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s Javier MONTER@®
:menrMchELll;? Dep. of Statistics ond O.K. F 1n view of the sbove detiaition, I can be immediately verified that ®WA eperatnrn are conunutatise,
('("’wf s’y ‘:)/ ‘(m: ; (‘(‘nuﬂ;éemt Uninqsi:.y - monotone and sdrynind. Mareover, the value ¢ar. .. Ga) Oemin an Olnlogn) tirme 4o br s3aluated
‘niyers aien & . & ince the o 10PN RUOTHC muad be socted
Catonio, fHaly AMadrig, Spain As prevsgualy comminrnted. (02 1Y QWA Opeiater 9 ux have
ﬂjl“h '10.4.]<‘[°h ‘Q)SM. aL. - -eaa) (1.1)
Absusect

Two agaficabve meaevees are mereinted with OVA oporasces of dimmmsos b.

K (1) Tbc first weasore i called orncss and 91 acimaten bow chse an OWA opoale i @ the mex
opecasor. In dorails U detore of ofvese is defined a5

Ia thic papss we wil) a0alys9 suine competmtiopt) prublems cdased with (e vee of (WA oprrzhns
ad inframaliam aggiivaicre M P Ucdd ¥ wi) O®RADxle 08 B) Giravdins) «gErEFAD of
OWA opesasars 14 dchaed in |4,

Koy wards: ARRregd lios aP<ralods, tombinatotial npimnizalmm eraces{p) = "'_"fglln — i
A whenwen in [13)

wetir soi 9} < orniese(@’)
1 Introduction and preliminaries when Lheie anvesciatad wnights [un, wa) 80d (Wi, . -, ) verdy that

zu:,‘g'z:uﬁ vi=1l,....n (1.2)
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Ordered Wetghted Averuying /@) oporalars ware fimily progvsed by Yager w (10 amd scudicd nibse. i
anentely by many uthee antlors balh (rom a thevrahical and a practical pg’mt of view (e [1n instaoca
{4.6.8.14]) Lo is well known that 1.oonas and ‘T coburrns reprosens aggregation eperalors thau K«pet;hze
the puslon of cutjunrlion and dinjunctinn of ¢lassiral loge wilh, particular, the min opetator hamf.‘t_he._
maxicrie] ‘I-nnrin and Lhe taax oparesor haibg the minimal T cenornn (sre [10].) OWA nm.fatou ve iy
e nice property uf filliog tie Bap hwtweon spin und maa, Intail lYely‘. t,heu.: by means ot OWA operaters &
we can go from corlmictinn (iuleranesing) s0 didunelion (miion) in a centinusus way. T .
T norms aad 1-conurms are also asaoristive 'Chik, givep any V-nnem oy T-csneern /t"z.‘y] an¢l given
aoy ™ valucs (at, ... an), we can apply the Asme operncive defimtion of £(z,y) W oblain F {a... .,aa). :
Mere n detals, we s¢e that we can evaluste narl valbe F(ur, . . er) either a8 #(f (w1, -1 1), 04) of .
Yoy. Flaz,.. .6a)? Clongequentely, pitirs We can rvalvate io cime (L), 3 ¢ in cenziaul cime. te value-§
F'ia. b} fur ary pair ¢.b we: nan ovaluate flay.... a) o tirne @in). i e abincar time :

The conversa of sha aliuve iv ubviously wol true. LI'his properly gives in fact an intoitive idea nf
whiie an QAVA operatne mual i rricsrs a0 “or” tlean one stbee @YWA oprralar.

Duel to the mnaatier 1f narevs in she awagoye of andness defined as
nteelumes(l = ) - orness{s)
which Uirrefere cimapad Row tlone an QWA cperalor is tn (e tnin operatec.

{m2) Theercond inoasure eallnd diaprzarce uticnales clie degree 1o which all nggergaten are sk d equally,

i.¢. che degyee w which a0 QWA rhetalar v claxe 1 the sitnpls average eperator  The degree of
disperwani ik dnlinrid an

Diep(s) = — z wiln ey

€=l

1.1 OWA operaters

To aimplify the fuemalizition of OWA opecatats wn make us of the oolion of softéngpermuxotiof\ of & list. ™3
WL = [er.ne.. ..on ixs b of aumbesxr 1 qorting wermutatlon ¢ for L s any perrnntatioo of thel]
cletwenta of 1. Lt produces » e a{L) = [041%. .. 1 djay) verifuing E

2 Ordcred hierarchles of OWA operators

1 Hierarchice) sggregations
2 a6y,

f. I acane recent weienl ifie. inveatikmtxonk the notton of nicrarchical sggregation of intermation hae bern
& Sotroduced aleng with soma charnitneluiaisn theorems aee (3.4 Intiilively, bierarchical aggtegations
& 27t apgyegacions of chunke of inforanatian whirh in Lurn repiresent sggregatad snformation. The practical
Feansequences of such hicsazedlieal \goragations ate quite intorcsting [f we liave nggregation maps of vrry
b big dimensiwis, hievarchics! aggerguticns veill allaw ve 19 deal with sub-aggregation operatury of amallet
[-dimenyinns, swhose cotnputalional jebm ¢an be patailelized: “fhus., it will br pautible 1o ebiaio a significant
e apezd up of the ol aggregMion prorexs, Marecover. hizrardiest sggngalirns albrw i 1seat input data
& 1n difitrent ways weording (e the 104cclyIng semantic f che agRregativs Prevean nul data ran be aeen
o divided inlo clusters, whow sxquercatntive is Jecided sccordmg tn an ad i agg regation operator, and,
I turn thea rvagdUDK t2PRECULALL 1S 2R 3¢ Aggtvated hy vet anathey ad hoc ag@k/cRalom operstor.

frralli <y

DEFINTTIUN 1.1 An {)WA ovcrotor af dimension i 14 an aggregution operaior ® thot Ags an areect”]
ated #1834 of wesghte W o g, w“i wurh fRat

LegcPRAfaroltl i€

230 =1
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2.3 Hieracchicat sggregafions of OWA opecatars

vopot date mlmninﬁlbmh]mimwlhhuwwwog!bemhmmmkm
1‘;::‘& hum&:‘lwmnlw This s79¢ of hierarchical agugiia® sDrwe vevy gaincolly Ly _
o dYWsOWAanﬂWWM
Fonaally, let 90,9y, --- ., $¢ bee + 1 GNA operako™ quch that

t grample 3.1 Lat o, ¢ be tno OWA 0peraiom uf Amocamieo ¢ such that cheic associated wOgKo see,
. pepecUvely, su2 = 1. e = 0 fioe alls £ 2ad wiy = ogy = 1/, wl, = Oborall + # 1,3 Then,
b orvas{dy) = ovress(dh). Lt aom & Ye the mintrmin tul: (Le.. ornees(@)) = for 2tz = 1, __,¢).

[ Tocn the diaence b arnesi{de($1. -, 4.} 204 orncss((61.. ... 6,)) =ill alill d=pend oo the
. celslive aiwce B2 ood ﬁad(}WAwh.o‘. a

“fbe dsaperaion of the hierarchical aggregation can be comiwted as follows
%, Depote by ¢ an {YWA operator obtaioed ftom mii urdered hiecaccbical aggregation uf QWA operaters
E dn. 6. - B with dimensions ¢, Ay, ... hc reapective]y Cloaely,

» é0 has ditmeneion c;

¢ ¢; baa dimcnaion H; feraay i=1,2.. . ¢

e T pi=n

# L
A0, .. e be the weightyasseciated te do, eild for ol ¥ m 1, eleb ... s, e the weighied Biep(d) = -,Z],g wo.j . lolwes v ;]
emotipted to ¢:. ¥ : x-,‘
DEFINTTION 2.1 The ordercd hicrachical compesition of ¢e. 91, ..., @ 1 defined by x = = EZ:["‘U.I"‘h IPuig; + wo,wjiln, )
i= (=
dol(Py,- . P doe . au = dalonfaqal, o oaiad)i s dekalone il vmis)) A c _
i = -Y wsloun, - zuu Disp(4;)
for all m-uptes (a.,. .., o)t : )=t !
; ide for 1¢ ordered Aversyehscal] 3 N .
DELFINITION 2.2 {f o pra2esty [ A8t 80fds for o, $y.93.. ... O Ralds [or Hhe or : = Dures}+ 3 wosdlieple;)
agqregahon doldy. ... 8.) s weil, we i sag chat Y pmmnunodzn nrdeeed hierarchicsl aggregations, %: 5
9 . Thecefore, the dhgexsinm of the hirrarchrical AZrvea1ons dcPndb diertly 8000 te A€ pascms of the
Aommmumm&emdmsw'w*wf"‘@h“““m $vR OWA cpecedar,

wwfﬂmaswdlnswmiw‘Wﬁo’mmf‘ Io both canca it 35 thendare cheas thal nee b 0PETOI0TI Fo amd ¢y, . .4, B foed 1Den 1he o
v apd dipension valnes of Ihe himrachical aggrepativa dupendd opme (he prluenias erdering of ther - @WA
. . OPerAtdns O - - - W

3 On the degrees of Orness and Dispersion IU is thes, watural tn ask the Fslloaving yuestintin
Grivep & fixed ordered hierscrhical aggegation ¢ a $ol@), . . 8-) basrd 0pon c + 1 (A ""F'""“‘“"I

(1) How ran one guickly find en ordering 1f chiows 0 O\WA 3g87eRs1el uprralors which maximizes [rest,
Yegr1a's otncss meanure takes the rxpression

minimizes) the dispersion value of the bicearchlea) 8ggregation ?

. n—1n=1% 1 _ % [2) Low can oec gaickty ind an ordering of those ¢ OWA aggrcgaicd epcratars which wmaxirniges licop
orncad($) = & - e Ly 0 =daln,...s ) nunimises; the orneys valuc of the hiecatuhicnt nggrogetioo 7
where The above mentisocd compucationad prablems have aleeady been prodescd end characterized in |5.7]
bl g ~%%_ R
a= (o hi ) Lt P o ogn Ny e . .
R g e S TR - 4 Maximizing and minimizing dispersion and orness
4 b :
oo {E.;: ty + m) R m'_..,ll hy - Lﬂml[hﬁﬁ = - Let @0 be an OWA eperator of dimension ¢ and lat @ = {8, 1 <43 € ¢} be a given set of QWA npecators
>_‘ a—1 hym = n=1 LE .o let Ag. .., &c Lbeir cespective dimenaicira.
i I oruess{d) . 3
o 'Lp;u i i 1) — 4.1 Dispersion
2 z ; i We uant by @ovidiag p-dv gonsal algewbas 2x [resp aainmier| the degeoson oof the hirrar-
Soc wll i = ba. ..., with f; the dimrusion of endh g, a0d (V5.1 ey ,) its mmaisted weus, Hentt, | ¥ [ W amariaa | v

: ehecal gpregation.
~ - k A [] mdi > o ,! thal
€ (by = tjornensig )+ ® L Let 7 be n pommeatioo of vbe fadices 1.2 o} aue
ancua[¢)=z "

=1

o i it aad oy if g, miq) & B0 )
Obvieusly, cbangrsin 4]e weighta for j = I, ¢ iosuch a way that f)rrusé{d,] du::x nay decrewse T .
= ¢ will gever ke ornicsa(d) deczenss. Ruwaver, increasing orness(dq) does nut MeTeEEAICY
inrsease orncas(s) as showe by the fellewing examplo,

Yetuntively, for i = 1.2,.-.,¢c. Wp,,¢,; is the i-4h weigld in pon.increaing erder.

let ¢,. .. 0c be a Ziveo ardeting nf tlie @YVA operators in &.
The foltowing lesmmas beld.
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The abewe 18 the dlassical enifracat ProMg (Mt knowa aa lhe Agardike weighiad meicdiag proflony
(oee [12), citapees 11) end cam b2 molved by the mrcalled Amguring eucticd (2o [11]) o time &), Morc
cocebtly in |9 it Bas beeo Preven that b y umag apecial daka ®rwics i is Pumhle to pmac the abow
bosmd to A logc).

As praven in |3] we have thar e lagc) Wgorizhime can be given fr the mext agnibcative ceoes in
practce. Siuse caefz tic of the @ver ¢ QWA operstors repicseats partial infocmation te be aggregate:)
jo1o nuly ooe indrx. it is eammen te defige tlem lo such & way that catber

LEMMA 4.1 7%z nolee Dis(d) = Disg(de) > E:_; waDislgy )} & Na@AEM i ond only of the 3
adamgd.. o, confes ¢

i< § of and wwly {f Disp{dein] 2 D"P{"-EH.}' 5
L]

LEMMA 4.2 The value Buspl) = Dusnldy] & 100 | oy INspld; ] i snimman f and only of the an
deming 6y, .. de versfies ) :
o they reotain the same amount of informuticn. in this case, all OWA abrcaters in & will have tle

¢ < j of and only f Displda ) S DieX i) name dimensiea h surch that n = Ag; or

% (hey Leeat cheir inputa with the ~ame degiee of oplimism (pessimism). In ¢bia case, nfl @IYA
ngeratecs will bave the same degrca of dracas,

In wiew uf the above Lermmas and from the well-koown resolt (aee, ¢ g, [1]) that any given & nombers
tan be sorted in O0x lug n) time, we can claim that the following theoram is troe.

F' 5 Final Comments

THEGREM 4.1 &wen an O WA operatordy of dimension ¢ and & el of & (VWA cperalors & and givey
therr dupersens, there ezints a CHeloges) ofgoribm which produces an ordering of ® masimazing fpe
minanizing) the disprrnen of the hisrarchical aggropairon o

Tu this paper, we cestituie our researcl work aimed a sat| ‘ aggre
) i b & full cbaracterization ef hie f j

. Eﬁ;rat:rnugozzgfz;z]]l?i focuasiog oue attention cm the hircarchical Asgr:g::nnu :;;’:\c\l’:c:::cuto:t:::
3 a reloted cemputatienal problerny {(8)}. Sioce the property »f belok an O

¢ propagates under ordered bieearchical aggregations w‘\d siocr the X el o
k. 1 » the arness and dig of i
: ;\:i\a:lmraﬂlw ::J-end. uPen the 81ven orderiod of the aggreLated CWA opemm:,u::;ncﬁuﬁum
E UCs Cam be cammizad or minjpized. dg ] i ] \

R . = w::;i:;»e hare IO gag Polynomial algrith me whid

4.2 Orness

Th= proldesm of mexivmming or mumimizing the oroes of the hicrarchocal aggregstion st & fisl sight 'y
appears in be guile more dificult from & compulalivasl point of vicw mod ila {polybonial) ealution
definitely more subtlr. Rowever such & problem can be prduced fu the classicsl combmatorial esiipnment
prodiom for which there cxislx a (42} alguoithen (442 [7] for morn detaale].

Rrefly. we ave that r
43

i Azkoatedgiomse This rarasd beos deen (a2l g rppurted by Dueachin Geneal o Tnvertigas gin
Cxoufra y Téceara (Spaah MELDn,| grant PBY]-N389)
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ABSTRACT

in this paper some reaulta on greup decision makiag under linguistic preferences and fuzzy
Sonistic quantifiers are presented. Assurning a set of individual linguistic preferences, rep-
nting the preferences of the partic ular individuals, we develup a solutien nethod (er the
proecys. We define a linguistir. ordercd weighted averagiag operater. and use it fer de-
fing a collective linguistic preference where the weights are defined using a fuzzy linguwistic
,Jr i tlfier Finally, we use the soncept uf nondenivated alternatives for ubtamnq a sel of max-

finl nendeminated alternatives from the collective lingnistic preference, that is, the solution
» the decision proceas.

faywords: Croup decision making, lnguistic preferences, tingnistic quansifiers,

in decision making. Several authers ha w pravided interesting results e group dectsion
fhsking or social choice theary with the help of fuszy sels. They bave pruved that fuzey sets
ided 3 rere flexible framework fur discussion greup decision ruaking 15, 8, 9, t1).

Bt in a fuzzy cnvironment it is suppesed there exists a finite set of allernatives X = {zy,..., 2a}
well as a finite set of 1ndmduai< N ={1,...,m}, aud cach wdividual £ € & prowdee his
eference relation on X, e, P* < XxX, and iip, (.. 2,) denstea the degree of preference of
native z, ever z;, up.(:.,x,) €0t

- Somnetimes, however, an individual coufd have a vague infarmatien abeut the preference
ee of the alternative r; over z, and can net estimate his preference with as exart nomerical
Blue. Then a mere realistic approach tmay be (e uac linguistic assesstments jnzlead of numerical
Blues, (hat is. te suppose that the variables (preferenu relations} which participate in the
s lens are assessed by meavs of Huguistic terms 15, 17. 2. 4, 6. 12i. A scale of certainty
IPreasions {linguistically assessed) wuuld be presented to the tndividual which could thea use
i "Q describe his degree of certainty in a preference.

Assuming a set of judividual lingulstic prefencnces, we preseat a sohitiou racthod for the:
ce process, We define a cellective linguistic erdered weighted averaging {L.OOWA} eperator,
use tt for deriving a cellective linguiztic preference whree the weights arc defined using a

linguistic quantifier. Fiually, we usc de eumncept. of nondominated altetnatives for ebtauing
set of maximal nendominated altetnalives from the cellective lingiistic peeference, that is,
g salntion to the Jdccisien process.

g This model seems to be more humau nnsistent with the social choice in an imprecise
camen, The linguistic decision process can be sumniarized in the figure 1.
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PREFACE

Soft computing constitutes a collection of disciplines which include fnzzy logic, neural
auwarts, pantic §)gotithms and grobatnlisiic resscmiag. it is fast cmexping a5 a W0l fo
help computer-based intelligent systems mimic the ability ot 1he human mind to employ
modes of reasoning that are approximate rather than exact, The basic thesis of soft
copputing is thal precision and cenatnty cary a cost and (hat intelligent systers should
exploit, whercver possible. the tolerance for imprecision and uncenainty. Cansidetable
success has been zchieved in the application of this procple. gspecially with the use of
fuzzy logic, in Ghe dsvelopment of a latge number of iniclligem coniral systems. These
types of systems have appeared in applications as diverse as large scalc subway conlrvllers
and as small as video cameras. We are now at a jiuwctune whese the ideas implicit in soft
computing w:ll begin ta have significant impact in many other doma.ns of application. this
it especially truc of snferrnation-ielated applications sweh a5 datanase sl informatiao
rincval Asater ares whce we shall sue grex ase beiag meds of Azxy Yogic rechonlogy
i in (ke construction of “things that ttink", for example a coal that ¢an adapt us thermal
prepertics to different weather coaditions.

Thiz volume focuses on the cuirent stale of soft computing, cspecially the fuzzy
logic component. It comprises scven segtlons. The fiest section consists of theee arlicles
oD fuzzy logic snd genei Ypxadar The Senund e«thun focuscs oo the issuc of learmng
in soft cempuating. The third section, on hybrid and fuzzy systems, concerms itsclf with
the use of fuzzy logic in a number of differcat paradigmis emplayed in soft computing. The
fourth scction is daveted to decision and aggregation technlques. The Ffifth section
cencentrates on the use of fzzy techiologies in database syatems. The sixth section has
&) enicles on (oumdati coal issues m foazy sot Oewsy. The fisal section deacsibes 2 anmder
of applicakiams in which fuzzy Jagic plays & major tele.

8. Beuchon-Mcuniet
R. R. Yager
L. A Zadeh
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