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Motivation and objectives of this
thesis

Positron Emission Tomography (PET) [Cherry et al., 2012] is currently a fundamental

diagnostic tool in medical fields such as Oncology, Neurology and Cardiology, besides

it is widely extended in clinical and preclinical research studies. Looking back, since

the first commercial scanner was released in 1978 [Phelps et al., 1977], many milestones

in hardware development and image reconstruction methods have been achieved to put

the technique on its current state. Historically, the size of PET scanners has increased

steadily: from 1975 to 2000, the number of detector elements doubled every 24 months

[Nutt, 2002]. Later the scanners were upgraded from 2D to 3D reconstruction [Michel

Defrise and Paul Kinahan, 1998]. In the late 1990s the first multimodal PET/CT scan-

ners combining anatomical information to supplement PET imaging appeared, followed

by PET/MRI scanners in 2010 [Cal-Gonzalez et al., 2018a]. Time-of-flight has been

another important addition to improve signal-to-noise performance [Lecoq et al., 2020,

Surti and Karp, 2016]. Very recently, total-body clinical scanners, up to 2 meters long,

have been developed [Nadig et al., 2021, Slart et al., 2021], and nonstandard geometries

have been introduced [Catana, 2019b, Samanta et al., 2021, Tao et al., 2018, Yoshida

et al., 2020]. Preclinical scanners, with submillimeter resolution required to resolve the

organs of small animals, have also joined the trend [Grkovski et al., 2015, Perez-Benito

et al., 2018, Qi et al., 2011, Udias et al., 2018]. Other advances have relied in new

detectors [Slomka et al., 2016]. Many manufacturers incorporated multi-layered detec-

tors with a narrow crystal pitch [Cheng et al., 2021, Kang et al., 2021, Mohammadi

et al., 2017], or monolithical detectors to increase scanner resolution [Freire et al., 2021,

Stockhoff et al., 2021].
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0. MOTIVATION AND OBJECTIVES OF THIS THESIS

The reconstruction methods have progressed along with the hardware, from simple

analytic methods, such as filtered backprojection (FBP), to more accurate iterative

algorithms [Iriarte et al., 2016, Qi and Leahy, 2006, Tong et al., 2010]. The maximum

likelihood expectation maximization (MLEM) [Shepp and Vardi, 1982], a mainstream

in PET reconstruction, has been constantly under scrutiny [Ahn and Fessler, 2003,

Ahn et al., 2015, Alenius and Ruotsalainen, 1997, Browne and de Pierro, 1996, Green,

1990, Hudson and Larkin, 1994, Nuyts et al., 2002, Reader et al., 2011]. The recent

revolution of deep learning algorithms based on convolutional neural networks have

been incorporated to PET image processing and reconstruction as well [Arabi et al.,

2021, Gong et al., 2021, Reader et al., 2021, Reader and Schramm, 2021]. Their current

limitation are the large number of datasets required to train the networks, which are

not always available.

Overall, the complexity of new generation PET scanners is continuously increasing.

The larger amount of PET data collected requires more computational power to keep a

reasonable duration of the clinical workflow. The maturity of GPU parallel computing

in recent years made it possible speed-ups of several orders of magnitude with respect

to multi-core, multi-CPU or even cluster computing. Monte Carlo simulations are a

cornerstone in scanner design, but the intense computational needs and the difficulty of

dealing with non-conventional geometries limited the performance of traditional simu-

lation packages. It is also important to highlight that physical limits of PET must be

addressed in full to profit from hardware advances, and novel reconstruction methods

should be investigated.

In this context of PET effervescence, this thesis has been developed in the Nuclear

Physics Group (GFN) of the Complutense University of Madrid, which, since the mid

2000s, is specializing in medical applications of nuclear physics. Specifically, the group

experience in PET spans scanner design, development and performance evaluation [Vi-

cente et al., 2013, 2007], image reconstruction [Cal-González et al., 2015b, España et al.,

2007, Herraiz et al., 2011, 2006a, 2008, Lage et al., 2015, López-Montes et al., 2020],

and PET MC simulations [Cal-González et al., 2013, 2015a, España et al., 2009, Lopez-

Montes et al., 2019]. Previous theses developed in the group dealt with these topics [Cal-

Gonzalez, 2014, España, 2009, Lopez-Montes, 2021, van Gómez López, 2021, Vicente,

2012]. In the framework of a close, long-standing and very fruitful collaboration with the

Sedecal Medical Imaging (SMI) company, the family of SuperArgus PET scanners was
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released in 2015 [Udias et al., 2018]. These are a family of preclinical PET scanners with

submilimeter resolution, unprecedented real time 3D-imaging, second to none in high

rate capability and modular design to adapt to customer requirements, from very small

to extended FOV, and standard as well as weird geometries. On the other hand, part of

the work from this thesis was developed in collaboration with the Athinoula A. Martinos

Center for Biomedical Imaging (Massachusetts General Hospital) and Harvard Medical

School, where the author of this thesis completed a three-month internship in 2019. At

Martinos center, the author was in close contact with current issues derived from the

scatter correction in clinical scanners [Heußer et al., 2017, Lindemann et al., 2019] and

the development of a state-of-the-art brain dedicated PET scanner with spherical ge-

ometry, the High Spatio-Temporal Resolution BrainPET (HSTR-BrainPET) [Catana,

2019a], which poses new challenges due to the size of the scanner (number of detec-

tors and size of pixel elements), its geometry, and the simulations and reconstructions

required for optimizing its design.

The main goal of this thesis was the development of a new generation of PET tools,

covering the whole spectra of present needs of state-of-the-art PET scanners, from

simulation to data correction and image reconstruction, exploiting the capabilities of

current GPUs. We summarize them in the following list:

• The development of a fast and flexible reconstruction software based on the MAP-

OSEM algorithm [Alenius and Ruotsalainen, 1997, Hudson and Larkin, 1994,

Nuyts et al., 2002]. This tool must use a powerful framework to define arbitrary

scanner geometries, and it must offer a modular structure which can be easily

adapted to incorporate additional reconstruction algorithms.

• The study of novel methods to improve the current state-of-the-art in PET image

quality, and its implementation in the reconstruction tools developed in the GFN.

• The development of a fast and flexible MC simulator. This simulator must sat-

isfy the current needs of modeling modern scanners for multiple applications and

optimizations, such as scatter correction or system response matrix (SRM) opti-

mization.
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Summary

Introduction and motivation

Positron Emission Tomography (PET) [Cherry et al., 2012] is a branch of nuclear

medicine in which β+ radiation is used to provide valuable information on physiological

processes in the body. Since the first commercially available scanner was developed

in 1978 [Phelps et al., 1977], important advances have been made in the technique to

improve the image quality. As a result, the amount and complexity of data generated

by new generations of PET scanners have drastically increased, requiring more compu-

tational power to keep the clinical workflow at reasonable duration, as well as improved

models to make use of the increased resolution and improving corrections.

In this thesis, we have tackled the current needs with the development of different

tools for PET image reconstruction and simulation on the basis of speed, flexibility, and

accuracy. All the software and methods presented in this work have been accelerated

with parallel computing on the graphical processing units (GPU), and they have been

designed to adapt to any scanner design. In the following, we present a summary of

every chapter of this thesis.

GPU-based PET image reconstruction software

In this chapter, we described the structure of the GPU-based PET image reconstruc-

tion software (GPU-PET reconstructor). We pursued an optimal trade-off between

accuracy and flexibility, prioritizing speed performance whenever possible. The maxi-

mum a posteriori ordered subsets expectation maximization (MAP-OSEM) algorithm

[Hudson and Larkin, 1994], with two different priors [Alenius and Ruotsalainen, 1997,

Nuyts et al., 2002], was implemented. The system response matrix (SRM) was decom-
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0. SUMMARY

posed into easy GPU-parallelizable image filters and the forward/backward projection

kernel. The main distinction of the GPU-PET is its input scanner and data format

description, defined in two files with the crystal coordinates and the crystals-line of

response (LOR) relation, gaining flexibility to work with any scanner geometry.

We show the results with simulated data from the Biograph mMR scanner [Delso

et al., 2011] and a prototype spherical scanner, the High Spatio Temporal Resolution

BrainPET (HSTR-BrainPET) [Catana, 2019a,b], and real data from the six-ring Su-

perArgus scanner (6R-SuperArgus) [Udias et al., 2018].

Improved Image Reconstruction with Super-iterations

A novel reconstruction algorithm to improve the image resolution beyond the cur-

rent state-of-the-art was proposed [Galve et al., 2021c]. The algorithm was based on

maximum-likelihood weights computed after the image reconstruction to achieve the

optimal distribution of the counts measured in each LOR among several subLORs. We

called this step a super-iteration. We implemented the algorithm with the MAP-OSEM

in the GPU-PET reconstructor, but it was proposed in a general framework, compat-

ible with any other reconstruction algorithm. We showed the results for real data in

the four-ring SuperArgus scanner (4R-SuperArgus) [Udias et al., 2018]. A quantitative

improvement of 10% in the recovery coefficients (RC) for the NEMA NU4-2008 image

quality phantom [National Electrical Manufacturers Association, 2008] for equivalent

noise level was achieved, and visual improvement in the peak-to-valley ratio of a cold

Derenzo phantom and a mouse heart is shown.

Ultra-fast Monte Carlo PET simulator

In this chapter, we developed a new Monte Carlo (MC) PET simulator based on GPU

computing to accelerate the performance of the whole simulation process, the Ultra-

fast Monte Carlo PET simulator (UMC-PET simulator). The simulator was easily

adaptable to any scanner geometry and a wide variety of detectors based on a voxelized

description. The code accuracy was validated against PeneloPET [España et al., 2009,

Lopez-Montes et al., 2019] working on a single central processing unit (CPU), achieving

similar results 2000 times faster.
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We also implemented the UMC-PET simulator for fully MC scatter correction with

real data from the Biograph mMR scanner using the GPU-PET reconstructor. We

compared the results against the single scatter simulation (SSS) [Ollinger, 1996, Watson,

2000, Watson et al., 1996] estimation obtained with the scanner software, and a hybrid

approach combining the UMC-PET scatter scale with the SSS distribution. The UMC-

PET outperformed the SSS, eliminating the halo artifacts around the bladder in high-

contrast images.

Full integrated tool: UMC-PET improved reconstruction

We implemented a hybrid reconstruction for the MAP-OSEM algorithm [Hudson and

Larkin, 1994], combining a forward projection step based on the UMC-PET simulator

and a backward projection step based on the SRM described in the GPU-PET recon-

structor. This approach included the physical model, detector response, scatter and

attenuation based on the MC estimation. We also compared against a decomposition

of the MC projection with symmetries to increase the statistics, and separate scatter

and attenuation estimation. We showed simulation results of a Derenzo phantom in the

two-ring Argus scanner (2R-Argus), and quantitative measurements of recovery coeffi-

cients (RC), spill over ratio (SOR), and noise in real data of the image quality phantom

of the NEMA NU4-2008 [National Electrical Manufacturers Association, 2008] acquired

in the 6R-SuperArgus scanner [Udias et al., 2018]. The best RC values were obtained

for the MC projection with symmetries (40.2% for the 1 mm rod, against 33.5% for the

UMC-PET reconstructor), whereas the best SOR values were achieved by the fully MC

projection method (2.53% for the water cylinder, against 3.49% for the UMC-PET).

The computational burden of the approaches proposed is too high for its practical use

(12 hours for the simulation and 4 hours for the reconstruction), but it can be used as

a gold standard reference for concrete cases.
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Resumen en Castellano

Introducción y motivación

La Tomografía por Emisión de Positrones (PET) [Cherry et al., 2012] es una rama de

la medicina nuclear en la que la radiación β+ se utiliza para obtener valiosa información

sobre procesos fisiológicos en el organismo. Desde que el primer escáner PET comercial

fuera desarrollado en 1978 [Phelps et al., 1977], se han hecho importantes avances en la

técnica para mejorar la calidad de imagen. Como resultado, la cantidad y complejidad

de los datos generados por las nuevas generaciones de escáneres PET ha aumentado

drásticamente, requiriendo de una mayor capacidad computacional para poder mantener

los protocolos clínicos en tiempos razonables, así como de modelos mejorados para

aprovechar el aumento en resolución y mejorar correcciones en los datos.

En esta tesis hemos abordado las necesidades actuales del PET con el desarrollo

de herramientas de reconstrucción y simulación PET, fundamentadas en la búsqueda

de velocidad, flexibilidad, y precisión. Todos los software y métodos presentados han

sido acelerados por medio de GPUs, y han sido diseñados para adaptarse al diseño de

cualquier escáner. A continuación, presentamos un resumen de cada capítulo de esta

tesis.

Un software de reconstrucción de imagen basado en GPU

En este capítulo describimos la estructura de un software de reconstrucción de imagen

basado en unidades de procesamiento gráfico (GPU; reconstructor GPU-PET). Hemos

apostado por el equilibrio entre precisión y flexibilidad, priorizando la velocidad siempre

que ha sido posible. El algoritmo de maximización de la expectativa con subconjuntos

ordenados y máximos a posteriori (MAP-OSEM) [Hudson and Larkin, 1994], con dos

xxv



0. RESUMEN EN CASTELLANO

funciones de prioridad [Alenius and Ruotsalainen, 1997, Nuyts et al., 2002], ha sido im-

plementado. La matriz de respuesta del sistema (SRM) ha sido descompuesta en filtros

de imagen altamente paralelizables en GPU y en la rutina de proyección/reproyeccción.

La mayor distinción de GPU-PET es la descripción de escáner y del formato de los

datos, definidos en dos ficheros con las coordenadas de los cristales y la relación entre

cristales y líneas de respuesta (LOR), ganando la flexibilidad para trabajar con cualquier

geometría.

Se muestran los resultados de datos simulados en el escáner Biograph mMR [Delso

et al., 2011] y en un prototipo de escáner esférico, el BrainPET de Alta Resolución

Espacio Temporal (HSTR-BrainPET) [Catana, 2019a,b], y datos reales del escáner Su-

perArgus de seis anillos (6R-SuperArgus) [Udias et al., 2018].

Mejora de la reconstrucción de imágenes por Super-iteraciones

Se ha propuesto un novedoso algoritmo de reconstrucción para mejorar el estado del

arte de la resolución PET [Galve et al., 2021c]. El algoritmo se basa en pesos de máxima

verosimilitud calculados tras la reconstrucción de la imagen para obtener una distribu-

ción óptima del número de cuentas medidas en cada LOR entre diferentes subLORs.

Llamamos super-iteración a este paso. Hemos implementado el algoritmo con el MAP-

OSEM en el reconstructor GPU-PET, pero se ha descrito en un marco general compati-

ble con cualquier otro método de reconstrucción. Se muestran resultados de datos reales

en el escáner SuperArgus de cuatro anillos (4R-SuperArgus) [Udias et al., 2018]. Se ha

obtenido una mejora cuantitativa del 10% en los factores de recuperación (RC) para

el fantoma de calidad de imagen NEMA NU4-2008 [National Electrical Manufacturers

Association, 2008] para un nivel de ruido equivalente, y se puede observar una mejora

en el ratio pico-valle de un Derenzo frío y en el corazón de un ratón.

Simulador Monte Carlo PET ultra-rápido

En este capítulo, hemos diseñado un nuevo simulador PET Monte Carlo (MC) basado

en programación en GPU para acelerar el rendimiento de todo el proceso de simulación,

el simulador Monte Carlo PET ultra-rápido (simulador UMC-PET). Este simulador se
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adapta fácilmente a cualquier geometría y detector basados en una descripción vox-

elizada. El código se ha validado contra PeneloPET [España et al., 2009, Lopez-Montes

et al., 2019] trabajando en una única unidad central de procesos (CPU), obteniendo

resultados similares más de 2000 veces más rápido.

También hemos implementado el simulador UMC-PET para hacer corrección de

dispersión puramente MC con datos del escáner Biograph mMR. Hemos comparado

los resultados con la estimación del software del escáner por medio de simulación de

dispersión única (SSS) [Ollinger, 1996, Watson, 2000, Watson et al., 1996], y un método

híbrido combinando el escalado del UMC-PET con la distribución SSS. UMC-PET

superó al SSS, eliminando artefactos de halo en la imagen alrededor de la vejiga en

imágenes con alto contraste.

Herramienta integrada: reconstrucción mejorada con UMC-
PET

Hemos implementado una reconstrucción híbrida para el algoritmo MAP-OSEM [Hud-

son and Larkin, 1994], combinando la proyección basada en el simulador UMC-PET y

la reproyección basada en la SRM descrita en el reconstructor GPU-PET. Este enfoque

incluye el modelado físico, la respuesta de los detectores, la dispersión y la atenuación

basados en los cálculos MC. También comparamos contra una descomposición de la

proyección MC con simetrías para incrementar la estadística, por separado de la con-

tribución de la dispersión y la atenuación. Se muestran resultados de simulaciones de un

fantoma Derenzo en el escáner Argus de dos anillos (2R-Argus), y medidas cuantitativas

de los coeficientes de recuperación (RC), ratio de spill over (SOR), y el ruido con datos

reales de un fantoma de calidad de imagen del NEMA NU4-2008 [National Electrical

Manufacturers Association, 2008] adquirido en el escáner 6R-SuperArgus [Udias et al.,

2018]. Los mejores valores de RC se obtuvieron para las proyecciones MC con simetrías

(llegando a un 40.2% en el cilindro de 1 mm, frente a un 33.5% para el reconstructor

GPU-PET), mientras que el mejor valor para el SOR se ha logrado con las proyecciones

puras MC (2.53% en el cilindro de agua, frente a un 3.49% para el reconstructor GPU-

PET). El coste computacional del método propuesto es demasiado alto para su uso

diario (12 horas para la simulación y 4 horas para la reconstrucción), pero este puede

llevarse a la práctica como método de referencia en casos concretos.
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Chapter 1

Introduction

In the 1970s, the progress of computers revolutionized medical imaging with the imple-

mentation of tomography [Bradley, 2008], e.g. computerized tomogaphy (CT), magnetic

resonance imaging (MRI), positron emission tomography (PET), and single photon com-

puterized tomography (SPECT). Among these techniques, PET and SPECT belong to

the branch of molecular imaging techniques, in which a compound labeled with a ra-

dionuclide is injected into the patient body. We call this radiolabeled compound the

radiopharmaceutical or radiotracer (or simply tracer). With the aid of an external

gamma camera, we can detect the x-rays and gamma photons emitted that exit the

patient body. When a sufficient number of emission events are accumulated, we can

reconstruct the map of the tracer distribution, providing valuable biological informa-

tion. Molecular imaging has become an essential tool to identify tumors in medicine

[Papathanassiou et al., 2009], besides its application in other fields such as Neurology

or Cardiology [Davis et al., 2020, Nutt, 2002]. Early this century, these methodologies

have been combined with CT, and later on with MRI scanners, improving the diagnosis

thanks to the addition of anatomical information [Cal-Gonzalez et al., 2018a].

In the case of PET [Cherry et al., 2012], which is the object of study in this thesis,

the employed radionuclides have the particular characteristic of emitting positrons (they

may also emit x-rays and gamma photons). The positrons commonly annihilate with

a free electron in the medium after losing most of their energy describing a path that

is from <1 mm up to few cm apart from the decay point, usually known as positron

range. The annihilation results most often in two antiparallel gamma rays of 511 keV.

The PET scanner is conformed by position sensitive detectors covering a wide region of
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1. INTRODUCTION

Figure 1.1: Scheme of the PET image formation. The radionuclide β+ decay (in this
case 18F→18O), positron range, and annihilation are represented in the left hand side.
The photons are detected in coincidence and processed by the scanner (central panel), and
finally the data are reconstructed in a computer.

the patient. Whenever a photon successfully reaches the PET detectors, a single output

signal is generated with a given time stamp. The scanner will search for temporal

correlations among the individual detections (single events or simply singles) within a

time window to identify pairs of annihilation photons, so called coincidence events. We

call line of response (LOR) the physical line defined by the two single detection points

in the scanner, which in principle contains the position of the annihilation event. A

computer will process the data generated, getting advantage of the spatial and temporal

correlations of the detected events to reconstruct the activity map. In figure 1.1 we show

a scheme of the PET image formation process.

In this chapter we review the basics of PET and the main topics related to the

work developed in the thesis. We start reviewing the physics behind PET in section

1.1, PET detectors in section 1.2, and PET acquisitions in section 1.3. In section 1.4

we talk about the main reconstruction algorithms applied in PET imaging and typical

PET corrections. We describe the basics of Monte Carlo methods in section 1.5. We

close the chapter with the keys of GPU computing and its applications in section 1.6.

1.1 The physics behind PET

We briefly summarized the main physical processes in the introduction of this chapter.

In this section we will explain in more detail the β+ decay and the physics associated to
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1.1 The physics behind PET

the positron emission and annihilation, and the main interactions suffered by gamma

photons.

1.1.1 β
+ nuclear decay and positron emission

In the case of β-decay, either a proton or a neutron transforms into each other re-

spectively, emitting a positron (β+-decay) or an electron (β--decay), and an associated

neutrino or antineutrino [Krane, 1988],

p+ → n+ e+ + νe

n→ p+ + e− + ν̄e,
(1.1)

where p+ is the proton, n is the neutron, e+ is the positron, e− is the electron, and

νe is the electronic neutrino (and antineutrino ν̄e). These are the typical decay channels

in proton-rich and neutron-rich nuclei respectively, besides, the β+ decay cannot happen

to free protons. From now on, we will focus on the β+ decay,

A
ZX →A

Z−1 X + e+ + νe, (1.2)

where A is the mass number representing the total number of neutrons and protons,

and Z is the atomic number representing the number of protons. A
ZX is the parent

nucleus, and A
Z−1X the daughter nucleus. It is important to mention the electron

capture (EC) decay channel, in which an electron from the inner shells of the atom is

absorbed changing a proton into a neutron and emitting a neutrino,

A
ZX + e− →A

Z−1 X + νe. (1.3)

All the nuclei subject to decay with the β+ channel may also decay via EC. We call

the probability of events for each decay channel the Branching ratio.

The energy released in any of the β-decay channels depends on the decaying nucleus

and it is shared between the emitted particles, and thus the positron has an energy that

follows a characteristic energy spectrum. In figure 1.2 we can see an example of the

β-spectrum for a 64Cu nucleus. In the case of the electron spectrum (left hand side),

there is a Coulomb energy barrier because of the opposite charges of the nucleus and

the electron, and therefore we find a higher probability of emitting electrons with low

energies.
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Figure 1.2: Kinetic energy spectrum (N(Te)) of the released electron (left) and positron
(right), in the β- and β+-decays of the 64Cu [Krane, 1988]. The maximum energy released
is marked as (Te)max.

In the following subsections, we briefly summarize two of the main limiting factors

of the PET resolution derived from the nature of the β-decay: the positron range and

the photon non-collinearity of annihilation photons.

1.1.1.1 Positron Range

Emitted positrons, being antimatter, will annihilate with an electron of the surrounding

medium. As the positron annihilation mostly occurs at thermal energies (a few eV, much

less than their rest energy [Berko and Hereford, 1956]), and the positron is released with

a significant kinetic energy (right hand side of figure 1.2), this particle travels through

the medium until it loses most of its kinetic energy via collisions with electrons and

Bremsstrahlung radiation [Knoll, 2011]. We call the distance from the decay point to

the annihilation point the positron range, and it is one of the fundamental resolution

limits in PET [Alva-Sánchez et al., 2016, Cal-González et al., 2013, Cal-Gonzalez et al.,

2009, Park et al., 2007, Peng and Levin, 2012]. In PET we simply refer to the positron

range as the positron range average blurring caused by this factor in the decay image.

This effect varies with the energy spectrum of emission and the interactions with the

medium, i.e. the decaying radionuclide and the density composition of the surrounding

materials. The kinetic energy distribution of the positron (figure 1.2) and the possible

non-homogeneous material distribution is the cause that the range distribution is not

Gaussian.
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1.1 The physics behind PET

1.1.1.2 Non-collinearity

The second fundamental detriment in image quality caused by the β-decay physics is

the non-collinearity of the annihilation photons. Because of the kinetic energy of the

positron and the electrons in the medium at the moment of annihilation, the momentum

conservation law requires that the relative angle of the emitted photons is not exactly

180º, but it has a Gaussian full width at half maximum (FWHM=∆φ) proportional to

the positron momentum [Erdman, 1955],

∆φ =
pe+

mec
. (1.4)

In [DeBenedetti et al., 1950], the experimental FWHM of this distribution was

measured to be around 0.4º and 0.5º. However, since part of the total momentum is

provided by the electron, this deviation may depend on the medium [do Nascimento

et al., 2013].

1.1.2 Radiation-matter interaction

The annihilation photons may suffer different interactions when they travel through the

patient and the detectors. As a result, they may be absorbed via photoelectric effect or

they may change direction and lose part of their total energy via Compton or Rayleigh

scatter. In PET, if either one of the annihilation photons interacts with the patient they

will not be detected within the energy window or they will be detected in the wrong

LOR, phenomenons that we refer as attenuation and scatter respectively. For a given

photon energy, the probability of suffering an interaction increases exponentially with

the path length d and the linear attenuation coefficient (µ) of the given material. We

can define the attenuation of a photon beam of intensity I as

I(d) = I0e
−µd, (1.5)

where I0 is the initial intensity. The ratio I/I0 is what we usually call the attenuation

factor. The importance of attenuation in PET is described in detail in section 1.4.3.3.

For the energies of few keV to few MeV, the most probable interactions are coherent

scatter (Rayleigh scatter), incoherent scatter (Compton scatter), photoelectric absorp-

tion, and pair production (for energies higher than 1.022 MeV) [Knoll, 2011]. The total
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Figure 1.3: Photon cross sections for LYSO (left) and water (right) in the energy range
of 1 keV to 100 MeV. We show the coefficients for Rayleigh scatter, Compton scatter,
photoelectric absorption, pair production, and the total coefficients (calculated with the
PENELOPE package [Agency, 2019]).

attenuation factor is the sum of each independent interaction attenuation factor and it

depends on the photon energy,

µ(E) = µR(E) + µC(E) + µPE(E) + µPP (E), (1.6)

where µR, µC , µPE and µPP are respectively the attenuation factors of Rayleigh

scatter, Compton scatter, photoelectric absorption and pair production.

In nuclear physics, we usually talk about the cross section (σ) instead of linear

attenuation. The linear attenuation is equal to the cross section multiplied by the

material density. In figure 1.3 we show the cross section of lutetium-yttrium orthosilicate

(LYSO, a typical material for scintillation detectors in PET, see section 1.2) and water

in the range of 1 keV up to 100 MeV. For 511 keV photons, 62.6% of the interactions in

LYSO will undergo Compton scatter, and 32.0% will undergo photoelectric effect. In

the case of water, that is much closer to the biological tissues, 99.8% of the interactions

are Compton scatter.

Now we briefly explain the main characteristics of each interaction:
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Figure 1.4: Schematic representation of the Compton scatter. Eγ represents the energy
of the incident photon, E′γ is the energy of the photon scattered an angle θ by the electron.

• Rayleigh scatter. This is the case of an elastic interaction, changing the photon

direction without losing energy [Knoll, 2011]. This interaction is not dominant

for the energies of interest in PET, but it might cause relevant dispersion at low

energies (see figure 1.3).

• Compton scatter. In the Compton scatter a photon interacts with an electron

from the medium, exchanging energy and momentum (see figure 1.4). In the

laboratory center of reference, with the electron at rest, given a dispersion angle θ

and initial energy Eγ for the photon we can estimate its energy after the collision

(E′γ) [Knoll, 2011],

E′γ =
Eγ

1 +
Eγ
mec2

(1− cosθ)
, (1.7)

where mec
2 is the electron rest energy. Maximum energy transfer occurs for

θ = 180o.

The angular distribution of Compton scattering can be estimated from the Klein-

Nishina formula. However, this is a rough approximation since atomic electrons

are not at rest in reality, and electrons are bounded to the atomic shells [Agency,

2019]. The cross section of Compton scatter σC is energy dependant and propor-

tional to the atomic number Z,

σC(Eγ , Z) = f(Eγ) · Z. (1.8)

Compton interaction is one of the main contributions to photon interactions at 511

keV (figure 1.3), and scattered photons may be detected in wrong LORs causing
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image deterioration. In section 1.4.3.4 we will discuss in deeper detail about this

effect.

• Photoelectric effect. We call photoelectric absorption when an electron absorbs

the total energy of the photon [Knoll, 2011]. The so called photoelectron is released

from the atomic shell with an energy equal to the difference between the photon

energy (Eγ) and the electron binding energy (EB),

Ee− = Eγ − EB. (1.9)

The most probable electrons to absorb a photon are in the outer shells, usually in

the K shell. The binding energy is up to a few keV, therefore gamma photons will

pass most of their energy to the photoelectron. Moreover, x-rays may be emitted

in the electronic transitions from inner shells or Auger electrons.

There is not a general expression for the photoelectric cross section, but it might

be simplified in the following relation [Knoll, 2011]:

σPE ∝
Zn

E3.5
γ

, (1.10)

where Z is the atomic number, and n is a number between 4 and 5.

The photoelectric effect is, together with the Compton scatter, the most important

contribution to the gamma photons interaction of 511 keV in the detector materials

(in the case of LYSO, it represents 32.0% of the interactions; see figure 1.3). This

is the most desired interaction in the PET detectors, since the photons are fully

absorbed in a single interaction. Manufacturers search for materials with high Z

number in our detectors to increase the probability of photoelectric absorption.

• Pair production. One last interaction is the pair production. This process is

inverse to the photon annihilation. It consists in the transformation of a photon

to give raise to an electron-positron couple. The process requires high energy

photons of more than twice the electron rest mass (1022 keV), and in consequence

it is not of high relevance in PET (the annihilation photons have 511 keV).

In figure 1.5 we show the relative relevance of each interaction for different energies

and atomic numbers.
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1.1 The physics behind PET

Figure 1.5: Comparison of the relative relevance of each interaction component with
the energy dependence of gamma photons (from few keV up to 100 MeV) and the atomic
number of the medium. The solid lines represent equality between the components. Image
taken from [Knoll, 2011].

1.1.3 PET radionuclides

As it was aforementioned before, in PET we need a β+ radionuclide that ideally emits a

single positron to perform imaging (usually, additional gamma rays are emitted) [Bai-

ley et al., 2005, Cherry et al., 2012]. Short half-lives are preferred (up to a few hours)

for safety reasons and higher comfort for the patients. However, when the half-lives

are of the order of a few minutes, the radionuclides can not be transported (such as

the 11C, the 13N, or the 15O), and they must be generated on-site in cyclotrons or in

generators (chemically extracted from a long-life parent nucleus). Furthermore, the ra-

dionuclide must accomplish the appropriate chemical qualities, either being participant

of metabolic processes or being suitable for binding with active biological molecules.

In table 1.1, we show the main properties of commonly used PET tracers. Among

them, 18F, 11C, 13N, and 15O are the most common ones since they better match the

aforementioned conditions.

Oncology is the most benefited clinical area from PET. The most common radio-

pharmaceutical is 18F-FDG because tumor cells have an accelerated metabolism that

requires a higher uptake of glucose. 18F also has an adequate half-life to be transported

from the production cyclotron center to surrounding hospitals.

In this thesis, all the real acquisitions were performed with 18F-FDG.

9
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Radionuclide Half-life Production β
+ Branching ratio

18F 109.8 min Cyclotron 96.7
11C 20.5 min Cyclotron 99.8
13N 10.0 min Cyclotron 99.8
15O 2.0 min Cyclotron 99.9
68Ga 67.7 min Generator (68Ge) 89.1
82Rb 1.3 min Generator (82Sr) 95.4
124I 4.2 days Cyclotron 22.7

64Cu 12.8 hours Cyclotron 17.6
76Br 16.2 hours Cyclotron 55.0

94mTc 52.0 min Cyclotron 70.2
86Y 14.7 hours Cyclotron 31.9

Table 1.1: Half-life, production method, and β+ branching ratio of common PET ra-
dionuclides [Bailey et al., 2005, Cherry et al., 2012].

1.2 PET detectors

The typical detectors utilized in PET have been adopted from traditional nuclear physics

to optimize gamma photons detection with high sensitivity, fast response and reasonable

energy resolution. We introduce here the concepts of efficiency, energy resolution, and

time resolution [Knoll, 2011].

• Efficiency. The efficiency of a detector is defined as the ratio between the de-

tected photons and the emitted ones. We can differentiate between the geometri-

cal efficiency and the intrinsic efficiency. The geometrical efficiency is given by

solid angle coverage of the detector and the source. In PET scanners, the detec-

tors are assembled to cover the highest possible solid angle, usually in cylindrical

geometry to facilitate the patient insertion [Delso et al., 2011, Grkovski et al.,

2015, Jakoby et al., 2009, Kang et al., 2021, Nadig et al., 2021, Wang et al., 2006],

although other morphologies have also been studied [Perez-Benito et al., 2018, Qi

et al., 2011, Samanta et al., 2021, Yoshida et al., 2020]. The intrinsic efficiency

is given by the attenuation coefficient of the detector material and its length, and

the electronic response of the detector. In PET, a higher sensitivity will reduce

the activity needed to obtain similar image quality.
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1.2 PET detectors

• Energy resolution. As a concept, the energy resolution is the minimum energy

difference that your detector can distinguish. It can be measured from the energy

spectrum generated by a monoenergetic source. In general, the energy resolution

is a function of the energy, and it is usually given as a percentage ratio for a

reference energy value (R(%) = FWHM/E).

• Time resolution. Equivalently, we define the time resolution as the minimum

time interval between two contiguous events that our detector is able to distin-

guish. The detector resolution is a convolution of all the components that conform

it. In PET, we are interested in the coincidence time resolution, which can

be measured from time difference histogram of many coincidence events.

Good efficiency improves the statistics in our detectors, the energy resolution is

needed to discard scatter events (see section 1.4.3.4), and fast time resolution is needed

to avoid random coincidences (see section 1.4.3.5) and obtain time-of-flight information

(TOF) [Lecoq et al., 2020, Surti and Karp, 2016, Vandenberghe et al., 2016]. The scin-

tillation detectors match these properties with a reasonable trade-off between efficiency,

energy resolution, and time resolution, hence they have been widely implemented in

PET [Lewellen, 2008]. In this section, we will focus on their main components: the

scintillation crystal, the photosensor, and the electronics circuit. The scintillation crys-

tal is responsible of "stopping" the gamma ray and for generating a light response. The

photosensor is optically coupled to the crystal to collect the light and convert it into an

electronic signal that is processed by the electronic circuit.

In this thesis, we use different scanners based on scintillation detectors (see chapter

2), and the simulation tool developed in chapter 5 is based on this kind of detectors.

1.2.1 Scintillation crystal

In a scintillation material, any gamma photon interaction results in an energy-proportional

emission of photons in the visual energy range. Currently, there are different kind of

scintillation crystals (organic and inorganic in solid, liquid and gaseous form). In PET

scanners, we commonly find solid inorganic crystals because of their high stopping power

(defined as the energy lost per unit length) and high light response [Knoll, 2011].

The intrinsic efficiency of the scintillator is a function of the effective atomic num-

ber (averaged over its composition), the density, and the crystal thickness. The energy
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NaI BGO GSO LSO LYSO LuAP
Density (g/cm3) 6.7 7.1 6.7 7.4 7.1 8.3

Zeff 51 74 59 66 60 65
Attenuation coefficient (cm-1) 0.34 0.92 0.62 0.87 0.86 0.90

Refractive index 1.85 2.15 1.85 1.82 1.81 1.95
Light yield (%NaI) 100 15 41 75 80 16
Decay constant (ns) 230 300 56 40 41 18

Table 1.2: Main properties of common PET scintillators [Lewellen, 2008].

resolution is closely related to the photons emitted and its transport through the crys-

tal. The number of photons emitted is quantitatively measured as the light yield, and

the transport of photons is dominated by the material refractive index (the lowest, the

better). The emission spectrum of the scintillator should match the photosensor sensi-

tivity for optimal performance. It is also important to cover the crystal with reflectors

to guarantee that a high fraction of the light can be collected. The time response in the

scintillator has two main components: a fast rising signal and a slow falling signal (de-

cay constant) that determines the time resolution [Ljungberg et al., 2012]. In the PET

detectors, the scintillation crystals are usually pixellated to improve the spatial resolu-

tion of the photon interaction point. Some manufacturers have developed monolithic

scintillators too [Freire et al., 2021, Stockhoff et al., 2021].

In table 1.2 we have summarized the main charasteristic of the most common scin-

tillators employed in PET.

1.2.2 Photosensors

The photosensor converts the optical response of the scintillator to an electrical signal

that is later processed. To perform energy spectroscopy of the incident gamma rays,

this device must maintain the proportionality between the light generated and the

electrical pulse. Spatially sensitive photosensors are also required to provide the gamma

interaction point in the detector. Another quality required for the photosensors in recent

multimodal PET/MRI scanners is the insensitivity under magnetic fields.

We summarize here the two most common photosensors employed in PET and their

main characteristics:
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1.2 PET detectors

• Photomultiplier tubes. The photomultiplier tubes (PMTs) are made of a vac-

uum tube that enclosures three main parts: the photocathode, a sequence of

dynodes, and the anode [Knoll, 2011]. When the photons hit the photocathode,

an electron response is generated. An operation voltage (1kV to 2kV) is applied

between the cathode and the anode, stepped through the sequence of anodes with

a resistive voltage divider. Thus, we can conduct the electrons from the cathode

to the anode, amplifying the signal in every dynode. As a result, the final signal

is proportional to the energy deposited in the scintillator. The usual gain of a

PMT (electrons in the anode per every electron generated in the cathode) may

vary from 105 to 108. To obtain position sensitive PMTs (PS-PMTs), an array of

anodes can be used, generating multiple signals that can be processed to obtain

the emission point in the cathode with the Anger logic [Anger, 1969].

The PMT has been the reference photosensor for PET scanners since the beginning

of the technique, but its disadvantages are encouraging the use of other photosen-

sors in the field. Some of these disadvantages are its sensitivity to magnetic fields

[Vaquero et al., 2013], and its expensive cost because of complex manufacturing

process.

• Silicon photomultipliers. The silicon photomultipliers (SiPMs) are conformed

of a matrix of avalanche photodiodes (APDs). The APDs are semiconductor de-

tectors that create an avalanche of hole-electron pairs when a visible or ultraviolet

photon is absorbed in a depleted region. The APD itself can be used as a photo-

sensor, but they suffer of high noise in the amplification process. For this reason,

in SiPMs, the matrix of APDs works on the Geiger-mode, in which they detect

single photons when a signal is generated over a threshold [McIntyre, 1985]. The

multiple-cells can provide a proportional signal to the input light by summing all

the activated cells.

The attraction of SiPMs relies on their gain (similar to PMTs), fast response, low

manufacture expenses, compatibility with MRI scanners, and possible one-to-one

coupling with the scintillation pixels [Slomka et al., 2016]. They also have some

drawbacks, such as non-linear response or lower photon detection efficiency.
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1.2.3 Electronics

Once the pulse is generated, the electronic circuit behind the photosensor has to process

it. From the pulse, we expect to obtain information of the time stamp, deposited energy,

and location of the gamma photon interaction [Knoll, 2011]. The information of the

pulse is what we call a single event. The time stamp can be obtained analogically with

the help of a constant fractor discriminator (CFD) that estimates the moment in which

it exceeds a constant fraction of its maximum amplitude. The total charge accumulation

in the photosensor is used to estimate the energy of the photon. Usually there are low-

and high-energy discriminators to discard events far from the 511 keV peak. The gamma

interaction point is estimated from the multiple outputs of the photosensor.

Recalling the interest of detecting pairs of annihilation photons, the time information

of every single event is fed to a coincidence circuit to generate pairs of events within

a time window of the order of a few nanoseconds. This is what we call electronic

collimation, and we call coincidence event to every pair of single events within the time

window. The time difference between both singles, known as time-of-flight (TOF), is

very useful to improve the decay location within the LOR [Conti, 2011].

1.3 PET acquisitions

In the previous section 1.2 we have described the PET detectors and the process up

to the generation of single and coincidence events. In summary, a single is any signal

generated in a detector by the gamma photon interaction, and a coincidence is any

couple of singles that are detected within a narrow time window. In this section we are

going to classify the coincidence events given their physical origin, and we will give a

brief overview of the common data formats employed to organise the data.

1.3.1 Classification of coincidence events

In practice, the coincidences do not always come from an annihilation event. We resume

here the different kind of coincidences (figure 1.6).

• Prompt coincidence. This is the term employed for any coincidence detected

within the defined time window, regardless of its physical origin (any of the ex-

amples in figure 1.6).
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Scattered LOR

Random LOR

Multiple 
coincidence

Figure 1.6: Graphical examples of the different coincidences. True (top left), Compton
(top right), random (bottom left) and multiple coincidence (bottom right).

• True coinidence. When the two singles actually come from the same positron

annihilation without suffering any interaction with the patient body, we call it

a true coincidence. These events are the ones that provide reliable information

about the activity distribution inside the scanner (top left in figure 1.6).

• Scatter coincidence. If any of the photons suffers a scatter interaction with

the patient, the photon changes its energy and direction as stated in section

1.1.2. When the scattered photon still has sufficient energy to be detected in the

energy window, the LOR obtained does not spatially correlate with the nuclear

decay. Correction of this events is discussed in section 1.4.3.4, and an approach is

experimentally tested in section 5.4.

• Random coincidence. Since the nuclear decay is a stochastic process, we may

find random coincidence in any case that two photons that do not come from

the same annihilation are detected in coincidence (figure 1.6). These events will

be more common as we increase the activity inside the scanner field of view. In

section 1.4.3.5 we give a further discussion on how to correct these events.
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• Multiple coincidences. In close relation with the random coincidence, we may

find more than two singles within the same time window. In standard PET we

simply discard these coincidences to avoid wrong LOR assignments. Some authors

have benefited of these coincidence effects to reduce noise or to differentiate multi-

tracer acquisitions [Cal-González et al., 2015a, Lage et al., 2015, Lopez-Montes,

2021].

1.3.2 Data organization

In a typical PET acquisition millions of coincidences are measured. In this section we

revise different strategies to organize the data.

1.3.2.1 List mode data

This is the most informative format. In list mode data the information from every

coincidence is stored. Every coincidence may include the detectors and crystal pixels

involved, the absolute time stamp, TOF, the energies deposited by each gamma, and any

other detail that the manufacture has considered (in general, list-mode data is scanner-

specific). In some cases it is possible to find lists of the single events. This format is

very useful to perform dynamic studies as data can be arranged in frames of specific

duration work with short frames of data [Álvarez-Gómez et al., 2021, Arias-Valcayo

et al., 2019, 2020].

1.3.2.2 LOR histogram

The LOR histogram simply consists of a histogram of the coincidences accumulated in

every LOR. Data stored can be considerably reduced at the expense of losing additional

information like the event timing or the deposited energy. Provided the histogram

format, the reconstructor may recover the physical coordinates of the LORs to generate

the image [Kadrmas, 2004]. This is the data format utilized in the reconstruction code

detailed in chapter 3.

1.3.2.3 Sinogram

The sinogram is a specific case of the LOR histogram organization based on grouping

parallel LORs at fixed angles [Michel Defrise and Paul Kinahan, 1998] (see figure 1.7
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in next section 1.4.1). This organization is intuitive since the LORs can be viewed

as image projections in a fixed linear path through the image. In this format, the

LOR is parametrized by the orthogonal distance to the center of the scanner, known as

the radial coordinate, and the angular inclination of the LOR in the transverse plane.

Separately, the axial distance from the LOR center to the center of the scanner (slice)

and the inclination in terms of the axial difference between the two LOR crystals are

given. The slices with zero axial difference are called direct sinograms, and the rest

of them are called oblique sinograms, and each group of sinograms with similar axial

difference is called a segment. For a given slice and inclination (either for oblique or

direct sinograms), the radial and angular coordinates define sinusoidal shapes that name

the format (figure 1.7). The visual representation of the data and its connection with

the Radon transform (see section 1.4.1) is an advantage over other formats.

Motivated by the cylindrical morphology in common PET scanners [Delso et al.,

2011, Wang et al., 2006], the sinograms are further grouped to reduce data storage.

First, the users may discard too oblique segments because of their poor resolution

quality (because of depth-of-interaction effect, see section 1.4.2.1). The term maximum

ring difference (MRD) refers to the maximum axial difference allowed, measured in

number of detector crystals. Secondly, the axial sinograms with close axial difference

and equal axial position are combined to reduce the sinogram storage. The concept of

span refers to the number of sinograms smashed together. In general notation, the span

has to be an odd number higher than 1, and it is equal to the sum of added planes in

odd and even planes [Michel Defrise and Paul Kinahan, 1998].

In section 5.4, reconstructed data from a clinical scanner in the sinogram format are

shown.

1.3.2.4 Axial rebinning

Sometimes it is required to reduce the sinogram size to decrease reconstruction time, or

making the data accessible to 2D reconstruction techniques (see section 1.4.1). Axial

rebinning techniques reduce 3D PET sinograms to 2D segments. A fast and simple

rebinning method is the Single-Slice Rebinning (SSRB) algorithm [Daube-Witherspoon

and Muehllehner, 1987]. SSRB approximates the average axial position of each oblique

sinogram and places the coincidences to the closest direct sinogram. A more accurate

method is the Fourier rebinning (FORE) [Defrise et al., 1997]. FORE uses the Fourier
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transform of direct and oblique sinograms to estimate the direct sinograms based on

the frequency-distance relationship [Weishi Xia et al., 1995]. Few other variations of

this method have been presented [Ben Bouallegue et al., 2007, Xuan Liu et al., 1999].

Recently, our group also presented the pseudoinverse approach for both axial rebinning

and 2D reconstruction, achieving similar accuracy to FORE with execution times similar

to SSRB [Lopez-Montes, 2021, Lopez-Montes et al., 2017, López-Montes et al., 2020,

Lopez Montes et al., 2019]. Even though rebinning methods played an active role in the

past, nowadays fully 3D reconstruction algorithms are preferred as its use in current

computers is feasible for its daily use.

1.4 PET image reconstruction

The goal of Emission Computed Tomography (ECT), either PET or SPECT, is to ob-

tain the most accurate representation of the radiotracer distribution inside the patient.

Different methods have been proposed over the years in order to translate the emission

detected events into the 3D image space. Most authors have separated reconstruction

methods into analytical and iterative (or statistic) methods [Cherry et al., 2012, Iriarte

et al., 2016, Qi and Leahy, 2006, Tong et al., 2010], although it is worth mentioning the

recent incorporation of Deep Learning (DL) techniques either for direct reconstruction

or mixed reconstruction with existing methods [Arabi et al., 2021, Gong et al., 2021,

Reader et al., 2021, Reader and Schramm, 2021].

In order to achieve quantitative image values in ECT, it is of great importance to

account for different correction factors during the reconstruction process [Tong et al.,

2010, Zaidi and Karakatsanis, 2018]. Some of the most relevant ones are radioactive

decay, normalization, attenuation correction, scatter events, random coincidences, dead

time, or pile up. These corrections can be applied in advance to the measured data, or

incorporated in the reconstruction algorithms.

In this section we will give a brief explanation of the main reconstruction algorithms

and PET corrections.

1.4.1 Analytical algorithms

A fundamental tool of these methods is the Radon transform. The Radon transform

mathematically describes the 2D projections of an object f(x, y) at a given angle θ and
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Figure 1.7: Pictorial scheme of the Radom transform. The coordinates (ρ, θ) in the
sinogram domain (right panel) are correlated with the projection at a fixed angle and
radial distance in the image domain (left panel).

radial distance to the center ρ [Easton, 2010],

p(ρ, θ) =

∫
D(ρ,θ)

f(x, y)dl(ρ,θ), (1.11)

where D(ρ,θ) is the length of the linear integral path, and dl(ρ,θ) the differential unit

length through this path. The Radon transform defines the projection space, where the

PET data are found, also called sinogram in PET (see figure 1.7). To recover the image

from the projection space, the central-section theorem plays a mayor role (also called

Fourier slice theorem). This theorem states that the Fourier transform (FT) of the 1D

projection at fixed angle θ0 is equal to the projection through the center and at the

same angle of the FT of the image [Cherry et al., 2012],

F{p(ρ, θ0)}(ωρ, θ0) = F{f(x, y)}(kx, ky)|θ=θ0 , (1.12)

where ωρ, kx, and ky are the conjugates of ρ, x and y respectively in the Fourier

space. From this theorem we can find a reconstruction method if we have the complete

access to the data p(ρ, θ). The most widely used method is the filtered-backprojection

(FBP). The general expression of the FBP is given by [Cherry et al., 2012, Easton,

2010, Tong et al., 2010]

f(x, y) =

∫ π

0
F−1{h(ωρ)F{p(ρ, θ)}(ωρ, θ)}dθ. (1.13)
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Note here that we extend the angular integral only from 0 to π, since PET data

are usually ordered with positive and negative values of ρ. h(ωρ) is a filter function

that can be modified to regularize the image (the strict FBP equation simply considers

h(ωρ) = |ωρ|).
Other analytical methods have been developed, such as the backprojection-filtering

(BPF) [Alessio and Kinahan, 2006], or three dimensional adaptations of the FBP [Ki-

nahan and Rogers, 1989]. Recently, we have shown how a reconstruction method based

on a more accurate model of the system response matrix (see section 1.4.2.1 for further

details about the SRM) using a pseudoinverse transformation provides higher resolution

than the traditional FBP [López-Montes et al., 2020, Lopez Montes et al., 2019].

In general, analytical methods assume idealized image projection models of the

system, and noise-free and complete data that can be mathematically inverted to recover

the activity distribution. These assumptions are not good approximations for PET

scanners, and it may result in artifacts in the image. The physical effects that degrade

the image quality are not modeled in the FBP, thus limiting the resolution that can be

recovered from this method. In [Herraiz et al., 2006b], the sinograms were deconvoluted

to restore the lost resolution because of intrinsic PET effects. The problem as it has been

stated so far is ill-posed, and small changes in the data (for example, because of Poisson

noise, random coincidences, scatter events, etc.) may lead to big changes in the image.

Equation 1.13 includes a filter h(ωρ) that removees high-frequency noise, thus reducing

the components at high values of ωρ. A few common examples are the ramp filter,

the Hamming filter or the Shepp-Logan filter [Cherry et al., 2012]. PET scanners are

also conformed of discrete detector units with gaps in the projection domain from two

contiguous blocks, that result in discrete data with small gaps. This problem is partially

solved using "inpainting" techniques to fill in the empty spaces, or other sophisticated

strategies [Herraiz et al., 2008]. Most of the analytical methods are derived from 2D

formulation, whereas PET data are gathered in 3D. Although some authors adapted the

problem to 3D [Kinahan and Rogers, 1989], it is very common to use 2D rebinning (see

section 1.3.2.4) techniques followed by 2D reconstruction [Ben Bouallegue et al., 2007,

Daube-Witherspoon and Muehllehner, 1987, Defrise et al., 1997, Lopez-Montes et al.,

2017, López-Montes et al., 2020, Lopez Montes et al., 2019, Xuan Liu et al., 1999].

Analytical methods produce noisier images than iterative methods (see next section

1.4.2). In contrast, it is important to remark that analytical methods are usually faster
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1.4 PET image reconstruction

and being a linear mapping between the data and the reconstructed images, they are

typically preferred for performance assessment of PET scanners [National Electrical

Manufacturers Association, 2008].

1.4.2 Iterative algorithms

Iterative methods are based on the optimization of an objective function, searching for

the image that better matches the data through small steps. These algorithms include a

system response matrix that relates the data space with the image domain, the objective

function to be optimized, a statistical model of the noise in the data, and an iterative

algorithm that estimates the image evolution toward the convergence of the optimal

solution [Alessio and Kinahan, 2006, Michel Defrise and Paul Kinahan, 1998].

In practice, iterative methods can be viewed as comparison and update algorithms

[Cherry et al., 2012] (see figure 1.8). The process starts with an arbitrary initial image,

usually a uniform distribution filling the whole field of view of the scanner. In each

iteration the current image is forward projected to obtain a projection estimate of the

data, and we compare it with the measured data to obtain the correction factors given

by our objective function. The image correction is computed with a backprojection

operator that takes the correction factors back from the projection domain to the image

domain. The optimization algorithms apply these corrections to update the image. In

this process, we expect to reduce the differences between our model and the data until

convergence condition is achieved.

One of the keys of iterative reconstruction is the forward projection step. We can

describe this transformation in matrix representation as

Ỹ = AX +R+ S, (1.14)

where Ỹ ∈ RN is an array of length N representing the expected values in the

projection space, X ∈ RM is the reconstructed object of M voxels, and A ∈ RN×M

is the system response matrix (SRM) that relates the probability of having a detected

coincidence in a projection unit ỹi from a given voxel xj (i.e. each matrix component

aij). R,S ∈ RN correspond to additional effects, such as random coincidences or scatter

events (respectively) that are usually subtracted from the data in analytical algorithms.

The SRM is of great importance to obtain the best image quality of our system, and it
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Figure 1.8: Graphical workflow of iterative reconstruction algorithms. The noisy data
acquired from the acquisition (Y ) of a PET distribution (X) are iteratively compared
against an estimate projection (Ỹ ), until the object ((n)X) has converged.

must accurately model the actual physics in our acquisition system [Iriarte et al., 2016].

We describe in detail the different models proposed for the SRM in section 1.4.2.1.

The objective function also plays an important role in the final solution achieved.

There are a set of algorithms, known as Algebraic Reconstruction Techniques (ART)

[Gordon et al., 1970], that minimize the least squares problem of the system (
∑

i(yi −

ỹi)
2). Later, a variation of the ART algorithm was developed by Andersen [1984], the

Simultaneous Algebraic Reconstruction Technique (SART). One of the most successful

algorithms during the last forty years is the Maximum Likelihood Expectation Maxi-

mization (MLEM) [Shepp and Vardi, 1982]. Motivated by the nuclear nature of PET

and SPECT, the objective function in this case is the log-likelihood of the Poisson

model for the data and the projections, and the optimizer chosen is the expectation

maximization [Dempster et al., 1977]. In Browne and de Pierro [1996], the poisso-

nian log-likelihood is optimized via the gradient ascent algorithm, and the MLEM is

presented as a particular case of this framework. The Image Space Reconstruction Al-

gorithm (ISRA) [Daube-Witherspoon and Muehllehner, 1986] was presented to preserve

non-negativity images and reduce the memory requirement of the MLEM. In Reader

et al. [2011], both ISRA and MLEM are presented from the point of view of a gradient

descent algorithm of a weighted least-squares objective function, with properly chosen
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descent steps. In terms of noise models, the weighted least squares can be viewed as the

log-likelihood of a gaussian model of the noise. In general, iterative methods converge

to noisy images if the number of iterations is not controlled. To avoid this, penalty

functions (also called priors) are added to the objective function [De Pierro, 1995, De

Pierro and Yamagishi, 2001, Green, 1990]. The goal is to select the image that satis-

fies our expectations, preserving edges while imposing local smoothness [Alenius and

Ruotsalainen, 1997, Bettinardi et al., 2002, Nuyts et al., 2002, Sidky and Pan, 2008].

In section 1.4.2.2 we will give more details about the MLEM algorithm, and in section

1.4.2.4 we will talk about Bayesian penalized likelihood methods.

All of these components make iterative algorithms outperform analytical algorithms

[Qi and Leahy, 2006] in terms of signal to noise ratio. The statistical model makes

them more robust to noise and incomplete data, and together with the iterative scheme

allow for non-linear considerations in the reconstruction workflow. They can also in-

troduce geometrical properties and model physical processes in the SRM, thus making

them more accurate and easily adaptable for 3D imaging [Tong et al., 2010]. Iterative

methods are computationally intensive compared with the FBP, since each iteration re-

quires a forward projection and a backward projection operation, whereas in FBP this

step is performed only once. Nevertheless, nowadays computer power and GPU parallel

computing allow for routine image reconstruction with iterative methods in short com-

putation time [Barker et al., 2009, Galve et al., 2020b, Herraiz et al., 2011, Meng et al.,

2019]. Furthermore, ordered subsets algorithms [Ahn and Fessler, 2003, Hudson and

Larkin, 1994] reduce the reconstruction time by the use of a small set of data in each

update. The Ordered Subsets Expectation Maximization (OSEM) method is reviewed

in section 1.4.2.3.

1.4.2.1 The System Response Matrix

In equation 1.14 we have presented the System Response Matrix (SRM) A as a matrix

connecting the image and projection space. The accurate correspondence of the SRM

with the actual response of the scanner is crucial to achieve optimal image quality [Iriarte

et al., 2016]. The most important considerations are the scanner geometry, the positron

range, the non-collinearity of annihilation photons, photon interactions with the patient

body (attenuation and scatter), random coincidences, and the detector response (such

as the depth of interaction in the detectors (DOI), inter-crystal scatter, or intrinsic
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Figure 1.9: Visual representation of a point source resolution loss in the radial direction
caused by the DOI effect when we approach the edge of the scanner.

efficiency). The DOI effect [Mohammadi et al., 2019], which has not been explained so

far, is caused by the uncertainty in the point of interaction of the gamma ray within

the crystal thickness (figure 1.9). Usually, the matrix is factorized and attenuation

correction, scatter events, random coincidences, and the normalization (sensitivity of a

given LOR) are corrected separately [Comtat et al., 2004, Michel et al., 2000, Zaidi and

Karakatsanis, 2018]. For this reason, we will talk in more detail about these factors in

section 1.4.3.

The SRM has been estimated using either analytical, experimental, Monte Carlo, or

hybrid approaches. Analytical approaches are based on geometrical projection models

[Kang et al., 2021, Lougovski et al., 2014, Markiewicz et al., 2014, Siddon, 1985, Zeng

et al., 1991], analytical models of the physics [Huesman et al., 2000, Li et al., 2015,

Moehrs et al., 2008, Pratx et al., 2009], or convolutional kernels usually referred to as

Point Spread Function (PSF) [Reader et al., 2003]. The PSF is a widely used method for

SRM modeling [Rogasch et al., 2021], consisting of either image or projection blurring

kernels applied as a convolution operation. These methods are fast, and they allow for

on-the-fly calculations that drastically reduce the storage requirements of a precomputed

SRM [Gillam and Rafecas, 2016, Iriarte et al., 2016]. For this reason, they have been

usually combined with experimental or MC estimations of the SRM to optimize the

computational performance. In experimental approaches, point sources are acquired at

different positions of the scanner field of view and the measured response is fitted to
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hand-crafted convolutional kernels either in the image [Kotasidis et al., 2011, Miranda

et al., 2020, Rapisarda et al., 2010] or sinogram domain [Alessio et al., 2005, Gong et al.,

2017, Panin et al., 2006, Tohme and Qi, 2009, Zhou and Qi, 2011]. In [España et al.,

2007], the authors used narrower PSF for single crystal events identified by the detectors

to increase image resolution. Other authors have benefited of MC methods to reproduce

the SRM with long simulations. In this case, the SRM may be determined as an explicit

matrix of probabilities relating each voxel-LOR pair [Chien-Min Kao et al., 2007, Meng

et al., 2019, Rafecas et al., 2004, Southekal et al., 2011, Zhang et al., 2010]. Since

these matrices require high loads of memory storage, symmetries and SRM sparsity

have been exploited to reduce the SRM size. To avoid size limitations, some authors

adapted the simulation results to more complex descriptions, such as PSF descriptions

[Li et al., 2015, Pilleri et al., 2019, Wei and Vaska, 2020, Xu et al., 2019, Zhou and

Qi, 2014], or wide Tubes of Response (TORs) [Herraiz et al., 2006a, Meng et al., 2021]

instead of simple linear projection models. Other approaches include separate positron

range correction, that is included in the reconstruction as an image blurring kernel

[Cal-Gonzalez et al., 2009, Cal-González et al., 2015b, Kraus et al., 2012].

1.4.2.2 Maximum Likelihood Expectation Maximization (MLEM)

As it was aforementioned above, the Maximum Likelihood Expectation Maximization

algorithm (MLEM) [Shepp and Vardi, 1982] arises from the maximum likelihood with a

Poisson model of the data, together with the Expectation Maximization (EM) algorithm

[Dempster et al., 1977]. From the Poisson distribution, we can state the probability of

having yi coincidences in a LOR i, given an image X, as

P (yi|X) =
e−ỹi ỹyii
yi!

, (1.15)

where yi is each component of a vector Y ∈ RN , representing the number of coinci-

dences in a LOR i, and ỹi is the expected value for yi, as defined in equation 1.14.

The likelihood function, is thus defined by the multiplication of all the individual

Poisson contributions,

L(Y |X) =
∏
i

P (yi|X) =
∏
i

e−ỹi ỹyii
yi!

. (1.16)
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This function is hard to manage, and the log-likelihood (equation 1.17) is preferred

for the optimization,

l(Y |X) = log(L(Y |X)) =
∑
i

−ỹi + yiln(ỹi)− ln(yi!). (1.17)

In terms of maximization, both the likelihood and the log-likelihood are concave

functions (as it was proved in [Shepp and Vardi, 1982]), and the optimization of either

one of them will converge to a unique solution. The log-likelihood in 1.17 can be max-

imized applying the Kuhn-Tucker conditions, which are the following for the proposed

problem:

1) xj
∂l(Y |X)

∂xj

∣∣∣∣
X

= 0

2)
∂l(Y |X)

∂xj

∣∣∣∣
X

≤ 0 if xj = 0,

(1.18)

where xj is each of the components of the image X. The derivative of equation 1.17

results in

∂l(Y |X)

∂xj
= −

∑
i

aij +
∑
i

aij
yi
ỹi
. (1.19)

Recall that aij refers to the matrix element of the SRM A in 1.14. Finally, if we

introduce equation 1.19 in the first condition of 1.18, using a fixed-point optimization

procedure we can obtain the following iterative solution for X:

x
(n+1)
j =

x
(n)
j∑
i aij

∑
i

aij
yi

ỹ
(n)
i

, (1.20)

where ỹ(n)
i is the estimate of yi given the image X(n) at an iteration n. In [Shepp

and Vardi, 1982] this solution is understood as an EM algorithm: 1) the expectation

step of the unknown ỹ(n)
j (the total emitted data from a voxel j given the uncomplete

data Y and the image X(n)) correspondent to the right hand side of equation 1.20, and

2) the maximization step of the log-likelihood (update of x(n+1)
j = ỹ

(n)
j ).

The properties of equation 1.20 make the MLEM very attractive for image re-

construction [Qi and Leahy, 2006]. The non-negativity of X is guaranteed, the log-

likelihood is monotonically increased, i.e. l(Y |X(n+1)) > l(Y |X(n)), and the count

preservation (at any iteration (n) we find that
∑

i ỹ
(n)
i =

∑
i yi). Its pitfalls arise for
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high number of iterations, when the noise starts to dominate the image, besides its

pure form is computationally intensive. For this reasons, the MLEM algorithm has

been widely studied for the last forty years, trying to improve its performance in a wide

variety of related works [Ahn and Fessler, 2003, Alessio and Kinahan, 2006, Browne and

de Pierro, 1996, De Pierro, 1995, Deidda et al., 2019, Green, 1990, Herraiz et al., 2006a,

Hudson and Larkin, 1994, Iriarte et al., 2016, Qi and Leahy, 2006, Reader et al., 2021,

Tong et al., 2010, Wang and Qi, 2015, Zaidi and Karakatsanis, 2018]. In the following

sections we will give a deeper insight on two variations of the method, the Ordered

Subsets Expectation Maximization (section 1.4.2.3), and Bayesian penalized likelihood

methods (section 1.4.2.4).

1.4.2.3 Ordered Subsets Expectation Maximization (OSEM)

PET data acquired in modern scanners can be composed of up to a thousand billions of

LORs [Delso et al., 2011, Udias et al., 2018, Wang et al., 2006], thus making the forward

projection in equation 1.20 (computation of ỹi) a huge computational step that enlarges

the reconstruction process. Furthermore, adequate image convergence may require up

to a hundred updates.

To overcome this issue, Hudson and Larkin [1994] derived the Ordered Subsets

Expectation Maximization algorithm (OSEM). The summation over the whole set of

LORs N is divided into several subsets K, thus increasing the number of updates for a

complete projection step. The equation 1.20 in the OSEM algorithm reads as follows:

x
(n,k+1)
j =

x
(n,k)
j∑
i∈Sk aij

∑
i∈Sk

aij
yi

ỹ
(n,k)
i

, (1.21)

where Sk refers to the LORs within a subset k. The convergence speed is propor-

tional to the number of updates, and therefore the computation time is reduced by the

subsets number (1/K) [Alessio and Kinahan, 2006].

The use of subsets can be generalized to other optimizers, like Browne and de Pierro

[1996] did for the ascent gradient algorithm, later combined with a penalized likelihood

prior [Ahn and Fessler, 2003, De Pierro and Yamagishi, 2001].
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1.4.2.4 Bayesian Penalized Likelihood methods

Due to statistical noise in the data, even if we consider the Poisson model in the objective

function, the reconstruction problem is ill-conditioned and iterative methods find a

trade off between noise and resolution for a high number of iterations. The number of

iterations might be used as an arbitrary stopping criteria to avoid noisy images, among

other heuristic methods [Guo and Renaut, 2011].

In order to limit noise in the reconstructed images, different regularization methods

based on Bayesian penalized likelihood have been developed [Qi and Leahy, 2006, Reader

et al., 2021]. A priori information of the image is considered to compute the posterior

of the image derived from the Bayes’ theorem [Ahn and Fessler, 2003, De Pierro, 1995,

De Pierro and Yamagishi, 2001, Green, 1990, Mumcuoglu et al., 1996],

P (X|Y ) =
P (Y |X)P (X)

P (Y )
. (1.22)

Taking logarithms and discarding constants, we can induce the new objective func-

tion,

Φ(X) = l(Y |X) + log(P (X)), (1.23)

where Φ(X) is the new objective function, l(Y |X) is the log-likelihood as it was

described in equation 1.17, and P (X) is the penalty function or prior. These methods

are also called maximum a posteriori (MAP), since they estimate the posterior of the

image. The penalty function P (X) is manually tailored based on assumptions on the

image. Many authors have simplified this equation considering Gibbs priors of the form

P (X) ∝ exp(−βQ(X)), β being a control parameter and Q(X) being a function of the

differences among voxel values within a local neighborhood,

Q(X) =
∑
j

∑
j′∈Nj

ψ(xj − xj′). (1.24)

Examples for ψ(x) are the quadratic function or the Huber functions [Mumcuoglu

et al., 1996], the Geman function [Nuyts et al., 2002], the relative differences prior

(RDP) [Ahn et al., 2015, Asma et al., 2012, Nuyts et al., 2002], the median root prior

(MRP) [Alenius and Ruotsalainen, 1997, Alenius et al., 1999, Bettinardi et al., 2002],

or patch based priors [Guobao Wang and Jinyi Qi, 2012]. In general, these methods are
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susceptible to proper hyper parameter selection (arbitrary value of β). DL techniques

may overcome this issue using more sophisticated penalty functions [Reader et al., 2021].

Equation 1.23 with the Gibbs prior defined in 1.24 can be optimized using the one

step late or maximum a posteriori (MAP) method [Green, 1990], so called MAP-EM,

x
(n,k+1)
j =

x
(n,k)
j∑

i∈Sk aij + β ∂Q
∂xj

∣∣∣
x
(n,k)
j

∑
i∈Sk

aij
yi

ỹ
(n,k)
i

. (1.25)

1.4.3 Data corrections

We already discussed in section 1.4.2.1 about the SRM relevance to model the physics

behind the positron annihilation and the scanner response, but there are still a few cor-

rections left that are usually accounted separately for proper quantitative and artifact-

free imaging. In this section we will summarize the most common ones, and we will

give a description on the typical methods applied to mitigate them.

1.4.3.1 Decay

The nuclear decay of the radiotracer has to be taken into account for accurate quantifi-

cation studies [Zaidi and Karakatsanis, 2018]. This is even more important in dynamic

studies. We can correct this factor from the exponential nuclear decay law. The number

of counts Ni in the frame i of and acquisition is given by

Ni = Γe+ ·
∫ ti+∆ti

ti

A0 · e−λtdt = Γe+
A0

λ
e−λti

(
1− e−λ∆ti

)
, (1.26)

where Γe+ is the β+ branching ratio, λ is the decay constant of the radionuclide,

and ti and ∆ti are the initial time and time length in frame i.

To ensure that we reconstruct similar average activity (Ai = Ni/∆ti) for all the

frames, we should correct for the frame-dependent terms. We can use the following

decay factor to obtain similar initial activity A0 = AiDi [Bailey et al., 2005]:

Di =
∆tiλe

λti

1− e−λ∆ti
, (1.27)

where Γe+ has been neglected. Note that this is a scale factor that may be applied

after the image reconstruction.
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1.4.3.2 Normalization

The normalization correction accounts for the relative sensitivity of a given LOR due

to inherent factors of the scanner. The goal is to harmonize the acquired data, so

that two equivalent LORs measure the same amount of counts when a source equally

illuminates both of them. Among the factors affecting a LOR sensitivity, we can mention

the intrinsic efficiency of the detectors due to variations in the light guides or the

photomultipliers gains, crystal efficiency due to position in a block, geometrical related

factors, differences in the energy or timing calibrations, or any other inaccuracy in the

scanner manufacturing process [Bailey et al., 2005, Cherry et al., 2012, Theodorakis

et al., 2013]. We can account for the normalization as a multiplicative factor in the

SRM, or either correct the data measured by the scanner.

The normalization correction factors might be estimated measuring a known source

of activity, such as a rotating line source [Defrise et al., 1991], an annulus, or a cylinder

[Vicente et al., 2006]. The direct normalization consists of the estimation of the ratio

between the measured activity and the known expected activity [Cherry et al., 2012,

Theodorakis et al., 2013]. This approach typically requires long acquisitions to get

enough data and reduce the noise. To overcome this issue, component-based normal-

ization decompose the normalization in a variety of factors, considering separately the

crystal efficiency, geometrical factors, and other defects (such as count rate dependence)

[Badawi et al., 1998, Badawi and Marsden, 1999, Defrise et al., 1991, Hoffman et al.,

1989, Niu et al., 2012, Rodriguez et al., 2007].

1.4.3.3 Attenuation correction

The attenuation effect is caused by lost coincidences in the LOR because of photon

interactions with the patient body or other objects inside the scanner [Bailey et al.,

2005, Cherry et al., 2012]. This is one of the larger effects in PET. Fortunately we

can correct attenuation correction (AC) if we can estimate the interaction probability

of the photons through the patient body [Bailey et al., 2005, Cherry et al., 2012].

In general, AC factors are LOR-dependent, and they can be included in the forward

projection model (the SRM) or applied to correct the acquired data, similarly to the

normalization. This attenuation factors are given by
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D1

D2

Figure 1.10: Graphical representation of the integrail in equation 1.29

ui = e
−
∫
Di
µ(~r)dli , (1.28)

where ui is attenuation factor of a given LOR i, Di is the path through the LOR i,

and µ(~r) is the total attenuation coefficient (considering photoelectric effect, Compton

and Rayleigh interactions) inside the patient for 511 keV photons. Note that we consider

any scatter interaction as an attenuation, even if the coincidence is detected in a different

LOR. Scattered event will be covered in next section 1.4.3.4. It is easy to prove that

the final result does not depend on the emission point inside the line Di, since the

interaction probability is given by the multiplication of the attenuation factors of both

antiparallel photons (we need to detect both to have a coincidence). Therefore, the two

line integrals will be added in the exponential (see fig. 1.10),

ui,1ui,2 = e
−
∫
Di,1

µ(~r)dli
e
−
∫
Di,2

µ(~r)dli
= e
−
∫
Di,1+Di,2

µ(~r)dli
= ui. (1.29)

The computation of the attenuation factors can be achieved with a transmission scan

[Bailey et al., 2005, Cherry et al., 2012]. A rod source of 68Ge-68Ga of equal length to the

axial field of view (FOV) of the scanner is rotated around the patient body. A blank scan

(without subject) is performed first, to compare with the transmission scan. However,

this method provide noisy AC factors [Alenius et al., 1999, Meikle et al., 1993]. The
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advent of PET/CT and PET/MRI hybrid scanners [Cal-Gonzalez et al., 2018a, Nadig

et al., 2021] gives access to anatomical maps that can be related with more accurate

attenuation maps (so called µ-map). The µ-map generated is forward projected to

obtain the line integral of equation 1.28 and compute the AC factors. In the case of CT

images, the Hounsfield Units (HU) can be related to the linear-attenuation coefficients

with the use of a bilinear function [Burger et al., 2002, Nakamoto et al., 2002, Schneider

et al., 2000] (see equation 5.7). MRI images, in contrast, are not directly correlated

to tissue densities, and other methodologies have been explored [Izquierdo-Garcia and

Catana, 2016, Ladefoged et al., 2017, Torrado-Carvajal et al., 2019, Wagenknecht et al.,

2013]. Time of flight (TOF) information can also be used to obtain the AC, up to a

constant factor [Rezaei et al., 2012, 2014]. A bunch of AC correction methods combined

with DL techniques are summarized in section 1.4.4.

1.4.3.4 Scatter

The vast majority of the 511 keV attenuated photons in tissue have interacted via Comp-

ton scatter, thus losing energy and changing their direction. If the scanner eventually

detects a scattered coincidence, it is clear that the assigned LOR to that coincidence

will not correspond to the actual one (see figure 1.6). As a result, the accumulation of

scatter events results in a smooth background that reduces the accuracy of quantita-

tive measurements [Afshar-Oromieh et al., 2017, Heußer et al., 2017, Lindemann et al.,

2019]. This effect will be more prominent in clinical scanners with large patients, where

the proportion of scattered coincidences respect to the total ones (i.e. scatter fraction)

is up to 50% of the total coincidences [Adam et al., 1999, Ye et al., 2011].

Most PET scanners use an energy window around 511 keV [Delso et al., 2011, Kang

et al., 2021, Qi et al., 2011, Samanta et al., 2021, Udias et al., 2018, Wang et al., 2006],

approximately from 400 keV to 650 keV, to discard coincidences that may have lost part

of their energy in Compton interactions within the patient’s body. Nevertheless, many

Compton events can still be detected within the photopeak energy window. We can

use different methods to estimate the distribution of scatter events. This contribution

may be added to the forward projection model (as was stated in equation 1.14) or

subtracted to the data. Among the wide variety of methods found in the literature,

we can summarize them in experimental, analytical or MC methods [Castiglioni et al.,

32



1.4 PET image reconstruction

1999]. Experimental methods rely on the use of different energy windows [Álvarez-

Gómez et al., 2021, Castiglioni et al., 1999]. The initial analytical methods assumed

a Gaussian distribution for the scatter sinogram, such as one of the methods proposed

in [Castiglioni et al., 1999]. This approach lacks of a realistic model of the scattering

process. More accurate is the Single Scatter Simulation (SSS) [Ollinger, 1996, Watson,

2000, Watson et al., 1996]. The SSS integrates the single scatter contribution of every

LOR-voxel connection to estimate the scatter distribution. The method needs a µ-map

to estimate the probability of interaction at every point of the photons track, and a

precomputed activity distribution. To compute the global scale of the distribution some

authors use tail-fitting techniques [Thielemans et al., 2007, Werling et al., 2002]. This

method assumes that all the data in the LORs outside the patient body are caused by the

scattered photons. Thus, the scatter distribution is scaled to match the sinogram data

in these regions. However, tail-fitting may raise different issues, such as halo artifacts

around high organ-to-background regions (see figure 5.14 in section 5.4) [Heußer et al.,

2017, Lindemann et al., 2019], and short MC simulations can be computed for this

purpose [Pönisch et al., 2003, Ye et al., 2014]. Pure MC simulations are considered the

most accurate method [Castiglioni et al., 1999, Holdsworth et al., 2001, Kyung Sang

Kim et al., 2014, Ma et al., 2020]. Finally, following the recent trend and its outstanding

performance, many authors have benefited of DL for scatter correction [Arabi et al.,

2020, Berker et al., 2018, Laurrent et al., 2020, Qian et al., 2017, Shiri et al., 2020, Xiang

et al., 2020, Yang et al., 2019, 2021]. In section 5.4 of this thesis we use the UMC-PET

simulator for fast MC scatter correction.

1.4.3.5 Random coincidences

When a photon generates a single event in one of the scanner detectors, the scanner

opens a time window of the order of 1 ns to admit the second photon in coincidence.

However, it may happen that within that time window, more than 1 decay occurs, and

therefore, photons from two or more positron annihilations may be detected, producing

what is called a random coincidence. In that situation, the second photon may not be

spatially correlated with the first one (see figure 1.6). Random coincidences generate

an homogeneous background in the image that will deteriorate image contrast [Bailey

et al., 2005, Cherry et al., 2012]. The proportion of random coincidences will depend on

several factors. Large FOV increases sensitivity and the count rate, and therefore, the
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proportion of random events [Badawi et al., 2000]. Too wide time coincidence window

may accept random coincidences without a benefit in the image quality. The use of a

high activity increases the count rate, and therefore, it is directly correlated with higher

random rates.

For random corrections, the most typical methods are the time delayed coincidence

window [Badawi et al., 1999, Byars et al., 2005] and the singles rate method [Oliver and

Rafecas, 2008, Stearns et al., 2003]. A time delayed coincidence window detects coin-

cidences of uncorrelated events (if the time delay is much greater than the coincidence

window). This method suffers from statistical noise, since the uncorrelated rates will

have a Poisson distribution. In the case of the singles rate method, the randoms rate is

given by

ri = 2τsi,1si,2, (1.30)

where ri is the randoms rate in LOR i, 2τ is the total coincidence window of the

system [Knoll, 2011], and si,1 and si,2 are the singles rate of the two detector units in

LOR i. This equation estimates both prompt and random events, and thus prompt

rates should be subtracted to calculate the actual randoms rate in every LOR. In any

of the mentioned methods, the randoms estimation can be subtracted to the data or

added to the projection model (similar to the scatter correction).

1.4.3.6 Dead time

After a photon generates a signal in the detector, each component of the PET scanner

processes the signal during a short fraction of time. Any further signal generated during

this time is lost. It may be considered that the detector is "dead" for this fraction of

time, so called dead time [Knoll, 2011]. Given the stochastic nature of nuclear decay,

there is always a finite probability to lose events because of dead time, thus losing the

proportionality between the actual activity inside the FOV and the measured count-rate.

This ratio is called the fractional dead time, and it strongly depends on the count-rate.

The dead time of each subsystem of the scanner can be experimentally measured to

apply the correction, or use analytical methods [Vicente et al., 2013] based on models

of the scanner that are fitted to decaying experiments.
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The most common models of dead time behaviour can be divided into paralyzable

and non-paralyzable [Knoll, 2011]. In the paralyzable model, every time an event falls

in the dead time window, an additional dead time period is added, thus increasing the

fractional dead time. A simple formula representing this model is given by

m(n) = ne−nτ , (1.31)

where m is the measured count-rate, n is the actual count-rate in the detectors, and

τ is the dead time. The measured count-rate m in systems approximated to this model

drops to zero for high count-rates.

In the non-paralyzable model, every photon detected during the dead time is lost,

but no further dead period is added. Thus, the measured count-rate asymptotically

tends to τ−1 for high count-rates. This model can be approximated by the following

equation:

m(n) =
n

1 + nτ
. (1.32)

1.4.3.7 Pile up

When a photon deposits part of its energy in a detector while an earlier photon pulse

is being integrated, the detector adds up both pulses, making them indistinguishable.

We call these events pile-up. If the pile-up event accumulates energy beyond the upper

window threshold, the event is lost. The event can also fall within the energy window,

but in that case it will be mispositioned because of the contribution of the second

photon. In any case, the image quality will be deteriorated if the amount of pile-up

events is high [Badawi and Marsden, 1999, Rodriguez et al., 2007, Vicente, 2012, Vicente

et al., 2007].

1.4.4 Deep Learning implementation in image reconstruction

Deep Learning (DL) is a field within artificial intelligence (AI) that consists on artificial

neural networks, composed of a large number of layers and neurons able to create

complex mappings between inputs and outputs. It is usually composed of a sequence

of linear convolution kernels and nonlinear operations, known as Convolutional Neural

Networks (CNN) [Simonyan and Zisserman, 2014, Skansi, 2018]. Given an arbitrary cost
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function, the CNN parameters are "trained" (or fitted, in non-AI language) to achieve

the optimal performance [Simonyan and Zisserman, 2014, Skansi, 2018]. This process is

computationally intensive, and thus it has not been until the recent evolution of parallel

computing of graphic processing units and tensor processing units (GPUs and TPUs,

see section 1.6) that these techniques have become available for practical use. However,

the inference (i.e. the application of the network to "infer" the desired result from new

data) is fast, hence very practical. The success of these techniques is determined by the

architecture of the CNN, the training data set, the cost function that relates the data

and the parameters, and the optimizer used for the training.

In image reconstruction, the application of DL has followed different strategies [Gong

et al., 2021, Reader et al., 2021, Reader and Schramm, 2021]. The direct application is

based on image post-processing [Cui et al., 2021, 2019, Herraiz et al., 2020, Schramm

et al., 2021], working on the image domain to improve image quality or denoising. Other

authors have embedded the CNN within the image reconstruction process, combining

them for image regularization [Corda-D’Incan et al., 2020a,b, Gong et al., 2019]. The

direct reconstruction from projection data has also been implemented [Feng et al., 2021,

Häggström et al., 2019, Whiteley et al., 2020, Zhu et al., 2018], outperforming traditional

algorithms.

Quantitative PET has also benefited of DL [Arabi et al., 2021]. In Lee [2021], we

can find a recent review about current status and challenges of AC and its combination

with DL focused on MRI to pseudo-CT transformation [Blanc-Durand et al., 2019, Sari

et al., 2021, Torrado-Carvajal et al., 2019] and anatomical-independent DL [Arabi and

Zaidi, 2021, Dong et al., 2019, Hwang et al., 2019, Yin and Obi, 2021]. The scatter

correction is tightly bounded to the µ-map, and usually it is jointly corrected with the

AC estimation in the image domain [Arabi et al., 2020, Shiri et al., 2020, Yang et al.,

2019, 2021]. A different approach, similar to traditional methods for scatter estimation,

is focused on the DL estimation in the projection domain [Berker et al., 2018, Laurrent

et al., 2020, Qian et al., 2017, Xiang et al., 2020]. In motion estimation and correction,

DL has also been implemented [Balakrishnan et al., 2019, Li et al., 2020, Morales et al.,

2019].

In spite of its current progression, DL techniques are beyond the scope of this thesis,

and no implementation of them is studied along the work presented in the following

chapters. Nevertheless, it is worth mentioning that some of the accurate and fast
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tools developed in this thesis (such as the MC code from chapter 5 or the MC-based

reconstruction method of chapter 6) can be used to generate training data for DL

methods.

1.5 Monte Carlo methods

Monte Carlo (MC) methods are a class of numerical methods that offer a probabilistic

solution to complex mathematical problems, usually applied when the analytical solu-

tion is not achievable (such as complex integrals). The essence of MC methods is the

use of random numbers to sample variables that represent stochastic processes [Kalos

and Whitlock, 2008]. For example, the distribution of detected radiation, or the dose

left inside a predefined object from a radioactive sample, can be approximated with

realistic MC simulations that model simple physical stochastic processes involved in

the particle tracks [Ljungberg et al., 2012]. In section 5.1, we show a brief review of

the main MC models for particle tracking used in nuclear physics, the main software

developed for medical physics, and specific codes adapted for PET simulations.

In this section, we describe the basics of probability in subsection 1.5.1, different al-

gorithms used for random sampling in subsection 1.5.2, and common variance reduction

methods to speed up MC simulation in subsection 1.5.3. The methods presented have

been implemented in the development of the Ultra-fast Monte Carlo PET simulator

described in chapter 5.

1.5.1 Basics of probability

The probability density function (PDF) p(x) is defined as the function that defines

the distribution of a random variable X [Agency, 2019, Kalos and Whitlock, 2008,

Ljungberg et al., 2012]. The PDF must be positive, and it must be normalized to the

unit,

∫ ∞
−∞

p(x)dx = 1. (1.33)

The probability of having a sample X is given by p(x)dx, and the probability of

having a value lower than x is defined as the cumulative density function (CDF),
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P (x) =

∫ x

−∞
p(x′)dx′ := Probability of having X < x. (1.34)

The CDF is a positive nondecreasing function that satisfies P (−∞) = 0 and P (∞) =

1. From 1.34 we can easily demonstrate that the probability of finding X in an interval

[xa, xb] is given by P (xb)− P (xa).

In case of having a discrete variable Xi with probability pi (i = 1, ..., N , given N

different states of Xi), the PDF can be described as

p(x) =
N∑
i=1

piδ(x− i), (1.35)

and, equivalently, the CDF is a piecewise constant function,

P (x) =


0 if x < 1∑x

i=1 pi if 1 ≤ x ≤ N
1 if x > N

. (1.36)

1.5.2 Random sampling methods for probability density functions

In MC methods, we often need to sample different PDFs (e.g. a Gaussian distribu-

tion, the distribution of points on the suface of a sphere, or any arbitrary discrete

distribution). Nonetheless, common random number generators are based on uniform

distributions. For this reason, further methods have been developed to transform a ran-

dom variable within a uniform distribution into other distributions [Kalos and Whitlock,

2008].

In this section, we review the basics of random number generators in subsection

1.5.2.1, and a few of the methods used to generate other PDFs in the following subsec-

tions 1.5.2.2, 1.5.2.3, 1.5.2.4, and 1.5.2.5.

1.5.2.1 Random number generators

Common random number generators are based on uniform distributions in the range

[0, 1). The generated sequences are actually called "pseudo-random", since they are

based on deterministic algorithms that compute the next random number from the

previous numbers in the sequence [James, 1990, L’Ecuyer, 1988, Marsaglia et al., 1990].

The algorithms implemented for this purpose are based on repetition cycles that are
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Figure 1.11: Graphical visualization of an example of the inverse transform method.
The sampled PDF is given by p(x), and its CDF is given by P (x). A random sample of
X, x0, is obtained from a random sample of Y , y0 ∈ [0, 1), applying x0 = P−1(y0).

reasonably longer than the total numbers generated during the simulation [Agency,

2019]. Thus, the correlations in the sequence are not noticeable in the final MC results.

The starting number of the sequence generated is based on one or a few seed numbers

that define the whole series. We can change the seeds to generate different MC results

of the same input distribution.

In the following subsections we present different random sampling methods based

on the uniform distributions generated in the range [0, 1).

1.5.2.2 Inverse transform method

The inverse transform method can be implemented to sample a given PDF of the variable

X, p(x), when the inverse of its CDF can be defined as the PDF of a variable Y ,

py(y) = P−1(y). The PDFs of Y and X are related by the expression p(x)dx = py(y)dy,

thus having py(y) = 1 (uniform distribution in the range (0, 1)) [Agency, 2019, Kalos and

Whitlock, 2008]. A random sample of y0 ∈ [0, 1) can be generated, and use x0 = P−1(y0)

to find a sample of X with the distribution p(x). In figure 1.11 we show a visual example

of the method.

The drawback of the inverse transform method is that we may find functions with

non analytical expression for P−1(y), thus limiting its performance to the numerical
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implementation. In [Agency, 2019], the rational inverse transform with aliasing (RITA)

algorithm is presented with this purpose, using an optimal grid to interpolate the prob-

ability density function.

1.5.2.3 Rejection method

Rejection methods are a general technique to generate a sample of random numbers from

a given distribution [Agency, 2019, Kahn, 1954, Kalos and Whitlock, 2008, Marsaglia

et al., 1964]. These methods consist on a trial and test procedure that is repeated until

a value is accepted. They have the advantage that there is no need to know the PDF

normalization, and they adapt for any distribution without computations needed prior

to the sample generation. In contrast, they might be very slow, since many values might

be rejected before acceptance. A graphical example is shown in figure 1.12. First, we

need to define a function g(x) > p(x), from which we can sample a random value of x0

(we can use the uniform function g(x) = max(p(x)) for general use, but it might not

be optimal). A second random number is generated uniformly in the range [0, g(x0)],

and we accept x0 with probability p(x0)/g(x0). The process is repeated until a value is

accepted (for the example in fig. 1.12, the value is rejected). The method is summarized

here:

1. Generate a random number x0 from the distribution g(x).

2. Generate ξ ∈ [0, 1), set y0 = ξ · g(x0).

3.

{
Accept x0 if y0 < p(x0)

Back to step 1 if y0 > p(x0)
.

The probability to obtain an acceptance, that is, the algorithm efficiency, from the

ratio between the areas under p(x) and g(x) can be computed as

ε =

∫ xmax
xmin

p(x)dx∫ xmax
xmin

g(x)dx
. (1.37)

The expected number of trials up to an acceptance is given by 1/ε.
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Figure 1.12: Graphical visualization of an example of the rejection method. The PDF
to be sampled is p(x), and g(x) is defined so that it satisfies g(x) > p(x). We first sample
x0 from g(x), and y0 is sampled uniformly in the range [0, g(x0)]. In this case, the value is
rejected since y0 > p(x0).

1.5.2.4 Sampling discrete distributions

The inverse transform method in 1.5.2.2 and the rejection method in 1.5.2.3 have been

defined for continuous distributions, but very often we may need to sample discrete

PDFs. In a general framework, both might be adapted to satisfy a discrete distribution

as it is defined in equation 1.35.

In the case of inverse transform methods, a simple way to invert a discrete CDF is to

iterate over i = 1, ..., N until we find that the condition Pi =
∑i

i′=1 pi′ > ξ is satisfied

(given that ξ is uniformly distribute in [0, 1)). The output x will correspond to the

random sample. In [Agency, 2019], the authors proposed to use a binary search instead

of a sequential search for distributions with a large number of possibilities N , thus

effectively reducing the number of comparisons needed to find x. Another practical

solution would be the use of a lookup table that relates a random sample of ξ to a

reduced set of values of x ∈ [i0, if ]. Maximum efficiency is obtained for a one to one

coupling with x.

For the case of rejection methods, it is sufficient to define a uniform distribution

g(x) = max(pi), and define x as the integer part of ξN + 1. But the algorithm might

become very inefficient for certain distributions.
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In the following section we describe an alternative method with a single comparison

needed to obtain each random sample.

1.5.2.5 Walker’s aliasing method

The Walker’s aliasing method [Walker, 1977] is an efficient algorithm for discrete distri-

butions sampling. In this section we explain the approach from [Agency, 2019, Salvat,

1987], who reformulated the algorithm using a single random number (two were used

originally). In figure 1.13, a graphical representation of this procedure is shown. Sup-

pose we want to pick a random pixel i ∈ [1, N ] with normalized probability density

function pi. We can distribute the function pi in a bars histogram with height Npi and

width 1/N . From this histogram, we rearrange the bars distribution to make a square

of unit area, cutting the biggest bar to complete the smallest one until they all have

height 1. In this process we keep the "alias" value Kl of the bar position that was used

to complete each single l-th position, and the cutoff value Fl of the original l-th bar.

It is clear that we can define a random point from the distribution pi if we sample the

unit square with two random variables. Instead, we add the bars one after the other to

obtain a segment of length N , from which we can select a random point generating a

single random number ξN (where ξ ∈ [0, 1)):

1. Generate ξ ∈ [0, 1), and set R = ξN + 1.

2. Set j = int(R) and r = R− j.

3. i =

{
j if r < Fi

Kj if r > Fi
.

As we can see, the cutoff values Fj represent the probability to pick the voxel j,

whereas the alias Kj is chosen with probability 1−Kj . The total probability pi of each

point may be reconstructed from the alias and cutoff values,

Npi = Fi
∑
j 6=i

(1− Fj) δi,Kj , (1.38)

where δi,Kj is the Kronecker delta.

We see that the algorithm gets a sample of pi with a single call to the random

numbers generator and a single comparison, at the expense of double memory usage
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Figure 1.13: Graphical visualization of the Walker’s method [Agency, 2019]. The height
of the bars represent the discrete probability of obtaining a bin from 1 to 4. Once they are
reorganized in a square of unit area, we can extend it in a vector to sample the original
distribution.

(two vectors, one for the aliases and one for the cutoff values). The inverse transform

method implies a high number of comparisons, even if the search is optimized, and

other techniques, like rejection methods [Agency, 2019, Kalos and Whitlock, 2008], may

require a high number of comparisons and random number generations before accepting

a sample.

1.5.3 Variance reduction methods

In general, MC simulations might be computationally expensive, and different methods

might be approached to increase their efficiency [Agency, 2019, Kalos and Whitlock,

2008]. Basic variance reduction techniques consist on avoiding unnecessary calculations.

We can avoid the sampling of a certain space of the PDF that we know is not of interest

for the final result, for example, restricting the emission solid angle of a radioactive

source only to the area where the detector is located, and set a weight for each particle

equivalent to the relative solid angle coverage. If this is the case, we must be sure that

the particles will travel in straight lines. Other simple method is to avoid simulating non-

useful particles. In chapter 5, secondary particles coming from photon interactions are
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not considered at all, and positron simulation is substituted for a convolution method.

More sophisticated solutions may include interaction forcing, splitting particles,

or Russian roulette techniques [Agency, 2019]. These methods involve increasing the

chances of a given particle to achieve low probability events, using weights to maintain

the quantities to be computed unbiased. In contrast, this technique will increase the

variance in other quantities.

1.6 High-performance computing with GPUs

In 1965, Gordon E. Moore experimentally postulated that the number of processors in a

transistor would exponentially raise with time, doubling every 18 months [Moore, 2006].

Application developers have benefited from Moore’s law to improve complex algorithms

until very recently, when CPUs manufacturers seem incapable to maintain the trend any

more [Pratx and Xing, 2011]. In contrast, the computer graphics industry demand of

high parallel computing tasks has boosted the development of graphics processing units

(GPUs) with thousand of processors since the 1990s [Fatica and Ruetsch, 2014]. Thanks

to the appearance of application program interfaces (APIs) such as NVIDIA CUDA,

OpenCL, or OpenACC, that provide a user-friendly environment, GPU programming

has been tremendously adopted in both industry and academy.

In medical physics, GPU programming has gained noticeable interest in the recent

years. As stated in Després and Jia [2017], the acceleration obtained translates to higher

speed in clinical practice workflows, higher accuracy in the results achieved thanks to

more computationally complex algorithms, and management of higher loads of data to

solve large size problems in acceptable times. In consequence, it has become a standard

that any competitive software needs to be accelerated with massive parallel computing

hardware, among which GPUs are mostly used. A wide variety of accelerated models

for image reconstruction [Després and Jia, 2017, Pratx et al., 2009], image processing

[Eklund et al., 2013], and dose planning [Pratx and Xing, 2011] have emerged. Many

authors have also adapted Monte Carlo codes to GPU parallel computing [Alerstam

et al., 2008b, Badal and Badano, 2009, Bert et al., 2013, Chi et al., 2016, Galve et al.,

2020a, Hissoiny et al., 2011, Ibáñez et al., 2021, Jia et al., 2011, Lai et al., 2019, Lippuner

and Elbakri, 2011, Ma et al., 2020]. In section 1.4.4 we have already discussed about

the progress of machine learning algorithms thanks to parallel computing.
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The GPU programming is the workhorse of this thesis. All the applications devel-

oped rely on the foreground of parallel computing acceleration with GPUs and CUDA

Fortran [Fatica and Ruetsch, 2014, NVIDIA, 2021], a compiler jointly developed by

NVIDIA and the Portland Group to get Fortran codes running on the GPU (although

the most widely extended is CUDA C [Sanders and Kandrot, 2010], in practice both

operate at a similar level of parallel optimization). In chapter 3 we give the details of a

flexible reconstruction software, GPU-PET, accelerated with GPUs, and chapter 5 de-

tails the development and performance of a GPU accelerated PET simulator. Chapters

4 and 6 rely on these tools to improve PET image quality.

1.6.1 CUDA GPU architecture and programming

When programming a GPU there are a few considerations to account for that differ from

CPU programming. We are going to focus in the CUDA architecture from NVIDIA

[Fatica and Ruetsch, 2014, Sanders and Kandrot, 2010], since it is the one used in this

thesis. CUDA is a hybrid programming model of CPU and GPU execution, in which

the GPU kernels are called from the CPU. Usually we refer to the CPU as the host,

and the GPU as the device. In the device kernels, we can launch thousands of threads

to perform the same routine in parallel, but operating over different memory locations.

Optimal performance is achieved when adjacent threads work on adjacent chunks of

data (e.g. contiguous elements of an array), concept known as coalescence. The threads

are grouped into blocks, and the blocks are grouped into grids, so that every thread

can be identified by its thread index and its block index (see figure 1.14). Inside a

block, the threads are grouped in warps of 32 threads that work in single-instruction

multiple thread (SIMT) fashion. This means that threads within a warp perform the

instructions in a lockstep. For example, in the case of if-else statements, the threads

within a warp will execute sequentially all the conditional blocks, thus enlarging the

time consumption. It is also important to mention the case of multiple threads writing

on the same memory location at a time, leading to non deterministic outputs. Atomic

operations ensure that no more than one thread can update a memory location at a

time at the expense of additional computational time.

The communication from the GPU threads to the CPU is done through different

memory spaces [Fatica and Ruetsch, 2014, NVIDIA, 2021]. In figure 1.14 we graphically

show the access to these spaces. First we have to differentiate between the dynamic
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Figure 1.14: Graphical visualization of the GPU CUDA architecture and memory access
from every thread. The physical location of each memory space in the device is shadowed
in dark orange (dynamic random-access memory) and light orange (on-chip). The host has
input/output (I/O) access to the global, constant, and texture memory. All the blocks have
input access to these spaces, but they can only write in the global memory. Inside each
block we find shared memory, local memory (L), and the registers (R). The shared memory
is I/O accessed by all the threads within a block. The local memory and the registers are
limited I/O memory spaces to every thread. The threads are internally grouped in warps
of 32 threads within every block.

random-access memory (DRAM) and on-chip memory. DRAM (dark orange in figure

1.14) can be accessed from the host and from the device, but it is off-chip in the sense

that it is physically separated from the GPU thread processors. In DRAM we find

global memory, constant memory, texture memory and local memory:

• The global memory can be read and written by the host and by any thread,

and it is the communication bridge between host and device.

• Constant memory and texture memory are read-only spaces from the device,

and they can only be written by the host. Both are cached on the GPU for fast

access, but use different pathways for accessing global memory. The constant

memory space is very limited.
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• Local memory is thread private memory limited to the thread lifetime, that can

be either allocated on the global memory, or on the registers (on-chip memory).

The on-chip memory is located on the GPU multiprocessors (groups of 32 thread

processors), and it can only be accessed by the thread processors in each given multi-

processor. Here we find the shared memory and the registers:

• The shared memory is block private memory, only accessible for the threads

within a block. It can be used for thread-communication within a block.

• The registers are assigned per-thread, and they are mainly dedicated to acceler-

ate access to local memory (optimal performance is achieved when local memory

is reduced to scalars saved in the registers).

As a rule of thumb, accessing constant memory, texture memory, shared memory,

and registers is faster than accessing global memory, but global memory is the largest

space of memory and the only output space to bring results back to the host.
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Chapter 2

Materials and tools

In this chapter, the hardware and software tools used in this thesis are summarized.

In section 2.1 we will give the details of the simulation code PeneloPET, section 2.2

is dedicated to the scanners employed for simulations and real data acquisitions in the

thesis, and sections 2.4, 2.3 and 2.5 are dedicated to the real and simulated phantoms

employed.

2.1 PeneloPET

Among the wide variety of Monte Carlo (MC) PET dedicated simulators available, we

have used PeneloPET1as a standard reference [Lopez-Montes et al., 2019] (see section

5.1 for further discussion about MC simulators in PET), which has been developed

in the Nuclear Physics Group at University Complutense of Madrid. PeneloPET has

been extensively validated in different studies against real data [Abushab et al., 2016,

Cal-González et al., 2013, 2015a, España et al., 2009, Popota et al., 2015].

PeneloPET has been built on the basis of PENELOPE, a MC tool implemented

in the Fortran language for the transport of electrons, positrons and photons in the

energy range of 1 keV to 1 GeV. In the PeneloPET package, we find a user-friendly

environment based on simplified input text files to define the simulation parameters

(time duration, inputs and outputs, etc.), the scanner geometry (detector module and

scanner geometry), the emission source, and the objects in the medium. In figure 2.1, an

example of the input files needed to define a simulation of the 6R-SuperArgus scanner

1http://nuclear.fis.ucm.es/penelopet/
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main.inp 
1     12345 54321             [Random number generator seeds] 

2     100000                  [Acquisition Real Time[sec] 

3     F                       [read alignments.inp file] 

4     F F                     [read coinc_matrix.inp, module_matrix.inp] 

5     1000                    [Limit for the number of interactions in each particle] 

6     F T T F     [Secundary Particles Simulation; Positron Range; Non-Collinearity; Generate range profile] 

7     0 0 1 1                 [Start&Stop Angles [DEG]; Number of Steps per cycle; time per cycle [sec]] 

8     425000.                 [Lower Energy Window (eV)] 

9     650000.                 [Upper Energy Window (eV)] 

10     4.5                     [Coincidence Time Window (ns)] 

11     0.1      [Triggers Dead Time (ns)] 

12     80                      [Integration Time (ns)] 

13     0.1      [Singles Dead Time (ns)] 

14     F T T                   [Hits LIST; Singles LIST; Coincidence LIST] 

15     T 169 169 109 12. 15. [Write Image; X Y Z voxels, Transaxial & Axial FOV (cm)] 

16     F                       [Hits checking] 

17     T                       [Verbose] 

18     T                       [Get Rid more than 2 single en coincidencia] 

scanner.inp 
1     ---------------------------------- SCANNER PARAMETERS --------------------------------------------- 

2     24                              !Number of Detectors by Ring 

3     11                              !Number of Detectors in Coincidence in the same Ring 

4     6     !Number of Rings 

5     0.62                             !Gap Between Rings [cm] 

6     13                              !Number of transaxial crystals by Detector [COLUMNS] 

7     13                              !Number of axial crystals by Detector [ROWS] 

8     2                               !Number of crystal layers by Detector 

9     0.7 13 0.21 1 40 1.5    !Length[cm]; Material; Energy Resol; Rise T[ns]; Fall T[ns], Time Resol [ns]        

10     0.8 6 0.33 10 60 1.5    !Length[cm]; Material; Energy Resol; Rise T[ns]; Fall T[ns], Time Resol [ns]        

11     0.155 0.155 0.005       !Pitch (Transaxial; Axial): Distance between center of adyacent crystals [cm] 

12     8.896                            !Radio: Center FOV - Center Front of Detector [cm] 

13     --------------------------------------------------------------------------------------------------- 

object.inp 
1     !TYPE MATERIAL X_CENTER Y_CENTER Z_CENTER  R1 R2  HEIGHT[cm] PH_INC   TH_INC[DEG] 

2     C 1 0.0 0.0       0.0      0.0      6.0      15.0  0.0      0.0 

3     !WRITE ONE OBJECT PER LINE. FILE END WITH A STARTING CHARATER NOT VALID FOR TYPE 

source.inp 
1     !TYPE ACTIVITY[Bq] UNITS ISOTOPE Material X   Y   Z   R1  R2   H[cm] PH_INC TH_INC PH TH TH1 TH2[DEG] 

2     C     1e6          T     1       1        0.  0.  0.  0.  6.0  15.0   0.     0.     0. 0. 0.  180  

3     !WRITE ONE SOURCE PER LINE. FILE END WITH A STARTING CHARATER NOT VALID FOR TYPE 

4     ---------------------------------- 

Figure 2.1: Example of the input files required to simulate the 6R-SuperArgus scanner
(see section 2.2.1) with a uniform cylindrical source of 6 cm radius and 15 cm length inside.

from section 2.2.1 is shown. By default, the simulator defines cylindrical scanners,

although it allows for simple modifications in this geometry. Detector response can be

modeled in detail, including the position, energy and timing response of the detector and

electronics. The positron range profiles and decay schemes of many β+ radionuclides are

available (18F, 11C, 13N, 15O, 82Rb, 124I, and 68Ga), and others can be easily generated

by the user. Different output levels are available, from particle interaction or single

events list-mode files, to coincidences list-mode files or sinograms.

During the development of this thesis, the author collaborated in the development

of the most recent version of PeneloPET [Lopez-Montes et al., 2019], and many tests
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have been performed with this platform to assess scanner performance and different

reconstruction methods. In this manuscript, we used PeneloPET to validate the UMC-

PET simulator of chapter 5.

2.2 PET scanners

2.2.1 The SuperArgus family of scanners

In this section we are going to give the details of the SuperArgus family of scanners

(Sedecal Medical Imaging). These scanners are based on the SuperArgus detector mod-

ule (based on the GE Healthcare eXplore Vista from General Electrics [Wang et al.,

2006]), which can be assembled in several configurations. The SuperArgus module is

conformed of detector units of pixellated arrays of 13×13 crystals of 1.55 mm crystal

pitch (0.1 mm reflector thickness), with a dual layer phosphor sandwich (phoswich)

strategy for depth of interaction (DOI) information. The phoswich couples are made

of lutetium-yttrium orthosilicate (LYSO) crystals of 7 mm length in the front layer op-

tically joined to cerium-doped gadolinium orthosilicate (GSO) crystals of 8 mm length

in the rear layer. The difference in light decay time (LYSO, 40 ns, GSO, 60 ns) is used

to distinguish the interaction point in each layer, and the light output of the phoswich

ensemble is coupled to position-sensitive photomultiplier tubes (PMT) to identify the

crystal in the 13×13 arrays. The energy resolution is 21% in the LYSO crystals, and

33% in the GSO crystals (aggregated energy resolution is 24%), and the time resolution

is 1.5 ns. The energy window used for the acquisitions in this thesis is 425-600 keV, and

the coincidence time window is of 4.5 ns.

In this thesis, we have used the scanners with 6 and 4 rings of 24 detectors, so

called 6R-SuperArgus and 4R-SuperArgus, and the 2R-Argus scanner with 2 rings of 18

detectors, commercialized for several years as the GE Healthcare eXplore Vista (General

Electrics) [Wang et al., 2006]. For the 6R- and 4R-SuperArgus, the ring diameter is 17

cm, and the commercial transverse FOV is 12 cm diameter. Each ring of detectors need

to leave an axial gap of 6.4 mm (∼4 crystals) because of the PMT width, thus having

15 cm and 10 cm axial FOV respectively. In the case of the 2R-Argus scanner, the ring

diameter is 11.8 cm, the transverse FOV is 7 cm and the axial FOV is 4 cm. We will

work without a maximum ring difference limit. In figure 2.2 a schematic representation

of the three scanners is shown.
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4R-SuperArgus 6R-SuperArgus2R-Argus

Figure 2.2: Scheme of the LYSO-GSO phoswich detectors (purple and brown, respec-
tively) in the 2R-Argus (left), 4R-SuperArgus (center), and 6R-SuperArgus scanner (right).
Images obtained from PeneloPET.

The results from the 6R-Superargus are shown in chapters 3 and 6, and the scanner

was simulated in the section 5.3 of chapter 5. The 4R-SuperArgus scanner was used in

chapter 4. The 2R-Argus scanner is simulated in chapter 6.

2.2.2 The Biograph mMR scanner

The Biograph mMR scanner is a PET/MRI compatible scanner for whole-body PET

imaging [Delso et al., 2011]. The detector units are based on pixellated arrays of 8×8
lutetitum oxyorthosilicate (LSO) crystals of 4 mm crystal pitch and 20 mm depth. The

light readout is performed by an array of 3×3 avalanche photodiodes (APD). The energy

resolution is 14.5% and the energy window is 430-610 keV. The time resolution is 2.93

ns, and the coincidence window is of 5.86 ns. The detectors assembly consists of 8 rings

on 56 detectors with 65.6 cm diameter, resulting in 59.4 cm transverse FOV and 25.8

cm axial FOV. The scanner can acquire static multibed data in 3D mode with delayed

window random estimation. In figure 2.3, a schematic representation of the scanner is

shown.

This scanner utilizes a sinogram format with maximum ring difference of 60 crystals

and span 11. A real sinogram is shown in figure 2.4. The sinogram has 11 segments

with 837 slices (127 direct slices in segment 0, and subsequently 115 in ±1, 93 in ±2,
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Figure 2.3: Scheme of the LSO detectors (purple) in the Biograph mMR scanner. A
cylindrical object of 60 cm diameter is placed inside the scanner bore (brown object).
Image obtained from PeneloPET.

71 in ±3, 49 in ±4, and 27 in ±5). The radial and angular bins do not follow a linear

relationship with physical distances and angles, but a direct correspondence with every

couple of crystals in the plane. The format has been specified by the manufacturer.

We worked with data acquired in the Biograph mMR in section 5.4 of chapter 5.

Results from simulations of this scanner are shown in chapter 3.

2.2.3 The High Spatio Temporal Resolution BrainPET prototype scan-
ner

The High Spatio Temporal Resolution BrainPET (HSTR-BrainPET) is a prototype

PET scanner for brain dedicated studies [Catana, 2019a,b, Galve et al., 2020b]. The

prototype has a spherical morphology to enlarge its sensitivity, and it is designed to be

integrated with a 7-Tesla MRI scanner. We show a scheme of the prototype in figure

2.5. In this thesis, the scanner was simulated since it has not been manufactured yet.

The simulated spherical geometry has 32 cm inner diameter, with 880 detector blocks

facing the center of the sphere. The scanner has two open sides, one for the insertion of

the patient’s head, and other for a PET compatible MRI coil insert. We have defined

pixelated detectors of LSO of 8×8 crystal units with 2×2 mm2 cross section, and 26 mm

length. Since the multiple layer structure of the detectors was not yet defined at the

time of this study, we have compared the results with detector blocks of 9 mm length to

assess the DOI effect. The energy resolution for 511 keV is 12%, and the energy window

implemented is 400-700 keV.
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Figure 2.4: Example of one of the sinograms from the Biograph mMR utilized in section
5.4 of chapter 5.

Figure 2.5: Graphical representation of the HSTR-BrainPET prototype scanner.
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2.3 Image Quality phantom and evaluation of the NEMA
NU4-2008 protocol

The NEMA NU4-2008 protocol National Electrical Manufacturers Association [2008]

establishes standard procedures to assess the system performance for PET preclinical

scanners. This section corresponds to the section 6 of the original document. Here we

summarize the details about the image quality (IQ) phantom, activity and acquisition

(section 2.3.1), and the methods to analyze the image (section 2.3.2) through noise

or percent standard deviation (%STD), recovery coefficients (RC), and spill over ratio

(SOR).

2.3.1 The Image Quality phantom

Following the protocol, the activity employed for the total phantom should be of 100

µCi within ±5% of 18F acquired for 20 minutes. The phantom is made of PMMA

(polymethyl methacrylate) and it has a size of 30 mm inner diameter and 50 mm length.

A schematic view of the different sections of the phantom is presented in 2.6. The

phantom is composed of a body (subfigures 1 and 4 in 2.6), an upper cover (subfigures

2 and 5 in 2.6), and a bottom cover (subfigures 3 and 6 in 2.6). The body phantom is

the only region that is filled with uniform activity.

Once the three parts are attached and filled, the phantom offers three main regions

of study. First, a uniform region in the middle of the phantom, with 30 mm diameter

and 15 mm length (between the downside small rods region and the upper cylinders of

the top cover). In this region we will measure the image noise. In the upper 15 mm of

the phantom, we find the two cylinders of the top cover. One of the cylinders will be

empty, and the other is filled with water (without activity). Here we measure the SOR,

that estimates the quality of attenuation and scatter correction. Finally, in the down

side of the phantom we find five active rods of diameters from 1 mm to 5 mm that are

used to measure the image RC.

2.3.2 The image analysis

The image quality is evaluated with three parameters: percent standard deviation

(%STD), recovery coefficients (RC), and spill over ratio (SOR).
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Figure 2.6: Coronal view of the image quality phantom body (1), the top cover (2) and
the bottom cover (3), and transverse views respectively (4), (5) and (6). All dimensions are
in mm. Image taken from the NEMA NU4-2008 protocol National Electrical Manufacturers
Association [2008].
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Figure 2.7: Scheme of the image quality phantom of the NEMA NU 4-2008 National
Electrical Manufacturers Association [2008] (left) and regions for noise (center, green region
in the uniform region of the phantom), recovery coefficients (right top, yellow regions in
the rods; transverse top view), and spill over (right bottom, blue regions in the non-active
inserts filled with water and air; transverse bottom view) quantification.

2.3.2.1 Percentage Standard Deviation

Centered within the uniform region of the phantom, we draw a cylindrical region of

interest (ROI) of 22.5 mm diameter and 10 mm long (see figure 2.7). The percentage

standard deviation (%STD, also called noise) is measured as the ratio between the

standard deviation and the average activity inside the background region,

%STD = 100×
STDbackground

Meanbackground
. (2.1)

2.3.2.2 Recovery coefficient

First, we collapse the 10 mm central slices in the small rods, and for each rod we search

for the maximum pixel within a circular region of twice the rod diameter. We draw an

axial line profile at the transverse position of the maximum pixel for the 10 mm slices

(see figure 2.7). The ratio between the average activity in the profile and the average

activity in the background region (from previous section 2.3.2.1) is the RC,
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RC =
Meanprofile

Meanbackground
. (2.2)

2.3.2.3 Spill Over Ratio

We draw two cylindrical ROIs of 4 mm diameter and 7.5 mm length in the water and

air cylinders of the top cover (see figure 2.7). The ratios of mean activity in each region

and the background region is defined as the SOR,

SORwater =
Meanwater

Meanbackground

SORair =
Meanair

Meanbackground
.

(2.3)

2.4 Derenzo phantom

Derenzo phantoms [Derenzo et al., 1977] are commonly used in PET to assess image

resolution, and some authors have proposed to include them in the image quality stan-

dards [Hallen et al., 2020]. A Derenzo phantom is composed of parallel rods in triangle

distribution, filling different sections of a cylinder, each with a different diameter. A

real Derenzo phantom with 45 mm diameter and rods diameters ranging from 1.2 mm

to 4.8 mm was employed in chapters 3 and 4. This phantom has been acquired both

with hot and cold rods. Further simulated Derenzo phantoms are described in section

2.5.1.

2.5 Simulated phantoms

In this section we summarize the voxelized phantoms that were simulated along this

thesis. Among them we find Derenzo phantoms (2.5.1, a Cologne phantom 2.5.2, and

a Zubal phantom 2.5.3. All the simulations were ran on the UMC-PET simulator of

chapter 5.

2.5.1 Derenzo phantoms

In this work we have simulated two Derenzo phantoms, both with hot rods over a mild

background. In chapter 3, the rods to background ratio is 10:1, with diameters ranging
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Figure 2.8: Activity distribution of a clinical (left) and a preclinical (right) Derenzo
phantoms simulated in this thesis. Notice that the size scale are not proportional. In the
clinical phantom, the rods to background ratio is 10:1, whereas in the preclinical one it is
4:1.

from 1 mm to 6 mm diameter, total phantom size is 160 mm diameter and 50 mm length

(left-hand side of figure 2.8). In chapter 6, a smaller Derenzo phantom with background

activity of one fourth the activity in the rods, 18 mm diameter, 10 mm depth, and 6

sections of rods of diameters 1.6 mm, 1.4 mm, 1.2 mm, 1 mm, 0.8 mm and 0.6 mm was

simulated (right-hand side of figure 2.8).

2.5.2 The Cologne phantom

Similar to the Derenzo phantom, the Cologne phantom [Kotasidis et al., 2011] can be

used to assess the scanner resolution. The Cologne phantom consists on 5×5 squares of

point sources of different diameters, ranging from 2 mm to 5 mm (see figure 2.9). This

phantom was used in chapter 3.

2.5.3 The Zubal phantom

The Zubal phantom used in this work is shown in figure 2.10. This phantom is voxelized

in 87 organs that are categorized in seven tissues. In table 2.1 we summarize the activity

distribution implemented for each tissue. The phantom has 256×256×128 voxels of

1.1×1.1×1.4 mm3.
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Figure 2.9: Activity distribution of the Cologne phantom.

1
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9

Transverse Coronal Sagittal Activity

Figure 2.10: Activity distribution of the Zubal phantom. In the right-hand side we show
the legend of the relative activity inside the phantom. Inside an homogeneous region of
the cerebellum, we have drawn the elliptic cylinder marked in blue to measure noise in the
reconstructed images.

Tissue Activity
Soft tissue 3

Fat/adipose tissue 0
Cortical bone 0
Gray matter 9
White matter 3

Cerebrospinal fuid 1
Cartilage 0

Table 2.1: Relation of the activity assigned to each tissue in the Zubal phantom.
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Chapter 3

GPU-based PET image
reconstruction software

3.1 Introduction and motivation

Current scanners have increased the reconstruction complexity in terms of data size

(because of axially extended field of view (FOV) [Nadig et al., 2021, Slart et al., 2021,

Udias et al., 2018] and novel multi-layer detectors [Kang et al., 2021, Mohammadi

et al., 2017]) and novel non-cylindrical geometry management [Catana, 2019b, Perez-

Benito et al., 2018, Samanta et al., 2021, Tao et al., 2018, Yoshida et al., 2020] to

improve sensitivity and optimize spatial resolution. One of the challenges of these larger

scanners is the large computational cost of the projection and backprojection operations

needed in the iterative reconstruction algorithms (see section 1.4.2). The advent of GPU

parallel computing boosted the reconstruction process, enhancing acceleration of these

two basic components of the MLEM algortihm [Barker et al., 2009, Herraiz et al., 2011,

Markiewicz et al., 2014, Meng et al., 2019, Pratx et al., 2009, Zhou and Qi, 2011, 2014].

The System Response Matrix (SRM) modeling also requires larger memory sizes, and

many authors employed symmetries [Cabello et al., 2010, Gong et al., 2017, Herraiz

et al., 2006a, Scheins et al., 2011, Wei and Vaska, 2020], SRM sparseness principles [Li

et al., 2015, Xu et al., 2019], and SRM decomposition [Pilleri et al., 2019, Zhou and Qi,

2014] to reduce it.

The purpose of this chapter is to explain the details of the GPU-based PET image

reconstruction software (GPU-PET reconstructor) developed during this thesis. The
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code was designed to match optimal trade off between speed and flexibility, avoiding

image quality detriment. One of the main goals was to develop a framework to define the

scanner geometry without the constraints of traditional sinograms, limited to cylindrical

shaped scanners. To face this challenge, we implemented a novel input format based

on the coordinates of the crystal units conforming the scanner, and their relation with

every LOR index. Speed is achieved thanks to the GPU implementation of the main

MAP-OSEM [Alenius and Ruotsalainen, 1997, Hudson and Larkin, 1994, Nuyts et al.,

2002] routines. The projection and backprojection routines are implemented in a LOR-

driven (or ray-driven) approach, and the image filter routines use a voxel-driven scheme.

These routines are designed in separate modules to allow for ease of modifications of

the reconstruction scheme, the input data format (LOR histogram, sinogram, or list-

mode data), or scanner geometry. The SRM response is decomposed in a projection

model and a Gaussian image blurring kernel [Reader et al., 2003] to minimize memory

storage. With this structure, we expect to face current reconstruction challenges, either

for clinical, preclinical, or non-conventional scanners (see section 2.2) in a simple and

flexible tool. Initial results were presented in Galve et al. [2020b].

The GPU-PET reconstructor is a key element for the research presented in this

thesis. In chapter 4, a modification of the projection-backprojection routine to produce

a multi-ray scheme combined with a super-iterative algorithm that refines the data ac-

quired to increase image resolution was presented. In section 5.4, we used the GPU-PET

software with data from the clinical Biograph mMR scanner (section 2.2.2) to evalu-

ate the scatter estimation derived from the Ultra-fast Monte Carlo PET (UMC-PET)

simulator, a GPU-accelerated MC simulator that is presented in chapter 5. Finally, in

chapter 6 we will use the GPU-PET reconstructor as the reference standard against a

fully-integrated Monte Carlo based reconstruction with the UMC-PET simulator.

In next section 3.2 we described the details of the System Response Matrix (SRM),

its implementation with the MAP-OSEM algorithm, the input details, and the GPU

code implementation in the CUDA-Fortran platform. In section 3.3 we give the details

of the simulations and PET data used, and in section 3.4 we show the reconstructed

images of these data. We discuss about the methods and results in section 3.5.
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3.2 Code description

The GPU-PET reconstructor is a fast reconstruction code for general PET scanner

geometry. The scanner is coded in a cartesian coordinates system that allows us to

reconstruct any geometry. We implemented the OSEM algorithm with Bayesian penal-

ized likelihood in the NVIDIA CUDA platform (with the PGI CUDA Fortran Compiler)

to accelerate the main routines of projection, convolution, and other image filters and

operations. In this section we explain the main features of the GPU-PET reconstructor,

the SRM, the penalized OSEM reconstruction algorithm, and the details of the inputs

and its implementation.

3.2.1 The System Response Matrix and PET corrections

The SRM is one of the most important pieces of iterative reconstruction methods [Iri-

arte et al., 2016]. In the GPU-PET reconstructor, we have decomposed the SRM in

the following components: the PSF, the forward/backward projector, normalization,

attenuation, scatter, and randoms contributions. The projection equation in 1.14 can

be modified in the following manner:

Ỹ = V • U • P (G ∗X) +R+ S, (3.1)

where given N LORs and M voxels, Ỹ ∈ RN is the projected data given an image

X ∈ RM , and the additive components R,S ∈ RN represent respectively the random

and scatter events. Respect to 1.14, we have explicitly defined the SRM A in terms of

the matrices G, P , U , and N . G ∈ RM×M is the convolution kernel representing the

PSF (∗ is the convolution operator), P ∈ RN×M is the forward projection operator,

U ∈ RN are the attenuation factors, and V ∈ RN are the normalization factors (•
represents element-wise multiplication).

3.2.1.1 Point Spread Function modeling

The PSF models all the physical effects that deteriorate image quality (see section

1.4.2.1), and in a more general way, it defines the scanners intrinsic resolution. For fast

image reconstruction, we chose to implement the PSF in the image domain [Reader

et al., 2003] with a Gaussian kernel. The convolution is separately applied in the three

axis,
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X̂ = G ∗X = GZ ∗GY ∗GX ∗X. (3.2)

Here we show explicitly the kernel convolution for the X axis:

x̂jX,jY,jZ =

NGX∑
∆jX

=−NGX

xjX−∆jX
,jY,jZCGX

exp

(
−

∆2
jX

2σ2
X

)

C−1
GX

=

NGX∑
∆jX

=−NGX

exp

(
−

∆2
jX

2σ2
X

)
,

(3.3)

where we perform each convolution kernel equivalently for every cartesian axis (X,

Y, and Z). Note here that we have extended the array notation of X ∈ RM to a

three dimensional array X ∈ RMX×MY×MZ representing the three cartesian axis (M =

MX ×MY ×MZ). NGX
is the the kernel size, σX is the Gaussian deviation, and CGX

is

a normalization constant for the kernel. This coordinate-based PSF allows us to reduce

the integration neighbourhood in the total convolution from NGX
×NGY

×NGZ
≈ 153

to NGX
+NGY

+NGZ
≈ 3×15 (the usual kernel size is around 15 voxels), thus reducing

the computational burden of this step. It can be easily proben that this decomposition

is equivalent to a 3D Gaussian blurring kernel (assuming the correlation between the

three principal axes is zero).

In this work, we have estimated the Gaussian width from a simulation of a single

point source at an arbitrary position (in our case, 1 cm off-center), reconstructed with-

out the PSF kernel. The reconstructed image is equivalent to the ideal point source

blurred with the intrinsic scanner resolution, so that the projection kernel gives the most

accurate estimation of the data [Kotasidis et al., 2011, Reader et al., 2003]. Therefore,

we can fit σX, σY and σZ to match the blurred image. The PSF can also be measured

using the experimental resolution measurements of the scanner. In section 6.2.1 (chap-

ter 6) we describe a modification of this routine to introduce spatially variant PSF using

various measurements of point sources at difference locations. These extensions were

not part of the author’s work, and they are not presented in this manuscript in detail.

Note that the fixed PSF through the whole FOV is, in general, a rough approxima-

tion for real scanners, in which DOI effects degrade the resolution off-center (figure 1.9).
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In the case of the scanners used in this chapter (mentioned below in 3.3), the phan-

toms used filled the center of the FOV where we can maintain this approximation, or

additional DOI information was provided by the detector to alleviate PSF degradation.

3.2.1.2 Forward/backward projection scheme

The forward projector operator can be represented as a matrix P ∈ RN×M . In the GPU-

PET reconstructor, this matrix is computed on the flight using simple 3D discrete line

integrals with Gaussian weights (similar to one of the approaches used in [Kang et al.,

2021]). The algorithm computes the intersection between the given crystal coordinates

and the scanner FOV, and it walks through the FOV with a fixed step of 0.9 times

the pixel size to ensure good compromise between sampling and computation time. We

accumulate the value of the closest voxel (nearest neighbour approximation) weighted

by the Gaussian of the perpendicular distance with the line (FWHM equal to twice the

voxel size) to reduce aliasing defects because of the sampling step. The projections are

normalized to reproduce the physical length of the LOR times the image voxel values.

In the backprojection, we used the same model, but we accumulate the projection values

on the stepped voxels. In figure 3.1 a visual representation of the algorithm is shown.

We see that there are over/under sampled voxels that have artificially mismatched sen-

sitivity because of the nearest neighbour approximation. In practice the sensitivity will

be averaged among the huge number of LORs stepping through each voxel, mitigating

single LOR defects. We also have to account that the backprojection is performed with

the same operator, thus compensating any deviation in the reconstruction.

3.2.1.3 Normalization

The normalization factor of every LOR multiplies the projection as stated in equation

3.1. The UMC-PET requires a calibration acquisition that must represent a cylindrical

object of known dimensions and uniform activity. This calibration is compared with

the projections of an equivalent numerical cylinder filling the whole FOV. Intrinsic

detector efficiencies, geometrical efficiencies, and projection aliasing correction factors

are implicit in this term. The normalization factor estimated is given by

vi =
qi
q̃i

l̃i
li
, (3.4)
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Figure 3.1: 2D scheme of the projection computation. The line integral performs dis-
crete steps through the FOV (red dots), accumulating each pixel contribution weighted by
the Gaussian of the distance pixel-LOR. The pixel color intensity represents its total con-
tribution to the line integral (the darkest one has double contribution because of discrete
sampling).

where vi is the normalization factor of a LOR i, qi is the measured acquisition

for calibration, q̃i is the equivalent LOR projection, li is the theoretical LOR distance

through the calibration phantom, and l̃i is the analytical LOR length through the FOV.

The ratio l̃i/li is a projection length correction in the case the calibration phantom and

the reconstruction FOV do not have the same size.

It is important to remark, that the calibration qi should be precorrected for random

events, scatter and attenuation, since the projection value q̃i does not account for these

corrections. This approach assumes direct normalization with a cylindrical phantom of

equal (o larger) size to the FOV [Theodorakis et al., 2013], but we can introduce com-

ponent based normalization [Badawi and Marsden, 1999, Defrise et al., 1991, Hoffman

et al., 1989] adapted to the FOV that we want to use, independently on the calibration

phantom.

3.2.1.4 Attenuation

To estimate the attenuation coefficients we used the forward projection operator and

PSF defined in the previous sections 3.2.1.2 and 3.2.1.1. The equation 1.28 is explicitly
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U = exp (−P (G ∗ U)) , (3.5)

where U ∈ RM is the µ-map for 511 keV photons, and the exponential operation

is performed element-wise. For the µ-maps in HU units, as it is the usual case for CT

µ-maps (MRI-derived µ-maps are given in linear attenuation units), we first applied

the bilinear transformation of equation 5.7 [Burger et al., 2002, Nakamoto et al., 2002,

Schneider et al., 2000]. The attenuation coefficients can also be provided from any

external method.

3.2.1.5 Scatter and random correction

Both scatter and random estimations are additive quantities in the projection scheme,

and neither of them is processed by the code (they should be facilitated by the scanner

or estimated via external tools). Therefore they are treated in a similar way. The user

defines in the general inputs (see section 3.2.3) whether to add them to the forward

projection scheme (as explicitly stated in equation 3.1) or subtract them from the data

(in this case, negative values are set to zero).

The UMC-PET simulator is a GPU-accelerated MC simulator that will be detailed

in chapter 5. In this chapter, we have applied the UMC-PET simulator to estimate

the scatter correction only for the acquisitions with prominent scatter contribution (in

general this contribution is not relevant for small animals, see the results of scatter

fraction on table 5.3 of section 5.3). The application of the UMC-PET simulator for

scatter correction is detailed in section 5.4.

3.2.2 Basics of the OSEM algorithm

The reconstruction algorithm chosen for the GPU-PET reconstructor is the OSEM

[Hudson and Larkin, 1994]. In section 1.4.2.3, we already gave the details about this

reconstruction method. To recall the main features, OSEM is an accelerated version of

the MLEM [Shepp and Vardi, 1982] based on data subsets, achieving an acceleration

factor approximately equal to the number of subsets K. The maximum likelihood

is optimized using the expectation maximization optimizer [Dempster et al., 1977].

Combining the model proposed in equation 3.1 with the OSEM iterative equation 1.21,

each image update is computed as follows
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X(n,k+1) = X(n,k)
G ∗ Γ

(n,k)
Sk

G ∗ ΛSk
, (3.6)

where we have used matrix notation. X(n,k) is the image for the subset k at iteration

n, and G is the image blurring kernel. We introduce here the correction factors image

(Γ(n,k)
Sk

∈ RM ) and the sensitivity image (ΛSk ∈ RM ). Sk refers to the set of LORs in

the subset k. These images are defined as follows

Γ
(n,k)
Sk

= P TSkU • V •
Y

U •N • PSk
(
G ∗X(n,k)

)
+R+ S

ΛSk = P TSk(U • V ),

(3.7)

where Y is the data acquired. G, P , U , V , R and S compose the SRM of equation

3.1 (PSk and P TSk are the projection and backprojection operators of a subset Sk), and

the details of each component have been given in the previous section 3.2.1.

3.2.2.1 Bayesian priors with the OSEM algorithm

We have implemented two different prior functions in the GPU-PET reconstructor:

the Median Root Prior (MRP) [Alenius and Ruotsalainen, 1997], and the Relative

Differences Prior (RDP) [Nuyts et al., 2002]. In Alenius and Ruotsalainen [1997], the

MAP-EM equation 1.25 with MRP is modified as follows

x
(n,k+1),MAP
j =

x
(n,k+1),OSEM
j

1 + β
x
(n,k),MAP
j −M

(
x
(n,k),MAP
j

)
M
(
x
(n,k),MAP
j

) , (3.8)

where x(n,k),OSEM
j is the image after the OSEM update step (equation 3.6, note

that capital letters were used for matrix notation, whereas lower case letters refer to the

elements of a given matrix or vector), x(n,k),MAP
j is the image after the MAP update

step, and M(xj) is the median in a neighbourhood of size 3× 3× 3 centered in xj . β is

a hyperparameter that controls the regularization strength, and it must be in the range

β ∈ [0, 1]. In this case, the prior function Q is not explicitly defined, though Bettinardi

et al. [2002] defined its derivative ad hoc,

∂Q

∂xj

∣∣∣∣
x
(n,k)
j

=
x

(n,k),MAP
j −M

(
x

(n,k),MAP
j

)
M
(
x

(n,k),MAP
j

) . (3.9)
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The RDP prior defined in Ahn et al. [2015], Nuyts et al. [2002] is

QRDP (X) =
∑
j

∑
j′∈Nj

wjj′

(
xj − xj′

)2
xj + xj′ + γ

∣∣xj + xj′
∣∣ , (3.10)

where wjj′ are weights inversely proportional to the voxel distance (1, 1/
√

2 and

1/
√

3, in a neighbourhood of size 3× 3× 3), Nj is the neighbourhood of voxel j, and γ

controls the relative difference penalization. The derivative of this equation is given by:

∂QRDP
∂xj

∣∣∣∣
x
(n,k)
j

=
∑
j′∈Nj

wjj′

(
xj − xj′

) (
γ
∣∣xj − xj′∣∣+ xj + 3xj′

)(
xj + xj′ + γ

∣∣xj + xj′
∣∣)2 (3.11)

3.2.3 Code inputs

We have designed the GPU-PET inputs to ensure great adaptability of the code to

any scanner geometry. We have left most of the parameters to the user control to

optimize the reconstruction, and the scanner geometry is coded in two simple files

(crystal coordinates file, and LOR-to-crystals file).

• General parameters

In a general file, we describe all the variables that control the parameters of the

reconstruction algorithm. There are image parameters, such as the number of

voxels (in the three dimensions) or the FOV size (both transaxial and axial),

other parameters defining the OSEM performance (number of iterations, number

of subsets, the PSF Gaussian width, the sampling Gaussian width in the projection

routine, and the β and γ values for the priors), or the total number of LORs (this

number must suit the system employed). We also include here the number of

threads and blocks used for the forward/backward projection subroutine.

• LOR histogram files

Here we find the data file of the acquisition, the calibration (to compute the

normalization), the attenuation factors, and the scatter and random estimation.

These files use LOR histogram format [Kadrmas, 2004] with no predefined order-

ing. We use floating point numbers with single precision.
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Biograph mMR HSTR-BrainPET 6R-SuperArgus

Figure 3.2: From left to right, the 3D plot of the crystal coordinates for the Biograph
mMR scanner (section 2.2.2), the HSTR-BrainPET scanner (section 3.3.1), and the pre-
clinical 6R-SuperArgus scanner (section 2.2.1). Different objects have been inserted to ease
3D perspective.

• Crystal coordinates

This is one of the key files to ensure the adaptability to any scanner geometry. We

define all the projections from two points in the cartesian space for both scanner

crystals defining the LOR. This file defines the cartesian coordinates ~rc of every

single crystal c. A representation of the crystal coordinates file of three different

scanners is shown in figure 3.2. The image will be centered in the center of the

cartesian system employed. In this file we write the crystal coordinates in an

arbitrary order.

• LOR index to coordinates

In this file, we define a matrix relating every LOR index i with two crystals from

the coorcinates file, (ci,1, ci,2), so that the LOR spatial location is defined by the

crystal coordinates file (~rci,1 , ~rci,2). We use short integers (2 bytes) unless the size

of the scanner requires a larger number of crystals.

3.2.4 GPU implementation

We have implemented the main routines of the GPU-PET reconstructor in the GPU

to reduce the computation time. We can distinguish the forward/backward projection

routine, which consumes most of the time of the reconstruction, and the image filters

that apply the PSF blurring and the regularization step.
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3.2 Code description

3.2.4.1 Forward/backward projection routine

We perform both the forward projection and backward (FW/BW) projection (also

called backprojection) in the same routine. This implies the computation of the image

of correction factors and the sensitivity images in equation 3.7 (the sensitivity image is

computed only once). In practice, we perform this step in several routine calls. Prior

to this whole step, the image to be projected is loaded on the GPU global memory and

the output images are initialized to zero. The GPU routine works with a structure of

blocks and threads, having Nthreads and Nblocks defined by the user. In every call, we

work with Nthreads×Nblocks LORs, and we repeat the routine until all the LORs in the

subset are done. Prior to every single call we load all the correspondent LOR values

in the global memory (the data acquisition, the calibration acquisition, the attenuation

factors, the scatter estimation, the random estimation, and the LOR coordinates). In

the first lines of the routine, we load these input values from the global memory to the

thread local memory to reduce computational time in repetitive access to the variables.

The forward and backward projection for every LOR are computed sequentially with

the model detailed in section 3.2.1.2. The backward projection uses atomic instructions

since we may find overlapping of different LORs (thus threads) on the same voxel. We

have verified that this does not represent a significant performance penalty since it is

very unlikely to find multiple threads accessing the same voxel at the same time. The

main time consuming operations are global memory accesses to the projected image.

It is important to remark that the MLEM equation 3.6 does not require to FW/BW

project the LORs with no counts. For this reason, prior to the reconstruction we select

the positive LORs in the acquisition to estimate the correction image. Since the imaged

objects may not fill the whole FOV, and PET limited statistics, this reduces considerably

the number of active LORs. The sensitivity image, in contrast, should account for the

whole data set. Fortunately, we just need to compute it once and for all in a given

scanner. We have separated the computation of both images in the code.

3.2.4.2 Image filters

We have defined the GPU accelerated routines that work on the image domain with

a similar voxel-wise structure. In the GPU we define a 3D grid of blocks and threads
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matching the image size, so that every thread works in parallel over an output voxel.

Input and output images are kept in global memory. These routines are:

• PSF blurring kernel. Actually three sequential routines for the three cartesian axis

X, Y, and Z (see 3.2.1.1). The convolution kernels are precomputed. At run-time

the sum in equation 3.3 is performed in parallel for each voxel.

• Regularization kernels. Both the MRP and RDP are applied as post-processing

filters of the OSEM image. The only input is the precomputed OSEM image. For

explicit details of the operations see section 3.2.2.1.

• Image update. OSEM update of every voxel, given the last iteration, and the

correction and sensitivity images computed in the forward/backward routine.

3.3 PET data acquisitions and simulations

We have ran simulations of the Biograph mMR scanner (section 2.2.2) and the HSTR-

BrainPET scanner (details in next section 3.3.1). Real acquisitions of the 6R-SuperArgus

preclinical scanner are also shown. In chapter 5.4 we show real acquisitions reconstruc-

tions of the Biograph mMR with the GPU-PET reconstructor and scatter estimation

from the UMC-PET simulator.

3.3.1 Simulations of the Biograph mMR scanner and the HSTR-
BrainPET scanner

We have ran simulations of both the Biograph mMR (see section 2.2.2) and the HSRT-

BrainPET scanner (see 2.2.3). In the case of the HSTR-BrainPET simulations, we

compared the results with 26 mm and 9 mm crystal depth to assess the DOI effect. In

this case, the simulated activity was corrected to have the same equivalent noise as for

the thicker crystals. The energy window implemented (for both scanners) is 400-700

keV. We have used a Derenzo phantom (see section 2.5.1, left-hand side of figure 2.8), a

Cologne phantom (section 2.5.2, figure 2.9), and a Zubal phantom (section 2.5.3, figure

2.10). In the case of the Zubal phantom, the noise was measured as the percentage ratio

between the standard deviation and mean activity inside the elliptic region drawn on

figure 2.10 (similar to equation 2.1).
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We ran all the simulations in the UMC-PET simulator (see chapter 5). We used

1·109 decays of 18F-FDG, equivalent to an acquisition of 10 minutes with 1.78 MBq

(0.465 µCi). To ease the resolution comparison between the Biograph mMR and the

HSTR-BrainPET scanner caused by the differences in the geometry and crystals size

of each scanner, the simulations did not include an attenuation object (no attenuation

and scatter estimations were needed for the reconstruction). We also simulated an

homogeneous cylinder filling the whole FOV (25 cm diameter and 20 cm length in the

HSTR-BrainPET, and 60 cm diameter and 25 cm length in the mMR) to estimate the

calibration factors.

3.3.2 Acquisitions with the preclinical PET 6R-SuperArgus scanner

All the real acquisitions of this chapter were obtained with the 6R-SuperArgus scanner

presented in section 2.2.1. Acquisitions were done at the Laboratory of Medical Imaging

of Hospital Gregorio Marañón (Madrid, Spain). All experimental procedures have been

done in compliance with the European Communities Council Directive 2010/63/EU and

submitted for approval by the Institutional Animal Care and Use and Ethics Committee

of the Hospital General Universitario Gregorio Marañón (HGUGM), supervised by the

Comunidad de Madrid according to the Annex X of the RD 53/2013. The subjects were

kept at the animal housing facilities of the Unidad de Medicina y Cirugía Experimental

(UMCE-HGUGM) in Madrid, Spain.

We show a couple of examples on phantoms, followed by three studies with live small

animals. We reconstructed all the acquisitions with the randoms corrections supported

by the scanner (subtracted to the data set), in the energy window of 425-600 keV.

The Derenzo phantom detailed in section 2.4 has been acquired with hot and cold

rods. The hot Derenzo was filled with 250 µCi of 18F-FDG (9.25 MBq) measured with

a well-counter (accuracy of ±5%), and 6.19·108 counts were detected. The cold Derenzo

phantom has a background activity of 400 µCi of 18F-FDG (14.8 MBq) and 2.55·109

counts. Both acquisitions were one hour long.

The first animal acquisition shows a cardiac study on a mouse of 15 g injected with

220 µCi 18F-FDG (8.14 MBq), 30 minutes after the injection. The acquisition took 10

minutes and it had 9.60·107 coincidences which have been gated in 8 steps of the rat

heart beat.
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We show a multi-animal study with four mouse injected with 0.4 µCi of 18F-FDG

each (148 kBq), acquired simultaneously for 10 minutes. A total of 4.40·108 coincidences

were detected.

A Wistar female rat of 255 g injected with 500 µCi of 18F-FDG (18.5 MBq) was

acquired for 15 minutes, 40 minutes after injection. A total of 1.63·108 coincidences

were detected. This acquisition was part of an awake study with rigid motion correction

[Arias-Valcayo et al., 2019]. Four hot point sources of 7 µCi were attached to the head to

identify the motion, and they can be observed in the reconstruction. The images shown

in this work correspond to the reference acquisition with the animal anaesthetised.

3.4 Results

3.4.1 Simulations of the Biograph mMR scanner and the HSTR-
BrainPET scanner

In all the reconstructions of this section (simulation details in section 3.3.1) the PSF

used for the HSTR-BrainPET was 1.75 mm FWHM in the three directions, and 4 mm

FWHM for the Biograph mMR. In figures 3.3 and 3.4 we show the reconstruction of

the Derenzo phantom and the Cologne phantom. In both cases the voxel size used is

0.4×0.4×2.05 mm3 for the HSTR-BrainPET and 0.5×0.5×2.05 mm3 for the Biograph

mMR. In the HSTR-BrainPET we can clearly see the sources up to 2 mm diameter (for

the 9 mm length detectors), whereas for the Biograph mMR we can hardly see the 3

mm rods of the Derenzo phantom.

In figure 3.5, we show the results of the Zubal phantom. The voxel size used is

0.5×0.5×2.05 mm3 in both scanners. In this case, we have adjusted the number of

iterations to compare the image quality obtained in both scanners at an equivalent

noise level. The improvement in image quality is clearly seen.

3.4.2 Preclinical PET 6R-SuperArgus scanner

Figures 3.6, 3.7 and 3.8 (hot and cold Derenzo phantoms and mouse cardiac study)

have a voxel size of 0.25×0.25×0.81 mm3, and figures 3.9 and 3.10 (four simultaneous

mice and rat acquisitions) used 0.35×0.35×0.81 mm3. The number of iterations and

regularization parameters have been determined from experimental trials, comparing

the images at different number of iterations and β values to assess the regularization
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HSTR-BrainPET (9 mm) Biograph mMRHSTR-BrainPET
Max.

0

Ground Truth Phantom

1 mm 2 mm

3 mm 

4 mm5 mm

6 mm

Figure 3.3: Top row, from left to right, tranversal view of a single slice of the Derenzo
phantom in the HSTR-BrainPET scanner with 9 mm depth (left) and with 26 mm depth
(center), and in the Biograph mMR scanner (right). All the images have 4 iterations and
20 subsets, no regularization was used. Bottom row, left, we show the simulated Derenzo
phantom (rods to background ratio 10:1) with the rods diameters of each section. Bottom-
right, we show a profile through the 3 mm rods (blue line in the ground truth phantom).
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Max.
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Figure 3.4: Top row, from left to right, tranverse view of the Cologne phantom in the
HSTR-BrainPET scanner with 9 mm depth (left) and with 26 mm depth (center), and in
the Biograph mMR scanner (right). All the images have 4 iterations and 20 subsets, no
regularization was used. Bottom row, left, we show the simulated Cologne phantom with
the sources diameter of each square. Bottom-right, we show a profile through the 2 mm
and 3 mm sources (blue line in the ground truth phantom).
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HSTR-BrainPET Biograph mMR

Ground Truth Phantom

Transverse Coronal Sagittal Transverse Coronal Sagittal

Transverse Coronal Sagittal

Figure 3.5: Top row: transverse, coronal and sagittal views of the Zubal phantom
reconstructed in the HSTR-BrainPET scanner and the Biograph mMR scanner. We used
3 iterations of 20 subsets for the HSTR-BrainPET (4.24% noise), and 1 iteration of 20
subsets for the mMR (4.61% noise). The number of iterations was adjusted to compare
equivalent noise levels. The noise was measured using a uniform region in the cerebellum
(see figure 2.10). Bottom row: (left) the ground truth Zubal phantom, (right) line profile
through the transverse views.
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Transverse Sagittal

φ 1.2 mm

φ 1.6 mm

φ 2.4 mm

φ 3.2 mm

φ 4.0 mm

φ 4.8 mm 45 mm

Figure 3.6: Transverse and sagittal planes of a single slice of the hot Derenzo phantom
in the 6R-SuperArgus scanner reconstructed with 25 iterations and 6 subsets. The image
regularization uses RDP with β=0.01 and γ=2. In the right-hand side of the image we
show the line profile of the blue arrow through the transverse plane. The rods diameter
(1.2 mm, 1.6 mm, 2.4 mm, 3.2 mm, 4.0 mm, and 4.8 mm) of each section of the phantom
are shown in the transverse plane, and the total phantom diameter is shown in the sagittal
plane.

strength for both priors. We found reasonable results for β ∈ (0.1, 0.01), and γ = 2 for

the particular case of the RDP.

In figures 3.6 and 3.7 we show the reconstructed images of the hot and cold Derenzo

phantoms. In both cases a line profile is shown through the smaller rods of 1.2 mm

diameter. In the case of the cold phantom of figure 3.7, we can notice that the phantom

was not totally filled during the acquisition.

In figure 3.8 we show the reconstruction of the total acquisition for the mouse cardiac

study in the 6R-SuperArgus scanner together with the evolution of the cardiac beat

through the eight gates of the acquisition.

Figure 3.9 shows the simultaneous acquisition of four mice. Mice hearts’ are visible

around 3.5 cm off-center, showing submillimeter resolution across the whole FOV.

In figure 3.10 we show a rat head acquisition originally designed for a motion cor-

rection study. We can see two hot point sources attached to the rat head. The main

structures of the brain (cortex, caudate, olfactory bulb, and cerebellum) have been

marked in the three planes of the image.

In table 3.1 we summarize reconstruction times of the main routines of GPU-PET.

The total time of each image is given by the initialization time (around 60 seconds for

input load, subsets and kernels preparation), the computation of the sensitivity image,
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Transverse Sagittal

φ 1.2 mm
φ 1.6 mm

φ 2.4 mm

φ 3.2 mm

φ 4.0 mm

φ 4.8 mm

45 mm

Figure 3.7: Transverse and sagittal planes of a single slice of the cold Derenzo phantom
in the 6R-SuperArgus scanner reconstructed with 30 iterations and 6 subsets. Note the
phantom was incompletely filled, as it can be observed in the upper side of the transverse
plane. The image regularization uses RDP with β=0.01 and γ=2. In the right-hand side
of the image we show the line profile of the blue arrow through the transverse plane. The
rods diameter (1.2 mm, 1.6 mm, 2.4 mm, 3.2 mm, 4.0 mm, and 4.8 mm) of each section of
the phantom are shown in the transverse plane, and the total phantom diameter is shown
in the sagittal plane.
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Figure 3.8: (Left) The three planes of the total acquisition of a mouse cardiac study in
the 6R-SuperArgus scanner. (Right) Zoom-in to the heart area in the coronal plane with
the total acquisition (T) and the eight separate gates of the cardiac beat. The color scale
has been set to the 30% of the maximum value (in the bladder). We used 10 iterations of
6 subsets, with an MRP regularization with β=0.1 for the gated images to limit noise.
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Max
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Zoom-in
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Figure 3.9: Transverse (up-left), sagittal (up-right) and coronal (down-left) planes of a
simultaneous acquisition of four mice in the 6R-SuperArgus scanner. (Down-right) Coronal
zoom-in insert of the heart of one of the mice. The color scale has been set to the 8% of the
maximum activity. We used 10 iterations with 6 subsets, with RDP regularization with
β=0.05 and γ=2.
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Transverse Coronal Sagittal PET CT
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Figure 3.10: Rat head study with registered CT image in the 6R-SuperArgus scanner.
The color scale has been set to a 5% of the maximum activity in the point sources, in order
to properly see the brain structures. The legend in the left-hand side of the transverse panel
shows the markdown for the cortex, the caudate, the olfactory bulb, the cerebellum, and
the point sources attached to the head (originally attached for a rigid motion correction
study). We used 10 iterations with 6 subsets and MRP regularization β=0.1.

and the computation of all the iterations. We find out that the computation of the

sensitivity image takes much longer than an average iteration, thus in general we will

precompute it. The FW/BW routine accounts for most of the computing time of the

reconstruction (more than 80 % in all the cases). We can reduce the reconstruction time

by increasing the number of subsets. In that case, the contribution of the image filters

to the reconstruction time will increase, since calls to these routines are performed per

subset. In general, larger objects need longer reconstruction times since they have larger

number of active LORs (more FW/BW projection calls), and larger number of voxels

also increases the computational time of all the routines.

3.5 Discussion

The GPU-PET reconstructor is a fast and flexible reconstruction software accelerated

with GPU. The main novelty of this software is its scanner and data format description.

The general data format (crystal coordinates and LOR-to-crystals matrix) presented is

easily configured to any scanner geometry. This framework is a generalization, but not

a limitation, from traditional sinogram format. In this chapter, we have successfully

reconstructed two cylindrical scanners (the preclinical 6R-SuperArugs, and the clinical
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Execution time in the GPU-PET reconstructor

Data
Image
size

Sens.

im. (s)

Av.
it. (s)

FW/BW projection Image filters Total
(s)1 call (s) (s) (%) 1 call (s) (s) (%)

Derenzo 241×241×195 143 14.5 2.02·10-2 12.9 89.1 9.17·10-2 0.550 3.80 558
Cold Der. 241×241×195 116 13.3 1.65·10-2 11.7 87.9 7.29·10-2 0.437 3.29 561
Cardiac 241×241×195 114 4.56 2.56·10-2 3.66 80.3 7.56·10-2 0.454 9.95 216

Multianimal 343×343×195 178 31.3 3.72·10-2 29.3 93.5 1.17·10-1 0.700 2.23 1149
Rat head 241×241×195 116 4.82 2.61·10-2 3.90 80.8 9.98·10-2 0.599 12.4 214

Table 3.1: Computational time of the GPU-PET reconstructor for all the reconstructed
images in the 6R-SuperArgus scanner. We have separated the results for the sensitivity
image (Sens. im.) and average iteration (Av. it.). We show FW/BW routine and image
filters (PSF blurring, regularization, and voxel update) times for an average iteration.
For each routine, we show the time for each individual call, the total time per iteration,
and the percentage time per iteration. The remaining of the time up to the total goes
into general calculations in the CPU). In the case of the FW/BW projection, each call
represents 512×512 LORs (nthreads × nblocks), and image filters are computed six times
per iteration, one per each subset. Times correspond to an Intel(R) Xeon(R) W-2155 CPU
@ 3.30GHz CPU host unit with 512 GB of RAM, and a 24 GB GeForce RTX 3090 with
10496 cores GPU.

Biograph mMR), and a spherical scanner (the HSTR-BrainPET). In chapter 5.4, we

show further results of the reconstruction of sinogram data from real acquisitions of the

Biograph mMR scanner.

The code is also very flexible since its modular structure allows for simple modifi-

cations to optimize its performance. In Galve et al. [2018], we explored the robustness

of the reconstructions against hypothetical detector failure and on purpose removal of

a section of the scanner to ease access to the subject inside the scanner. In Galve et al.

[2021c] (chapter 4), we have modified the projection scheme to apply a novel superit-

erative algorithm for resolution improvement. In Arias-Valcayo et al. [2019, 2020], the

LOR histogram format was modified to accept list-mode data. For the list-mode recon-

struction, the code performs fast enough in common GPUs to allow for a full 3D OSEM

iterative reconstructions in real time (from table 3.1, an average of ∼1·107 LORs/s are

processed in the FW/BW routine), achieving unprecedented high quality real-time PET

imaging [Udias et al., 2018]. A version of the software described here is currently under

use in the SuperArgus family of PET scanners.
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A detailed comparison of the GPU-PET performance against other reconstruction

software or CPU implementation is beyond the scope of this thesis. Nonetheless, in the

literature we may find a wide range of GPU-accelerated image reconstructors. Meng

et al. [2019] reported a 113× acceleration factor compared with CPU-based calculations

using a LOR driven approach for the projection, and separate voxel-driven approach

for the backprojection. This model was based on a precomputed SRM for a dual-head

PET scanner, not comparable in size with any of the scanners presented in this chapter.

Zhou and Qi [2014] reported a 3.5× acceleration factor in the projection (not considering

image blurring) for list-mode data, compared with a 16 CPU cores working in parallel.

In this case, the scanner used is of equivalent size to the Biograph mMR and the SRM

factorization is similar to the one used here. The projection performance, however, is

hard to compare since we do not know how many events they are accounting in their

timing results. In terms of total reconstruction time, they reported a maximum 27.7 s

per iteration for the non-TOF projection kernel on the GPU on an image of 300×300×89
voxels (bigger than the times we have shown in table 3.1). For the image blurring kernel,

they measured 95 ms, whereas we measured 16 ms for the 241×241×195 images and

24 ms for the 343×343×195 image (this represents the partial time of a single blurring

call in the column "Image filters" of table 3.1). It is important to remark that the GPU

device employed by Zhou and Qi [2014] (NVIDIA GTX480) is not comparable with

current GPUs (such as the GeForce RTX 3090 used in our work). Other authors who

reported improvements comparing CPU computing with GPU computing were Herraiz

et al. [2011] (72×), Pratx et al. [2009] (50×), or Barker et al. [2009] (40×).
The image blurring PSF has been optimized for speed. The PSF estimation can

be performed in several ways, but we preferred to use MC estimated PSFs to avoid

error propagation of further corrections, such as normalization, attenuation, scatter, or

random correction, which must be accounted when experimental approaches are em-

ployed to determine the PSF [Alessio et al., 2005, Kotasidis et al., 2011, Rapisarda

et al., 2010]. It is important to remark that the PSF kernel, as it is detailed in section

3.2.1.1, does not account for the heterogeneous resolution along the FOV, which is a

poor approximation for the majority of scanners. We have explored spatially-variant

PSF (SV-PSF), achieving homogeneous resolution without losing computational per-

formance, but these studies were not part of the author’s PhD. Thus, they are not

presented in this manuscript in detail. More complex SRM schemes may introduce
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tuves of response (TORs) or explicit MC based representations of the SRM, among

others (see section 1.4.2.1). In chapter 6, we compare the SV-PSF against a fully MC

projection method. Even though the image blurring implementation is very flexible,

some authors recommend the use of PSF based reconstructions cautiously since it may

yield Gibbs artifacts and overestimation of quantitative lesion estimates [Munk et al.,

2017, Rogasch et al., 2021, 2014]. We did not observe any artifacts in the images we

have shown for the 6R-SuperArgus scanner, and in general we have verified that such

artifacts only result if using too wide PSF together with over-iterated images. In figure

3.10, streak artifacts appeared around the point sources, but it is important to remark

that the activity in the sources is much higher than the activity in the rat brain. This

artifacts are seen because the maximum of the color scale has been set to a 5% of the

maximum of the activity in the image (that is, the point sources maximum activity). In

the case of the reconstructions of the HSTR-BrainPET (9 mm) of figure 3.3, we assume

the overshoot observed in the profiles is caused by an inaccurate PSF estimation.

We developed the projector presented in section 3.2.1.2 to simplify the projection

step, reducing the computational burden that other algorithms, such as the Siddon al-

gorithm [Siddon, 1985], convey. Even though the algorithm exhibit simplified sampling,

we have ensured that this is correctly compensated during the backprojection step, thus

no artifacts are present in the images.

In section 3.2.2.1, we have given the details of two prior functions (the MRP [Alenius

and Ruotsalainen, 1997, Bettinardi et al., 2002] and the RDP [Ahn et al., 2015, Nuyts

et al., 2002]). The MAP-EM reconstruction (equation 1.25, [Green, 1990]) gives a clear

insight on how to combine the priors with the OSEM algorithm, but the appropriate

hyperparameter selection is not clear. Optimal values depend on the acquisition and

noise level. This is one of the limitations of the method, since it requires a selection

based on experimental trials comparing the images at different number of iterations and

β values.

In figures 3.3 and 3.4 we have observed the image quality deterioration due to DOI in

thick detectors. This problem might be solved with multilayered detectors that reduce

the parallax error. In these images we can also appreciate that the HSTR-BrainPET

scanner outperforms the image resolution obtained by the Biograph mMR. This is due

to the reduced scanner diameter (32 cm in the HSTR-BrainPET, and 60 cm in the
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Biograph mMR), that reduces the scanner non-colinearity effect, and the smaller crystal

pitch (2 mm for the HSTR-BrainPET, and 4 mm for the Biograph mMR).
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Chapter 4

Improved Image Reconstruction
with Super-iterations

4.1 Introduction and motivation

One of PET’s key disadvantages over other imaging modalities, such as CT or MRI, is

its relatively low spatial resolution. PET resolution is produced by a number of different

causes that are inherent to the technique (such as crystal size, positron range, photon

non-collinearity, or depth of interaction) [Cherry et al., 2012, Moses, 2011]. In the next

paragraphs we describe a variety of techniques proposed to improve spatial resolution.

We focus on hardware-based solutions, super-resolution techniques, and software based-

solutions.

One of the hardware-dependent issues that limits PET resolution is the width of

the crystals in a detector block (∼4 mm in clinical scanners [Delso et al., 2011, Jakoby

et al., 2007, 2009] and ∼1.5 mm in preclinical scanners [Nagy et al., 2013, Perez-Benito

et al., 2018, Qi et al., 2011, Wang et al., 2006, Yang et al., 2019]). The resolution of

PET detectors is also affected by the length of the scintillation crystals: larger crystals

improve scanner sensitivity but degrade resolution due to depth-of-interaction (DOI)

uncertainty [Cherry et al., 2012]. Some manufacturers have employed DOI uncertainty

reduction solutions, although these usually necessitate complicated detectors and cir-

cuitry [Abbaszadeh et al., 2018, Mohammadi et al., 2017, Wang et al., 2006]. In general,

hardware upgrades are limited by large costs.

Super-resolution (SR) are acquisition-based methods that enhance the sampling of
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the image space to improve resolution. Several acquisitions of the same object in differ-

ent places, shifted by subpixel (or sub-crystal) distances, are obtained using controlled

object or scanner motion. The set of low-resolution images can then be integrated in the

image domain [Kennedy et al., 2006], the sinogram domain [Jeong et al., 2011, 2013], or

during reconstruction [Li et al., 2014]. In each of these cases, SR approaches attempt to

address the issue of limited sampling in the projection space by explicitly augmenting

sampling through controlled displacements.

The use of software-based approaches is an inexpensive choice to improve image

resolution. It has been demonstrated that using a realistic model in the image recon-

struction process can compensate for these effects and increase image quality [Iriarte

et al., 2016]. Analytical formulas, numerical integration methods [Huesman et al., 2000,

Moehrs et al., 2008, Zeng et al., 1991], empirical kernels [Gong et al., 2017, Kotasidis

et al., 2011, Tohme and Qi, 2009], or Monte Carlo simulations [Herraiz et al., 2006a,

Iriarte et al., 2016] can be used to represent physical parameters related to the emission,

transport, and detection of radiation.

In this chapter, we propose to further improve the image resolution with respect

to the MAP-OSEM algorithm implemented in the GPU-PET reconstructor detailed in

the previous chapter 3, although the algorithm is compatible with any reconstruction

method. The presented approach iteratively refines the PET data into a new data-

set with improved sampling. We were motivated by the finite crystal pitch size of the

scintillator units forming the detector blocks, which limits the discrete LOR sampling in

the projection space. With a LOR sampling redistribution strategy, our novel method

addresses this problem without needing any hardware investment in motion controlled

devices. We divide each LOR into parallel LOR subdivisions (subLORs) based on

the subLOR projections of a converged image of the acquisition. Any standard image

reconstruction process requires a series of implicit or explicit interpolations due to the

discrete sampling of both the image and the projection space. Unlike sinogram-filtering

methods [Herraiz et al., 2006b] or interpolated sinograms [Herraiz et al., 2008, Karp

et al., 1988, Tuna et al., 2009], we use a reconstructed image of the data to estimate

the improved sampling while preserving the statistics inside each original LOR (figure

4.1). Indeed, improving the data sampling with LOR subdivisions based on maximum-

likelihood weights, effectively provides data-driven LOR sampling redistribution, which

holds the potential to achieve better resolution than standard methods.
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Set of LORs {yi} Set of subLORs {yil}

Figure 4.1: Schematic view of the transversal division of the LORs into three different
subLORs. The resolution of the projection profile in the left-hand side image is limited by
the crystal pitch. In the right-hand side, the resolution in the projection space is improved,
which will be propagated to the reconstructed image.

Other LOR subdivisions methods have been proposed. [Kim et al., 2018] suggested

to project fictitious subdivisions of the crystal units over a virtual ring-shaped detector,

enhancing image resolution, although they used a uniform distribution among the sub-

crystals. In [Jin et al., 2012], the authors implemented a distribution based on the

normalization efficiencies to generate probabilistic LORs (pLORs) that expanded the

sinogram axial compression (the span). Up-sampled sinograms from low resolution

data can also be obtained with DL methods [Hong et al., 2018]. However, none of these

approaches suggested the use of projections of a reconstructed image to generate the

subdivisions.

The method was already applied to identify inter-crystal scatter events [Lee et al.,

2018], recover triple coincidences in PET [Lage et al., 2015], and demultiplex data in

pinhole SPECT [Moore et al., 2015]. In [Galve et al., 2017], we originally proposed to

subdivide the crystal units of the detectors. In this chapter we summarize the work

done on [Galve et al., 2021c], that was partially presented in [Galve et al., 2019a,b], a

generalized approach based on the PSF resolution model.

This chapter is organized as follows. Section 4.2 explains the details of the algorithm.

In section 4.3 we present a brief 2D example of the implementation of the algorithm. In

section 4.4 we present the details about the acquisitions used, and the reconstruction
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software. In the next section, we evaluate the performance of the algorithm with an IQ

phantom, a cold Derenzo phantom, and a mouse heart. Finally, we discuss about the

work presented, technical disadvantages and possible improvements in section 4.6.

4.2 Theory

As we have explained in the introduction of this thesis (section 1.4.2), PET data can

be approximated by a linear model 1.14 (obviating Poisson noise). Neglecting noise

and scatter (or considering subtraction from the data), we can simplify the expected

activity in a given LOR, ỹi, as

ỹi =

M∑
j

aijxj , (4.1)

where aij are the SRM elements, and xj the image voxel. We have already discussed

the physical meaning of the SRM coefficients aij (see section 1.4.2.1 and 3.2.1), including

positron range, non-collinearity, crystal pitch, and any additional effect that makes the

non-zero elements lie in a wide region around the LOR, so called tube of response (TOR)

[Herraiz et al., 2006a, Markiewicz et al., 2014]. In consequence, the SRM is less sparse

than expected. The width of the TOR has a significant impact on image quality, since

it limits the best feasible resolution [Moses, 2011] due to the loss of signal-to-noise ratio

(SNR) at high frequencies [Herraiz et al., 2007].

In the case of time-of-flight (TOF), it has been proved that longitudinal information

about the decay positioning improves the SNR by a factor proportional to the square

root of the number of TOF bins within the patient [Conti, 2011]. In this work we propose

to subdivide every LOR yi into L subLORs yil in the transverse direction during the

reconstruction process (see figure 4.1), so that

ỹi =

L∑
l

M∑
j

ailjxj =

L∑
l

ỹil

L∑
l

ailj = aij ,

(4.2)

where ailj are the normalized elements that define the subLOR yil. We call Â ∈
RNL×M the SRM matrix for the extended set of subLORs (with matrix elements ailj).
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The rationale of this idea is to ease the inverse problem thanks to the use of narrower

TORs, since every subLOR yil is connected with a lower number of voxels. The real

challenge here is the estimation of the subLOR number of events, since we do not

have direct access to these values (contrary to the TOF data, where the information is

obtained experimentally).

Our approach consists on using the expected values of ỹil as estimators of the relative

weight for each subLOR

yil =
ỹil
ỹi
yi. (4.3)

From 4.2 and 4.3 we can easily verify that the total number of events is preserved

in each LOR.

It is worth noting that the proposed method is not restricted to subdivisions in the

transverse plane. It is feasible to use longitudinal bins or any other approach. The

subLORs may also overlap.

The key distinction between subLORs and LORs is that the extended dataset in 4.3

may outperform the resolution limit imposed by the discretization of the measured data

in the projection space. The issue is that obtaining a trustworthy activity distribution

with low bias and noise is required for estimating the expected values ỹil. In PET, this

limit is closely related to the width of the TOR and the sampling of the image space

[Moses, 2011].

4.2.1 An algorithm for SR sampling recovery

We can compute the extended data set from the original data by means of an iterative

maximum likelihood method [Lage et al., 2015]. In figure 4.2 we show a pseudo code of

the method. In the first step, we use the standard MAP-OSEM algorithm to obtain the

activity distribution Xns=0. This is the initial image of the super-iterative algorithm to

obtain the subLORs using 4.3, and then reconstruct a new image with the appropriate

SRM. In this step, each subLOR yil is treated as a new independent LOR for the MAP-

OSEM. We call each step in the loop a ‘super-iteration’. We have observed in multiple

cases that 1 or 2 super-iterations are enough. After that, no further improvement is

achieved.
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𝑋𝑛𝑠=0 ← 𝑀𝐴𝑃 − 𝑂𝑆𝐸𝑀𝐴 𝑦𝑖
𝒇𝒐𝒓 𝑛𝑠 = 1,𝑁𝑠𝑢𝑝𝑒𝑟−𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝒅𝒐

෤𝑦𝑖𝑙
𝑛𝑠 ←෍

j
𝑎𝑖𝑙𝑗 ∙ 𝑥𝑗

𝑛𝑠−1

𝑦𝑖𝑙
𝑛𝑠 ← 𝑦𝑖 ∙ ൗ෤𝑦𝑖𝑙

𝑛𝑠 ෤𝑦𝑖
𝑛𝑠

𝑋𝑛𝑠 ← 𝑀𝐴𝑃 − 𝑂𝑆𝐸𝑀 ෠𝐴 𝑦𝑖𝑙
𝑛𝑠

𝒆𝒏𝒅 𝒇𝒐𝒓

Figure 4.2: Pseudo code of the super-iterative algorithm. The matrix A refers to the
standard SRM, and Â refers to the SRM applied to estimate and reconstruct the subLORs.
The subindex l indicates the specific subLOR for each LOR i.

We can see this method as a sinogram up-sampling in which the whole data set

is used via the reconstructed image. However, instead of explicit interpolations, we

distribute the activity inside the TOR preserving the statistics and effectively improving

the sampling in the projection domain. The algorithm is very flexible since it deals with

each TOR individually. The only assumption is that the SRM of the system is known.

4.3 Simulation study of a simplified model

In this section we show a simple 2D example of the super-iterative reconstruction pro-

cess implemented in Python. The code can be evaluated from Code Ocean1. We have

defined a numerical phantom composed of three boxes of 7 pixels size over a circu-

lar background, with relative activity 4:1 (subplot a of 4.5 in the results subsection

4.3.1). Four cases were considered: high resolution, low resolution, high resolution

with Lagrange polynomials interpolation, and high resolution with the super-iterative

algorithm.

1. As a reference of high-quality image, the high resolution sinogram is simulated

following three simple steps: image blurring, Radon transform, and Poisson noise

addition. These data are reconstructed using the same projection model.

2. As a reference of low-resolution reconstructed image, the high resolution sinogram

previously used was down-sampled by averaging every three radial bins, simulating

a low-resolution sinogram, i.e. a detector with large crystal size. In this case, the

1https://doi.org/10.24433/CO.2947710.v2
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system resolution is scaled (σ/3) and the images are up-sampled to the high-

resolution image size for comparison.

3. As a reference of well-known method to restore low-resolution data, the low-

resolution sinogram has been interpolated using Lagrange polynomials to recover

a high-resolution sinogram before reconstruction. The reconstruction scheme for

this sinogram is the same as the one used for the high resolution sinogram.

4. Finally, for the super-iterative method we use the image reconstructed from the

low-resolution sinogram as the reference image (Xns=0) for the first estimation of

the high-resolution extended sinogram ({yil}). The same reconstruction routine

is used to iteratively compute the ns
th super-iterated image Xns , as explained

in figure 4.2. The number of super-iterations was set arbitrarily, based on the

experimental search of the super-iterations needed to achieve remarkable image

improvement.

For standard reconstruction, we have implemented the MAP-MLEM algorithm with

optional median root prior and total variation filter for regularization, based on the di-

rect and inverse Radon transform functions of the scikit-image library [van der Walt

et al., 2014] and the SciPy library [Virtanen et al., 2020]. The number of radial and an-

gular pixels (Nρ×Nθ), the system resolution (σ), the relative activity of the phantom (I),

and the reconstruction parameters (number of iterations, number of super-iterations,

MAP regularization parameter β, and weight for total variation filter) can be easily

modified by the user. The number of image pixels are taken as Nx = Ny = 6 ·Nρ.

To quantitatively evaluate the performance of the algorithm, we have computed

the mean square error (MSE) and the contrast recovery coefficient (CRC) against the

image noise. The MSE is defined in 4.4, where xi and fi are the values of pixel i of the

reconstructed image and the ground truth image respectively. The CRC (expression

4.5) is given by the average activity in each box of the image (X̄Box) divided by the

expected activity (XBox = 4). The noise (NBg) is measured as the standard deviation

(STDBg) of the reconstructed activity divided by the mean (X̄Bg) inside a given region

of the background (Bg).

MSE =

∑N
j=1 (xi − fi)2

N
, (4.4)
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Figure 4.3: Sinograms used to evaluate the super-iterative algorithm with the 2-
dimensional example. We show the high resolution sinogram without noise (a) and with
noise (b), the low-resolution sinogram (c), low-resolution sinogram interpolated with La-
grange polynomials (d), and the sinograms obtained in the first (e) and second (f) super-
iterations of the proposed algorithm. The dashed green line in (a) represents the line profile
in figure 4.4.

CRC =
X̄Box

XBox
, (4.5)

NBg =
STDBg

X̄Bg
. (4.6)

4.3.1 Results of the simulation study

For the results shown here, we have set Nρ=32, Nθ=120, σ=2, I=1, and β=0.005 (no

total variation filter was implemented). In figure 4.3 we show the sinograms used for

every scenario, and figure 4.4 shows the line profile through the dashed green line.

Figures 4.5 and 4.6 show the equivalent reconstructed images and profile through the

resolution boxes of the phantom. The image quality improvement can be deduced
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Figure 4.4: Line profile along the dashed green line in subplot a of figure 4.3 (super-
iteration 1 is not shown).

from the better peak-to-valley ratio in all the boxes, particularly noticeable in the

smallest one. The super-iteration 1 has been removed from the profile plots to ease the

visualization.

In figures 4.7 and 4.8 we show the MSE and CRC evolution against the noise in a

uniform region of the image. We can see the minimum MSE is obtained after a few

iterations, while the noise raises continuously with the number of iterations. The CRC

reaches a stable maximum for a higher number of iteration. In both cases the MSE-noise

and CRC-noise ratios are improved with every super-iteration, but we only show up to

the second one since further super-iterations did not achieve a remarkable improvement.

This fact can be understood as the regularized MAP-MLEM iterative algorithm gets

stuck after a few iterations in a local maximum of likelihood (while a non-regularized

one will end-up producing very noisy images). Super-iterations would work in a similar

way to a guided relaxation step in the iterative reconstruction allowing the MLEM to

proceed further away from the local solution.

4.4 Materials and methods for PET real data

All the acquisitions presented in this work correspond to the 4R-SuperArgus PET/CT

scanner, a former version of the 6R-SuperArgus scanner with 4 detector rings resulting

in a shorter axial FOV of 10 cm (instead of 6 rings and 15 cm). We refer the reader to

section 2.2.1 for further details of this scanner.
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Figure 4.5: 2-dimensional example of the implementation of the super-iterative algo-
rithm. All the images have an equivalent noise level of 0.1. Original phantom (a), high-
resolution image (b), low-resolution image (c), image from the high-resolution interpolated
sinogram with Lagrange polynomials (d), and first (e) and second (f) super-iterations of
the proposed algorithm. The dashed red line in (a) represents the line profile in figure 4.6.

Figure 4.6: Line profile along the dashed red line in subplot a of figure 4.5 (profile
through all the figures, except the super-iteration 1). The noise level in all the images is
equivalent to 0.1.
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Figure 4.7: MSE of the images in figure 4.5 against the noise per every 10 MAP-MLEM
iterations. The iterations increase in the direction of increasing noise. A vertical black-
dashed line shows the noise equivalent level of 0.1 taken for the images in figure 4.5 and
4.6.

Figure 4.8: CRC of the images in figure 4.5 against the noise per every 10 MAP-MLEM
iterations. The iterations increase in the direction of increasing noise. A vertical black-
dashed line shows the noise equivalent level of 0.1 taken for the images in figure 4.5 and
4.6.
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4.4.1 Acquisitions

First, we quantitatively evaluated the noise and recovery coefficients (RC) using an

acquisition with 18F-FDG with the image quality phantom (IQ) from the NEMA NU4-

2008 protocol [National Electrical Manufacturers Association, 2008]. The details of the

phantom and RC and noise estimation are found in section 2.3. The initial activity was

200 µCi, and the acquisition took 20 minutes, resulting in 7.4·107 counts. Attenuation

correction was included in this reconstruction.

For comparison, we also show a lower sampling case of the RC-noise curves in which

all the counts coming from the GSO crystals (second layer of the phoswich detectors)

have been discarded. This acquisition is so called "LYSO layer only". With this ap-

proach, higher resolution is achieved at the cost of a higher noise, due to reduced

sensitivity. The higher resolution is obtained because the front LYSO layers have less

DOI effect than the GSO layers, resulting in a narrower TOR.

The cold Derenzo phantom from section 2.4 is studied here to show qualitative

improvement. The initial activity was 400 µCi, and the acquisition took 60 minutes,

resulting in 1.8·109 counts (notice that the acquisition in the previous chapter 3, section

3.3.2, was performed in the 6R-SuperArgus scanner).

An FDG cardiac mouse heart study is also reconstructed, to show that no arti-

facts are introduced in in-vivo studies. Acquisitions were done at the Instituto de

Investigación Sanitaria Gregorio Marañón (Madrid, Spain). All experimental proce-

dures have been done in compliance with the European Communities Council Directive

2010/63/EU and submitted for approval by the Institutional Animal Care and Use and

Ethics Committee of the Hospital General Universitario Gregorio Marañón (HGUGM),

supervised by the Comunidad de Madrid according to the Annex X of the RD 53/2013.

The subjects were kept at the animal housing facilities of the Unidad de Medicina y

Cirugía Experimental (UMCE-HGUGM) in Madrid, Spain. The injected activity was

250 µCi, the acquisition took 20 minutes, and the total number of counts were 4.9·107.

The energy window implemented in all the acquisitions was of 425 keV to 600 keV.

All the data were acquired in LOR histogram format.
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δ=0.85/2

FWHM=1

α=0.73

Figure 4.9: Comparison of the Gaussian PSF for the standard reconstruction model
(solid red line) with the total PSF for the subLOR reconstruction approach after the fit
(dotted blue line). The separated contributions of each subLOR are shown too (dotted-
dashed orange line). The parameters obtained are α = 0.73 and δ = 0.85 · FWHM .

4.4.2 System Response Matrix

The standard case was evaluated using the GPU-PET reconstructor described in chap-

ter 3, used as a reference, and the SRM detailed in the previous chapter 3. For the

extended data set, we modified the FW/BW projection routine to introduce three par-

allel transverse projections in the radial direction, combined with a narrower PSF (see

the scheme in the right-hand side of figure 4.1). If we approximate the PSF image blur-

ring and the projector model to a Gaussian TOR of equal FWHM, this is equivalent

to subdivide the TOR into three subTORs (figure 4.9). We have used the following

decomposition of the PSF to estimate the distance δ between the subLORs and its

relative width α

Gσ(ρ) ∼= N · [Gασ(ρ) + q · (Gασ(ρ− δ) +Gασ(ρ+ δ))] , (4.7)

where Gσ is the Gaussian PSF of width σ, N is a normalization constant, and

ρ is the transverse distance from the center of the LOR. We have fixed the weights

q = Gασ(ρ = δ). The parameters δ and α describe the SRM of the subLOR extended

data set. From a simple fitting experiment, we found that the optimal values were

α = 0.73 and δ = 0.85 · FWHM/2 (we forced to avoid the trivial solution of α = 1/3

and δ = 0). In figure 4.9 we show the resulting approximate TOR and subTORs

contribution.
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Since the PSF used in the 4R-SuperArgus scanner is an isotropic Gaussian with 1

mm FWHM (0.8 mm FWHM for the LYSO layer only), the three sublors projections

are separated a distance of 0.425 mm and the FWHM used in the PSF was of 0.73 mm

(0.34 mm distance and 0.584 mm FWHM for the LYSO layer only acquisition).

It is worth noting that neither the SRM in the reference case nor the extended set of

subLORs have accounted the asymmetry of TORs due to the DOI. In all the acquisitions

under study we are restricted to an internal FOV of 5 cm, where the resolution is more

uniform, whereas the total FOV is of 12 cm.

4.4.3 Extended data set calculation

The same projection scheme explained in previous section 4.4.2 is used to estimate the

values ỹil and ỹi after each super-iteration. Using the equation 4.3, the extended data

set is computed.

4.5 Results

In table 4.1 we show the RC for an equivalent noise level up to the second super-

iteration, for both the LYSO-GSO phoswich case and the LYSO layer only case. We

refer the reader to section 2.3 to see the details on RC and noise estimation with the

NEMA NU4-2008 protocol. We find a RC raise of the 10% for the smaller rod when

the super-iteration is applied, whereas the rest of the rods are already closely converged

to the unit. The second-superiteration does not show a relevant improvement. For the

rods of 4 and 5 mm diameter, we can see a slight overshoot in the single LYSO layer

acquisition. In figure 4.10 we can see the improvement in the evolution of the RC-noise

per iteration of the first rod.

The reconstruction time for the full LYSO-GSO acquisition shown in table 4.1 took

118 seconds for the standard reconstruction, and 228 seconds for each super-iteration.

The FW/BW projection routine took 43 seconds for the standard case, and 153 seconds

for the super-iterations (a factor 3.5 extra processing time is required for this routine

in the super-iterations). In the LYSO layer only, the FW/BW routines took one fourth

of the time, that is the same reduction factor of the number of LORs. In general, the

3.5 extra factor for processing the subLOR projections is preserved for all the recon-

structions, although the total reconstruction time may vary (see table 3.1 in previous
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LYSO and GSO layers

4 it. × 9 ss. 1 mm 2 mm 3 mm 4 mm 5 mm Noise (%)

Standard 0.29 0.90 0.91 0.95 0.96 5.6
Super-iteration 1 0.32 0.92 0.90 0.96 0.98 5.7
Super-iteration 2 0.32 0.93 0.91 0.96 0.98 5.7

LYSO layer only

4 it. × 9 ss. 1 mm 2 mm 3 mm 4 mm 5 mm Noise (%)

Standard 0.30 0.89 0.90 1.00 1.00 7.4
Super-iteration 1 0.32 0.89 0.90 1.02 1.02 7.5
Super-iteration 2 0.32 0.89 0.90 1.02 1.02 7.5

Table 4.1: Noise and Recovery Coefficient (RC) for the five rods of the IQ phantom
measured following the NEMA NU4-2008 for the Super Argus scanner after 4 iterations of
9 subsets of the MAP-OSEM algorithm (equivalent noise level).

Figure 4.10: RC against noise for the rod of 1 mm diameter of the IQ phantom measured
following the NEMA NU4-2008 for the case with phoswich and the single LYSO layer case.
Each point represents one iteration of 9 subsets of the MAP-OSEM algorithm, increasing
in the direction marked by the arrow. The horizontal dashed line is shown for the noise
level of 5.6% and 7.4%.
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Figure 4.11: Transverse plane of a cold Derenzo phantom for the standard, first and
second super-iteration reconstructed for the LYSO layer only case. A line profile along the
2.4 mm diameter rod is shown in the lower panel with the color scale.

chapter 3). The reconstruction software was implemented using PGI CUDA Fortran

Compiler in a 24 GB RAM i7 Intel PC with a single 3GB GeForce GTX 780 Ti GPU,

with 2880 cores.

In figures 4.11 and 4.12 the reconstructed Derenzo phantom and mouse heart are

shown up to two super-iterations. The line profile in the bottom of both images shows

the image quality improvement of the resolution for both images.

4.6 Discussion

In this section we have presented a novel method to further improve the image recon-

struction in PET. The image space within the FOV is severely oversampled in state-of-

the-art scanners with thousands of crystal units resulting in billions of LORs. However,

physical detector constraints, such as the crystal pitch, limit the resolution of PET

scanners [Cherry et al., 2012, Moses, 2011]. To address this issue, we developed an

algorithm that redistributes the coincidences of each LOR into a few subLORs, guided

by a previously calculated activity distribution. The maximum likelihood method pro-
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Figure 4.12: Transverse, coronal and sagital planes of a mouse cardiac study 4R-
SuperArgus scanner (standard reconstruction, first super-iteration and second super-
iteration). The line profile along the dashed line is shown with the color scale (right).

vided by Lage et al. [2015] for the management of triple coincidences is consistent with

this redistribution. As a result, we can use the improved data set to rebuild a higher

quality image. It is important to remark that this algorithm does not preserve the

Poisson statistics. Instead, the subLORs follow a multinomial distribution given by 4.3.

Combined with the Poisson distribution of the LOR, we obtain a compound Poisson

distribution (CPD), which can be approximated by a scaled Poisson distribution (SPD)

[Bohm and Zech, 2014]. Furthermore, the correlation established among the subLORs

in 4.3 did not affect the reconstruction negatively, even though we used them as indepen-

dent variables for the MLEM reconstruction. One has to recall that Poisson statistics

is a sufficient condition to derive the actual MLEM equation (see section 1.4.2.2), but

it is not a necessary condition. Our algorithm was already successfully applied to other

modalities [Galve et al., 2017, Lage et al., 2015, Lee et al., 2018, Moore et al., 2015].

Other authors have studied the benefits of spreading data across sub-crystal units

or sinogram sub-bins [Hong et al., 2018, Jin et al., 2012, Kim et al., 2018], but the sam-

pling recovery and count redistribution according to a self-consistent iterative procedure

stemming from the current image, based on iterative subTORs in the reconstruction

procedure as we have proposed here has never been presented before in PET. The num-
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ber of subdivisions is not fixed and different schemes can be applied (transverse parallel

subLORs were suggested here). X. Jin et al. [Jin et al., 2012] employed normalization-

based probabilities to recover axially smashed sinograms, but image based weights with

our method could be applied as well. Longitudinal bins combined with TOF informa-

tion can be implemented too. The method is compatible with multi-ray approaches

[Huesman et al., 2000, Moehrs et al., 2008, Zeng et al., 1991] if we consider each ray (or

a combination of them) as a subLOR1. In this case, the SRM is based on the integration

of multiple ray-end points inside the crystals, considering geometrical and physical fac-

tors (such as DOI and inter-crystal scatter). Nonetheless, the SRM described in section

4.4.2 keeps the model simple and is accurate enough to demonstrate the viability of the

algorithm with just three subLORs.

In SR approaches [Jeong et al., 2011, 2013, Kennedy et al., 2006, Li et al., 2014],

previous studies focused on different strategies to improve sampling with small relative

displacements between the object and the scanner, like wobbling or stretcher displace-

ments. Although these techniques effectively improve image resolution, they require

complex and very accurate motion devices. In contrast, our method does not require

any hardware investment that hinders the applicability. Besides, rather than oversam-

pling even more the image space, the algorithm shown improves the discrete sampling,

what makes our approach compatible with motion-based SR.

In this work we have demonstrated the algorithm performance for LOR histogram

reconstruction, but the flexible method proposed may be easily implemented with any

data arrangement. For example, the subTOR divisions are feasible for sinogrammed

data. In this case the one-to-one LOR to sinogram bin relation might be lost, because

of axial span or transverse rearrangement to match the cylindrical geometry. However,

the sinogram bins could be subdivided with the same criteria used in this paper. For list-

mode data (in either sinogram format or LOR histogram format), the implementation

of the algorithm is straightforward. In this case we can implement a probabilistic

strategy based on image projection weights to avoid multiple projections for single

coincidence events, which could accelerate the reconstruction. The algorithm 4.2 is

compatible with any reconstruction method provided an image to compute the super-

iterative weights. We used the MAP-OSEM [Bettinardi et al., 2002, Hudson and Larkin,

1The subLOR in the sense here defined, since in [Moehrs et al., 2008] the same term was used with
a different connotation.
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1994, Shepp and Vardi, 1982] since it is a well established standard in PET imaging. It is

worth mentioning that the algorithm can also be applied in other emission tomography

disciplines such as SPECT, and to any kind of clinical or preclinical PET scanner.

With only one super-iteration, the RC values in table 4.1 increased from 0.29 to

0.32 for the first rod. The GSO crystals provided higher RC-noise ratio compared with

the single LYSO layer case, in which they were discarded. The rest of the rods showed

RC values close to the unit even for the standard reconstruction. However, after the

first super-iteration, we must be cautious to avoid Gibbs artifacts, as was the case with

overshoot obtained in rods 4 and 5 of the one-layer acquisition. Overall, we found

convergence after the first super-iteration in the real scanner tests. The optimal trade-

off between computation time and image quality is achieved by keeping it at just one

super-iteration.

The visual quality enhancement of the cold Derenzo after the first and second super-

iterations may be seen in the cylinders as an improved peak to valley ratio in figure

4.11. Even though the super-iterations did not diminish the spill over in-between the

empty rods, the line profile reveals a better delineation of the walls between the rods.

Similarly, after the first super-iteration, the mouse myocardial walls are better defined in

figure 4.12. This could lead to better quantification in functional studies or attempting

to find tiny lesions.

In theory, a more realistic approximation of the TOR shape would allow to break

it into subTORs with no overlap, for a flawless application of the method. However,

this requires information of the SRM beyond that predicted by pure geometrical LORs,

for example, provided by MC simulations [Herraiz et al., 2006a, Meng et al., 2021]. On

the one hand, in section 4.3 we used the same SRM decomposition in the projection

modeling and image reconstruction, ensuring the correct TOR definition in our method.

The results in this case demonstrated that the method can afford a remarkable image

quality improvement when the SRM is optimized. On the other hand, we applied

an approximated SRM decomposition based on a Gaussian image blurring kernel and

geometrical projections for the realistic scenarios. The original PSF was emulated for the

super-iterations by parallel weighted subdivisions of each TOR with narrower blurring

kernels (equation 4.7), which was enough to achieve visible image quality gains.

Detailed MC simulations of the emission, transport, and detection of radiation would

allow evaluating the proposed method limits. For example, simulations of the asym-
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metric depth of interaction response for the subTORs can improve resolution in regions

close to the edge of the FOV, potentially improving reconstructed images.

We assume that the narrower PSF established for the subTORs contributes to the

improved image quality. We know that limiting the number of voxels connected to

each LOR increases image quality (TOF-PET vs. non-TOF-PET [Conti, 2011]). In the

approach proposed, the distribution of counts in the subTORs is prone to errors due

to imperfections in the image employed to estimate the weights (even if the exact SRM

was known). This error will propagate to our distribution, compromising the signal-to-

noise ratio, and hence limiting the number of subTOR divisions that may be performed.

Too many subdivisions may raise the image noise, and too few subTORs may overlap,

resulting in minor improvements. The optimal shape and number of subdivisions will

depend on the scanner parameters, the activity distribution, and the data statistics,

and it should be established experimentally. In some scanners the effect will be more

prominent than others, as it was seen from the results in table 4.1. In the 2-D example

from section 4.3, the relative improvement was larger for smaller PSF (i. e. less overlap

between the subTORs). These results were not published here, but they can be obtained

running the code available in the Code Ocean platform.

In terms of processing time, GPUs reduce the reconstruction time by two orders

of magnitude [Herraiz et al., 2006a, Zhou and Qi, 2011], allowing the entire process,

including super-iterations, to be completed in less than 5 minutes. In any case, the

code was not extensively optimized, and the GPU used performs far worse than most

modern models.
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Chapter 5

Ultra-fast Monte Carlo PET
simulator

5.1 Introduction and motivation

Positron Emission Tomography has benefited from Monte Carlo (MC) simulations for

decades. Different MC simulation packages have been used for the development and

optimization of modern scanners [Aklan et al., 2015, Behnamian and Shafiee, 2018,

Delso et al., 2009, Li et al., 2013, Tao et al., 2020]. They have also been used to include

realistic physical models in the reconstruction process to improve image quality and

help reducing artifacts. For example, the System Response Matrix (SRM) has been

approximated with different approaches using MC simulations [Gillam and Rafecas,

2016, Herraiz et al., 2006a, Li et al., 2015, Rafecas et al., 2004, Southekal et al., 2011,

Wei and Vaska, 2020, Zhang et al., 2010], and other image corrections such as scatter

inside the patient body [Adam et al., 1999, Castiglioni et al., 1999, Ma et al., 2020,

Ye et al., 2014], scatter inside the detectors [Abbaszadeh et al., 2018, Lee et al., 2018,

Peng et al., 2018], or positron range modeling [Cal-González et al., 2015b, Cal-Gonzalez

et al., 2018b, Kraus et al., 2012] have been addressed. Particle therapy has also paid

attention in PET (and other imaging techniques, such as Prompt Gamma detection) for

non-invasive dose monitoring. Nuclear activation during irradiation generates positron

emitter fragments that can be potentially used for range verification [Bauert et al., 2019,

Kraan, 2015, Marcatili et al., 2020, Masuda et al., 2019, 2020, Zhu and Fakhri, 2013].

MC simulations of PET signals are required to have a reliable estimation of the detector
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response and the image reconstruction in clinical scenarios [Augusto et al., 2018, Choi

et al., 2020, Jan et al., 2013, Onecha et al., 2020, Valladolid Onecha et al., 2021].

Since the first known reference on Monte Carlo methods in the letter from J. von

Neumann to R. Richtmeyer in 1947 about the method for neutron diffusion [Ulam et al.,

1947], many different MC based codes developed for particle tracking simulations can

be found in the literature. In recent times, some of the most popular ones are the

Electron Gamma Shower (EGS) code system [Kawrakow, 2000a,b, Rogers, 1984] or

PENELOPE [Agency, 2019, Baró et al., 1995], both for coupled transport of electron

and photons, GEANT4 [Agostinelli et al., 2003, Allison et al., 2016], a simulation toolkit

for the passage of many particle types (protons, neutrons, electrons, etc.), the Monte

Carlo N-Particle (MCNP) code [Briesmeister, 2000, Werner et al., 2017] for neutron,

photon, and electron transport, and FLUKA [Böhlen et al., 2014, Ferrari et al., 2005]

for interaction and propagation in matter of about 60 different particle types.

These simulation platforms have been widely used beyond medical physics, and spe-

cific toolkits have been developed to simplify their applicability in this field. One of the

most common open source software developed for medical imaging and radiotherapy is

GATE [Jan et al., 2011, 2004, Sarrut et al., 2021, 2014], which is based on GEANT4.

SimSET [Baum and Helguera, 2007, Guerin and El Fakhri, 2008, Poon et al., 2015] (an

acronym for Simulation System for Emission Tomography), is a Monte Carlo simulation

package for emission tomography (PET and SPECT) based on variance reduction tools

to enhance computational efficiency. Due to its high performance with voxelized geome-

tries, SimSET was also combined with other simulation packages in the past, like MCNP

[Du et al., 2002, Mok et al., 2010], GEANT4 [Barret et al., 2005], or GATE [Chen et al.,

2008, Lin et al., 2014]. Recently, SimSET has been integrated in a user-friendly platform

called SimPET [Paredes-Pacheco et al., 2021] which provides a graphical user interface

to ease the access to the simulations. An easy-to-use adaptation of PENELOPE to

PET systems has been implemented in PeneloPET [Abushab et al., 2016, Cal-González

et al., 2013, España et al., 2009, Lopez-Montes et al., 2019]. PeneloPET is a simple to

configure code for many different scanners since it works with a few simple input text

files. However, it is more cumbersome to use in the case of complex geometries that

are not based on the classical cylindrical shape, as in relies on PENELOPE. PETSIM

[Thompson et al., 1992], Eidolon [Zaidi et al., 1998], or Gray [Freese et al., 2018] are

other examples of MC PET simulators. Further information about the development
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of MC codes dedicated to medical physics, and dedicated PET-SPECT codes can be

found in [Buvat and Lazaro, 2006, Rogers, 2006].

There are also other approaches beyond MC methods, based on pseudo analyti-

cal simulators [Comtat et al., 2003]. Detailed MC calculations are computationally

expensive, and the simulations may be impractical for some applications. For this rea-

son, pseudo analytical simulators use simplified models to accelerate the performance

(analytical projections together with statistical methods to implement noise, random

coincidences, or activity decay, detector efficiencies, attenuation, spatial resolution, and

added scatter background). Among the most recent ones, we can mention STIR [Thiele-

mans et al., 2012], PETSTEP [Berthon et al., 2015], or SMART [Pfaehler et al., 2018].

Even though pseudo-analytical methods might be very practical for certain appli-

cations, MC methods are still the gold standard in terms of accuracy. An effective

solution to overcome long execution times without applying simplifications is the use of

general purpose graphical processing units (GPUs) which allow parallel computing in

thousands of thread processors, thus increasing the overall code efficiency at the expense

of higher programming effort. There are many examples of the implementation of GPU

parallelization in MC codes for different particle tracing scenarios that have been re-

leased along the last fifteen years. Among the literature we can find independent Monte

Carlo codes like [Alerstam et al., 2008b], based on the White Monte Carlo developed in

[Alerstam et al., 2008a], the code from [Badal and Badano, 2009] for photon tracking

in the energies between 50 eV to 1GeB, the GPU Monte Carlo dose code for coupled

photon-electron transport in the range 0.01-20 MeV [Hissoiny et al., 2011], or gPMC for

proton dose calculation [Jia et al., 2012a]. Other authors relied in previously developed

CPU-based MC simulation codes, like the GPU implementation of EGSnrc [Lippuner

and Elbakri, 2011], the GPU versions of DPM (Dose Planning Method) [Sempau et al.,

2000] so called gDPM [Chi et al., 2016, Jia et al., 2011, 2010, 2012b], or different versions

derived from Geant4 [Bert et al., 2013, 2012, Garcia et al., 2016, Jahnke et al., 2012].

However, if we talk about PET dedicated codes, these are much fewer. To the best

knowledge of the author, we just found three packages for total PET simulation. The

first one is based on the accelerated version of Geant4, GPU accelerated Geant4 based

Monte Carlo Simulation (GGEMS) [Ma et al., 2020]. The second one is gPET [Lai

et al., 2019], based on gDPM. Both perform the entire process since the positron emis-

sion to the photon detection using GPU parallelization, even though [Ma et al., 2020]
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used a hybrid CPU-GPU method for the generation of single events and coincidence

sorting. The last one is MCGPU-PET1[Lopez-Montes, 2021], based on the previous

work from [Badal and Badano, 2009]. The main flaw of MGGPU-PET is the missing

particle transport through the detectors and detector response model.

One of the main goals of this thesis was to develop a extremely flexible, multiple-

purpose fast GPU based Monte Carlo PET simulator. We were looking for a flexible

tool that can be used to simulate any scanner geometry and assist in the image re-

construction in different approaches, such as scatter correction, improving the system

response matrix, or direct implementation of the simulator in the projection step of

the reconstruction process. The simulator should also be able to accurately estimate

certain fundamental quantities for the performance of the scanner, such as the spatial

resolution and the sensitivity, in order to extend its application to the scanner design.

We developed the Ultra-fast Monte Carlo PET simulator (UMC-PET) [Galve et al.,

2020a] to attain these goals while optimizing speed, flexibility and accuracy in a code

as simple and modular as possible.

In this chapter, the UMC-PET code is explained in detail, and several validations

and benchmarks are presented. In section 5.2.1 the input files regarding scanner and

source description and general simulation parameters are introduced. We explain the

code details, within its main routines, in section 5.2.2. In section 5.2.3 we explain the

general output files. Validations against PeneloPET are presented in section 5.3 and an

example of its application is presented in section 5.4. Finally in section 5.5 we review

the performance of the simulator and discuss future improvements.

5.2 Description of the UMC-PET simulator

The overall workflow of the UMC-PET can be seen in figure 5.1. The code starts

reading the general parameters of the simulation, the scanner and objects images, and

the source image. The materials cross sections have been obtained from PENELOPE

[Agency, 2019], as well as the dispersion angles and energies for photon scattering. One

of the key characteristics of the code is the use of a voxelized definition for both the scan-

ner and the object, giving full flexibility to define scanner geometry and detector shape.

We used the NVIDIA CUDA platform and PGI CUDA Fortran Compiler for the GPU
1https://github.com/DIDSR/MCGPU-PET
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Figure 5.1: Schematic representation of the workflow of the UMC-PET simulator.

implementation, defining different CUDA kernels for particle generation, photon track-

ing, singles processing, and coincidence processing. In the first routine, two photons are

initialized per thread from a random annihilation point. In the second one, each thread

of the GPU will follow the photons through the space until they leave the simulation

space or they are totally absorbed, generating a list of hit events that is passed to the

singles generator. Finally, the singles are paired in the coincidence processing routine.

This implementation reduces the complexity of the coincidence shorting, at the expense

of missing timing evolution and discarding random coincidence or pile-up events. The

code offers cumulative outputs (lines of response (LOR) histograms for separate true

and scatter events), and intermediate outputs, such as list of hits, list of singles, or list

of coincidences can be defined.

5.2.1 Input files

The development of the code was oriented to a compact and flexible description of any

scanner geometry, preventing modifications of the code from one scanner simulation to

another. In this sense, we opted for a definition of the scanner that does not imply
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any assumption of its geometry or its electronics, besides keeping in computer memory

as much information as possible in order to avoid computation of any index inside the

code. Generating the scanner files implies additional work from the user point of view

using independent tools, and additional software based on the PeneloPET input files

was prepared to ease simple scanner simulations. The input files defining the simulation

might be separated into scanner and objects files, source file, materials file, and general

parameters file.

5.2.1.1 Scanner and object definition

• Scanner and object image

We chose a voxelized definition of the world inside the simulator. As shown in fig.

5.2, the scanner detectors and any additional object (like shielding, the patient

table, or the patient body) are included in an image that is read by the code.

The image is allocated in the computer, given the array dimensions and physical

dimensions stated by the user. In the image, the scanner blocks are numerated

with positive numbers, whereas other objects (such as patient body, shielding,

etc.) are defined with negative indices referring to each material.

• Detector image

We have separated the image in scanner blocks and the crystals inside a block. The

blocks are also voxelized in two high resolution images of equal dimensions that

define the crystal index inside the block and the crystal material. This definition

allows us to accurately delimit the traditional rectangular prism-shaped blocks

(like the SuperArgus [Wang et al., 2006] or the Biograph mMR detector unit

[Delso et al., 2011]) due to the symmetry with the image voxelization (i.e. one

pixel per crystal), discarding any overlapping error. Furthermore, complex crystal

distributions like the hexagonal pixel shown in [Perez-Benito et al., 2018] can be

easily implemented in the code.

• Detector coordinates

The position and orientation of each block is read from a different file, giving the

central coordinates of one of the faces of the block and three vectors that define

the orientation of the block. In fig. 5.3, the position vector is referred as ~Rblock,
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Figure 5.2: Scheme of the mMR scanner with the inner coil used for magnetic resonance
inside the PET bore and a pelvis CT segmented in three materials: adipose tissue, bone,
and water. The blocks are numbered with positive indices, whereas the coil and the CT
materials are defined with negative numbers.

while the orientation vectors are referred as ~vx and ~vy (the third vector ~vz is out

of the 2D image). These vectors must form an orthonormal basis in the cartesian

space centered in the position vector, and they must be oriented so that a simple

projection of the vector ~Rhit over each one of them gives the position of the hit

inside the block image.

• Coincidence matrix

The coincidence matrix specifies the couples of detectors that are found in coin-

cidence. The matrix size is equal to Ndetectors ×Ndetectors (where Ndetectors is the

total number of detectors in the scanner), and the value of each element is the

LOR index for that couple. The pairs of detectors that are not in coincidence are

marked with a negative index. Since most of the scanners are cylindrical, the code

also allows to define separately the number of rings, and the number of blocks in

a ring, in order to organize the matrix per each couple of detectors.

In fig. 5.4 we can see an example of the coincidence matrix we will use later

to simulate the 6R-SuperArgus scanner [Udias et al., 2018] and a prototype of

the HSTR-BrainPET [Catana, 2019a,b, Galve et al., 2020b]. Only the upper
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Figure 5.3: Scheme of the crystal identification after a hit occurs when the block is
separately pixelated of the scanner image.

diagonal of the combinations inside a ring is considered, since the code transposes

the detector indices when they are below the diagonal. In the 6R-SuperArgus

scanner, which has cylindrical geometry, the matrix is separated into 6× 6 equal

submatrices of 24×24 detectors corresponding to the combinations for each couple

of rings. The HSTR-BrainPET has a spherical geometry, and its matrix was

limited by the angle between each couple of detectors. This fact makes the matrix

much more complex.

• Look-up tables and Anger logic

The code reads a file with the centroid of each crystal in the blocks image, and

a 2D image that represents the look-up table for the crystals. The centroids are

written in pixel coordinates inside the look-up table image, so that we can apply

the Anger logic to the XY coordinates of multiple-hit singles and directly obtain

the crystal designated (see section 5.2.2.5). Again, this framework will be very

useful when the detectors are not the traditional prism-like detector. There is no

XY blurring incorporated in the signal obtained by the detector readout system.

• Multi-layered detectors
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Figure 5.4: Coincidence matrix representation of the 6R-SuperArgus scanner and the
HSTR-BrainPET scanner. The detectors pairs in coincidence are marked in black.

Although it is possible to identify multi-layered crystal arrays using only the

Anger logic and the appropriate look-up table [Mohammadi et al., 2017], there

are detectors where a few crystals of different layers share the same centroid (like

the SuperArgus module [Udias et al., 2018, Wang et al., 2006]). In these cases, we

may define the number of layers to separate the singles at different depth points

in the detector by measuring the energy deposition at each layer.

• Energy resolution

The energy resolution is separately defined for each crystal inside a block, so

that we can have crystals with different characteristics inside a detector, like the

phoswich scintillators used in the SuperArgus scanner [Udias et al., 2018, Wang

et al., 2006].

5.2.1.2 Source definition

The source definition also uses a voxelized image. The memory size of the array to

be allocated, its physical dimensions, and the center position of the source are read as

input. Each voxel of the image represents its relative activity (no units used), so the
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array represents the activity distribution in the space to randomly select the emission

position for each decay.

It is possible to choose a radionuclide in the source parameters that will be used

to select the positron range (PR) blurring kernel implemented to the source activity

distribution. The PR kernel was first introduced by [Cal-González et al., 2015b], and it

is explained in more detail in section 5.2.2.2.

5.2.1.3 Number of decays

UMC-PET does not simulate a given activity and decay time, but a number of decays

selected by the user Ndecays. However, the number of positron annihilations to be

simulated is easily scalable for a given radionuclide, initial activity, and acquisition

time if we apply the exponential decay rule and the positron emission branching ratio

of the radionuclide. Given an acquisition time T , initial activity A0, decay constant λ,

and β+ branching ratio Γe+ , the number of decays Ndecays reads as follows:

Ndecays = Γe+ ·
∫ T

0
A0 · e−λtdt = Γe+

A0

λ

(
1− e−λT

)
. (5.1)

We used this formula in the cases we wanted to have a realistic noise level in the

data, but we might include a database of common PET radionuclides in the future to

automatically set the number of particles after an input acquisition time, initial activity,

and radionuclide selection.

5.2.1.4 Materials

In section 5.2.1.1, we already mentioned the material definition of the objects inside

the scanner. We are interested in the photon mass attenuation coefficients of these

materials to estimate the probability of an interaction to occur, and specifically the

probability of each kind of interaction for high energy gamma photons: coherent scatter

(Rayleigh scatter), incoherent scatter (Compton scatter), photoelectric absorption and

pair production. In practice, we are going to work with photons up to 511 keV, so the

pair production will not be accounted (due to energy conservation, we need photons of

at least 1022 keV to have a pair production event).

PENELOPE (PENetration and EnergyLOss of Positrons and Electrons) [Agency,

2019, Baró et al., 1995] is a Monte Carlo simulation code for coupled electron-photon
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transport within an energy range from 50 eV to 1 GeV. It is an open source code devel-

oped by the Universitat Politèctica de Catalunya (UPC) and distributed by the Nuclear

Energy Agency (NEA). We use PENELOPE to obtain all the required coefficients for

our UMC-PET simulator. The auxiliary program MATERIAL is employed to extract

atomic interaction data from the database of PENELOPE, and the program tables.f is

used to access the mass attenuation coefficients required. These coefficients have to be

interpolated between the energy range of interest, from 1 keV to 1 MeV, which will be

read by the code. In figure 1.3 (introduction section 1.1.2), the coefficients for water

and LYSO from 1 keV up to 100 MeV are shown.

We also use PENELOPE to calculate the deviation angle and energy deposited after

each scatter event. To reduce calculations, penmain is used to precompute a sample of

events per energy bin of 1 keV, from 1 keV to 1MeV. This sample of events is read by

the code, and it will be used later to randomly select the final state of a particle after

a scatter event occurs.

5.2.1.5 GPU control parameters

We have defined input parameters to control other features about GPU performance,

like the number of threads (nthreads) and blocks (nblocks) that we use in every call to the

GPU, the number of decays generated per thread (ndecays), or the number of hits/singles

kept in the GPU memory per particle (nhits). Since the GPU multiprocessor groups

threads in warps of 32 threads [Fatica and Ruetsch, 2014], we strongly encourage to use

a multiple of 32 for the number of threads. The optimal number of blocks and threads to

be used will depend on GPU model and simulation images (both the scanner and object

image, and the source map), so we recommend performing a few trials before running

long simulations. In our tests, the optimal number of decays per thread was simply one

(ndecays = 1), but the parameter remains available for performance experimentation.

The number of hits/singles per particle depends on the simulation, but very seldom

more than ten interactions per particle occur.

5.2.2 Description of the code

In this section we describe the main routines involved in the PET simulation scheme

presented in figure 5.1 and other main routines like the Random Number Generator.

In the simulation step, the routines for photon initialization (5.2.2.3), photon tracking
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(5.2.2.4), singles generation (5.2.2.5), and coincidence sorting (5.2.2.6) work sequentially,

forwarding the output of each routine to the input in the next one. Each subroutine

works with a batch of decays defined by the number of threads and blocks times the

number of decays per thread (Nbatch = ndecays × nthreads × nblocks, see section 5.2.1.5).

The number of calls is given by the number of decays (5.2.1.3) divided by the decays

batch size in a thread (Ncalls = Ndecays/Nbatch).

5.2.2.1 Random Number Generator

The Fortran implementation of the subroutine RANECU in [James, 1990] is used for

pseudo-random number generation. L’Ecuyer [L’Ecuyer, 1988] previously introduced

the algorithm, proving a uniform distribution of pseudo-random numbers in the range

[0, 1) with a period of ≈ 2 · 1018 is obtained. To guarantee the independence of the dis-

tributions among different threads, millions of seeds were precomputed, and transferred

to each thread on the GPU.

5.2.2.2 Positron Range

The Positron Range (PR) has a direct impact in PET image quality [Alva-Sánchez et al.,

2016, Cal-Gonzalez et al., 2009, Park et al., 2007, Peng and Levin, 2012] which cannot

be neglected in realistic simulations. An accurate representation of the PR requires

the simulation of the radionuclide decay chain, the positron energy spectrum, and the

positron interactions and track through the medium, that is going to enlarge the com-

putational burden. In the UMC-PET we have implemented a simplified PR modeling

using the analytical expression presented in [Cal-Gonzalez, 2014, Cal-González et al.,

2013] to estimate a spatially variant PR kernel based on the density map, similar to the

approach successfully applied in [Cal-González et al., 2015b, Cal-Gonzalez et al., 2018b]

for PR correction during image reconstruction. The authors showed good agreement

against reference simulations when the annihilation image is homogeneous, although

small deviations could be found in the interfaces between materials. The PR kernel

is applied to the activity image before the simulation (see figure 5.1), to generate an

annihilation map that is loaded in the GPU global memory for the simulation step.

In Cal-Gonzalez [2014], Cal-González et al. [2013], the authors presented several

representations to model the PR. The simplest one is the annihilation point spread
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function (aPSF), which is defined as the annihilation probability at a given point of

space. From the aPSF we can define the 3D radial histograms,

g3D(r) ≡ 4π

∫ r+dr

r
r′2aPSF (r′)dr′. (5.2)

And the authors defined the following analytical expression for the g3D(r):

g3D(r) ≈ C
[
(a · r + 1)

(
1− r

r0

)n
− ε

rn

]
, (5.3)

where r0 is the maximum PR radial distance (g3D(r) = 0 if r > r0). The rest

of the parameters are fitting parameters with no specific physical meaning. We can

differentiate two terms in the equation, governing the limit of r → 0 and r → ∞
separately. This representation gives flexibility enough to accurately fit the parameters

to the simulated distributions.

In table 5.1 we show the values reported in [Cal-González et al., 2015b] of the

parameters a, r0, n, and ri (given that ε ≡ 0.01 × rni ) for different radionuclides in

water. The authors obtained these values fitting equation 5.3 to simulations performed

with PeneloPET (see [Cal-Gonzalez, 2014, Cal-González et al., 2013] for further fitting

details). The constant factor C is a normalization factor which can be calculated prior

to the convolution. In figure 5.5 we show a representation of equation 5.3 using the

values given in the table 5.1.

In Cal-González et al. [2013], the authors proved that equation 5.3 can be scaled

to any other tissue based on its relative electronic density, using the variable change

re = r ·ρ/ρwater. In Cal-González et al. [2015b], a spatially variant kernel was proposed

using the density map from a CT to adapt the aPSF for non-homogeneous media. We

use a similar approach, but we use g3D instead:

x̃ (~r) = (x ∗ g3D) (~r) =

∫
θ,φ
dθdφ

∫
re

x (~r + ~re) g3D (re) dre

C−1 =

∫
re

g3D (re) dre,

(5.4)

where x is the original activity map, x̃ is the blurred activity from the convolution

with g3D, and C is the normalization constant. The variable re is integrated in the

direction given by (θ, φ), accounting for the local density and thus it is locally dependent

for each point ~r and each integration angle (θ, φ). To discretize the continuous integral,
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Radionuclide a(mm−1) r0(mm) n ri(mm)
18F 2.60 2.39 4.04 0.051
11C 1.48 3.80 3.16 0.21
13N 1.46 4.95 3.04 0.29
15O 1.15 7.90 3.09 0.36
68Ga 2.41 8.98 3.27 0.20
124I 3.07 11.0 4.46 0.36

94mTc 2.49 11.1 2.72 0.33
82Rb 7.13 16.6 3.11 0.41

Table 5.1: Parameters of the fit to the g3D distribution of PeneloPET to equation 5.3
taken from [Cal-González et al., 2015b]. r0 is the maximum PR radial distance (g3D(r) =

0 if r > r0). The rest of the parameters are fitting parameters with no specific physical
meaning.

Figure 5.5: Plot of the analytical expression for the g3D of the PR given by equation 5.3
using the parameters of the table 5.1.
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we perform a line integral increasing re a variant step size ∆r · ρj/ρwater (where ρj is

the density at a voxel j) until re > r0. The normalization factor C is independently

estimated for each angular direction (θ, φ) since the path through different materials

may result in numerical variations of the total integral. A free parameter is left to

select the number of steps per pixel (Nst) by the user that defines the step size in

the line integral (∆r = min(sx, sy, sz)/Nst, where sx,y,z refers to the pixel size in each

coordinate direction). The number of integration angles Nθ and Nφ are chosen so that

we get an average of Nst integration points per pixel at the sphere surface of radius r0

(Nθ = π · r0/min(sx, sy, sz) ·Nst, Nφ = 2π · r0/min(sx, sy, sz) ·Nst). The convolution

was implemented in the GPU, using a thread per each voxel in the image.

In fig. 5.6 we show an example of the blurring kernel in heterogeneous phantom of

bone, air and water, for two different radionuclides, 18F (2.39 mm maximum radius in

water) and 82Rb (16.6 mm maximum radius in water).

5.2.2.3 Particle Initialization

In the first simulation step of UMC-PET, all the threads are initialized with a batch of

antiparallel photons. The PR blurred image from previous section 5.2.2.2 is taken to

randomly pick an emission voxel using the Walker’s aliasing method (see section 1.5.2.5)

and the physical emission point is randomly selected with a uniform distribution inside

the voxel volume. The direction of emission (φ, θ) of the first photon is randomly

selected with a uniform distribution in φ ∈ [0, 2π) and cos θ ∈ [−1, 1). The second

photon is selected with opposite direction, and rotated an angle taken from a Gaussian

distribution of 0.5 degrees FWHM to simulate non-collinearity (section 1.1.1.2). At the

end of this routine, each thread saves in the global memory of the GPU the annihilation

point and the direction vectors for both photons for every decay in the thread.

5.2.2.4 Photon Tracker

In this routine the two photons for every annihilation are tracked in a single thread until

they are totally absorbed or they are out of the scanner. All the interactions are saved

in the global memory of the GPU device (up to the maximum number of hits defined

in the control parameters, section 5.2.1.5) that is read by the Singles Generator routine

(section 5.2.2.5). The material index (negative for objects, positive for the scanner

detectors), the energy deposited, and the time of flight (TOF) since the annihilation
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Density image Decay image
18F annihilation 

image

82Rb annihilation 
image

Water Bone

Air

Water

Bone

Water Water Water

Bone

Air Air

Figure 5.6: Effect of the positron range blurring kernel in a simulated phantom with
different sphere sizes (1 cm and 0.5 cm diameter) and materials (water, air and bone). We
show the image of relative densities (top left), the original decay image (top middle-left),
and the blurred images using 18F (top middle-right) and 82Rb (top right). The line profile
along the green dotted-line is shown at the bottom of the figure.
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event are saved. Additional information such as the emission voxel or the hit voxel are

also saved to have more knowledge about the simulation.

The Woodcock algorithm [Badal and Badano, 2009, Carter et al., 1972, Hissoiny

et al., 2011, Woodcock et al., 1965] for particle tracking has been implemented. This

algorithm considers the particle is always inside a reference material with attenuation co-

efficient µref , that is a combination of the actual material µ (~x) and a fictitious material

so that µref = µ (~x) + µfictitious (notice implicit energy dependence of the attenuation

coefficients). At every step, the particle advances a distance d derived from µref ,

d = − ln (ξ)

µref
, (5.5)

where ξ is a uniform random number distributed in the range [0, 1). The reference

material is selected by the user, and it should match the most dense material in the

simulation. Note that 1/µ is the mean free path for a given material.

To determine whether an interaction occurred, we compute a second random num-

ber, and the probability to have an interaction given by the reference mean free path

and the attenuation coefficients,

Phit = µ (~x) /µref . (5.6)

We use a sequential search (section 1.5.2.4) to determine which kind of interaction

takes place, where the probability is given by its attenuation coefficient and equation

5.6, and the total attenuation is the sum of each contribution. We have four different

interactions:

• Fictitious interaction. There is no change in the energy and direction of the

particle.

• Photoelectric effect. The photon is absorbed.

• Compton interaction. The photon changes its energy and direction. Both de-

posited energy and the dispersion angle θ are selected among precomputed events,

and a φ angle uniformly in the range [0, 2π).

• Rayleigh interaction. The photon conserves its energy, but it changes its direction.

The new θ angle is randomly selected among precomputed events at each energy,

and a φ angle uniformly in the range [0, 2π).
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The material index is read from the object image, and the material cross section

σ and density ρ are read from the material tables (see section 5.2.1.4) depending on

the particle energy. The attenuation coefficient is given by µ = ρσ. In case a detector

is found, the particle position is first translated into the detector image, as explained

in section 5.2.1.1. For objects defined with Hounsfield Units (HU), the attenuation

coefficient is linearly scaled between air and water or water and bone, using the bilinear

conversion [Burger et al., 2002, Schneider et al., 2000]:


µ(HU) = µwater HU < −1000

µ(HU) = HU+1000
1000 · µwater −1000 ≤ HU < 0

µ(HU) = µwater + HU
3071 · (µbone − µwater) 0 ≤ HU < 3071

µ(HU) = µbone HU ≥ 3071

. (5.7)

5.2.2.5 Singles Generator

In every thread, the hit events list is read for each pair of photons in its batch of

decays, analyzing the energy deposited in the detectors and in the object to generate

a list of singles that are passed to the Coincidence Generator (next section, 5.2.2.6).

The maximum number of singles with the same limit used for the hits events is set to

guarantee that any single event is not missed. At the end of this routine, the crystal

identifier of each single, its energy, its TOF, and whether the event was a scatter or a

true event are saved in the global memory. We also record other output variables, such

as the number of singles in each detector block, the energy histograms, or statistics

about the number of hits per single event.

In figure 5.7 we show a scheme of the thread execution. At the hit events level,

we analyze independently the singles generated in each photon. In case we find a hit

with the object, we mark the photon as scatter event, and we skip it until we find a hit

in a detector to start processing the detector signal. In the detector hits, the energy

deposited in the hit and the hit TOF are blurred using the input resolution for the

crystal and a Gaussian distribution. The energy resolution is scaled with the square

root of the deposited energy. To mimic the Anger logic, we accumulate the total energy

signal and the Anger signal given the centroid (xi, yi) of the crystal hit (see section

5.2.1.1, we do not add positional uncertainty in the light deposition of the scintillation

crystal). The crystal position will be given by the Anger logic,
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Decay Batch

Annihilation Photons

Decay identifier

Photon identifier (1 or 2)

Hit events list

Object

Hit identifier

Detector

Scatter event Previous detector block New detector block

Check energy window 
of previous single

Out

Save single

Reset single
Blur energy resolution

Blur TOF resolution

Accumulate:
• Anger signal
• Layer signal
• Update TOF signal

Next hit

Next photon

Next decay

Singles Generator Thread Execution

Figure 5.7: Scheme of the thread performance in the Singles Generator routine.
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E =
N∑
n=1

Ei

x =
N∑
n=1

Ei · xi/E

y =
N∑
n=1

Ei · yi/E.

(5.8)

The values (x, y) are translated to an individual crystal in the block using the look-

up tables defined in the scanner inputs (5.2.1.1). The single TOF will be given by the

smallest TOF signal after applying the TOF resolution. If multi-layer detectors are

defined, we use a similar energy weighted method to determine in which layer the single

is positioned.

The singles energy and crystal identifier are saved if the event is inside the energy

window, when the hits list is finished or another detector is reached. In the latest case,

we reset all the single parameters (energy, Anger signal, and timing), and the whole

process is repeated. Each thread will process the hit events of at least the two photons

of one decay, repeated for the whole decay batch.

5.2.2.6 Coincidence Generator

The Coincidence Generator checks the detectors involved in the singles list for every de-

cay in its batch to determine the coincidence LOR. If the detector couple are not defined

in the coincidence matrix (see section 5.2.1.1), or more than 2 single events occurred

(i.e. a multiple coincidence), the event is discarded. If we accept the coincidence, the

LOR histogram of true or scatter events accumulates a coincidence in the LOR index

given by the detector crystals. A list of coincidences with the TOF signal (time differ-

ence between the two singles in coincidence), the singles energies, and crystal indices

can be configured. This routine also generates an energy histogram for the singles that

generated a coincidence event, a TOF histogram, and a detection image from the decay

positions in the initialization routine (5.2.2.3) that have been detected.
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5.2.3 Output files

The UMC-PET code was designed to satisfy its developers’ needs in image reconstruc-

tion and scanner performance simulation, and thus the main outputs are not standard-

ized. We must remark as well that it does not produce a closed output format. In this

section we summarize a few of the usual outputs generated, such as the LOR histogram

of coincidences, different list files, and other files related to general knowledge about

the simulation.

• LOR histograms

The LOR histograms match the data format used in the SuperArgus scanner

[Udias et al., 2018]. In the histograms we accumulate all the coincidences at the

end of every simulation step for each couple of crystal pixels in coincidence, thus

avoiding any data compression. The UMC-PET separates the events marked with

the scatter flag from the prompt coincidences, and it generates separate histograms

for each one.

• List files

To keep most of the information about the simulation, the code may write list files

with all the details needed. The list of events matrices are loaded from the device

memory to the host memory after each call to any of the main routines (see fig.

5.1), and the host CPU processes the matrices sequentially, discarding the empty

spaces while saving the events in a bigger buffer (notice we work with batches of

particles with an independent mini-buffer of hits, singles, or coincidences for each

particle). Every time the buffer in the host is full, the code writes the list of events

and resets the buffer, thus reducing the disk writing operations. The list format

is tailored manually in the code depending on the experiment requirements, and

it may include information about the time-of-flight, energy, scatter information,

crystal index, emission voxel, or any other parameter of interest.

• Emission, detection, energy, and hits images

To assess the UMC-PET performance at a glance, a few images with cumulative

information of the simulated events are also generated. The emission image and
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the detection image match the source image size, and they both follow the dis-

tribution of the blurring image from the PR kernel. In the case of the detection

image, only the detected emission events are saved, thus its distribution is mul-

tiplied by the sensitivity map. The hits and energy images match the scanner

image size, and they respectively keep all the interactions and energy released in

either the scanner, patient body, or any other object.

• Other files

Although the output can be adapted, the default options offer information related

to computation time of each section of the code, energy histograms, sensitivity,

scatter fraction, and statistics about hits, singles, and coincidences.

5.3 Validation

In this section we compare the results from the UMC-PET with PeneloPET perfor-

mance, using simulations of the 6R-SuperArgus scanner (see section 2.2.1). In all the

PeneloPET simulations presented below, the time evolution has been idealized to avoid

discrepancies between PeneloPET and UMC-PET due to the random events, pile-up

events, triple coincidences, etc. We set a symbolic low activity and long acquisition

time thus we can neglect the effects in the simulation due to timing effects.

5.3.1 NEMA Scatter Fraction phantoms in the 6R-SuperArgus scan-
ner and general parameters of the simulation

For the 6R-SuperArgus scanner, we simulated the rat-like and mouse-like phantoms

described in the NEMA NU 4-2008 protocol for scatter fraction (SF) assessment [Na-

tional Electrical Manufacturers Association, 2008]. These phantoms are composed of a

polyethilene cylinder with a line source filled with a solution of either 18F or 11C placed

a few centimeters off-axis, parallel to the cylinder central axis. In the simulations, we

are going to use water instead of polyethilene.In figure 5.8 we show a scheme of the

simulation phantoms inside the scanner. The mouse-like phantom has 25 mm diameter

and 70 mm length, and the source is 10 mm off-axis and 60 mm long, whereas the

rat-like phantom has 50 mm diameter and 150 mm length, and the source is 17.5 mm
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70 mm25 mm10 mm 60 mm

Mouse-like phantom

50 mm 150 mm140 mm
17.5 mm

Rat-like phantom

Figure 5.8: Scheme of the simulated NEMA NU 4-2008 mouse-like (up) and rat-like
(down) phantoms for scatter fraction assessment. For both phantoms we show a central
slice of the transverse view (left) and sagittal view (right).

129



5. ULTRA-FAST MONTE CARLO PET SIMULATOR

Image #Voxels Voxel size
(mm)

Volume
size (mm)

Data
format

Memory
size (MB)

Scanner &
object

269× 269×
208

0.775×
0.775× 0.775

208.5×
208.5× 161.1

Signed Short
Integer (2B)

28.7

Detector 13× 13× 15 1.55× 1.55×
1

20.15×
20.15× 15

Signed Short
Integer (2B)

4.95 (kB)

Source
(Mouse)

60× 60× 100 0.1× 0.1×
0.12

6× 6× 12 Float (4B) 1.37

Source
(Rat)

60× 60× 100 0.1× 0.1×
0.28

6× 6× 28 Float (4B) 1.37

Table 5.2: Details of the voxelized volumes used in the UMC-PET simulator. Notice
that scanner and object were the same for both phantoms, but they had different voxel
size for the source image.

off-axis and 140 mm long. In both cases the line source has a diameter of 3 mm, and
18F was selected for the PR.

The scanner geometry, dimensions, and other characteristics such as energy and time

resolution were taken from the published information, explained in section 2.2.1. In the

next section 5.3.3, we compare the results for different energy windows. The reflectors

between the detector pixels (0.05 mm in the official dimensions) were removed since

the UMC-PET would require a pixel size smaller or equal to the reflector size in the

detector image. This is not a limitation for the code, but we would rather use smaller

images to improve the performance. It is important to remark that the reflectors major

impact is in the scanner sensitivity, and this can be easily accounted for. In table 5.2

we list the image details declared for the simulations in the UMC-PET.

In all the simulations of the UMC-PET a total number of decays of 6.228·107 were

simulated, equivalent to 18 minutes of acquisition with 100 µCi total activity of 18F,

that are standard activity and acquisition time values in preclinical PET studies. In

the PeneloPET simulations, we set the activity to 104 Bq (0.27 µCi) and the acquisition

time to 104 seconds (167 minutes).

To estimate the SF, the NEMA NU 4-2008 protocol [National Electrical Manufac-

turers Association, 2008] indicates that the acquisition data must be sinogrammed using

the single slice rebinning (SSRB, see section 1.3.2.4), discarding all the LORs further
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Trues

Scatter events

Figure 5.9: Scheme of the profile in the NEMA Scatter Fraction phantoms sinogram
with SSRB, maximum pixel aligned in the center of each projection, and angular-axial
projection collapsed (image modified from [National Electrical Manufacturers Association,
2008]). The dark-blue region defines the scatter area, whereas the light-blue region is the
true events area.

8 mm from the edge of the phantom. Every projection angle is displaced to align the

pixel of maximum intensity in the center of the projection, and the resulting sinogram

is collapsed angularly and axially to obtain a summed profile (see figure 5.9). The

NEMA protocol considers that all the events farther than a central strip of 14 mm are

scattered and random events, besides the region below the line connecting the profile

intersection with the 14 mm strip. The intersection values with the strip are calculated

using linear interpolations, averaged, and multiplied by the number of points inside the

strip (including fractional values) to estimate the background contribution below the

trues region. The total scatter events are the sum of the events outside the strip and

the background inside the strip. The SF is given by the ratio between the total events

and the scatter events.

5.3.2 CPU and GPU devices

In the PeneloPET simulation, we ran all the codes in a single core using a Intel(R)

Xeon(R) CPU E5-2650 0 @ 2.00GHz. For the simulation of UMC-PET, we implemented

the code in a Intel(R) Xeon(R) W-2155 CPU @ 3.30GHz for the host computation, and
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Figure 5.10: Energy histograms generated by the UMC-PET and PeneloPET for the
mouse-like and rat-like phantoms without energy window.

a 11 GB GeForce RTX 2080 Ti GPU, with 4352 cores, for the parallel computation in

the device.

5.3.3 Results

Figure 5.10 shows the energy histograms generated by UMC-PET and PeneloPET for

both phantoms in figure 5.8. The energy histograms have been generated for the coin-

cidence events of acquisitions without energy window to ensure the code accuracy for

any energy left in the detector.

We show the collapsed projection profiles calculated as aforementioned in 5.3.1 and

figure 5.9 for both simulators for the mouse and rat phantoms in figure 5.11. In table

5.3, we show the SF calculated for all the profiles using the NEMA protocol, and the SF

and sensitivity given by the simulation output information. The NEMA SF shows great

agreement among the different tests: 1.22%, 0.834% for the mouse phantom, 100-700

keV and 425-600 keV energy windows respectively, and 0.992% and 2.79% for the rat

phantom, 100-700 keV and 425-600 keV energy windows respectively. The SF given by

the simulators shows higher discrepancies: 6.94%, 5.55% for the mouse phantom, 100-

700 keV and 425-600 keV energy windows respectively, and 6.61% and 5.64% for the rat
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Mouse-like phantom
NEMA SF (%) Simulated SF (%) Sensitivity (%)

keV 100-700 425-600 100-700 425-600 100-700 425-600

UMC-PET 7.39 4.47 14.72 5.64 6.45 3.03
PeneloPET 7.48 4.51 13.70 5.33 6.32 2.96

Rat-like phantom
NEMA SF (%) Simulated SF (%) Sensitivity (%)

keV 100-700 425-600 100-700 425-600 100-700 425-600

UMC-PET 24.69 11.21 33.49 11.93 5.03 1.93
PeneloPET 24.93 11.52 31.28 11.26 4.93 1.89

Table 5.3: Estimated SF using the NEMA protocol, SF from the simulations, and sensi-
tivities for the mouse (up) and rat-like (down) phantoms using UMC-PET and PeneloPET.

phantom, 100-700 keV and 425-600 keV energy windows respectively. It is important

to highlight that the errors on the simulated SF must be caused by different definitions

in the code, since the measured differences in the NEMA SF are much lower. Finally,

the sensitivity shows acceptable discrepancies: 2.02%, 2.35% for the mouse phantom,

100-700 keV and 425-600 keV energy windows respectively, and 2.03% and 1.97% for

the rat phantom, 100-700 keV and 425-600 keV energy windows respectively.

In table 5.4, we show the computation time of each simulation, comparing the decays

and coincidences generated per second. We observe an acceleration factor of ∼2000 in

all the simulations when the UMC-PET simulator is used. The simulations performed

with the UMC-PET required and additional time of ∼3 seconds to load all the input files

into GPU memory, but we did not account for it to estimate the decay and coincidence

rate since this is a constant time, independent of the number of simulated decays.

Compared to the simulation time, we have neglected the loading time of the input files

in PeneloPET. The time required for each main routines in the UMC-PET simulator is

presented in table 5.5, showing that the simulator spends most of its time in the photon

tracker. The remaining time is devoted to CPU general operations (<1%). PeneloPET

output did not provide the time allocation of each part of the code, thus no comparison

against individual routines is provided.

133



5. ULTRA-FAST MONTE CARLO PET SIMULATOR

Figure 5.11: Angular-axially collapsed and maximum-centred profiles of the projections
simulated with the mouse (up) and rat-like (down) phantoms for two different energy
windows (425-600 keV and 100-700 keV) for PeneloPET and the UMC-PET simulator.
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Mouse-like phantom
Simulation time (s) Decays/s Coincidences/s

keV 100-700 425-600 100-700 425-600 100-700 425-600

UMC-PET 1.33 1.31 4.68·107 4.76·107 3.00·106 1.43·106

PeneloPET 3035 2845 2.05·104 2.19·104 1.30·103 6.47·102

Rat-like phantom
Simulation time (s) Decays/s Coincidences/s

keV 100-700 425-600 100-700 425-600 100-700 425-600

UMC-PET 1.91 1.90 3.25·107 3.29·107 1.63·106 6.29·105

PeneloPET 3664 3817 1.70·104 1.63·104 8.39·102 3.08·102

Table 5.4: Computation time (simulation time, number of simulated decays per second,
and coincidences generated per second) for the mouse (up) and rat-like (down) phantoms
using UMC-PET and PeneloPET. The values presented in this table for the UMC-PET
did not account for the time needed for input reading and data loading in the GPU (∼3
seconds for each simulation). The details on the platforms for each simulator are specified
in section 5.3.2.

Computational time in UMC-PET

Phantom keV
Decay init. Photon tracker Singles

Generator
Coinc.

Generator
(s) (%) (s) (%) (s) (%) (s) (%)

Mouse
100-700 2.33·10-2 1.77 1.12 85.1 0.15 11.3 2.00·10-2 1.5
425-600 2.34·10-2 1.81 1.12 86.7 0.13 10.2 1.39·10-2 1.1

Rat
100-700 2.34·10-2 1.21 1.73 89.7 0.15 7.9 1.95·10-2 1.0
425-600 2.41·10-2 1.27 1.73 90.8 0.13 7.1 1.31·10-2 0.7

Table 5.5: Computational time of the main routines (photon tracker, singles generator,
and coincidences generator) in the UMC-PET simulator. The total time is given in table
5.4.
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5.4 Scatter correction

Scatter correction in PET is a well-known need since up to a 50% of the detected

prompt events may have undergone scatter in a clinical acquisition [Adam et al., 1999,

Ye et al., 2011] (for small animal PET scanners, the impact is noticeably reduced), and

non-corrected images suffer from biased uptake and artifacts that reduce the quality of

quantitative assessment [Afshar-Oromieh et al., 2017, Heußer et al., 2017, Lindemann

et al., 2019].

Traditionally, the scatter contribution to the data is either subtracted or added to the

projection model. The scatter distribution depends on the activity distribution and the

anatomical structures of the patient, thus requiring input images of both the emission

map and the µ-map to estimate it. The most commonly used method in PET for scatter

estimation is the single scatter simulation (SSS) [Ollinger, 1996, Watson, 2000, Watson

et al., 1996], a fast and analytical algorithm that is based on the probability of having

a coincidence event that suffered a single Compton scatter in either one of its photons.

However, the SSS has intrinsic drawbacks. The method does not estimate multi-scatter

events, that may account from 15 to 40% of total scattered events [Adam et al., 1999,

Ye et al., 2011] and can result in wrong contrast values [Polycarpou et al., 2011], it

does not model the detectors (in [Ma et al., 2020], the authors stressed the relevance of

detector modeling in scatter correction), and it requires for a global scaling factor for

the SSS distribution. This factor is usually obtained using tail fitting strategies in the

scatter-only regions of the sinograms [Thielemans et al., 2007, Werling et al., 2002] that

may result in noticeable halo artifacts around high organ-to-background ratio organs,

like the bladder or the kidneys [Heußer et al., 2017, Lindemann et al., 2019].

Monte Carlo simulations may include all the missing physics in the SSS algorithm,

besides intrinsically scale the scatter estimation with great accuracy [Castiglioni et al.,

1999, Holdsworth et al., 2001, Kyung Sang Kim et al., 2014, Ma et al., 2020]. Some

authors combined MC simulations and the SSS algorithm to improve the algorithm ro-

bustness with a global scaling factor obtained from a short simulation of the MC model

[Pönisch et al., 2003, Ye et al., 2014]. MC methods were combined with variance re-

duction techniques to increase the computational performance [Castiglioni et al., 1999,

Holdsworth et al., 2001], but it was not until GPU parallelization that they were con-

sidered for practical use [Kyung Sang Kim et al., 2014, Ma et al., 2020]. To the best

136



5.4 Scatter correction

of our knowledge, only GGEMS [Ma et al., 2020] has been applied so far for pure MC

scatter estimation accounting for the detector modeling as well. Other authors already

tried to improve the MC performance with DL in either the projection space [Berker

et al., 2018, Laurrent et al., 2020, Qian et al., 2017, Xiang et al., 2020], or directly in

the image domain [Arabi et al., 2020, Shiri et al., 2020, Yang et al., 2019, 2021].

In this section we show a proof of application of the UMC-PET simulator for scatter

correction.

5.4.1 Methods

5.4.1.1 Human study in the Biograph mMR scanner

We applied the UMC-PET scatter estimation to a human study of a female of 57 years

old and 75 kg, injected with 18F-FDG (fluorodeoxyglucose) acquired in the Biograph

mMR scanner (see section 2.2.2) with two bed positions centered in the pelvis (first)

and thorax (second). The subject gave written informed consent, and the local Institu-

tional Review Board approved the study. The patient was injected 389 MBq (10.5 mCi)

1 hour and 23 minutes before the first bed acquisition. Each acquisition took 14 min-

utes, having 2.87·108 and 2.93·108 total coincidences respectively. The data provided

by the scanner use the Siemens sinogram format, with axial compression of span 11 and

maximum ring difference of 60, resulting in 11 segments (1 direct, 5 of positive incli-

nation, and 5 of negative inclination) with a total of 837 sinogram slices. The scanner

provided the prompts sinogram, the randoms sinogram, the normalization sinogram,

the SSS sinogram, and the µ-map in Hounsfield units. The µ-map does not include the

arms of the patient, thus we expect misscorrection in the regions where the anatomical

information is missing [Afshar-Oromieh et al., 2017].

For the scatter correction, we compared the SSS estimation provided by the scanner

combined with the scatter fraction computed by the UMC-PET (a similar approach

was used in [Ye et al., 2014]), and the pure UMC-PET estimation. In both cases, we

ran a reconstruction without scatter correction (including normalization, attenuation,

and random corrections) that was used as input in the UMC-PET simulator, together

with the µ-map. To account for the scatter events outside the FOV, we used the whole

image (both beds) as decay map, although the scatter was simulated separately for each

bed. The voxel size used for the source was of 2 × 2 × 2.03 mm3 (the same size used
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in the image reconstruction), and the sizes in the µ-map were interpolated from 2.6 ×
2.6 × 3.12 mm3 to 2 × 2 × 4 mm3 for the simulation. The UMC-PET simulation used

to obtain the scale factor for the SSS took less than 30 seconds since we only needed

the ratio between prompts and scatter events. For the pure UMC-PET estimation, we

used a longer simulation of 2500 seconds (same system used in section 5.3.2). Since the

scatter distribution is smooth, we averaged the events with closest neighbouring LORs

to reduce the variability of the UMC-PET scatter estimation.

We used the GPU-based reconstruction software presented in chapter 3 with the

normalization and randoms corrections provided by the scanner, and the attenuation

corrections obtained after the µ-map projection. The sinograms were adapted to match

the LOR histogram format. The images were reconstructed with 4 iterations of 5

subsets of the OSEM algorithm. The final images of each bed were combined with an

overlapping of 30 slices (6.09 cm).

The reconstructed image for this patient was also provided by the scanner. In this

case, 3 iterations and 21 subsets were used. To assess similar image quality in both

methods, we measured the noise inside the liver and stoped our reconstructions at a

similar noise level.

5.4.2 Results

In figure 5.12 we show a radial-angular slice of the scatter sinograms with SSS and

UMC-PET scale, and with pure UMC-PET prediction. A radial profile is shown in the

botton of the image. In figure 5.13, a similar example is shown with an axial-radial

plane of the sinograms data set. The line profile compares the differences in the axial

direction. In both figures we can notice the difference in the scatter distribution between

the SSS and the UMC-PET. We do not know the actual scale of the SSS used for the

scanner images, thus we can only compare with the UMC-PET scaling. Higher variance

due to the MC noise can be observed in the profiles of the UMC-PET estimation.

Figure 5.14 shows the reconstructed image provided by the scanner, the recon-

structed image using the scatter from the SSS scaled with the UMC-PET, and the

reconstructed image with the pure UMC-PET scatter correction. An elliptical region

inside the liver has been drawn to find noise equivalent images. The measured noise

(defined as 100 · std.dev./mean) was 14.2% in the Biograph mMR image, 12.8% in the

SSS scaled with the UMC-PET, and 12.2% with the pure UMC-PET scatter correction.
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Figure 5.12: Sinogram slice of the SSS with UMC-PET scale, and the UMC-PET scatter
sinograms in the pelvis-centered bed. The line profile shows the differences between both
estimations at different radial bins. The sinogram slice corresponds to a direct sinogram
above the bladder position.
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UMC-PET scatter SSS scatter 
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Figure 5.13: Axial-radial sinogram view of the estimated scatter obtained with SSS
and with UMC-PET scale, and the UMC-PET scatter estimation. The sinograms in the
pelvis-centered bed are shown. The line profile shows the differences between both estima-
tions at different sinogram slices. The segments can be visually identified in the images,
and they have been depicted in the upper axis of the profile with positive and negative
indexes defining the sinograms inclinations. The profile corresponds to a section through
the bladder.
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Figure 5.14: Reconstructed PET image of a human patient acquired in the Biograph
mMR scanner (up), reconstruction with the scanner SSS scaled using the UMC-PET sim-
ulator (middle), and reconstruction with the UMC-PET scatter estimation. In the bottom
of the image two line profiles are shown. The image scale has been scaled up to twice the
activity in an ROI inside the liver.
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To obtain equivalent color scales in all the images, we also used the region inside the

liver to define the color range from zero to twice the mean activity inside the liver. The

regions where the uptake is higher than this value are shown in black (e.g. the bladder).

We can notice that the halo artifact around the bladder is diminished when we intro-

duce the UMC-PET scale in the SSS, and it is completely absent with the UMC-PET

scatter correction. Below the shoulders, the attenuation correction of the arms cannot

be estimated since the anatomical information is missing in the µ-map. For this reason,

the arms show less uptake than expected.

5.5 Discussion

In this chapter we have presented the Ultra-fast Monte Carlo PET simulator (UMC-

PET). Among the wide range of PET dedicated and general MC codes we mentioned

in the introduction, the Ultra-fast Monte Carlo PET simulator finds is place thanks to

the GPU acceleration and a modular design. Compared to other GPU PET dedicated

codes [Lai et al., 2019, Ma et al., 2020], our implementation offers a different approach

with both advantages and (minor) drawbacks. We tried to develop the simplest code

that could attain image reconstruction assistance and scanner design, while optimizing

three main features: speed, flexibility, and accuracy.

The UMC-PET speed was achieved through GPU execution. The most computa-

tionally demanding routine was the Woodcock routine for photon tracking (see table

5.5). For the sake of simplicity, we reduced the parallelization problem of particle

tracking to a one-story-per-thread approach. Although some authors discussed about

the need of optimization schemes to avoid thread divergence in the GPU [Hissoiny et al.,

2011, Jia et al., 2011], this conflict was not a problem for simulating gamma particles

alone. The thread divergence is caused by multiple threads performing different paths

in a warp (e.g. because of a non-deterministic process, such as those given in MC

simulations), where all the threads are grouped by the GPU multiprocessor to perform

instructions in a warp lockstep. This architecture is called single-instruction multiple

thread (SIMT) [Fatica and Ruetsch, 2014]. In terms of execution for our software, this

means that threads in a warp performing too different paths will be serialized. However,

this would be an issue to simulate different particles per thread (i.e. very different paths

performing at different threads), or for different threads with very different lifetimes (in
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terms of particle steps) [Hissoiny et al., 2011]. In our case we are considering one par-

ticle type (gamma photons), but we could find divergence caused by different kind of

interactions or stories with different lifetimes, although this fact was not reported so far

in the literature. In the future we will study approaches to reduce thread divergence.

The one-story-per-thread implementation in the GPU also simplified the code, al-

lowing the factorization of the simulation in the different main routines of section 5.2.2.

Since the primary purpose of UMC-PET was to assess image reconstruction, we removed

the time evolution from the main routines, avoiding sequential calculations (such as co-

incidence sorting) that are impractical for optimal GPU parallelization. Time of flight

(TOF), however, is fully incorporated at each history, hit, or single. In GGEMS [Ma

et al., 2020], the time evolution is implemented after each batch of decays, adding a

global time stamp to each decay and the TOF for each gamma photon, and gPET [Lai

et al., 2019] parallelized the time evolution using a sophisticated adding scheme for

pulses generated from photons that are tracked in different threads, with time sorting.

In UMC-PET we can generate a list of hit events or single events that is post-processed

adding a global time stamp in each decay and any effect that involves the timing evo-

lution. This strategy permits using the same list of events for different activity rates,

gaining flexibility to estimate single rates, coincidence rates, random coincidences, pile-

up events, or other time-dependent events.

In section 5.2.2.2, we detailed the approximated PR blurring kernel implemented to

describe the annihilation distribution based on the decay distribution and the density

map. The PR kernel is optionally applied prior to the simulation, thus eliminating the

positron simulation to reduce the computational burden and simplify the code. Since

the parameters fitted in the table 5.1 to the analytical formula defined in equation

5.3 were obtained for the distribution of the annihilation events in water, the PR was

approximated for other materials using the electronic density. Cal-Gonzalez [2014], Cal-

González et al. [2015b] benchmarked this method against simulations, showing accurate

results in homogeneous media. However, the error introduced by the PR kernel will in-

crease at the interfaces of different materials. Other authors have increased the accuracy

of PR kernels using deep learning techniques and convolutional neural networks trained

with simulated images, like Herraiz et al. [2020] already did to transform 68Ga images

in equivalent 18F images. It is important to remark that there are a lot of uncertainties

among the simulation of the positron range of different authors [Cal-González et al.,
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2013], thus the approximation considered in this work satisfied the purposes of the

UMC-PET simulator.

Another speed-up improvement is achieved with the random selection of the scat-

tering angles and energies from a precomputed sample (see section 5.2.1.4). In general,

the samples from different materials at different energies will be mixed, preventing poor

statistics while reducing the need for calculations on-the-fly. The results in 5.3 showed

good enough accuracy.

The voxelized scheme presented in section 5.2.1.1 is easily configurable to any scan-

ner geometry or crystal pixelization. So far, the 6R-SuperArgus has been presented in

section 5.3, but non-cylindrical scanner geometries can also be implemented. Spherical

geometries are gaining relevance among brain dedicated PET scanners [Catana, 2019b,

Chaudhari and Badawi, 2021, Tao et al., 2018, Yoshida et al., 2020] and small animal

scanners [Perez-Benito et al., 2018] due to the enhanced sensitivity. In 2020, a simula-

tion of a prototype of the HSTR-BrainPET with spherical symmetry was presented in

[Galve et al., 2020b]. These results might be found in chapter 3. Other non-standard

approaches that could be implemented with the UMC-PET include PET inserts or

non-traditional shapes to gain both resolution and sensitivity [Akamatsu et al., 2021,

Grkovski et al., 2015, Qi et al., 2011, Samanta et al., 2021], complex multi-layered de-

tectors [Mohammadi et al., 2017, Wang et al., 2006], or non-prism shaped pixelated

crystals [Perez-Benito et al., 2018].

On the other hand, we separated the voxelization of the scanner image and the block

image (see section 5.2.1.1 and image 5.3) to reduce the memory needed. Although cur-

rent GPUs are capable to fit large arrays in the global memory (up to several gigabytes),

the voxelized approach may seem impractical from a memory point of view since large

images may be required to define the whole scanner in detail, which will limit the voxel

size, besides large empty spaces inside the scanner FOV have to be kept in memory.

Parametrized surfaces and volumes would reduce considerably the memory require-

ments, but it would increase the amount of calculations on-the-fly. So far, the two-level

factorization of the scanner shows a good trade-off between computation performance

and memory usage under the GPU limits.

The accuracy of UMC-PET was validated against PeneloPET in section 5.3. The

results shown in figure 5.10, figure 5.11 and table 5.3 show good agreement between both

simulators. The largest error is obtained for the simulated SF, but this discrepancy
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might be caused by differences on determining the scatter events by each simulator.

The NEMA SF, which evaluates the distribution of the coincidences inside the scanner

shows the smallest variations among the simulations. We assume that the discrepancies

in the simulators performance is caused by differences in the code scheme, like the

voxelized representation of the volumes in UMC-PET against the parametrized volumes

of PeneloPET, or different implementations of the detector response. In any case, these

are minute differences. In further studies we will validate the UMC-PET simulator

using a clinical scanner. We expect that the errors scale with the scanner size, without

being remarkable.

UMC-PET parallel implementation in the GPU clearly outperformed PeneloPET

(see table 5.4), obtaining a speed factor of ∼2000×. It is important to mention that

PeneloPET (and any CPU-based simulator in general) can be easily paralyzed in mul-

tiple CPU cores, achieving an acceleration equivalent to the number of cores (common

computers use 4 or 8 cores, thus the acceleration gain thanks to the GPU usage is still

very remarkable). GGEMS [Ma et al., 2020], gPET [Lai et al., 2019] and MGGPU-PET

[Lopez-Montes, 2021] already demonstrated speed gains when the PET simulation was

taken to the GPU with different schemes, but there is not reliable comparison among

these GPU simulators in similar platforms.

In both PeneloPET and UMC-PET, the simulations are faster for smaller phantoms

(see the time comparison of table 5.4). From the results in table 5.5 we can infer that this

is related with the time spent in the photon tracker. The photons suffer a larger number

of interactions in larger phantoms, increasing the number of steps of the particle and the

computational cost of this routine. Further, besides phantom size, we have observed

that simulations of larger physical volumes require a higher computational time (for

example, simulations of clinical scanners) because the Woodcock algorithm (section

5.2.2.4) is going to take a higher average number of steps until a photon reaches a

detector or the end of the simulating volume, increasing the computational cost of this

routine. In this case, due to steps in empty areas of the scanner.

In section 5.4, we have implemented the UMC-PET simulator for scatter correction

in the reconstruction process. We found noticeable differences between the Biograph

mMR SSS and the UMC-PET scatter distributions in the projection space (see figures

5.12 and 5.13). Scatter estimated from the scanner software shipped with the mMR

resulted in a halo around high contrast regions, like the bladder. The halo effect might
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be mitigated computing the appropriate scatter scale with MC methods, as it has been

shown in figure 5.14 (this technique was already proved by Ye et al. [2014]). The

structures hidden by the halo are recovered when the UMC-PET scatter is used. In the

upper half of the sagittal and coronal planes of figure 5.14 (second bed of the study,

centered in the thorax), where the uptake contrast among the organs is smaller, all the

scatter corrections show clear images. Although we have observed differences in the

scatter profiles of the estimated sinograms in this regions as well, the differences are

not visually noticeable. The differences between the SSS and the UMC-PET scatter

distribution may be due to multi-scatter events, the detector modeling, or differences

in the estimation of scatter cross sections and angles. It is also important to remark

that the µ-map presented in the study of section 5.4.1.1 did not include the arms of the

patient, thus underestimating the attenuation and scatter corrections in all the cases,

and this might be partially related to the halo artifact [Afshar-Oromieh et al., 2017].

The results shown in section 5.4.2 were obtained with a simulation that took 2500

seconds in a single RTX 2080 Ti and a mean filter applied to closest neighbours in

the scatter distribution. The simulation time could be reduced with multiple GPUs or

with faster models (such as the RTX 3090). The variance in the UMC-PET estimation

might be reduced using more powerful filters (like a Gaussian filter), exploiting the

scatter smoothness. Deep learning techniques can be implemented here to denoise

scatter estimations and increase speed.
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Chapter 6

Full integrated tool: UMC-PET
improved reconstruction

6.1 Introduction and motivation

We have already discussed the relevance of the System Response Matrix (SRM) in the

introduction section 1.4.2.1. Usually, PET modelling is decomposed into SRM, attenua-

tion, normalization, scatter and random components [Comtat et al., 2004, Michel et al.,

2000, Zaidi and Karakatsanis, 2018]. The SRM accounts for all the effects that limit

the image resolution, such as scanner geometry, positron range, photon non-collinearity,

or depth of interaction (DOI) in the detector [Cherry et al., 2012, Mohammadi et al.,

2019]. To obtain the most accurate results, we need to tune the model to experimental

measurements or MC simulations [Iriarte et al., 2016].

Experimental methods [Gong et al., 2017, Kotasidis et al., 2011, Miranda et al.,

2020, Rapisarda et al., 2010, Tohme and Qi, 2009, Zhou and Qi, 2011] measure the

SRM with point source acquisitions which need high position accuracy and correction

for normalization, attenuation, scatter and random coincidences. Application of these

corrections is complex and further access to scanner point source measurements is not

always an option. Often the results of point source measurements are combined with

analytical projection models to facilitate the determination of the SRM, but these may

not accurately describe the physics of the model.

When MC simulations are employed to obtain the SRM, we have a better control

of the scanner response and the parameters effecting it, though we depend on the accu-
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racy of the simulations [Gillam and Rafecas, 2016]. In many cases, hybrid methodologies

combining MC simulations with analytical methods have been proposed to exploit SRM

sparsity [Herraiz et al., 2006a, Li et al., 2015, Meng et al., 2021, Pilleri et al., 2019, Wei

and Vaska, 2020, Xu et al., 2019, Zhou and Qi, 2014]. To avoid analytical approxima-

tions, other authors explicitly computed the elements of the SRM with extensive MC

simulations [Chien-Min Kao et al., 2007, Meng et al., 2019, Rafecas et al., 2004, Zhang

et al., 2010]. In all of the approaches suggested so far, the attenuation map is not

considered during SRM estimation, and attenuation and scatter events are estimated

separately. Often, scanner symmetries and SRM sparsity are exploited to increase the

statistics in the MC simulation and to reduce the storage needs coming from the large

number of LORs and voxels. In [Southekal et al., 2011], the authors implemented Sim-

SET [Baum and Helguera, 2007] to fully simulate the SRM of the RatCAP preclinical

scanner including an attenuation map to predict MC scatter and attenuation events. In

this case, the SRM estimation took 10 days, so they used of a standardized attenuation

map for all the reconstructions. Since the RatCAP scanner is a rat brain dedicated

scanner considerably smaller than usual preclinical scanners in terms of FOV (smaller

than 4 cm × 2 cm transversely-axially) and number of LORs, the effect of attenuation

and scatter was not relevant, but a faster approach is needed to extend this procedure

to larger scanners and general acquisitions.

In this work, the UMC-PET simulator has been implemented to accelerate the SRM

estimation for standard preclinical scanners in two different ways. First, we give the

details of a hybrid image reconstruction method based on a fully-MC forward projection

model (UMC-PET projection) and a backward projection optimized with an analyti-

cal approach. The UMC-PET projection accurately describes all the physics involved,

including photon emission, attenuation, scatter, and detection in the detectors, specifi-

cally computed for each patient attenuation map. In this case, SRM sparsity cannot be

exploited because the scatter components are integrated in the simulation, and explicit

storage of the SRM is impracticable, thus a list of LOR-voxel events (emission voxel

and the LOR where the coincidence was detected) is used to compute the forward pro-

jection. Secondly, we use a similar approach in which the scatter and attenuation have

been factorized. This method exploits the scanner symmetries to increase the statistics

in the MC projection (symUMC-PET). The results of this chapter were presented in

[Galve et al., 2021a,b].
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This chapter is organized as follows. In section 6.2 we give the detail of the re-

construction methods and PET data acquisitions used. The results are summarized in

section 6.3. The chapter is closed with the discussion of this work in section 6.4.

6.2 Methods

In this section we explain all the reconstruction methods proposed for this chapter

and the data utilized to assess the performance of the reconstruction. We will use the

GPU-PET reconstructor from chapter 3 as reference.

6.2.1 The GPU-PET reconstructor with spatially variant PSF

The GPU-PET reconstructor from chapter 3 was modified to accept spatially-variant

PSF (SV-PSF) in the image blurring kernel (section 3.2.1.1). The PSF was approxi-

mated by a 3D-gaussian with components in the radial, tangential, and axial directions,

measured at different positions of the scanner from MC simulated acquisitions of point

sources every 5 mm. The radial and tangential profiles were evaluated along the radial

direction in the central transverse plane. The axial profile was evaluated along the axial

direction in the central axis of the scanner. The Gaussian FWHM is interpolated at

every position of the FOV from the measured values. The PSF blurring kernel performs

separately the convolution on the transverse plane (mixing up the radial and tangential

PSF) and the axial direction.

We thank Fernado Arias Valcayo for helping with these modifications on the code.

6.2.2 The UMC-PET integration with the MLEM

We have implemented the UMC-PET simulator from chapter 5 as a projector. In the

MLEM equation 1.20, this means that the estimation of the projected data ỹi is based

on a realistic simulation. In practice, we computed a list of detected events with the

emission voxel for each event and the LOR index where it was detected. This list is used

to obtain ỹi. The backprojection was implemented using the same scheme implemented

in the GPU-PET reconstructor, decomposed in the blurring kernel and the projection

kernel. We can summarize the new MLEM approach in matrix notation, based on the

description from the GPU-PET reconstructor 3.6,
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X(n+1) =
X(n)

Λ
G ∗

(
P T

Y

Ỹ
(n)
MC

)
, (6.1)

where X(n) is the image at iteration n, G the PSF image blurring kernel (see the

details in section 3.2.1.1), P T the backprojection kernel (see section 3.2.1.2), Ỹ (n)
MC is the

array of expected projections at iteration n for the MC projection method, Y the array

of detected events, and Λ is the sensitivity image. The sensitivity image is computed

in advance, based on the backprojection scheme and the normalization factors for the

UMC-PET projector,

Λ = G ∗
(
P TVMC

)
vi,MC =

qi
q̃i,MC

l̃i
li
,

(6.2)

where VMC is the normalization for the MC projection method, that is element-wise

detailed in the second line (vi,MC). qi is the measured calibration obtained from a

cylindrical acquisition, q̃i,MC is the equivalent LOR projection based on a simulation

of a cylindrical source filling the whole FOV, and l̃i/li is the LOR length ratio in case

the calibration cylinder and the simulated FOV do not have equal size. Note that this

normalization approach is similar to the one proposed in equation 3.4 of section 3.2.1.3.

The MLEM algorithm [Shepp and Vardi, 1982] was chosen instead of the OSEM

[Hudson and Larkin, 1994] because the list of simulated events voxel-LOR has a random

distribution, and we need to read the whole list to produce a projection estimation

(the backprojection time is negligible in this approach). We did not use regularization

techniques in the reconstruction since we wanted to compare the SRM performance

in the case of accurate MC modeling, and further MC modeling in the projection step

already warrants a large amount of regularization. We also used a low-noise input image

as X0, based on the GPU-PET reconstructed one with strong regularization (β=1 and

median root prior, see section 3.2.2.1) to speed-up the convergence of this method. It is

convenient to comment that for this method to be practical, the full list of voxel-LOR

events has to fit within the RAM memory of the reconstruction computer. Nowadays

it is common to have server computers with >512 GB of RAM memory for under 3000

euros, such as the one employed for these computations, thus this limitation is not of

large concern.
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We have implemented two projection modes to estimate ỸMC with the UMC-PET

simulator, based on a fully-MC projection (UMC-PET projection), and a MC based

projection decomposition using the system symmetries (symUMC-PET projection).

6.2.2.1 UMC-PET projection

We have included the whole SRM in an MC simulation. The µ-map is inserted inside a

model of the scanner, and an homogeneous source filling the region of the FOV where

we are interested is simulated with the UMC-PET simulator. All the effects of emission,

scatter and attenuation through the patient body, and detector response are accounted

for. The simulation generates a list of voxel-LOR detected coincidences (8 bytes per

event, 2 integers of 4 bytes), that will be used for the forward projection step. To reduce

the list size, we only keep LORs that have events, as null LORs do not contribute to

the image update. To estimate the projection, we run over the whole list accumulating

the value of voxel xjl in the coincidence LOR ỹi,MC for every event in the list l,

ỹi,MC =
∑
l

xjlδ(il, i), (6.3)

where δ is the Kronecker delta.

Since all the voxels have equal emission probability in the list, the value of ỹi,MC is

proportional to the detection probability in the LOR and the source activity (we can

identify the SRM elements as aij =
∑

l δ(jl, j)δ(il, i)), providing the expected activity.

The UMC-PET simulator does not estimate random events whose contribution will have

to be accounted separately. In this study we subtracted the random events contribution

from the data.

6.2.2.2 UMC-PET projection decomposition with symmetries

In this case, an homogeneous cylinder centered in the scanner without the µ-map was

simulated. Therefore, we do not account for the scatter and the attenuation in the

simulation, which allows us to increase the statistics in the projection using the sym-

metries of the scanner (we call this projection method symUMC-PET, see figure 6.1).

To avoid aliasing, the cartesian coordinates of the emission voxel and the LOR index

were recorded in the list of events generated (10 bytes per event, 1 integer of 4 bytes,

and 3 short 2 bytes integers encoding the emission position), and further empty LORs
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Figure 6.1: Schematic representation of the rotational symmetries in a cylindrical scanner
of 8 blocks with 5 crystals per block. The dashed black line represents the original LOR of
a simulated event, and the dashed light blue lines represent all the symmetric LORs. The
shadowed squares represent the equivalent emission voxels for every symmetric LOR.

must be saved as well, unless all the symmetric LORs have no counts. The summation

over the list of events reads:

ỹi,MC = si + ui ·
∑
l

x(l, i)δ(kl, ki), (6.4)

where si and ui are scatter and attenuation coefficients, ki and kl are the symmetry

indices of LORs i and the LOR l in the list, and x(l, i) is the value of the emission voxel

for the symmetric LOR i given the detection in LOR l.

For every event in the list we identify its symmetry index and calculate the relative

position with the LOR. Then we run a loop through a list of all the symmetric LORs,

and we sum all the equivalent emission voxels in each of them (figure 6.1). Notice

that in this implementation the more symmetries are accounted for, the larger is the

computational cost. For this reason we only accounted for block rotational symmetries

in this study, we did consider border effects inside a block.
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Figure 6.2: Schematic transverse and coronal view of the 2R-Argus scanner with the
Derenzo phantom.

6.2.3 PET data acquisitions

6.2.3.1 Simulated Derenzo phantom in the 2R-Argus scanner

We have simulated a Derenzo phantom in the 2R-Argus scanner to show visual image

improvement when the MC projection method is used compared with the GPU-PET

reconstructor. The details of the Argus scanner can be found in section 2.2.1, and the

Derenzo phantom was described in section 2.5.1 (right-hand side of figure 2.8). We

shifted the Derenzo 25 mm off center in the transverse direction and 13.8 mm in the

axial direction (see figure 6.2) to explore the parallax error in the acquisition.

We ran the simulation with the UMC-PET simulator (see chapter 5). We simulated

1·1011 decays of 18F-FDG, equivalent to an acquisition of 60 minutes of 206 MBq (5.57

mCi). This value is higher than the usual activity values used in PET since we wanted to

test the reconstruction in optimal scenarios of low statistical noise. The total detected

events were 1.78·109. We did not include an attenuation object in the simulation.

An homogeneous cylinder of 4 cm length and 7 cm diameter was used as calibration

acquisition for the reconstruction.
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6.2.3.2 Image Quality phantom in the 6R-SuperArgus scanner

We show the data acquired with an Image Quality phantom from the NEMA NU4-

2008 [National Electrical Manufacturers Association, 2008] (the details of the phantom

might be found in 2.3) in the 6R-SuperArgus scanner (see section 2.2.1). Quantitative

measurements of the noise, recovery coefficients (RC), and the spill over ratio (SOR)

have been evaluated as explained in the section 2.3. The phantom was filled with a

solution of 200 µCi of 18F, acquired for 20 minutes (1.08·108 coincidences) with an energy

window of 425-600 keV. In comparison with the official NEMA NU4-2008 protocol, we

have used twice the activity (100 µCi were proposed in the protocol).

6.3 Results

6.3.1 Simulated Derenzo phantom in the 2R-Argus scanner

In figure 6.3 we show the image reconstructions from the simulated Derenzo phantom

in the 2R-Argus scanner. The parallax error improvement when the UMC-PET pro-

jection is used can be noticed in the images and in the line profiles. The GPU-PET

reconstruction used a PSF of 1.0 mm in the transverse direction and 1.4 mm in the

axial direction. In the case of SV-PSF, PSF gradually increases in the radial and axial

directions. The voxel size used was of 0.2×0.2×0.782 mm3.

The list of events voxel-LOR simulated for the UMC-PET projection was ran with

an homogeneous cylindrical source of 2 cm diameter and 1 cm length centered at the

position of the original phantom (approximately 1.00·105 voxels, representing a 2% of

the total FOV). The simulation ran 1·1011 decays in 17.8 minutes, from which we ob-

tained 1.75·109 coincidences (13 Gb). The number of active LORs in this acquisition

was 4.45·106. This resulted in an average of 3.93·102 coincidences per LOR. The re-

construction required 3.31 seconds per iteration, resulting in 10 minutes to achieve 180

iterations. Both simulation and reconstruction were performed in an Intel(R) Xeon(R)

W-2155 CPU @ 3.30GHz for the host, and a 11 GB GeForce RTX 2080 Ti GPU, with

4352 cores, for the GPU.

We did not implement the symUMC-PET projection here because the source was

located in a reduced region of the FOV with minor gain from the symmetries.
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Figure 6.3: Top row, from left to right, the GPU-PET standard reconstruction with fixed
PSF (Fixed PSF) and with spatially variant PSF (SV-PSF), and the proposed approach
with the UMC-PET projector. Transverse view of 5 mm collapsed slices are shown for
each reconstruction. A scheme of the ground truth phantom with a line profile through
the 0.6 mm and 1 mm rods is shown in the bottom row. All the images have 180 MLEM
updates. The noise measured in a cylindrical ROI in the center of the phantom is 13.5%
(Fixed PSF), 13.6% (SV-PSF) and 11.2% (UMC-PET projector). The rod to background
activity ratio is 4:1.

155



6. FULL INTEGRATED TOOL: UMC-PET IMPROVED
RECONSTRUCTION

symUMC-PET 
+ input

UMC-PETGPU-PET 
+ input 

GPU-PET UMC-PET (filt) + 
input

UMC-PET 
+ input

Tr
an

sv
er

se
:

R
C

 r
o

d
s

Tr
an

sv
er

se
:

SO
R

 c
yl

in
d

er
s

Sa
gi

tt
al

symUMC-PET 

Max

0

Figure 6.4: Transverse view of one single slice of the RC rods and the SOR cylinders,
and sagittal view of the IQ phantom for the reconstruction methods proposed. The images
have an equivalent noise level around 5% (details in table 6.1). color scale has been set to
1.1 times the average activity in the uniform region.

6.3.2 Image Quality phantom in the 6R-SuperArgus scanner

In figure 6.4 we show the images obtained with the methods described to reconstruct

a real IQ phantom acquisition in the 6R-SuperArgus scanner. In this figure we com-

pare the standard GPU-PET reconstructions with the UMC-PET projection method

and the symUMC-PET projection. Both MC projection methods included the case

with an input image, and for the UMC-PET projection we also added a Gaussian im-

age post-filtering of 0.75 mm FWHM to reduce noise. All images have a voxel size

of 0.25×0.25×0.81 mm3, and the PSF implemented was of 1.0 mm in the transverse

direction and 1.4 mm in the axial direction. The SV-PSF method was not implemented

since the phantom lies in the central region of the FOV where the PSF is homogeneous.

The quantitative measurements of noise, RC, and SOR are presented in table 6.1. In

figures 6.5 and 6.6 we show the evolution of noise-RC and noise-SOR for the methods

proposed, with different number of iterations.

All the results from this section were obtained on an Intel(R) Xeon(R) W-2155 CPU

@ 3.30GHz CPU host unit, and a 23.7 GB GeForce RTX 3090 with 10496 cores GPU

device.
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Figure 6.5: RC-noise curves for the 5 rods in the IQ phantom. The horizontal gray line
shows the 5% noise level. We show the progress per every iteration of 6 subsets for the
GPU-PET reconstructor, and every 2 iterations in the MC projection methods.
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Noise, RC, and SOR measured values

- %STD
%RC %SOR

1 mm 2 mm 3 mm 4 mm 5 mm Water Air

GPU-PET 5.23 33.5 85.5 82.2 87.3 92.6 5.86 6.18
GPU-PET + input 5.08 31.4 68.0 76.0 84.5 92.0 3.49 3.45

UMC-PET 5.10 25.0 120.9 122.7 114.2 109.6 7.00 7.96
UMC-PET + input 5.01 38.1 104.6 103.0 105.5 105.0 2.85 3.11

UMC-PET (filt) + input 5.08 35.2 93.2 99.5 101.3 101.7 2.53 2.82
symUMC-PET 5.06 28.4 114.3 117.0 110.7 106.5 7.30 7.89

symUMC-PET + input 5.08 40.2 97.3 98.0 101.9 101.7 3.00 3.04

Table 6.1: Noise, RC, and SOR for the IQ phantom at an equivalent noise level in the
6R-Super Argus scanner for all the images in figure 6.4.

The simulation for the UMC-PET projection was performed with an homogeneous

cylinder of 4 cm diameter and 8 cm length (a total of 1.99·106 voxels, a 6% of the

total FOV). The IQ µ-map was introduced in the simulation to account for scatter

and attenuation in the projection. We ran 5·1012 decays in the energy window of 425-

600 keV, that resulted in a list of 6.45·1010 coincidences (481 Gb) in 12 hours. The

active LORs in this case were of 5.53·107, thus obtaining 1.17·103 events per LOR. The

reconstruction time per iteration was of 4 minutes and 37 seconds, thus resulting in

4 hours and 37 minutes for 60 iterations. The total reconstruction (simulation plus

reconstruction) took ∼17 hours.

In the symUMC-PET case, we simulated the same source without the µ-map. We

ran 1.6·1012 decays in the energy window of 425-600 keV. The events list in this case

required a similar amount of memory, having 5.15·1010 coincidences (480 Gb; recall that

the list for the symmetries needed 10 bytes per event, instead of 8 bytes). The time per

iteration increased to 14 minutes and 12 seconds, resulting in 14 hours to achieve 60

iterations. In this case, the simulated list of events can be precomputed to save time,

since it is not object-dependent. This example included only rotational symmetries.

6.4 Discussion

The implementation of the UMC-PET projection is mainly limited by the computation

of the projection step and the list of simulated events. In the case of the simulated

Derenzo from section 6.3.1 we were able to achieve the total reconstruction in less than
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Figure 6.6: SOR-noise curves for the water and air cylinders in the IQ phantom. The
horizontal gray line shows the 5% noise level. We show the progress per every iteration
of 6 subsets for the GPU-PET reconstructor, and every 2 iterations in the MC projection
methods.

30 minutes (17.8 minutes for the simulation and 10 minutes for the image reconstruc-

tion). For the IQ phantom in the 6R-SuperArgus scanner from section 6.3.2, the number

of voxels needed to cover the phantom was ∼20 times higher and the number of active

LORs was ∼12 times larger, increasing the simulation time needed to achieve reasonable

statistics up to 12 hours, and the reconstruction time to more than 4 hours. Further-

more, we reduced the simulation and reconstruction to a small space of the FOV to

optimize the statistics in both cases. For these reasons. While the feasibility of a fully-

MC projection scheme for image reconstruction in large scanners for routine use is not

achieved, due to the large reconstruction times, MC reconstructions can be employed as

a gold standard for specific cases, for instance to guide refinements of the more standard

reconstruction and to identify the contributions to the SRM which are more relevant

for image quality. However, it is worth noting that full MC reconstruction method can

already be applied routinely for smaller scanners, such as the 2R-Argus and the Super-

Argus Compact or 3R-SuperArgus, where reconstruction times will be below one hour,

and that larger scanner will soon amenable to these methods, taking into account the

exponential grow of RAM memory amount in PCs and computing capabilities of GPUs.

It can be argued that the OSEM [Hudson and Larkin, 1994] algorithm might be

used to reduce the reconstruction time. However, to efficiently implement OSEM here,

we would need to process the list first, grouping events involved in the same LOR. The

size of the events list and the number of LORs involved prevented us from attempting

this approach, but it is open for further study.

159



6. FULL INTEGRATED TOOL: UMC-PET IMPROVED
RECONSTRUCTION

A second limitation of the proposed method is the size of the list of voxel-LOR

events. In the results shown in section 6.3.2 for the 6R-SuperArgus scanner, the total

size of this list was 481 Gb. The system used for the computational calculations had a

RAM memory of 512 GB, which is becoming more and more available in server PCs.

The sparsity and symmetries implemented in [Chien-Min Kao et al., 2007, Meng et al.,

2019, Rafecas et al., 2004, Zhang et al., 2010] to reduce storage needs cannot be exploited

because of scatter and attenuation modeling.

The pure MC projection (UMC-PET projection) includes statistical MC noise that

is transferred to the image during reconstruction. We introduced a very low-noise initial

image to allow for faster convergence and image post-filtering to reduce overshooting,

noticeably improving the performance of the RC-noise and SOR-noise measurements

(table 6.1 and figures 6.5 and 6.6). When no initial image was employed, the 5% noise

level is reached with a few iterations, before the convergence of the SOR and the RC in

the smallest rod is achieved. The rods from 2 to 5 mm converge in the first iterations,

but due to the noise, overshoot is seen. We found that larger statistics in the UMC-

PET projection reduced the overshoot in these rods whilst increasing the RC in the

smaller rod of 1 mm diameter. In the case of the symUMC-PET projection, the higher

statistics provided by the symmetries shows an example of this behaviour, but in this

case we had to separate the attenuation and scatter components, slightly degrading the

SOR-noise ratio.

Mostly for sake of completeness, we would like to use the UMC-PET coincidence list

of events to perform the backprojection as well. This would allow modeling scatter in

the backprojection, completing the MC forward/backward projection model. However,

we have verified (as expected) that the statistics achieved from our studies resulted in

very noisy images when the UMC-PET was introduced also in the back-projection.

Even though the statistics implies a limitation for the UMC-PET projection, we can

see appreciable improvements in the quality of the images obtained with this method.

In figure 6.3, we showed very good ability to correct for parallax error, outperforming

the spatially-variant PSF. In table 6.1, the best RC values were obtained with the

symUMC-PET projection, with input image. The best SOR values are obtained for the

UMC-PET projection with post-fitering. In general both UMC-PET-based methods

(with or without symmetries) outperformed the traditional scheme applied with the

GPU-PET reconstructor from chapter 3.
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6.4 Discussion

On the one hand, from these results we can conclude that the MC model improves

the image resolution and signal-to-noise ratio. Many previous works have explored

MC reconstructions [Chien-Min Kao et al., 2007, Herraiz et al., 2006a, Meng et al.,

2019, Pilleri et al., 2019, Rafecas et al., 2004, Southekal et al., 2011, Wei and Vaska,

2020, Xu et al., 2019, Zhang et al., 2010, Zhou and Qi, 2014]. On the other hand, the

implementation of MC-based attenuation and scatter led us to the best SOR values. In

the case of scatter, the UMC-PET projector computes a new scatter estimation after

every image update, and this is one of the main soruces of noise in the reconstruction.AI

enhanced scatter estimations might be a practical solution to reduce the time required

to obtain noise-reduced UMC-PET scatter estimates.

Two compact choices to store the SRM are the use of TORs [Herraiz et al., 2006a,

Markiewicz et al., 2014] or PSF in the projection domain [Gong et al., 2017, Tohme and

Qi, 2009]. Compared against image PSF, these methods allow to model the differences in

the LORs that overlap in the image space, for example, because of the border effects in

the corners of a pixellated detector, that are averaged if we model the response in image

space. Usually the MC simulation of a complete SRM requires large computational

times. Pseudo-symmetries that neglect border effects are implemented to reduce this

effort. [Chien-Min Kao et al., 2007, Herraiz et al., 2006a, Panin et al., 2006, Zhou and

Qi, 2011]. Thanks to the UMC-PET simulation speed, we can generate larger number

of events in shorter times, avoiding these approximations.
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Chapter 7

Conclusions of this thesis

In this thesis, we studied if new simulation and image reconstruction methods based

on GPU computing and realistic physics modeling could be able to achieve improved

image quality in PET with respect to the current state-of-the-art.

• GPU-based PET image reconstruction software

We have developed the GPU-PET reconstructor, a flexible tool for image recon-

struction that successfully adapted to different data formats (sinogram, LOR his-

tograms, and list-mode data) and scanner geometries (cylindrical and spherical),

allowing fully 3D reconstructions with up to a billion LORs within a few minutes.

The traditional MAP-OSEM algorithm with image blurring PSF for resolution

modeling and two different Bayesian priors allowed to achieve submilimeter reso-

lution in the real acquisitions of the 6R-SuperArgus scanner.

• Improved Image Reconstruction with Super-iterations

A novel algorithm for data-driven improved sampling in PET imaging has demon-

strated to achieve noticeable image quality gain of ∼10% in the recovery coeffi-

cients of the image quality phantom of the NEMA NU4-2008, acquired with the

4R-SuperArgus scanner, without raising the noise level. This is something remark-

able if we take into account that this is obtained respect to an already optimized

algorithm. The algorithm was implemented in sinogram data from a simplified

simulation, and in the GPU-PET reconstructor with the MAP-OSEM algorithm,

proving its compatibility with any data modality and reconstruction algorithm.
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7. CONCLUSIONS OF THIS THESIS

The usage of GPUs allows the reconstruction time to be kept within reasonable

limits.

• Ultra-fast Monte Carlo PET simulator

We have shown that the UMC-PET simulator is a fast, accurate and flexible

Monte Carlo code for PET simulation accelerated with GPU, developed to focus

on reconstruction assessment (scatter correction, or SRM estimation) and scanner

design. The precomputation of the relevant physical quantities, and a factorized

scheme of the main physics underlying the technique simplified the code, and they

did not negatively affect the simulator accuracy compared against PeneloPET. We

have proven that the novel definition of voxelized scanner and detectors makes it

easy its use for any geometry and most of the currently used detector configu-

rations. We have given a proof of practical use for MC scatter estimation using

the UMC-PET, outperforming the SSS algorithm in a reasonable time in the high

contrast regions where the quantification is more challenging. Though the UMC-

PET simulator will be freely available for most purposes, it is not open yet since

preparation of user friendly documentation is still pending.

• Full integrated tool: UMC-PET improved reconstruction

We have shown that is is possible to use a fully MC-projection based on the speed-

ups of the UMC-PET simulator (including non-collinearity, DOI effects, scatter,

attenuation and the detectors response) combined with the GPU-PET reconstruc-

tor, which outperformed the traditional methods in terms of visual image quality,

RC-noise, and SOR-noise. Variance reduction methods, such as the use of sym-

metries, and image post-filtering proved to reduce the effect of limited statistics

in the MC-projection. The computational burden of the method did not allow for

daily use, but it can be used as a gold reference for current particular cases and,

in the near future, with scanners with more computing capabilities. In any case,

the computing power of GPUs is expected to continue increasing in the following

years, and therefore, the method proposed in this thesis will become more feasible

for routine practice.

As a general conclusion, the aid of GPU parallel computing allowed us to develop

tools and methods in PET reconstruction and simulation, paving the way for next
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generation PET scanners and driving image reconstruction to no-compromised optimal

performance.

Thanks to the flexibility and power of both the UMC-PET simulation and the GPU-

PET reconstruction packages, these tools have been combined several times to assess

the image quality of the scanners of the SuperArgus family, and a previous version of

the GPU-PET reconstructor is currently being used in the commercial scanners. In the

case of the prototype HSTR-BrainPET with spherical geometry, our assessment of the

scanner performance ended up as part of a grant proposal to the National Institute of

Health (NIH) of USA, which was eventually funded and is currently ongoing [Catana,

2019a].
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