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Abstract. An application of multigrid techniques for the separation of principal
stresses in plane stress systems is presented. By establishing the equilibrium
equations and determining the value of shear from photoelastic data a system of
partial differential equations is obtained, which can be solved by applying a multigrid
method. Multigrid methods are comparable to Fourier methods in efficiency and
robustness and can be applied to processing areas of arbitrary shape.
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1. The problem of stress separation Now, if o1 and o, are the principal stresses at that point
and « is the isoclinic angle, which corresponds to the

The determination of the values of the principal stresseslocal orientation of the principal stresses, the following

at every point in a sample from any kind of direct relationships hold:

experimental measurements is calless separatianin

photoelastic experiments it is not possible to obtain the 0, — 0y = (01 — 02) COY2x) (29)

values of the principal stresses in every point of the 1 .

sample directly. What is obtained is the difference Oxy = (01 — 02) SIN(20x). (20)

of the principal stresses (associated with isochromatics) The difference of the principal stresses can be related to

and their orientations (associated with isoclinics) [1,2]. the isochromatic phasg which is obtained in photoelastic

Therefore, some information must be added to photoelasticexperiments, by

data to separate stresses. For instance, we can

experimentally determine the value of the sum of principal 01— 0p= —— (3)

stresses by interferometric techniques [2,3]. Another 21dC

possibility is the so-calleablique incidence methodFor  where( is the photoelastic constant of the materiathe

this technique different transmission directions are used thickness of the sample andthe wavelength.

giving different retardation measurements, from which it If we now define

is possible to compute the principal stresses [1]. The

method that we have chosen is the resolution of the — A (4)
equilibrium equations which are relationships between 2rdC
the spatial variations of the Cartesian components of the gnd two new variables
stresses and the value of the shear stress at every point.
The connecting point between photoelastic data and the ® = K§ cog2w) (58
equilibrium equations is the shear stress, because it can
be directly measured by photoelasticity [1]. W = K4 sin(2a) (5b)
In this way, if o, and o, are the components of e have
the stress at a given point in a fixed Cartesian system do 9P oV (6a)
of reference and,, is the shear stress, the equilibrium 0x ox ay
equations, in the absence of body forces, are given by Jo  9d 9w
—_—=— - — (6b)
doy | doy, 0 (1) dy 9y Ox
ax ay whereo is the sum of the principal stresses= o1+07 =
oy + oy. Itis interesting to note that this sum satisfies the
doy 00y Laplace equation,
= =0. (1b) V2% — 0 )

ay ax
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whereV is the Nabla operator. It is known that in this case
o can be determined in any region if we know its values
on the boundary of that region [4].

From (6) we can obtain the sum of principal stresses
except for a constant of integration that must be determined
by somea priori knowledge of the state of stress (boundary
conditions) or from another independent measurement.
Since we have by (3) the difference of the principal stresses
obtained from the isochromatics and from (6) the sum, we
can determine; andoy (or o, andoy).

We must then solve (6), a system of partial differential
equations in which the right-hand side is a set of
experimental values, which are of course discrete. We
see that the problem of stress separation is reduced to a
problem of integration of pairs of difference equations,
which correspond to the discrete version of equation (6).
Many numerical methods can be applied to achieve this Figure 1. A schematic diagram of the diametrically loaded
goal [4-9]. When dealing with stress separation these disc used to test the algorithms. The arrows show the
methods must be capable of working with arbitrarily shaped Points where the loads have been applied.
processing areas and of overcoming the problems associated
with the noise in the data. Noise problems are especially
significant, since we measur® and ¥ and then we
calculate their partial derivatives and mix them, so the noise
of the experimental data is amplified.

Two different approaches to the stress separation by the
integration of equations (6) should be mentioned. First, a
line integration is presented in the work of Haakel [10]. |
The main problem of this technique is that the variance of
the reconstruction error is proportional to the number of e i @_
points processed [11]. Also, the starting points for the 3
line integration are usually points on the border of the
processing area, which are frequently the most problematic
points. This results in a noisy (line by line) distribution of
stresses in the whole body of the sample. Finally, this is a :
local method that does not take into account the global D
structure of the derivatives, resulting in the possibility
that some local problems can be extended to the whole
processing area. Figure 2. A schematic diagram of the second sample used

On the other hand, Mahfuzt al have applied a to test the algorithms. The sample_consists of a plate with
successive over-relaxation (SOR) technique [12]. In this & n0le and a cut joining the hole with the border. The
case, the main problem is the slow convergence of the ?-Lrows show the points where the loads have been applied.

! . ; e line CD is at a distance from the border of the hole
algorithm—it goes a®) (N?%), whereN is the total number equal to one diameter of the hole.
of processed points —, which is very inadequate in practical

applications, in which the typical size of the images to be ) . ) ) o
processed is 512 512 pixels. equations (6), we will obtain a discrete estimation of the

partial derivatives of the sum of the principal stresses,

I I with respect tox and y, that we will denote byA;, and
2. Application of multigrid methods to stress AL J

separation ij

A?j = —DXCD,'J' — Dy‘IJij (8a)
We present he_re_a new r_nethod of stress separation that is Al = —D,®;; — D,;; (8b)
based on multigrid techniques [13]. These are methods of Y
solving partial differential equation on large grids, based Where we are assuming square pixels with = Ay and
on the idea of applying Gauss—Seidel relaxation schemesD. andD, are the discrete first-difference operators defined
on coarser smaller grids. as

From the experimental photoelastic dataand § we D, fij = fij — fi-1j (9a)
can compute® and ¥ at every point, thus obtaining D fi=Ffi—fii (9b)
discrete sets of value®;; and¥;;, wherei and j are the R
indices that correspond to the columns and the rows of the ~ From the estimations\; and A}, we must obtain a
image, respectively. If we calculate the first differences of set of valuess;; whose partial first differences fit best to

these points and combine them in the way that appears inA;; and A,‘J We must take into account that the values of
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(®) Figure 4. Distributions of the sum of principal stresses, o,
Figure 3. Distributions of isoclinics, 4« (modulo 27) (a) for the disc of figure 1, obtained with our multigrid method
and isochromatics, § (modulo 27) (b) for the disc of (a) and theoretically (b). Contour lines are included for the
figure 1. The scale is in radians. sake of clarity. In this and all the following figures the units

for the stresses are arbitrary.

Aj; and Aiyj come from experimental measures and are in
principle noisy. This will mean that, for some points of the and

grid (that is, for some values of j) the values ofA;; and Pij =Dy — AL+ A — A (13)
Al.yj will not be reliable. For this reason, we must choose

a criterion to obtain the best estimation @f from our
set of experimental values of differences. We will impose
a least-squares criterion [14]: the gradient of the figld
must minimize the energy functional

1
. =0y o1 o Y — 0.l (14
U= Doy = AP+ Y Dy — A2 10) %0 = allmy oy ¥ ot o) =gl (14)
LJ LJ

The problem is that the Gauss—Seidel relaxation converges
It can be shown [15] that the functian; that minimizes too slowly, even if optimizations such as the so-called red-

The classical method of solving equation (11) is the
so-called Gauss—Seidel relaxation method. In this method
the arrayo;; is initialized to zero and then the following
updates are performed in an iterative fashion:

U is the solution of a Poisson equation given by black method are used [4].
) Equation (14) is usually solved by Fourier methods
Va(oij) = pij 1) when all the points of the rectangular grid are valid.

However, in realistic cases not all points are valid. To
take into account this fact we can introduce somedghts

that corresponds to the degree of reliability of each point,
(Ui+1,j _20ij+Ui—l,j)+(ai,j+l_20ij+Ui,j—1) = Pij (12) 0< W j < 1. We can adopt, for instance, a binary mask in

whereV? denotes the Laplacian operator, that in discretized
form is given by
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Figure 5. Profiles of the principal stresses o, (a) and oy (b) 1N - 3
for the line AB of the disc of figure 1. The theoretical result
is represented as a full line. The circles represent the
points obtained with our algorithm. 5
which the invalid pixels are given a weight 0 and a weight
1 is given to the valid points. If we do this, we obtain | 1
a different Poisson equation and a corresponding Gauss-
Seidel relaxation equation [14], P e
1
Oij = F[(wf+1,j0i+1,j + chj'ai—l,j + wzj+101,j+1 (b)
v Figure 6. Distributions of isoclinics, 4o (modulo 27) (a)
+wiyja,~,j,1) — bij] (15) and isochromatics, § (modulo 27) (b) for the plate of
figure 2. The scale is in radians.
where
X ingan2 5002 Y min(in2 a2 . . . .
wy; = min(wi;, wi_q ;) w;; = minwj, wi; 1) (16) e especially well suited to improve the efficiency of the
. . ’ s Gauss—Seidel relaxation scheme.
Vij = Wihg j +wi Fwp g+ wy; 17 The key idea of the multigrid approach is to transform

the low-frequency components of the solution obtained by a
Gauss—Seidel relaxation into high-frequency components of
Equation (15) cannot be solved in an easy way using Fouriera coarser grid. With a coarser grid, Gauss—Seidel relaxation
methods; it must be solved iteratively. works very well and we need only translate the results
Gauss—Seidel relaxation provides the high-frequency obtained to the finer grids. A set of grids, each with

details of the function very fast, but it propagates this a double spacing between points, can be used and the
information very slowly, since in each step of the iteration information must be transferred first from finer to coarser
each point receives information only of its immediate and then from coarser to finer grids. This is accomplished
neighbours, so that low-frequency features of the function by the action of two operatorprolongationandrestriction

are difficult to obtain. For this reason, multigrid methods The specific details of the multigrid algorithm and the forms

A x X X Ax y Y oV AY
bij = Wity ;AT — WAL Wi Ay —wi AL (18)
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() Figure 8. Profiles of the principal stresses o; (a) and o, (b)
Figure 7. Distributions of the sum of principal stresses, o, for the line AB in the plate of figure 2. The circles
for the plate of figure 2, obtained with our multigrid method represent the points obtained with our algorithm and the
(a) and with a finite-element technique (b). Contour lines results obtained with the finite-element technique are
are included for the sake of clarity. represented as a full line.

of these operators, as well as a pseudo-code listing, can b&an be determined using various algorithms [16-18]. We
found in [14]. have used the one depicted in [18]. This is a phase-shift-

Multigrid methods are comparable in speed to based algorithm in which the retardation and the angle

Fourier methods and can be used with arbitrarily shaped _Of isqclinics are computed by an arctangent com_putation,
processing areas. Also, these algorithms are very easily!" this way we measure modulor2the retardations

implementable. Therefore these methods are a good choicé’émdhfour t_:_rrr:esf thcej isoclinlicd%r_lglfa4as fig_urez 3 _a;]ndh
to perform the integration of pairs of differences with show. e fundamental difficulty associated with the

realistic image sizes (up to 512 512 pixels) and noise accurate location of isoclinics is overcome by these phase-

levels. The results obtained are good, as the examples O]‘shift-based algorithms because the arctangent calculation is
the néxt section show ’ performed from the values of intensity at every point of the

area of interest, so we do not need to locate the isoclinic
fringes explicitly.
3. Experimental results In figure 4(a) we show the distribution of the sum
of principal stressesg = o1 + o2, obtained with the
To illustrate the performance of our method we have multigrid method. For purposes of comparison, we show
chosen two examples. The first one is quite academic: ajn figure 4(b) that distribution computed theoretically [1].
diametrically compressed disc (figure 1). The image size |n figure 5 the theoretical and experimental profiles of the
was 256x 256 points. A more realistic sample is used for djstributions of principal stresses (a) ando, (b) along
the second example: a plate with a hole and a cut joining the line A B of figure 1 are shown. The reconstruction error
the hole with the border (image size 5512 pixels). A may be computed by evaluating
compressive force is applied as indicated in figure 2. ‘2 v2
In figure 3 the distributions of isoclinics (a) and E— Zi,j(DXUif — ATt Zi,j(Dinf — A (19)

isochromatics (b) for the disc are shown. These parameters oA+ (Aiyj)z]
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Figure 9. Profiles of the principal stresses o; () and o, (b)
for the line CD in the plate of figure 2. The circles
represent the points obtained with our algorithm and the
results obtained with the finite-element technique are
represented as a full line.

100 800

that measures the total normalized least-squares error. Also,

we can compute the corresponding errors iand y:

. Z,‘J(on'ij - Afj)z

E, SORISHE (20a)
Y1, (Dyoij — A)?
E, = — ; . (200)
2802

In the case of the disc the values for the errors were
E =0.0636,E, = 0.0661 andE, = 0.0607.

Results of the same type are obtained for the other
sample. In figure 6 we show the distributions of isoclinics
(a) and isochromatics (b). In figure 7(a) the distribution
of o is represented. In this case we do not have the
theoretical distribution and we have tested the validity of
our algorithm with a finite-element technique, whose result
is shown in figure 7(b). In figures 8(a) and (b) the profiles
of o, and o, are shown for both results for the linéB
of figure 2. The profiles o6, ando, for the lineCD are
shown in figures 9(a) and (b). The reconstruction errors
were E = 0.1166, E, = 0.1194 andE, = 0.1142.

Stress separation by a multigrid method

As these results show, the performance of the multigrid
method for the stress separation is good. For both samples,
the number of multigrid cycles required has been three,
with a total number of Gauss—Seidel relaxations at each
grid level of four. The total computing time was 13.36 s
for the disc and 60 s for the plate. We can see that this
method is useful for this type of problem.

The multigrid algorithm has been implemented under
the MATLAB environment as MEX files. The programs
have been run on a Pentium PC at 120 MHz.

We can see that multigrid methods are well suited
to the process of stress separation from photoelastic
data. The use of this method, together with the phase-
measuring algorithms for determination of isoclinics and
isochromatics, permits the complete evaluation of the stress
state of a plane sample in a few minutes.
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