of V,, we will denote by £ a function that should satisfy the corresponding
eigenvalue equation, with Taylor coefficients {%,},cy. S0 that h(z) = Y, h,2". In
any expression regarding these coefficients, it is understood that 4_;, = 0. Once we

fix a 4 € C, we will denote by

_ lal> +1 -2

lal

b

In that case, P will be the polynomial given by

P@) :=7>—bz+ 1.
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Obviously, P has 2 roots (counting multiplicity) that we denote by ¢ and 1/c and,
without loss of generality, we assume that |c| > 1. A relevant property relating b and
c is that

c+1/c=b. 5.1
We will sometimes use it in the form
c?=bc—1. (5.2)

We will start by recalling the disappointing conclusion with regards to our aim of
identifying cyclic functions: there is nothing in the point spectrum in H2. Now, the
description of the point spectrum is not as trivial in other spaces. Let us deal with
the classical Bergman-type spaces A/2i = D, for negative values of a = -1 —f.

-1
. . . . n—ao
Recall that the weight in this context comes given by w, = < " ) . We are now

ready to proceed with the proof of Theorem 1.4.

Proof of Theorem 1.4 Without loss of generality, using Lemma 4.1, we may assume
that @ > 0. Our plan is to first infer a differential equation that must be satisfied by
any eigenfunction, then solve said differential equation to find all possible eigenfunc-
tions A, and then determine which # among those actually belong to Hi i= Ail_a
and are therefore actual eigenfunctions. As a result, we will also obtain the corre-
sponding eigenvalues.

Let us now start by choosing an arbitrary A € C and consider A(z) = 7, ,2" in

-1
. n—a . . .
Hi. Using that w, = ( " > and operating in the recurrence relation obtained

in Lemma 3.1, we arrive to

h n+l-a A
B ——2=""""%p (a=2)=n_).
n+1 a n+1 (n(a a> n—1>

We isolate the terms that are multiplied by a, yielding

(4 1)-(hy —bh, +h, )= —a(hn<a - 4) - hn_1>.

a

Multiplying both sides by z" and summing over all » > 0, we may transform the
recurrence relation into an equation on holomorphic functions

S S A
ZZ(”+1)'(h,,+1—bhn+hn_1)=—azz <hn<a—5>—hn_1>. (5.3)

n=0 n=0

% Birkhauser



Towards spectral descriptions of cyclic functions Page 17 0f 27 52

The right-hand side above is a(z + 1/a — b)h(z). The left-hand side can be identified
as i’ — b(zh) + (Z2h)'. Therefore, separating the terms on 4 from those on /', we
have a first-order differential equation

W (2)P() = h(z)(b(l —a)+ g +(a— 2)z).

We are going to solve this equation by solving for 4’ /h for which we express the
resulting rational function in simple fractions: denote by ¢ and 1/c be the complex
roots of P and assume, for a moment, that ¢ # 1/c (i.e., that ¢ # +1), and |c| > 1.
Thus

W@ u v
hz z—c -1

where u, v € C are given by the system

1o\ (u\_ [ «-2
—1/c—c)\v)  \C+b(l-a))" (5.4)

This can be solved using basic linear algebra to yield

po=—1-%8 _ _j_aax

ac?-1 a bc=2’ ) (5.5)

vza_l_}_za—c au—c' .
a c2—1 a bc-2

At this point, we can find a general solution to our differential equation, and this is
Z\¥ v
h(z):k(l——) (1—-c2), forkeC. (5.6)
c
Consequently, for 4 € C to be an eigenvalue of V,, : Hi - Hf), it is necessary and
sufficient that the function A(z) computed in (5.6) belongs to Hf). Depending on the
value of ¢, there are three cases:
e Casel:|c|]=1,c#«l
A standard fact about reproducing kernel Hilbert spaces gives a maximum

speed of growth towards the boundary for functions in the space: applying
Cauchy—Schwarz and the reproducing property, if & € Hf), we must have

()| < 1Ally/k.) ~ (= |25

This limit is surpassed by £ here. Indeed, by the first equation in the system (5.4),
we cannot have both Re(u), Re(v) > aT_l That means that one of the singularities
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(the one at the point c or that at 1/c) must be too strong for 4 to belong to Hi. Thus,
we conclude that this case does not produce any eigenvalue.

o Case2:|c| > 1

In this case, we must have v € N: otherwise, & is not even holomorphic at the
point 1 /c € D. Fix now j € N and assume that v = j. Then, (5.5) is rewritten as
aa—c

i+1—a=— .
J * abc-2

This equation already contains much of the essential information about A, but we
need to disentangle A from the remaining terms. We want to solve for 4 in terms of a,
J, and a. Hence, we continue by grouping the terms on ¢

c<j+1—_aab+ 1) :a<2(j+ D - 1>.
a a

Now, observe that jHT_“ab + 1 # 0: otherwise, the right-hand side is also null, and

thus, % = j+ 1 which cannot hold, because @ < 0. Therefore, we can solve for c,
yielding

2+D _
c=a——"———. 5.7
HT_“ab +1

Reminding that ¢ = (b + Vb2 — 4)/2, one can equal this expression with (5.7), sub-
tract b/2 and take squares on both sides to obtain

26+ _ 2
b —4=|2a-——-b]).
AR +a_" ab+1
Opening the parentheses, cancelling the two adding terms on b2, and multiplying
both sides by the adequate quantity, this is equivalent to

. 2 . . . 2
(‘H_l—_aab+1> =ab<w_1><f“_‘“ab+1>_az<2(1+1)_1) )
a a a a

Now, since we are interested in isolating A and ab = a® + 1 — A, we rewrite our later
expression gathering each summand in terms of powers of ab

. . . 2
a2b2<a—(/+ai))o+1) _ab+1+a2<@_1> _o.
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Solving this quadratic equation and using ab = a®> + 1 — 4, one has two possible

solutions
1+ \/1 - 4<1 + az(M - 1>2> (@=(+D)G+D)
+ . ~
2

A+1-i=ad>- - -
2@-G+1)G+ 1

We can then solve for A. It may seem like a miracle but, after inserting the a” factor
inside the square root, we obtain a degree 4 polynomial on «a that has a double root at
a = 2j + 2. To avoid too much of a lengthy expression, we denote

0= Va2 +4a2G + DG+ 1 — a).

Observe that ¢; > |a|. Doing so, one obtains the next two candidates for the
eigenvalues

a2i(2j+2—a)0j
26+ DG+1-a)

A=a’+1+ (5.8)
Notice the negative value of the square root will give the actual eigenvalue stated in
the Theorem for /1, On the other hand, we need to discard the value with the positive
root, to exclude those false candidates which are not actual solutions of the eigen-
value equation. When we took squares of v/b2 — 4, at some earlier point, the roles of
c and 1/c were intertwined. We need to identify the case where ¢ has a correct value
with |c| > 1. Since ab = a®> + 1 — A, one has

—(X2$(2j+2_a)0j
26+ DG+1-a)’

which allows us to rewrite @ab + las

+1-o (-9 __«a
G120 (129) (1 )

Now, substituting this expression into (5.7) gives

o260 _ _
- 2a(i+ 1
o= ( ) _ 20+ D (5.9)

—9 __a O F Q;
<l+ a)(l 2(/+1>> !

Hence, to have |c| > 1 (and then, lie in Case 2), we need 2a(j + 1) > |a F ol:
¢ The choice of the positive root +¢; for the eigenvalue in (5.8) gives
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2a(G + 1)
c=——-.
a—o;

Since |a — ¢;| = 0; — a, we need to solve the inequality 2a(j + 1) > ¢; — a. This
inequality can be simplified to 4aa(j + 1) > —4a’a(j + 1), which can never happen
since @ < 0 and so this case must be discarded.

* The choice of the negative root —g; for the eigenvalue in (5.8) gives

2a(j + 1)
c=—.
a+o;

Since |a + ¢;| = 0; + a, we need to solve the inequality 2a(j + 1) > ¢; + a. This
inequality is equivalent to —4aa(j + 1) > —4a’a(j + 1) which holds if and only if
0 < a < 1, and so, the eigenvalue description in the statement holds with the cor-
responding eigenfunctions. In this case, % is a holomorphic function with a poly-
nomial type root at 1/c and analytic up to the disc of radius Icl. Any function that is
holomorphic in a disc of radius larger than 1 is automatically in any Hi space, and
thus, £ is an actual eigenfunction whenever 0 < a < 1.

o Case3:c=+l.

To complete the proof, let us finally consider the case that ¢ = +1 (which implies
b= +2and A = (a F 1)?). In this case, the differential equation becomes

1 _
W@  _a-2 a(;+ 1)
o 1wz (1F2?

whose general solution is

a(l%1)
h(z) = k(1 F2)* 2 exp < - “—), for k € C. (5.10)
zF 1
This is a holomorphic function in D. Thus, the points A = (a F 1)* will be eigen-
values of V, : H2 — H? whenever the corresponding function /(z) belongs to H2.
Bearing in mind that

Al ~ /D |h()1*(1 = |z)™* " dA(z)

1 1 1 e
N/ummexp <—2a<2$1>9{e(211>>(1—|z|2) VdA(2),

when a > 1, the exponential within the integral is bounded from below. This tells us
that h & Hi, upon applying standard Forelli-Rudin estimates (see, for instance, [12,

Thm. 1.7]). Otherwise, when 0 < a < 1, we have —2a(i F 1) > 0. Thus, the choice
¢ = —1 must also be excluded, since

% Birkhauser



Towards spectral descriptions of cyclic functions Page210f27 52

—2a<l+ 1>me< ! ) > —oz<l + 1),
a z+1 a

and so, the latter argument can be applied again to see that 42 & D,. On the other
hand, for ¢ = 1 using, for instance, the change of variables

1 1
Re(z) = <1 - Z) + Z cos(e),

m(z) = % sin(¢),

withy>%and0<(p<2n,

Q

one has that dA(z) = 4#,3(1 — cos(@)) dedy, and so, applying the identities

1—|z|? 2y2
g{e< 1 =—y, 2l =2y—1 and ! = ! )
z—1 12 [1-2z]2 1-—cos(p)

this yields

T 2r—6 1
T // iy — et e 1
1 0

(= cos(@) 4%

for each 7> 1 and 6 > O close to zero. The right-hand integral is unbounded as
6 — 0" and consequently & H?. |

Remark 5.1 Notice that, in (5.3), the term A, ;(n+ 1) for n = —1 is null. We will
come back to this critical point later, when discussing the Dirichlet space, since it is
the fact that made the differential equation into a homogeneous one and this is the
point where our argument will fail to some extent for other weights.

Let us now discuss the range of values a € (0,1) for which our weights

-1
( " ; * > define a Dirichlet-type space and proceed to prove Theorem 1.5:

Proof of Theorem 1.5 Assuming a > 0, the proof follows the same steps than for
Theorem 1.4 until the expression (5.9). Once again, to have |c| > 1 (and then, lie in
Case 2), we need 2a(j + 1) > |a F ¢;l:

e The positive root +o; for the candidate of eigenvalue in (5.8) corresponds to

2a(G+ 1)
c=—-".

®— 9;

Since g; > a still holds for a € (0, 1), one has |a — ¢;| = ¢; — a. Accordingly,
lc| > 1yields the inequality 2a(j + 1) > ¢; — a, which is true for all @ > 0. There-
fore, this choice grants the existence of eigenvalues Ajf in the two cases
O<al <1 and |a| > 1 detailed in the statement with the corresponding
eigenfunctions.
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¢ On the other hand, the choice of the negative root —g; for the eigenvalue in (5.8)
leads to

2a(i+ 1)
c=————,
@+ 0

whose corresponding inequality is 2a(j + 1) > ¢; + a. Assuming j > i — 1, the
solution of the inequality 2a(j + 1) — a > g; is the interval a > 1 which, indeed,
allows to take j > 0. Consequently, this choice yields the existence of eigenval-
ues Aj‘ only in the latter case |a| > 1 considered in the statement with the associ-
ated eigenfunctions.

O

6 The Dirichlet space case

When studying in detail the case of the Dirichlet space D = Hi, where o, =n+1,
we found several issues that became hard to solve nicely. These arise from the lack
of homogeneity of the differential equation alluded to in Remark 5.1. As a result, the
already complicated situation with three different cases regarding the position of the
parameter ¢ in Theorem 1.4 becomes far more cumbersome, relying on too many
auxiliary previous results to be able to check the validity of all claims. We there-
fore state our observations in this area as an open problem and we present a scheme
of a potential proof. Our scheme may be correct, but we consider it possible for
soft arguments to provide better insight. For some of the arguments, we could have
focused on @ = 1 only, but the observed difference between the point spectra for dif-
ferent (equivalent) renormings of the same spaces (when a € (0, 1)) seems interest-
ing in itself:

Conjecture 6.1 Let a € C\ {0} and a > 0. Consider the operator V, =M;_M,_,

acting on H?> =D, equipped with the norm corresponding to the weight
) a

+
w, = <” . * ) Then, s (V,) = 8.

The question makes sense as well for @ € (-1, 0), but we are not going to pursue
this any further.

Outline of a potential proof Assume a > 0. Our strategy is the same than in the proof
of Theorem 1.4. Following the same steps, we may transform the recurrence relation
from Lemma 3.1 into an equation on holomorphic functions:

(o] (s8] h
"n+ 1) (hy —bh, +h, ) =— "y — — ).
;)Z (}’l ) ( n+1 n n—l) anZ:OZ < n+1 a >
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The right-hand side above is —a(@ — éh(z)), while the left-hand side can be

identified with &’ — b(zh)' + (z*h)'. Separating terms on /& and /', we have a first-
order ODE that, after some algebraic manipulations, becomes

a— (b+ %)Z+2Z2 _ ah(0)

= . 6.1
ZP(2) ZP(2) ©b

W () + h(z)

Denote by ¢ and 1/c the complex roots of P and assume ¢ # 1/c (i.e., that ¢ # 1),
and |c| > 1. Now, to solve the equation, we multiply both sides by the integrating
factor

U
m@:ﬂ@—§>u—aﬂ

where the exponents u, v € C must be

1+247C 14227 ad v=1-a-%
H= act—1_ abc—-2 - act—1_ abc-2’

fulfill the relation u + v = 2 — a and allow to transform the differential equation into

ac? o

, a v uo\ a oo -l
h(Z)+h(Z)<Z+Z—1/C+Z—_C>_h(O) Z Z—l/C+Z—C . (6.2)

Therefore, the general solution to our differential Eq. (6.1) is

. ah(0) [ L& dz+k  ah(0) [z (1= 2)" 7 (1 —co) de+ k
@ = K(2) B z"’(l - f)”(l —c7) ’

with k € C. The latter primitive can be expressed in terms of hypergeometric func-
tions. Recall that for each f € C and n > 0, the Pochhammer symbol (or rising fac-
torial) is given by

), = { BB+ (B+n—1),ifn=123, ..

1, otherwise.

The Gauss hypergeometric function ,F(f,v;{;z) is defined on D by the power series

X2
ZFI(ﬁs y7C9Z) - nzz;) (é,)n n!’

for every f,y € C and ¢ € C\{0,—1,-2,...}. Whenever f or y belong
to {0,-1,-2,...}, the function ,F(f,y;{;z) reduces to a polynomial. If
B,y & {0,—1,-2,...}, it can be analytically continued to C \ [1, +o0). Additionally,
we must consider the first Appell hypergeometric function in two variables

lz] <1
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Fi(Bsy.y' ¢y 1= ) %wz—”:% xy) €D’ (63)
m,n=0 m+n s

where the parameters f,y,y’ € C and { € C\ {0,-1,-2,...}. We leave the case
v = 0 to the reader and suppose v # 0. Then, the primitive

p—1
/Za—l <1 _ §> (1 _CZ)V—I dZ

N O a+1:2
=Filal—pu,1—via+ 1,5, cz) +k,
a c

is equal to

with k € C. Thus, taking
F(z) = Fl(a;l —u,l=—via+ l;z,cz>,
c

the general solution of the differential equation (6.1) is

hz) = MO F@) + k , withkeC. (6.4)

(=2 ey

Observe that, since a > 0, for this function 4(z) to be holomorphic at the origin, we
must take k = 0, yielding a candidate eigenfunction (taking 2(0) = 1)
F(2)

h(z) = ————.
(Z) (l _ f)”(l —CZ)V

(6.5)

This 4 is holomorphic, at least, on |z| < 1/|c|. In conclusion, A € o,(V,) if and only
if the function /4 in (6.5) belongs to D,. From here, some references that may con-
tribute to a solution include [2, 5, 7, 10, 13, 15, 17, 18, 20, 23]. Depending on c,
there are at least two cases:

e Casel:|c| =1

The singularities at the boundary of the candidate eigenfunction should be too large
for htobein D,.

e Case2:|c| > L

This is the most intricate case. We found no way around studying subcases in terms
of whether v € R\ Z, and of the sign of v. O
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7 Further remarks

We conclude now by mentioning some directions of potential research.

Remark 7.1

(a)

(b)

(c)

(d)

Theorem 1 from [14], that we used as a reference for Theorem 4.3, is a stronger
statement: it characterizes Hilbert—Schmidt perturbations of free Jacobi matrices
as those that satisfy four criteria (two of them are the Blumenthal-Weyl crite-
rion and Lieb—Thirring bound). The other two conditions refer to the spectral
measure and these are also satisfied by our corresponding measures. Deter-
mining the spectral measure seems an interesting future objective and, for that
end, one needs to take into account the whole of Killip and Simon’s Theorem.
In particular, information about the absolutely continuous part of the spectral
measure could be contained in the choice of a value determining V,. In [14],
the authors also provide information about trace-class perturbations of the free
Jacobi matrix. The Bergman-type weights will not provide trace-class perturba-
tions but rather Schatten class for all p > 1 (and so will Dirichlet-type weights).
Perhaps, something stronger can be said about the spectral measure from that
information than what follows from their Theorem 1.

Regarding extension to other functions, the methods that we described here make
a strong use of the fact that V, is given by a polynomial f of degree 1. When
increasing the degree of ftod € N, d > 2, one can expect some recurrence rela-
tion with 2d + 1 terms to describe the properties of eigenfunctions. The decom-
position of a polynomial in its irreducible factors could be leveraged to make
use of Jacobi matrices properties. If so, then a description of the phenomenon
for all polynomials could be a reasonable aim. If this or any other program for
studying the spectra of M *Mf for polynomial fis successful, then a next reason-
able step is to check spectral properties of V, that are preserved by convergence
of a sequence of different polynomial symbols {f,} to afunction f € H?. 2 Is there
any kind of stability of the properties of the spectrum under strong convergence
hypotheses? Cyclic functions are preserved by certain kinds of convergence [1]
and their defining features in terms of spectrum should also be preserved.

The operator V :=M *Mf has been largely studied in the context of Toeplitz
operators acting on Hardy spaces. Thus, there is a large class of problems wait-
ing to be studied on other spaces H. This is specifically interesting to the authors
when H is the Dirichlet space. If we denote V the corresponding Toeplitz oper-
ator, examples of what we want to call our attention to include studying proper-
ties of V — 17, such as compactness, Hilbert—Schmidt, trace-class, or other
p-Schatten classes membership. One could also explore the relations between
model spaces and kernels of Mf*; or the effects of the positivity of
I1-V/ |[f||Muh(H), where || - [|yui 1S the multiplier norm.

Approximation theory has been applied in the study of cyclic functions leading
to the introduction of so-called optimal polynomial approximants (or opa, see
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[4] for instance). These are, given f, the polynomials making p,f the orthogonal
projections of 1 onto a sequence of spaces H,, that exhaust the invariant subspace
generated by f, space usually denoted by [f]. The convergence of these orthogo-
nal projections to 1 is equivalent to the cyclicity of the function. Coefficients of
opa are given by matrices A, that, when fis a multiplier, happen to represent the
action over monomials of the truncations of M;Mf. Bearing in mind Theorem 4.1

in [1], one may be able to obtain additional spectral information aboutV = M;Mf

from properties of the matrices A,,.

(e) Many Hilbert spaces of analytic functions over the unit disc do not satisfy our
assumptions here and we do not know what the spectrum of V, will look like in
such cases, but some of our observations will extend, at least when the polyno-
mials form an orthogonal basis. Non-extreme de Branges—Rovnyak spaces or
other reproducing kernel Hilbert spaces in which cyclicity may be studied for
polynomial functions are susceptible to analogue analysis, but the situation is
expected to be more complicated.

(f) Some of the techniques here may be used to deal with other multiplier func-
tions f, but we do not know what the natural framework will be in order to study
our operator V for functions f that are not multipliers, for which M, will only

be densely defined. Then, the cyclic behaviour of fin HZ) is still expressed in
the information about the action of V on monomials, and since monomials are
themselves multipliers, one may find a solution based on classical techniques
for densely defined operators, but we encourage the reader to be wary of this
potential problem.

At this point, the road ahead promises enough mathematical adventures.
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