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el máster me cautivaron y avivaron mi curiosidad por entender el esqueleto

de todos esos modelos de los que tanto hablamos. Eres una docente ejemplar

y tu forma de exponer y explicar ha dejado una huella imborrable en mi. A

Jorge; no tuve la suerte de asistir a tus clases, pero me has enseñado uno de
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Lućıa (Tropa), nuestra ávida lectora. Creo que son muchos los investigadores
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List of parameters

A0 Arrhenius Law constant (1.257 10−5 yr−1 Pa−3 for T ≤ 263.15 K;

6.042 10−6 yr−1 Pa−3 for T > 263.15 K )

b Base of the ice sheet (m)

Bref Reference submarine melting rate, assumed at the present-day (m yr−1))

B Basal melt (Bgl, at the grounding line; Bsh, below the ice shelf; m yr−1)

Br Brinkman number

c Heat capacity of ice (146.3 + 7.253 T[K]) J kg−1 K−1)

g Gravitational acceleration (9.81 m s−2)

H Ice thickness (m)

M Surface mass balance (m yr−1)

n Flow law stress exponent

Neff Effective pressure between ice and water pressure (Pa)

p Pressure (Pa)

Pann Annual precipitation (m a−1)

Pe Peclét number

Q Activation energy (60 kJ mol−1 for T ≤ 263.15 K;

139 kJ mol−1 for T > 263.15 K)

R Universal gas constant (8.314 J mol−1 K−1)

S Ice surface elevation (m)

T Temperature (K)

Tf Temperature at the freezing point (K)

Tatm Atmospheric temperature (K)

Tocn Oceanic temperature (K)

t Time (yr)
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U Depth-averaged horizontal ice velocity (=(U ,V ))

v Ice velocity (=(u, v, w))

α Orbital climatic index

β Millennial climatic index

∆Tatm Atmospheric temperature anomaly

∆Tocn Oceanic temperature anomaly (∆Tmil
ocn, interstadial-stadial anomaly;

∆T orb
ocn , glacial-interglacial anomaly)

β Dimensionless surface insulation

γ Dimensionless combined contribution of geothermal heat flow and

basal frictional heat

ϵij Strain rate

η Ice viscosity

κ Ice-ocean heat-flux coefficient (oceanic sensitivity; (m a−1 K−1))

κi Heat conductivity of ice (9.828 exp(-0.0057 T[K]) W m−1 K−1)

Λ Normalised horizontal advection

ρ Density of the ice (910 kg m−3)

ρw Density of seawater (1028 kg m−3)

σ Cauchy stress tensor

τij Deviatoric stress

τb Basal drag term

τd Driving stress





Summary

Introduction

The Laurentide Ice Sheet (LIS) was the largest of the former Northern Hemi-

sphere ice sheets during the Last Glacial Maximum (LGM, 21,000 years be-

fore present). Nevertheless, there are large uncertainties regarding the be-

haviour of the LIS and its main features such as maximum elevation, total

volume and extent among others. Moreover, North Atlantic sediment cores

contain quasi-periodic layers with extremely high percentages of lithic frag-

ments during glacial periods. Our current explanation for the presence of

such layers considers that the sediments were captured by the ice, trans-

ported from the Northern Hemisphere ice sheets and eventually unloaded

onto the seafloor when the enclosing ice melted. The ultimate physical expla-

nation underlying any oscillatory mechanism that causes the Heinrich Events

(HEs) is still under debate.

Aim of this thesis

The goal of this thesis is to perform a comprehensive study on the thermo-

mechanical behaviour and the plausibility of internal physically-based oscil-

lations of the Laurentide Ice Sheet. To this end, the present study combines

a variety of approaches. First, it employs analytical tools to derive an ana-

lytical time-dependent description of ice temperatures. Then, the necessary

coupling with other fundamental components of the ice sheet behaviour is
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included by developing the ice-sheet model Nix v1.0. Lastly, the third and

fourth studies aim at simulating the LIS under LGM conditions for a realistic

setup using the three-dimensional ice-sheet model Yelmo.

Results

The first study analytically solves the 1D time-dependent advective-diffusive

heat problem including additional terms due to strain heating and depth-

integrated horizontal advection. A Robin-type top boundary condition con-

siders potential non-equilibrium temperature states across the ice-air inter-

face. The solution is expressed in terms of confluent hypergeometric functions

following a separation of variables approach. Non-dimensionalisation reduces

the parameter space to four numbers that fully determine the shape of the

solution at equilibrium: surface insulation, effective geothermal heat flow,

the Peclét number and the Brinkman number. The initial temperature dis-

tribution exponentially converges to the stationary solution. Transient decay

timescales are only dependent on the Peclét number and the surface insula-

tion, so that higher advection rates and lower insulating values imply shorter

equilibration timescales, respectively. Lastly, we present a suite of bench-

mark experiments to test numerical solvers against analytical solutions. Four

experiments of gradually increasing complexity capture the main physical

processes for heat propagation.

The second study develops the ice-sheet model Nix v1.0, a 2D thermome-

chanical model written in C/C++ that simultaneously solves for the momen-

tum balance equations, mass conservation and temperature evolution. Nix’s

velocity solver includes a hierarchy of Stokes approximations: Blatter-Pattyn,

depth-integrated higher order, shallow-shelf and shallow-ice. The grounding-

line position is explicitly solved by a moving coordinate system that avoids

further interpolations. Here we show results for a number of benchmark tests

from standard intercomparison projects and assess grounding-line migration

with an overdeepened bed geometry. Lastly, we further exploit the thermo-

mechanical coupling by designing a suite of experiments where the forcing is a

physical variable. Namely, we use atmospheric temperatures and oceanic tem-

perature anomalies to assess model hysteresis behaviour with active thermo-

dynamics. Notably, the classical hysteresis loop is narrowed for both forcing
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scenarios (i.e., atmospheric and oceanic) if the ice sheet is thermomechani-

cally active as a result of the internal feedback among ice temperature, stress

balance and viscosity.

The third study evaluates the role played by different basal friction for-

mulations when reconstructing the LIS. To this end, Yelmo ice-sheet model

is used to simulate the LIS under LGM boundary conditions for a number

of basal friction formulations of varying complexity. Their consequences on

the Laurentide ice streams, configuration, extent and volume are explicitly

quantified. Total volume and ice extent generally reach a constant equilib-

rium value that falls close to prior LIS reconstructions. Simulations exhibit

high sensitivity to the dependency of the basal shear stress on the sliding

velocity. In particular, a regularized-Coulomb friction formulation appears to

be the best choice in terms of ice volume and ice-stream realism. Pronounced

differences are found when the basal friction stress is thermomechanically

coupled: the base remains colder and the LIS volume is lower than in the

purely mechanical friction scenario counterpart. Thermomechanical coupling

is fundamental for producing rapid ice streaming, yet it leads to a similar ice

distribution overall.

Lastly, the fourth study performs a comprehensive study on the plausi-

bility of internal physically-based oscillations of the Laurentide Ice Sheet.

Experiments show an oscillatory equilibrium state of the ice stream located

along Hudson Strait whose period is consistent with hypothesized discharges

from the LIS observed in ocean sediment cores. More precisely, the ice stream

transitions between two modes of ice flow: rapid sliding over a saturated till

and slow creeping ice over a fully drained till. The period and amplitude of

the oscillation are highly dependent on the hydrology parametrization and

the physical properties of the till. Notably, this phenomenon does not ap-

pear to be model-resolution dependent, thus discounting a numerical cause

of the oscillatory behaviour. It must be stressed that only minor changes on

the LIS and Hudson Bay ice volume are found throughout this study as a

consequence of the ice stream temporal variability.



Main conclusions

To conclude, the thermal behaviour of the ice is a fundamental piece to under-

stand both the past and future of large ice masses. Yet it is poorly understood.

The inherent coupling with other key elements such as glacial hydrology and

ice dynamics shapes the complexity of this problem. Basal friction appears to

be a crucial component, of which little we know particularly in past ice-sheet

reconstructions with evidence of periodic ice stream activation. This work

demonstrates the unveiled potential of a time-dependent analytical descrip-

tion of the ice temperatures. Low dimensional models, though far from an

exhaustive description of reality, present themselves as an extremely conve-

nient tool to understand the basic physical mechanisms that are otherwise

hidden by the complexity of highly sophisticated models. By means of a bal-

anced combination of novel theoretical advances and modelling efforts, this

thesis has cast light upon the thermomechanical behaviour of the LIS and

the overall stability of terminating glaciers.



Resumen

Introducción

El Manto de Hielo Laurentino (LIS) fue el mayor de los antiguos mantos de

hielo del hemisferio norte durante el Último Máximo Glacial (LGM, 21.000

años antes del presente). No obstante, existen grandes incertidumbres sobre

el comportamiento del LIS y sus principales caracteŕısticas. Además, los tes-

tigos de sedimentos del Atlántico Norte contienen capas cuasiperiódicas con

porcentajes extremadamente altos de fragmentos ĺıticos durante los periodos

glaciares. Nuestra explicación actual de la presencia de tales capas considera

que los sedimentos fueron capturados por el hielo durante el deslizamiento

de éste, transportados desde los mantos de hielo del hemisferio norte y fi-

nalmente descargados en el fondo marino cuando se derritió el hielo que los

conteńıa. Sin embargo, la explicación f́ısica definitiva subyacente a cualquier

mecanismo oscilatorio que cause estos eventos sigue siendo objeto de debate.

Objetivo de la tesis

El objetivo de esta tesis es realizar un estudio exhaustivo sobre el compor-

tamiento termomecánico y la plausibilidad de las oscilaciones internas de

base f́ısica del Manto de Hielo Laurentino. Para ello, el presente estudio com-

bina diversos enfoques. En primer lugar, emplea herramientas anaĺıticas para

derivar una descripción anaĺıtica con dependencia temporal de las temper-

aturas del hielo. A continuación, se incluye el acoplamiento necesario con
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otros componentes fundamentales del comportamiento de un manto de hielo

mediante el desarrollo del modelo Nix v1.0. Por último, los estudios tercero

y cuarto pretenden simular el LIS durante el LGM para una configuración

realista utilizando el modelo tridimensional de manto de hielo Yelmo.

Resultados

El primer estudio resuelve anaĺıticamente la ecuación de calor advectivo-

difusivo 1D dependiente del tiempo, incluyendo el calentamiento por defor-

mación y a la advección horizontal integrada en profundidad. La solución se

expresa en términos de funciones hipergeométricas confluentes siguiendo un

método de separación de variables. La adimensionalización reduce el espacio

de parámetros a cuatro números que determinan completamente la forma

de la solución en equilibrio: el aislamiento de la superficie, el flujo de calor

geotérmico efectivo, el número de Peclét y el número de Brinkman. La dis-

tribución inicial de la temperatura converge exponencialmente a la solución

estacionaria. Las escalas de tiempo de decaimiento transitorio sólo dependen

del número de Peclét y del aislamiento superficial, de modo que mayores tasas

de advección y menores valores de aislamiento implican escalas de tiempo de

equilibrio más cortas, respectivamente.

El segundo estudio desarrolla el modelo de manto de hielo Nix v1.0.

Nix es un modelo termomecánico 2D escrito en C/C++ que resuelve si-

multáneamente las ecuaciones de equilibrio de momento, conservación de la

masa y evolución de la temperatura. Los resultados de esta tesis muestran

que la histéresis en geometŕıas con un máximo local es similar para forza-

mientos atmosféricos y oceánicos. En particular, el bucle de histéresis clásico

se ensancha para ambos escenarios de forzamiento si la viscosidad del hielo

termomecánicamente activa.

El tercer estudio evalúa el papel desempeñado por diferentes formulaciones

de fricción basal a la hora de reconstruir el LIS. Para ello, se utiliza el mod-

elo de capa de hielo Yelmo para simular el LIS en condiciones ĺımite LGM

para una serie de formulaciones de fricción basal de complejidad variable. Se

cuantifican expĺıcitamente sus consecuencias sobre las corrientes de hielo de

Laurentide, su configuración, extensión y volumen. El volumen total y la ex-

tensión del hielo alcanzan en general un valor de equilibrio constante que se



Resumen XXIX

aproxima a las reconstrucciones anteriores del LIS. Las simulaciones mues-

tran una gran sensibilidad a la dependencia del esfuerzo cortante basal de

la velocidad de deslizamiento. En particular, una formulación de fricción de

Coulomb regularizada parece ser la mejor opción en términos de volumen de

hielo y realismo de la corriente de hielo. Se encuentran diferencias pronunci-

adas cuando el esfuerzo de fricción basal está acoplado termomecánicamente:

la base permanece más fŕıa y el volumen del LIS es menor que en la con-

trapartida del escenario de fricción puramente mecánica. El acoplamiento

termomecánico es fundamental para producir una rápida corriente de hielo,

pero conduce a una distribución general del hielo similar.

Por último, el cuarto estudio realiza un estudio exhaustivo sobre la plau-

sibilidad de las oscilaciones internas de base f́ısica de la capa de hielo de

Laurentide. Los experimentos muestran un estado de equilibrio oscilatorio de

la corriente de hielo situada a lo largo del estrecho de Hudson cuyo periodo

coincide con las hipotéticas descargas del LIS observadas en los núcleos de

sedimentos oceánicos. Más concretamente, la corriente de hielo oscila entre

dos modos de flujo de hielo: deslizamiento rápido sobre un suelo saturado

y deslizamiento lento sobre un suelo completamente drenado. El periodo y

la amplitud de la oscilación dependen en gran medida de la parametrización

hidrológica y de las propiedades f́ısicas del suelo. En particular, este fenómeno

no parece depender de la resolución del modelo, lo que descarta una causa

numérica del comportamiento oscilatorio. Cabe destacar que a lo largo de

este estudio sólo se observan pequeños cambios en el LIS y en el volumen de

hielo de la bah́ıa de Hudson como consecuencia de la variabilidad temporal

de la corriente de hielo.

Conclusiones generales

En conclusión, el comportamiento termomecánico del hielo es un aspecto

fundamental para comprender tanto el pasado como el futuro de las grandes

masas de hielo. Sin embargo, es poco conocido. El acoplamiento con otros

elementos clave, como la hidroloǵıa glaciar y la dinámica del hielo, configura

la complejidad de este problema. La fricción basal parece ser un componente

crucial, del que se tienen escasos conocimientos, sobre todo en las reconstruc-

ciones de capas de hielo del pasado con evidencias de activación periódica de



”ŕıos de hielo”. Este trabajo desvela el potencial de una descripción anaĺıtica

y expĺıcitamente dependiente del tiempo de las temperaturas. Finalmente,

el presente estudio demuestra cómo los modelos de baja dimensión pro-

porcionan una herramienta extremadamente apropiada para comprender los

mecanismos f́ısicos básicos. Mediante una combinación equilibrada de avances

anaĺıticos y esfuerzos de modelización, esta tesis ha arrojado luz sobre el

comportamiento termomecánico del LIS y la estabilidad marina general de

los glaciares y ŕıos de hielo que finalizan en contacto con el océano.



Chapter 1

Introduction

This chapter introduces the Laurentide Ice Sheet (LIS) and discusses its role

as the main contributor to sea level rise during the Last Glacial Maximum

(LGM). First, a general review of the LIS is made, where the most prominent

reconstructions available in the literature are compared in terms of method-

ology and results (Section 1.1). Then, Heinrich Events and their connection

to the LIS is elaborated (Section 1.2), focusing both on proposed physical

hypotheses, reconstructions and experimental measurements. Special focus is

given to the long debate on the potential thermomechanical instabilities of the

LIS and their overall impact on the LIS dynamics. Section 1.3 expands on the

temperature behaviour within ice sheets from a theoretical perspective, in-

cluding a thorough review of the approaches previously taken to analytically

solve the associated heat problem and the usefulness of theoretical advances

for numerical modelling. Section 1.4 stresses the importance of ice-sheet mod-

els and describes specifically their state of the art applied to grounding-line

migration of marine-terminating glaciers. The subject of grounding-line sta-

bility has been long studied both from analytical and numerical approaches,

where understanding the mechanisms governing ice-stream temporal variabil-

ity remains as a major obstacle. Recent technical improvements, as well as

limitations, and current major challenges are briefly described. Finally, the

main motivations of this thesis are laid out (Section 1.5) and the overall

structure of the work is outlined (Section 1.6).

1



2 1 Introduction

1.1 The Laurentide Ice Sheet (LIS)

The Laurentide Ice Sheet (LIS; note that we use the term Laurentide Ice Sheet

in the broadest sense including the Cordilleran and Innuitian ice sheets) was

the largest of the former Northern Hemisphere ice sheets during the Last

Glacial Maximum (LGM, ca. 21,000 years before present, 21 kyr ago) as

shown in Fig. 1.1. The LIS is thought to have advanced to its maximum

extent as early as 29–27 kyr ago, well before the LGM, and remained near that

limit until 17 kyr ago (Dyke et al., 2002; Tarasov et al., 2012). Consequently,

the LIS was the main contributor to sea-level change during the last glacial

period, with an estimated sea-level equivalent (SLE) of about 70 metres (28×
106 km3) with respect to present (Peltier, 2004; Tarasov et al., 2012).

Great effort has been made to reconstruct the LIS at the LGM throughout

the last five decades. Several approaches are found in the literature. The first

numerical methods relied on simplified ice physics, a prescribed ice accumula-

tion rate and ice surface temperature and the assumption that the ice sheet

was in a steady state (e.g., Paterson, 1972; Sugden, 1977; Hughes et al.,

1980). This assumption was later relaxed by Mahaffy (1976) and Jenssen

(1977), though the former was applied to the Barnes Ice Cap (Canada) and

not to the late glacial history of the entire LIS. A completely independent

approach was taken by Clark (1980) based on an inversion study of sea-level

data where none of the previous assumptions are applied. Compared to pre-

vious methods of reconstructing the LIS, the inversion approach only shares

the ice extent with prior studies, which is, in general, well known. This fur-

ther allowed for independent tests on the reliability of such assumptions by

juxtaposing ice-sheet reconstructions.

Reconstructions of the size and distribution of the LIS based on forward

ice-sheet modelling at the LGM have long dealt with the implications of a

heterogeneous bedrock geology on the ice-sheet flow dynamics (e.g., Calov

et al., 2002; Tarasov and Peltier, 2004). The central core of the LIS rests on

the hard bedrock of the Canadian shield, whereas nearly the entire region of

Hudson Bay and Hudson Strait consist of Paleozoic carbonates, which are

easily eroded into a soft, slippery base (Lawley et al., 2024). In view of this

configuration, two approaches were classically taken. First, a simplification

of the bedrock complexity was made by ignoring this deformable bed, thus

resulting in a single-domed reconstruction centred over Hudson Bay (Den-
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ton, 1981). The second approach considered lubricated basal conditions by

reducing the maximum basal shear stress in this region. Unlike the previous

results, the reconstructions presented a multi-domed ice sheet with a thin-

ner ice sheet and a less steep slope over Hudson Bay (Boulton et al., 1985;

Fisher et al., 1985). This multi-domed configuration is also found in recent

reconstructions (Tarasov et al., 2012; Gowan et al., 2021).

As a result of fundamental uncertainties underlying ice-sheet modelling

of the LIS, its maximum elevation, extent and total volume differ largely

among studies (Stokes, 2017). In particular, the total volume carries the

greatest uncertainty. Originally, Ramsay (1931) estimated a total LIS vol-

ume of 45.45 × 106 km3, with a 15.75 × 106 km2 extent and a maximum

elevation of 2.9 km (here, and subsequently, above present-day sea level).

More than three decades later, Paterson (1972) provided a significantly lower

volume estimation of 26.5 × 106 km3 with 11.6 × 106 km2 ice covered area

and 2.7 km maximum ice thickness. The lowest overall volume estimate was

given by Peltier (1994) (ICE-4G) with 19.0 × 106 km3, whereas more recent

studies yield 28×106 km3 (Tarasov et al., 2012) and 35×106 km3 (including

the Cordilleran Ice Sheet, Gregoire et al., 2012).

Already noted by Clark (1980), the LIS may have never attained a steady

state, and it was possibly a rather dynamic system with rapid variations of its

southern margin as well as a variable Hudson Bay ice thickness. Nevertheless,

the representation of these ice streams in numerical ice-sheet models remains

challenging. As a result, we lack a deeper comprehension of the role of ice

streams which leads to larger model output uncertainties.

The reconstruction of paleo ice streams is typically based on two methods.

The first one rests on the assumption that the subglacial imprint of stream-

ing and non-streaming areas is distinct (e.g., Kleman et al., 1997; Stokes and

Clark, 1999) and consists of gathering enough evidence from landforms and

sediments so as to reconstruct the ice dynamics that produced them (e.g.,

Winsborrow et al., 2004; Ottesen et al., 2005). The second one is, again,

based on forward ice-sheet modelling using numerical models capable of sim-

ulating ice streaming (e.g., Boulton and Hagdorn, 2006). This capability is

usually provided by thermomechanical feedbacks in topographic troughs and

parametrizations of ice-bed coupling strength over soft sediments (Marshall

et al., 1996a).
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Fig. 1.1: Laurentide Ice Sheet extent for the Last Glacial Maximum from
(Margold et al., 2015) and at 10.2 kyr BP, from Dyke et al. (2003). Ice streams
of the Laurentide Ice Sheet drawn after Margold et al. (2014). Present-day
glaciation is shown in light turquoise with a thin purple line denoting ice
margins. The Greenland Ice Sheet contains ice flow velocities from Joughin
(2015). Data coverage is incomplete and missing data is shown in white.

1.2 Connection to Heinrich Events (HE)

It is well known that North Atlantic sediment cores contain quasi-periodic

layers with extremely high amounts of lithic fragments generally regarded to

fall within six short time intervals during the last glacial period (Heinrich,

1988; Hemming, 2004). Our current explanation for the presence of such

layers considers that Hudson Bay sediments were captured by the ice (Meyer

et al., 2019), discharged from Hudson Strait ice stream as icebergs into the
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North Atlantic, and eventually unloaded onto the seafloor when the enclosing

ice melted. In other words, Heinrich layers are ice-rafted debris (IRD). The

active ice-stream period and the resultant IRD layers are known as Heinrich

Events (HEs).

The ultimate physical explanation underlying any oscillatory mechanism

that causes the HEs, however, is still under debate. In fact, whether the cause

is even unique still remains as an open question (Roberts et al., 2016). There

are three key observations that must be explained by any theory that at-

tempts to provide an answer: a roughly 7-kyr periodicity (Hemming, 2004),

the presence of IRD layers in sediment cores taken from the North Atlantic

(formed on short timescales), and the spatial source of such debris as traced

from geological evidence. In fact, such evidence narrowed the spatial un-

certainty to Hudson Strait (e.g., Naafs et al., 2013) and the sediments are

thought to be transported due to oceanic circulation, thus turning a periodic

surge from Hudson Strait into a necessary condition.

MacAyeal (1993a) proposed a mechanism by which Hudson Bay would

periodically switch from a quiescent to a surging state (controlling the flux

of ice through Hudson Strait ice stream) and further tested his theoretical

prediction with a simple model (MacAyeal, 1993b). Later, Payne (1995a) and

Marshall and Clarke (1997) also noted internal instabilities as self-sufficient

mechanisms to trigger a periodic collapse of the Laurentide Ice Sheet (LIS).

In fact, the LIS ice-mass loss is intimately related to a variable Hudson Bay

ice thickness through rapidly-flowing ice streams that account for most of the

ice-sheet discharge (Stokes and Tarasov, 2010).

The so-called “binge-purge” mechanism proposed by MacAyeal (1993a)

consists of two phases (see Fig. 1.2). First, a growth (“binge”) phase occurs

when the ice sheet rests on frozen sediments forming a rigid bed, preventing

sliding and increasing thickness due to accumulation. This yields an insulating

effect over the base since temperature oscillations at the surface are strongly

attenuated and phase shifted with increasing depth below the surface, thus

enhancing basal melt. Second, during the purge, the thawing of unconsoli-

dated basal sediments over Hudson Strait (solely due to the geothermal heat

flow) serves as a lubricant that allows for sliding. Consequently, rapid stream-

ing is enhanced and the LIS volume quickly adjusts to this sudden decrease

in the basal friction by iceberg calving into the Labrador Sea. Further studies

of notably higher complexity regarding ice dynamics and geometry have also



6 1 Introduction

investigated the “binge-purge” mechanism (Calov et al., 2002; Roberts et al.,

2014, 2016). These studies exhibit varying complexity, though they share a

stress balance given by the SIA and a prescribed sliding from a purely geo-

metrically controlled basal drag that is not physically adequate, additionally

affecting the thermal conditions at the ice base.

1. 2.

4. 3.

Temperate base (low friction)

Frozen base (high friction)

Fig. 1.2: Binge-purge oscillator proposed by MacAyeal (1993a) (adapted from
Siegert, 2009). First, a growth (“binge”) phase occurs when the ice sheet rests
on frozen sediments forming a rigid bed, preventing sliding and increasing
thickness due to accumulation (1). This yields an insulating effect over the
base since temperature oscillations at the surface are strongly attenuated
and phase shifted with increasing depth below the surface, thus enhancing
basal melt (2). Then, during the ”purge”, the thawing of unconsolidated basal
sediments over Hudson Strait serves as a lubricant that allows for sliding and
enhances iceberg calving (3). Lastly, at the end of the purge stage, heat is
lost as the insulating effect is reduced and colder ice is advected downstream,
eventually refreezing the base (4).

An alternative to internal oscillations of the LIS to explain HEs is an

externally-driven response of the LIS (Hulbe, 1997; Hulbe et al., 2004; Moros
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et al., 2002; Hulbe et al., 2004; Alvarez-Solas et al., 2013; Bassis et al., 2017).

MacAyeal (1993a), Marshall and Clarke (1997) and Payne (1995a) proposed

internal instabilities as self-sufficient mechanisms to trigger a periodic collapse

of the Laurentide Ice Sheet (LIS), whereas evidence for a discharging ice-

dammed lake in Hudson Bay (Johnson and Lauritzen, 1995) and a collapse

of an ice shelf in Davis Strait (Hulbe, 1997; Hulbe et al., 2004) supports the

latter.

Meyer et al. (2019) noted that the atmosphere seems meagre to provide a

driving force for such events even though there is a remarkable accordance

between HEs periodicity and relatively cold temperatures in the Northern

Hemisphere (yet not clearly connected with Daansgaard-Oescher events).

Originally, iceberg discharges during HEs were thought to cause an AMOC

collapse as suggested by low salinity and low δ13C records (Alley et al., 1999),

thus leading to stadial conditions. In other words, freshwater fluxes were com-

monly interpreted as the cause of shift into cold conditions (i.e., stadial). By

contrast, a later study showed a systematic lag whereby the arrival of IRD

appears to be 200 ± 110 years after an abrupt cooling event (van Kreveld

et al., 2000). This led to the hypothesis that iceberg discharges may be the

consequence of stadial conditions rather than the cause. More recently, this

hypothesis has been supported by a systematic delay between the pronounced

surface cooling and the arrival of IRD at a site southwest of Iceland over the

past four glacial cycles (Barker et al., 2015). In view of this result, the authors

describe the abrupt transitions to stadial conditions as a nonlinear response

to a more gradual cooling across the North Atlantic, but not as the response

of the iceberg discharges.

On the other hand, changes in the Atlantic Ocean overturning circula-

tion do correlate with the timing of HEs (Alvarez-Solas et al., 2010, 2011,

2013) and may yield periodic discharges by isostatic adjustment (Bassis et al.,

2017) or by ice-shelf break-up (Hulbe et al., 2004; Marcott et al., 2011). The

former is in fact relevant at millennial timescales given that the ice-sheet

retreat continues until the bedrock rise isolates the oceanic forcing. In ad-

dition, the buttressing effect yielded by the ice shelves must be considered

since it inhibits the surging of coastal grounded ice streams (Alvarez-Solas

et al., 2010). In reality, the frequency in the oceanic forcing differs from that

of the surging events. No discharge takes place unless the ice shelf falls below

a threshold extent (even if the basal melting reaches its maximum several
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times). Therefore, the ice sheet continues growing until the ice shelf is unable

to provide enough buttressing at the grounding line. Hence, the onset of an

event is determined by a sudden acceleration of the grounding line due to a

drastic decrease in the exerted buttressing force.

Despite the fact that evidence clearly supports an external forcing as the

driver of HEs, the question as to whether an ice sheet can show internal

oscillations has gathered substantial attention in the last decades. Interest-

ingly, Feldmann and Levermann (2017) found that, in agreement with the

existence of a critical minimum ice thickness (Schubert and Yuen, 1982), an

oscillatory equilibrium can be maintained for a medium-sized thickness ice

sheet. Strictly speaking, when the ice thickness sustained by the basal con-

ditions is lower than the equilibrium value reached during the buildup, an

abrupt surge event takes place. Moreover, their results showed that complex

boundary conditions (spatially varying surface temperature and accumula-

tion as employed by Pelt and Oerlemans, 2012) are not necessary to obtain

cyclic surging.

Long debate has been held on thermomechanical instabilities, yet the

physics that would lead to large-scale oscillatory phenomena are far from

being understood. Conceptually, a strong case can be made for oscillatory

phenomena arising based on the physics. However, a major issue with ice-

internal mechanisms is the role played by parametrizations and discretization

as well as the way basal hydrology is captured in these models. Although

surges are present even in simple models, it is difficult to determine whether

these oscillations are just the result of numerical approximations (Bueler and

Brown, 2009; Roberts et al., 2016). For example, the extent of simulated

ice streaming is strongly dependent on resolution for shallow-ice models and

any specific implementation of the discrete model may lead to non-physical

streaming. Moreover, the question itself of whether thermomechanical insta-

bilities can arise in reality is still debatable, given that certain studies using

higher complexity models do not show internal oscillations (e.g., Alvarez-

Solas et al., 2011; Moreno-Parada et al., 2023a).

The physical realism of internal oscillations (as opposed to a purely numer-

ical issue) was considered by Calov et al. (2010) in an idealised experimental

setup with a set of nine different ice-sheet models. One of them was a hy-

brid ice-sheet model, while the remaining eight models were based on the

SIA only. Oscillations with periodicities between 5-17 kyr were found for a
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Fig. 1.3: Stages of the proposed Heinrich event mechanism (from Bassis
et al., 2017). First, from an extended position (a), subsurface warming trig-
gers the ice sheet retreat (b), further intensified by the new terminus position
in deeper water (c). The ice-sheet thickness reduction yields an isostatic ad-
justment that uplifts the bedrock, thus isolating the grounding line from
warm subsurface water and eventually allowing for ice-sheet advance (d).
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broad range of parameters in all models, including the hybrid model. Low

surface temperatures, low accumulation rates and high sliding velocities over

sediment were found to favour oscillatory surges. In the case of the hybrid

model, the recurrence time of the oscillations was above 10 kyr.

Cyclic behaviour has also been reported more recently using a state-of-

the-art hybrid model by Pelt and Oerlemans (2012) and Feldmann and Lev-

ermann (2017). The latter established a competing internal feedback mech-

anism regarding two different timescales. A negative feedback loop among

ice thickness, basal friction and till water takes place on the slow timescale

(buildup), whereas a positive loop is found between the basal friction, till

water and the ice velocity on the fast timescale (surge) as shown in Fig.

1.4. Lastly, the associated large-scale ice discharge during the surge leads to

stabilisation due to a diminishing ice thickness. Nevertheless, important lim-

itations are found in these studies, such as a strongly idealised domain and

bed geometry.

Fig. 1.4: Schematic visualization of the main internal feedback mechanism
that dictate the binge-purge cycle (Feldmann and Levermann, 2017). Each
colour correspond to a subsequent phase forming a full surge cycle. The sign
indicates whther a positive perturbationin variable A leads to an increase (+)
or decrease (−) in variable B.
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More recently, Ziemen et al. (2019) also showed instabilities in simula-

tions using a comprehensive, fully coupled ice sheet-climate model. The ice

dynamics considers a linear friction parametrization that does not account

for cavitation effects (Joughin et al., 2019). Instead, an empirically demon-

strated (Tulaczyk et al., 2000a) regularised coulomb behaviour fairly repro-

duces reality irrespective of the till strength (Joughin et al., 2019). Thus,

the plausibility of internal LIS instabilities in a hybrid model has not been

investigated in depth, except in the aforementioned studies by Calov et al.

(2010) and Alvarez-Solas et al. (2013), and these yielded conflicting results.

Finally, as noted by Bueler and Brown (2009), to achieve physical authen-

ticity sliding must account for both the till strength and basal water content.

Additionally, Brocq et al. (2009) showed an intimate connection between wa-

ter depth and sliding speed, displaying the relevance of basal water during the

onset of HEs. In early studies, the thermodynamic switch mechanism that

allows for oscillatory behaviour often depended on the temperature alone.

Indeed, the assumption that the ice starts to slide when the pressure melt-

ing point is reached irrespective of the amount of water is likely incorrect,

as noted by Roberts et al. (2016). Yet it is unclear how hydrology affects

dynamics in such a way as to allow for oscillations within a broader range of

parameters. In fact, Roberts et al. (2016) solved for the SIA alone and then,

sliding is included with a tunable parameter that modulates the transition

between creeping and sliding as a smooth function of the water depth (simi-

larly to the purely geometrically controlled basal drag in (Calov et al., 2010)).

Even though oscillations are found for a broad range of values, their results

warrant reassessment using a model that neither requires this parameter nor

solely employs a linear friction law.

Several approaches have been considered to simulate the presence of liquid

water underneath an ice sheet, i.e. the representation of subglacial hydrology.

Two common features are found among them: a conserved mass of water and

a hydraulic potential that determines the water flow. Any variation of fur-

ther complexity is fundamentally based on these two elements. For instance,

regarding hydraulic mobility, liquid water can be considered to be stored in a

porous till (Tulaczyk et al., 2000a) or transported in a macro-porous englacial

system (Bartholomaus et al., 2011). Remarkably, considering the basal water

content even for the simplest conceivable spatial ice stream model (a single
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lumped element) is sufficient to find two major modes of ice stream behaviour

Robel et al. (2013). Namely, steady-streaming and binge-punge variability.

Multiple combinations of the aforementioned morphologies are considered

in the literature (Flowers and Clarke, 2002; Hewitt, 2013; Hoffman and Price,

2014; van der Wel et al., 2013; Werder et al., 2013; de Fleurian et al., 2016)

where attainable observations and the uncertain model parameters determine

the completeness of the modelled processes. Notably, Bueler and van Pelt

(2015) developed an extension of the “undrained” plastic model of Tulaczyk

et al. (2000b) by accounting for an additional distributed system of linked

subglacial cavities that ensures mass conservation.

If the link between ice dynamics and basal hydrology is then considered

by following the effective pressure formulation of Bueler and van Pelt (2015),

three explicit additional degrees of freedom naturally arise: till compress-

ibility, the minimum allowed effective pressure and maximum basal water

content. It is thus clear that the representation of the consolidation state

noted by Tulaczyk et al. (2000a) is crucial, since the till saturation is highly

sensitive to compressibility. Then, an appropriate parameter choice appears

to be essential to simulating sliding with physical authenticity. Even so, there

is an important gap in our understanding as to how a potential internal os-

cillatory phenomenon in the ice sheet is altered by the physical properties of

the till.

1.3 Temperature in large ice masses

The former discussion stresses the fact that the study of ice thermodynamics

is of crucial importance for understanding the behaviour of glaciers, ice sheets

and ice shelves, as their evolution is strongly dependent on the physical prop-

erties of the ice. Even more importantly, thermomechanical instabilities arise

from the assumption that there exists a transition from a quiescent to a surg-

ing state dictated by the thermal state of the ice base. The periodic switch

between these stages form the relaxation oscillator proposed by MacAyeal

(1993a).

Ice thermodynamics is the result of a complex interplay between advection,

diffusion and various heat sources. Only an accurate representation of these

processes will allow for a robust description of ice flow, mass balance and
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overall stability. In this context, the development of analytical solutions for

ice thermodynamics can provide a deeper comprehension of the fundamental

physics of ice, as they are intuitively interpretable, reveal hidden symmetries

and further serve as a verification tool of numerical models.

Robin (1955) and Lliboutry (1963) first laid the groundwork for under-

standing ice-column thermodynamics in the presence of vertical advection

and diffusion by providing analytical solutions for stationary scenarios. These

seminal works offered valuable insights into the steady-state behaviour of ice

columns subject to advective-diffusive processes. Nevertheless, they did not

consider the time-dependent evolution of ice temperatures. Hence, their ap-

plicability was limited to situations involving steady-state ice flow and fixed

environmental conditions.

In a broader context, the 1D advective-diffusive equation has been thor-

oughly studied in a wide range of fields, particularly in dispersion problems.

In early studies, the basic approach was to reduce the advection-diffusion

equation to a purely diffusive problem by eliminating the advective terms.

This was achieved via a moving coordinate system (e.g., Ogata and Banks,

1961; Harleman and Rumer, 1963; Bear, 1975; Guvanasen and Volker, 1983;

Aral and Liao, 1996; Marshall et al., 1996b) or through the introduction

of another dependent variable (e.g., Banks and Ali, 1964; Ogata, 1970; Lai

and Jurinak, 1971; Marino, 1974; Al-Niami and Rushton, 1977). To solve the

equations, quite diverse mathematical methods are employed, such as the

Laplace transformation (McLachlan, 2014), the Hankel transform (Debnath

and Bhatta, 2014), the Aris moment method (Merks et al., 2002), Green’s

function (Evans, 2010) or superposition approaches (Lie and Scheffers, 1893)

among others. More recent studies (e.g., Selvadurai, 2004) provide time-

dependent analytical solutions for which Darcy flow is applicable, yet they

lack an appropriate set of boundary conditions given the infinite length of

the domain.

Steady-state ice temperature distribution studies also provide analytical

solutions in bounded spatial domains, but fall short if the transient nature

of the solution is to be captured. This is the case of the studies on the shear

heating margins of West Antarctic ice streams (e.g., Perol and Rice, 2011,

2015) for which a steady but more refined one-dimensional thermal model

was produced, first introduced by Zotikov (1986). Meyer and Minchew (2018)

later solved a similar advective-diffusive problem under stationary conditions
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accounting for a constant strain-heating rate and further neglecting lateral

(horizontal) advection after a scaling analysis. These one-dimensional studies

imposed a stationary nature of the temperature distribution, thus assuming

an idealised equilibrated energy state.

Despite these simplifications, heat transfer is well-known to be a three-

dimensional process with a higher level of complexity that encompasses sev-

eral mechanisms such as horizontal and vertical advection, the potential pres-

ence of liquid water within the ice, a varying ice thickness, internal heat

deformation and frictional heat production among others (e.g., Greve and

Blatter, 2009; Cuffey and Paterson, 2010). Full numerical models are there-

fore also essential if a simultaneous consideration of such mechanisms needs

to be achieved (Winkelmann et al., 2011; Pattyn, 2017).

However, numerical models require caution as their accuracy and consis-

tency must be previously assessed. Intercomparison projects are thus funda-

mental since they can provide consensus in a series of benchmark experiments

that further serve as a reference solution for validation. In this context, an-

alytical descriptions are extremely useful as they provide a control irrespec-

tive of the resolution or discretisation schemes. For instance, Huybrechts and

Payne (1996) already noted the lack of analytical temperature solutions for

such cases. Previously obtained solutions relied on strong assumptions re-

garding the particular vertical velocity profile (linear profile, Robin 1955;

quadratic, Raymond 1983) and therefore an independent analytical descrip-

tion of the temperatures was not available.

More recently, Rezvanbehbahani et al. (2019) proposed an improved tem-

perature solution that considers a power-law vertical velocity profile derived

from the Shallow Ice Approximation. The authors showed the importance of

the strain heating term and demonstrated that including it as an additional

basal heat source yields good results for the interior regions of an ice sheet.

Nevertheless, horizontal advection is absent in their analytical solutions and

a further comparison with numerical solutions reveals that their analytical

results are only applicable to slowly moving regions (mostly below 20 m/yr).

As with prior studies, steady-state conditions are also assumed and thus no

information about the time evolution of ice temperatures can be obtained.

Traditional approaches both from numerical and analytical perspectives

assume the simplest heat-flux boundary condition at the ice surface: the

imposition of the air temperature at the uppermost ice layer. Knowing that
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glacial ice forms through snow densification, this imposition appears to be

an oversimplification, given that thermal conductivity increases with density

(e.g., Sturm et al., 2002; Calonne et al., 2011, 2019). Therefore, in view of

the surface fraction of the Greenland and Antarctic Ice Sheets covered by

a firn layer (90% and ∼100%, respectively, Medley et al., 2022; Noël et al.,

2022), a more sophisticated description of the energy balance between the ice

and the atmosphere may be beneficial. Already noted by Carslaw and Jaeger

(1988), prescribing a fixed temperature is in fact a limit case of a broader set

of boundary conditions known as ’linear heat transfer’ or ’Newton’s law of

cooling’ that accounts for a more realistic heat flux across the interface given

by the temperature difference between the two media.

Ice temperatures are not only critical to understand the dynamics and an

ice body’s evolution in time, but also in ice-sheet initialisation of numerical

models. Poorly known parameter fields such as the ice temperature are es-

timated minimising the mismatch between observations and model output

variables. Traditional approaches compute a steady-state temperature field,

incorrectly assuming that the ice is at thermal equilibrium (e.g., Morlighem

et al., 2010, 2011; Pralong and Gudmundsson, 2011; Perego et al., 2014).

This issue can be mitigated via transient optimisation approaches that incor-

porate available data that accounts for the transient nature of observations

and the model dynamics (e.g., Goldberg et al., 2015), though this method

is significantly more expensive. Nonetheless, time integration with transient

optimisation that includes all relevant model processes is not feasible for

high-resolution, large-scale ice sheet models. As a result, a time-dependent

description of ice temperatures would strongly reduce the computational de-

mands in modelling exercises.

A literature review thus exhibits the need for a time-dependent analytical

description, in spite of the inevitable compromise of designing a model that

is both mathematically solvable and accurate. It is thus of utmost impor-

tance to carefully navigate this trade-off, deciding the appropriate level of

analytical tractability and physical realism based on the specific goals of the

study. Attaining the right balance allows for meaningful insights, while avoid-

ing excessive computational demands or oversimplification that may hinder

accurate representation and understanding of the real-world system.
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1.4 Numerical modelling of ice sheets

Models are used to predict and understand the underlying mechanisms of

complex processes. They simulate, through mathematical formulations, sim-

plified representations of reality. Because the Earth System encompasses land,

ocean, atmosphere, biosphere and ice sheets, it is complicated to account

for all the involved natural processes and it is necessary to use such tools.

Whereas the first scientific Earth models used rather simple parameterisa-

tions, technical improvements, as well as a more profound understanding of

the fundamental physics and gradually increasing computational power, have

greatly advanced the state of the art.

Ice-sheet models are no exception, but they were developed later than other

climatic models. However, ice-sheet models are necessary building blocks to

study and understand the past, present and future evolution of ice sheets to

climatic changes. Initially, ice models were conceptual two-dimensional flow

models used for dating ice cores (i.e., Dansgaard and Johnsen, 1969). Nowa-

days, there is a large variety of sophisticated ice-sheet models which account

for three-dimensional representations, thermo-mechanical coupling and in-

creased spatial resolution among other technical advances (i.e. Gagliardini

and Zwinger 2008; Lipscomb et al. 2019; Winkelmann et al. 2011; Cornford

et al. 2013; Pattyn 2017; Quiquet et al. 2018).

In the context of this thesis, numerical ice-sheet models will be particu-

larly employed to comprehend the thermomechanical coupling effect on the

grounding line migration and the overall stability of an ice sheet. Informa-

tion about the real world is in fact not only obtained from spatially explicit

models and simpler 2D models also facilitate the investigation of the rele-

vance of specific processes. It is often hard to discern the particular physical

mechanism underlying certain behaviours for highly sophisticated 3D mod-

els, as the strong coupling among elements becomes an obstacle to isolate

hypothesised causes. For this reason, 2D models are an extremely convenient

tool to investigate the physical behaviour of ice sheets both from a theoret-

ical (e.g., Weertman, 1974; Hindmarsh, 1993a; Chugunov and Wilchinsky,

1996; Hindmarsh, 1996; Schoof, 2005, 2006b, 2007a,b, 2011) and a modelling

perspective.

It is illustrative to show the practical use of such a 2D setup as it pro-

vides insight into the behaviour of realistic ice sheets. Hindmarsh and le Meur
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(2001) assessed the dynamic processes involved in the retreat of marine ice

sheets, with a particular interest in the WAIS the Last Glacial Maximum.

Haseloff and Sergienko (2018) later considered the effect of buttressing on

grounding-line dynamics, thus corroborating the findings of existing numeri-

cal studies that the stability of confined marine ice sheets is influenced by ice-

shelf properties. Other 2D ice-sheet models additionally employ real bedrock

geometry sections. This is the case of Pattyn et al. (2006), who studied the

role of transition zones in marine ice-sheet dynamics, and Jamieson et al.

(2012), where ice-stream stability was investigated on a reverse bed slope.

The realism of the 2D setup can even account for glacial isostatic adjustment.

To illustrate this, Payne (1995b) studied limit cycles in the basal thermal

regime of ice sheets considering a constant diffusivity of the asthenosphere.

More recently, Bassis et al. (2017) investigated how Heinrich events are trig-

gered by ocean forcing and modulated by isostatic adjustment. Even though

ice shelves are not explicitly resolved in 2D models, the potential role of but-

tressing can also be considered via a parametrisation (e.g., Dupont and Alley,

2005; Schoof, 2007a; Jamieson et al., 2012; Robel et al., 2014, 2019).

An accurate numerical description of the grounding line is thus funda-

mental for the reliability of such projections. A number of attempts have

been made in the past to simulate grounding-line migration within marine

ice-sheet models. Weertman (1974) and Thomas and Bentley (1978) pro-

posed that no stable steady states of the grounding line could be found on

inland-sloping or retrograde beds. Hindmarsh (1993b) later introduced the

possibility of neutral equilibrium under the premise that the equilibirium po-

sition is continuous and hence there exists an infinite number of equilibrium

configurations. More recently, Vieli and Payne (2005) assessed the influence

of numerical details and discretization on the dynamics of the grounding line,

concluding that a reliable method of treating grounding-line migration within

numerical ice-sheet models was unknown. Later studies confirmed the possi-

bility of numerical artefacts (Pattyn et al., 2006; Hindmarsh, 2006; Schoof,

2006a,b, 2011), in agreement with the early works of Weertman (1974) and

Thomas and Bentley (1978). Even so, Vieli and Payne (2005) and Pattyn

et al. (2006) hypothesised the possibility of ”neutral equilibrium”, first in-

troduced by Hindmarsh (1993b). The analytical approach of Schoof (2007a)

based on assymptotic expansions eventually concluded that these results were

numerical artefact appearing for certain parameter regimes. Only in the ab-
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sence of basal sliding has the possibility of non-unique steady states been

raised (Nowicki and Wingham, 2008).

Amidst the lack of a reliable model of grounding-line migration, the first

Marine Ice Sheet Intercomparison Project (MISMIP, Pattyn et al., 2012) shed

light on the agreement of modelling efforts to describe the grounding-line

motion and assessed the appropriateness of numerical schemes. The authors

proposed a set of benchmark experiments on an idealised two dimensional bed

geometry, concluding that moving grid models are the most reliable choice

from a numerical perspective as the grounding line is part of the solution and

no interpolations are required. The comparison between numerical models

and exact semi-analytical solutions was possible since MacAyeal and Barcilon

(1988) had notably showed that a two-dimensional free-floating shelf has no

effect on the dynamics of the grounded ice upstream of it (later underlined

by Schoof, 2007a). Hence, a boundary condition can be directly imposed

at the grounding line that is solely dependent on the ice thickness therein,

irrespective of the particular shape or the dynamics of the shelf. A correct

description of a 2D marine ice sheet thus relies on an appropriate formulation

of the grounded ice dynamics, specially near the terminus position where ice

streaming is generally found.

Additional numerical efforts showed the possibility of stable grounding-

lines on reversed-bed slopes solutions if two horizontal dimensions are instead

considered (Gudmundsson et al., 2012). More recently, Haseloff and Sergienko

(2018) analytical advances of the ice flux at the grounding line elucidated the

dependency on both local bed properties and non-local ice shelf properties.

As a result, the stability of confined marine ice sheets is influenced by ice-shelf

properties and the MISI hypothesis may not apply to buttressed marine ice

sheets. Other potential stabilizing mechanisms on reversed bed slopes have

been also explored, such as gravity and deformation-induced sea-level changes

(e.g., Gomez et al., 2010, 2012).

For a comparison with the semi-analytical solutions of Schoof (2007a), ice

streaming (i.e., fast flowing ice due to basal sliding) becomes a necessary

condition given that the boundary layer theory assumes rapid sliding near

the grounding line. Ice streams are in fact a distinct feature of ice sheets with

no counterpart in other geophysical thin-film flows. These regions of rapidly

flowing ice exhibit velocities even three orders of magnitude faster than the

usual glacial ice, yet they only account for a small fraction of the total ice-
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sheet area (e.g., less than 5% of the Antarctic ice sheet; Bamber et al., 2000).

Even so, it is important to represent them correctly to evaluate ice outflow

discharge, ice-sheet sensitivity and overall stability.

The rapid flow of ice streams fails to be explained by vertical shearing of

ice. In other words, friction at the bed is typically smaller than the driving

stress predicted by a lubrication approximation (Whillans and van der Veen,

1997; Joughin et al., 2004). Rather, high ice-stream velocities are caused by

the deformation of meltwater-saturated, weak subglacial till (Alley et al.,

1986; Blankenship et al., 1986; Engelhardt et al., 1990), thus consistent with

geophysical studies showing that basal sliding is fundamentally a sort of

Coulomb slip connected with the mechanical failure of plastic till (e.g., Tu-

laczyk, 1999).

Schoof (2006b) later extended the work to depth-integrated viscous flows

used in three-dimensional ice-sheet models. Namely, a variational formulation

of the two-dimensional Shallow Shelf Approximation (SSA) equations is given

without assumptions on the extension of the sliding domain. In fact, as noted

by the author, sliding regions must be determined as part of the solution

and are consequently not known a priori. Notably, a solvability condition

was also derived (as in Schoof, 2006b) to guarantee the existence of physical

solutions. Strictly speaking, if the till is too weak so that the total momentum

of applied forces is greater than the maximum momentum of frictional force

about a given point, then no solutions are expected to exist.

A variational formulation entails strong consequences both from a physical

and a mathematical point of view. Particularly, it eludes explicit manipula-

tion of the unknown sliding domain extension, additionally provides a numer-

ical method for solving the ice flow problem and it ensures well-posedness of

the SSA non-linear elliptic equations since they can be derived from a convex

and bounded below functional (Schoof, 2006b). However, the time-evolving

system of the SSA stress balance coupled to the advection equation is not

yet known to be mathematically well posed (Bueler and Brown, 2009).

More recently, Goldberg (2011) derived a higher-order stress approxima-

tion using variational methods with similar accuracy to the Blatter-Pattyn

momentum equations (Blatter, 1995; Pattyn, 2003), though differences are

particularly notable for resolutions below 20 km. The velocity solver was first

adapted for multimillenial 3D ice-sheet models CISM (Lipscomb et al., 2019),

where this depth-integrated velocity approximation was referred to as DIVA.
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Nevertheless, the DIVA solver had been previously used in continental scale

models by Arthern et al. (2015) and Arthern and Williams (2017). The nu-

merical stability of this solver was systematically studied by Robinson et al.

(2022), who show that the DIVA solver outperformed the remaining solvers

in terms of both model performance and the representation of the ice-flow

physics itself.

The appropriate stress balance treatment is merely one of the challenges

of ice streaming and grounding-line stability. Understanding the mechanisms

governing its temporal variability also remains as a major obstacle, partic-

ularly at the aim of developing models of ice-sheet dynamics (Robel et al.,

2013). Given the broad range of ice-flow speeds observed in real ice sheets

(e.g., Shepherd and Wingham, 2007; Truffer and Fahnestock, 2007; Vaughan

and Arthern, 2007), numerical simulations of these rapidly flowing bands are

a well-known difficulty, partially due to the fact that fast grounded ice flow

is a combination of sliding over a hard/soft bed and shear deformation of the

basal. Moreover, ice high-quality spatially distributed observations of near-

base conditions are rare and constraining models becomes challenging (Bueler

and Brown, 2009). Various modelling approaches have been considered to cor-

rectly describe the large complexity of ice-stream dynamics. Tulaczyk et al.

(2000a) found that subglacial hydrology yields multiple modes of ice stream

flow in a highly reduced model. Parameterizations of observed small-scale

phenomena (e.g., drainage networks) were later considered by coupling a

flow-band model and a simple hydrological model (Bougamont et al., 2003;

Bougamont and Tulaczyk, 2003). Another flow-band model was employed

by van der Wel et al. (2013), additionally introducing a dynamic drainage

model.

1.5 Motivation

The physical basis for the oscillatory mechanism causing HEs is still a subject

of debate. Certainly, whether there is a singular cause still remains as an open

question (Roberts et al., 2016). There are three key observations that must

be explained by any theory that attempts to provide an answer: a roughly

7-kyr periodicity (Hemming, 2004), the presence of IRD layers in sediment
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cores taken from the North Atlantic (formed on short timescales) and the

spatial source of such debris as traced from geological evidence.

Suggested hypotheses behind the cause of HEs can be classified according

to the nature of the driving mechanism that triggers such events: internal

or external. This thesis focuses on the former, first proposed by MacAyeal

(1993a) where Hudson Bay would periodically switch from a quiescent to

a surging state. This switch simply occurs due to the transition between a

high-friction state in frozen basal conditions (binge) and a low-friction state

if the base is thawed (purge). The so-called “binge-purge”1 mechanism thus

depends on the thermal state of the base, which is inevitably coupled with

the overlying ice. Therefore, an accurate description of ice temperatures and

basal friction is necessary to understand this thermomechanical instability

hypothesis (i.e., the “binge-purge” oscillator) as a potential cause of HEs

(MacAyeal, 1993a; Payne, 1995b).

The following scientific questions will be addressed:

Can we obtain a time-dependent analytical description

of the ice-sheet temperature?

There is a clear gap in our theoretical understanding of how ice temperatures

evolve in time, a fundamental piece to correctly describe potential thermo-

mechanical instabilities. Given the extremely high mathematical complexity

of the problem, a limited number of analytical solutions for the associated

heat problem are available in the literature.

Robin (1955) and Lliboutry (1963) first laid the groundwork for under-

standing ice-column thermodynamics in the presence of vertical advection

by providing analytical solutions for the stationary cases. Nevertheless, these

solutions relied on strong assumptions regarding the particular vertical ve-

locity profile: linear (Robin, 1955) and quadratic (Raymond, 1983). Hence,

their applicability was limited to situations involving steady-state ice flow and

idealised vertical velocity conditions. Similarly, studies on the shear heating

margins of West Antarctic ice streams (e.g., Perol and Rice, 2011, 2015)

for which a steady but more refined one-dimensional thermal model was

produced, first introduced by Zotikov (1986). Meyer and Minchew (2018)

later solved a similar advective-diffusive problem under stationary conditions
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accounting for a constant strain-heating rate and further neglecting lateral

(horizontal) advection after a scaling analysis. These one-dimensional studies

imposed a stationary nature of the temperature distribution, thus assuming

an idealised equilibrated energy state.

Despite all the effort in previous works, there is still a gap in the under-

standing of the analytical nature of time-dependent ice temperatures. As a

result, there are no available benchmark experiments to test numerical solvers

extensively employed in ice-sheet models. The current study presents an an-

alytical formulation of the transient ice temperature equation and provides

useful insight in two ways. First, allowing for a simplified way of deriving

physical insight into the physics of heat transfer in ice (as demonstrated

by an equilibrium timescales analysis) and secondly, by providing a way of

benchmarking numerical solvers for heat transfer.

How does thermomechanical coupling affect the

grounding line migration and the overall stability of an

ice sheet?

Despite the extensive research on the topic, important questions regarding the

particular effect of thermodynamics remain unanswered. Specifically, whether

marine ice sheets have discrete steady surface profiles if ice temperatures can

freely evolve in time and further the potential implications on the hysteresis

behaviour in overdeepened bed geometries. In ice streaming regions, ice flow

occurs mostly along one main direction, thus becoming the preferred axis

across which lateral variations are negligible. It is a common approach to re-

duce the number of horizontal dimensions to the main flow direction so as to

minimise computing time. Nonetheless, the thermal state of the ice and the

potential oceanic forcing are still fundamental pieces to understanding the fu-

ture evolution of ice sheets that have not been considered in low-dimensional

models.

This work aims to close these gaps by building Nix: a 2D thermomechanically-

coupled ice-sheet model. From a hierarchy of approximations to the full Stokes

problem, combined with an explicit computation of the time-dependent heat
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problem, is necessary to assess the role of the thermal coupling in the ground-

ing line position and the general stability of an ice sheet.

What are the implications of different basal friction

formulations to simulate the LIS?

Despite the comprehensive work carried out in the last decades, none of the

past studies addressed the repercussions of different basal friction formula-

tions when simulating the LIS during the LGM nor their explicit implications

in ice extent, volume and ice-stream representation. In fact, recent studies

have also shown significant consequences of this uncertainty for the Antarctic

Ice Sheet (e.g., Blasco et al., 2021). In addition, some authors (e.g., MacAyeal,

1993a) have also proposed a mechanism by which Hudson Bay would peri-

odically switch from a quiescent to a surging state (controlling the flux of ice

through Hudson Strait ice stream) and further tested his theoretical predic-

tion with a simple model (MacAyeal, 1993b). Notably, the LIS mass loss is

intimately related to a variable Hudson Bay ice thickness through rapidly-

flowing ice streams that account for most of the ice sheet discharge (Stokes

and Tarasov, 2010). Nevertheless, the representation of these ice streams into

numerical ice-sheet models remains challenging. As a result, we lack a deeper

comprehension of the role of ice streams which leads to larger model output

uncertainties.

This thesis considers distinct physical scenarios of varying dynamic com-

plexity regarding basal friction that are necessary to systematically assess

the simulated LIS under LGM boundary conditions, thus improving our un-

derstanding of both paleo and present day ice sheets.

Could the LIS have exhibited internal oscillations?

LIS internal ice instabilities provide a potential explanation for HEs irre-

spective of the external forcing. The “binge-purge” mechanism was originally

proposed by MacAyeal (1993a) and consists of two phases. First, a growth

(“binge”) phase occurs when the ice sheet rests on frozen sediments forming
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a rigid bed, preventing sliding and increasing thickness due to accumulation.

Second, during the purge, the thawing of unconsolidated basal sediments over

Hudson Strait (solely due to the geothermal heat flow) serves as a lubricant

that allows for rapid sliding. As a result, ice streaming is enhanced and the

LIS volume rapidly adjusts to this sudden decrease in the basal friction by

iceberg calving into the Labrador Sea.

Nonetheless, the ultimate physical explanation underlying any oscillatory

mechanism that causes the HEs is still under debate. In fact, whether the

cause is unique still remains as an open question (Roberts et al., 2016). It

is thus necessary to explore the very nature of the mechanism from different

perspectives: analytical, idealised numerical and performing full reconstruc-

tions with realistic geometries and boundary conditions.

1.6 Overview

This thesis aims to study the physical mechanisms behind internal ice insta-

bilities. The problem will be tackled from three different approaches. First,

a time-dependent analytical solution of the heat problem will be obtained

(Chapter 2). Time scales and decay times will be derived, along with ex-

plicit formulas both for stationary and transient temperature solutions. Non-

dimensionalisation of the problem will allow for a succinct description of the

main parameters that control the temperature profiles and the relaxation

times. These solutions will serve as a suite of benchmark experiments to test

numerical solvers upon discretisation over unevenly-spaced coordinate sys-

tems, consistent with state-of-the-art ice sheet models. In the next approach,

the ice sheet model Nix is described: a two-dimensional thermo-mechanically

coupled ice sheet model built as part of this thesis (Chapter 3). This allows

for an explicit description of the grounding line position without further inter-

polations (unlike 3D ice sheet models), whilst keeping a higher-order Stokes

flow approximation combined with a fully coupled temperature solver. Next,

for studying the LIS response under LGM conditions to different basal con-

ditions, the three-dimensional thermo-mechanical ice sheet model Yelmo will

be described in Chapter 4. Lastly, Chapter 5 builds on the results of LIS

reconstructions using Yelmo ice-sheet model. It includes extensive testing of

calibration parameters, as well as a comprehensive study of the basal drag-
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ging and hydrology parameterisations used in the code. Chapter 6 discusses

the broader context of the main scientific results presented in this thesis and

finally Chapter 7 summarises the main conclusions.

Scientific publications related to this thesis:

Analytical solutions for the advective-diffusive ice column in the

presence of strain heating

Moreno-Parada, D., Robinson, A., Montoya, M., and Alvarez-Solas, J.: An-

alytical solutions for the advective-diffusive ice column in the presence of

strain heating, The Cryosphere Discuss. [preprint], DOI 10.5194/tc-2022-97,

in review, 2022.

This work is reported in Section 2. The main goal is to describe the time-

dependent behaviour of the ice temperatures by analytically solving the 1D

time-dependent advective-diffusive heat problem including a source term due

to strain heating and a Rob across the ice-air interface. The solution is ex-

pressed in terms of confluent hypergeometric functions following a separation

of variables approach. Non-dimensionalisation reduces the parameter space

to four numbers that fully determine the shape of the solution at equilib-

rium: surface insulation, effective geothermal heat flow, the Peclét number

and the Brinkman number. The initial temperature distribution exponen-

tially converges to the stationary solution. Transient decay timescales are

only dependent on the Peclét number and the surface insulation, so that

higher advection rates and lower insulating values imply shorter equilibration

timescales, respectively. On the contrary, equilibrium temperature profiles are

mostly independent of the surface insulation parameter. We have extended

our study to a broader range of vertical velocities by using a general power-

law dependence on depth, unlike prior studies limited to linear and quadratic

velocity profiles. Lastly, we present a suite of benchmark experiments to test

numerical solvers. Four experiments of gradually increasing complexity cap-

ture the main physical processes for heat propagation. Analytical solutions

are then compared to their numerical counterparts, upon discretisation over

unevenly-spaced coordinate systems. We find that a symmetric scheme for the
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advective term and a three-point asymmetric scheme for the basal boundary

condition best match our analytical solutions. A further convergence study

shows that n ≥ 15 vertical points are sufficient to accurately reproduce the

temperature profile. The solutions presented herein are general and fully ap-

plicable to any problem with an equivalent set of boundary conditions and

any given initial temperature distribution.

Description and validation of the ice sheet model Nix v1.0

Moreno-Parada, D., Robinson, A., Montoya, M., and Alvarez-Solas, J.:

Description and validation of the ice sheet model Nix v1.0, EGUsphere

[preprint], https://doi.org/10.5194/egusphere-2023-2690, 2023.

This work is reported in Chapter 3. The aim of the section is to pro-

vide a physical description of the ice-sheet model Nix v1.0, an open-source

project intended for collaborative development. Nix is a 2D thermomechan-

ical model written in C/C++ that simultaneously solves for the momentum

balance equations, mass conservation and temperature evolution. Nix’s ve-

locity solver includes a hierarchy of Stokes approximations: Blatter-Pattyn,

depth-integrated higher order and shallow-shelf. The grounding-line position

is explicitly solved by a moving coordinate system that avoids further inter-

polations. The model can be easily forced with any external boundary condi-

tions. Nix has been verified for standard test problems. Here we show results

for a number of benchmark tests from the Marine Ice Sheet Intercomparison

Project (MISMIP) and assess grounding-line migration with an overdeepened

bed geometry. Lastly, we further exploit the thermomechanical coupling by

designing a suite of experiments where the forcing is a physical variable,

unlike previously idealised forcing scenarios where ice temperatures are im-

plicitly fixed via an ice rate factor. Namely, we use atmospheric temperatures

and oceanic temperature anomalies to assess model hysteresis behaviour with

active thermodynamics. Our results show that hysteresis in an overdeepened

bed geometry is similar for atmospheric and oceanic forcings. We find that

not only the particular sub-shelf melting parametrisation determines the tem-

perature anomaly at which the ice sheet retreats, but also the particular value

of calibrated heat exchange velocities. Notably, the classical hysteresis loop

is widened for both forcing scenarios (i.e., atmospheric and oceanic) if the
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ice sheet is thermomechanically active as a result of the internal feedback

among ice temperature, stress balance and viscosity. In summary, Nix com-

bines rapid computational capabilities with a Blatter-Pattyn stress balance

fully coupled to a thermomechanical solver, not only validating against estab-

lished benchmarks but also offering a powerful tool for advancing our insight

into ice dynamics and grounding-line stability.

Simulating the Laurentide Ice Sheet of the Last Glacial Maximum

Moreno-Parada, D., Alvarez-Solas, J., Blasco, J., Montoya, M., and Robin-

son, A.: Simulating the Laurentide Ice Sheet of the Last Glacial Maximum,

The Cryosphere, 17, 121-133, DOI 10.5194/tc-17-2139-2023.

The main results of this work are described in Section 4. The goal is to

reconstruct the Laurentide Ice Sheet (LIS) during the Last Glacial Maximum

(LGM, ca. 21,000 years before present, 21 kyr ago). Uncertainties underlying

its modelling have led to notable differences in fundamental features such as

its maximum elevation, extent and total volume. As a result, the uncertainty

in ice dynamics and thus in ice extent, volume and ice-stream stability re-

mains large. We herein use a higher-order three-dimensional ice-sheet model

to simulate the LIS under LGM boundary conditions for a number of basal

friction formulations of varying complexity. Their consequences on the Lau-

rentide ice streams, configuration, extent and volume are explicitly quantified.

Total volume and ice extent generally reach a constant equilibrium value that

falls close to prior LIS reconstructions. Simulations exhibit high sensitivity

to the dependency of the basal shear stress on the sliding velocity. In par-

ticular, a regularized-Coulomb friction formulation appears to be the best

choice in terms of ice volume and ice-stream realism. Pronounced differences

are found when the basal friction stress is thermomechanically coupled: the

base remains colder and the LIS volume is lower than in the purely mechani-

cal friction scenario counterpart. Thermomechanical coupling is fundamental

for producing rapid ice streaming, yet it leads to a similar ice distribution

overall.





Chapter 2

Analytical solutions for the

advective-diffusive ice column in the

presence of strain heating∗

Ice temperatures are essential to comprehend the current state of the cryosphere

and make accurate and reliable predictions of their future evolution. More

precisely, in the context of ice stream periodic surges, an appropriate de-

scription of thermomechanical instabilities require a deep understanding of

the temperature changes in time. Nevertheless, most analytical descriptions of

the associated heat problem assume thermal equilibrium for simplicity. Robin

(1955) and Lliboutry (1963) first laid the groundwork for understanding ice-

column thermodynamics in the presence of vertical advection. Further studies

on the shear heating margins of West Antarctic ice streams (e.g., Perol and

Rice, 2011, 2015) include a more refined one-dimensional thermal model first

introduced by Zotikov (1986). A similar problem was also solved by Meyer

and Minchew (2018) under stationary conditions given the complexity of the

problem.

Full numerical models overcome all this simplifications, albeit the in-

evitably error introduced in discretisation schemes and the demand of large

computational resources (Winkelmann et al., 2011; Pattyn, 2017). More-

over, numerical solutions require caution as their accuracy and consistency

must be previously assessed. In this context, analytical descriptions are ex-

tremely useful as they provide a control irrespective of the resolution and the

particular stencil. Huybrechts and Payne (1996) already noted the lack of

analytical temperature solutions, necessary in benchmark experiments and

∗ The main contents of this chapter are published in:
Moreno, D., Robinson, A., Montoya, M., and Alvarez-Solas, J.: On the periodicity of

free oscillations for a finite ice column, The Cryosphere Discuss. [preprint], 2022, DOI
10.5194/tc-2022-97 https://doi.org/10.5194/tc-2022-97,inreview.
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Intercomparison projects. Lastly, ice-sheet intilisation also benefits from a

time-depedent temperature description. Traditional approaches compute a

steady-state temperature field, incorrectly assuming that the ice is at ther-

mal equilibrium (e.g., Morlighem et al., 2010, 2011; Pralong and Gudmunds-

son, 2011; Perego et al., 2014). Even though transient optimisation methods

are now available (e.g., Goldberg et al., 2015), time integration is computa-

tionally prohibited for high-resolution, large-scale ice sheet models. The need

for a time-dependent temperature description is evident in multiple aspects:

advances in the theoretical understanding, validation of numerical models,

benchmarks for intercomparison projects and ice-sheet initialisation.

The chapter is structured as follows: first a physical description of the

processes involving heat propagation in a one-dimensional column are laid

(Section 2.1); then the analytical solution is outlined (Section 2.2). In Sec-

tion 2.3, the equilibirium solutions are presented for different scenarios and

advective regimes. Next, in Section 2.4, the time-dependent nature of the

solution is described and a time scale analysis is further elaborated directly

from the eigenvalues of the problem. Then, Section 2.5 elaborates on a suite

of benchmark experiments to test numerical solver on irregular grids. Section

2.6 discusses all results herein presented. Finally, the main conclusions of this

work are summarized (Section 2.7).

2.1 Advective-diffusive ice column

This thesis considers a one-dimensional ice column with diffusive heat trans-

port, vertical advection, strain heat and depth-integrated horizontal advec-

tion. Our domain is defined as the interval z ∈ [0, L] ≡ L and we further

impose a Robin-type boundary condition at the top of the column, z = L

(Fig. 2.1). The aim of this section is to provide a rigorous mathematical for-

mulation of the physical mechanisms involved in the heat problem necessary

to obtain an exact solution of the ice temperature θ(z, t).

In the simplest physical scenario, the ice surface temperature is set to the

air temperature value θ(L, t) = Tair. However, surface temperatures are in

fact the result of the energy balance between the ice and the atmosphere.

To address this limitation, we refine the surface boundary condition by al-

lowing for a potential deviation from the air temperature, accounting for the
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Fig. 2.1: Schematic view of the one-dimensional ice column with vertical
advection w(z) and inhomogeneous term Ω (here, we independently consider
both strain heating and depth-integrated horizontal advection). Temperature
evolution is dictated by the heat equation and an appropriate set of initial
and boundary conditions. Subscripts denote partial differentiation. At the
top, both the ice temperature and the vertical gradient can vary in time,
thus allowing for non-equilibrium thermal states across the ice-air interface.
At the base, the vertical gradient is fixed to the value given by the combined
contribution of geothermal heat flow and potential basal frictional heat θz =
−Υ/k. Note that our formulation is one-dimensional so that the x-axis is
solely introduced for visualization.

thermal insulating effect in the uppermost region of the ice column. This

insulation effect is a direct consequence of the reduction in ice density to-

wards the surface (e.g., Stevens et al., 2020) and, as a result, the reduced ice

thermal conductivity (Sturm et al., 2002; Calonne et al., 2011, 2019). This

surface energy balance falls within the so-called linear heat-transfer boundary

conditions or ‘Newton’s law of Cooling’ (Carslaw and Jaeger, 1988, Chapter

§ 1.9). Briefly, Newton’s law of cooling states that the heat flux across the

interface is proportional to the temperature difference between the surface

and the surrounding medium. It is applicable to a large variety of conditions

such as a body cooling by forced convection (i.e., a fluid forced rapidly past

the surface of a solid) or a a thin surface layer of a poor conductor (such as

a low density firn or snow layer above the glacial ice). Moreover, Newton’s
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law of cooling captures the two simpler boundary conditions as limit cases:

(1) prescribed surface temperature and (2) no heat flux across an interface.

This refinement enables a more accurate representation of the surface heat

transfer dynamics and contributes to a comprehensive understanding of the

energy balance within the ice column. In this description, both the surface

ice temperature θ(L, t) and its vertical gradient θz(L, t) can vary in time:

βθz + θ = Tair, z = L, t > 0, (2.1)

where italic subscripts denote partial differentiation and β is a parameter

with length dimensions that modulates the permissible deviation between ice

and air temperatures, often referred to as the surface thermal resistance (per

unit area). We physically interpret β as the thermal insulation of the ice-air

interface. In other words, β is a length-scale over which the ice column feels

the air temperature. A zero value corresponds to an ideal conductor θ(L, t) =

Tair, whereas β → ∞ represents a perfect thermal insulator characterized by

a null heat exchange across the interface. In the limit case β = 0, the interface

ice-air is always at thermal equilibrium (i.e., θ = Tair). For β ̸= 0, we allow for

a heat exchange across the ice surface driven by the temperature difference

between the two media. The thermal equilibrium is only reached if the ice

surface and the atmosphere temperatures are identical. In such conditions,

the heat flux across the interface is null and the vertical gradient at the top

the ice column vanishes regardless of the value of β.

Considering diffusive heat transport, vertical advection, and a potential

heat source, the ice temperature θ(z, t) satisfies an initial value problem given

by the heat equation:

θt = κθzz − wθz + Ω, z ∈ L, t > 0,

θ = θ0(z), z ∈ L, t = 0,

θz = −Υ/k, z = 0, t > 0,

βθz + θ = Tair, z = L, t > 0,

(2.2)

where the heat source Ω is an inhomogeneous term that captures strain

heat and horizontal advection, Υ = G + Q is the combined contribution of

geothermal heat flow G and potential basal frictional heat Q, k is the ice

conductivity and κ is the ice diffusivity, both assumed to be constant. We

further consider a z-dependent vertical velocity component given by w(z).
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In order to solve this problem, we must first provide the particular form

of the vertical velocity term. As in Clarke et al. (1977) and Zotikov (1986),

we first assume a linear variation of w(z) with depth:

w(z) = w0
z

L
, (2.3)

where w0 is the vertical velocity at the ice surface z = L.

Standard values for w0 usually read from −0.1 to −0.3 m/yr (Glovinetto

and Zwally, 2000; Spikes et al., 2004). Positive values of w0 imply an upward

movement of ice and are physically plausible, though quite rare. Dahl-Jensen

(1989) calculated steady temperature distributions (Fig. 5 therein) and found

that profiles near the terminus position resemble those predicted for an abla-

tion zone (w0 > 0). Solutions herein presented are applicable to both positive

and negative values of w0, though we will focus on the downward movement

of ice (i.e., w0 < 0). The linear dependency is widely used in the literature

(e.g., Joughin et al., 2002, 2004; Suckale et al., 2014). Nonetheless, we will also

explore a more general power-law relationship that better describes vertical

velocities modeled by Glen’s flow law (see Appendix A.3).

The inhomogeneous term Ω can encompass a number of heat sources and

sinks. Here we focus on strain heating S and horizontal advection H, so

that Ω = S + H. In general, the strain heating term can be expressed as

S = σij ϵ̇ij , where σij is the Cauchy stress tensor and ϵ̇ij is the strain rate

tensor (expressed in index notation). Upon application of Glen’s law, the rate

of strain heating is solely a function of the second invariant of the strain rate

tensor:

S = σij ϵ̇ij = 2A−1/n ϵ̇e
(n+1)/n, (2.4)

where ϵ̇e = (ϵ̇ij ϵ̇ij/2)
1/2

is the second invariant of the strain rate tensor

and summation is implied over repeated indexes (Einstein notation). This

formulation does not impose any conditions on the strain rate regime (i.e.,

the dominant components) and only assumes ϵ̇ to be constant in depth. This

requirement ensures the analytical tractability of the solution while including

a potential strain contribution throughout the ice column.

The horizontal advection term H can imply a heat source or a sink, depend-

ing on the sign of the horizontal temperature gradient along a particular di-

rection. We herein consider such a contribution by defining a depth-averaged

lateral advection term (Meyer and Minchew, 2018):
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H =
1

L

∫ L

0

(u · n̂) θn̂dz, (2.5)

where u is the horizontal velocity vector, n̂ is the normal vector along an

arbitrary direction contained in the horizontal plane and θn̂ = ∂θ/∂n̂ denotes

the directional derivative along n̂.

This assumptions allow us to include a potential strain heat source S and a

horizontal advection of heat term H while keeping the analytical tractability

of Eq. 2.2. The limitations of these simplifications are discussed in Section

2.6.

2.2 Analytical solution

We next outline our analytical approach. We first non-dimensionalise our

problem and exploit the linearity of the differential operator by further de-

composing the solution as a sum of stationary and transient components to

deal with the inhomogeneity. Lastly, we apply separation of variables to ob-

tain a solution of the time-dependent problem and impose the corresponding

initial and boundary conditions. Derivation details are elaborated in Ap-

pendix A.1.

It is natural to non-dimensionalise our problem by defining the following

variables:

ξ =
z

L
, τ =

κ

L2
t, θ =

T

Tair
, w̃ =

L

κ
w, β̃ =

β

L
, Ω̃ =

L2

κTair
Ω (2.6)

over the domain L̃ = [0, 1]. Tildes are hereinafter dropped to lighten the

notation.

Hence, we can express our Problem 2.2 as:

θτ = θξξ − Pe ξθξ + Ω, ξ ∈ L, τ > 0,

θ = θ0(ξ), ξ ∈ L, τ = 0,

θξ = γ, ξ = 0, τ > 0,

βθξ + θ = 1, ξ = 1, τ > 0,

(2.7)
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Table 2.1: Non-dimensional definitions and characteristic ranges. Summation
is implied over repeated indices. Pe and Br are the Peclét and Brinkman
numbers, respectively. Λ is the normalised horizontal advection, β is the sur-
face insulation parameter and γ is the dimensionless combined contribution
of geothermal heat flow and basal frictional heat. Physical magnitudes em-
ployed to obtain these ranges are give in Table 2.2.

Symbol Definition Characteristic range

Pe
L

κ
w0 0.0 − 30.0

Br
L2

κTair
σij ϵ̇ij 0.0 − 5.0

Λ
L2

κTair

∫ 1

0
(u · n̂) θn̂ dξ 0.0 − 10.0

γ −Tair

kL
Υ 0.1 − 5.0

β
β

L
0.0 − 1.0

where γ = −TairΥ/(kL), w = Pe ξ and θ0(ξ) are the non-dimensional geother-

mal heat flow, vertical velocity and initial profile respectively. The vertical

velocity is thereby conveniently expressed in terms of the Peclét number

Pe = w0L/κ (i.e., the ratio of advective to diffusive heat transport). The non-

dimensional strain heat source term S can be identified with the Brinkman

number Br, which represents the ratio of deformation heating to thermal

conduction (see Table 2.1). The non-dimensional number γ is the combined

contribution of geothermal heat flow and potential basal frictional heat, nor-

malised by the vertical temperature gradient that would exists for a column

thickness L and temperature Tair. It provides the relative strength of the basal

inflow of heat compared to the ice-column extent and the air temperature.

The dimensionless problem clearly shows that five numbers completely

determine the shape of the stationary solution: γ, β, Pe, Λ and Br. Their

particular impact on the temperature distributions is discussed below.

Given that Eq. 2.7 is inhomogeneous, we will decompose the solution as a

sum of a transient µ(ξ, τ) and a stationary ϑ(ξ) components, so that θ(ξ, τ) =

µ(ξ, τ) +ϑ(ξ). As a result, the transient and stationary problems are subject

to homogeneous and inhomogeneous boundary conditions, respectively:
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Table 2.2: Physical parameters values employed to determine the non-
dimensional range shown in Table 2.1.

Parameter Definition Explored range Units

L Ice thickness 1 - 3 km
Tair Air temperature 223.15 - 263.15 K
κ Thermal diffusivity 1.4 · 10−6 m2 s−1

k Thermal conductivity 2.0 W m−1 K−1

β Surface insulation 0 - 1 km
G Geothermal heat flow 0.01 - 0.05 W m−2

Q Frictional heat 0 - 0.5 W m−2

u Horizontal velocity 0 - 300 m yr−1

θn̂ Horizontal temperature gradient 0 - 1 K km−1

ϵ̇e Effective strain rate 10−4 - 10−2 yr−1

A Ice rate factor 10−25 - 10−24 Pa−3s−1



µτ = µξξ − wµξ, ξ ∈ L, τ > 0,

µ = µ0, ξ ∈ L, τ = 0,

µξ = 0, ξ = 0, τ > 0,

βµξ + µ = 0, ξ = 1, τ > 0,

(2.8)

and 
Ω = ϑξξ − wϑξ, ξ ∈ L,

ϑξ = γ, ξ = 0,

βϑξ + ϑ = 1, ξ = 1,

(2.9)

where µ0 = θ0(ξ) − ϑ(ξ) is the initial profile of the transitory solution.

The solution to the stationary component (Eq. 2.9) already differs from

previous analytical works as Robin (1955) and Lliboutry (1963). First, they

considered a homogeneous version of the problem (i.e., Ω = 0) so that poten-

tial strain heating or horizontal advective contributions are neglected. More-

over, they simplified the top boundary condition since they imposed a pre-

scribed constant temperature value at ξ = 1 (see also Clarke et al., 1977).

However, our refinements still allow for analytically tractability and thus the

stationary solution is (see Appendix A.2 for derivation details):

ϑ(ξ) = Ω
ξ2

2
2F2

(
1, 1;

3

2
, 2;−ζ

)
+ A erf [aξ] + B (2.10)
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where 2F2(a1, a2; b1, b2, x) is the generalised hypergeometric function, ζ =

(aξ)
2
, a = (w0/2)

1/2
, A = −γ (π/(4a))

1/2
and B = 1−A

(
2aπ−1βe−a2

+ erf [a]
)

.

Note that if the inhomogeneous term is zero (i.e., Ω = 0), the stationary tem-

perature profile reduces to the well-known error function previously obtained

by Robin (1955) and Lliboutry (1963). Even so, the temperature distribu-

tion would still differ as the boundary condition considered herein reflects a

potential surface thermal insulation unlike prior studies.

We now take a step further and allow for time evolution by solving Eq.

2.8 and building our solution as the sum of both contributions. Namely, the

general solution of the transient problem µ(ξ, τ) is (see Appendix A.1 for

derivation details):

µ(ξ, τ) =
∞∑

n=0

[AnΦ (αn; δ; ζ) + BnΨ(αn; δ; ζ)] e−λnτ (2.11)

where Φ (α; δ; ζ) and Ψ (α; δ; ζ) are the Kummer (Kummer, 1836) and Tricomi

confluent hypergeometric functions respectively (also known as confluent hy-

pergeometric functions of the first and second kind). αn = −λn/ (2w0) and

δ = 1/2. As the solution must be bounded at the origin, we set Bn = 0.

The full solution θ(ξ, τ) = ϑ(ξ) + µ(ξ, τ) thus reads:

θ(ξ, τ) = Ω
ξ2

2
2F2

(
1, 1;

3

2
, 2;−ζ

)
+A erf [aξ] +B +

∞∑
n=0

AnΦ (αn; δ; ζ) e−λnτ

(2.12)

where the coefficients An are obtained from the initial temperature profile

(Eq. A.13 in Appendix A.1).

2.3 Stationary solutions

Before displaying the results of the full time-dependent problem, it is worth

describing the temperature solutions at equilibrium.

Figure 2.2 shows our steady-state solutions as vertical profiles for a subset

of the permutations of the non-dimensional numbers Pe, Br, γ, Λ and β. It

is illustrative to compare the shape of our temperature solutions with Clarke

et al. (1977) (Fig. 1 therein). We must stress that a one-to-one comparison is

not readily possible since they imposed a simpler top boundary condition in
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which the ice surface temperature is fixed to a given value, though the exact

same solutions can be simply obtained by setting β = 0 in our case (see Eq.

2.1).

The non-dimensionalization of our analytical model provides simplicity

and further reduces the parameter dimensionality of the solutions to solely

five numbers, each corresponding to one column in Fig. 2.2. The Peclét num-

ber produces significant changes in the equilibrium solutions, as colder ice is

advected from the uppermost part of the column, consequently cooling down

the profile with increasing Pe values (Fig. 2.2a), in contrast to the well-known

linear profile resulting for the purely diffusive case (i.e., Pe → 0). The com-

bined contribution of geothermal heat flow and friction heat dissipation γ also

yields large temperature amplitudes within the explored range. Nevertheless,

the impact is clearly limited to the lower half of the column, thus leaving the

upper regions nearly unperturbed as shown in Fig. 2.2c. Likewise, for the sur-

face insulation parameter β in the presence of downwards advection (Pe = 7),

the entire temperature profile is left unchanged despite varying values of β

(Fig. 2.2b). This can be understood as the heat exchange at the ice-air inter-

face is not relevant for strong downward transport of colder ice, which is a far

more effective heat transport compared to dissipation. Unlike γ, the strain

heat dissipation Br influences the upper region of the ice temperature as its

contribution is distributed throughout the column (Fig. 2.2d), rather than

being a basal heat source. Even so, the impact is most notable near the base

given that the temperature therein can freely evolve so long as the geothermal

heat flow condition is met (Eq. 2.2). Similarly, the vertically-averaged lateral

heat advection Λ also affects upper regions of the column (Fig. 2.2e). Here we

have chosen positive Λ values, implying advection of colder ice. As a result,

for sufficiently large values of Λ, the temperature within the column can be

lower than at the surface, reaching a local minimum therein and gradually

increasing as the base is approached. For negative values of Λ, we would find

temperature profiles as those obtained in Fig. 2.2d.

2.4 Full solutions

We now present the results of the full problem presented in Eq. 2.2 by in-

cluding the time-dependent solution. This transient nature depends on the



2.4 Full solutions 39

Fig. 2.2: Stationary temperature profiles ϑ(ξ). Solutions are fully determined
by five non-dimensional numbers: Pe, β, γ, Br and Λ, corresponding to each
panel respectively. Default values are: Pe = 5, β = 0, γ = −0.2, Br = 0 and
Λ = 0, except for panel (e), where γ = −0.4.

initial state of the system, although it exponentially converges to the steady

state as the transient component vanishes under the assumption of constant

boundary conditions. We overcome the arbitrariness on the initial tempera-

ture profile by directly calculating the eigenvalues of the problem and their

corresponding decay times as an estimation of the time scale of our system

in different physical scenarios.

To illustrate the full solutions, we show the explicit time evolution from

an initial profile as it approaches the corresponding stationary solution (Fig

2.3). In this instance, we employ constant initial temperature profiles for sim-

plicity, θ0(ξ) = 0.5 and θ0(ξ) = 2.5 in panels Fig 2.3a and b, respectively.

With these particular choices, we ensure that the initial temperature profile

is below and above the stationary solution for two strong advective scenarios:

vertical and lateral. Fig. 2.3a shows how temperature both at the ice surface

and most notably at the base start to increase for τ > 0, while at the cen-

tral region of the column remains constant until heat propagates along the

column. It is worth noting how the surface temperature gradually relaxes to

the equilibrium profile since instead of imposing the air temperature, a more

realistic heat exchange at the ice-air interface is considered via β = 0.5. On

the contrary, Fig. 2.3b shows an instantaneous change at the surface by an

oversimplified top boundary condition if β = 0 (i.e., a perfectly conductive
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ice-air interface). As a result, the cold air temperature rapidly propagates

into the uppermost region of the ice column rapidly, whereas the geothermal

heat flow contribution requires a longer time to propagate from the base. On

the contrary, the lower part of the domain increases its temperature notwith-

standing the sudden decrease of the upper region. As the column evolves in

time, the rate of change gradually diminishes and it approaches zero as the

transient solution asymptotically reaches the temperature profile given by

the stationary temperature profile ϑ(ξ) = limτ→∞ θ(ξ, τ).

Fig. 2.3: Time-dependent solution θ(ξ, t) given an initial temperature profile
θ0(ξ) (vertical dotted line). Dimensionless values: (a) β = 0.5, Λ = 0 and (b)
β = 0.0, Λ = 1.0. Default values: Pe = 5.0, γ = −0.35, Br = 0. Black dashed
lines represent the stationary solution ϑ(ξ). To ease visualization, the time
variable is quadratically spaced as indicated in the colourbar.

To examine closely the transient nature of the solutions, we present the

temperature evolution of a given initial profile for a certain range of the non-

dimensional parameters (Fig. 2.4). This gives us information about the time-

dependent effects of each parameter, unlike Fig. 2.2 that was restricted to

equilibrium states. Addtionally, the continuous representation (i.e., colourbar

in Fig. 2.4), as opposed to the discrete number of vertical profiles in Fig. 2.3

facilitates comparison among particular parameter choices.
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The particular parameter values were selected so that we obtain four physi-

cally distinct scenarios: (a) high geothermal heat flow under a large advection

regime, (b) high strain heat dissipation in a low vertical advection regime, (c)

strong lateral advection of colder ice under surface insulating conditions and

(d) weak geothermal heat flow under a low vertical advection regime. This

setup allows us to separately determine the role played by each mechanism

during the transient regime of the solution.

Figure 2.4a shows that the thermal equilibration begins by an increase of

the basal temperature that gradually propagates upwards until it is balanced

by the downward advection ice from the colder surface. A similar transient

behaviour is found if strain heat dissipation is additionally considered (Fig.

2.4b). Even though the geothermal heat flow is significantly smaller in this

scenario, the heat travels further upwards as a result of a low vertical advec-

tion regime (Pe = 2) combined with a source of strain heat throughout the

column (Br = 6). If we instead consider a scenario where heat is removed

by lateral advection of colder ice Λ = 6 (Fig. 2.4c), we note two different

timescales: the geothermal heat flow first warms the ice base, then the lateral

removal of heat takes over with a consequent reduction of temperature in the

entire column. Lastly, a low basal inflow of heat combined with a weak ver-

tical advective regime (Fig. 2.4d) yields the smallest temperature gradients

within the column.

We can also predict the behaviour of the transitory component directly

from the eigenvalues of the problem. By calculating the inverse of the eigenval-

ues λ−1
n , we obtain a magnitude that can be expressed with time dimensions

and represents the decay time of each Fourier mode (Fig. 2.5a). Physically,

this is the time required for the transient component to be reduced a fac-

tor e−1 at any point and it further allows us to estimate the equilibration

time from an arbitrary initial state. As we would expect, higher order modes

have a shorter life time. Notably, the eigenvalue equation solely depends on

Pe and the surface insulation parameter β (Eq. A.8, Appendix A.1). This

implies that the time to reach equilibrium exclusively depends on these two

numbers. The remaining dimensionless parameter values yield the exact same

equilibration time, despite playing a role in the particular form of the solu-

tion. In other words, the five dimensionless numbers shape the temperature

profile, but only the vertical advection and the surface insulation parameter

influence the exponential decay of the transitory component and therefore,
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Fig. 2.4: Time-dependent solution θ(ξ, τ) given an initial temperature profile.
For simplicity, here the initial temperature profile is θ0(ξ) = −40ºC at all
depths and in all cases.

the timescale to reach equilibrium from an arbitrary initial state (Fig. 2.5b).

Particularly, scenarios with a high advective regime yield shorter equilibra-

tion times (Fig. 2.5b) ∼ 2-10 kyr, unlike highly insulating scenarios at the

surface, characterized by long decay times (∼ 25-40 kyr).

2.5 Benchmarks for numerical solvers

The analytical solutions obtained herein are valuable tools for testing nu-

merical solvers. We thus propose a suite of benchmark experiments with
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Fig. 2.5: Decay time and corresponding eigenvalues. (a) First four eigenvalues
for the set of β values shown in Fig. 2.2b. (b) Decay time (kyr) of the first
eigenvalue as a function of Pe and β.

gradually increasing complexity to test the representation of each physical

process involved in ice temperature evolution (see Table 2.3).

Table 2.3: Benchmark experiments for numerical solvers and main physical
processes considered for heat propagation. The experiments are named in
increasing complexity order.

Experiment name
Physical processes

Diffusion Vertical adv. Strain heating Horizontal adv.

Exp-1 Yes No No No

Exp-2 Yes Yes No No

Exp-3 Yes Yes Yes No

Exp-4 Yes Yes Yes Yes

First, the well-known purely diffusive case (Exp-1) is simply considered.

Then, vertical advection is additionally included (Exp-2). Lastly, strain heat-

ing (Exp-3) and the vertically-averaged horizontal advection (Exp-4) are con-

sidered. Given the analytical nature of our solutions, spatial and temporal

resolutions can be set arbitrarily high as there are neither convergence nor

stability constraints. This allows for a comparison against spatial and tempo-

ral resolutions found in numerical solvers. It must be stressed that the initial
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temperature profile and all other parameters can be set by the user to test

the solution at any desired scenario. These are simply proposed benchmarks,

but the solutions developed here can be used for any type of benchmark test

that is desired and fits the limitations of the equations.

A numerical model is further developed for testing by performing a fi-

nite differences discretisation of Eq. 2.7 and the basal boundary condition

over a sigma coordinate system, where grid points are unevenly-spaced. This

uniform grid can follow either a quadratic or an exponential relation, set

by the user. This yields higher resolutions near the base for a fixed number

of points, thus minimising the computational costs. Several discretisation

schemes are employed with varying orders of convergence, summarised in

Table 2.4. Numerical solutions are then compared at equilibrium with their

analytical counterpart (Fig. 2.6).
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As could be expected, Figure 2.6 illustrates that spatial discretisation be-

comes a fundamental piece to obtain an accurate temperature solution, par-

ticularly at the base of the ice. The purely diffusive scenario (Exp-1, Fig. 2.6a)

shows the smallest (negligible) errors for all discretisation schemes given its

mathematical simplicity. If vertical advection is further introduced (Exp-2,

Fig. 2.6), the particular choice by which the temperature first derivative θξ is

discretised becomes important, as temperature gradients can be transported

via non-zero vertical velocities. Forward stencils slightly overestimates (F-

2p) and underestimates (F-3p) the solution as shown in Fig. 2.6b. On the

contrary, symmetric stencils S-2p provides a numerical solution significantly

closer to the analytical profile, particularly near the base. The next bench-

mark experiment (Exp-3, Fig. 2.6c), where the inhomogenous term captures

a source of heat throughout the column due to strain deformation, presents a

similar behaviour, where the F-3p stencil undersetimates the solution. Again,

the symmetric scheme outperforms the asymmetric ones. Lastly, the inhomo-

geneous term is introduced, physically capturing a vertically-averaged source

or sink of heat as a consequence of the advected ice in the horizontal di-

mension. This work thus considered a negative contribution that physically

describes a downstream advection of colder ice (Exp-4, Fig. 2.6d). Numerical

solutions overestimate the analytical solution for the assymetric discretisa-

tion schemes (i.e., F-2p and F-3p), unlike the two-point symmetric scheme

(S-2p). It is worth noting that the closest result to the analytical solution is

obtained using S-2p for the advective term and F-3p for boundary condition

discretisation. In the remaining experiments, the particular scheme employed

in the basal boundary condition does not modify the solution.

For all experiments tested, results are identical irrespective of the particu-

lar discretisation of the diffusion term (Table 2.4), so that both a three-point

and a five-point symmetric stencils yield the same stationary temperature

profiles. Overall, all finite differences stencils herein presented successfully

converge (Fig. 2.6e) for all benchmark experiments, yielding the smallest

residual error for the purely diffusive scenario (Exp-1).

Additionally, a resolution convergence test is performed for the best dis-

cretisation choice (Table 2.4): a F-3p for the diffusive term, a S-2p for verti-

cal advection and a F-3p basal boundary condition. In order to quantify the

residual error as a function of the spatial resolution for each benchmark ex-

periment (Fig. 2.7), the ℓ2-norm of the difference between the numerical and
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the analytical solutions ε = ||ϑnum−ϑ−||ℓ2 , defined as ||x||ℓ2 =
(∑

i x
2
i

)1/2
is

computed. The larger deviations from the analytical solutions are found for

the lower half of the ice column and are strongly dependent on the vertical

resolution. Results show that a coarse resolution tends to overestimate the

equilibrium temperature for all benchmark experiments. The residual error

between the analytical and numerical solution exponentially decays, reaching

values of ε < 10−2 for n > 15.

2.6 Discussion

The adoption of dimensionless variables results in enhanced generality and

mathematical convenience, albeit at the expense of veiling the practical sig-

nificance to real glaciers and ice sheets. Data for characteristic values have

been consequently tabulated to ease interpretation (Table 2.1), thus showing

that the explored range encompasses realistic values found in ice caps.

First, results are compared with previously obtained solution for a simpler

case (e.g., Clarke et al., 1977). Identical profiles can be obtained by setting

the ice surface temperature to a fixed value given by the air temperature,

i.e., imposing β = 0 in Eq. 2.2 (Figs. 2.2c and 2.2f). Prominently, note that a

non-zero β value is fundamental in the transitory regime (Fig. 2.11), though

it leads to negligible changes at equilibrium (Fig. 2.2).

The transient behaviour of the solution is intricate given the freedom to

choose an arbritary initial state. This issue can be overcome by direct inspec-

tion of the eigenvalues of the problem. An estimation of the decay time of the

analytical solution shows that the advection and the surface insulation are the

only parameters that determine the timescale to reach thermal equilibrium.

This approach has some limitations, some of which are now discussed. The

decay time dependency is subjected to the mathematical form of our prob-

lem (Eq. 2.2). If an analytical solution could be obtained with an additional

explicit horizontal advection term (rather than a vertically-averaged contri-

bution), then the eigenvalues, and consequently the decay times, would also

depend on Λ. A second limitation concerns the boundary conditions. This

solution required time-independent conditions and therefore the decay time

estimations do not hold if, for instance, the surface temperature changes over

time. Even so, the approach developed here provides estimates of relaxation
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Fig. 2.6: Numerical steady-state solutions (red, blue) for all discretisations
shown in Table 2.4 compared with the analytical solution (solid black).
Colour code represents the two asymmetric discretisation schemes for the
basal boundary condition: F-2p (blue) and F-3p (red). Marker and line styles
denote the discretisation stencil of the vertical advective term. The number of
vertical points n = 10 is fixed for all cases. Numerical solutions are identical
upon spatial discretisation of the difussive term at orders O(ε2) and O(ε4)
(see Table 2.4). The purely diffusive case (Exp. 1) yields negligible errors
ε < 10−5.
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Fig. 2.7: Convergence study of benchmark experiments. Steady-state analyt-
ical solutions shown in black solid line. (a) Exp-1, (b) Exp-2, (c) Exp-3 and
(d) Exp-4, (e) Residual error defined as ε = ||ϑnum − ϑ||ℓ2 . For all experi-
ments, γ = 2 and β = 0.

times under different physical conditions and gives an explicit expression for

the time-dependent temperature profile from any arbitrary initial state.

The tractability of the analytical solution does not allow for further com-

plexity and hence additional numerical methods would be necessary if such

a physical description is desired. Nonetheless, a constant horizontal advec-

tion term Λ was also introduced as part of the inhomogeneous term Ω, for

which the sign of the horizontal temperature gradients must be chosen a pri-

ori. Even though horizontal variability of temperature distributions can vary

greatly, this effect is considered by assuming a constant term (throughout
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the ice column) entering the heat equation, thus not reflecting much of the

non-local features of the thermal structure of the ice sheets.

It must be stressed that our analytical solutions are not limited to regions

with negligible horizontal velocities, since the true constraining quantity is the

vertical gradient of the horizontal velocity uz. Hence, rapidly sliding regions

with a small vertical gradient of the horizontal velocity are also suitably

described by our solutions, for that uz ≃ 0 implies that the temperature

profile is merely transported along the flow direction, while compressing the

temperature gradient as the ice stream thins (Robel et al., 2013). One can

argue that the additional source of heat due to frictional dissipation should be

now also considered. Nonetheless, in terms of the temperature distribution,

this effect is equivalent to an increased geothermal heat flux, as it is purely

restricted to the column base and therefore already encompassed in Eq. 2.7.

The strain rate regime pose further limitations on the applicability of the

solution. Particularly, regions where vertical shear dominates and the strain

heat dissipation is concentrated near the base, a vertically-averaged contri-

bution appears to be inaccurate. Nevertheless, as already noted by Rezvan-

behbahani et al. (2019), this effect is instead well captured by an increase

in the inflow of heat from the base (i.e., equivalent to a larger geothermal

or frictional heat term) under conditions where most of the vertical shear is

concentrated in the basal layers (Fowler, 1992).

It is worth noting that phase changes are not herein considered, so that

temperature evolution is strictly confined to values below the pressure-

melting point. Unlike a numerical solver, where temperature is manually

limited, these solutions must be taken with caution as the problem herein

addressed describes a frozen ice column. Results are still compatible with a

potential heat contribution due to basal frictional heat Eq. 2.2, even though

fast sliding regions are often related with temperate basal conditions. Nev-

ertheless, an additional heat contribution would imply an increased vertical

temperature gradient even if the column base eventually reached the pressure-

melting point.

Knowing that ice forms by snow densification through time (Stevens et al.,

2020), layers of progressively increasing ice density descending from the sur-

face are found. Likewise, snow thermal conductivity increases with density

(e.g., Sturm et al., 1997, 2002; Calonne et al., 2011, 2019), resulting in a

poorer heat conductor as the snow-air interface is approached. As already
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noted by Carslaw and Jaeger (1988), if the flux across a surface is propor-

tional to the temperature difference between the surface and the surround-

ing medium, the appropriate boundary condition takes the form of Eq. 2.1,

rather than the oversimplified version θ(L, t) = Tair. Here it is explicitly

described the ice column with a constant thermal conductivity to keep ana-

lytical tractability, but this works aims at describing the fact that the ther-

mal conducivity of glacial ice k(ρ) is reduced towards the surface. Following

Carslaw and Jaeger (1988), a general ”Newton’s Law” also captures the tra-

ditional approach (i.e., imposing a particular ice surface temperature given

by the air temperature) as a limit case if β → 0.

Our suite of benchmark experiments allows us to test numerical solvers

and assess reliability for different discretisation schemes and resolutions. The

basal boundary condition is sensitive to the particular discretisation scheme,

as the geothermal flux is the main source of heat in the ice column and is

considered via a Neumann boundary condition. The simplest two-point sten-

cil does not correctly represent the equilibrium temperatures, yielding larger

deviations at the base (Fig. 2.6). Higher order discretisations are necessary

to obtain a more reliable temperature distribution. In our benchmark exper-

iments, significant improvement is found between O(ε1) and O(ε2) schemes

for the basal boundary condition (Fig. 2.6), particularly for scenarios with

large strain heating values or strong horizontal heat advection. Results for

the different vertical advection schemes show that forward stencils (both F-2p

and F-3p) deviate further from the analytical solution when compared to a

symmetric scheme. Despite the fact that symmetric advective schemes might

show some instabilities, no numerical issues have been found in the present

study. On the contrary, such schemes appear to outperform the asymmetric

counterparts for all benchmark experiments.

Resolution plays a fundamental role to obtain a reliable temperature pro-

file. A sigma coordinate system with quadratic spacing accurately (ε < 10−2)

reproduces the analytical solution for n ≥ 15 grid points provided our best nu-

merical scheme choice. Additional calculations performed for an exponential

grid spacing (not shown) reveal consistent results with the quadratic depen-

dency (Figs. 2.6 and 2.7). This shows robustness of our numerical schemes,

from which the symmetric advective stencil (S-2p) and the three-point basal

boundary conditions (F-3p) again outperform the remaining choices.
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2.7 Conclusions

The analytical solution to the 1D time-dependent advective-diffusive heat

problem including additional terms due to strain rate deformation and depth-

integrated horizontal advection has been determined. A Robin-type top

boundary condition further considers potential non-equilibrium temperature

states across the ice-air interface. The solution was expressed in terms of con-

fluent hypergeometric functions following a separation of variables approach.

Non-dimensionalisation reduced the parameter space to five numbers that

fully determine the shape of the solution at equilibrium. The arbitrariness on

the initial temperature profile has been further overcome by directly calculat-

ing the eigenvalues of the problem and their corresponding decay times as an

estimation of the time scale of our system in different physical scenarios. The

transient component exponentially converges to the stationary solution with

a decay time that solely depends on vertical advection and surface insulation.

The sign of vertical advection is of utmost importance as it determines

the direction along which temperature gradients are transported. The present

study focuses on the downward advective scenario, given the implausibility

of an upward advection of ice. At equilibrium, basal temperatures are par-

ticularly sensitive to four physical quantities: vertical advection, geothermal

heat flow, strain heat and lateral advection. On the contrary, the surface

insulation yields negligible changes in the stationary solution. This is true

even for highly insulating conditions at the ice surface, so long as colder ice

is transported more efficiently than heat travels upwards due to diffusion.

The transient regime shows a strongly distinct behaviour. The arbitrari-

ness of the initial state is overcome by a direct inspection of the eigenvalues

of the problem. A magnitude that represents the decay time of each Fourier

mode is obtained, thus providing information about the equilibration time of

the system. The decay time of the transient component is found to be solely

dependent on two magnitudes: advection (Pe) and surface insulation (β). The

remaining dimensionless parameters shape the temperature solution, though

they have no influence in the timescale to reach equilibrium. Strong advective

regimes (Pe ∼ 5) yield ∼ 2-10 kyr decay times under null and strong surface

insulation conditions, β = 0 and β = 1 respectively. On the contrary, weak

advective regimes are characterised by longer timescales ∼ 20-40 kyr, also

depending on the particular insulating scenario.
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Our suite of benchmark experiments are convenient for assessing accuracy

and reliability of numerical schemes. This thesis employes unevenly-spaced

grid discretisations to obtain higher resolution near the base whilst minimis-

ing the total number of grid points, thus reducing computational costs. A

symmetric discretisation of the advective term combined with a three-point

basal boundary condition yields the best agreement compared to analytical

solutions. In terms of convergence and grid resolution, n ≥ 15 is found to

be the lower limit to obtain accurate temperature profiles. These results are

robust both for a quadratic and an exponential grid spacing.

Lastly, it must be stressed that our analytical solutions are general and

can be applied to any initial boundary value problem that fulfils the condi-

tions herein described. They can provide temperature distributions for any

1D problem at arbitrarily high spatial and temporal resolutions, that consid-

ers the combined effects of diffusion, advection and strain heating without

any additional numerical implementation. Furthermore, they present a reli-

able benchmark test for any numerical thermomechanical solver to quantify

accuracy losses and necessary spatial and temporal resolutions.





Chapter 3

Description and validation of ice-sheet

model Nix v1.0∗

The previous chapter analytically described the time-dependent behaviour

of the ice temperatures over a one-dimensional column and provided with

a suite of benchmark experiments to test numerical solvers. Advection of

heat (both vertically and horizontally) and frictional dissipation appear to

be fundamental components that shall not be overlooked. Nevertheless, the

particular shape of the vertical velocity profile must be imposed a priori to

obtain a solution. More importantly, horizontal advection cannot be explicitly

resolved and a parametrised contribution shall be only considered. Further-

more, the low dimensionality constrain to obtain analytical results does not

allow for higher complexity. Thus, the highly coupled nature of a real ice

sheet necessitates an explicit description that can be only accounted with a

numerical model.

The capability of ice sheet models to reproduce grounding line migration

was thoroughly studied since Weertman (1974) and Thomas and Bentley

(1978) proposed that no stable steady states of the grounding line could

be found on inland-sloping or retrograde beds. The first Marine Ice Sheet

Intercomparison Project (MISMIP, Pattyn et al., 2012) shed light on the

agreement of modelling efforts to describe the grounding line motion and

assessed the appropriateness of numerical schemes. The authors proposed a

set of benchmark experiments on an idealised two dimensional bed geometry

that serves as an extremely convenient evaluation for ice sheet models to re-

∗ The main contents of this chapter are published in:
Moreno-Parada, D., Robinson, A., Montoya, M., and Alvarez-Solas, J.: Description and

validation of the ice sheet model Nix v1.0, EGUsphere [preprint], https://doi.org/10.
5194/egusphere-2023-2690,2023.
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produce grounding line migration. Nonetheless, there are important questions

regarding the particular effect of thermodynamics that remain unanswered.

Specifically, whether marine ice sheets have discrete steady surface profiles if

ice temperatures can freely evolve in time and the potential implications on

the hysteresis behaviour in overdeepened bed geometries.

The following chapter thus presents a comprehensive description of the

ice-sheet model Nix v1.0: a 2D thermomechanical model that simultaneously

solves for the momentum balance equations, mass conservation and temper-

ature evolution. The chapter is structured as follows: first a Nx ice sheet

model v1.0 is introduced and described (Sections 3.1, 3.2 and 3.3); then the

experimental setup is described (Section 3.4). In Section 3.5.1, Nix model

is validated against established benchmarks from MISMIP. Next, in Section

3.5.2, novel experiments coupling ice dynamics with thermomechanics are

carried out using physical variables as a forcing: atmospheric temperatures

and oceanic temperature anomalies. Section 3.6 discusses all results herein

presented. Finally, the main conclusions of this work are summarized (Section

3.7).

3.1 Model design

Nix is an open source software available under the Creative Commons Attri-

bution 4.0 International license. The model has been derived from scratch

with a clear Application Programming Interface (API). It is written in

C/C++ for efficiency and extremely fast computing (see Appendix B) and is

readily available to run in any High Performance Computing Cluster. There

are two key dependencies: NetCDF (Rew and Davis, 1990; Brown et al., 1993)

and Eigen (Guennebauda et al., 2010) libraries. The former handles tasks for

convenient community-standard input/output capability, whereas the latter

serves to define vectors, matrices and further necessary computations (Fig.

3.1). Nix users can optionally select parallel computing (supported by Eigen

library) simply by enabling OpenMP on the employed compiler, particularly

convenient for high resolutions in the Blatter-Pattyn approximation, where

large sparse matrices must be inverted. Moreover, it is also possible to use

Eigen’s matrices, vectors, and arrays for fixed size within CUDA kernels

(Nickolls et al., 2008).
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Fig. 3.1: Overview of Nix modular structure. Each colour represents a C++
class: dynamics, material, topography, thermodynamics and boundary con-
ditions. The Python wrapper is an optional user friendly option and the code
can be compiled without any additional depedencies at any standard High
Performance Computing Cluster.

Nix’s design offers a friendly Python wrapper module that handles di-

rectory management and compilation, though it can be compiled and run

independently. The exact version used to produce the results of this work

is archived at a persistent Zenodo repository (Moreno-Parada et al., 2023b)

while the latest version can be accessed on GitHub at: https://github.com/

d-morenop/nix.

https://github.com/d-morenop/nix
https://github.com/d-morenop/nix
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3.2 Model physics

In this section, the fundamental equations of the model are described. Gen-

erally speaking, an ice slab of two spatial dimensions (i.e., horizontal and

vertical) is considered by coupling a particular choice of stress balance, the

advection equation and the associated heat problem.

Our system evolves thermodynamically in time through three main pro-

cesses concerning heat propagation: vertical diffusion, horizontal and vertical

advection and internal deformation of the ice. Viscosity is thus dependent on

both the strain rate and the temperature. With respect to dynamics, basal

friction can be parametrised by three distinct formulations (linear, power-law

and Regularized-Coulomb). Additionally, basal friction captures the thermal

state of the base by a two-valued friction coefficient encapsulating frozen and

thawed bedrocks.

3.2.1 The Blatter-Pattyn approximation

Ice sheets and glaciers are generally described as an incompressible fluid with

a low Reynolds number flow. Conservation of momentum is ensured through

the Stokes equations, a quasi-static stress description where intertial and

advective terms are neglected due to the slow movement of the ice.

The typical ice-sheet geometry allows to further simplify the Stokes flow

equations by defining an aspect ratio ε. Given the characteristic length scales

for the horizontal and vertical dimensions, ε ≪ 1 (e.g., Greve and Blatter,

2009). Simply by keeping terms of order O (ε) in the Stokes equations, the

Blatter-Pattyn model (Blatter, 1995; Pattyn, 2003) arises with a hydrostatic

approximation error of O
(
ε2
)

(Dukowicz et al., 2010; Schoof and Hindmarsh,

2010). This first-order approximation forms an elliptic coercive problem, sig-

nificantly easier to solve than the intricate saddle-point problem of the full

Stokes system.

For the purpose of this work, we shall consider two spatial dimensions:

horizontal x and vertical z, respectively. This considerably reduces the com-

putational time and allows for extremely high spatial resolutions (∆x ∼ 0.5

km), whilst explicitly accounting for the vertical gradients in ice viscosity

and velocity. The 2D version of the Blatter-Pattyn model can be written as:
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∂

∂x

(
4η

∂u

∂x

)
+

∂

∂z

(
η
∂u

∂z

)
= ρg

∂h

∂x
, (3.1)

where ρ is the ice density, g is the gravitational acceleration, η(x, z) is the

effective viscosity, h(x) is the surface elevation and u(x, z) is the ice velocity.

The problem is subjected to a set of boundary conditions. Nix considers

potential friction at the base of the ice, and a free surface on the upper

boundary (Veen and Whillans, 1989). In terms of velocity gradients, the free

surface condition can be expressed as (Pattyn, 2003):

∂u

∂z
= 4

∂u

∂x

∂h

∂x
, (3.2)

and the basal drag is defined as the sum of all resistive forces:

∂u

∂z
= 4

∂u

∂x

∂b

∂x
+

τ(u)

2η
, (3.3)

for the base (z = b) in the presence of potential drag τ(u) (see Section 3.2.4 for

a thorough description on basal friction). A stress-free base can be obtained

simply by setting τ = 0 in Eq. 3.3.

We further assume an ice divide at one end of the domain (x = 0), where

∂u/∂x = 0, and hydrostatic equilibrium at the ice-ocean boundary (x = L),

where the water pressure balances the longitudinal stress gradient. The full

problem thus takes the following succinct form (subscripts hereinafter denotes

partial differentiation):

(4ηux)x + (ηuz)z = ρghx, x ∈ I, z ∈ L,

uz = 4uxhx, x ∈ I, z ∈ ∂L+,

2ηuz = 8ηuxbx + τ, x ∈ I, z ∈ ∂L−,

ux = 0, x = 0, z ∈ L,

8ηux = ρgH2 − ρwgz
2, x = L, z ∈ L,

(3.4)

where ρw is the water density, H is the ice thickness evaluated at the ground-

ing line x = L and the ∂L± symbols denote the upper and lower vertical

boundaries, respectively.
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3.2.2 The Depth Integrated Viscosity Approximation

The mathematical problem underlying the Depth Integrated Viscosity Ap-

proximation (DIVA) stress balance is briefly described in Cartesian coordi-

nates (Goldberg, 2011; Lipscomb et al., 2019).

As for the Blatter-Pattyn model, only one horizontal dimension shall be

considered, leaving unaltered the nature of DIVA/SSA equations. This allows

us to consider our model as a longitudinal section of a three-dimensional ice

stream:
∂

∂x

(
4η̄H

∂u

∂x

)
+ τ(u) = ρgH

∂h

∂x
. (3.5)

Since the stress balance is also a second-order partial differential equation

on the velocity, two boundary conditions are again needed. Analogously to

the Blatter-Pattyn approximation, an ice divide is assumed at one end. At

the other end of the domain, the problem is subjected to a dynamic boundary

condition that accounts for the balance between cryostatic and hydrostatic

pressures. Thus, the DIVA/SSA boundary problem can be expressed in the

following compact form:
(4η̄Hux)x + τ(u) = ρgHhx, x ∈ I,

u = 0, x = 0,

8η̄ux = ρgH2 − ρwgD
2, x = L,

(3.6)

where D is the distance from the sea surface to the bottom of the ice.

Equation 3.5 is an elliptic non-linear differential equation. In the purely

SSA form (neither velocity nor viscosity dependency on z, i.e., u = ū and

η = η̄), it constitutes the simplest form of longitudinal stress balance deriv-

able from the Stokes model (Bueler and Brown, 2009). Solving for the velocity

u(x) is then possible by integrating Eq. 3.6 if the functions H(x), η̄(x), h(x)

and τ(u) are known. This work implements an implicit algorithm so as to nu-

merically integrate the one-dimensional DIVA/SSA equation (see integrating

scheme description in Appendix B.3).
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3.2.3 The advection coupling

Given that all models herein presented provide a quasi-static description of

the ice flow, the stress balance does not determine the temporal evolution of

the system, but rather it represents an equilibrium state for a particular ice

thickness H(x) and viscosity η(x, z) configuration. The temporal evolution is

generally considered by coupling the stress balance to the advection equation:

Ht + (ūH)x = S(x), (3.7)

where S(x) is the surface mass balance. Given that Eq. 3.7 is first order,

only one boundary condition is needed H(x = 0, t) and the consequent initial

condition H(x, t = 0).

Equations 3.6 and 3.7 are now coupled to study the evolution of the ice

thickness H(x, t) governed by the advection equation, where the velocity field

u(x, z) satisfies the stress balance imposed by a particular choice of the Stokes

approximation. Namely, our problem takes the following mathematical form:

Ht + (ūH)x = S(x), x ∈ I, t > 0

(4ηux)x + (ηuz)z = ρghx, x ∈ I, z ∈ L,

H = H0, x ∈ I, t = 0.

hx = 0, x = 0, t > 0.

u = 0, x = 0, t > 0.

8ηux = ρgH2 − ρwgz
2, x = L, z ∈ L, t > 0.

(3.8)

From a purely physical perspective, Eq. 3.8 describes a fluid membrane

of variable thickness driven by its own weight that evolves in time due to

advection.

3.2.4 Basal friction

Basal shear stress can be generally expressed as a function of the sliding ve-

locity ub and the effective pressure N , i.e., τb = f(ub, N). The physical prop-

erties of the material over which the ice may potentially slide can correspond

either to a hard bedrock flow (e.g., Weertman, 1957) or to a Coulomb-plastic
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rheology (e.g., Tulaczyk et al., 1998). Moreover, the influence of the sliding

velocity on τb is often represented by a power friction law, although a regular-

ization term u0 accounting for local properties of the bed has been shown to

outperform such a power law in both pressurized ice experiments (Zoet and

Iverson, 2020) and observations (Minchew et al., 2018; Stearns and van der

Veen, 2018; Joughin et al., 2019)

As a result, Nix can calculate the basal shear stress (i.e., basal drag)

via two independent formulations: a pseudo-plastic power law (Schoof, 2010;

Aschwanden et al., 2013) and the regularized-Coulomb law (Schoof, 2005;

Joughin et al., 2019). The former reads:

τb = −cb

(
|ub|
u0

)q
ub

|ub|
, (3.9)

where u0 = 100 m/yr and cb is a spatially-variable friction coefficient defined

below. Two particular cases of the pseudo-plastic law based upon the choice

of the exponent q deserve special attention. Namely, the linear law (q = 1;

e.g., Quiquet et al., 2018) and the purely plastic law (q = 0).

On the other hand, the regularized-Coulomb formula is given by:

τb = −cb

(
|ub|

|ub| + u0

)q
ub

|ub|
, (3.10)

behaving as a power law for small sliding velocities (i.e., ub < u0) whilst

always yielding a bounded friction value for arbitrarily high velocities (i.e.,

ub ≫ u0). Following Zoet and Iverson (2020), this thesis sets q = 1/5 and

u0 = 100 m/yr by default to ensure a reasonable transition to the steady-state

shear stress supported by the till bed. The same study empirically established

that q remains unaffected by variations in the detailed bed surface geometry.

The basal drag coefficient β is usually defined as:

β = cb(x)N, (3.11)

where N = ρgH is the overburden pressure exerted by the ice column and

cb(x) is a coefficient that reflects the bedrock characteristics.

Nevertheless, for simplicity and consistency with prior benchmark exper-

iments as MISMIP (Pattyn et al., 2012), the model also allows to represent

basal friction as:
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τb = Cuq, (3.12)

with the chosen value of C = 7.624×106 Pa m−1/3 s1/3 and q = 1/3, a sliding

velocity of about 35 m yr−1 yields a basal shear stress of 80 kPa.

3.2.5 Thermodynamics

The ice temperature in the flow line depends on the two spatial dimen-

sions x and z (horizontal and vertical, respectively) along with time (i.e.,

θ = θ(x, z, t)). Heat transfer is further considered to occur due to vertical dif-

fusion, both horizontal and vertical advection and internal heat deformation.

Energy conservation is ensured in a classical approach by a balance equation

that neglects neglecting horizontal diffusion (Greve and Blatter, 2009):

ρcθt = kθzz − ρc (uθx + wθz) + Φ, x ∈ I, z ∈ L, t > 0,

θ = θ0, x ∈ I, z ∈ L, t = 0,

θz = −G/k, x ∈ I, z = ∂L−, t > 0,

θ = θL, x ∈ I, z = ∂L+, t > 0,

(3.13)

where k is the ice conductivity, c is the specific heat capacity, Φ = 4ηε̇2

denotes the internal strain heating, G is the geothermal heat flow, θ0 is the

initial temperature profile and θL surface ice temperature. The ∂L± symbols

denote the upper and lower vertical boundaries, respectively.

The energy balance is discretised using an upwind scheme with a forward

Euler step and centred differences for the spatial derivatives (see Appendix

A4 for a detailed description).

3.2.6 Viscosity

Glen’s flow law (Glen 1955; Nye, 1957) is considered to relate the shear

stress, the ice temperature and the pressure of isotropic polycrystaline ice.

Formation of anistropic fabric is considered via a flow enhancement factor.

As shown in Section 3.1, the Blatter-Pattyn stress balance equations define

the effective viscosity as:
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η =
B

2

(
ε̇2 + ε̇20

) 1−n
2n , (3.14)

where B is the ice hardness, n = 3 is the exponent in Glen’s flow law, ε̇2

is the effective strain rate and ε̇20 is a regularization factor to elude poten-

tial singularities when velocity gradients are zero. Notably, for a 2D model

with explicit thermodynamics, the viscosity expression further simplifies the

expression of B and ε̇2:

B = A(θ)−1/n, (3.15)

ε̇2 =

(
∂u

∂x

)2

+
1

4

(
∂u

∂z

)2

, (3.16)

where n = 3 is the Glen-flow exponent. A(θ) is the rate factor and follows an

Arrhenius law:

A(θ) = A0Ee−Q/Rθ, (3.17)

A0 and Q are the temperature-dependent rate factor coefficient and acti-

vation energy, respectively (Greve and Blatter, 2009). Ef is the so-called

enhancement factor, commonly used to approximate the effect of anisotropic

flow. It is possible to specify different values of the enhancement factor for

different flow regimes (shear or stream). Typical values of the enhancement

factor for the shearing and streaming regimes are Eshr = 3.0 and Estrm = 0.7

(Ma et al., 2010), respectively. Here, a default value of E = 1.0 is used in

both cases.

For the vertically-integrated stress balance models (i.e., DIVA and SSA),

Eqs. 3.14 and 3.15 are slightly modified by computing the vertically averaged

quantities η̄ and B̄ following the generic formula f̄ = 1
H

∫ h

b
fdz.

3.2.7 Grounding line

Nix aims at simulating the flow of a sliding ice sheet. Since the longitudinal

stress at the grounding line x = L is simply a function of the ice thick-

ness therein H(x = L) for a 2D ice sheet (Schoof, 2007a), the behaviour

of grounded ice and the location of the grounding-line itself are completely

independent of the floating part.
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Neither the potential distinct shapes of the ice shelf (e.g., due to sub-

shelf melting) nor the calving affect the dynamics of grounded ice. Thus,

the flotation condition and the stress condition (Eq. 3.8) can be considered

as boundary conditions at the grounding line. These two conditions are in

fact sufficient to study the ice thickness evolution and the grounding-line

migration.

Following Hindmarsh (1996), an explicit expression for the grounding-line

migration rate L̇ can be readily obtained from a total differentiation of the

flotation condition:

L̇ ≡ dL

dt
=

ϱDt + (ūH)x − S

Hx − ϱDx
, (3.18)

where D is the water depth at the grounding line and ϱ = ρw/ρ is the water-

to-ice density ratio, respectively.

More recent studies suggest that the maximum terminus thickness is

bounded by the yield strength of ice τc (Bassis and Walker, 2012; Bassis

and Jacobs, 2013). Hence, a maximum ice thickness at the terminus occurs

when the stress exceeds the depth integrated strength of ice:

Hmax =
τc
ρg

+

√(
τc
ρg

)2

+ ϱD2, (3.19)

thus constraining the terminus thickness such that H(x = L, t) ≤ Hmax.

This approach eludes semi-empirical parametrizations of the calving (as

in Schoof, 2007) and further provides a lower bound on the rate of grounding

line advance (Bassis et al, 2017). Combining the continuity equation and

the material derivative of Hmax (Eq. 3.19), an expression for the rate of

advance/retreat of the terminus can be readily obtained:

dL

dt
≥ Ht

Hmax
x −Hx

, (3.20)

at x = L. Negative sign indicates retreat.

Inequality Eq. 3.20 is analogous to the grounding-line migration derived

for a marine ice sheet by Schoof (2007a; 2007b). Particularly, if Hmax is

given by the flotation condition, Eq. 3.20 exactly reproduces the grounding

line position derived by Schoof (2007b) (Bassis et al., 2017).
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3.2.8 Sub-shelf melting parametrization

Oceanic melting beneath ice shelves is the main driver of the current mass

loss of the Antarctic ice sheet (Favier et al., 2014; Joughin et al., 2014). For

this reason, Nix considers various melting parameterisations, such as simple

scaling with far-field thermal driving (e.g., Favier et al., 2019).

We adhere to local yet physically-based parametrizations based on ocean

circulation models (Grosfeld et al., 1997). Namely, the linear dependency can

be expressed as:

M = γT ϱ
cpo
Li

(T − T0) , (3.21)

where γT is the heat exchange velocity, T0 is a reference temperature, cpo is

the specific heat capacity of the ocean mixed layer and Li is the latent heat

of fusion of ice.

This linear formulation with a constant exchange velocity γT assumes a

circulation in the ice-shelf cavity that is independent from the ocean tempera-

ture. This assumption is neither supported by modelling (Holland et al., 2008;

Donat-Magnin et al., 2017) nor by observational studies (Jenkins et al., 2018)

that suggest a larger circulation in response to a warmer ocean, subsequently

increasing melt rates. One manner to account for this positive feedback is by

considering a quadratic dependency (Holland et al., 2008):

M = γT

(
ϱ
cpo
Li

)2

(T − T0)
2
. (3.22)

These two parametrizations have been employed in numerous studies (e.g.,

review in Asay-Davis et al., 2017; Favier et al., 2019). This melt rate is

included as an additional term in the ice flux computation (Eq. 3.7 and

3.18). By default, Nix uses this quadratic parametrization.

3.2.9 Calving

The objective of Nix model is to simulate the dynamics of grounded ice and

understand the implications of thermodynamic coupling on grounding line

migration and the overall stability. Notably, grounded ice flow is completely

decoupled from the shelf evolution in a two-dimensional ice sheet (Schoof,
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2007a). In other words, changes in the shelf have no effect on the grounded ice

so long as the following conditions are met: the existence of a freely-floating,

finite and two-dimensional shelf.

As a result, the calving rate does not perturb the grounded ice flow, thus

relaxing the necessity of prescribing a certain calving rate. This precisely

becomes one of the limitations of the model: absence of buttressing. Such

mechanism produces a reduction in grounding line stress, though solely half

as sensitive as it is to ice thickness (Eq. 19 in Schoof, 2007a). Moreover,

buttressing should not be parametrised via a corrector factor in the ice flux

at the grounding line since it must be determined from the conservation of

momentum in the shelf (e.g., Schoof, 2007a).

Nonetheless, in real marine-terminating ice sheets, flux anomalies could

be driven by submarine melt, variable calving or a combination. Following

Christian et al. (2022), Nix simply interprets these as flux anomalies at the

grounding line determined by variable ocean conditions. Consquently, frontal

ablation thus encompasses both processes as an ice flux perturbation at the

terminus position and amounts to an additional outflow of ice beyond the

local velocity given by the stress balance. Compared to the absence of frontal

ablation (i.e., no calving or sub-shelf melt), the terminus retreats further and

the surface slope therein becomes steeper to compensate for the additional

outflow of ice.

3.3 Model numerics

3.3.1 Moving grid transformation

Nix uses a nonuniform moving spatial grid that explicitly solves the grounding-

line position. By default, the grid points distribution yields higher resolution

near the grounding line following a polynomial or an exponential law (de-

tails in Appendix A.4). Evenly-spaced grids are also possible by setting the

polynomial order to one.

As already noted by Pattyn et al. (2012), moving grid models are pre-

sumably the best choice in 2D models from a numerical perspective, as the

grounding line position L(t) is part of the solution and no interpolations

are further required. Given that neither the terminus position L(t) (i.e., the
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grounding line) nor the ice thickness H(x, t) are fixed in time, Nix adopts a

moving grid to trace their positions:

σ =
x

L(t)
, ζ =

z − b(x)

H(x, t)
, τ = t, (3.23)

thus mapping the time-dependent intervals 0 ≤ x ≤ L(t) and 0 ≤ z ≤ H(x, t)

into fixed ones 0 ≤ σ ≤ 1 and 0 ≤ ζ ≤ 1. The variable τ is merely introduced

to distinguish partial derivatives defined holding both σ and ζ constant (as

opposed to hold x and z constant).

Fig. 3.2: Nix staggered grid definition follows an Arakawa-C scheme (Arakawa
and Lamb, 1977). The number of grid points the the horizontal r and vertical
p is fixed in time (see Appendix B.1). As Nix employs a moving grid, the
position of the last horizontal point (r− 1/2) explicitly tracks the grounding
line L(t). The grid spacing in the vertical ∆ζj and horizontal ∆σi axis can be
spatially dependent as Nix allows for nonuniform grids. Ghost points required
to satisfy the boundary condition at the ice divide are noted in grey edge
colour.

As a result, the corresponding derivatives contain additional terms (upong

application of the Leibniz rule):
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∂
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For simplicity and analogously for the Blatter-Pattyn approximation, the

advection equation coupled with the SSA/DIVA stress balance can be written

in terms of the new variables. Thus, Eq. 3.8 reads:

LHτ − σL̇Hσ + (uH)σ = LS(σ, τ), σ ∈ Ĩ, τ > 0

(4η̄Huσ)σ + τL2 = L2ρghσ σ ∈ Ĩ.

H = H0, σ ∈ Ĩ, τ = 0.

Hσ = 0, σ = 0, τ > 0.

u = 0, σ = 0,

4ηuσ =
(
ρgH2 − ρwgD

2
)
L/2, σ = 1,

(3.27)

where Ĩ ∈ [0, 1] is the transformed interval and the subscripts denote partial

differentiation.

Likewise, the third evolution equation that determines the behaviour of

our system (i.e., the energy balance, Eq. 3.13) can be readily obtained in

terms of our new variables:

ρc
[
Lθτ − σL̇θσ − ζLHτθζ/H

]
=

kLθζζ/H
2 − ρcu [θσ − (bσ + ζHσ)θζ/H] + LΦ, σ ∈ Ĩ, ζ ∈ L̃, τ > 0,

θ = θ0, σ ∈ Ĩ, ζ ∈ L̃, τ = 0,

θz = −G/k, σ ∈ Ĩ, ζ = ∂L̃−, τ > 0,

θ = θL, σ ∈ Ĩ, ζ = ∂L̃+, τ > 0,

(3.28)

where the transformed intervals are again denoted by Ĩ and L̃ respectively.
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3.3.2 Spatial integration

3.3.2.1 Implicit scheme and Picard iteration

The lateral boundary condition is in fact non-trivial to implement using an

explicit scheme (e.g., a shooting-like method) since it depends on the first

spatial derivative of the velocity at the terminus position σ = 1, which might

lead to convergence issues. Nix thus includes an alternative velocity solver

based on an implicit discretization shcheme of all stress balance models de-

scribed in Section 3.3 (discretisation details in Appendix B).

To account for the potential non-linearity in the velocity as a consequence

of the viscosity and basal friction τ(u), the implicit solver uses a initial guess

τ0 and η0 and then enters a Picard iteration (see Theorem 2.2 in Teschl,

2012). A solution is hence obtained when the convergence criterion:

||un − un−1||
||un||

< ϕtol (3.29)

is satisfied. The tolerance ϕtol can be set by the user but the default value is

10−6.

For the Blatter-Pattyn approximation, a sparse matrix must be solved in

each Picard iteration. To do so, a Biconjugate Gradient Stabilized method

(commonly known as BiCGSTAB) is applied with an Incomplete precondi-

tioner (ILUT). On the contrary, the DIVA/SSA approximation solely requires

solving a tridiagonal matrix at in each Picard iteration step, where the ice

viscosity is updated. A tridiagonal solver algorithm is implemented as a sub-

routine within Nix to avoid additional external dependencies (see Appendix

B.1).

3.3.3 Time integration

Once the velocity field u(x, z) is obtained for a given set of boundary con-

ditions and a particular ice thickness initial distribution H(σ, τ0), the time

evolution of the latter is computed as a consequence of the advection imposed

by ū(x) and the surface mass balance S(x, t) (Eq. 3.7). Thus, this coupled

system formed by the momentum conservation and the continuity equation
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(Eq. 3.27) is fully integrated in two steps: first, a spatial integration to ob-

tain the velocity (where the ice viscosity is known); and then, a forward time

integration to determine the new ice thickness. Lastly, the energy balance

equation is integrated to compute the new temperature field.

Specifically, for a given initial ice-thickness distribution H(x, t0), the stress

balance equation is spatially integrated, thus yielding the velocity u(x, z).

Then, the solution u(x, z) (at t0) and H(x, t0) allow us to integrate the

continuity equation forward in time, consequently obtaining H(x, t0 + ∆t).

Additionally, this new ice thickness distribution yields θ(x, z, t0 + ∆t), thus

constituting a self-consistent iterative method.

3.4 Methods and experimental set-up

Prior to any comprehensive description of the results, Nix capability of re-

producing the benchmark tests of the Marine Ice Sheet Model Intercompar-

ison Project (MISMIP Pattyn et al., 2012) is first tested. To this end, we

will perform all three MISMIP experiments: relaxation to steady state on a

downward-sloping bed (Exp. 1), reversal of parameter (Exp. 2) and hysteresis

on an overdeepening bed (Exp. 3). The aim of Exp. 1 was to show that there

should be a single stable equilibrium profile on a downward-sloping bed. A

backwards parameter relaxation in Exp. 2 was intended to demonstrate that

grounding-line positions should be identical during advance and retreat, as

steady states are unique. Exp. 3 was designed to assess whether ice-sheet

models exhibit hysteresis behaviour and has become a benchmark for testing

the capability of numerical models to simulate grounding-line migration.

First, the exact same problem definition is adopted so as to perform a

one-to-one comparison. Next, an ensemble of simulations is run to address

the question of whether the hysteresis with respect to model parameters vari-

ations found in MISMIP Exp. 3 is still present even if the thermal state of

the ice can evolve in time (as opposed to the idealised constant ice factor A

set in Pattyn et al., 2012). Fixing A uniquely determines a constant ice tem-

perature, since A(T ) is a bijective function of the temperature. This thesis

therefore impose an atmospheric forcing (i.e., the ice surface boundary con-

dition) that spans a wide range of realistic temperatures. As the geothermal

heat flux provides a positive energy contribution, it is expected a different
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thermal equilibrium profile for each imposed surface temperature. This yields

a different viscosity field for each scenario, consequently leading to a different

equilibrium velocity. As noted by Sergienko et al. (2013), the temperature

profile is mostly determined by horizontal advection in streaming regions,

thus bringing forward a strongly non-linear feedback worthy of attention.

Lastly, the system is forced via ocean temperature anomalies with respect

to a reference value T0, so that ∆Toce = Toce − T0, whilst holding constant

the air temperature throughout the simulation. These temperature anomalies

are then converted into sub-shelf melting at the grounding line (e.g., Favier

et al., 2019) by computing any of the parametrizations described in Section

3.2.8. Even though the air temperature is held constant (i.e., the boundary

condition of our heat problem), the thermal state of the ice may evolve as

both the thickness and extent are perturbed by the changing sub-shelf melting

at the grounding line. Our particular ocean forcing consist of steps of 0.5ºC

evenly-spaced in time by 30 kyr to ensure equilibration, from ∆Toce = 0 to

a maximum applied anomaly of 7ºC. Then, the forcing is reversed to recover

the unperturbed state (i.e., zero anomaly).

It is worth noting that the basal friction remains identical to that in the

MISMIP experiments both for the atmospheric and oceanic forcings. This

means that no additional dependency of friction on temperature or hydrology

is considered.

Table 3.1: Nix suite of experiments. The first row replicates MISMIP bench-
mark tests, whereas MISMIP-therm explores the hysteresis behaviour of a
thermomechanically active ice sheet in two different forcing scenarios: amo-
spheric and oceanic.

Experiment name Forcing variable Thermodynamics Melting/calving at GL

MISMIP (Exp. 1, 2 and 3) Ice rate factor A No No

MISMIP+therm (Exp.
3)

Air temperature Tair Yes No

Ocean temperatures anom. ∆Toce
No (A = const.) Yes
Yes (A = f(T )) Yes
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3.5 Results

3.5.1 MISMIP benchmark experiments

As a performance test for the Nix ice sheet model, simulations (Fig. 3.3) fairly

reproduce the results shown by models that employ a stretched coordinate

system as ours.

Figure 3.3b shows both the advancing and retreating phase in Pattyn

et al. (2012) (Experiments 1 and 2, respectively), equilibrium grounding-line

positions coincide and points thus overlap. Additionally, we find no stable

equilibrium states for the downward-sloping bed of Exp. 3 (Fig. 3.3a and

3.3b), in agreement with the theoretical considerations by Weertman (1974)

and Schoof (2007a). Namely, as we gradually decrease A (i.e., increasing ice

viscosity), the grounding-line position advances across the downward sloping

bed until the upward-sloping region is reached (Fig. 3.3c). The ice flux at the

grounding line then continuous to increase as A decreases. Illustrated by Fig.

3.3d, when the ice flux is large enough so that there exists a stable solution

beyond the unstable region (at the right-hand side of the bedrock peak in

Fig. 3.3c), the grounding line traverses the upwards-sloping sector reaching

a new stable solution.

Additionally, the three MISMIP experiments are repeated using the more

sophisticated velocity solvers available in Nix: DIVA and Blatter-Pattyn. A

direct inspection of Figs. 3.3b and 3.3d reveals that the solutions are nearly

identical to the simpler SSA version, both for a downwards sloping and the

overdeepending beds. The hysteresis is particularly well captured in all three

Stokes approximations. Thus, the SSA solver is employed in the remainder

of the current work to minimise computational costs unless otherwise stated.

3.5.2 MISMIP + thermodynamics

To exploit the fact that Nix is fully coupled with a thermodynamic solver, we

further investigate the equilibrium states (Schoof, 2007a) when the system

is forced via two different forcings: air temperatures Tair and ocean temper-

ature anomalies ∆Toce. Both describe more realistic conditions with slight

variations. The former implies the same underlying perturbation mechanism
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Fig. 3.3: Left column: ice sheet extent. Right column: grounding-line position
as a function of the MISMIP forcing A for three independent Stokes approx-
imations: SSA, DIVA and Blatter-Pattyn. Grey line represents the analytical
solution at equilibrium from Schoof (2007a): solid line, stable branch; dashed
line, unstable. Markers represent Nix results after the equilibration time given
in Pattyn et al. (2012). Bed geometries correspond to Experiments 1 and 2
(first row) and Experiment 3 (second row), respectively.

(as for the idealised rate factor A forcing): temperature changes within the

ice modify its viscosity so that the grounding line migrates to reach a new

equilibrium position. Nevertheless, when forcing the system with ocean tem-

perature anomalies ∆Toce while keeping the air temperature constant, we

perturb the system via an additional outflow term at the grounding line. By

separately studying each mechanism, it can be determined whether a marine

terminating ice sheet might undergo hysteresis under different forcings.

3.5.2.1 Air temperature Tair forcing

At the aim of building a thermomechanically active version of MISMIP exper-

iments, the natural choice is to convert the idealised ice-rate factor forcing in
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MISMIP into temperatures (via an Arrhenius law, Eq. 4.11) and then use it

explicitly as a forcing of the new experimental setup. For a more sophisticated

forcing, a vertical dependency of the temperature is further considered via a

lapse rate. Default setup in Nix accounts for adiabatic conditions Γ = −9.8

ºC/km, though any value can be imposed.

The particular atmospheric forcing is imposed at the sea level Tair(t) as

shown in Fig. 3.4a. Starting from warm conditions Tair = 0ºC, it reaches a

minimum value of −30ºC in gradual steps that last 40 kyr each to ensure

thermal quasi-equilibrium. Nonetheless, lower temperatures are present near

the ice divide as the surface extends far above the sea level, wherein the

lapse rate correction becomes relevant. This experiment reflects the insulating

effect of the ice sheet as the forcing eventually reaches the initial atmospheric

temperature but the grounding line does not retreat (Fig. 3.4b and 3.4f). It

is not possible to make a one-to-one comparison with (Schoof, 2007a), given

the different physical description of the system. Nonetheless, it is illustrative

to represent the grounding-line position as a function of the ice temperature

therein evaluated at two different depths and the vertical mean (Fig. 3.4b).

The near-base temperature closely matches the theoretical prediction by the

boundary layer. Shallower layers appear shifted the right since the effect of

the warmer surface becomes relevant.

In terms of the hysteresis behaviour, the jump over the retrograde region

of the bed geometry occurs for near-base temperature of −30ºC, as predicted

by the semi-analytical counterpart (see grey solid line, Fig. 3.4). Even so,

when the forcing returns to the initial value, the grounding line does not

retreat back to its original position and remains advanced (black square in

Fig. 3.4b). On the contrary, for shallower ice layers, the warming branch

extends far from the analytical results, thus showing larger bistability against

atmospheric temperature changes. As for the near-base layer, when the initial

forcing state is eventually reached, the ice sheet extends beyond the bedrock

peak and does not retreat. This is also well captured in Fig. 3.5 by comparing

panels 3.5b and 3.5f knowing that both are equilibrium states with identical

forcing. These results strongly differ when using a downwards-sloping bed

geometry, as shown in panels 3.5a, 3.5b 3.5e, where thermodynamics is also

active but not hysteresis is present as the bedrock does not present retrograde

regions.
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Lastly, it is worth noting the temperature proximity to melting point par-

ticularly at right hand side of the base in all panels due to the combined

contribution of geothermal heatflux and frictional heat dissipation, Fig. 3.5a,

3.5b, 3.5e and 3.5f favoured by a warmer atmospheric temperature. Unlike

panels 3.5c and 3.5d, where the lower surface temperature perturbs the entire

temperature profile, thus only partially cooling the ice sheet base. It must be

stressed that near the grounding line, there is a reduction in the basal tem-

perature as a result of a considerably thinner ice, thus providing less thermal

insulation of the colder surface.

3.5.2.2 Ocean temperature anomalies ∆Toce forcing

In this configuration, ocean temperature anomalies are applied with respect

to a reference value T0, so that ∆Toce = T−T0. These temperature anomalies

are then converted into sub-shelf melting at the grounding line (e.g., Favier

et al., 2019) by usingany of the parametrizations shown in Section 3.2.8.

First, this study performs two identical hysteresis experiments forced by

∆Toce that solely differ on the thermodynamic treatment of the ice: an ide-

alised fixed ice rate factor A (Fig 3.6, blue curve) and a more realistic active

thermodynamic scenario with a constant boundary condition Tair (Fig 3.6,

red curve). Results show that active thermodynamics considerably widens

the width of the hysteresis loop. This behaviour resembles that obtained for

the atmospheric-forced simulations (Fig. 3.4), where a larger extent of the

cooling branch compared to the semi-analytical solutions is found (grey line,

Fig. 3.4)..

In addition to the experiments carried out to assess the importance of ther-

modynamics on the hysteresis behaviour of a marine terminating ice sheet,

a sensitivity study is performed to quantify the differences caused by param-

eter uncertainty (e.g., Favier et al., 2019), particularly on the heat exchange

velocity γ.

Figure 3.7 illustrates the high sensitivity to that stems from the heat ex-

change velocity parameter γ. It is worth noting that the retreat is much more

sensitive to the particular γ choice than the later advance as the anomalies

approach zero. Namely, all intermediate values advance at ∆Toce = +1.5ºC.

On the contrary, the retreat occurs for a wider range of temperature anoma-
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Fig. 3.4: Overdeepened bed experiment forced with atmospheric tempera-
tures. (a) Forcing time series: atmospheric temperatures Tair(t). Each black
symbol represents three snapshots of particular interest: initial state (tri-
angle, warmest conditions), coldest forcing conditions (star) and final state
(square, same exact atmospheric conditions as the beginning). (b) Grounding
line position as a function of the ice temperature evaluated at two different
depths (near-base and surface) and vertical mean. Note that the initial and
end states strongly differ in ice extent even though the atmospheric forcing
is identical. The grey line represents analytical results in the absence of ther-
modynamics (i.e., imposed rate factor A), following Schoof (2007a).
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Fig. 3.5: Ice sheet extent and temperature distribution for the prograde (left
column) and the overdeepened (right column) bed geometries. Each row rep-
resents a snapshot given by each symbol in Fig. 3.4 (triangle, star and square,
respectively): initial warm state (first row), coldest atmospheric conditions
(second row) and final atmospheric configuration (third row). Note that the
overdeepening bed geometry yields a final ice sheet profile extended far be-
yond the initial state even though the boundary conditions are identical, thus
exhibiting hysteresis. Colours indicate the ice temperature at the given time.
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Fig. 3.6: (a) External forcing time series: ocean temperature anomalies
∆Toce(t). Time duration of each step equals 30 kyr. (b) Hysteresis exper-
iments for the overdeepened bed geometry forced via slowly-varying ocean
temperature anomalies ∆Toce(t). Blue: constant ice rate factor A = 10−26

Pa3s. Red: active thermodynamics A = f(T ) with fixed boundary condition
Tair = −40 ºC. Each forcing step is ran for 30 kyr to ensure quasi-equilibrium
(solid dots). A quadratic sub-shelf parametrisation is employed in both sce-
narios. Heat exchange velocity parameter γ = 10−3 m/s.
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lies from +4.5ºC to +6.5ºC for γ = 2.1 × 10−5 m/s and 1.3 × 10−5 m/s,

respectively.

For a quadratic sub-shelf parametrisation (Eq. 3.22), the retreat takes

place at ∆Toce = +2.5ºC for the highest heat exchange velocity calibrated in

Favier et al. (2019), i.e., γ = 100×10−5 m/s. Even the lowest parameter value

presented in the same work also presents a retreat if the ocean temperature

anomalies reach ∆Toce = +6.5ºC. Multiple different values of γ advance back

at nearly the same particular forcing value ∆Toce 3.7, whereas the retreat

happens at significantly different values. To illustrate this, it is illustrative to

observe the hysteresis loops corresponding to γ = 20 × 10−5 m/s, 25 × 10−5

m/s, 35 × 10−5 m/s. They respectively retreat at ∆Toce = +5.5ºC, +5.0ºC

and +4.5ºC, whereas the advance take place at precisely the same anomaly

value ∆Toce = +2.5ºC.

Fig. 3.7: Sensitivity tests. As in Fig. 3.6a, but for (a) Constant ice rate factor
A = 10−26 Pa3s. (b) Active thermodynamics with fixed Tair. Values of the
heat exchange velocity parameter γ are given in 10−5 m/s and fall within the
spanned range in Favier et al. (2019).

3.6 Discussion

The results of MISMIP benchmark experiments are successful given the good

agreement between our numerical solution and the semi-analytical work of

Schoof (2007a) (Fig. 3.3). From a modeling perspective, our grounding-line

position is slightly shifted upstream, like in other moving grid models shown

in Pattyn et al. (2012). Nevertheless, a sensitivity test to spatial resolution
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shows an asymptotic convergence towards the semi-analytical solution (Fig.

B.1, Appendix B.9), thus providing robustness to our results. A further com-

parison among the Nix velocity solvers show an excellent agreement on the

equilibrium solutions for both bed geometries herein studied: downward slop-

ing and overdeepening.

For active thermodynamics and air temperature forcing, the corresponding

temperature range spanned by MISMIP ice rate factor A(T ) does not yield a

full advance/retreat of the ice sheet. This can be understood by the insulating

effect of the ice sheet. The MISMIP idealised forcing with varying rate factor

simultaneously modifies the ice viscosity over the entire domain, whereas the

real temperatures given by an active thermomechanical solver will adjust to

the new surface temperature (Fig. 3.4). This further means that the impact

on the viscosity is weaker as there are other heat sources as the basal friction

dissipation and the geothermal heat flow.

The stability of the system is accordingly perturbed, as shown in Fig.

3.6. Particularly, the bistability of the system is increased, in the sense that

a larger range of perturbation values have two stable solutions. To illus-

trate this, for a rate factor A = 10−26 Pa3s, the oceanic anomaly perturba-

tion ranges from ∆Toce = +3 to +7ºC, whereas for the thermomechanically

active scenario, the bistability solution is found for a wider range from a

∆Toce = +1.0 to +8.0ºC. This can be understood as the result of a ther-

mal adjustment that occurs when the temperature of the ice can evolve in

time. As the forcing changes over time (i.e., the ocean temperature anoma-

lies), the ice flux at the grounding line is modified and the inland ice thick-

ness is perturbed accordingly. The new ice thickness distribution implies a

slightly different temperature solution and the viscosity is consequently mod-

ified. Knowing that the viscosity field determines the velocity solution via the

stress balance, we therefore find a clear feedback that allows for the ice sheet

to adjust if thermodynamics are active.

It must be noted that this stability study employs a time duration in each

forcing step of 30 kyr to elude transient responses (Fig.3.6b). This allows for

the ice geometry to reach a steady-state as these experiments are intended

to be quasi-equilibrium simulations (as MISMIP). If the time between steps

was reduced, the hysteresis loop would then be a transitory response given

that the ice temperature may not adjust to the new geometry. The added

value of the thermomechanical coupling does not solely rely on the transi-
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tory response (i.e., thermal inertia), but also on the perturbed stability of

the quasi-equilibrium hysteresis loop. In other words, the thermomechanical

coupling already determines the stable regions in a quasi-steady description

and not only through the effects of thermal inertia. Our goal here is to first

show this more fundamental behaviour. Further work is needed to assess the

relevance of potential transient responses.

It is worth noting the fundamental role of vertical advection if the system

is to be forced with air temperatures. The magnitude of vertical advection

and its vertical dependency determine the temperature distribution within

the ice (Moreno-Parada et al., 2022). This mechanism strongly determines the

equilibrium profiles as it modifies the overall outflow of ice via the viscosity

dependency on temperatures (i.e., Arrhenius law Eq. 4.11).

The calibrated values of γT (Favier et al., 2019) must be also discussed.

The impact on the hysteresis behaviour is interesting as it does not imply a

symmetric effect on the retreat/advance of the ice sheet (Fig. 3.7). Strictly

speaking, the temperature anomaly necessary for the ice sheet to retreat is

far more sensitive to the particular γ value than the anomaly necessary to ad-

vance. One potential explanation for this interesting behaviour rests on the

very nature of the melting/calving parametrisation at the grounding line.

Since M grows with ∆Toce (Eq. 3.21 and 3.22), the difference among M val-

ues for a fixed γ increases with the temperature anomaly. Hence, knowing

that the advance occurs when the ice flux value reaches a certain value at

the grounding line, the temperature anomaly range covered by different γ

that yields such a melting/calving values is smaller (as ∆Toce → 0). More-

over, if thermodynamics is considered (Fig. 3.7b), the required calving at the

grounding line to retreat is generally larger than that for a fixed rate factor

(Fig. 3.7b). In fact, for sufficiently low values of γ, the thermomechanically

active ice sheet never retreats. The thermal behaviour of the ice thus pro-

vides additional inertia in the sense that the ice sheet is less prone to change

its current state, thus endowing the system with higher stability. This result

is not exclusive of the oceanic forcing, as it also shown in Fig. 3.4, where

the ice sheet does not collapse to a retreated position when the perturbation

vanishes.

Lastly, results herein presented show that active thermodynamics perturbs

the hysteresis loop and the overall stability of an ice sheet. The particular

grid over which the equations are discretised do not alter this behaviour, for
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that our results are not numerical artefacts of the chosen mesh. Therefore,

we do not expect our results to change for a different grid discretisation.

More precisely, we expect the same physical behaviour as long as the ice

viscosity varies upon temperature changes, irrespective of the chosen grid.

The exact grounding-line position may differ for a different grid, yet the

physical mechanism underlying this mechanism remains unperturbed. It is

thus expected that other models with distinct meshes will exhibit a similar

mechanism to Nix simulations.

3.7 Conclusions

The thermomechanically-coupled 2D model Nix has been presented and thor-

oughly described. There are a number of novelties compared to other two-

dimensional models: a stress balance given by the Blatter-Pattyn approxi-

mation, a fully coupled thermodynamics solver, explicit calculation of the

grounding line by a stretched coordinate system, stochastic boundary con-

ditions capability, adaptive time stepping and potential melting/calving at

the grounding line. Nix allows the user to choose between explicit and im-

plicit solvers for the main differential equations, while numerical stability is

ensured by a staggered grid.

First, Nix’s performance was tested by reproducing Experiments 1, 2 and

3 from MISMIP benchmarks (Pattyn et al., 2012). Results were further com-

pared to semi-analytical solutions (Schoof, 2007a) yielding an excellent agree-

ment for all Stokes approximation available in Nix: SSA, DIVA and Blatter-

Pattyn. In general, our grounding line position slightly underestimates the

boundary layer results in Schoof (2007a), likewise all moving-grid models par-

ticipating in MISMIP. The well-known hysteresis behaviour in Experiment 3

is also captured.

The complexity of the system described was further increased by solving

the associated heat problem. This allows us to investigate to which extent

the hysteresis behavior under parameter variations is perturbed. In so doing,

we designed two different suites of experiments regarding the variable forcing

of the system: air temperatures Tair and ocean temperature anomalies ∆Toce.

When forcing with air temperatures, the hysteresis loop width is widened

and the system exhibits larger bistability as the dynamics are perturbed via
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the ice viscosity dependency on temperature. In an idealised overdeepened

bed geometry, it is necessary to reach an air temperature of −40ºC at the

sea level (provided an adiabatic lapse rate dependency with height) for the

grounding line to advance beyond the bedrock local maximum.

If the system is instead forced by ocean temperature anomalies (i.e., melt-

ing/calving at the grounding line), we find that the hysteresis behaviour also

persists. Notably, the ocean temperature anomaly at which the ice sheet

retreats depends on the particular heat exchange parameter. Our results

show that the quadratic parametrisation retreats at ∆Toce = +8.0ºC of tem-

perature anomaly. The system advances back to its unperturbed state at

∆Toce = +1.0ºC for the quadratic parametrisation.

Results for an oscillatory regime show that a thermomechanically coupled

friction alone is not sufficient to produce a stable oscillatory regime. Addi-

tional experiments show that vertical advection of ice is found to be a nec-

essary condition to obtain a periodically surging ice stream. For a vertically-

integrated stress balance, as the SSA and DIVA, it is necessary to inden-

dently compute the vertical veloctiy component that it is then considered

in the thermodynamical solver. This can be understood by considering the

counterbalance contribution of negative temperature gradients advected from

the uppermost layers. As the ice velocities reach equilibrium, so does the heat

production due to friction along most of the streaming region. If vertical ad-

vection of colder ice is sufficient to counterbalance this heat production, the

base can eventually reduce its temperature and leave the surging stage, yield-

ing a growth phase of the ice sheet. Otherwise, the frictional heat production

ensures that the base remains at the pressure melting point at all times.

Hence, the frequency, intensity and duration of these purges are determined

by numerous factors, though mainly by the reduced friction coefficient, the

surface mass balance and the vertical advection magnitude.

More generally, irrespective of the particular external forcing applied (i.e.,

oceanic or atmospheric), a thermodynamically active ice sheet shows a nar-

rowing hysteresis loop as a result of the internal feedback among ice temper-

ature, stress balance and viscosity.
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Yelmo ice-sheet model

Yelmo is a three-dimensional, higher-order thermomechanical ice-sheet model

(Robinson et al., 2020). Important differences with respect to other models

include its division into four independent blocks: topography, dynamics, ma-

terial properties and thermodynamics. This division allows for a clear and

clean way of defining variables. In addition, boundary conditions such as at-

mospheric or oceanic temperature fields, precipitation or sea-level variations

are defined outside of Yelmo, greatly facilitating ice-sheet coupling to other

models.

Here, the most fundamental equations and approximations used in Yelmo

will be described. Many of these physical processes are already described

in depth in Greve and Blatter (2009). Special focus will be given to the

parameterisation used for the basal drag routine because of their important

role within this thesis. Further details can be found in the Yelmo model

description (Robinson et al., 2020).

4.1 Topography

Mass conservation is expressed via the continuity equation as:

∂ρ

∂t
+ ∇ · (ρv) = 0, (4.1)

where ρ represents the ice density and v the ice velocity vector. Assuming

that enough time has passed, so that ice has been pressed towards an incom-

pressible state under its own weight, the mass conservation equation (Eq.

85
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Fig. 4.1: Sketch of an ice sheet interacting with the climate system (from

U.S. Geological Survey , USGS). At the surface, accumulation and ablation

take place through interaction with atmosphere. At the ice base, the ice sheet

interacts with the bedrock via geothermal heat flux exchange. Mass loss takes

places at the ice front via calving and at the shelf base due to subglacial

melting.

4.1) can be rewritten as:

∇ · v =
∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (4.2)

where u, v and w represent the x,y and z components of the velocity vector v

(being x and y the horizontal component, and z the vertical component). In-

tegrating Eq. 4.2 vertically and considering boundary conditions, determined

by mass gain and mass loss, gives:

∂H

∂t
= a− b− c−

(
∂(H · ū)

∂x
+

∂(H · v̄)

∂y

)
. (4.3)

This equation describes the mass conservation of the ice column. The ice

thickness evolution (∂H
∂t ) is obtained from the surface mass balance (a; dif-

ference of ice accumulation and ice ablation), the basal melting at the ice

base (b; valid for grounded and floating ice), the advected ice flux (∂(H·ū)
∂x and

∂(H·v̄)
∂y ) and the calving rate (c), that applies at the ice front of ice shelves. In
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this thesis, the method of Peyaud et al. (2007) and Lipscomb et al. (2019) is

followed, where calving occurs if the ice thickness decreases below an imposed

threshold (Href ) and the upstream ice flux is not large enough to provide

the necessary ice for maintaining the reference thickness on a characteristic

calving time τc:

c =
Href −H

τc
. (4.4)

An ice sheet is in equilibrium if the ice loss from the dynamics is compen-

sated by the total accumulation and melting from the boundary conditions

and hence ∂H
∂t = 0. Melting of floating ice-shelves depends on the oceanic

heat-flux exchange, which in turn depends on oceanic temperatures and salin-

ity. Melting of grounded ice occurs if the bed temperature is at the pressure

melting point. Because the melting rates are imposed as boundary conditions,

they will be discussed more extensively in Section 4.7.

4.2 Material

The material component of Yelmo computes the strain rate tensor and ef-

fective strain rate (amount of deformation as a consequence of stress), the

rate factor, and the effective viscosity (fluidity of a material). Additionally,

Yelmo offers the possibility of computing the ice age through an Eulerian

tracer advection model (Robinson et al., 2020) . The material component is

the link between thermodynamics and ice dynamics. The grid cells of ice can

be imagined as a virtual ice box. The Cauchy stress tensor (or simply stress

tensor) σ defines the state of stress of ice and is expressed as:

σ =

σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 = σij . (4.5)

Note that the diagonal components (σxx,σyy,σzz) represent the normal

stresses (i.e. perpendicular to the referred plane), whereas the other six com-

ponents (σxy, σxz, σyx, σyz, σzx, σzy) are called shear stress (i.e. act parallel

to the referred plane; Fig. 4.2a). This stress tensor can be split up into a

deviatoric part (τij), which tends to distort the ice box, and a hydrostatic

stress component, which tends to change the size, and hence the volume. The
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Fig. 4.2: Schematic representation of the stresses acting over a virtual ice box.

(A) shows all the stress components as in a full Stokes problem. (B) represents

the acting stresses for the SIA solution and (C) for the SSA solution.
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hydrostatic stress components are commonly referred as pressure p:

σij = τij −
1

3
τkkδij = τij − p, (4.6)

where Einstein’s tensorial notation is followed. This deviatoric stresses can

be split up into an effective viscosity component (η) and a strain rate tensor

(ϵ̇ij):

τij = 2ηϵ̇ij , (4.7)

where the strain rate tensor itself is:

ϵ̇ij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
. (4.8)

The second invariant of the stress deviatoric tensor defines the effective strain:

ϵ̇ =

(
1

2
ϵ̇ij ϵ̇ij

) 1
2

. (4.9)

Using Glen’s flow law (Glen, 1955), which relates creep and stress, the effec-

tive viscosity is calculated as:

η =
1

2

(
ϵ̇2
) 1−n

2n A− 1
n , (4.10)

where n is the Glen’s flow law exponent, set to n = 3 within this thesis. A is

the rate factor, which is computed as a function of ice temperature following

the Arrhenius law:

A (Ti) = EfA0exp

(
− Qa

RTi

)
, (4.11)

where R = 8.314 [J mol−1 K−1] is the universal gas constant. Qa is the

activation energy and A0 the rate factor coefficient. Ef is the enhancement

factor, which captures the impact of ice anisotropies on the ice flow. Because

this effect is not captured by Glen’s flow law, this variable is often set as

a tuning parameter (Hooke, 2005; Ma et al., 2010; Pollard and DeConto,

2012a; Maris et al., 2014; Albrecht et al., 2020). Yelmo distinguishes between

three flow regimes: shear, stream and shelf. Wherever there is floating ice,

the shelf value is set. The enhancement factor for inland grounded ice is then

the weighted average between the shear and stream enhancement factors,

depending on the shear fraction of total deformation at a given location.
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4.3 Dynamics

The dynamics of the ice sheet are deduced from the momentum conservation

equation:

ρ
dv

dt
= ∇ · σ + ρg, (4.12)

where g is the Earth’s gravitational acceleration. At the involved timescales,

the acceleration term of ice is considerably smaller than the ice deformation.

Thus, neglecting dv
dt , Eq. 4.12 can be rewritten as:

∇ · σ + ρg = 0, (4.13)

which constitutes the steady-state (Stokes) equation. Expressed in Cartesian

components, the quasi-static description of the convervation of momentum

reads:

∂σxx

∂x
+

∂σxy

∂y
+

∂σxz

∂z
= 0 (4.14)

∂σyx

∂x
+

∂σyy

∂y
+

∂σyz

∂z
= 0 (4.15)

∂σzx

∂x
+

∂σzy

∂y
+

∂σzz

∂z
= −ρg. (4.16)

Solving this system of equations is computationally very expensive, hence,

for the sake of simplicity, several assumptions are made.

4.3.1 Hydrostatic approximation

This approximation relies on the assumption that the horizontal extent of the

ice sheet (and more particularly Antarctica) is much greater than its height

(Antarctica’s horizontal extension reaches up to 4000 km, whereas its largest

ice column is around 4 km thick). Hence the vertical shear stresses σxz and

σyz are much smaller than σzz and can be neglected. Thus integrating over

z in Eq. 4.16 gives:

σzz = ρg (H − z) , (4.17)

which is the hydrostatic pressure. Substituting Eq. 4.17 into Eq. 4.14 and Eq.

4.15 (following Greve and Blatter (2009)):



4.3 Dynamics 91

2
∂τxx
∂x

+
∂τyy
∂x

+
∂σxy

∂y
+

∂σxz

∂z
= ρg

∂zs
∂x

(4.18)

2
∂τyy
∂y

+
∂τxx
∂y

+
∂σyy

∂y
+

∂σyz

∂z
= ρg

∂zs
∂y

, (4.19)

where zs is the surface elevation. Inserting in these equations the deviatoric

stress definition (Eq. 4.7) the hydrostatic approximation is obtained:

4
∂

∂x

(
η
∂u

∂x

)
+ 2

∂

∂x

(
η
∂v

∂y

)
+

∂

∂y

(
η

(
∂u

∂y
+

∂v

∂x

))
+

∂

∂z

(
η

(
∂u

∂z
+

∂w

∂x

))
= ρig

∂zs
∂x

(4.20)

4
∂

∂y

(
η
∂v

∂y

)
+ 2

∂

∂y

(
η
∂u

∂x

)
+

∂

∂x

(
η

(
∂u

∂y
+

∂v

∂x

))
+

∂

∂z

(
η

(
∂v

∂z
+

∂w

∂y

))
= ρig

∂zs
∂y

. (4.21)

4.3.2 Shallow Ice Approximation

Fig. 4.3: Velocity profile of the SIA solution (A) and the SSA solution (B).

In the SIA solution gliding processes prevail, the SSA solution is dominated

by sliding. Yelmo computes all inland ice points as ice streams (C). Ice closer

to the dome regions will have a small sliding velocity contribution, whereas

it will increase towards the coast. Ice shelves velocities are solved only with

the SSA solution (figure based on Kirchner et al., 2011).
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Yelmo is a hybrid model which includes the Shallow Ice Approximation

(SIA) and Shallow Shelf Approximation (SSA). In this thesis, it treats the

horizontal velocities (u(x, y, z) and v(x, y, z)) as a sum of the internal defor-

mation computed by the SIA solution (denoted with a sub-index sia) and

sliding at the base calculated by the SSA solution (denoted with a sub-index

ssa), hence:

u = usia + ussa (4.22)

v = vsia + vssa. (4.23)

The SIA solution (Hutter, 1983) is a further simplification from the hy-

drostatic approximation. It only considers deformation terms, hence τxx =

τyy =0, and assumes that the shear component in the z direction is dominant

over the xy plane, thus σxy =0. It thus describes slow flowing ice, dominated

by the shearing regime (see Fig. 4.3a). With this Eq. 4.18 and Eq. 4.19 sim-

plify to:

σxz

∂z
= ρg

∂zs
∂x

(4.24)

σyz

∂z
= ρg

∂zs
∂y

. (4.25)

If these equations are integrated taking into account that here no basal sliding

is allowed within the SIA solution, as it is assumed that the SIA solution is

frozen to bedrock (usia(x, y, zb) = vsia(x, y, zb) = 0), and that the ice surface

is stress-free (σxz|zs = σyz|zs =0), then the zero-order depth-dependent SIA

solutions are obtained:

usia(z) = −
[
2 (ρg)

n |∇zs|n−1

∫ z

zb

A(zs − z)n
]
∂zs
∂x

(4.26)

vsia(z) = −
[
2 (ρg)

n |∇zs|n−1

∫ z

zb

A(zs − z)n
]
∂zs
∂y

, (4.27)

where n is the Glen exponent and A the material rate factor described in the

Material module (Section 4.2; Eq. 4.11).



4.3 Dynamics 93

4.3.3 Shallow Shelf Approximation

The SSA solution (MacAyeal, 1989) is applied to fast flowing areas, charac-

teristic of ice shelves and ice streams, dominated by the stretching regime

(see Fig. 4.3b). It is a further approximation of the hydrostatic approxima-

tion, but now vertical components are neglected. Following Greve and Blatter

(2009) the vertical shear stresses are simplified to:

σxz = η
∂w

∂x
(4.28)

σyz = η
∂w

∂y
. (4.29)

Inserting these equations into the hydrostatic approximation and integrating

over depth, the SSA solution is obtained:

∂

∂x

[
η̄d

(
4
∂ussa

∂x
+ 2

∂vssa
∂y

)]
+

∂

∂y

[
η̄d

(
∂ussa

∂y
+

∂vssa
∂x

)]
= ρgH

∂zs
∂x

− τb,x

(4.30)

∂

∂y

[
η̄d

(
4
∂vssa
∂y

+ 2
∂ussa

∂x

)]
+

∂

∂x

[
η̄d

(
∂ussa

∂y
+

∂vssa
∂x

)]
= ρgH

∂zs
∂y

− τb,y.

(4.31)

Note that η̄d is the depth-integrated ice viscosity described as:

η̄d =
1

2
B̄
(
ε̇2d + ε̇20

) 1−n
2n , (4.32)

where

B̄ =
1

H

∫ zs

zb

A−1/ndz, (4.33)

is the vertically averaged ice hardness. ϵ̇0 is a regularization factor to avoid

singularities and ϵ̇d the effective strain rate computed as a reduced form of

the second invariant of the strain rate tensor without vertical shear terms,

hence:

ϵ̇2d =

(
∂ub

∂x

)2

+

(
∂vb
∂y

)2

+
∂ub

∂x

∂vb
∂y

+
1

4

(
∂ub

∂y
+

∂vb
∂x

)2

. (4.34)
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τb is the basal stress applied at the base to the SSA solution. For ice shelves its

value is set to zero, while for grounded ice, Yelmo offers different treatments.

4.3.4 Basal friction

Fig. 4.4: Graphical illustration of the basal shear stress function (τb) for

different friction laws (linear, Coulomb, regularized Coulomb and plastic).

Friction coefficients have been tuned to obtain 100 kPa for a basal velocity

of 500 m yr−1 (figure based on Joughin et al. (2019)).

Friction on a surface is based on Newton’s third law, where the bedrock

responds with an opposite reaction to the applied force. Hence, the simplest

way to relate the basal stress τb with the horizontal basal velocity vector ub

is with the so-called basal friction coefficient β

τb = −βub. (4.35)

Note that the horizontal basal velocity vector is expressed in [m yr−1] and

the basal stress in [Pa], thus β has units of [Pa yr m−1] (e.g., MacAyeal et al.,

1995; Cuffey and Paterson, 2010). This representation allows for an indirect

inference of basal friction at the ice base through inversion methods based

on surface velocities (e.g., Morlighem et al., 2013; Le clec’h et al., 2019).

Nonetheless, these inversion methods show a particular configuration of PD

conditions which is not necessarily valid for other time periods. The actual

resistance relation τb(ub) depends on local properties, such as the presence of
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sediments or basal water. Therefore, to account for bedrock characteristics,

Yelmo splits the friction coefficient into a a bedrock coefficient cb, which

accounts for several bedrock properties, a threshold velocity u0, which will

be discussed later, and a velocity function f (ub):

β =
cb
u0

f (ub) . (4.36)

Note that f (ub) is dimensionless, thus cb has units of [Pa] and the threshold

speed u0 [m yr−1]. The velocity function accounts for the sliding character

of the ice sheet. Different frictions apply at the ice base depending on the

velocity regime. For hard beds resistance will become stronger with increasing

velocity as a consequence of null water presence or no sediments. On the con-

trary, at weak/soft beds, the glacial till might yield a certain drag irrespective

of the particular sliding velocity and the presence of water can further en-

hance basal sliding. Yelmo accounts for these features through different basal

friction laws.

Basal friction laws

The choice of the velocity function, f (ub), as described above, and thereby

the friction law is relatively arbitrary and unconstrained in ice modelling,

as no universal law has been defined. It is poorly constrained but plays a

fundamental role within the dynamics of continental ice-sheets. Several ob-

servational studies are beginning to identify the most realistic friction-laws

from satellite observations (e.g. Joughin et al. (2019)). Still it is not clear

whether a unique friction law can be used for large ice-sheets and whether

the same friction-law holds for cold and warm periods. Although Yelmo offers

the possibility to couple with a hydrological model, in this thesis the pres-

ence of basal water is assumed through different friction representations. The

presented friction laws are intended to cover the whole range of possibilities

as well as the most common laws used in the literature.
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Power law

Any power law can generally be expressed as f (ub) = u1−q
0 |ub|q−1

(Robin-

son et al., 2020). This yields when substituted into Eq. 4.35 (Schoof, 2010;

Aschwanden et al., 2013)

τb = −cb

(
|ub|
u0

)q (
ub

|ub|

)
, (4.37)

where u0 is the regularizing velocity term and q ∈ [0, 1] is the non-dimensional

pseudo-plastic exponent. From here, three of the most common friction laws

used in ice-sheet models can be obtained: linear power-law, pseudo-plastic

power law and a purely plastic law. If q = 1, then a linear power law is

obtained:

τb = −cb
ub

u0
. (4.38)

Due to its simplicity, this law is very popular in ice-sheet models (e.g. Alvarez-

Solas et al., 2013; Quiquet et al., 2018). It is especially relevant for hard beds

as the basal stress scales proportionally to basal velocity (blue curve; Fig

4.4). Hence, unless the presence of water or sediments is taken into account,

higher velocities generate a larger bedrock friction. Because velocity increases

towards the margins, this provides a very stable solution for ice sheets in fast

flowing regions. However, as friction increases one could expect that frictional

heat increases, resulting in more basal water production, which facilitates ice

flow. This law hence does not include cavitation effects at the ice base which

could limit the total friction.

At the other extreme, if q =0, then a purely plastic behaviour results from

Eq. 4.37

τb = −cb
ub

|ub|
. (4.39)

This friction law applies the same basal stress independent of the flowing

regime (red curve; Fig. 4.4). It represents a weak bed where the presence of

basal water lubricates the ice flow and hence friction is independent of the

basal velocity. This provides a more dynamic ice sheet than a linear law. This

can have profound implications. For instance, a MISI mechanism will most

likely occur earlier for a plastic law than for a linear law as fast velocities are

not suppressed with a corresponding high friction. On the other hand, for a

plastic law more friction is applied in slow regimes.
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A typical value used in ice-sheet modeling for a middle case scenario is

q = 1
3 , which will be defined hereafter as the pseudo-plastic power law

τb = −cb

(
|ub|
u0

) 1
3 ub

|ub|
. (4.40)

This solution also increases with increasing basal velocity but is not as pro-

nounced as the linear case (green curve; Fig 4.4). This law intends to capture

the phenomenon by which a high friction in fast flowing regimes releases

more heat, melting the ice base, and enhances the ice flow. It resembles a

hard bed better than a weak bed as it does not fully saturate and hence cav-

itation effects are not completely taken into account, but it clearly provides

a lower friction than the linear case. A particular case is u0 = 1 m yr−1 and

cb = 3.165176 104 Pa which are the friction parameters used in the MISMIP

experiments (Pattyn et al., 2012).

Regularized-Coulomb law

The Regularized-Coulomb law is defined as f (ub) = u0 (|ub| + u0)
−q |ub|q−1

and thus:

τb = −cb

(
|ub|

|ub| + u0

)q
ub

|ub|
. (4.41)

This friction law allows for a power-law behaviour for low velocities (hard bed

below u0) and saturates afterwards if ice becomes too fast (weak bed), taking

into account potential cavitation effects (green discontinuous line; Fig. 4.4).

Recently, observations suggest that this solution may be the most adequate

one for representing ice-sheet dynamics (Joughin et al., 2019). Because it

combines low friction for both, slow and fast velocities, this solution provides

the most dynamic ice sheet. This has profound implications for future sea-

level projections. If the basal friction saturates beyond a threshold velocity,

then the MISI instability for instance is more likely to occur than for a linear

friction law and more inland ice will be discharged than for a plastic law.
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4.3.5 Basal friction coefficient

The bedrock friction coefficient cb is intended to provide information about

bedrock characteristics such as basal temperature, the presence of basal sed-

iments or the effective pressure for instance. The friction coefficient is split

into a universal friction coefficient for the whole ice sheet (cf ), a topographic

scaling parameter (λ) and the effective pressure (Neff )

cb = cfλNeff . (4.42)

The effective pressure does not explicitly account for the presence of basal

water and the potential intrusion through crevasses. It is instead parametrised

following the Leguy et al. (2014) formulation

Neff (p) = ρigH

(
1 − Hf

H

)p

, (4.43)

where ρi stands for the ice density. Hf represents the floating portion of the

grounded ice column. If ice is grounded above sea level, then it is set to zero,

if it is grounded below sea level, the portion of floating ice depends on the

bed depth and the sea-water density (ρw), thus:

Hf = max

[
0,−ρw

ρi
(zsl − zb)

]
, (4.44)

where zb denotes the bedrock elevation (positive/negative numbers above/below

sea level) and zsl the sea-level elevation. If the exponent p in Eq. 4.43 is set to

zero, then the pressure exerted at the ice base is the weight of the ice column.

If p =1 then full water pressure is applied at the marine zones. This means

that the effective pressure is corrected subtracting the overburden pressure.

Intermediate values allow for a partial connectivity to the ocean.

The scaling parameter λ ∈ [0, 1] is used to scale the universal friction

coefficient cf depending on bedrock characteristics. A lower λ allows for faster

basal sliding because of the existence of a temperate bedrock base (i.e. Tb =

Tfp) or because of the presence of sediments, for instance. In this thesis either

a constant value will be used for the whole domain, hence λ = 1 (Chapter

3), or either through a depth dependent parameterisation, which enhances

ice flow in topographic lows (Chapters 4,5). For this last case λ is defined
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through an exponential function dependent on bedrock elevation (zb):

λ =

1 if zb > z1

max
[
exp

(
zb−z1
z1−z0

)
, λmin

]
if zb < z1.

(4.45)

Here z0 and z1 are internal parameters prescribed in the code, where z1 > z0.

For a bedrock elevation above z1 the scaling factor λ saturates to 1. This

represents a bedrock depth where sliding is hampered (see Fig. 4.5). At z0

the bedrock coefficient is always 1/e (the e-folding depth). Thus, if z0 is set

close to z1 then the friction decreases more abruptly with decreasing depth

than if these parameters are set more distanced. λmin determines a threshold

which allows for a faster or slower sliding. This parameterisation is intended

to capture the nature of the fast sliding zones especially of the marine parts

in Antarctica. It is ultimately based on the approach of Martin et al. (2011).

They use a till friction angle which facilitates sliding as the bedrock decreases

in the marine regions. They find that this formulation for the bedrock friction

simulates more realistic PD states than a bedrock temperature approach,

when a basal hydrology model is not present.

Fig. 4.5: Sketch of the scaling parameter λ for a depth dependent parameter-

isation.
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4.4 Thermodynamics

Finally, the thermodynamics of the model are defined through energy con-

servation:

ρic

(
∂T

∂t
+ v ·∇T

)
= ∇(k∇T ) + Φ. (4.46)

Here, c is the heat capacity of ice, T the ice temperature, k the heat con-

ductivity of ice and Φ the internal deformation, also called strain heating.

The ice temperature is necessary for solving the Arrhenius law as seen in Eq.

4.11 which determines the ice deformation through viscosity. Again, for solv-

ing the heat equation some assumptions are made for the sake of simplicity.

First, the strain heating can be expressed as:

Φ = 4ηϵ̇2. (4.47)

where ϵ̇ is the effective strain rate described in Eq. 4.8. Heat diffusion within

the ice is considered purely vertical (only the ice column), as horizontal dif-

fusion is considered negligible (Greve and Blatter, 2009). Thus, the energy

conservation equation can be rewritten as

∂T

∂t
=

k

ρic

∂2T

∂z2
− u

∂T

∂x
− v

∂T

∂y
− w

∂T

∂z
+

4ηϵ̇2

ρic
. (4.48)

Ice surface temperature

To solve the Equations 4.48, boundary conditions are necessary. These are set

separately and are commented on in Section 4.7. Nonetheless it is worth men-

tioning, that at the ice surface, the ice temperature is limited to a maximum

value of T0 = 273.15K, the freezing-point temperature.

Grounded ice basal temperature

At the ice-bedrock interface Yelmo distinguishes between two cases: a frozen

bedrock and a temperate bedrock. If the ice base is frozen (Ti < Tfp), then

the boundary condition for the vertical gradient of temperature is prescribed

as
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Fig. 4.6: Mean imposed climate fields: (a) Annual mean precipitation
(mm/day), (b) Geothermal heat flow (mW/m2) and (c) Annual mean surface
temperature (ºC). LGM constant conditions define the external climatic forc-
ing so that none of these boundary conditions exhibit temporal dependency.
Red dashed line shows maximum reconstructed LIS extent (ICE-6G).
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∂T

∂z

∣∣∣∣
z=zb

= −Qgeo

k
, (4.49)

where Qgeo is the geothermal heat flux, which is set as a boundary condition.

In this thesis is also a spatially-variable boundary condition and it is acquired

from Shapiro and Ritzwoller (2004) (Fig. 4.6b). If the basal temperature is

at the pressure melting point, then the bed is temperate and the melting rate

(B) is diagnosed as (Cuffey and Paterson, 2010):

B = − 1

ρL

(
Qb + k

∂T

∂z

∣∣∣∣
z=zb

+ Qgeo

)
. (4.50)

Here L is the latent heat for fusion for ice and Qb the basal heat produc-

tion due to sliding friction. Melting of ice shelves is not computed through

the thermodynamics module and is set as a boundary module (a detailed

description can be found in Section 4.7).

4.5 Grounding-line diagnosis

The grounding-line is the limit between the marine grounded ice and the

ocean or floating ice. Yelmo diagnoses the grounding-line through the over-

burden ice thickness, which is computed as

Hgrnd = Hi −
ρw
ρi

max (zsl − zb, 0) , (4.51)

where zsl represents the sea level. Thus, if Hgrnd >0, then the ice is grounded

and if Hgrnd <0 then the ice is floating (or an ocean grid point). The ground-

ing line is diagnosed as the last grounded point before floating and is therefore

considered fully grounded.

4.6 Basal hydrology

Yelmo considers a local evolution equation for basal water content Hw

without horizontal advection. In this case, the non-local term of the time-
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dependent diffusion equation is assumed to be negligible, yielding the follow-

ing approximation:

∂Hw

∂t
=

Q

ρwLi
− dr, (4.52)

Here, Q is the net heat flux, given by the sum of the frictional heating at

the ice-bed interface, and the gradients in heat flow at the base of the ice

column and at the bedrock surface (Eq. 3). dr is the till drainage rate, set to

dr = 10−3 m/yr in the default case which means that its value is generally

small compared to Q/ρwLi. Negative values of Q/ρwLi are allowed, implying

refreezing. The water layer thickness is bounded between zero and a maximum

value of Hw,max (Bueler and Brown, 2009; Bueler and van Pelt, 2015):

0 ≤ Hw ≤ Hw,max, (4.53)

By default, Hw,max is set to 2 m, but its influence is tested in sensitivity

experiments. Moreover, Hw,max will be also estimated in Section 3.3 based

on estimates of total IRD volume (Hemming, 2004).

It must be recalled that the till represents a mixture of fluid and rigid parti-

cles, thus resulting in a high complexity of deformation processes. The ability

of soil to change its water content under different effective pressures (Wood,

1991) inevitably renders such complexity. Furthermore, the till compressibil-

ity depends on both the stress history and the current effective pressure of the

sample under consideration (Tulaczyk et al., 2000a). Hence, two soil states

can be distinguished: normally consolidated and overconsolidated. The for-

mer describes a till in which the current effective pressure is the highest to

which the soil was subjected in the past, i.e., N = Nmax. The second state

satisfies a less restrictive condition, N < Nmax.

As a result, the till compressibility Ct (referred to as Cξ by Tulaczyk

et al., 2000a) is best described by a logarithmic function that relates the void

ratio e = Vw/Vs to the effective pressure N (Scott, 1963; Hooke et al., 1997;

Tulaczyk et al., 2000a) as follows:

e = e0 − Ctlog10 (N/N0) , (4.54)

The void ratio then quantifies the pore volume Vw relative to the volume

of solid mineral Vs. The dimensionless parameter Ct and the void ratio e0
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at the reference effective pressure N0 differ regarding the consolidation state

of the till. The compressibility Ct actually depends on the effective stress

history (i.e., the consolidation state of the till) hereafter indicated by Cc

(consolidated) and Cs (’swelling’; i.e., overconsolidated), respectively. These

values are estimated through laboratory geotechnical tests on till recovered

underneath Ice Stream B, West Antarctica (Table 4.1, Tulaczyk et al., 2000a):

Table 4.1: Values of compressibility Ct and void ratio e0 (Tulaczyk et al.,
2000a) for the two soil states regarding stress history.

Parameter Normally consolidated Overconsolidated

e0 0.78 0.53
Ct 0.15 0.014

The effective pressure formulation of Bueler and van Pelt (2015) is further

employed to link the dynamics of the ice sheet base to the till water content

Hw:

Ñ = N0

(
δP0

N0

)s

10
e0
Ct

(1−s), (4.55)

where P0 is the overburden pressure, s = Hw/Hw,max is the till saturation

and δ is the minimum overburden pressure fraction for a completely saturated

till. In reality, the effective pressure N cannot exceed the overburden pressure

P0 for any sustained period, shaping P0 into an upper limit:

N = min
{
P0, Ñ

}
. (4.56)

Therefore, the effective pressure of the till is an exponential transition

between these two extreme cases:{
s = 0 → no basal water → N = P0

s = 1 → saturated till → N = δP0

(4.57)

It is worth noting the additional link provided by this formulation through

the values of e0 and Ct besides the purely water content Hw. In terms of

N(Hw), for a fixed basal water content value Hw, the effective pressure de-

pends on the consolidation state of the till.
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Fig. 4.7: Effective pressure N as a function of the basal water thickness (Eq.
4.55). Here, Hw,max = 2.0 m, P0 = ρigH0 and H0 = 1.0 km. Overconsolidated
Cs (red and blue lines) and normally consolidated Cc (black and purple lines)
compressibility values taken from Tulaczyk et al. (2000a).

As a consequence, it is likely that the consolidation state of the soil cannot

be ignored. The original formulation proposed by Bueler and van Pelt (2015)

assumed a normally consolidated till (CSL, Fig 4.7). In other words, their till

effective pressure must be the highest to which the soil was subjected in the

past (i.e., N = Nmax). Nevertheless, as noted by Tulaczyk et al. (2000a), fluc-

tuations of water pressure are sufficient to induce consolidation irrespective of

ice thickness changes. This idea is supported by empirical measurements since

basal water pressure records obtained beneath mountain glaciers show large

pore pressure fluctuations (Blake, 1992; Hooke et al., 1997; Iverson et al.,

1995). For this reason, the assumption of an overconsolidated state

N(t) < Nmax. (4.58)

appears to be more reasonable since it is met most of the time as pore pressure

fluctuates around a mean value (Tulaczyk et al., 2000a).
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4.7 Boundary conditions

Yelmo includes a module which loads all the necessary fields that the model

requires as boundary conditions. The required boundary conditions can be

set manually or from other model outputs. This construction also allows

for a potential coupling of the ice model with other Earth System models

for instance. Here the most relevant boundary conditions in this work are

discussed.

4.7.1 Surface mass balance

The surface mass balance is computed as the sum of the mass gain through

accumulation and the mass loss via ablation. Accumulation is derived from

the total snowfall from a mean climatic precipitation field. In this thesis, for

PD boundary conditions, temperatures and precipitation are given from the

regional climate model RACMO 2.3 (van Wessem et al., 2018) forced by the

ERA-Interim reanalysis (Dee et al., 2011). Ablation is computed through the

Positive-Degree Day Scheme (PDD; Reeh (1991)). This method is very po

pular in ice models since it only requires surface temperatures as input. It

calculates the number of days that temperatures are sufficiently high to melt

ice from a normal statistical distribution around a mean, thus

PDD =
1

σ
√

2π

∫
1yr

∫ ∞

0

exp

(
−(T − Td)2

2σ2

)
dTdt. (4.59)

Here, σ is the standard deviation, assuming that daily temperatures (Td)

follow a normal distribution (σ = 5 K). The temperature evolution during

one year follows a cosine function scaled with the mean summer and mean

annual temperature. There are more complex methods that account for an

energy-balance through short-wave radiation for instance (Robinson et al.,

2010). Nevertheless, the PDD scheme is commonly used in ice models in the

Antarctic domain, because ablation at these latitudes is almost negligible and

there is no need for more sophisticated methods (Winkelmann et al., 2011;

Pollard and DeConto, 2012a; Pattyn, 2017).
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4.7.2 Glacial Isostatic Adjustent (GIA)

Yelmo is coupled to a simple glacial-isostatic adjustment (GIA) model to ac-

count for bedrock changes. The GIA describes the evolution of the solid Earth

through the growth or decay of large ice sheets. It has profound implications

for the AIS as it can hamper (or enhance) ice advance and facilitate the in-

trusion of warm water onto the continental-shelf (Whitehouse et al., 2019).

However, although the physical basis is now well established (Whitehouse,

2018), ice models use rather simple schemes for long timescale simulations.

In this thesis, the Elastic Lithosphere-Relaxed Asthenosphere method is used

(Meur and Huybrechts, 1996). This model assumes that due to the elasticity

of the lithosphere a deposition of ice weight has to result in a non-local re-

sponse caused by a lateral shift (Greve and Blatter, 2009). The asthenosphere

below, on the other hand, relaxes to its equilibrium in a defined characteristic

time which is set as a parameter (in this work, set to 3000 yr). However, it

is worth mentioning that this method does not capture differences in the as-

thenosphere viscosity and rheological properties as in the WAIS for example,

where bedrock responses may occur on a different timescale.





Chapter 5

Simulating the Laurentide ice sheet of

the Last Glacial Maximum∗

Among the Northern Hemisphere ice sheets, the LIS was the largest in terms

of volume and extent. Given an estimated SLE during the LGM of about 70

metres (28 × 106 km3) with respect to present (Peltier, 2004; Tarasov et al.,

2012), it was the main contributor to sea-level change during the last glacial

period. Even so, fundamental uncertainties underlying ice-sheet modelling of

the LIS, its maximum elevation, extent and total volume differ largely among

studies (Stokes, 2017).

Before diving into a comprehensive study of the potential thermomechan-

ical instabilities in the LIS, the parameter sensitivity of Yelmo model, the

ice stream representation and the role played by friction shall be addressed.

In fact, the LIS mass loss is intimately related to a variable Hudson Bay ice

thickness through rapidly-flowing ice streams that account for most of the ice

sheet discharge (Stokes and Tarasov, 2010). However, the representation of

these ice streams into numerical ice-sheet models remains challenging. As a

result, we lack a deeper comprehension of the role of ice streams which leads

to larger model output uncertainties.

The following chapter is structured as follows. First, a physical descrip-

tion of the methods and the experimental setup is presented (Sections 5.1 and

5.2). Then the results are laid in Section 5.3, further divided into two subsec-

tions where friction is a function of velocity alone (Section 5.3.1) and further

coupled to the thermal state of the ice-sheet base (Section 5.3.2). Section 5.4

∗ The main contents of this chapter are published in:
Moreno-Parada, D., Alvarez-Solas, J., Blasco, J., Montoya, M., and Robinson, A.:
Simulating the Laurentide Ice Sheet of the Last Glacial Maximum, The Cryosphere, 17,

121-133, DOI 10.5194/tc-17-2139-2023., https://doi.org/10.5194/tc-17-2139-2023
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discusses all the results herein presented. Lastly, the main conclusions of this

work are summarized (Section 5.5).

5.1 Methods

Numerical experiments are conducted with the higher-order three-dimensional

ice-sheet model Yelmo (Robinson et al., 2020, 2022). Here, its domain cov-

ers the entire LIS topography with a 16 km horizontal resolution. Namely,

21 unevenly-spaced vertical levels in sigma-coordinates are set, with higher

resolution at the base of the ice sheet. Yelmo uses a higher-order stress ap-

proximation known as Depth Integrated Velocity Approximation (DIVA) to

compute the horizontal velocity (Goldberg, 2011; Lipscomb et al., 2019).

DIVA replaces the horizontal velocity gradients with their vertical averages

in the effective strain rate, thus leading to a set of equations similar in ac-

curacy to the Blatter-Pattyn approximation (Blatter, 1995; Pattyn, 2003).

The internal ice temperature is determined by the advection-diffusion equa-

tion. Anisotropy of the ice is not explicitly modeled so an enhancement factor

accounts for crystal orientation on the strain rate (Hooke, 2005; Ma et al.,

2010; Pollard and DeConto, 2012a; Maris et al., 2014; Albrecht et al., 2020).

For simplicity here, the enhancement factor of grounded ice is prescribed to

1.0, whereas floating ice requires a slightly lower value of 0.7 (e.g., Ma et al.,

2010).

The total mass balance in Yelmo is governed by three terms: surface mass

balance, calving and basal melting. Calving occurs when the ice-front thick-

ness decreases below an imposed threshold (200 m in this study, Thomas,

1979; Tabone et al., 2019; Blasco et al., 2021) and the upstream ice flux

is not large enough to advect the necessary ice to maintain such thickness

(Peyaud et al., 2007; Colleoni et al., 2014). Importantly, basal melting of

floating ice is a boundary condition whereas it is calculated internally for

grounded ice.
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5.2 Experimental setup

In order to investigate the effect of different friction formulations on the

simulation of the LIS at the LGM, two sets of experiments were carried out.

First, the effective pressure N is assumed to solely depend on the overburden

pressure (Section 5.1) exerted by the ice column. In this simple scenario

(purely mechanical friction), three different basal friction laws are considered

with different dependencies of the basal shear stress on the sliding velocity:

linear, power law (purely plastic) and regularized-Coulomb parametrizations.

Second, for the most comprehensive basal friction parametrization law (i.e.,

regularized-Coulomb), thermomechanical coupling of the sliding is further

allowed by introducing an additional dependency of N on the thermal state

of the base via the water-dependent formulation.

Constant LGM conditions define the climatic boundary conditions. To this

end, atmospheric temperature and precipitation are climatologies obtained

from the mean of the output of the 11 General Circulation Models (GCMs)

participating in the Paleoclimate Modelling Intercomparison Project Phase

III (PMIP3) as part of the Coupled Model Intercomparison Project Phase 5

(CMIP5; Taylor et al., 2012) (Fig. 4.6a and 4.6c). The geothermal heat flow

is also a spatially-variable boundary condition in our simulations and it is

acquired from Shapiro and Ritzwoller (2004) (Fig. 4.6b).

Additionally, the initial bedrock elevation is taken from the RTopo2.0.1

present-day Earth topography dataset (Schaffer et al., 2016). The bedrock

topography evolves under glacial isostatic adjustment (GIA) via the elastic

lithosphere-relaxed asthenosphere (ELRA) method (Meur and Huybrechts,

1996) with a spatially-constant relaxation time of 3000 years.

Table 5.1: Parameter choice employed in our simulations and the sample
range that was explored. The friction exponent q is taken from Zoet and
Iverson (2020) for the regularized-Coulomb case.

Linear Plastic Coulomb Explored range

q 1 0 1/5 N/A
z0 (m) −100 −100 −100 [−800, 200]

u0 (m/yr) 100 100 100 [25, 250]
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Finally, a broad parameter range of z0 values are sampled and then tuned

so as to obtain an ice stream network that resembles previous mapping in-

ventories (e.g., Fig. 2 in Margold et al., 2015). Hence, an ice stream is first

defined as a set of grid points that satisfy ub/udef > 10. In other words, ice

streams are here defined as regions of the ice sheet where the sliding con-

tribution is, at least, one order of magnitude greater than ice deformation.

It must be stressed that no particular LIS volume value was targeted but

rather, the model is tuned based on the dynamics. The same z0 value is then

employed throughout the study (see Table 5.1). This approach provides good

qualitative results and facilitates comparison among the model formulations

used here.

Simulations throughout this study ran for 200 kyr to ensure a smooth equi-

libration from the initial state. An initial ice thickness of 1000 m is imposed

over bedrock above sea level in North America above 50N to urge the spin

up. The necessary length of the spin-up is quantified by a two-phase linear

regression (Hinkley, 1969, 1971), i.e. a statistical test for detecting a change

in behaviour of a variable time series (i.e., the so-called changepoint, details

in Appendix C.1). Namely, a two-phase regression model is applied to the

ice-sheet volume above flotation time series so as to determine the equilibra-

tion time (Fig. 5.1). The average equilibration time of all simulations herein

presented reads teq = 86.3 kyr.

Thus, the first 100 kyr were assumed to represent model spin-up and are

not considered in the analysis here. The remaining 50 kyr are shown in the fig-

ures below. All simulations were performed with a horizontal grid resolution

of 16 km.

5.3 Results

Two main experiments were performed throughout this study accounting for

each effective pressure formulation: purely mechanical friction (overburden)

and thermomechanically coupled (i.e., a water-dependent parametrization),

as described above. Each of this cases is described in the following sections.

In general, our simulations largely agree in extent with prior reconstruc-

tions (Stokes et al., 2016; Stokes, 2017). This result is not expected a priori

since Yelmo ice-sheet model was not tuned to obtain a fully-developed ice
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[b]0.7

Fig. 5.1: Ice volume above flotation Vaf for the main simulations. Vertical
dashed lines represent the changepoint (i.e., the transition from transitory
to stationary regime) for each time series as determined by the two-phase
linear regression (details in Appendix C.1). For t > tc, a constant equilibrium
volume is reached in all cases.

stream network (e.g., Margold et al., 2014, 2015) but to match a certain vol-

ume and extent estimation (Section 5.2). It is worth noting that Margold

et al. (2015) already stressed that that no inferences on the timing of ice

stream operation at the LGM are possible because only a small number of

the mapped ice streams have any chronological control. Rather, their mapped

ice stream tracks represent a time-transgressive imprint of evolving ice stream

trajectories, i.e. they can not have all operated at once. Nonetheless, some

broad spatial patterns appear and this fact is further exploited to compare

our simulations. Potential timing inconsistencies are thus inevitable, though

the time-transgressive inventory remains as an appropriate reference for the

simulated ice streams.
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Further comparison with Margold et al.’s (2014) ice stream inventories was

performed by re-projecting their data to the same coordinate system used in

Yelmo LIS simulations. Namely, from a Lambert conformal conic projection

(EPSG:3978) to polar stereographic.

As it shall be noted, the particular basal friction dependency on the sliding

velocity leaves the ice extent and total volume nearly unchanged even though

it strongly influences the ice stream configuration. On the contrary, the ther-

modynamical treatment of the ice-sheet base entails significant differences

mainly in total volume.

5.3.1 Purely mechanical friction

The reconstruction of our simulated LIS under LGM conditions are first

described for the three basal friction laws (linear, plastic and regularized-

Coulomb) and no thermal coupling of the basal sliding. All simulations are

numerically stable and reach constant equilibrium values within the first 100

kyr. Figure 5.2a shows important differences in the dynamic configuration of

the ice sheet among the three cases.

In the linear case, ice streams appear to be widely distributed, far beyond

the expected locations from prior reconstructions (e.g., Margold et al., 2015),

thus differing from the purely plastic and regularized-Coulomb scenarios (Fig.

5.2b and c). As a result, horizontal velocities are generally high, even far from

topographic troughs, allowing for strong lateral ice advection and both the ice

thickness and the volume above flotation reach a minimum (Table 5.2). Rapid

sliding also occurs near the margins where the continuity equations favours

ice advection partially due to a large calving term. A more comprehensive

dependency of the basal stress on the sliding velocity (e.g., a plastic or a

regularized-Coulomb) shows that a fully-developed ice-stream network can

be simulated even for a simple overburden formulation (Fig. 5.2b and c).

Unlike the linear case, ice streams in the latter case are constrained spatially

to lower troughs as a result of friction saturation at higher velocities (Joughin

et al., 2019), allowing fast streams to develop mainly where soft sediments

are assumed to enhance sliding (Eq. A.3).

In terms of the ice-thickness dome configuration, all reconstructions show a

multi-domed configuration with two relative maxima: the eastern dome, cen-
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tred over Hudson Bay and the western dome, over Lake Claire. Nevertheless,

the minimum/maximum thicknesses are found for the linear and the power

law scenarios respectively, whilst leaving the regularized-Coulomb case as an

intermediate reconstruction. This is presumably caused by a further inland

penetration of the Northwest ice streams in the regularized-Coulomb scenario

compared to the purely plastic case. For the linear friction, higher veloci-

ties are generally found in the northwest and inner LIS. This translates into

a larger amount of ice advected, consequently reducing the ice equilibrium

thickness (mass balance equation).

The basal friction law has implications for the thermal state of the base

even in the absence of thermomechanical coupling (Fig. 5.3). The LIS appears

to be mostly temperate, except for the south-eastern region of the Canadian

Shield. The spatial distribution of the basal temperature can be understood

given that the ice sheet behaves as a thermal insulator. The nearly fully tem-

perate base in the power law corresponds to the thickest LIS reconstruction.

For the base to remain frozen two main requirements must be met: low sliding

velocities (i.e., low frictional heat) and low geothermal heat flow (Fig. 5.3).

The former is demonstrated in Fig. 5.2 for all three cases, whereas a strong

correlation between frozen basal regions of the LIS and minimum geothermal

heat flow values (Shapiro and Ritzwoller, 2004) supports the latter.

Figure 5.4 shows that the dynamic state of the ice sheet is highly sensi-

tive to the particular function τb(ub). It is noticeable that the regularized-

Coulomb case appears to be an intermediate scenario between the linear

and the purely plastic. However, there is a distinct common feature of the

Coulomb and purely plastic cases: a linearly increasing lower boundary of τb

for velocities ub > 200 m/yr. This can be explained by the minimum value of

the friction coefficient (to avoid spurious velocities). This value is a constant

so that the basal shear stress becomes proportional to the sliding velocity,

thus giving rise to a linear dependency. The behaviour is only visible for high

velocities given the nature of minimum shear stress.

From an energy balance perspective, the dissipated frictional heat Q pro-

vides an idea of how the mechanical energy is distributed in the system (Fig.

5.5). Our simulations have attained a steady state so all the energy that en-

ters our system must be dissipated. The ice mass moves as a consequence

of its own weight, i.e. the potential energy transfers to kinetic energy via

the surface elevation slope (driving stress). The equilibrium velocity field is
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Fig. 5.2: First column, LIS ice thickness in kilometres; second, vertically av-
eraged horizontal velocity. Each row corresponds to one friction law, from
top to bottom: linear, purely plastic and regularized-Coulomb. Red dashed
line shows maximum reconstructed LIS extent (ICE-6G). Black dashed line
shows ice thickness contours in kilometres at values of 1.0, 2.5, 3.0, 3.5, 4.0
and 4.5 km. In panel (a), the black rectangle defines the Hudson Strait sub-
domain as referred to in the text. A blue solid line represents the Hudson ice
stream section and a black solid contour denotes the present day coastline.
Time series evaluated over a 9-grid-point square are centred in the white dot.
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then maintained by the new ice accumulated on the domain. In the linear

case, most of the kinetic energy is dissipated by thin ice with relatively large

shear stresses. The purely plastic scenario yields a more distributed energy

dissipation, where thick ice (H > 3.0 km) also has a significant contribution.

As mentioned before, the Coulomb case appears as an intermediate physi-

cal description, thin ice dissipates more heat compared to the purely plastic

scenario, yet large thicknesses have a significant frictional heat unlike in the

linear case.

The basal stress distribution for different ice thicknesses (Fig. 5.4) may

seem counterintuitive given that, for a fixed velocity, lower τb values are

generally reached for thicker grid points. Yet this can be understood in terms

of the bedrock characteristics as follows. Thick ice within the LIS is unable to

reach high velocities unless it is restricted to low elevations (as cb approaches

its minimum). On the contrary, if low thicknesses are instead considered, the

same velocities can be found for considerably higher cb values (since N = ρgH

is smaller). In other words, for a particular velocity, thinner ice yield higher

basal stress due to the bedrock characteristics.

The different ice-sheet dynamics result in different configurations for the

LIS (Table 5.2). In general, our simulations are consistent with our current

knowledge of the LIS during the LGM, yet it is worth noting certain aspects

of each parametrization. The fact that the linear law leads to the lowest values

of ice volume (above flotation) and ice thickness can be explained by recalling

Joughin et al. (2019). For low velocities (i.e., the centre of the LIS), the linear

friction law (Fig. 5.3d) yields lower τb values than a plastic/Coulomb law

(Fig. 5.3e and 5.3f). Such inland points consequently have higher velocities,

thus advecting ice towards the margins and decreasing the equilibrium ice

thickness. This entails a straightforward reduction in the effective pressure N .

As a result, the basal friction coefficient reaches a minimum. In contrast, only

minor differences in ice volume are found between the more comprehensive

plastic law and regularized-Coulomb parametrizations.

Lastly, longitudinal sections of the Hudson Strait ice stream are presented

for the linear, the purely plastic and the regularized-Coulomb friction laws

(Fig. 5.6). The location of the points of the section was selected on the basis

of a maximum velocity criterion so that the section lies in the centre of the ice

stream and extends from Hudson Bay to the grounding line (Fig. 5.2a). As it

would be expected, results with a linear friction law differ most. Particularly,
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Fig. 5.3: Homologous ice-sheet base temperature (ºC) and shear stress τb
(kPa) for the three friction laws: (a and b) linear, (b and e) purely plastic
and (c and f) regularized-Coulomb. Red dashed line shows maximum recon-
structed LIS extent (ICE-6G). Black dashed line shows ice thickness contours
in kilometres.
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deformation velocities close to the margin are the highest among the three

laws herein considered as a result of an absent upper bound in the basal

shear stress. Basal velocities near the dome of the LIS are also higher for a

linear case given that τb(ub) approaches zero more rapidly for q = 1 than

for q < 1 (Eq. 3.9). Therefore, the ice thickness is the lowest as dictated

by the continuity equation (consistent with Table 5.2). A subtle difference

between the power law and the regularized-Coulomb case is visible on the

surface elevation slope. In general, and particularly near the dome, the slope

is slightly steeper in the power law case and the consequences are noticed in

a higher deformation velocity (dashed blue line) in Fig. 5.6b than 5.6c.
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Fig. 5.4: Scatter plot of τb(ub) phase space for three different basal friction
laws: (a) linear, (b) purely plastic and (c) regularized-Coulomb. Every dot
represents a pair (ub, τb) evaluated in a single grid point.
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Fig. 5.5: Frictional heat distribution as a scatter plot of τb(Hice) for three
different basal friction laws: (a) linear, (b) purely plastic and (c) regularized-
Coulomb. Every dot represents a pair (Hice, τb) evaluated in a single grid
point. The marker size represents the normalised frictional heat Q/Qmax,
where Q = ubτb and Qmax is the maximum value of each simulation.
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[b]1.0

Fig. 5.6: Section along Hudson Strait ice stream (as noted in Fig. 5.2a)
for purely mechanical basal frictions: linear, purely plastic and regularized-
Coulomb. Green, LIS surface elevation; brown, bedrock height; blue, horizon-
tal velocity (sliding and deformation contributions); purple, effective pressure
and black, basal shear stress.

5.3.2 Thermomechanically coupled friction

Next, the effect of coupling basal friction to the thermal state of the base is

investigated by comparing the simulated LIS under LGM conditions for the

water-dependent parametrization with the purely mechanical friction formu-

lation. A regularized Coulomb friction law is employed throughout this sec-

tion. In terms of ice thickness, there is no clear distinction between a purely

mechanical friction approach (Fig. 5.2c) and the thermomechanically cou-

pled case (Fig. 5.8a) besides a minor decrease. More precisely, Table 5.2 shows

slight differences in total ice volume and extent: the thermomechanically cou-

pled simulations show a smaller extent and therefore a lower volume given

that the ice thickness remains nearly identical. Nevertheless, such decrease

brings our simulation closer to previous reconstructions (Fig. 5.7), but the ice

extent remains in the upper limit compared to prior studies. This further sug-

gests that, for our particular parameter choice, a thermomecanically-coupled

fricton may be necessary to obtain a realistic LIS extent.



124 5 Simulating the Laurentide ice sheet of the Last Glacial Maximum

Fig. 5.7: Comparison of reconstructed LIS ice extent, maximum elevation and
volume. Estimates from this study are given by triangle markers. Magenta
dots show maximum ice-sheet elevation for the soft bed models.

It is illustrative to build a streaming mask to perform a qualitative com-

parison among parametrizations as well as previous inventories (e.g., Margold

et al., 2015). Sliding regions are therefore defined as those points that satisfy

the condition ub/udef > 10, thus ensuring that ice flow due to deformation is,

at least, one order of magnitude lower than the sliding contribution. In terms

of this streaming mask (Fig. 5.8a), this thesis generally simulate the most sig-

nificant ice streams present in recent mapping inventories and comprehensive

reviews of the LIS (e.g., Margold et al., 2014, 2015).

The thermomechanically coupled friction formulation entails fundamental

changes in the LIS configuration and thermal state of the base. A direct

inspection of Fig. 5.2c as compared to Fig. 5.8a further shows the implications

in the simulated ice stream configuration and notable improvement is found

in the Hudson Strait ice stream and tributary.

The probability density functions P (ub) and P (Tb) (Fig. 5.9) further ex-

plore the differences among friction law formulations both for an overburden

and a water-dependent effective pressure. For the linear law, the coldest ice

base on average is found (see Table 5.2) as the tail of the distribution reaches

leftmost values compared to a power or Coulomb formulation. Notably, these

two last friction laws show minor differences in terms of P (ub) and P (Tb),
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showing physically equivalent reconstructions in terms of probability densi-

ties. On the contrary, when the basal friction is coupled with thermodynamics

via Eq. 4.55, it is noted a shift towards higher velocities P (ub) for low veloc-

ities (i.e., ub < 250 m/yr), thus implying a speed-up of the slower regions of

the ice sheet. Consequently, the outflow of ice becomes larger and the equi-

librium thickness is reduced compared to the Coulomb overburden scenario

(Table 5.2).

When the basal friction is thermomechanically coupled (Table 5.2), the

LIS extent is reduced and the maximum ice thickness is lower, leading to

a smaller equilibrium volume (consistent with AIS mass sensitivity results

by Dawson et al., 2022). This is explained through the decrease in basal

friction. In this case, there is an additional degree of freedom that may yield

a reduction in basal friction: the effective pressure. All temperate grid points

undergo a reduction in their effective pressure (and consequently in the basal

stress) by up to a 10% of their original value. As a result, the stress balance

will yield higher velocities and a lower equilibrium thickness for a fixed set of

boundary conditions. On the contrary, in the purely mechanical friction case,

the value of cb is determined solely by the bedrock elevation, which does not

change significantly over the course of the experiment.

Nevertheless, the equilibrium volume, relevant for the sea level contribu-

tion, does not encapsulates all the relevant information about the LIS, es-

pecially for the Hudson subdomain. Notably, the ice volume in the Hudson

subdomain (as defined by the black rectangle in Fig. 5.2a) reaches a constant

equilibrium value both in the purely mechanical and thermomechanically cou-

pled experiments. Likewise, the vertically averaged horizontal velocity also

attains a constant value, yet slightly higher due to the water-dependent ef-

fective pressure for the aforementioned mechanism.

Global variables such as the total LIS volume are not the only ones that

undergo changes when the basal friction is further coupled to thermodynam-

ics. This result is captured by Fig. 5.10a. Unlike its counterpart in the purely

mechanical case (Fig. 5.4a), an interesting behaviour of the non-monotonic

minimum shear stress values in the low velocity regime (ub < 150 m/yr) is

found when the basal friction is coupled with thermodynamics. Nonetheless,

all points taking part in this minimum shear stress region correspond to a

fully drained till. Hence, explicit water changes do not explain the difference

in behaviour. Presumably, it is argued that those points with lowest τb cannot
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Fig. 5.8: Left panel, LIS depth-averaged horizontal velocity; right panel, spa-
tial mask (green) depicting the two ice flow regimes overlaid with the ice-
stream inventory of Margold et al. (2014) (polygons). Solid polygons corre-
spond to land terminating (light grey) and marine terminating (dark grey) ice
streams respectively. Streaming grid points meet the condition ub/udef > 10
so that the flow due to ice deformation represents, at highest, a contribution
one order of magnitude below sliding. Both fields are shown for a water-
dependent effective pressure. Red dashed line shows maximum reconstructed
LIS extent (ICE-6G). Black dashed line shows ice thickness contours in kilo-
metres of 1.0, 2.5, 3.0, 3.5, 4.0 and 4.5 km.

be reached given the new stress balance (i.e., the SSA equations) is changed

if Neff is considered. Since the SSA solution is non-local, the particular shape

of τb(ub) can be modified by a water-dependent effective pressure even for

regions that are fully drained. This implicit effect would be a direct con-

sequence of the non-local nature of the SSA solutions in regions where the

water content remain constant.

It is also illustrative to compare the Coulomb friction law for both a purely

mechanical friction and the thermomechanically coupled case from a frictional

heat perspective (Fig. 5.5c and 5.10c, respectively). When the basal friction is

coupled with the thermal state of the base via a the water layer thickness Hw,

two main changes are noted. The shear stress values are generally reduced and

the thicker regions of the LIS contribute more to frictional heat dissipation

(larger region covered in green for H > 3.0 km).

It is clear from Fig. 5.10b that, for an effective pressure that depends on

basal water thickness, sliding occurs when the till is saturated in water. This

requires a sustained supply of heat (e.g., basal frictional heat, geothermal

heat flow, etc.) to melt enough water so as to keep a saturated till, thus

surpassing the drainage rate and eluding refreezing (due to heat diffusion-
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Fig. 5.9: Probability density functions (PDF) of (a) log10P (ub) and (b)
log10P (Tb). Each row represent a different friction formulation. From top
to bottom: linear, power law, regularized-Coulomb and regularized-Coulomb
with a water-dependent effective pressure formulation. Note the difference in
y-axis limits.

advection). This is unlikely to occur in the central region of the ice sheet

where neither low troughs nor high surface slopes are present, consequently

yielding low driving stresses and basal frictional heat.

5.4 Discussion

In general, the ice sheets simulated herein are consistent with our knowledge

of the LGM Laurentide ice-sheet state. Qualitatively, this can be seen by

a comparison of Fig. 5.8b with previous reconstructions of LIS ice dynam-

ics (e.g., Margold et al., 2015; Stokes et al., 2016). Notably, the main ice

streams of the LIS (i.e., Amudsen Gulf, M’Clure Strait, Massey Sound, Gulf

of Boothia, Lancaster Sound and Hudson Strait) are present in our simula-

tion even in the absence of thermomechanical coupling (Fig. 5.2b and 5.2c).
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Fig. 5.10: Scatter plot of τb(ub) phase space for the water-dependent effective
pressure formulation and coloured according to (a) ice thickness and (b) basal
water content. Every dot represents a pair (ub, τb) evaluated in a single grid
point. Panel (c) shows a scatter plot of τb(Hice) for the water-dependent ef-
fective pressure, where each dot represents a pair (H, τb) evaluated in a single
grid point. The marker size depicts the normalised frictional heat Q/Qmax,
where Qmax is the maximum frictional heat value.

However, both the configuration of ice streams and the total ice sheet volume

are found to be strongly dependent on the basal friction formulation.

In particular, the linear basal friction law clearly yields significantly lower

shear stress values compared to the other formulations (Fig. 5.2). Despite the

fact that both ice extent and volume do not fall far from previous studies,

relatively high velocities are found further inland in ice streams along the

northern LIS and are not fully constrained to lower troughs (Fig. 5.2a). As a

result, the ice sheet under this parametrization exhibits a minimum volume

and a simple-domed ice sheet that resembles past reconstructions that ignore

deformable beds (e.g., Denton, 1981). This can be understood as follows.

The equilibrium thickness is in fact explicitly dependent on the horizontal

velocity via the continuity equation, thus reaching a minimum value when

the velocity is high for a fixed set of boundary conditions (i.e., the accumu-
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lation rate). Hence, the maximum ice thickness yields its lowest value in this

reconstruction.

These results could lead to the hypothesis that rapid ice-streaming spa-

tially constrained to lower troughs requires a thermal coupling with the base.

Nevertheless, the absence of a thermomechanical coupling solely exhibits a

fully-developed and spatially constrained ice stream structure when a more

realistic function for τb(ub) is provided (i.e., a power-law or a regularized-

Coulomb). Although the same ice extent appears to be reached independent

of such a function, it closely matches the ICE-6G reconstruction. Thus, ther-

momechanical coupling is not necessary to simulate a fully-developed ice-

stream network in the expected locations. In fact, a more realistic τb(ub) is

sufficient to find rapid streaming regions spatially constrained to low troughs

as is the case for a purely plastic or a regularized-Coulomb parametrization.

Significantly lower basal friction values are yielded by the former, yet the

dynamic configuration of the ice sheet seems almost identical. Despite these

similarities, from a purely thermodynamic perspective of the ice-sheet base,

the choice of τb(ub) is fundamental even when thermal coupling is not consid-

ered. This is presumably due to the insulator effect of a thicker ice sheet from

the colder atmosphere (see maximum equilibrium thickness in Table 5.2).

Fundamental changes are noticed when the basal friction parametrization

is coupled with the thermal state of the base (Fig. 5.9 and 5.10). Rapidly-

flowing ice streams are present in expected locations, such as through Hud-

son Strait, Amundsen Gulf, M’Clure Strait, Lancaster Sound and Gulf of St

Lawrence (Margold et al., 2015). Consequently, both the total volume and

the equilibrium ice thickness are reduced. This result is in good agreement

with the mass loss sensitivity in the AIS as a response of idealised basal thaw-

ing (Dawson et al., 2022). Overall, the simulated ice sheet closely matches

the reconstructed ICE-6G extent, even though it is somewhat lower than for

the overburden case. All friction laws herein presented yield a multi-domed

ice sheet where two independent domes are found (western and eastern) ir-

respective of the thermomechanical coupling. The total ice volume, in terms

of contribution above flotation, is 33.5 × 106 km3 (Table 5.2). This value is

larger than the estimate given by Sims et al. (2019) (30.4 ± 2.7 × 106 km3),

though close to Gregoire et al. (2012) (35× 106 km3). Furthermore, no large

volume changes are found either in the entire LIS nor the Hudson region that

would resemble binge-purge oscillations (MacAyeal, 1993a).
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Not only does the Bueler and van Pelt (2015) effective pressure formulation

couple ice dynamics with the thermomechanical state of the base, but also

the amount of liquid water is considered to compute the effective pressure.

Figure 5.4 shows a significant difference in terms of the horizontal velocity

and the basal friction coefficient. As described above, the simulated ice sheet

also appears to be a multi-domed configuration with two relative maxima

that resemble the previous result (western and eastern domes). Even so, the

ice-stream structure strongly differs from the purely mechanical friction ap-

proach. First, the ice streams are more restricted spatially, in the sense that

they do not propagate as far inland. Second, even for non-streaming regions,

τb values are generally higher for the water-dependent effective pressure for-

mulation.

The fact that all our reconstructions share a multi-domed equilibrium

configuration resembles the prevailing approach of LIS reconstructions that

have accounted for lubricated basal conditions, in which the ice sheet over

Hudson Bay was consequently thinner and less steeply sloped (e.g., Boulton

et al., 1985; Fisher et al., 1985). Nonetheless, the surface elevation over Hud-

son Bay was substantially lower in those cases, with a maximum elevation

above present sea level of 3.0-3.5 km, in contrast to our ∼ 4-5 km thickness.

This comparison must be taken with caution since surface elevation and ice

thickness do not represent the same magnitude. Yet, it is possible to have an

approximate comparison among reconstructions by also looking at the vol-

ume differences. Boulton et al. (1985) spans a volume of 33-44 × 106 km3,

substantially larger than the 21.1-25.9×106 km3 range of Fisher et al. (1985)

for the hard bed model in both cases (Fig. 5.7). Our particular volume values

fall within Boulton et al.’s 1985 range. In terms of volume and ice extent, re-

sults from the water-dependent effective pressure formulation yield a slightly

larger ice volume as a result of narrower and shorter ice streams that con-

sequently advect less ice towards the margins. This dynamic distinction is

significant for ice extent given that the reconstructions exhibits the lowest

ice extent value (16.0 × 106 km2).

Notably, the most realistic parametrization (a water-dependent effective

pressure formulation) shows an interesting behaviour that deviates from the

cases using the overburden pressure approach. For low velocities, the shape

of τb(ub) is almost identical to the overburden case. Nevertheless, for higher

velocities (ub > 80 m/yr), the phase space τb(ub) differs from the purely me-
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chanical reconstructions, where quite low basal stresses are yielded. Figures

5.10a and 5.10b then establish the distribution of ice thickness and basal

water content throughout the ice sheet. In terms of the former (Fig. 5.10a),

fast sliding occurs in grid points with a medium-size thickness (1.0-3.0 km),

exhibiting a perfect correlation with water-saturated grid points (Fig. 5.10b).

In a somewhat more realistic approach to basal friction, the additional

dependency on the effective pressure τb(ub, Neff) must be considered, thus

triggering rapid ice streaming in temperate regions. Nevertheless, the as-

sumption that ice streaming occurs in all temperate grid points leads to an

extremely low shear stress in the centre of the ice sheet (Fig. 5.4). For this

reason, accounting for hydrological processes (e.g., the basal water content)

appears to be fundamental to simulate Laurentide ice streams in accordance

with geological reconstructions (Margold et al., 2015) and further yields ice-

sheet volume and maximum elevation values closer to prior studies (Fig. 5.7).

Besides, a water-dependent friction substantially considers the thermal state

of the base, rather than just local dynamics. This implies a stress balance in-

fluenced by the geothermal heatflux as well as the frictional and deformation

heat contributions.

Overall, the simulated ice streams are numerically well-behaved and spa-

tially constrained to lower troughs. In general, horizontal velocities reach an

equilibrium value once the ice sheet has stabilized. However, global LIS varia-

bles as the total ice volume are highly sensitive to both the choice of friction

law and the thermal coupling at the base.

5.5 Conclusions

The LIS under LGM boundary conditions has been simulated considering

three basal friction scenarios of varying dynamic complexity and their con-

sequences on the LIS ice streams, configuration, extent and volume.

First, in the purely mechanical friction formulation, the force exerted by

the weight of the ice column on a given grid point (overburden pressure) is

solely considered. In this context, three different dependencies of the basal

shear stress on the sliding velocity are investigated: linear, purely plastic and

regularized-Coulomb. Friction was thus independent of the thermal state of

the base. The LIS extent closely matches the reconstructed ICE-6G ice sheet,
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yet the volume appears to be slightly larger. For the linear case, this is a

consequence of the absence of an active ice-stream network spatially con-

strained to low troughs that advects ice from the centre of the ice sheet to

the margins. The surface elevation reflects a simple-domed ice sheet (except

for the regularized-Coulomb scenario) resembling past results where the LIS

deformable bedrock was ignored. Remarkably, a fully-developed ice-stream

network was simulated for a purely plastic and regularized-Coulomb formu-

lation without any thermomechanical coupling requirements, yet the equilib-

rium ice volume appears to be slightly larger than previous reconstructions.

Hydrological processes were considered by coupling the basal friction to

the thermal state of the base via the implementation of a water-dependent

effective pressure formulation (Bueler and van Pelt, 2015). The simulated

ice sheet also appears to be a multi-domed configuration with two relative

maxima, yet the ice-stream structure strongly differs from the overburden

approach for two reasons. First, the ice streams are spatially more restricted

and second, the basal friction coefficient is generally higher for non-streaming

regions. This approach yields the closest ice sheet volume to prior LIS recon-

structions that also consider fast sliding in regions of a lubricated bed. These

results support the hypothesis that hydrological processes are necessary to

achieve physical realism in our simulations and to obtain realistic ice volume

reconstructions similar to previous work.

Notably, ice volume above flotation reached a constant equilibrium value

for the all cases under consideration. Precise values are highly sensitive to

thermomechanical coupling of the basal friction. The overburden case seems

to overestimate the LIS volume compared to previous reconstructions. Never-

theless, significantly lower values are simulated when the thermal state of the

base is accounted for, yet the particular coupling parametrization does not

exhibit significant changes regarding ice volume nor total ice sheet extent. A

water-dependent formulation yield volume and ice extent values substantially

closer to prior studies.

To conclude, the most sophisticated scenario in this work (a thermome-

chanically coupled regularized-Coulomb basal friction) appears to be the re-

construction closest to reality compared to previous ice stream inventories.

Future experiments shall focus on a more realistic basal hydrology, where con-

servative non-local processes (as the horizontal advection) are also resolved.
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Could the Laurentide have exhibited

internal oscillations?

A conclusive physical explanation underlying any oscillatory mechanism that

causes the HEs is still under debate. More importantly, whether the cause is

unique still remains as an open question (Roberts et al., 2016). Any theory

that attempts to provide an answer must explain three key observations: a

roughly 7-kyr periodicity (Hemming, 2004), the presence of IRD layers in

sediment cores taken from the North Atlantic (formed on short timescales)

and the spatial source of such debris as traced from geological evidence. In

fact, such evidence narrowed the spatial uncertainty to Hudson Strait (e.g.,

Naafs et al., 2013) and the sediments are thought to be transported due to

oceanic circulation, thus turning a periodic surge from Hudson Strait into a

necessary condition.

There are several mechanisms proposed to provide an explanation for such

periodic surges. The triggering mechanism can follow either (1) an ice-internal

(“binge-purge”) oscillation (MacAyeal, 1993a) or (2) an externally-driven

behaviour (Moros et al., 2002; Hulbe et al., 2004; Alvarez-Solas et al., 2013;

Bassis et al., 2017). Multiple studies support both hypothesis. For instance,

MacAyeal (1993a), Marshall and Clarke (1997) and Payne (1995a) suggested

that internal instabilities are self-sufficient mechanisms to trigger a periodic

collapse of the LIS. On the other hand, Johnson and Lauritzen (1995) presents

evidence for a discharging ice-dammed lake in Hudson Bay and (Hulbe, 1997;

Hulbe et al., 2004) proposed a collapse of an ice shelf in Davis Strait a physical

explanation of periodic surges.

This study focuses on the physics behind modelled ice thermomechanical

instabilities and it is structured as follows. The following chapter is structured

as follows. First, a physical description of the methods and the experimental

133
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setup is presented, with particular stress over the the till hydrology (Section

6.1). Then the results are laid in Section 6.2, further divided into multiple

subsections addressing the role of each physical component of the employed

basal hydrology formulation. Reference simulations at equilibrium are first

shown in Section 6.2.1, followed by a physical description of the oscillation

Section 6.2.2. Next, the implications of three physical aspects are assessed:

till compressibility 6.2.3, maximum thickness of the basal water layer 6.2.4

and the till drainage rate 6.2.5. All results are dicussed in Section 6.3. Lastly,

the main conclusions of this work are summarized (Section 6.4).

6.1 Methods and experimental setup

The methods herein presented are identical to those described in Chapter 5

and thus omitted to avoid repetition. Nevertheless, a number of processes are

further elaborated here for their relevance in this study.

Four main ensemble experiments were performed throughout this study

accounting for each parameter tested: till compressibility Ct, maximum al-

lowed basal water layer Hw,max, minimum effective pressure δN and till rate

dr. The majority of simulations were performed with a horizontal grid resolu-

tion of ∆x = 32 km. However, a numerical stability study was also performed

in which the spatial resolution was consequently increased to ∆x = 20, 16

km.

6.2 Results

6.2.1 Equilibrium states

First, results below describe our reference simulation (see Fig. 6.1), which

employs the Bueler and van Pelt (2015) effective pressure parametrization

and the following parameter values: Hw,max = 0.4 m, e0/Cc = 37.9 (overcon-

solidated till) and dr = 5 mm/yr. The simulated ice sheet under constant

LGM conditions is also shown in the companion paper (Moreno et al., this

issue) and closely matches the reconstructed ICE-6G extension and major
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ice streams are also present in expected locations, such as through Hud-

son Strait, Amudsen Gulf, M’Clure Strait, Lancaster Sound and Gulf of St

Lawrence (Margold et al., 2015). In general, the ice sheet is consistent with

our knowledge of the LGM Laurentide ice-sheet state, and is a suitable refer-

ence point for a study of the stability of the ice sheet. It must be stressed that,

likewise Moreno et al, (this issue), there is no oscillatory forcing whatsoever

throughout this work in any boundary field.

Notably, in this reference simulation, ice streaming over Hudson Strait

does not exhibit a constant velocity equilibrium value. Rather, this region

transitions between two modes of ice flow: rapid sliding over a saturated till

and slow creeping ice over a fully drained till (Fig. 6.2). The switch mech-

anism between these two states as well as the physical conditions required

for each mode are thoroughly described in Section 3.2 6.2.2. In this simu-

lation, oscillatory behaviour is not found in any other LIS stream, where

a constant equilibrium velocity is reached (Fig. 6.1). This illustrates that

Yelmo yields two stationary solutions of different nature (i.e., oscillatory and

non-oscillatory) depending on bedrock topography, till properties and the ge-

ometry of the ice sheet. Hence, it further manifests that ice streaming is not

necessarily oscillatory in Yelmo, but likely depends on the boundary condi-

tions and the state of the ice sheet.

6.2.2 Physics of the oscillation

The oscillatory behaviour exhibited by Yelmo is well behaved and stable.

Along with the horizontal velocity, a number of variables share this oscillatory

nature (Fig. 6.2), thus showing a clear correlation among them. To start

with, it is evident that maximum velocities occur when the till is completely

saturated (s = 1) whereas a fully drained till (s = 0) corresponds to minimum

velocity values. The opposite relationship is found for the basal shear stress

τb, in which the minimum value is found for saturated till. The link between

ice flow and basal hydrology imposed by a water-dependent effective pressure

formulation is thus straightforward in our results.

Let us now focus on a single event at one point in the upstream region of

the Hudson Strait ice stream (Fig. 6.3). Three stages in terms of ice velocity

can be distringuished: acceleration, stabilization and slowdown. First, the
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Fig. 6.1: LIS vertically integrated horizontal velocity and basal friction coeffi-
cient β (Pa·yr/m) for an oscillatory equilibrium state over Hudson Strait: left
column, creeping mode; right column, rapid sliding. Red dashed line shows
maximum reconstructed LIS extension (ICE-6G). Black dashed line shows
ice thickness contours in km. The blue rectangle defines the Hudson Strait
subdomain as referred to in the text. Time series and vertical profiles evalu-
ated over a 9-grid-point square are centred in the white dot.

acceleration corresponds to a gradual increase in ice velocity and a consequent

decrease in ice thickness due to advection. This gradual increase in ice velocity

reaches an unstable equilibrium value (ub ≈ 275 m/yr) determined by the

balance among β, the ice-surface gradient and the ice flux. Halfway into

this stage (ub ≈ 150 m/yr), colder ice is advected from upstream faster

than heat travels upwards vertically (following the advection-diffusion). As a

result, both the temperature (Fig. 6.4) and ice thickness continue to decrease.

The stabilization stage then begins by a reduction in ice acceleration and a

slowly decreasing ice thickness. Eventually, during the slowdown, the till-

water thickness diminishes (drainage) with a consequent increase in N . As a

result, the sliding velocity is drastically reduced, thus returning to the value
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Fig. 6.2: From top to bottom: time evolution of ice thickness, vertically-
averaged horizontal velocity, basal water content and shear stress. Each time
series represents the mean value over a square formed by 9 grid points taken
in Hudson Strait (see Fig. 6.1 for the exact location).

of the initial acceleration stage. This reduction in basal velocity takes the

form of a “wave” that propagates downstream along Hudson Strait.

The rapid decrease in ice thickness during the slowdown stage may seem

counterintuitive. Yet it can be understood in terms of ice advection given that

the ice velocity follows a downstream “wave”. In other words, the decrease

in ice velocity starts over Hudson Bay and then propagates along Hudson

strait. Therefore, for a given point in Hudson strait, the ice continues flowing



138 6 Could the Laurentide have exhibited internal oscillations?

downstream while no ice is advected from Hudson bay (thus the decrease in

ice thickness).

Meanwhile, the temperature at the base remains constant and at the

pressure-melting point during the first two stages. Nevertheless, once the

drainage of the basal water layer takes place, the temperature rapidly de-

creases below the pressure melting point as a consequence of the plummeting

horizontal velocity values and the consequent reduction in basal frictional

heating. This highlights the strong contribution of the Qb ∼ u2 term on the

total basal heat budget in advection-diffusion equation (unlike intermedi-

ate height vertical layers within the column, where horizontal advection and

strain heat are relevant).

Fig. 6.3: Top, vertically-averaged horizontal velocity time series for a single
event; bottom, homologous ice temperature at the base. Colours are a tem-
poral label that evenly divides a single event in three parts: first, red; second,
blue and red, end. The time series were obtained from the average values of
the point in Hudson Strait shown in Fig. 6.1 and its 8 neighbours.

The oscillation can be also understood as a hysteresis process of the basal

water content Hw as a function of the sliding velocity ub (Fig. 6.5a). First,

for a fully drained till (s = 0) there is a minimum velocity (ub ≈ 100 m/yr)
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Fig. 6.4: Layer height versus homologous ice temperature Th at four vertical
layers within the ice sheet for an event given an overconsolidated till and
Hw,max = 0.4 m. (a) 1Hice (i.e., the surface), (b) 0.9Hice, (c) 0.1Hice and (d)
base 0Hice. The values were obtained from the average values of the point in
Hudson Strait shown in Fig. 6.1 and its 8 neighbours.

required to dissipate enough frictional heat so that melting surpasses dr and

the till becomes saturated. Nevertheless, smaller ub values must be achieved

in order to retrieve the initial drained condition. Strictly speaking, the till

is not fully drained until ub < 75 m/yr. It is then straightforward to see

that a certain sliding velocity value within this range ub ∈ [75, 100] m/yr

can be found in two different hydraulic regimes depending on the previous

stage of the system. It is worth noting that this behaviour is imposed by the

Bueler and van Pelt (2015) effective pressure formulation. The water-induced

decrease in effective pressure maintains the ice streaming for sufficiently large

periods of time before the till water is drained and the effective pressure is

then restored to its maximum value.

Even so, the sliding velocity ub does not appear to be the cause of an event

but rather, the mechanism allowing for downstream propagation. Therefore,

contributions of either the total heat budget Q (e.g., geothermal heat flux,

strain heat, etc.) or the driving stress in the DIVA (i.e., ice surface gradient
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∇h) must dictate the onset of the oscillation. This also highlights the rel-

evance of dr since it sets the threshold for switching between negative and

positive values of ∂Hw/∂t.

For a gridpoint within the ice stream, a feedback exists between the sliding

velocity and the basal water content (through the Qb contribution, Fig. 6.5).

It is clear that Hw starts to increase as the frictional heat contribution Qb

yields positive values of ∂Hw/∂t. As a result, sufficiently low values of ub allow

such a point to modify its saturation state (since the basal water is drained

faster than melting supply), thus dictating the propagation of the oscillation

along the stream. Nevertheless, it does not necessarily mean that ub can be

regarded as the cause of an event. Since the oscillation begins upstream, the

reasons why the beginning of the stream starts to oscillate in the first place

must be addressed and what determines whether such perturbation will be

propagated or not.

Presumably, the driving stress at the beginning of the ice stream reaches

a minimum value |∇h|min during the stabilization stage since the ice is being

advected at its maximum rate. Consequently, the ice velocity at the beginning

of the stream may be reduced, thus triggering a decline in basal melting given

that the leading term in Eq. 4.52 is the basal frictional heat Qb. In terms

of the local basal-water evolution (Eq. 4.52), the condition dr > Q/ρwLi

can be met, implying drainage of the water in the till. This is, in fact, a

potential mechanism for the onset of the slowdown (drainage state in terms

of basal hydrology) that allows the ice stream to fall in a cyclic behaviour. The

importance of the till drainage rate for the existence of oscillatory behavior

will be investigated in sensitivity experiments described in Section 3.5.

It should be noted that despite the relatively large spatial scale of the

oscillations in the Hudson Strait ice stream, the impact in terms of ice volume

is quite small (Fig. 6.6). Stable oscillations in ice volume in the Hudson

Strait region amount to variability of ±2.5% of the total regional volume.

Therefore, in terms of total Laurentide ice volume, the change in volume is

almost imperceptible. This is in large part due to the fact that the ice-stream

oscillations are well behaved and occur on a long enough timescale for the

surrounding ice sheet to adjust. Furthermore, the width of the ice stream is

relatively narrow, so despite its length of hundreds of kilometers, it is not

effective at advecting large amounts of ice towards the margin.
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Fig. 6.5: (a) Basal water content as a function of sliding velocity. (b) Basal
water time derivative as a function of the sliding velocity. (c) Basal water
content and time derivative for total heat contribution. (d) Decomposition of
the three basal heat contributions fluxes: geothermal Qgeo, frictional Qb and
vertical conductive Qice. All values are taken from a grid point over Hudson
Bay during a single event. Colours in (a) and (b) consistent with Fig. 6.3 and
6.4.

6.2.3 Till compressibility

Here the LIS equilibrium configuration under LGM conditions is presented

for different values of the aforementioned till compressibility coefficient Ct.

Rather than a synthetic tuning of the dimensionless parameter e0/Ct, fol-

lowing experimental results from geotechnical tests (Tulaczyk et al., 2000a).

Namely, the cases under consideration include normally consolidated till

(NCL), overconsolidation (URL) and sheared states (critical state line, CSL).

However, CSL and NCL can be treated equally in terms of Ct since they ex-

hibit the same compressibility in general (Clarke, 1987; Jones, 1994; Karig

and Morgan, 1994).



142 6 Could the Laurentide have exhibited internal oscillations?

Fig. 6.6: Total ice sheet volume for the entire Laurentide Ice Sheet VLIS and
Hudson Strait region VHudson (as defined by the black box, Fig. 6.1) as a
function of time. Shaded grey region represents the model spin-up.

For a given parameter choice, normally consolidated tills (Fig. 6.7a) do not

yield oscillatory behaviour, in contrast to overconsolidated tills (Fig. 6.7b and

6.7c). In both cases, the simulated mean ice thickness is not affected by the

consolidation state of the till. Small sudden increments in ice thickness are

found for oscillatory cases (Fig. 6.7b and 6.7c), corresponding to minimum

and maximum values of horizontal velocity and basal shear stress respectively.

Even so, LIS volume changes are not relevant (Fig. 6.6) since the amplitude

of Hice oscillations is 3 − 4% of the total thickness. The potential cause of

this cyclic behaviour will be thoroughly studied in Section 4.

To study the oscillatory properties more generally, a Fast Fourier Trans-

form analysis of the velocity time series is performed for a range of param-

eter choices. Namely, e0/Ct = 5, 10, 15, 20, 25, 30, 35, 39.5 (ref. sim.)

and 40.0; whereas three values of maximum water layer thickness were con-

sidered, Hw,max = 0.10, 0.40 and 0.80 m. Figure 6.3 shows these results

in terms of the most significant oscillation period T . The oscillation period

shows a strong dependence on Hw,max, and to some extent e0/Ct. Notably,
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Fig. 6.7: Hudson Strait time series for steady-state LGM simulations us-
ing three different consolidation states: (a) CSL (consolidated till), (b) URL
(preconsolidation at 568 kPa) and (c) URL (preconsolidation at 71 kPa). Pa-
rameter values of Hw,max = 0.4 m and δ = 0.02 were used in all experiments.

the period reduces with smaller values of Hw,max, and with Hw,max = 0.1 m,

high frequency oscillations are found irrespective of e0/Ct.

6.2.4 Maximum basal water layer

As seen above, the period of our simulated oscillations also exhibits a strong

dependence on the maximum basal water layer Hw,max (Fig. 6.8). For all

cases under consideration in this study, the period T increases as Hw,max

is allowed to reach higher values. Notably, the more compressible the till

is, the stronger this dependency is found to be. In addition, there exists an

upper limit of Hw,max beyond which oscillations are damped. This limit is

smaller for normally consolidated tills, thus narrowing the Hw range that

yields stationary oscillations.

To study the impact of the minimum Nmin = δP0, a smaller value δ = 0.013

was considered for a given compressibility (overconsolidated URL, Fig. 4.7). A

number of additional simulations were also conducted with δ < 0.013 yielding

extremely high velocity values as well as LIS extensions far from the ICE-6G

reference. Remarkably, the calculated period converges to those values found

for the default case δ = 0.020 at low values of Hw,max. However, the period

for the δ = 0.013 simulations remains smaller as Hw,max increases. Unlike the

default δ case, with δ = 0.013 all simulations considered yielded stationary

oscillatory behaviour.
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Fig. 6.8: Period of oscillation as a function of (a) Hw,max (b) Till compress-
ibility e0/Ct and (c) Drainage rate dr. Stationary oscillations (colour filled
points) represent a constant amplitude in time; nonstationary (grey filled
points), damped/small amplitude oscillations. Shading colours: running mean
of T ±∆T .
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6.2.5 Till rate

The significant impact of the till drainage rate dr is shown on the oscillation

period as an additional degree of freedom besides Hw,max. Figure 6.8c shows

the periodicity dependence on dr for three fixed values of Hw,max. As can be

seen, this oscillatory phenomenon over Hudson Strait appears to be particu-

larly sensitive to dr for high Hw,max values. Moreover, the dr value range that

yields oscillations becomes narrower as Hw,max increases. On the contrary,

for Hw,max = 0.1 m, the periodicity is independent of the exact dr value even

though oscillations were only found within the range dr ∈ [3.0, 8.0] mm/yr.

Unlike our previous results, the period T has a minimum value Tmin ≈
10 kyr (Hw,max = 0.40 m) within the considered dr range (Fig. 7). This

Tmin value is reached at nearly dr,min ≈ 5 mm/yr and corresponds to a

stationary oscillation. From a stability point of view, small perturbations

in dr do not imply large changes in ice flow periodicity since ∂T/∂dr ≈ 0.

Nevertheless, drainage values above dr,min yield damped oscillations with

2−4 events before reaching a non-oscillatory equilibrium velocity value (Fig.

6.9b). On the contrary, nonstationary oscillations with dr < dr,min show

a slowly amplifying amplitude (Fig. 6.9s) that eventually reaches the same

equilibrium values as for dr,min. Even so, sufficiently small values of Hw,max

exhibit no dr dependency.

6.2.6 Model resolution

The oscillatory phenomena described throughout the previous sections are

subject to potential numerical issues, so this work also chooses to explore

the dependence of the oscillatory behavior on grid resolution. Namely, two

ensembles with eleven different dr values were launched for three different

spatial resolutions ∆x = 32, 20 and 16 km. Figure 6.10 summarizes our

experiments for the highest and lowest resolution.

In general, these simulations lead to three main observations. First, the use

of different resolutions gives rise to a slight shift in the dr phase space that

yields oscillations. Second, large amplitude oscillations exist for a broad range

of till rate values regardless of the spatial resolution. Finally, the periodicity

appears to be model-resolution independent.



146 6 Could the Laurentide have exhibited internal oscillations?

Fig. 6.9: Time series for ice thickness, velocity, shear stress and basal water
content (overconsolidated till). Drainage (a) dr = 2.5 mm/yr and (b) dr = 6.0
mm/yr. Amplitude of oscillation is amplified until an equilibrium amplitude
is reached (a). For higher drain rates (b), the oscillation is rapidly attenuated
after a few events.

A minor shift in phase space exists between the 32 and 16 km spatial

resolutions in terms of the till rate dr. In other words, large amplitude os-

cillations require slightly higher values of dr when ∆x is reduced. This can

be understood by considering the difference in area covered by a grid point

of different resolution. The propagation of one event along the ice stream

requires the bordering grid points to switch their motion state. In fact, the

stream boundary must either change from slow flow (i.e., drained till s = 0)

to a streaming state (i.e., saturated till s = 1) or vice versa. Since the spatial

resolution determines the width of the curve enclosing the ice stream under

consideration, it also indirectly determines the horizontal propagation speed

of an event in every timestep.

Strictly speaking, certain differences are expected since the area enclosed

by a single grid point is drastically reduced for higher resolutions. A doubling

of the spatial resolution yields a reduction by a factor four of the area en-

closed by a new grid point. For instance, the driving stress term ∇h includes

spatial derivatives that can be perturbed when the spatial resolution is modi-

fied. Besides, a coarse spatial discretization can smooth the existence of local

maxima/minima in both topography and ice thickness. This is of paramount
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Fig. 6.10: Horizontal velocity time series for ∆x = 32 km (left) and ∆x = 16
km (right) spatial resolutions. Till drainage rate dr given in mm/yr. Time
series were obtained from the spatial average of the 9-point square around
the point in Hudson Strait indicated in Fig. 6.1

importance when working with non-local dynamics solutions as is this case

of the DIVA solver used here.

6.2.7 Sensitivity tests

Lastly, a sensitivity study was conducted to determine the range of parame-

ters that yield oscillations. Our aim here is to determine whether the oscilla-

tory solutions are a limited subset of the solutions for a particular parameter

choice or a generalized behaviour. Herein, the two variables under consider-

ation are δ and dr. The till compressibility is set to e0/Cc = 39.5, which is

within an empirical range provided by the two consolidation states of the till

(Tulaczyk et al., 2000a). Furthermore, Hw,max is set to 2.0 m following the

value given in Bueler and van Pelt (2015).

Figure 6.11 shows the fraction of Hudson Strait in a rapid sliding regime

as a function of time for two ensembles of sensitivity tests: δ and dr. This

is a notable piece of information since Eq. 4.55 establishes the shape of the

curve N(Hw) for a given δ. It is clear that δ (along with dr) determines a Hw

equilibrium value. In addition, oscillations are always present for sufficiently

small values of δ, thus showing that oscillatory behaviour is not a small

subset of the solutions using the higher-order DIVA solver, but a robust

result over Hudson Strait. Nonetheless, rather small δ values (< 1.3 × 10−2)
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are unrealistic and lead to extremely high velocity as well as ice extensions

far from the ICE-6G reference. In contrast, dr has both upper (not shown)

and lower limits beyond which no oscillations are found (Fig. 6.11b).

Fig. 6.11: Fraction of Hudson Strait in a rapid sliding regime for two en-
sembles of sensitivity tests: minimum effective pressure δ (left) and till rate
dr (mm/yr) (right). Robustness for a broad range of parameters. Shaded grey
region represents the model spin-up.

6.3 Discussion

Our simulations of the LIS under LGM climatic conditions show good agree-

ment with reconstructed characteristics such as the ice extent. While the ice

sheet arrives at an equilibrium state in terms of size and thermodynamics,

the ice stream located over Hudson Strait shows an oscillatory equilibrium

under constant LGM boundary conditions. This result highlights the ability

of a higher-order ice-dynamics model to internally oscillate given a hydraulic

effective pressure formulation. It further shows notable agreement with Pat-

tyn (1996), where cyclic behaviour relies on the condition of a sliding law

that explicitly includes the effect of basal water. Nevertheless, this behaviour

falls far from being a common feature of the rapid sliding over the LIS due

to the absence of oscillations in the remaining ice streams. Moreover, this

phenomenon appears to be a numerically robust result since it is found for

a relatively wide range of parameter values and do not show a critical de-

pendence on the model resolution. Even so, the period and amplitude of
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oscillation are dependent on parameter choices, highlighting the importance

of a fair description of the physical properties of the till.

Our results show that the choice of till consolidation state entails strong

consequences for ice-stream oscillations. Particularly, for a fixed value of

Hw,max = 0.4 m, oscillations are only found for overconsolidated tills (Fig.

6.2). Given that fluctuations of water pressure are sufficient to induce over-

consolidation in the till (Tulaczyk et al., 2000a), it is likely that an overcon-

solidated state best describes the till under the Laurentide ice sheet since

the condition N(t) < Nmax is easily met. This leads to the possibility of

ice-stream oscillations, yet it has to be stressed that higher Hw,max values

dampen the oscillatory behaviour. Furthermore, under an Hw,max approach,

the basal water is not conserved in the model. Particularly, once the till

reaches saturation s = 1, the basal melting contribution is no longer ac-

counted for in this hydrology model.

The difference in behavior between normally consolidated and overconsol-

idated till can be explained by the shape of N(Hw). For every value of the

parameter Ct, there exists a curve N(Hw), thus yielding a different effective

pressure value for a given basal water content (recall Fig. 4.7). A normally

consolidated till (e.g., CSL or NCL) presents a higher compressibility. As a

result, N smoothly transitions from its maximum value P0 to the minimum

allowed δP0 while the ice flow adjusts. On the contrary, overconsolidated tills

show an abrupt decrease in N rather close to saturation. Thus, small pertur-

bations of Hw imply large differences in N . In this way, the overconsolidated

till can produce an abrupt reduction in effective pressure and a nonlinear

response of the ice sheet that leads to oscillations.

Throughout this work, Hw,max has been imposed in our simulations as

a parameter without further physical explanation. Nevertheless, it is worth

noting that by assuming a certain mineral till thickness instead, a consistent

value of Hw,max can be derived directly from the Bueler and van Pelt (2015)

formulation without any additional approximation. This provides a reference

value from physical arguments and experimental data that accounts for the

particular properties of the LIS. From Eq. 4.54 and a mineral till thickness

η defined as:

η =
Hw

e
, (6.1)

an expression for Hw,max as a function of η can be readily obtained:
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Hw.max = η

[
e0 − Ctlog

(
δP0

N0

)]
, (6.2)

Robel et al. (2013) used an effective till-layer thickness of η = 2 m based on

estimates of total IRD volume (Hemming, 2004). Since overconsolidation con-

ditions are easily met even for small fluctuations of basal water pressure (Eq.

4.58), an appropriate parameter values corresponding to an overconsolidated

till shall be employed (e0 = 0.53, Ct = 0.014), which yields Hw,max ≈ 0.42

m from Eq. 6.2. This provides a reference value from physical arguments

and experimental data that accounts for the particular properties of the LIS.

Remarkably, from Fig. 6.4 this estimation yields a 7 − 11 kyr period of os-

cillation, consistent with periods found for IRD deposition in sediment cores

(Hemming, 2004).

Furthermore, it is illustrative to compare our Hw,max ≈ 0.42 m value

with that obtained from an inversion study performed in Greenland in which

Hw,max ≈ 0.10− 0.36 m (Koziol and Arnold, 2017). Both results are notably

similar even though some differences were expected since they do not share

the same domain. Yet the independent estimate lends confidence to the value

estimated here, and demonstrates the importance of a realistic Hw,max value.

Additionally, it should be considered that till saturation Hw = Hw,max often

signifies changes in morphology (e.g., Schoof, 2010). It is then important to

note that such alterations are not explicitly modeled in our current simula-

tions, thus leading to a non-mass-conserving hydrology.

In fact, a local evolution equation for basal water content Hw without hor-

izontal advection (Eq. 4.52) assumes negligible horizontal basal water trans-

port. This assumption can be understood in terms of the hydraulic diffusivity

coefficient cv since it readily captures water mobility in till pore spaces. Mea-

surements have shown that such water significantly lacks mobility (Lingle and

Brown, 1987a; Truffer et al., 2001), In fact, cv has been estimated as 10−8

m2/s for a clay-rich till (Ice Stream B, West Antarctica; Tulaczyk et al.,

1998) and it is probably characteristic of all clay-rich tills (Iverson et al.,

1995), given that samples studied by (Tulaczyk et al., 2000a) are 35% silt

and 23% clay. Since both Hudson Bay and Hudson Strait are mostly silt sed-

iments (Gowan et al., 2019), it seems reasonable to assume the rather low

hydraulic diffusivity of cv = 10−8 m2/s.
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The ability of the till to rapidly reach saturation does not alone explain

the presence of oscillations. The value of dr (Eq. 4.52) is also fundamental

considering that sufficiently large values of dr are necessary to yield negative

values of ∂Hw/∂t, thus allowing the till to deviate from the saturated state

s = 1 imposed by basal ice melting due to frictional heat Qb. Notably, even

for the idealised scenario dr = 0 (null till drainage rate), small amplitude

oscillations of ub always take place at the beginning of the stream (Hud-

son Bay). Therefore, dr cannot be regarded as the cause of the oscillations.

Rather, the balance between geothermal heat flow, strain heat and advec-

tion of ice provides a potential source of perturbations in Hw regardless of

dr (Fig. 6.12). However, this balance implies no changes in ice dynamics so

long as dr remains small compared to Q/ρwLi (i.e., the sign of ∂Hw/∂t re-

mains unchanged in Eq. 4.52). Yet when the till drainage becomes relevant,

these small perturbations can be amplified in time. Namely, in terms of Eq.

4.52, dr is non-negligible if dr > Q/ρwLi and consequently ∂Hw/∂t < 0 for

sufficiently long periods of time.

The source of perturbations in basal water (i.e., contributions of either

the total heat budget Q or the driving stress) and consequently in N , holds

true in general for low ub values irrespective of dr. This yields an explanation

as to why small dr values do not trigger large-amplitude oscillations (Fig.

6.9) given that the non-local dynamics solution propagates this perturbation

downstream. The spatial propagation of the oscillation can be either atten-

uated (damped oscillation) or amplified to an equilibrium amplitude. This

is determined by two factors: dr and N(Hw). Strictly speaking, only when

small perturbations in Q are sufficiently large to yield a change in the sign of

∂Hw/∂t (Eq. 4.52) so that a significant variation in N(Hw) is induced, will

the oscillation be amplified along the ice stream. That is, the ice flow will be

perturbed due to a change in τb through a water-dependent effective pres-

sure N(Hw) (Fig. 6.12). Otherwise, Q perturbations might yield changes in

∂Hw/∂t but these are negligible compared to dr. Hence, the function N(Hw)

as well as the particular dr value can be seen as a threshold on the amplifi-

cation.

Furthermore, this behaviour entails a straightforward dependency on both

Ct and Hw,max. Since ∂N/∂Hw ∼ −e0/(CtHw,max), the more compressible a

till is, the larger the perturbation in Hw is necessary to induce a significant
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Fig. 6.12: A conceptual view of the main feedback triggering oscillatory be-
haviour for a water-dependent effective pressure formulation. Frictional heat
perturbations may induce changes in the basal water content Hw, drastically
modifying the effective pressure N . As a result, the basal velocity adjusts
following the new force balance established by the DIVA solver (i.e., driving
and shear stress).

change in N . The same reasoning can be applied in terms of Hw,max for all

simulations.

The oscillatory behaviour is not restricted to a water-dependent N for-

mulation so long as τb(ub) is allowed to take sufficiently different τb values

for a given sliding velocity ub. With the choice N = f(Hw), the basal water

content spans a broad range of shear stress values τb for a fixed ub. Never-

theless, a simpler approach was also tested in which the effective pressure

follows a two-valued approach (simulations not shown in this work). Namely,

the effective pressure is computed as the weighted average of two coefficients

determining sliding over a frozen or temperate hard bed (see companion pa-

per; Moreno et al., this issue). It is worth noting that even such a simple

parametrization also rendered thermomechanical instabilities within the ice

sheet, comparable to those shown here. The key feature of both approaches
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is that the basal friction is a function of the thermodynamic state of the ice

sheet and that a large difference in friction is imposed between a cold and a

temperate base.

Regarding spatial discretization, plausible numerical issues pose a problem

when the physical realism of the simulated phenomena must be addressed.

This does not necessarily mean that the presence of oscillations in itself is

a numerical artefact without a real physical counterpart but rather, that

the metric or the triggering mechanism can be also altered by the numerical

treatment of the ice sheet. In particular, additional simulations show that the

spatial resolution can have a minor influence on the period and magnitude

of oscillations (Fig. 6.10). For instance, the implications are straightforward

if the spatial resolution is doubled. In terms of a water-dependent effective

pressure formulation, when the ice stream propagates further inland during

the onset of a single event, four grid points (rather than merely one) must

simultaneously switch from a non-sliding regime N = P0 to a sliding regime

Nmin = δP0, so that the same area is at a fast sliding mode for the current

time step. This can be understood as the buttressing stability at the margins

of the ice stream and provides a potential explanation for the slight increase

in the dr values required to yield large amplitude oscillations.

In contrast to other studies, the oscillatory behavior found in our sim-

ulations of the Laurentide ice sheet did not manifest large changes in ice

volume (Fig. 6.6). This result is robust regardless of the particular physical

parametrization of the till (Ct, Hw,max and δP0). This interesting result rep-

resents a scenario in which thermomechanical instabilities take place within

the ice sheet, yet the triggered oscillations do not resemble a binge-purge

mechanism where large volume changes occur. Importantly, this outcome is

model resolution independent.

Minor changes in ice volume are largely due to the extent at which the

oscillatory mechanism operate. All points outside the region enclosed by

the stream margin do not oscillate, thus leaving the LIS volume nearly un-

changed. The area covered by this rapidly sliding region remains small (com-

pared to the total LIS extension) as a consequence of the bedrock topography.

More precisely, our experimental setup is elevation-dependent (Moreno et al.,

this issue; Eq. 9), naturally confining the ice streams to narrow lower troughs

where rapid sliding is enhanced. Therefore, it seems plausible to conceive such

mechanism operating on larger spatial scales with the consequent increase in
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ice volume advection, though inevitably compromising the realism of the ice

stream network.

The ice stream extension plays an essential role in this result. As shown

in Section 3.1, large amplitude oscillations in both ice thickness and velocity

are present along the Hudson Strait ice stream (Fig. 6.2). Yet the area cov-

ered by this rapidly sliding region remains small (compared to the total LIS

extension) as a consequence of the bedrock topography. Strictly speaking,

since the occurrence of sliding is favored at low bedrock elevations (Moreno

et al., this issue; Eq. 9), the horizontal extension of such oscillations is conse-

quently restricted to a narrow ice stream. Hence, all points outside the region

enclosed by the stream do not oscillate, thus leaving the LIS volume nearly

unchanged.

6.4 Conclusions

Chapter 6 has investigated the plausibility of physically-based oscillations

of the LIS. The simulated ice sheet under constant LGM conditions closely

matches the reconstructed ICE-6G extension, thus indicating a high level of

realism of our experiment. After a thorough study of a friction parametriza-

tion dependent on the local basal water content and the physical properties

of the till, this study has determined under which conditions such oscillations

are plausible and their properties (period and amplitude).

First, a broad range of parameter values of Ct and Hw,max related to the

till and basal hydrology yield oscillatory behaviour even though both the

period and amplitude present strong parameter sensitivity. In fact, both the

period and the amplitude exhibit an inverse relationship to Ct and Hw,max.

For sufficiently large values of either Ct or Hw,max, the amplitude is reduced

leading to damped (or even absent) oscillations.

Secondly, an overconsolidated parametrization of the till exhibits the best

description of the subglacial water pressure irrespective of the ice-thickness

evolution (assuming that, most of the time, N(t) < Nmax). A proper param-

eter choice entails consequences not only in the period and amplitude of the

simulated oscillatory phenomenon, but also in the very presence of oscilla-

tions. Interestingly, an overconsolidated till is found to yield a period of the

oscillation of the Hudson Strait ice stream on the order of 7 − 11 kyr, which



6.4 Conclusions 155

is comparable to that of IRD deposition in sea sediment cores (MacAyeal,

1993a). In contrast, applying the normally consolidated till leads to much

larger oscillation periods and yields a rather limited (perhaps unrealistic)

oscillatory phase space.

Furthermore, a mineral effective thickness estimation of Hudson Strait

from IRD volume data allows us to determine Hw,max ≈ 0.42 m for such a

region. It is worth noting that Hw,max was solely estimated from the effective

pressure parametrization without further approximation. Even so, this value

triggers large amplitude oscillations with a period T ≈ 7 − 11 kyr, thus

in agreement with (MacAyeal, 1993a). The lower and upper bounds in our

simulations correspond to overconsolidated and normally consolidated till

respectively.

Lastly, it should be stressed that only minor LIS volume changes are found

throughout this study as a consequence of the topographic driving of the ice

stream. These results are robust independent of the horizontal grid resolu-

tion, which leads us to conclude that the oscillations do not arise from a

numerical issue. This interesting result represents a scenario in which ther-

momechanical instabilities take place within the ice sheet under constant

LGM boundary conditions, yet the triggered oscillations do not resemble a

binge-purge mechanism where large volume changes occur.

In conclusion, thermomechanical instabilities yield Hudson Strait ice-

stream oscillations featured by a period in agreement with observations.

Moreover, the spatial distribution of this oscillatory behaviour closely matches

the source of IRD as traced from geological evidence. Even so, the absence

of significant LIS volume changes poses a question on whether internal ice

discharges determined by the basal hydrology are sufficient to account for the

IRD layers present in the North Atlantic sediments cores.





Chapter 7

Discussion

This thesis investigated internal ice-sheet instabilities as a potential physi-

cal explanation underlying any oscillatory mechanism that might cause the

Heinrich Events. Understanding internal ice-sheet dynamics is not only rel-

evant to expand our knowledge of past conditions, but it will also improve

our insight of ice-sheet stability, essential for future predictions. Given the

complexity of the problem and the number of key reconstructions that must

be explained, the question remains open and a conclusive physical explana-

tion underlying any oscillatory mechanism that causes the HEs is still under

debate. For this reason, the problem was thus approached from a modelling

perspective with increasing comprehensiveness: (1) theoretical advances from

analytical work on the thermal description, (2) a purely modelling study by

developing Nix ice-sheet model focusing on grounding-line migration under

thermomechanical coupling and (3) three-dimensional modelling under real-

istic LGM conditions. The results described within this thesis address the

four fundamental questions posed in Section 1.5.

Can we obtain a time-dependent analytical description

of the ice-sheet temperature?

Analytical solutions were found for the 1D time-dependent advective-diffusive

heat problem including additional terms due to strain heating and depth-

integrated horizontal advection. A Robin-type top boundary condition con-

sidered potential non-equilibrium temperature states across the ice-air inter-
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face. The solution is expressed in terms of confluent hypergeometric functions

following a separation of variables approach. The study has been extended

to a broader range of vertical velocities by using a general power-law depen-

dence on depth, unlike prior studies limited to linear and quadratic velocity

profiles. Lastly, a suite of benchmark experiments is presented to test numer-

ical solvers. Four experiments of gradually increasing complexity capture the

main physical processes for heat propagation. Analytical solutions are then

compared to their numerical counterparts, upon discretisation over unevenly-

spaced coordinate systems.

A time-dependent description of the ice-sheet temperatures is of particu-

lar interest given the difficulties to estimate the thermal state of an ice sheet

at any given time. The lack of historic forcing fields pose an obstacle for ice

sheets and glaciers to be ”spun up” towards the present state, unlike other

components of the climate system. A commonly used methodology consists

of initialising models from observations, though limited to surface magni-

tudes such as elevation and velocity (Payne et al., 2004; Joughin et al., 2004,

2010; Favier et al., 2014; Seroussi et al., 2014). Traditional approaches rely

on the so-called ”snapshot” calibration, where observations are assumed to

be instantaneous for ice velocity and geometry. This calibration might be

problematic knowing that temporal consistency is required among datasets.

Furthermore, data and model discretisations must also be consistent to avoid

non-physical transients which persist for decades, which are critical in pro-

jections with comparable timescales.

Allowing ice-sheet models to adjust to potential inconsistencies does not

resolve this problem as models would drift to a new state distinct from

observations. Rather, a transient calibration has proven to outperform the

”snapshot” counterpart given the better agreement with spatially and tempo-

rally resolved observations (Goldberg et al., 2015). Even so, the temperature-

dependent rheology is relaxed towards a steady state, with a fixed velocity

and geometry of the ice. This assumption of thermal equilibrium could be

avoided by including the analytical description herein presented that accounts

for the transient behaviour. The incorporation of internal temperature data

(e.g., boreholes, thawed versus frozen extent of the ice-bed interface, radar

attenuation, etc.) would then provide a convenient initial thermal state of our

solutions without further computational costs. Moreover, these models (e.g.,

Joughin et al., 2004, 2010; Favier et al., 2014; Seroussi et al., 2014; Goldberg
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et al., 2015) are initialised with temperature analytical solutions that neglect

horizontal advection (Zotikov, 1986) and are not appropriate to describe tem-

peratures at large velocity regimes. Solutions presented in this thesis include

horizontal advection via a inhomogeneous term to obtain analytical results in

ice streaming regions and are potentially convenient to improve intialisation

avoiding transients.

Analytical solutions herein presented allow for a time-dependent descrip-

tion of the temperatures within the ice at any desired resolution, both spatial

and temporal. Nevertheless, there are certain limitations that are necessary

to keep the analytical tractability of the problem, some of which are now

discussed. First, ice thermal diffusivity was assumed to be constant along the

column, though more importantly, no phase changes within the ice were con-

sidered. This further implies that the pressure melting point is never reached.

Unlike stationary studies such as Meyer et al. (2019), there is no account for

an ice column fraction that is considered to be thawed. It is currently beyond

the analytical tractability of the problem, as it would imply that the height

at which the lower boundary condition is imposed should change over time.

Therefore, one eigenvalue problem should be solved at each time.

Even so, there is room for partial improvement by including an explicit

time dependency directly on the top boundary condition that further reflects

changes in the climate. This possibility is subjected to the complexity of

the forcing, as an extremely complex function given at the top boundary

condition is unlikely to be solved analytically. Nonetheless, a linear increase

of the atmospheric temperatures could be potentially considered to reflect

the current warming scenarios.

How does the thermomechanical coupling affect the

grounding line migration and the overall stability of an

ice sheet?

This question has been addressed by developing the 2D ice-sheet model Nix,

that simultaneously solves for the momentum balance equations, mass con-

servation and temperature evolution. Nix’s velocity solver includes a hierar-

chy of Stokes approximations: Blatter-Pattyn, depth-integrated higher order,
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shallow-shelf and shallow-ice. The grounding-line position is explicitly solved

by a moving coordinate system that avoids further interpolations. The model

can be easily forced with any external boundary conditions, including those

of stochastic nature. Nix has been verified for standard test problems. Here

results are shown for a number of benchmark tests from standard intercom-

parison projects and assess grounding-line migration with an overdeepened

bed geometry. Thermomechanical coupling is further exploited by designing

a suite of experiments where the forcing is a physical variable, unlike previ-

ously idealised forcing scenarios where ice temperatures are implicitly fixed

via an ice rate factor. Namely, atmospheric temperatures and oceanic tem-

perature anomalies were employed to assess model hysteresis behaviour with

active thermodynamics.

One of the main limitations of this model is the current absence of but-

tressing. A priori, this is not critical as theoretically shown by MacAyeal and

Barcilon (1988) and later underlined by Schoof (2007a), for that grounded ice

dynamics is independent of the potential floating ice in a 2D geometry. Nev-

ertheless, in a more realistic 3D geometry this no longer holds truth, given

that ice shelves strongly influence the behaviour of grounded ice via buttress-

ing to the inland stress balance. Even so, the importance of buttressing can

be already captured in 2D models by parametrising this effect following e.g.,

Dupont and Alley (2005) and Jamieson et al. (2012). An implementation of

such a parametrisation is straightforward in Nix and would most likely imply

a further reduction in the width of the hysteresis loop herein presented. The

reason to suspect so relies on the fact that buttressing provides additional

stability, as shown in the stable grounding line example on a retrograde slope.

Nonetheless, this parametric approach results in a prescribed buttressing at

the grounding line and does not fully reflect a 3D geometry configuration.

All simulations performed with the Nix ice-sheet model are stable and

reach an equilibrium constant value for the main physical variables. This

is currently a result of the somewhat idealised basal friction formulation.

A more sophisticated description would entail an additional coupling of the

friction coefficients with the thermal state of base. There is a broad range

of complexity to include this coupling (e.g., Flowers, 2015), from a synthetic

reduction in friction coefficients to full hydrological models that employ 2D

hydraulic potentials and further ensure water mass conservation. Ideally, Nix

should be coupled to a basal hydrology module to explicitly account for the
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potential mass-conserving water content. Nevertheless, it is expected for Nix

to be capable of producing Heinrich-type free oscillations if boundary condi-

tions are sufficiently favourable in the sense of Calov et al. (2010). Surface

mass balance, ice surface temperatures and friction reduction due to thawing

are presumably the controlling conditions for a potential oscillatory regime.

What are the implications of different basal friction

formulations to simulate the LIS?

To tackle this question, the LIS has been simulated with the higher-order

three-dimensional ice-sheet model Yelmo. Constant climatic LGM conditions

define the boundary conditions of the system. To this end, atmospheric tem-

perature and precipitation are climatologies obtained from the mean of the

output of the 11 GCMs participating in PMIP3 as part of CMIP5 (Taylor

et al., 2012). The geothermal heat flow is also a spatially-variable bound-

ary condition in this thesis and it is acquired from Shapiro and Ritzwoller

(2004). A number of scenarios with varying basal friction complexity were

considered with a further assessment of their consequences in terms of ice ex-

tent, volume and ice-stream stability. Two sets of experiments were carried

out. First, the effective pressure is assumed to solely depend on the over-

burden pressure exerted by the ice column. In this simple scenario (purely

mechanical friction), three different basal friction laws are considered with

different dependencies of the basal shear stress on the sliding velocity: lin-

ear, power law (purely plastic) and regularized-Coulomb parametrizations.

Second, for the most comprehensive basal friction parametrization law (i.e.,

regularized-Coulomb), thermomechanical coupling of the sliding is allowed by

introducing an additional dependency of the effective pressure on the thermal

state of the base.

The strongest assumption on this study is the steady-state climatic condi-

tion that, even though reasonable, implies further simplifications. Moreover,

the ice-sheet model must be equilibrated to such conditions to ensure that the

geometry, extent and velocities are stable. In this thesis, such a steady-state

was assessed by a two-phase linear regression approach (following Hinkley,

1969, 1971; Solow, 1987). Particularly, the ice volume above flotation time

series was employed as the regressand to determine the length of the spin-
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up and thus ensure an equilibrated state. Ideally, a most sophisticated LIS

reconstruction under LGM conditions should be performed by simulating an

entire glacial cycle, for that the thermal inertia of the system, the transient

behaviour and the potential new sensitivity of the system would be then fully

captured. Moreover, to study transient behaviour, consistent climatologies

provided by each model should be considered independently. Despite the fact

that transient simulations may have an impact given ice stream sensitivity,

minor implications on the results of the present thesis are expected.

Another important aspect of the employed climatic forcing is the fact that

the 11 PMIP3 simulations were averaged, thus removing the consistent cli-

matology provided by a single model. Nevertheless, for this study, constant

boundary conditions are desired rather than a time-dependent forcing. Thus,

taking the average among climatologies provides a more robust boundary

condition and smoothes potential peculiarities of each General Circulation

Model. If we were to study transient behaviour, consistent climatologies pro-

vided by each model should be considered independently.

Another crucial element of the experimental setup is an inherently con-

tained LIS previous reconstruction in the PMIP3 fields. Whilst ice extent

is implicitly contained in our climatic forcing, the simulated LIS extension

is still highly sensitive to the ice-sheet model parameter choice. In the end

it is a question of surface mass balance, determined by the climatology and

affected by the extent (and more notably the elevation) and dynamics, which

are very much dependent on model parameters. For the same climatic forc-

ing, an ice sheet that would largely differ from prior reconstructions could

be obtained solely by employing a different parameter space. The interesting

result is that the model was not tuned to match a certain volume/extent

value, but rather to develop an ice stream network compatible with existing

inventories. Moreover, in order to avoid any inertia of the model to evolve

towards the inherent previous ice extent, a lapse rate factor correction of the

temperature and precipitation PMIP3 forcing fields is further applied as a

function of the local surface elevation.

Perhaps most importantly, there are potential inconsistencies taken into

account in the validation step. This is the result of the larger interval of

29-17 kyr before present spanned by the LGM compared to the 21 kyr tar-

get. Furthermore, ice streams inventories likely cover an even larger period

including pre-LGM remnants and deglacial ice streams. This caveat was al-
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ready noted by (Margold et al., 2015), who stated that no inferences on the

timing of ice stream operation are possible because very few of the mapped ice

streams have any chronological control. However, it is clear that the mapped

ice stream tracks represent a time-transgressive imprint of evolving ice stream

trajectories, i.e. they cannot have all operated at once. Nonetheless, some

broad spatial patterns appear and this time-transgressive ice stream map

is exploited to compare our simulations. It must be stressed that potential

timing inconsistencies are thus inevitable, though the time-transgressive in-

ventory remains as an appropriate reference for the simulated ice streams.

Could the LIS have exhibited internal oscillations?

In an attempt to answer this question, this thesis carried out a comprehensive

study on the potential ice stream activation when basal friction is thermo-

mechanically coupled. To this end, a reference simulation is presented for a

water-dependent effective pressure formulation that closely matches previous

reconstructions. This experiment exhibits an oscillatory equilibrium state of

the ice stream located along Hudson Strait whose period is consistent with hy-

pothesised discharges from the LIS observed in ocean sediment cores. More

precisely, the ice stream transitions between two modes of ice flow: rapid

sliding over a saturated till and slow creeping ice over a fully drained till. In

contrast, the remaining ice streams reach a constant equilibrium state. Fur-

thermore, a number of sensitivity tests show that the oscillatory behaviour

is found for a certain range of parameters. Yet the period and amplitude of

the oscillations are highly dependent on the hydrology parametrization and

the physical properties of the till. Notably, this phenomenon does not appear

to be model-resolution dependent, thus discounting a numerical cause of the

oscillatory behaviour. It must be stressed that only minor changes on the LIS

and Hudson Bay ice volume are found throughout this study as a consequence

of the ice stream temporal variability. Therefore, ice discharges herein shown

may not be sufficient to account for the IRD layers present in the North At-

lantic sediments cores, given that each Heinrich layer contains 100-350 km3 of

IRD and the concentration of the former in ice ranges 0.01-10% (Hemming,

2004).
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One of the main limitations of this work concerns the current basal hy-

drology formulation in Yelmo. A local evolution for basal water content is

considered, thus neglecting horizontal advection. This further implies that

the liquid water stored in till pore spaces exhibits negligible mobility as a

result of a low hydraulic conductivity of the till (Lingle and Brown, 1987b;

Truffer et al., 2001). Ideally, simulations should be performed by a fully cou-

pled hydrology module as in Bueler and van Pelt (2015) so that the basal

water production is conserved. Although it is expected a priori that the effect

of such a model would not necessarily imply a significant change in the ice

streaming extent, the temporal variability could be perturbed. This would be

the result of the complex interplay between the characteristic time scales at

which ice streams and hydraulic potentials operate. Moreover, the surplus of

basal water beyond till saturation could contribute to saturate nearby regions

that were previously drained if an explicit advective model is considered, thus

leading to a potential growth of the ice streaming area.

Lastly, the Glacial Isostatic Adjustment (GIA) treatment in this the-

sis is rather simple, through an Elastic-Lithosphere/Relaxing-Asthenosphere

(Meur and Huybrechts, 1996) with a parametrised relaxation time of 3000

years. Even so, a more sophisticated GIA description would not necessarily

imply changes in either equilibrium values of total ice volume or in ice stream

activation. As noted by Bueler et al. (2007), the relaxation times vary from

0.5 to 10 kyr for load scales between 102-103 km, comparable to the ice stream

extent and irrespective of the particular mass. Nevertheless, results show that

the oscillatory regime herein presented entails minor changes in ice volume

and therefore, even though the relaxation time might largely vary, the new

equilibrated bedrock geometry will be nearly identical before and after the

periodic surges. This further implies a small impact on more sophisticated

GIA descriptions such as Elastic-Lithosphere/Viscous-Asthenosphere (Lingle

and Clark, 1985), the laterally-variable LV-ELRA (Coulon et al., 2021) or the

self-gravitating visco-elastic Earth models (i.e., 1D GIA models Mitrovica and

Milne, 2003; Kendall et al., 2005; Spada and Melini, 2019).
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Yelmo model limitations

The two last studies presented here (Chapters 5 and 6) share some model

limitations that should be acknowledged. First, the Yelmo model computes

ice velocities by adding the SIA solution (shearing regime) to the DIVA so-

lution (depth-integrated sliding regime). In order to ensure continuity at the

grounding line it is necessary to consider the SSA/DIVA solution, as the

SIA is a local solution of the ice geometry and does not take into account

membrane stresses that drive the flow of floating ice shelves. The accurate

representation of the grounding-line position is a necessary condition for the

evolution of marine ice sheets and is especially relevant for simulating its

reversibility (e.g., Pattyn et al. 2012, 2013).

At the marine boundaries, high spatial resolution is required for represent-

ing precise grounding-line motions (below 1 km resolution). Because such a

resolution for the continental-scale domains is computationally prohibitive,

the most sophisticated models use adaptive meshes (e.g., Gladstone et al.,

2010; Larour et al., 2012; Hoffman et al., 2018). In addition, even with

a sub-grid parameterisation, coarse resolution models do not fully capture

grounding-line migrations correctly (Seroussi et al., 2014; Gladstone et al.,

2017). The most accurate ice-sheet models at continental-scale that have

studied future scenarios at a spatial resolution of around 10 km. However,

high-resolution simulations also require high-resolution input fields, such as

bedrock characteristics. Nonetheless, even the most modern maps have low

resolution in certain zones (Morlighem et al., 2019). The results in this thesis

have resolutions of 16 by 16 km in Chapter 5 and 6. An additional resolution-

dependent study performed in Section 6.10 shows that the ice stream acti-

vation appears to be a persistent behaviour at ∆x = 16, 20 and 32 km.

Although it is expected that the main conclusions of these works would re-

main unchanged, higher resolutions could lead to some differences in local

patterns and a potentially shifted parameter space in which the oscillatory

regime is found.

In Chapters 5 and 6, the process of surface melt in Yelmo is determined

using the PDD model (number of positive degree-days), which was first in-

troduced by an empirical relation which states that the melt rate is pro-

portional to the surface-air temperature excess above 0ºC (e.g., Braithwaite

and Olesen, 1989; Hock, 2003). Braithwaite (1995) laid the physical bases of
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such relation as well as other temperature-based melt-index methods. Reeh

(1991) proposed a form that is widely employed in ice-sheet models based

on the work of Braithwaite (1985) that suggested that the PDD could be

calculated from the normal probability distribution around the long-term

monthly mean temperatures. Namely, the PDD model assesses the number

of days with temperatures favourable for ice melting, derived from a nor-

mal statistical distribution centred around a mean value. Widely used in the

Antarctic domain, this method proves effective due to the minimal ablation

observed at these latitudes, as noted by (Winkelmann et al., 2011; Pollard

and DeConto, 2012b; Pattyn, 2017). For regions where surface melt has a

major influence, such as Greenland, there are more sophisticated methods,

such as the ITM (Robinson et al., 2012).

Evaluating ice-shelf stability can be crucial for potential periodic ice

streaming events (e.g., MacAyeal et al., 2003; Hulbe et al., 2004; Alvarez-Solas

et al., 2013). In this context, surface melt has a strong influence on driving

ice-shelf collapse, as evidenced by the Larsen B and C collapses. Further-

more, surface melt over ice shelves enhances the hydrofracturing of crevasses

(Scambos et al., 2000; MacAyeal et al., 2003; van den Broeke, 2005; McGrath

et al., 2012; Bevan et al., 2017) and also induces “hydrostatic rebound” when

meltwater lakes drain (MacAyeal and Sergienko, 2013). This can ultimately

lead to the MICI mechanism, where grounded ice cliffs may rapidly collapse

after ice shelf breakup (DeConto and Pollard, 2016). Nonetheless, how such

processes are implemented in ice-sheet models, through calving laws and

supralakes formation, remains one of the biggest challenges in the glaciolog-

ical community (Yu et al., 2019; Pattyn and Morlighem, 2020). As shown in

Sun et al. (2020), the removal of ice shelves has a strong influence on the

AIS, though larger uncertainties rise when assessing the ice shelf stability as

a potential trigger of periodic ice streaming events.
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Conclusions

In this thesis, the potential physically-based oscillations of the Laurentide

Ice Sheet were investigated from three different perspectives: a theoretical

approach from analytical advances in the associated heat problem, an ide-

alised modelling work by the development of Nix ice sheet model and realis-

tic 3D simulations of the LIS under LGM climatic conditions. The ultimate

mechanism behind the oscillatory behaviour that could explain the HEs re-

mains unclear and it has implications not only in the understanding of the

former largest ice mass, but also in the present picture of ice dynamics in

a rapidly warming climate. This thesis takes a step forward to understand

the time-dependent behaviour of ice temperatures, the implications of ther-

momechanical coupling in ice dynamics and grounding line stability and the

role played by different friction complexities when simulating the LIS during

the LGM.

Described in Chapter 2, the first study investigated the time-dependent

nature of ice temperatures along the vertical dimension. Specifically, this work

analytically solves the 1D time-dependent advective-diffusive heat problem

including additional terms due to strain heating and depth-integrated hori-

zontal advection. A Robin-type top boundary condition considers potential

non-equilibrium temperature states across the ice-air interface. The solution

is expressed in terms of confluent hypergeometric functions following a sep-

aration of variables approach. Non-dimensionalisation reduces the parame-

ter space to four numbers that fully determine the shape of the solution

at equilibrium: surface insulation, effective geothermal heat flow, the Peclét

number and the Brinkman number. The initial temperature distribution ex-
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ponentially converges to the stationary solution. Transient decay timescales

are only dependent on the Peclét number and the surface insulation, so that

higher advection rates and lower insulating values imply shorter equilibration

timescales, respectively. On the contrary, equilibrium temperature profiles are

mostly independent of the surface insulation parameter. The study is further

extended to a broader range of vertical velocities by using a general power-law

dependency on depth, unlike prior studies limited to linear and quadratic ve-

locity profiles. Lastly, Chapter 2 presents a suite of benchmark experiments to

test numerical solvers. Four experiments of gradually increasing complexity

capture the main physical processes for heat propagation. Analytical solu-

tions are then compared to their numerical counterparts, upon discretisation

over unevenly-spaced coordinate systems. A symmetric scheme for the ad-

vective term and a three-point asymmetric scheme for the basal boundary

condition are found to be the best match our analytical solutions. A further

convergence study shows that n ≥ 15 vertical points are sufficient to accu-

rately reproduce the temperature profile. The solutions presented herein are

general and fully applicable to any problem with an equivalent set of bound-

ary conditions and any given initial temperature distribution.

The second piece of work in this thesis, described in Chapter 3, aimed to

develop the ice-sheet model Nix v1.0: a 2D thermomechanical model written

in C/C++ that simultaneously solves for the momentum balance equations,

mass conservation and temperature evolution. Nix’s velocity solver includes a

hierarchy of Stokes approximations: Blatter-Pattyn, depth-integrated higher

order, shallow-shelf and shallow-ice. The grounding-line position is explicitly

solved by a moving coordinate system that avoids further interpolations. The

model can be easily forced with any external boundary conditions, includ-

ing those of stochastic nature. Nix has been verified for standard test prob-

lems and here results are shown for a number of benchmark tests from stan-

dard intercomparison projects and assess grounding-line migration with an

overdeepened bed geometry. Lastly, the thermomechanical coupling is further

exploited by designing a suite of experiments where the forcing is a physical

variable, unlike previously idealised forcing scenarios where ice temperatures

are implicitly fixed via an ice rate factor. Namely, atmospheric temperatures

and oceanic temperature anomalies are employed to assess model hystere-

sis behaviour with active thermodynamics. Results show that hysteresis in
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an overdeepened bed geometry is similar for atmospheric and oceanic forc-

ings. It is additionally found that not only the particular sub-shelf melting

parametrisation determines the temperature anomaly at which the ice sheet

retreats, but also the particular value of calibrated heat exchange velocities.

Notably, the classical hysteresis loop is narrowed for both forcing scenarios

(i.e., atmospheric and oceanic) if the ice sheet is thermomechanically active as

a results of the internal feedback among ice temperature, stress balance and

viscosity. In summary, Nix combines rapid computational capabilities with

a Blatter-Pattyn stress balance fully coupled to a thermomechanical solver,

not only validating against established benchmarks but also offering a power-

ful tool for advancing our insight on ice dynamics and grounding line stability.

The third work, described in Chapter 5 investigated the repercussions

of different basal friction formulations when simulating the LIS during the

LGM and their explicit implications in ice extent, volume and ice-stream

representation. Uncertainties underlying its modelling have led to notable

differences in fundamental features such as its maximum elevation, extent

and total volume. As a result, the uncertainty in ice dynamics and thus in ice

extent, volume and ice-stream stability remains large. A higher-order three-

dimensional ice-sheet model is herein used to simulate the LIS under LGM

boundary conditions for a number of basal friction formulations of varying

complexity. Their consequences on the Laurentide ice streams, configuration,

extent and volume were explicitly quantified. Total volume and ice extent

generally reach a constant equilibrium value that falls close to prior LIS re-

constructions. Simulations exhibit high sensitivity to the dependency of the

basal shear stress on the sliding velocity. In particular, a regularized-Coulomb

friction formulation appears to be the best choice in terms of ice volume and

ice-stream realism. Pronounced differences are found when the basal friction

stress is thermomechanically coupled: the base remains colder and the LIS

volume is lower than in the purely mechanical friction scenario counterpart.

Thermomechanical coupling is fundamental for producing rapid ice stream-

ing, yet it leads to a similar ice distribution overall.

Described in Chapter 6, the fourth work of this thesis addressed the po-

tential ice stream oscillations triggered by thermomechanical instabilities.

Special attention is paid to the mechanism of ice stream activation as a re-
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sult of the potentially variable basal water content. To this end, a reference

simulation is presented for a water-dependent effective pressure formulation

that closely matches previous LIS reconstructions. This experiment exhibits

an oscillatory equilibrium state of the ice stream located along Hudson Strait

whose period is consistent with hypothesized discharges from the LIS ob-

served in ocean sediment cores. More precisely, the ice stream transitions

between two modes of ice flow: rapid sliding over a saturated till and slow

creeping ice over a fully drained till. Furthermore, a number of sensitivi-

tiy tests show that the oscillatory behaviour is found for a certain range of

parameters. Yet the period and amplitude of the oscillation are highly de-

pendent on the hydrology parametrization and the physical properties of the

till. Notably, this phenomenon does not appear to be model-resolution depen-

dent, thus discounting a numerical cause of the oscillatory behaviour. It must

be stressed that only minor changes on the LIS and Hudson Bay ice volume

are found throughout this study as a consequence of the ice stream temporal

variability. Therefore, ice discharges herein shown may not be sufficient to

account for the IRD layers present in the North Atlantic sediments cores.

To conclude, the thermal behaviour of the ice is a fundamental block to

understand both the past and future of large ice masses. Yet it is poorly

understood. The inherent coupling with other key elements such as glacial

hydrology and ice dynamics shapes the complexity of this problem. Basal fric-

tion appears to be a crucial component, of which little is known particularly in

past ice-sheet reconstructions with evidence of periodic ice stream activation.

This work demonstrates the unveiled potential of a time-dependent analyti-

cal description of the ice temperatures. Low dimensional models, though far

from an exhaustive description of reality, present themselves as an extremely

convenient tool to understand the basic physical mechanisms that are oth-

erwise hidden by the complexity of highly sophisticated models. By means

of a balanced combination of novel theoretical advances and modelling ef-

forts, this thesis has cast light upon the thermal activation of ice streaming

behaviour in the LIS and the overall stability marine of terminating glaciers.
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A.1 Separation of variables and full solution

It is herein briefly outline the separation of variables technique before elab-

orating on the solutions of our general problem. Consider the following ini-

tial/boundary problem on an interval L ⊂ R,

µτ = µξξ − wµξ, ξ ∈ L̃, τ > 0,

µ = µ0, ξ ∈ L̃, τ = 0,

µξ = 0, ξ = 0, τ > 0,

βµξ + µ = 0, ξ = 1, τ > 0,

(A.1)

This technique looks for a solution of the form:

µ(ξ, τ) = X(ξ)T (τ), (A.2)

where the functions Y and T are to be determined. Assuming that there

exists a solution of A.5 and plugging the function µ = XT into the heat

equation, it follows:
Tτ

T
=

Xξξ

X
− w

Xξ

X
= −λ, (A.3)

for some constant λ. Thus, the solution µ(ξ, τ) = X(ξ)T (τ) of the heat

equation must satisfy these equations. In order for a function of the form

µ(ξ, τ) = X(ξ)T (τ) to be a solution of the heat equation on the interval

I ⊂ R, T (τ) must be a solution of the ODE Tτ = −κλT . Direct integration

leads to:
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T (τ) = Ae−κλτ , (A.4)

for an arbitrary constant A.

Additionally, in order for µ(ξ, τ) to satisfy the boundary conditions, I

arrive to a second-order linear ordinary differential equation:
Xξξ(ξ) − w(ξ)Xξ(ξ) + λX(ξ) = 0, ξ ∈ L̃,

Xξ = 0, ξ = 0,

βXξ + X = 0, ξ = 1,

(A.5)

It is necessary to provide the particular shape of the the function w(ξ).

First, I will employ the linear profile w(ξ) = w0ξ so that the differential

equation now reads Xξξ(ξ) − w0ξXξ(ξ) + λX(ξ) = 0. This equation can be

easily identified with the well-known confluent hypergeometric differential

equation (e.g., Abramowitz and Stegun, 1965; Evans, 2010) defined as:

ξXξξ + (δ − ξ)Xξ − αX = 0, (A.6)

Simply by defining α = −λ/(2w0), δ = 1/2 and ζ = w0ξ
2/2, I can write

our solution in terms of the two independent Kummer and Tricomi functions:

X(ξ) = C1Φ (α, δ, ζ) + C2Ψ (α, δ, ζ) (A.7)

where C1 and C2 are constants to be determined from the boundary condi-

tions. At the base, the solution must be finite, so I set C2 = 0 given that

Tricomi function Ψ (α, δ, ζ) diverges at the origin. The second boundary con-

dition (i.e., at ξ = 1) allows us to determine the eigenvalues λn of the problem

as I look for all values of αn that satisfy:

βΦξ (αn, δ, ζ) + Φ (αn, δ, ζ) = 0, at ξ = 1, (A.8)

and then I compute the eigenvalues λn = −2w0αn. This is in fact a trascen-

dental equation with no algebraic representation and therefore, the values of

αn are numerically determined.

Thus, for each eigenfunction Xn with corresponding eigenvalue λn, I have

a solution Tn such that:

µn(ξ, τ) = Xn(ξ)Tn(τ), (A.9)
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is a solution of the heat equation on our interval I which satisfies the BC.

Moreover, given that the problem A.5 is linear, any finite linear combination

of a sequence of solutions {µn} is also a solution. In fact, it can be shown

that an infinite series of the form:

µ(ξ, τ) ≡
∞∑

n=0

µn(ξ, τ), (A.10)

will also be a solution of the heat equation on the interval I that satisfies our

BC, under proper convergence assumptions of this series. The discussion of

this issue is beyond the scope of this work.

I can then express the transitory solution as:

θ(ξ, τ) =

∞∑
n=0

AnΦ (αn; δ; ζ) e−λnτ (A.11)

where the coefficients An are given by the initial condition.

Since the confluent hypergeometric functions are orthogonal, the normal-

ized eigenfunctions form an orthonormal basis under the ϱ(ξ)-Iighted inner

product in the Hilbert space L2, thus allowing to write the coefficients An

as:

An =
1

||Φn||2

∫ 1

0

(θ(ξ, 0) − ϑ(ξ)) ϱ(ξ)Φ (αn; δ; ζ) dξ. (A.12)

where θ(ξ, 0) is the initial temperature distribution, ϱ(ξ) = e−w0ξ
2/2 and

||Φn||2 is defined by the inner product:

||Φn||2 = ⟨Φn, Φn⟩ =

∫ 1

0

Φ (αn; δ; ζ) ϱ(ξ)Φ (αn; δ; ζ) dξ. (A.13)

A.2 Stationary solution

For the stationary regime, I do not need to apply separation of variables for

that the problem reduces to a second-order ordinary differential equation in

only one independent variable ξ:
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Ω = ϑξξ − wϑξ, ξ ∈ L,

ϑξ = γ, ξ = 0,

βϑξ + ϑ = 1, ξ = 1,

(B.1)

Even though I have increased the complexity of the problem with a refined

top boundary condition and non-homogeneous term Ω, the solution can still

be found analytically:

ϑ(ξ) = Ω
ξ2

2
2F2

(
1, 1;

3

2
, 2;−ζ

)
+ A erf [aξ] + B (B.2)

where 2F2(a1, a2; b1, b2, x) is the generalised hypergeometric function, ζ =

(aξ)
2
, a = (w0/2)

1/2
, A = −γ (π/(4a))

1/2
and B = 1−A

(
2aπ−1βe−a2

+ erf [a]
)
−

Ω
(
(β + 1/2) 2F2(1, 1; 3/2, 2, a2) + βa2 2F2(2, 2; 5/2, 3, a2)/3

)
is a constant

given by the top boundary condition. Note that hypergeometric function can

be easily differentiated following e.g., Eq. 15.2.1 in Abramowitz and Stegun

(1965).

A.3 General power-law velocity profiles

In this section, I also assume thermal equilibrium, thus reducing again the

problem to a second-order ordinary differential equation in only one indepen-

dent variable ξ: 
0 = ϑξξ − wϑξ, ξ ∈ L,

ϑξ = γ, ξ = 0,

βϑξ + ϑ = 1, ξ = 1,

(C.1)

where I have set Ω = 0 to ensure analytical tractability for a general power-

law velocity profiles. This solution is consequently limited to regions where

Pe, γ ≫ Λ, Br.

Unlike the general stationary solution shown in Eq. B.2, I allow for a

general power-law vertical velocity profile of the form w(ξ) = w0ξ
m. The

solution can be then expressed as:

ϑ−(ξ) =
pγ

(pw0)
p Γ

(
p, pw0ξ

m+1
)

+ C (C.2)
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where p = (m + 1)−1, C = 1 − [2β (pw0)
p
e−pw0 + Γ (p, w0p)] pγ/ (pw0)

p
is

a constant given by the top boundary condition and Γ (·, ·) is the upper

incomplete gamma function defined as:

Γ (a, x) =

∫ ∞

x

e−tta−1dt (C.3)

Additionally, the solution can be also expressed in terms of Kummer con-

fluent hypergeometric function Φ given the relation (Abramowitz and Stegun,

1965, Eqs. 6.5.3 and 6.5.12):

Γ (a, x) = Γ (a) − a−1xae−xΦ(1, 1 + a;x) (C.4)

Hence, the stationary solution is equivalent to ∼ Φ
(
1, p + 1; pw0ξ

m+1
)
.

A.4 Discretisation schemes

Our finite differences discretisation considers unevenly-spaced grids, com-

monly used in the glaciological community where higher resolutions are de-

sired near the base whilst minimising the required number of points to reduce

computational costs. It is thus built a new coordinate system ζ considering

two types of nonuniform grid spacing: polynomial and exponential. Given

that our original variable ξ ∈ [0, 1], these relations can be expressed as:

ζ = ξn (D.1)

where n is the spacing order, and:

ζ =
esξ − 1

es − 1
(D.2)

where s is the spacing factor for the exponential grid. In this study, I have

employed n = 2 and s = 2.

Numerical schemes necessary to account for non-homogeneous grids ζ are

now presented. The distance between two adjacent points is defined as hi =

ζi+1 − ζi. The five-point symmetric second-order derivative then reads:
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θξξ(ξi) ≃
−2hi(2hi+1 + hi+2) + 2hi+1(2hi+1 + hi+2)

hi−1(hi−1 + hi)(hi−1 + hi + hi+1)Hi
θi−2

+
2(2hi−1 + hi)(2hi+1 + hi+2) − 2hi+1(hi+1 + hi+2)

hi−1hi(hi−1 + hi+1)(hi + hi+1 + hi+2)
θi−1

+
2hi(hi−1 + hi) − 2(hi−1 + 2hi)(2hi+1 + hi+2) + 2hi+1(hi+1 + hi+2)

(hi−1 + hi+1)hihi+1(hi+1 + hi+2)
θi

+
2(2hi−1 + 2hi)(hi+1 + hi+2) − 2hi(hi−1 + hi)

(hi−1 + hi + hi+1)(hi + hi+1)hi+1hi+2
θi+1

+
2(hi−1 + hi)hi − 2(2hi−1 + hi)hi+1

Hi(hi + hi+1 + hi+2)(hi+1 + hi+2)hi+2
θi+2

(D.3)

where Hi = hi−2 + hi−1 + hi + hi+1 + hi+2. This result is consistent with

Singh and Bhadauria (2009).
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B.1 Discretization schemes

A thorough description of the discretization schemes of Nix model is herein

elaborated, where the ordinary notation q(σi, ζj , τn) ≡ qni,j is followed.

The position in the spatial coordinates is then given by σi = i∆σi+1/2 and

ζj = j∆ζj+1/2 and τn = n∆τ . The fractional index implies that the point

(i + 1/2, j) lies between (i, j) and (i + 1, j) and analogously for the vertical

index j. Note that Nix allows for a nonuniform spatial grid where the spacing

between two consecutive points follows a desired distribution (polynomial

or exponential). This yields high resolutions near the grounding line whilst

minimising the total number of grid points. The horizontal index i ∈ Wr =

{0, 1, 2, ..., r} where r is the number of points in which the horizontal axis is

divided. Likewise, the vertical index follows j ∈ Wp = {0, 1, 2, ..., p} where p

is the number of vertical layers.

B.2 Blatter-Pattyn stress balance discretization.

The discretization is straightforward for an Arakawa-C grid. The position

of the grounding line L(t) is located on the velocity grid (following Vieli

and Payne, 2005). Thus, if the horizontal axis is divided in r points, the ice

thickness grid ranges i = 0, 1, ..., r − 1, whereas the velocity grid (staggered)

indexes read i = 1/2, 3/2, ..., r − 1/2.

The Blatter-Pattyn stress balance can be written as:
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2

L2∆σi+1/2

[
ηi+1,j

ui+3/2,j − ui+1/2,j

∆σi+3/2 + ∆σi+1/2
− ηi,j

ui+1/2,j − ui−1/2,j

∆σi+1/2 + ∆σi−1/2

]
+

1

2 (Hi)
2
∆ζj+1/2

[
ηi,j+1

ui,j+3/2 − ui,j+1/2

∆ζj+3/2 + ∆ζj+1/2
− ηi,j

ui,j+1/2 − ui,j−1/2

∆ζj+1/2 + ∆ζj−1/2

]
= ρg

hi+1 − hi

L∆σi+1/2
,

(B.1)

This is a linear system of 6× r× p unknowns that can be solved applying

standard linear algebraic solvers. For each timestep, a matrix of coefficients

with dimension (rp) × (rp) is built:

A
(rp)×(rp)

∗ u
(rp)×(1)

= F
(rp)×(1)

(B.2)

Since our discretization stencil includes 6 points: (i + 3/2, j), (i + 1/2, j),

(i− 1/2, j + 1), (i, j + 3/2), (i, j + 1/2) and (i, j − 1/2), a sparse matrix that

allows for optimised inversion is obtained. For r = 500 and p = 25, only a

0.048% of the coefficient matrix are nonzero entries:



αi−2M,j . . . αi−M,j . . . αi,j−1/2 αi,j+1/2 . . . αi+M,j . . . αi+2M,j





ui−3/2,j

...

ui−1/2,j

...

ui,j−1/2

ui,j+1/2

...

ui+1/2,j

...

ui+3/2,j



=



Fi−3/2,j

...

Fi−1/2,j

...

Fi,j−1/2

Fi,j+1/2

...

Fi+1/2,j

...

Fi+3/2,j


(B.3)

B.3 DIVA/SSA stress balance discretization.

The discretization is straightforward for a staggered grid. The position of

the grounding line L(t) is located on the staggered grid (following Vieli and

Payne, 2005). Thus, if the domain is divided in n points, the ice thickness
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grid ranges i = 0, 1, ..., r − 1, whereas the velocity grid (staggered) indexes

read i = 1/2, 3/2, ..., r − 1/2.

The SSA stress balance can be then written as (note that the factor 2

difference in Eq. B.15, Vieli and Payne, 2005 since their viscosity definition

is not preceded by 1/2 is cancelled by the average between two consecutive

grid lengths ∆σ necessary to compute the velocity gradients):

2

L2∆σi+1/2

[
ηi+1Hi+1

ui+3/2,j − ui+1/2,j

∆σi+3/2 + ∆σi+1/2
− ηiHi

ui+1/2,j − ui−1/2,j

∆σi+1/2 + ∆σi−1/2

]
−β2

i+1/2ui+1/2 = ρg
Hi+1 + Hi

2

hi+1 − hi

L∆σi+1/2
,

(B.4)

where the friction coefficient β2 reads:

βi+1/2 = Cum−1
i+1/2, (B.5)

so that τb = β2u.

Assuming our domain is divided in n points, the corresponding tridiagonal

matrix is built at every time step as (where the super-index are dropped to

lighten the notation):

B0 C0

A1 B1 C1

A2 B2
. . .

. . .
. . . Cr−2

Ar−1 Br−1





u1/2

u3/2

...

ur−3/2

ur−1/2


=



F0

F1

...

Fr−2

Fr−1


(B.6)

where A0 = Cn−1 = 0 by definition.

The non-zero entries of the matrix and the inhomogeneous term read:

Ai = γiηiHi

Bi = −γi (ηi+1Hi+1 + ηiHi) − β2
i

Ci = γiηi+1Hi+1

Fi = ρg
Hi+1 + Hi

2

hi+1 − hi

L∆σi+1/2

(B.7)

where γi = 2/(L∆σi+1/2)2.
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For the edge of the matrix (i.e., i = n− 1), the following values are used:

Ar−1 = ηr−1Hr−1

Br−1 = −γr−1 (ηr−1Hr−1) − β2
n−1

Cr−1 = 0

Fr−1 = ρgHr−1
hr−1 − hr−2

L∆σr−3/2

(B.8)

For the boundary values, it is set (note that, in the staggered grid, u1/2 is

the very first velocity value of the domain):

u1/2 = −u3/2,

ur−1/2 = ur−3/2 +
L∆σr−3/2

8ηr−1

(
ρgH2

r−1 − ρwgD
2
) (B.9)

where D is the bedrock depth below sea level, the first equality yields from

symmetry arguments at the ice divide (i = 1) and the second implies that

the ice momentum is equated by the hydrostatic pressure of the water.

B.4 Advection discretization

For the advection equation an implicit scheme is chosen for numerical stabil-

ity:

Hn+1
i −Hn

i

∆τn
= σi

L̇n

Ln

Hn+1
i+1 −Hn+1

i−1(
∆σi+1/2 + ∆σi−1/2

) − 2
(
qn+1
i+1/2 − qn+1

i−1/2

)
Ln
(
∆σi+1/2 + ∆σi−1/2

) + Sn
i ,

(B.10)

where the ice flux is defined as:

qi+1/2 = ui+1/2
Hi+1 + Hi

2
(B.11)

However, at the grounding line the ice flux reads:

qr−1/2 = ur−1/2Hr−1 (B.12)

The advection equation can be rewritten as:
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AiH
n+1
i−1 + BiH

n+1
i + CiH

n+1
i+1 = Fi (B.13)

so that the corresponding matrix is also tridiagonal:

Ai = γn
i

(
σiL̇− ui−1

)
Bi = 1 + γn

i (ui − ui−1)

Ci = γn
i

(
−σiL̇ + ui

)
Fi = Hn

i + ∆τnSn
i

(B.14)

where γn
i = ∆τn/2

(
∆σi+1/2 + ∆σi−1/2

)
Ln.

As the ice divide is located at i = 1 (note that the first element corresponds

to i = 0), the boundary condition then reads:

Hn
0 = Hn

2 , (B.15)

since σ = 1 is a symmetry axis.

B.5 Grounding line scheme

The terminus position L (i.e., the grounding line) is not fixed in time. Direct

discretization of Eq. 3.18 in terms of σ-coordinates leads to:

L̇n ≡ dL

dτ
=

−Ln∆σr−1/2S
n
r−1 + 2

(
qnr−1/2 − qnr−3/2

)
/
(
∆σr−1/2 + ∆σr−3/2

)
Hn

r−1 −Hn
r−2 + ϱ

(
bnr−1 − bnr−2

) ,

(B.16)

B.6 Thermodynamics discretization scheme

Unlike previous discretizations, the temperature field θ(σ, ζ, τ) has an addi-

tional dependency on the vertical coordinate ζ that brings a higher degree of

complexity (Eq. 3.24).

The energy balance (Eq. 3.28) is discretized using an upwind scheme with

a forward Euler step and a centred difference for the spatial derivatives. The

lengthy expression reads:
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ρc

[
θn+1
i,j − θni,j
∆τn

− σi
L̇n

Ln

θni+1,j − θni−1,j

∆σi+1/2 + ∆σi−1/2
+

− ζi,j
Hn

i

Hn+1
i −Hn−1

i

2∆τn
θni,j+1 − θni,j−1

∆ζi,j+1/2 + ∆ζi,j−1/2

]
=

k

(Hn
i )

2

θni,j+1 − 2θni,j + θni,j−1(
∆ζi,j+1/2 + ∆ζi,j−1/2

)2 +

−ρc
un
i

Ln

[
θni+1,j − θni−1,j

∆σi+1/2 + ∆σi−1/2
−
(

bi+1 − bi−1

∆σi+1/2 + ∆σi−1/2
+ ζi,j

Hn
i+1 −Hn

i−1

∆σi+1/2 + ∆σi−1/2

)
θni,j+1 − θni,j−1

Hn
i

(
∆ζi,j+1/2 + ∆ζi,j−1/2

) + Φn
i

(B.17)

B.7 Adaptive time stepping

An adaptive timestepping approach is adopted to enhance the computational

performance of the flowline model. Unlike the proportional-integral (PI)

methods, the fact that Picard’s iteration already computes a metric to deter-

mine convergence is further exploited. Thus, without additional calculations,

the new timestep can evolve within a range set by the user [∆tmin, ∆tmax]

with a quadratic dependency on the error:

∆t̃ =

(
1 −

(
min [ε(t), ϕpic]

ϕpic

)2
)

(∆tmax −∆tmin) + ∆tmin, (B.18)

where ϕpic is the tolerance on Picard’s iteration and ε(t) is the error on the

current iteration defined as εi = ||ui − ui−1|| (De Schmedt et al., 2010). If

the solution has not converged in the given timestep (i.e., ε > ϕpic), Eq. B.18

ensures that the timestep is set to the minimum value.

Then, certain relaxation is applied to provide stability and avoid spurious

oscillations:

∆t = α∆t + (1 − α)∆t̃, (B.19)

where α = 0.7. Lastly, the timestep is ensured not to exceed the CFL condi-

tion:

∆t = min [∆t,∆tCFL] (B.20)
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B.8 Stochastic boundary conditions

Internal climatic variability arises from chaotic fluctuation and its he effect

over a real ice sheet mostly comes from the atmosphere and the ocean. The

latter two interact with an ice sheet via the surface mass balance and the

frontal melting/calving at the grounding line. Two random time series are

created so that they fulfil three conditions: (1) random nature, (2) correlated

with each other and (3) have a prescribed persistence.

A Fourier transform method to create such a series following Christian

et al. (2022) is now described. Nevertheless, the methods herein presented

is completely general and can generate random time series of any variables

provided that the system is described by a first-order autoregressive process.

Starting with the power spectrum of an AR-1 process as a function of the

frequency:

P (ν) =
P0

1 + r2 − 2rcos (2πν∆t)
(B.21)

where P0 scales the total variance (here the value P0 = 1 is employed), r is

the autocorrelation coefficient at a lag ∆t.

The persistence time τAR1 (i.e., decorrelation time) then reads:

τAR1 =
∆t

1 − r
(B.22)

a random complex spectrum can be simply obtained from a random phase

rotation and then, applying the inverse Fourier transform:

P (t) = F−1
[
P (ν)eiϕ

]
(B.23)

where ϕ ∈ [0, 2π].

B.9 Convergence and computational speed

It is hard to give a one-to-one comparison since other models that solve for the

higher-order momentum balance coupled with a thermomechanical solver are

full 3D solvers (partially providing Nix novelty). To give an estimation, MALI

ice-sheet model (Hoffman et al., 2018) control simulations averaged 5.26 sim-
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ulated years per wall-clock hour. On the contrary, MISMIP experiments run

with Nix reach ∼ 105 simulated years per wall-clock hour on average. Thus,

there is a 5-order magnitude difference in terms of computational time.

Figure B.1 shows the the grounding line deviation ε = LNix − LSchoof

from the semi-analytical result of Schoof (2007a). The same panel additional

illustrates the computational speed dependency to the total number of grid

points. Note the small changes for ∆x < 1.0 km given the SSA solver.

Fig. B.1: Nix convergence study and computational speed as function of
the grid resolution. SSA solver comparison against semi-analytical result of
Schoof (2007a) ε = LNix − LSchoof .
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Appendix C

C.1 The two-phase regression model

The two-phase linear regression model was studied by Hinkley (1969, 1971)

and later also applied by Solow (1987). For our purpose, the underlying idea

is to determine the changepoint in a given time series y(t) to estimate the nec-

essary length of the equilibration time in our simulations. Conceptually, the

two-phase regression model assumes that there are two different behaviours

in our data and these are captured by two independent linear functions (Eq.

C.1). In the present study, these behaviours correspond to the transitory

and stationary nature of the solutions respectively. The changepoint is thus

defined as the abscissa of intersection that minimizes the residual sum of

squares. Mathematically, this model can be written as:

yi =

α + βti, i = 1, ..., r,

γ + µti, i = r + 1, ..., n,
(C.1)

where the abscissa of the intersection of these two regression lines reads:

tc =
α− γ

µ− β
(C.2)

and it is referred to as the changepoint.

Following Solow (1987), for our changepoint definition, continuity of the

underlying time series must be ensured by imposing tc to lie in the interval

I ∈ (tr, tr+1). Otherwise, the two-phase regression will include a discontinuity

at tc.
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The approach thus aims at finding the estimate tc. Since no closed form

expression of tc is possible, the model given by C.1 is usually rewritten as:

yi = α + βti + λΩi(c)ti−c + εi (C.3)

where εi is the error term, λ = µ− β and Ωi(c) is given by:

Ωi(c) =

0, if i ≤ c,

1, if i > c.
(C.4)

Fixing a value of c, the modified model C.3 becomes a standard linear

regression with two regressor variables: ti and ti−c. Our problem is now re-

duced to finding tc so that its value minimizes the residual sum of squares

(Fig. C.1). For large datasets, Hinkley (1971) provides with a description of

an efficient algorithm, though this study simply applies a direct grid search

given the dimensions of our time series.

Particularly, the ice volume above sea level is used as the regressand and

performed the calculations aforementioned described. The vertical dashed

line in Fig. 5.1 represent the abscissa of the changepoint tc. Solow (1987)

determines such value by minimizing the residual sum of squares RSS, though

these results are additionally compared to those given by maximizing the

determination coefficient R2 (Fig. C.1). The values yielded by each method

coincides.
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[b]0.8

Fig. C.1: Determination coefficient R2 (top panel) and residual sum of squares
RSS (bottom panel) as a function of the fixed changepoint value taken. For
each tc value, a standard linear regression (Eq. C.3) with two regressor va-
riables is performed using the volume above sea level as a regressand. The
vertical dashed lines correspond to the maximum and minimum values of R2

and RSS respectively.
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gele, and J. McManus, 2002: Were glacial iceberg surges in the north

atlantic triggered by climatic warming? Marine Geology , 192, 393–417,

doi:https://doi.org/10.1016/S0025-3227(02)00592-3.

URL https://www.sciencedirect.com/science/article/pii/

S0025322702005923

Naafs, B., J. Hefter, and R. Stein, 2013: Millennial-scale ice rafting

events and hudson strait heinrich(-like) events during the late pliocene

and pleistocene: a review. Quaternary Science Reviews, 80, 1–28,

doi:10.1016/j.quascirev.2013.08.014.

Nickolls, J., I. Buck, M. Garland, and K. Skadron, 2008: Scalable par-

allel programming with cuda: Is cuda the parallel programming model

https://www.sciencedirect.com/science/article/pii/S0025322702005923
https://www.sciencedirect.com/science/article/pii/S0025322702005923


210 References

that application developers have been waiting for? Queue, 6, 40–53,

doi:10.1145/1365490.1365500.

Nowicki, S. and D. Wingham, 2008: Conditions for a steady ice sheet–ice

shelf junction. Earth and Planetary Science Letters, 265, 246–255,

doi:10.1016/j.epsl.2007.10.018.
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