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Abstract. We use a notion (introduced in Topology 41 (2002), 1119-1212), which is
stronger than the concept of filtration pair, to prove a stable/unstable manifold general
theorem for local homeomorphisms of the plane in a neighborhood of an isolated fixed
point.

1. Introduction and preliminary definitions

The stable and unstable manifold theorem for hyperbolic diffeomorphisms plays a
very important role in differential dynamics. At the topological level Baldwin and
Slaminka proved, in [1], a stable/unstable manifold theorem for area- and orientation-
preserving homeomorphisms of orientable 2-manifolds having isolated fixed points of
index less than 1.

There are many papers in the literature relating the fixed-point index of a
homeomorphism f in a neighborhood of an isolated fixed point, and the local dynamical
behavior of f. There are results in both directions, i.e. bounds (or explicit computation)
for the fixed-point index from dynamical properties of f and how the knowledge of
the fixed-point index can be applied to describe the dynamics locally. We will mention
besides [1], for example, the papers of Bonino [2], Brown [6], Le Calvez [9], Le Calvez and
Yoccoz [10], Dancer and Ortega [12], Hirsch [17], Pelikan and Slaminka [20], Simon [23]
and Shub and Sullivan [22], for their relations with the present paper. Their results
frequently deal with orientation-preserving homeomorphisms. The main reason for this
assumption is the application of some version of Brouwer’s lemma on translation arcs,
see [5] or [7].

The aim of this paper is to use the fixed-point index to obtain information about
the dynamical behavior of a planar local homeomorphism in a neighborhood of an
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isolated fixed point. We will work with both the orientation-preserving and -reversing
cases. The main tool we will use is a notion stronger than that of filtration pair which
we introduced in [21]. This notion, based on the concept of filtration, see [15], allows
us to apply Conley index ideas to the computation of the fixed-point index in the plane.
Le Calvez and Yoccoz proved, in [10], the non-existence of minimal homeomorphisms
of R? \ K, for any finite set K, using fixed-point index theory (see also [14] and [16]).
Given an orientation-preserving local homeomorphism f : U C R*> — R? they made a
strong local study near a fixed point p which is a locally maximal invariant set and which is
neither a sink nor a source, which allowed them to prove the existence of integers r, ¢ > 1
such that

l—rq ifkerN,

. k _
e ’p)_{l itk ¢ rN.

The present authors, in [21], by means of filtration pairs, gave in a simpler and
more elementary way a general theorem that extends the above result to arbitrary local
homeomorphisms. In particular, if f reverses the orientation, there are integers § €
{0, 1, 2} and g such that

1-46 if k odd,

: k
ir2(f*, p) =
w5 p {I—S—Zq if k even.

Recently Bonino (see [2]) proved that ip2(f, p) € {0, 1, —1} for orientation-reversing
planar homeomorphisms f such that p is an isolated fixed point.

As we will show, the existence of nice filtration pairs provides important information
about the local dynamics in a neighborhood of an isolated fixed point. This kind of
index pair is a tool that can be applied to orientation-preserving and orientation-reversing
homeomorphisms and they exist under a more general setting than that of the above result
(see Theorem 3). In the Main Theorem of this paper and its corollaries we will give some
topological properties of the stable and unstable manifolds in a neighborhood of an isolated
fixed point that is contained in a compact invariant set that admits such a nice filtration
pair. Taking into account that |ig2 (f -1 p)| = lig2(f, p)l, all of our results can be stated
for f~!. Then the properties of the stable manifold are naturally extended for the unstable
one.

Let us state some of the definitions that we will need consistently. Let U C X be an
open set. By a (local) semidynamical system we mean a locally defined continuous map
f : U — X. The invariant part of N, Inv(N, f), is defined as the set of all x € N such
that there is a full orbit y withx € y C N.

Invt (M, f) (respectively Inv™ (M, f)) will denote the set of all x € M such that
fi(x) € M for every j € N (respectively f~/(x) is well defined and belongs to M
for every j € N). Given x € U, we will write

AT () ={y € U : {f*(y)}ren is well defined and limy_, o0 f5(y) = x}
and

A~ (x) = {y € U : {fX(y)}xen is well defined and limy o0 f (y) = x}.
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A compact set S C X is invariant if f(S) = S. A compact invariant set S is isolated
with respect to f if there exists a compact neighborhood N of S such that Inv(N, f) = S.
The neighborhood N is called an isolating neighborhood of S. If X is a locally compact
ANR (absolute neighborhood retract for metric spaces), ix(f, S) will denote the fixed-
point index of f in a small enough neighborhood of S. The reader is referred to the text of
[8], [13] and [19] for information about fixed-point index theory.

Given A C B C N, cl(A), clg(A), int(A), intg(A), d(A) and dp(A) will denote the
closure of A, the closure of A in B, the interior of A, the interior of A in B, the boundary
of A and the boundary of A in B respectively.

We consider the exit set of N to be defined as

N~ ={x e N: f(x) ¢ int(N)}.

The next definition is based on the notion of filtration introduced by Franks and
Richeson in [15], and it is the key to the direct computation of the fixed-point index of any
iteration of any homeomorphism of the plane. The reader can find the explicit definition of
filtration pair in Appendix A.

Definition 1. Let f : U C R? — R? be a local homeomorphism. Suppose that L C N is a

compact pair contained in the interior of U. The pair (N, L) is said to be a strong filtration

pair for f provided N and L are each the closure of their interiors and:

(1) N and d(N \ L) are homeomorphic to a disk and S ! respectively;

(2) cl(N\ L) is an isolating neighborhood;

(3) f(l(N\ L)) Cint(N) (i.e. L is a neighborhood of N~ in N);

(4) for any component L; of L, dy(L;) is an arc and there exists a topological disk B;
such that 9y (L;) C Bi C L;, BBN N~ # @ and f(B;) Ncl(N\ L) = 0.

THEOREM 1. (Baldwin and Slaminka) [1] Let h : M — M be an area- and orientation-
preserving homeomorphism of an orientable 2-manifold M having an isolated fixed point p
of index —n for n > 0. Then there exists a topological disk D with p € int(D),
Fix(h) N D = {p}, having boundary C with Lebesgue measure 0, and there exist 2(n + 1)
compact, connected, area-zero sets Sy, S1, ..., Sy, Uy, U1, ..., U, which do not separate
M such that:

() Ui, S; € DandU;, S; meet C foralli;

2) pel,sS;foralli;

3) h(S) c S, "YU c U foralli;

4 S; C AT (p)andU; C A=(p) foralli;

S) SnSj={pt=U;NUjforalli# j;

(6) thesets (S; N C) and (U; N C) alternate on C.

The aim of this paper is to show that we can prove a general theorem for arbitrary
homeomorphisms that admit a strong filtration in a neighborhood of an isolated fixed point.
On the other hand the above theorem will become, using [9], a consequence of our results
(see Remark 3). Let us begin with some intuitive examples.

Assume that (N, L) is a strong filtration pair for a homeomorphism f. L is the union
of its components, L = L1 U Ly U---U Ly,. Let K = Inv(cl(N \ L), f).
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We have that
fIN\L):c(N\L)—> N
and for every i, there exists j such that f(dy(L;)) C int(L ).
Consider the quotient space D = cl(N\ L)/~ by identifying each oy (L;) with a point g;
(fi # j then g; # q)).
Take the map projection
w:c(N\L)—>cl(N\L)/~
and a retraction
r:N—>cl(N\L)

with r(x) = x if x € cI(N \ L) where r retracts each L; to oy (L;).

Now define f' =moro fom™!,

ficN\L)Y/~\{q1,....qm} = cl(N \ L)/~.
Then f’ is continuous and in a small enough neighborhood of p, f'=f.
Since f(dn(L;)) C int(L;), f’ admits a unique continuous extension

T (N \ L)/~ — cl(N\ L)/~
such that /(U (g;)) = g; for a neighborhood U’ (g;) of ¢;.

g1, - qm)) C {q1, ..., qm}. Infact, f'(g;) = ¢, if and only if f(dn (L)) C
int(L ;).
Obviously
Fixaw\L)~(f) C K U{q1, ... qm)
and since K = Inv(cl(N \ L), f), itis clear that
Fixanzy~((F)%) € K U{q1, ..., qm}.

Examples. We will present some homeomorphisms and we will find the integers », g and
8 of the above theorem.

Let N = {x € R?: ||x|| < 2"/} and let f : R? — R? be a homeomorphism generating
the discrete dynamical system of Figure 1(a). Take € > 0 big enough and let L be the union
of the e-neighborhoods, in N, of (1, 1), (—1, 1), (—1, —1) and (1, —1) (see Figure 1(b)).

Let g,s : R> — R? be a r/2-rotation and a symmetry with respect to {x — y = 0}
respectively.

We have that 0 € N is a non-repeller rest point, N is an isolating neighborhood of {0}
for f, go f and s o f. In all cases the pair (N, L) is a strong filtration pair (for an adequate
€ > 0). Consider g; = w(L;) € cI(N \ L)/~ fori € {1, 2, 3,4]}.

Fixaw0)/~((F)%) = 10, q1, 42, g3, g4}
In this case we have, apart from 0, four period-one periodic orbits so» = 1 and g = 4.

Since ? is constant in a neighborhood of each ¢; fori € {1, 2, 3, 4} we have that for every
keN

i (5,00 =1—4=-3,

{0, 91,92, q3,q4} if k € 4N,

Fix. ~ o HHH =
iXcyv\Ly/~(((g o f))°) {{O} i ¢ 4N,
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*

(a) (b)

FIGURE 1. The homeomorphism f and a strong filtration pair for f.

Now (g o f)’ has, apart from 0, a period-four periodic orbit. So» =4 and g = 1 and

-3 ifk € 4N,

iRZ((gOf)",O):{l ik ¢ 4N

On the other hand, s o f is orientation-reversing:

{0, 91,92, 93, q4} ifk € 2N,

Fix, ~ o HHY) =
iXe(a\L)/~(((s o )" {{O, o as) ik ¢ 2N,

(s o f) has, apart from 0, ¢ = 1 periodic orbits of period two and two fixed points. So,

iRz((sof)k,O) _ {—3 if k even, -
—1 ifk odd.

The main result of this paper is that phase spaces as in the examples are in some
way canonical models for all similar local homeomorphisms with the same associated
integers r and g (6 and q) if f preserves the orientation (if f reverses the orientation).
The reader can easily check that for the above maps there exist branches of the stable and
unstable manifolds as in Theorem 1, even though the involved maps do not preserve area
or orientation or have index <1. The reason is that all of them admit strong filtration pairs
about p.

The paper is organized as follows. In §2 we give a theorem that computes the
fixed-point index of every iteration of a homeomorphism f in a neighborhood of an
isolated compact invariant set that admits a strong filtration pair and we prove some
preparatory results. Section 3 is devoted to proving the Main Theorem and to stating
its consequences. The most important one, Corollary 5, describes the stable and unstable
manifolds in a neighborhood of a fixed point that is a compact isolated invariant set which is
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neither an attractor nor a repeller. Appendix A contains the proof of a theorem of existence
of strong filtration pairs (Theorem 3). This theorem is an extension of Theorem 1 in [21].
For the sake of completeness we decided to include it here as an appendix.

2. Preliminary results

Given a homeomorphism f : U C R*? — f(U) C R2, let us assume that we have a
strong filtration pair (N, L) and let f’ : cI(N \ L)/~ — cl(N \ L)/~ be the induced map.
We maintain the notation of the introduction.

Definition 2. Let 6 = {p1,...,ps} C {q1,...,qm} be a subset on which ? acts as a
permutation. We say that p;, p; € 6 are adjacent if there is an arc y C 9(N \ L)/~
joining p; and p; suchthaty N6 = {p;, p;}.

The next proposition says that f’ preserves adjacency in every subset 6 on which it acts
as a permutation. Even though it is stated in a more general setting than that of [21] the
proof needs only minor changes.

PROPOSITION 1. [21] Let 6 = {p1,...,ps} C {q1,.-.,9m} be a subset such that
f'©) = 6. If pi and pj are adjacent in 0, then their images p;y1 and pji1 are also
adjacent.

COROLLARY 1. [21] Under the above conditions:

(a) if f is orientation-preserving then all the periodic orbits of f, in {q1, ..., qm}, have
the same period;

(b) if f is orientation-reversing then f' has no more than two fixed points in
{q1, ..., qm} and the period of its periodic points is <2.

Using Corollary 1, we have the following theorem.

THEOREM 2. Let f : U C R? — f(U) C R? be a homeomorphism. Suppose that there
exists a strong filtration pair, (N, L), for f andlet K = Inv(cI(N \ L), f). Then, there are
an AR (absolute retract for metric spaces), D, containing a neighborhood V.C R? of K,

a finite subset {q1, ..., qm} C D and amap f' : D — D such that f'|y = f|v and for
everyk € N, Fix((f/)k) CKU{q1,...,qm}
Moreover:

(a) if f preserves the orientation, then

. 1—rq ifkerN,
ip2(f* K) = ,
1 ifk ¢ rN,
where k € N, q is the number of periodic orbits of f' in{qi, ..., qm} and r is their

period;
(b) if f reverses the orientation, then

o (4 K) 1-§6 if k odd,
ip2(f", =
R 1 —8—2q ifkeven,

where § € {0, 1,2} and q are the number of fixed points and period-two orbits of f'
in{qi, ..., qm}, respectively.
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Definition 3. Under the setting of the above theorem, the integer r (r = 2 if f is orientation
reversing) is called the period of the strong filtration pair (N, L).

The next theorem is a generalization of Theorem 1 in [21]. In order to keep this paper
as self-contained as possible we will give the details of the proof in Appendix A.

THEOREM 3. Let f : U C R* — f(U) C R? be a homeomorphism. Suppose that there
is a topological disk D C U such that Fix(f) N D = {p}, Inv(D, f) C int(D) and that
there is not a disk B C D containing p such that B C int(f(B)). Then, there is a strong
filtration pair (N, L) with p € K = Inv(cl(N \ L), f).

Let us recall the following result due to Le Calvez [9]. This theorem is a local version
of Brouwer’s lemma on translation arcs. The theorem essentially says that, for orientation-
preserving homeomorphisms, the existence of a recurrent orbit implies that the index of
the fixed point is 1.

THEOREM 4. Let f : W — W/ be an orientation-preserving homeomorphism between
two simply connected neighborhoods of 0 € R? such that Fix(f) = {0}. Let W’ be the
connected component of 0 in W 0 f~Y(W). If there is a domain V. C W’ such that
f(VYNV =@, apoint z € V and an integer ¢ > 2 such that f'(z) € W” for every
ief{l,....,qg—1}and fi(z) € V, thenip2(f,0) = 1.

Some known consequences of Theorems 2, 3 and 4 are listed in the following remark.

Remark 1. Let f : U ¢ R* - f(U) C R? be a homeomorphism and let p € U be
a fixed point of f. If there is a topological disk D such that Fix(f) N D = {p} and
Inv(D, f) C int(D), it follows that ig2(f, p) < 1. Moreover, if Fix(f*) N D = {p} then
ip2(f*, p) < 1. Indeed, if there is a disk B C D containing p such that B C int(f(B)),
then |ip2 L pl= lig2(f, p)| = 1. In either case we apply Theorem 3 and Theorem 2.

On the other hand, if ip2(f, p) > 1, then Inv(D, f) N (D) # @ for every small
enough disk D such that p € int(D). In particular, there are full orbits y # p in every
neighborhood of p. Moreover, if f preserves the orientation, using Theorem 4 it follows
that limy_ o0 f¥(x) = p (respectively limg_, oo f —k(x) = p) for every x € Invt(D, f)
(respectively for every x € Inv™ (D, f)).

For a special class of non-saddle fixed points we have a sort of converse of the last
remark.

COROLLARY 2. Let U C R? be an open ball and let f : U — U be a homeomorphism
such that Fix(f) = {p}. If AT™(p) U A= (p) = U and for every topological disk B
containing p, AT (p) N (U \ B) # @ and A= (p) N (U \ B) # @, then there is r > 1 such
that ip2(f", p) > 1. In particular, Inv(D, f) N d(D) # O for every small enough disk D
such that p € int(D) and there are full orbits y # p in every neighborhood of p.

Proof. The sphere §2 = U U {q} is the one-point compactification of U. Denote again by
f the obvious extension of f to S2. It is clear that ¢ is an isolated fixed point of f such
that {g} is an isolated invariant set which is neither an attractor nor a repeller. Then {g}
admits a strong filtration pair and there is > 1 such that ip2(f",q) = 1 —s < 1.


http://www.journals.cambridge.org
ijuarez
Rectángulo


308 F. R. Ruiz del Portal and J. M. Salazar

Consequently, since f” is orientation-preserving, ip2(f", p) = 1 +s > 1. The remaining
part of the proof follows from Remark 1. a

The next proposition is based on Theorem 4. However, note that we do not assume f
to be orientation-preserving.

PROPOSITION 2. Let U C R? be an open ball and let f : U ¢ R? - f(U) C R®bea
homeomorphism. Let p € U be a fixed point of f. Suppose that there is a strong filtration
pair of period r, (N, L), such that p € Inv(cl(N \ L), f), f/(cl(N \ L)) C U for any
joe{l,....r} and Fix(f") Ncl(N \ L) = {p}. Then, limi_o fX(x) = p, for every
x € KT =Invt(cl(N \ L), f).

Proof. Note that f” is orientation-preserving. Also, cl(N \ L) is a connected subset of
Uun r~Ywu).

Given x € K+, we will show first that limg_, o0 f¥" (x) = p.

We will adapt the arguments of the proof of the above theorem of Le Calvez [9] to our
situation. Let D be a disk such that Uje{l ..... rl fj (cIN\ L)) cint(D)c DCU.

The restriction of f to D can be extended to a homeomorphism, which we shall denote
again by f, f : R2 — R? (see [11] for example). Let R = {x € R\ {p} : f"(x) = x}
and let M, be the component of R? \ R containing p. Then cI(N \ L) C Mp.
Let 7 : M, — M, be the universal covering of M,. It is well known that M, is
again a plane. Fix zo € 7 '(p) and let F : M, — M), be the lift of f|M, such that
F(z0) = zo. Then, the set of period-r periodic points of F is a non-empty (and discrete)
subset of 7! (p). Now, F" is conjugate to f” in a neighborhood of each period-r periodic
point.

Take € > 0. K\ B(p, €) is a compact subset of U and forevery y € K\ B(p, €) there
is 8y such that f"(B(y, 8y)) N B(y, 8y) = @. Then, K \ B(p,€) C Uye,ﬁ\B(p)e) Ktn
B(y,8y/2) and there is a finite subset P = {yi,..., ys} such that K™ \ B(p,e) C
Ujeqt,...s) KT N B}, 8y,/2).

If there is an increasing sequence {k,} — oo such that fkr(x) ¢ B(p,e€) there
is y; € P and a subsequence {r,} C {k,} such that f""(x) € KT N B(yi, 8y,/2).
Take z = f""(x), ¢ = rx —r1 = 2 for a big enough k, and V = B(y;, §y,/2).
Then, f/(V)NV =@, {f @), ..., ff4 D)} c Kt and ff9(z) € V.

Let D be the component of 7~!(D) containing zo and V be the component of
7~ 1(V) contained in D. Then, we have that F"(V) NV = @ and F'9(V) NV # (.
Since ip2 (f", p) = ig2(F", z0) < 1 we get a contradiction to Theorem 4.

Now consider x € K% and suppose that there is a sequence {k,} — oo such
that lim, o0 f¥(x) = g # p. We can assume that there is / such that k, = I modr.
Then, we have that for x' = f’ (x) € KT there is a sequence m, such that
lim,,— o0 /™" (x") = q. Therefore, g = p. ad

PROPOSITION 3. Let f : U C R? — f(U) C R? be a homeomorphism. Let D C U be a
disk and let Kt = InvT (D, f) (respectively K~ = Inv— (D, f)). Then, every component
of KT (respectively K~ ) is a trivial shape continuum.
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Proof. Take a component C of K. If C is a non-trivial shape continuum, using
Borsuk’s shape classification of planar continua [3] it follows that R\ C is not connected.
Let V be a bounded component of R?\ C. Then (V) c C C KT C D and there is a
component C; of K such that 3f(V) € C; C KT C D. Then f(V) C D. Now, by an
induction argument we have that fX(V) c D for every k € N. Therefore V C K+ and we
get a contradiction. O

Remark 2. Under the setting of Proposition 2 we have that the components of K+ and K~
are trivial shape continua such that limy_, o0 f k(x) = pforx e KT =Invt(cl(N \ L), f)
and limg— o0 f ¥ (x) = pforx € K~ =Inv (cl(N \ L), f).

3. The Main Theorem and its consequences
Let f:UCR?— f(U)CR?*bea homeomorphism and let (N, L) be a strong filtration
pair of period r. We denote N;, = cl(N \ L)/~.

PROPOSITION 4. Inv™(Ny, f) = (N,en(f) (NL). Then Inv=(Ny, f') is a continuum.
PROPOSITION 5. Inv™ (cI(N \ L), f)/~ = Inv_(NL,W).

Proof. Let [x] € Inv_(cI(N \ L), f)/~ C Nr. We have that there exists a negative
semiorbit of x (with respect to f), y~(x), such that (y ~(x) \ {x}) N (Un (L)) = 2.
Then it is clear that [x] € Inv™ (N, f).

On the other hand, for [x] € Inv™ (N, ?) with [x] ¢ {q1, ..., qgm}, then the negative
semiorbit of [x] (with respect to ?), y~([x]), is such that y ~([x]) N {q1, ..., qm} = O.
Then it is clear that [x] € Inv™ (cI(N \ L), f)/~.

Let us consider the set

A=Inv (Nz, fH\{q1, ..., qgn} CInv (I(N \ L), f)/~.

Since Inv~ (N, f7) is a continuum we have

cl(A) = Inv= (N, f) CInv™(cI(N \ L), f)/~
and the result is proved. O

MAIN THEOREM. Let f : U C R? — f(U) C R? be a homeomorphism. Let p be an
isolated fixed point of f and let us assume that there is a strong filtration pair of period r,
(N, L), such that p € int(N \ L), L # @, f/(c(N\ L)) C U forany j € {1, ...,r}and
Fix(f") Ncl(N \ L) = {p}. Let H;', H, be the components of K+ and K~ respectively
containing p. Then, H l‘," and H , are trivial shape continua such that limg_ o f¥(x) = p
foreveryx € H and limg 00 f ¥ (x) = p foreveryx H, . The sets Hf N3(cl(N\ L))
and H, N3(cl(N \ L)) have at least 1 — ip2(f", p) components.

Proof. Let us study the set H l‘," . Using Propositions 3 and 2 we have that H ; is a trivial
shape continuum such that limy_ o, f*(x) = p forevery x € H ; . Only a proof of the fact
that Hl‘," N a(cl(N \ L)) has at least 1 — ig2(f", p) components is needed.

We will keep the notation of Theorem 2. Let us write again Np = cl(N \ L)/~.
When it is clear from the context we will denote Q C N \ L and n(Q) C N
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in the same way. Let? : Np — Ny, be the map induced by f and let 6 = {py, ..., ps}
be the biggest subset of {q1, ..., gn} on which f’ acts as a permutation. From Theorem 2,

ipe(f", K) =iga(f", p) =1 —5.

It is clear that 6 is an attractor for f”. In fact, every p; € 6 has a neighborhood U’ (p;)
such that f"(U'(pi)) = p;j.
Let A be the region of attraction of 6:

A = {x € Ny : there is ng such that (f/)"(x) € 6}.

First, let us show that K™ = InvT(cI(N \ L), f) = Nz \ A. Indeed, if x € Ny \ A
then (f/)"(x) ¢ 6 for any n € N and consequently f"(x) € inty(cl(N \ L)) for every
n > 0. On the other hand, given x € K+, f*(x) € cI(N \ L) for every n € N. Then, using
condition (4) in the definition of strong filtration pairs, f"(x) € inty (cI(N \ L)) for every
n > 0and (f/)"(x) never belongs to 6.

We will discuss separately the cases s = 1 and s > 1.

Assume that s = 1. This case is classical and goes back to Birkhoff in the study of
the regions of instability. However, the techniques we use to prove the theorem in this
particular situation will lead us to a proof of the general case. If s = 1 then r = 1
and ip2(f, p) = 0. We have to check that H;r N a(cl(N \ L)) # . Suppose that
Hl‘fﬂa(cl(N\L)) = (). Take an open ball B such that H;r C B C cl(B) Cint(cl(N \ L)).

Let (K ™) be the space of components of KT and let P : K+ — (K™) be the
natural projection. It is well known, see [3] and [4] for example, that (J(K ) is a zero-
dimensional compactum. P(K™ \ B) is a compact subset of (J(KT); then there is a
clopen (open and closed) neighborhood, V, of P(H;) such that V.N P(KT\ B) = 0.
Then, P~1(V) is a clopen neighborhood of H 7 in K™ and it is union of components
of KT contained in B. There is an open subset U C B of int(cl(N \ L)) such that
UNKT =c@)NKT = P7I(V). Now leta : B — R* be a smooth function
which vanishes exactly on cl(U). For any regular value € > 0, a~ 10, €]) is a compact
manifold with boundary. Taking a small enough regular value €, we have that a~ 10, €])
is a manifold such that = 1([0,€]) N K+ = P~ (V). Then a~! ([0, €]) is a topological
disk with a finite number of holes and we can fill these holes to obtain a disk D such that
HI;" C int(D) € D C int(cl(N \ L)) and 3(D) N K+ = @. Since d(D) is a compact
subset of A, there exists ng > 0 such that (f/)"0(3(D)) C 6. Now consider f(3(D)).
If £(3(D)) N L # @ we can take another disk D; such that p € D1, 3(D))N KT =0
and 9(Dy) C f(A(D)) Uayn(L). If f(3(D)) N L = @ we take D; = f(D). By an
elemental induction argument, we can obtain a disk, Dy,—1, containing p, such that
9(Dpy—1) C fro=1(@(D)) U dy (L) and f@(Dyy—1)) C L. Then p € L and we have
a contradiction.

Now suppose that s > 1. 8 = (f/)" fixes every element pj €0,j el ..., s}
Let A(p;) be the component of A containing p;. It is obvious that KT separates the
components A(p;), j € {1,...,s}. For every element p; € 6 there is a component

of 3(A(pj)) C K™ separating p; from 6 \ p;. Indeed, in either case, using similar
arguments to that of the above paragraph, one can obtain a finite family of mutually
disjoint topological disks Dy, ..., Dy, contained in N \ L and covering d(A(p;)), such that
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9(A(pj)) Nocywn\)(D;) =P foreveryi € {1,...,I} and none of them separates p; from
0\ p;j. Then one could join p; with 8 \ p; by a path that does not intersect d(A(p;)), and
this is not possible.

Let Kp, be the component of d(A(p;)) separating p; from 6 \ p;. It is clear
that B(3(A(p;))) = f (0(A(pj))) C 9(A(p;)); then from Proposition 2, p € Kp,;.
Consequently K ,; C H,f.

‘We have that H ;r intersects at least twice d(cl(N \ L)) for every element of 6. Now the
result follows immediately.

By Propositions 2 and 3, H » is a trivial shape continuum such that limy_ o f —*(x) = p
forevery x € H, and, by Corollary 3, H,” N d(cl(N \ L)) has at least 1 — iRe(f",p)=s
components (Hp_ Noy(L;) #@foreveryi =1,...,5s). O

COROLLARY 3. Let (N, L) be a strong filtration pair of period r, {p} = Inv(cI(N\ L), f)
and 0 = {p1,...,ps} C {q1,...,qm} be the family of periodic points of f' in
{q1, ..., qgm}. 1t is clear that {p} U6 C Inv (c(N \ L), f)/~. The component of
K™ = Inv (cI(N \ L), f) containing p, H;, is such that H; N d(cl(N \ L)) has at
least 1 —ip2(f", p) = s components (dn(Li) N H, # Aforalli =1,...,5).
Proof. We maintain the notation of the proof of the Main Theorem. Let us define
K; = ﬂneﬁ(f’)"’(cl(A(pi))) foreveryi € {1,...,s}.

Since (f")" (cl(A(pi))) C cl(A(pi)), it is clear that K; is a continuum with {p, p;} C
Ki = (f)"(K;) C cl(A(p;)). Then the corollary follows from the fact that Uie{l ..... 5)
(Ki\{pih) C H,. 0

PROPOSITION 6. Let f : U C R? — f(U) C R? be a homeomorphism and let p be a
fixed point of f such that {p} is an isolated invariant set which is neither an attractor
nor a repeller. Let us consider a strong filtration pair (N, L) of period r such that
{p} = Inv(cI(N \ L), f). Then, the component H} of K containing p is such that
the number of components of H;‘ \{p}is>1—ig2(f", p). If there is a component of
HI‘,Ir \ {p} which does not intersect d(cl(N \ L)) then both the number of components which
do not intersect d(cl(N \ L)) and the number of components which intersect d(cl(N \ L))
are infinite.

In the proof of this proposition we need the following lemma.

LEMMA 1. Let B be a continuum and let A be a proper subcontinuum of B. Then for every
closed neighborhood V of A in B there exists a continuumy # A suchthat A Cy C V.

Proof. Assume that there is V such that A is a component of V. Using that [J(V) is
zero-dimensional it is easy to check that B is not connected. O

Proof of Proposition 6. Let & = {pi, ..., ps} be the set of periodic points of f’ in
{q1,....gm} C Nr. We have that 6 C Hp_/'v and Hp_/~ ﬂ(HI‘,|r \ {ph = 0.
Since (H,5 \ {p}) N d(cI(N \ L)) = Hf N3(cI(N \ L)) then the set H} \ {p} has at
least s = 1 — ip2(f", p) components (see the proof of the Main Theorem) which are
separated by the continuum H " /~.

Let us denote H;‘ \{p}=U yk"’, where each yk"r is a component of HI‘,Ir \ {p}.
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‘We have that y,j' Ui{p} = cl(y ). Indeed, yk is closed in H+ \ {p}, then clH+ (yk ) is

y,j' or y,j' {p}. In the first case, using the above lemma, we have a contradiction. On the
other hand, it is not difficult to prove that each cl(yk ) has trivial shape (see Proposition 3).
Take yk , then f/ (y ) C y . On the other hand, since f is a homeomorphism and
f= 7 in a neighborhood of p, there exists a yk,, such that ?(yk";) C y,j'.
If yk N a(cl(N \ L)) = & then f/(y ) = y,5. In fact, if this is not true, using the
above lemma we can obtain a srnall enough connected set y with f’ (yk ) Cy C yk, ,
y ;é f’ (yk+) and such that f/~ (y) C Ny, is connected (homeomorphicto y). Then yk

I (y) CH I‘,” \ {p} with yk £ f (y) connected, and this is impossible. It is clear that
v NN\ L) = 0.

As a consequence we obtain that if yk NA(cl(N\ L)) # ¥, the component yk,, intersects
d(cl(N \ L)).

Let us suppose that there exists a component yk+ of H ; \{p} with y, TNacl(N \L)) =
Then, since Inv(cl(N \ L), f) = {p}, we have that the number of such components is
infinite.

On the other hand, in order to see that the number of components which intersect
da(cl(N \ L)) is also infinite, we have only to observe that there exists a sequence of
components of Hl‘," \ {p}, {Vn}nez, such that yy = yk+ and f'(yn) C ¥nus1. We have
that y,, N d(cl(N \ L)) = @ for every n > 0 and, since Inv(cl(N \ L), f) = {p}, there
exists ng € N such that y_,, N d(cl(N \ L)) # @. Then, if the number of components
which intersect d(cl(N \ L)) is finite, the set of components {y;},<—n, is finite and we
have automatically a contradiction. a

PROPOSITION 7. Let f : U C R? — f(U) C R? be a homeomorphism and let p be a
fixed point of f such that {p} is an isolated invariant set which is neither an attractor
nor a repeller. Let us consider a strong filtration pair (N, L) of period r such that
{p} = Inv(cl(N \ L), f). Then there exist trivial shape continua Sy, ..., Ss, Uy, ..., Us
incl(N\ L), withs =1 —ip2(f", p), such that:

(1) U?:l Si C H; a”dU?=1 U; C H;;

2) SnS;=UNU;j={plforalli # jand S; NU; = {p} foralli, je{l,...,s};
3 frSHcCs, W) CUy

4) thesets S; NA(cl(N \ L)) and U; N d(cl(N \ L)) alternate in d(cl(N \ L)).

Proof. Let H, \ {p} = \Jv,, where y,; are the components of H, \ {p}. Asin
Proposition 6 we have that cl(y,,) = v,, U {p}.
Let us consider a component of H \ {p}, ¥ m(:) C n_l(A(p,)) such that y, (l)

oy (L;) # @ (see the Main Theorem for a proof of the existence of y (:))
We define U; = J,en f~ ”’(cl(ym(l.))). Since N, f~ "'(H,) = {p} itis not difficult
to see that U; C H, is a trivial shape continuum.

We have f~"(U;) C U;, p € U; and
U NaCl(N\ L) =y, iy d(cl(N \ L)) C an(L;).

If we repeat this construction for i € {1,...,s} we obtain Uy, ..., Us with U; N U; =
{p} foreveryi # j.
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Let us construct the sets S1, ..., Ss. HS\ {p} = Jy,f where y, are the components
of Hf \ {p}. We have that cl(y,f) = y,f U {p}. Let us consider the set 6 = {p1, ..., ps}
with p; adjacent to p;.

We define K; = (),en(f)" (cl(A(p;))) for every i € {1,...,s}. Since (f")"
(cl(A(pi))) C cl(A(pi)), itis clear that K; is a continuum with {p, p;} C K; = ()" (K;)
C cl(A(pi)).

If pi—1pi is the arc in d(cl(N \ L))/~ which makes adjacent p;_; and p;, we
have that there is a component y;{(i) of H ;r \ {p} which intersects K (the component
of 3(A(pi)) separating pi from 6 \ p;, see the proof of the Main Theorem) and
ICUN \ L) Ny, C 7 (Pimipi)-

Let us consider the component B; of Ny \ |J}_; K; which contains ym( ) Since (f7)"
(K;) = K; (with f" orientation-preserving) for every i € {1, ..., s}, then it is not difficult
to see that (f’)’((H;r \ {phH N B;) C B;.

Using that (1), f™" (HI‘,") = {p} it is easy to check that

Si = £y, € Hi nel(B)
neN

are trivial shape continua fori € {1, ..., s}.
We have f"(S;) C Si, p € S; and

S; N3N\ L) =yt () O d(cl(N \ L)).

If we make this construction fori € {1, ..., s}, we obtain Sy, ..., Ss. Since B;NB; =¥
fori # jand S; C {p} U B; we have that §; N §; = {p} forevery i # j.

It is obvious that the sets S; N9 (cl(N\ L)) and U; N (cl(N \ L)) alternate in d (cl(N\ L))
and U; N'S; = {p}foreveryi, j e {l,...,s}. O

PROPOSITION 8. Let f : U C R? — f(U) C R? be a homeomorphism and let p be a
fixed point of f such that {p} is an isolated invariant set which is neither an attractor
nor a repeller. Let us consider a strong filtration pair (N, L) of period r such that
{p} = Inv(cl(N \ L), ). If the number of components ofH;' \ {p} is finite, then there are
exactly 1 — ip2(f", p) components.

Proof. In this situation we have that every component of H I‘,” \ {p} intersects 9 (cl(N \ L))

For each component y,jl‘ there exists y,jl',, such that 7()/’:,,) - y and f’ (y ) C ym
for some component y'jl',. Then H l‘," \ {p} decomposes in a finite union of components

on which f” acts as a permutation. Let us consider A(p;) with p; € {p1,..., ps} where
pjand pjyq are adjacent for every j € {1,...,s — 1}. We have that there exist two
components y (:)’ ' (l) of H+ \ {p} such that Ky C cl(y, (l)) U cl(ym (:)) Let us
see that (f’ )’(ym(l-)) C ym(l.) and (f )’(ym,(l.)) C ym/(l.) In fact, if y+ (:) =V, (l) the
result follows automatically because, in this case, H;r \ {p} = ym(l.). If ym(i) #* ym,(l.),
following the proof of Proposition 7 we have y;{(i) C B;i and y,:{,(i) C Bjy1 with
Bi # Biyy. Since (f)"(Kp,) C K, and (f)"((H,S\ {p}) NB;) C B; fori € {l,...,s)
we have that the result is proved. Then there is no y P {y i)’ y,jl',(l.)} such that

(f ) (v, //) c V (i) U V ! (i)
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Let y, ¢ {y,;:'(l), yn';(l), cees ,:(S), yn';(s)}. Since each x € A is such that there is
no € N with (f/)"(x) € A(p;) for some i € {1,...,s}, then it is easy to prove that
(T)nr(y’j[) C Vngr(i) U y;{,(i) for n € N big enough and for some i € {1, ..., s}, and this
contradicts the last paragraph. Then we have that there is not such a y,".

Since {p1, ..., ps} are adjacent in d(cl(N \ L))/~ we have, by the same arguments,
that y’:{/(l.) = r:(i+l)’ and the result is proved. O

As a consequence of Theorem 3 and the Main Theorem we have the following.

COROLLARY 4. Let f : U C R? » f(U) C R? be a homeomorphism. Let p € U be a
fixed point that is the unique periodic point of f. Suppose that there is a topological disk
D such that p € Inv(D, f) C int(D) and that there is not a disk B C D containing p such
that B C int(f(B)). Then, there are r € N and a disk N such that the components HY,
of Invt (N, f), and H, of Inv™ (N, f), containing p, are trivial shape continua such
that limy_ 00 f¥(x) = p for every x € H;, limg 00 f ¥ (x) = p for every x € H, and
H;' N d(N) and H, N 9(N) have at least 1 — ip2(f", p) components.

Combining Theorem 3, the Main Theorem and Proposition 7 we obtain the following.

COROLLARY 5. Let f : U C R? » f(U) C R? be a local homeomorphism. Let p € U
be a fixed point of f such that {p} is an isolated invariant set which is neither an attractor
nor a repeller. Then, there are r > 1 and a neighborhood system of p, {Bm}men, such
that if H ;r " and H,™ are the components of Invt (B, f) and Inv= (B, f) respectively
containing p, HI',“" and H,™ are trivial shape continua such that limg— oo f¥(x) = p for
every x € Hl',"’" and limy_ o0 f % (x) = p for every x € H,"™, and HI',“" N d(B,,) and
Hp_m N d(Byy) have at least 1 —ig2 (f", p) components, for every m € N. Moreover, there
exist trivial shape continua S{*, ..., SV, U[", UM in By, with s = 1 — i (f", p),
such that:

() Ui S c Hf™and \JiZ, U" C H™;

2) S;"OS;." = Ul.’"ﬂU;." = {p}foralli # jandS{"ﬂU;” = {p}foralli,je{l,..., s},
3 frSH st o cur;

(4)  the sets S N 3(By) and U" N d(By,) alternate in 9(By,).

Remark 3. Le Calvez, in [9], proved thatif f : U C R2 — f) C R2 is an orientation-
preserving homeomorphism, p € U is the unique fixed point of f and D C U is a disk
such that p € int(D), then if int(Inv™ (D, f)) = int(Inv— (D, f)) = @ it follows that there
are a disk D’ C D and a homeomorphism f* : U ¢ R? — R? such that Fix(f*) N U =
{p}, p € Inv(D’, f*) C int(D’), f* is uniformly near to f and f* = f in a neighborhood
of p. Therefore, as a consequence, using Theorem 3, if ip2(f, p) = —n and there is a
disk D C U with p € int(D) such that int(Inv* (D, f)) = int(nv— (D, f)) = ¥, we can
find a sequence of similar homeomorphisms { f;;,} — f such that all of them admit strong
filtration pairs of period 1. We can apply the Main Theorem to each f, to get sequences
of compacta {K,}} — K* and {K,,} — K, with the upper semicontinuous topology.
In particular, if f is area-preserving then int(Inv* (D, f)) = int(Inv— (D, f)) = @ and one
can apply the above argument (see Theorem 1 and [1]).


http://www.journals.cambridge.org
ijuarez
Rectángulo


A stable/unstable manifold theorem 315

Acknowledgements. The first author wishes to thank the Mathematical Institute of
the UNAM at Cuernavaca for its hospitality and support. We also are indebted to
Professor M. A. Mor6n for his comments and to Professor R. Ortega for sharing
his knowledge with us and proposing to us some of the problems we studied here.
Finally, we also wish to acknowledge the referee’s suggestions which have been useful
in improving the first version of the paper. The first author has been supported by MCyT,
BMF 2000-0804-C03-01.

A. Appendix
Definition AI. A compact set N is called an isolating block if

FINYNNN f7YN) C int(N).

Definition A2. (See [15]) Let S be an isolated invariant set and suppose L C N is a
compact pair contained in the interior of the domain of f. The pair (N, L) is called a
filtration pair for S provided N and L are each the closure of their interiors and

(1) cl(N \ L) is an isolating neighborhood of S;

(2) L isaneighborhood of N~ in N; and

3) fL)Nc(N\L)=40.

THEOREM Al. Let f : U C R? — f(U) C R? be a homeomorphism and let us suppose
that there is a disk D C U such that Fix(f) N D = {p} and Inv(D, f) C int(D).
Then, there exists an isolating block N, such that N is homeomorphic to a disk and
Inv(N, f) C Inv(D, f) and p € Inv(N, f) C int(N).

Proof. We give a proof shorter than that of [21], based on the following argument that
seems to be due to Yoccoz.

There exist an integer ko > 1 such that m—kosksko f~%(D) C int(D). Let us consider
a family of disks { D }o<k<k, such that

Do = D, Dy C int(D4+;) and ﬂ f7¥(Dy,) € int(Dy).
—ko<k=<ko

The connected component U of (1)_y <x<, f ~*(Dy) that contains p is a Jordan
domain, by a well-known theorem of Kerékjart6 (see [18]), which means that its adherence
isadisk N. The set X = ()_4, <x<, f7%(Dy) is an isolating block. Indeed,

ffxonxnfx = () o () Aoy () £ D

—ko=<k=ko —ko=<k=ko —ko=<k=ko

c () o N o () o
0<k<ko—1 —ko<k<ko —ko+1<k<0

c [ ffanuDw) (intDo) () FFGnt(Dp) C int(X).
1<k<ko —ko<k<1

The disk N is itself an isolating block because

FTUN)YNNN F(N) Cint(X) NN C int(N). o
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THEOREM A2. Let f : U C R* — R? be a homeomorphism. Let us assume that there
is a disk D C U such that Fix(f) N D = {p}, Inv(D, f) C int(D) and that there is not
a disk B C D containing p such that B C int(f (B)). Then, there exists a filtration pair
(N, L) such that p € Inv(cI(N \ L), f) and N and the components of L are topological
disks.

Proof. Let N be the isolating block constructed in the above theorem. Using Theorem 3.7
in [15], thereis L = L1 U ---U Ly, such that (N, L) is a filtration pair and L is a two-
dimensional manifold. Then, L is a finite disjoint union of n disks, each of them having a
finite amount of holes.

Given the disk G, a hole of L;, first, we will check that p ¢ G.

Indeed, otherwise we can take the smallest hole, Gg, of all those containing p.
Since f(L) Ncl(N \ L) = @, it follows that f(3(Go)) Ncl(N \ L) = @. Since there is not
a disk B containing p such that B C int(f(B)) one gets immediately a contradiction.

Now, take (N, D(L)), where D(L) is the family of disks obtained by filling the holes
of L. In order to check that (N, D(L)) is a filtration pair, only a proof of the fact that
f(D(L)) Ncl(N \ D(L)) = ¥ is needed.

Let{D(L1), ..., D(L,)} be the disks obtained by filling the holes of L;. Then D(L) =

" D(L;).

Since cI(N \ D(L)) C cl(N \ L) we have that f(L) Ncl(N \ D(L)) = @.

Let us write c1(D(L;) \ L;) = D’i U---u D;(i) which is a finite union of disks.

Then,

p(1) p(n)
ﬂD@»mmN\Dunz<f(Lﬁﬂ)uu¢u(LJDQ>mmN\D@»

j=1 j=1

Since B(D;) C dn (L), from the properties of filtration pair it follows that
f(a(D;)) C int(L) C int(D(L)).

Therefore f(D;.) C int(D(L)). Consequently, f(D?)ﬂcl(N\D(L)) =@and f(D(L))N
cI(N\ D(L)) = . ' ]

Proof of Theorem 3. Take (N, L), a filtration pair for Inv(N, f), as in the above theorem.
N is a disk which is an isolating block, and L = Ly U - - - U L, is a disjoint union of disks.
Without lost of generality we can assume that L; N N~ # J forevery j € {1, ...,n}.

Divide {L1, ..., L,} into two classes:

(1) the L; such that N \ L; is not connected; we will say that these L; are transversal
with respect to N;
(2) the L; such that N \ L; is connected.

Denote by {L1,..., Ly} the family of the transversal components of L that can be
connected with p using a path in N without intersection with any other transversal
component of L and let {L,41, ..., L;;} be the family of non-transversal components of
L that can be connected with p using a path in N without intersection with any other
transversal component of L.
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Foreachi € {1, ..., p} define

Li =N\cc(N\Li,p)

where c.c.(N \ L;, p) is the component of N \ L; containing p.
Consider the pair (N, L) with

- (Of)u( U w).

i=1 i=p+1

Each component of L is a non-transversal disk and (N, L) is a strong filtration pair such

that p € Inv(cl(N \ L), f) C Inv(D, f). O
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