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Abstract

Non-uniformly and totally polarized (NUTP) beams propagating through
chiral media are investigated. These beams have been proved to be useful
in fields like polarimetry for the determination of the Mueller matrix of a
sample, particle manipulation, etc. In this work, we consider the effects of a
chiral medium (i.e., a medium exhibiting circular birefringence and circular
dichroism) on the propagation of such beams, and we study the evolution of
the transverse irradiance and polarization patterns, both inside the sample
and in the free space after the sample, in connection with the optical proper-
ties of the medium. In particular, we focus on a class of NUTP beams that
preserve their transverse irradiance and polarization pattern during paraxial
propagation, in free space or through ABCD optical systems, and the ad-
vantages of using them. Conditions are established such that beams remain
polarization-invariant after exiting the chiral medium, and simple procedures
are presented to gain information about the optical properties of a chiral sam-
ple through a suitable choice of the input beam and irradiance measurements
across the section of the output beam. These findings highlight the potential
of NUTP beams as a versatile tool for investigating optical activity in several
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fields, such as Pharmacology, Medicine, and Biology.

Keywords: Polarization, Propagation, Structured Light, Optical activity

1. Introduction

Non-uniformly totally polarized beams are beams whose polarization sta-
te changes from one point to another across their transverse section. Early
research on NUTP beams explored their generation by interferometric meth-
ods [1, 2] or using semiconductor lasers [3]. After the development of spa-5

tial light modulators (SLMs), many methods have been described to obtain
NUTP beams using this type of system (see, for example, [4–7]). Simple cases
of NUTP beams are radially, azimuthally, and spirally polarized beams [8–
19]. The introduction of NUTP beams has found applications, among others,
in fields such as optical tweezers, particle manipulation, microscopy, and po-10

larimetry, where the presence of different polarization states throughout the
beam cross section makes the determination of the Mueller matrix of a sample
faster and more accurate (see, for example, [20] and references therein).

The polarization pattern across the transverse section of a NUTP beam
generally changes with free propagation. However, this does not happen for15

some kinds of beam, such as radially, azimuthally, and spirally polarized
beams, whose polarization pattern remains invariant upon free-space propa-
gation. Actually, this would be a desirable property for a NUTP in various
applications, such as Mueller polarimetry with NUTP beams [21–25], because
in such a case it is often necessary to focus the input beam on a specific re-20

gion of interest and, conversely, to suitably enlarge the output beam to fit the
detector size, using optical systems that can alter the polarization pattern
of the beam. Therefore, using beams that preserve their polarization profile
during propagation would be particularly advantageous, as it ensures that
the polarization pattern remains stable and well-defined at any distance from25

the sample, and the use of additional optical elements could be avoided at
all.

Here we focus our attention on the propagation of NUTP beams through
chiral media, i.e., media that present optical activity, which mainly mani-
fests itself as circular birefringence (CB) and circular dichroism (CD). CB is30

defined as the ability of certain substances to rotate the plane of polarization
of linearly polarized light as it passes through them. This is due to the fact
that the refractive indices of the substance for the right- and left-circularly
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polarized light are different. For CB measurements, a simple experimental
setup is often used, with only a linear polarizer at the input and another at35

the output of the sample to detect the rotation angle. The input light is al-
ways linearly polarized by the first polarizer, while the second polarizer must
be rotated until a maximum (or a minimum) of the transmitted irradiance is
observed [26, 27]. Of course, such a system does not provide any information
on how the sample behaves for other input polarization states.40

CD is the ability of the sample to absorb the left- and right-handed cir-
cular components of light differently. Detection of CD is commonly used in
biochemistry and biology. For example, it allows the identification of differ-
ent components of biological samples, the assignment of secondary structures,
the characterization of the folding state of proteins, etc. [28–30].45

The behavior of some biological systems is directly related to the chirality
of some substances [31, 32]. Examples of substances that exhibit CB are nu-
cleic acids and proteins [33]. Measurement of the optical activity of proteins
gives us information about their secondary structure [34].

The propagation of different structured beams in chiral media, such as50

Airy beams, Airy- Gaussian beams, vortex beams, stochastic beams, etc., has
been investigated [35–41]. These studies show that chirality allows control of
the degree of polarization, coherence, chirp, and topological charge and prop-
agation dynamics, highlighting chirality as a tool for manipulating structured
light. In the present work changes in polarization and irradiance due to the55

propagation through chiral media are analyzed for NUTP beams expressed
as combinations of higher-order Gaussian beams. Although a decomposition
of this kind is possible for any paraxial beam, it turns out to be particularly
useful when the number of involved component beams is small. This is the
case, for example, of NUTP that are designed to preserve their transverse60

polarization pattern during free propagation. Moreover, some practical tools
using beams of this kind are also proposed for the characterization of chiral
media, enabling easy and quick recovery of their birefringence and dichroism
parameters.

The starting point of our analysis is the possibility of describing any65

paraxial beam as the superposition of Hermite-Gaussian and/or Laguerre-
Gaussian modes. In the case of vector fields, two orthogonally polarized
components will be expressed, in general, as different combinations of Gaus-
sian modes. These expansions allow explicit expressions to be given for the
field propagating inside a chiral medium.70

In particular, it will be shown that even fields that would preserve their
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transverse polarization pattern during propagation in free space do not re-
tain such a property inside a chiral medium. This is not surprising because
the two circularly polarized components of the field propagate with different
laws. Less obvious is the fact that such kind of beams do not present any75

longer a propagation-invariant polarization profile even when they exit the
chiral medium and propagate in the free space. We find a condition ensuring
that the beam emerging from the sample remains invariant upon free-space
propagation, of course, although with a different polarization pattern from
that of the input beam. This condition basically consists of the requirement80

that the impinging beam is suitably collimated, in a sense that will be spec-
ified, when it enters the sample. As we pointed out earlier, this property is
of particular relevance when NUTP beams are used in techniques where the
polarization pattern of the beam of the exit beam has to be detected just
after the sample.85

Further results concern the possibility of recovering the optical parameters
of a chiral medium by letting a suitable NUTP beam impinge on it and
detecting the irradiance profile of the emerging beam. In fact, it is shown
that the presence of CB and CD can be easily detected by visual analysis of
the transverse profile of the output beam and that a quantitative evaluation90

of such parameters can be carried out by measuring the irradiance in three
distinct points across any transverse plane of the output beam. For this
purpose, a simple optical setup is proposed.

The paper is structured as follows. After this introductory part, Sec. 2 is
devoted to the description of the tools used to study the paraxial propagation95

of the scalar and vector fields, of the parameters aimed at quantifying the
chirality properties of materials, and of the techniques used to describe the
polarization of light. Paraxial propagation inside chiral media is studied
in Sec. 3, while the specific case of collimated beams is treated in Sec. 4.
The effects of chiral media on the propagation of collimated NUTP beams100

are investigated in section 5, while the setup proposed to detect circular
dichroism and circular birefringence is presented in Sec. 6. The main results
are summarized in section 7.

2. Preliminaries

This section compiles the basic concepts related to light polarization and105

propagation in chiral media that will be used later in this work.
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2.1. Paraxial propagation of scalar fields

Within the paraxial approximation, a possible way to address the prop-
agation of a scalar field consists in expressing the initial one in terms of
Gaussian modes, whose propagation can be given in closed form. This ap-110

proach can be implemented in both rectangular and polar coordinates, where
the Hermite–Gaussian (HG) or Laguerre–Gaussian (LG) modes, respectively,
can be used [42]. In the former case, the basis functions are

HGnm(r;w0) =
1

w0

√
2−n−m+1

π n!m!
Hn

(√
2x

w0

)
Hm

(√
2 y

w0

)
exp

(
−x2 + y2

w2
0

)
,

(1)
where (x, y) are the rectangular coordinates of r, Hn is the Hermite polyno-
mial of order n, and w0 is the spot size, which fixes the transverse extent of115

the modes at their waist.
Analogously, for polar coordinates (r, ϑ), the Laguerre–Gaussian modes

can be expressed as [42]

LGps(r;w0) =
1

w0

√
2 p!

π (p+ |s|)!
L|s|
p

(
2 r2

w2
0

)(√
2 r

w0

)|s|

e−(r/w0)2e−isϑ , (2)

where L
|s|
p is the generalized Laguerre polynomial of order p and index s.

We will denote both families of Gaussian modes by Ψh(r;w0), regardless120

of the specific coordinate system we are using, where a single index (h) is
formally used, whose meaning depends on the particular class of functions:
it can represent either the indexes (n and m) of the two Hermite polynomials
involved in the definition of HG functions or the two parameters (p and s)
specifying a generalized Laguerre polynomial for the case of LG modes.125

Since Gaussian functions form a complete set in L2, any paraxial beam
can be written as a superposition of modes of the above types, with arbitrary
w0. In particular, across the plane z = 0 we have

V0(r) =
∑
h

chΨh(r;w0) , (3)

where

ch =

∫
V0(r) Ψ

∗
h(r;w0) dr , (4)
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the integral being extended to the whole plane z = 0, where the asterisk130

denotes complex conjugation. The field propagated at a distance z is there-
fore evaluated taking into account the effects of propagation on each of the
modes. The latter, in fact, keep their initial form, up to a scaling factor,
and acquire both a spherical curvature and a phase depending on the mode
indices. More precisely, we have135

Vz(r) =
w0

w(z)
e−i[kz+Φ(z)] exp

(
− ikr2

2R(z)

)∑
h

ch Ψh[r;w(z)] e
−iN(h)Φ(z), (5)

with k = nk0 the wave number, where n is the refractive index of the medium,
k0 = 2π/λ0 and λ0 the wavelength in vacuum. Furthermore,

w(z) = w0

√
1 +

( z
L

)2
; R(z) = z

[
1 +

(
L

z

)2
]
; Φ(z) = arctan

( z
L

)
, (6)

where L = kw2
0/2 is the Rayleigh distance. The parameter N(h) is related

to the modes indexes. It equals n + m for HG modes and 2p + |s| for LG
modes, and appears in the phase term [N(h) − 1]Φ(z). The latter term is140

known as phase anomaly or Gouy phase [43].
It is important to stress that, since each of the modes is shape-invariant

during propagation, the phase anomaly is the only responsible for the fact
that a general beam changes its shape during propagation [44, 45]. Therefore,
if we limit the sum in Eq. (5) to modes giving rise to one and the same value145

of N , we obtain a propagated field that, apart from a uniform phase and
a spherical curvature, is an exact replica of the original one, scaled by the
factor w(z)/w0.

2.2. Paraxial propagation of vector fields

Within the paraxial approximation, a typical electric field E, having150

transverse components Ex and Ey, can be described by means of the Jones
vector, defined as

E =

(
Ex

Ey

)
. (7)

The field components Ex and Ey represent the amplitudes of two linearly
polarized fields (along x and y, respectively). However, since we will be
interested in beam propagating through a chiral medium, it is also useful to155

6



represent the same field as the superposition of circularly polarized states,
namely,

E = ER uR + EL uL , (8)

with

uR =
1√
2

(
1
i

)
; uL =

1√
2

(
1
−i

)
. (9)

It is clear from Eqs. (7)-(9) that
Ex =

1√
2
(ER + EL) ,

Ey =
i√
2
(ER − EL) ,

and


ER =

1√
2
(Ex − iEy) ,

EL =
1√
2
(Ex + iEy) .

(10)

The propagation of a vector field is addressed by letting the two com-160

ponents propagate separately. In particular, for each of the two component
fields, an expansion in Gaussian modes can be used of the form of that in
Eq. (5). If the field propagates in vacuum or in a homogeneous medium, both
components experiment the same refractive index, and the same formula can
be used for both. In this case, it is possible to devise a class of fields whose165

transverse polarization pattern does not change during propagation, except
for a transverse scaling factor [45, 46]. To this aim, it is sufficient that all the
Gaussian modes appearing in the expansions of the two components be char-
acterized by one and the same value of N . This guarantees, on the one hand,
that each component does not change its transverse shape during propaga-170

tion, as we saw in the previous subsection; on the other hand, that even the
phase relation between the two components does not change, thus preserv-
ing the polarization of their superposition during propagation. Furthermore,
the transverse polarization pattern is preserved also for propagation through
any ABCD optical system because within such systems the beam parameters175

(i.e., spot size, curvature radius, and phase anomaly) of all the component
modes propagate with the same law.

Beams with invariant polarization patterns offer interesting possibilities.
They are due to the fact that, when a beam of this type passes through
a linear deterministic element characterized by Jones or Mueller matrices180

(such as a polarizer or a phase plate), its polarization pattern changes, but
the new pattern remains unchanged during subsequent propagation of the
exit beam [45, 46].
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More complex is the problem of a beam propagating through an anisotropic
medium. In particular, we will be interested in chiral media, which present185

different dielectric properties for left- and right-handed circular polarization.
Of course, in such a case, a field decomposition in terms of circular polariza-
tion states is more appropriate. This will be dealt with in Sec. 3.

2.3. Chiral media

A chiral medium, or optically active medium, is a medium that exhibits190

optical activity (OA). Optical activity can be considered as the combined
action of two effects: circular birefrigence (CB) and circular dichroism (CD).
Both such effects can be taken into account by a complex refractive index
that depends on the handedness of the circular polarization state of the
propagating light. We denote by ñj (j = R,L) the complex refractive index195

for right- and left-handed circularly polarized light.
The real and imaginary parts of ñj (j = R,L), namely nj and κj, are

the refractive index and the extinction coefficient for right- and left-handed
circularly polarized fields, respectively. Therefore, circular birefringence and
circular dichroism can be ascribed to the difference of the complex refractive200

indices as
∆ñ = (nR − nL)− i (κR − κL) = ∆n− i∆κ. (11)

An effect of circular birefringence of a chiral medium consists of its ability
to rotate the polarization ellipse of light passing through it. Depending on
the sense of rotation, the medium will be said to be dextrorotatory or lev-
orotatory (if the rotation is clockwise or counterclockwise, respectively). For205

example, linearly polarized light can be thought of as the superposition of
right- and left-handed circularly polarized light with equal amplitudes. Since
these components travel at different velocities, their mutual phase varies dur-
ing propagation, and this results in a change in the azimuth of the propagated
light.210

The rotation angle, say Γ, that the polarization of the input beam under-
goes when traveling a distance d within the medium turns out to be

Γ =
k0∆n d

2
, (12)

where d is the length of the sample. It can be measured directly by means
of two linear polarizers, placed at the input and output, respectively, of the
sample [47].215
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Analogously, if the medium presents circular dichroism, the following pa-
rameter can be defined:

Γ′ =
k0∆κ d

2
. (13)

In such a case, the ratio between the amplitudes of the two circularly polar-
ized components changes during propagation, so that the effect is no longer a
pure rotation but a change in the shape of the polarization ellipse is expected.220

2.4. Stokes-Mueller formalism

Within the Stokes-Mueller formalism, the polarization of a paraxial field
is represented by its Stokes vector, whose elements (the Stokes parameters)
can be defined in terms of the field components Ex and Ey of the Jones vector
in Eq. (7) as [48]225

S =


S0

S1

S2

S3

 =


|Ex|2 + |Ey|2
|Ex|2 − |Ey|2
2Re{E∗

xEy}
2 Im{E∗

xEy}

 . (14)

Therefore, S0 represents the total irradiance, while S1 gives the difference
between the polarized light components at 0◦ and 90◦, and the same holds
for S2 for polarizations at +45◦ and −45◦, and for S3 for circularly dextro-
and levo-polarized light. The four Stokes parameters can be obtained exper-
imentally from irradiance measures, using a polarizer at different angles and230

a quarter-wave phase plate placed before the polarizer [48].
It is also useful to introduce the normalized Stokes vector s, having com-

ponents si = Si/S0, (i = 1, 2, 3), so that

S = S0


1
s1
s2
s3

 . (15)

In terms of the normalized Stokes parameters, the degree of polarization of
the field can be calculated as235

P =
√
s21 + s22 + s23 . (16)
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The action of an optical system on an incident beam is described by the
4× 4 Mueller matrix of the system, that is,

M̂ =


m00 m01 m02 m03

m10 m11 m12 m13

m20 m21 m22 m23

m30 m31 m32 m33

 , (17)

in such a way that the relationship between the Stokes vectors at the output
(Sout) and at the input (Sin) of the sample is given by

Sout = M̂ Sin . (18)

Note that, in general, all previous parameters depend on r, so that the240

state of polarization may be different across the beam transverse section.

3. Paraxial propagation through chiral media

To study the propagation of a vector field through a chiral medium, we
start from the expansion of a typical field across the starting plane in circu-
larly polarized components, as given in Eq. (8), i.e.,245

E0(r) =

(
E0x(r)
E0y(r)

)
= E0R(r)uR + E0L(r)uL , (19)

with 
E0R(r) =

1√
2
[E0x(r)− iE0y(r)] ,

E0L(r) =
1√
2
[E0x(r) + iE0y(r)] .

(20)

The two circularly polarized components propagate with different refrac-
tive indices and, at a distance z from the starting plane, they can be written
as 

EzR(r) =
1√
2

[
E(R)

zx (r)− iE(R)
zy (r)

]
,

EzL(r) =
1√
2

[
E(L)

zx (r) + iE(L)
zy (r)

]
,

(21)
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where the superscript (R or L) denotes that the propagation formulas must250

be used with the corresponding complex refractive index (ñR or ñL). In
particular, the two components will propagate with different refractive indices
(nL and nR) and attenuate with different extinction coefficients (κL and κR).

Finally, we can go back to the Jones vector of the propagated field using
again Eq. (10). This gives, explicitly,255

Ez(r) =
1

2

 E
(R)
zx (r)− iE

(R)
zy (r) + E

(L)
zx (r) + iE

(L)
zy (r)

iE
(R)
zx (r) + E

(R)
zy (r)− iE

(L)
zx (r) + E

(L)
zy (r)

 . (22)

The propagation of the field can be studied through the expansion in
Gaussian beams presented in the previous Section. Therefore, Eqs. (5) and
(6) can be used, where k must be replaced by kR = nRk0 or kL = nLk0, de-
pending on the handedness of the circular polarization of the component field.
Then, the two components will be characterized by two different Rayleigh260

distances and then by two different beam widths, two different curvature
radii, and two different Gouy phases. Furthermore, the two components will
be attenuated by two different factors, i.e., e−k0κRz or e−k0κLz.

This implies, in particular, that the condition we recalled in the previ-
ous Section about the propagation invariance of the transverse polarization265

pattern (i.e., the same value of N for all the contributing modes) does not
hold any longer. More precisely, it holds for each of the components (R and
L), but it does not guarantee that the two components spread at the same
rate and maintain the same amplitude and phase in any transverse plane.
Therefore, in general, both the irradiance and the polarization pattern of the270

field change upon propagation through the chiral medium.
As an example of beams that preserve their transverse polarization pat-

tern during free propagation, we consider a radially polarized donut beam
having an electric field given by

E0(r) = E0 e
−(r/w0)2

(
x
y

)
. (23)

where E0 is an amplitude factor and w0 is the spot size.275

It can be easily recognized as the superposition of a HG10 mode polarized
along x and a HG01 mode polarized along y. In fact, from Eq. (1) we have

E0(r) = A0

(
HG10(r;w0)
HG01(r;w0)

)
, (24)
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with

A0 = E0
w2

0

2

√
π

2
. (25)

Its circular-polarization components are, according to Eqs. (20) and (2),
E0R(r) =

E0√
2
(x− iy) e−(r/w0)2 = A0 LG01(r;w0) ,

E0L(r) =
E0√
2
(x+ iy) e−(r/w0)2 = A0 LG0−1(r;w0) ,

(26)

whose propagation through the chiral medium can be evaluated by means of280

Eq. (5), where LG beams are chosen as the modes and, for each component,
only one term appears in the sum, i.e., h = (p, s) = (0, 1) and h = (0,−1),
respectively. Furthermore, for each polarization the corresponding refractive
index has to be considered. Explicitly, this leads to

EzR(r) =
A0w0

wR(z)
e−i[nRk0z+2ΦR(z)] e−κRk0z e

− ikr2

2RR(z) LG01[r;wR(z)] ,

EzL(r) =
A0w0

wL(z)
e−i[nLk0z+2ΦL(z)] e−κLk0z e

− ikr2

2RL(z) LG0−1[r;wL(z)] ,

(27)

where wj(z), Rj(z), and Φj(z) (with j = R,L) are given by Eq. (6), with285

L = Lj = njπw
2
0/λ0.

In Fig. 1 irradiance and polarization patterns are shown, obtained after
propagation of the field given in Eq. (23) within a chiral medium, at different
distances d from the input plane. The parameters used are λ0 = 632.8 nm,
w0 = 0.01 mm, nL = 1.5 and nR = 2.0, without circular dichroism (κR =290

κL = 0). As can be seen, during propagation, the beam polarization changes
from linear to elliptical at any fixed point of the transverse beam section.
This can be understood by taking into account that the ellipticity of the
polarization ellipse (expressed through the angle χ) is related to the param-
eter s3 (= sin 2χ) [26], which gives the difference between the intensities of295

right-handed and left-handed circularly polarized components. Since the chi-
ral medium affects the two components differently (see Eq. (27)), it is clear
that, in general, the amplitudes of these two components change in a differ-
ent way at any point (r, z > 0), and the polarization state from linear may
become elliptical, independently of their phase difference, which is related to300

the azimuth.
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(a) (b) (c)

(d)

Figure 1: Irradiance and polarization pattern inside a sample with nL = 1.5, nR = 2,
κL = κR = 0, λ0 = 632.8 nm and w0 = 0.01 mm, calculated for the beam given by
Eq. (23). The propagation distance inside the chiral medium is (a) z = 0 mm; (b)
d = 1 mm; (c) d = 2 mm; and (d) d = 4 mm. Note that the representation area has
been adjusted to the growing beam size. Green (red) ellipses represent right-handed (left-
handed) polarization.

Basically, the same conclusions hold, in general, for the beam that emerges
from the chiral sample and propagates in the free space. In fact, although
the modes are exactly the same as those of the input one and now all of
them experiment the same refractive index, the modes composing the two305

orthogonal polarizations emerge with different spot sizes and curvature radii
so that even in the free space, they propagate with different laws. Therefore,
the resulting beam does not present an invariant profile during propagation.
In fact, since the spot size grows faster for a beam with a smaller waist
size, a distance after the chiral medium will exist where the two orthogonally310

polarized components have the same spot size, so that the beam is linearly
polarized there. For shorter distances (or even longer), the polarization is
expected to be generally elliptical.
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Such an effect is shown in Fig. 2, where the irradiance and polarization
patterns are shown at two distances z from the output plane of the sample.315

The thickness of the sample has been chosen as d = 4 mm, while the other
parameters are the same as those of Fig. 1.

(a) (b)

Figure 2: Irradiance and polarization pattern outside a sample with nL = 1.5, nR = 2,
κL = κR = 0, λ0 = 632.8 nm and thickness d = 4 mm , calculated for the beam given
by Eq. (23) with w0 = 0.01 mm. The propagation distance after the output plane of the
chiral medium is (a) z = 1 mm and (b) z = 10 mm. Note that the representation area
has been adjusted to the growing beam size. Green (red) ellipses represent right-handed
(left-handed) polarization.

4. Collimated beams through chiral media

We mean that a Gaussian mode incident onto the sample is collimated
when its Rayleigh distance is much larger than the thickness of the sample320

and the latter is placed near its waist plane. A beam obtained as a combina-
tion of collimated Gaussian modes will be collimated as well. In such a case,
since the spot size and curvature radius of the modes do not change signif-
icantly when they pass through the sample, the only effect of propagation
through the chiral medium is a change in the mutual phase and in the am-325

plitude ratio between the right- and left-polarized components. Therefore,
while at the exit face of the sample the polarization pattern of the beam is
generally different from that of the input one, it remains unchanged during
the subsequent propagation in free space. In other terms, the effect shown at
the end of the previous section tends to be negligible, and the beam propagat-330

ing after the sample presents a propagation-invariant polarization pattern.
Such an invariance is also guaranteed for beams propagating through ABCD
optical systems.
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Furthermore, when the above conditions are satisfied, the propagation
through the chiral medium can be dealt with in a much simpler way. In fact,335

in this case the effect of the sample can be taken into account by a suitable
2×2 Jones matrix [49–52]. Denoting by Ein and Eout the fields entering and
emerging from the sample, respectively, we have

Eout = Ĵ Ein, (28)

where the explicit form of the Jones matrix Ĵ , derived in the Appendix, is

Ĵ = e−i
k0d
2

(nD+nL)e−
k0d
2

(κD+κL)

×
(

cos (Γ− iΓ′) − sin (Γ− iΓ′)
sin (Γ− iΓ′) cos (Γ− iΓ′)

)
, (29)

with the quantities Γ and Γ′ defined in Eqs. (12) and (13).340

The effect of the matrix Ĵ on an incident field can be better understood if
we express it as a product of two commuting matrices in the following way:

Ĵ = e−i
k0d
2

(nD+nL)e−
k0d
2

(κD+κL)

×
(

cosh Γ′ i sinh Γ′

−i sinh Γ′ cosh Γ′

)(
cos Γ − sin Γ
sin Γ cos Γ

)
. (30)

The first one is associated with dichroism and is written in terms of hyperbolic
functions, while the other one, expressed in terms of trigonometric functions,
is associated with birefringence. The latter is identified as a rotation matrix,345

which demonstrates the rotation of the polarization plane by an angle Γ as
the beam passes through the optically active medium.

In view of an experimental characterization of a chiral sample, the Stokes-
Mueller formalism is also useful (see Sect. 2.4). The Mueller matrix for a
chiral medium turns out to be (see Appendix or references [49, 53]).350

M̂AO = e−k0d(κR+κL)


cosh 2Γ′ 0 0 − sinh 2Γ′

0 cos 2Γ − sin 2Γ 0
0 sin 2Γ cos 2Γ 0

− sinh 2Γ′ 0 0 cosh 2Γ′

 . (31)

Using Eqs. (15), (18), and (31), the Stokes vector at the output of the
chiral sample turns out to be

Sout = Sin
0 e−k0d(κR+κL)


cosh(2 Γ′)− sin3 sinh(2 Γ′)
sin1 cos(2 Γ) − sin2 sin(2 Γ)
sin1 sin(2 Γ) + sin2 cos(2 Γ)

− sinh(2 Γ′) + sin3 cosh(2 Γ′)

 . (32)
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Equation (32), in particular, gives account of the most typical effects
encountered when dealing with changes in polarization due to propagation
in chiral media. For example, if we consider a linearly polarized input355

beam with polarization axis at the angle φ with respect to x, we have
sin = (cos(2φ), sin(2φ), 0)T , so that

Sout = Sin
0 e−k0d(κR+κL) cosh(2 Γ′)


1

sech(2 Γ′) cos [(2(φ+ Γ)]
sech(2 Γ′) sin [(2(φ+ Γ)]

− tanh(2 Γ′)

 . (33)

If Γ′ ̸= 0 (i.e., ∆κ ̸= 0), the polarization of the output beam becomes
generally elliptical, but if Γ′ = 0 (i.e., ∆κ = 0) the medium only produces a
rotation of the polarization direction by angle Γ.360

Conversely, a circularly polarized input beam, i.e., sin = (0, 0,±1)T , does
not change its polarization state because

Sout = Sin
0 e−k0d(κR+κL) [cosh(2 Γ′)∓ sinh(2 Γ′)]


1
0
0
±1

 . (34)

We could also verify that, in general, if the input light is uniformly totally
polarized, then the degree of polarization remains unchanged and equal to
1, as expected. Furthermore, for a completely unpolarized input beam, i.e.,365

when sin = (0, 0, 0)T , the output beam is partially polarized, because

Sout = Sin
0 e−k0d(κR+κL) cosh(2 Γ′)


1
0
0

− tanh (2Γ′)

 . (35)

In this case, the degree of polarization depends on the CD as

P = tanh(2 Γ′), (36)

and the polarized part of the beam is circularly polarized. This is due to the
fact that a completely unpolarized field can be thought of as the superposition
of two mutually uncorrelated fields with equal powers and orthogonal circular370

polarizations. In the presence of CD, during propagation the amplitudes of
the two fields decrease with different rates, and one of the two polarizations
tends to overrule the other.
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5. Effects of a chiral medium on collimated NUTP beams

Interesting effects can be observed when the beam passing through the375

chiral medium presents a nonuniform transverse polarization pattern. In
this case we can use the expressions derived in the previous section, but with
the Stokes parameters depending on the coordinate r across the transverse
plane. In particular, those results suggest that modifications in the irradiance
distribution of the input beams can be used to get information about the380

optical parameters of the medium.
For example, the total irradiance, which corresponds to the first Stokes

parameter, is obtained from Eq. (32) as

Sout
0 (r) = CSin

0 (r)
[
cosh(2 Γ′)− sin3 (r) sinh(2 Γ′)

]
, (37)

with constant C = exp [−k0d(κR + κL)]. It is seen that the transverse ir-
radiance profile of the output beam is affected by the value of the third385

normalized Stokes parameter of the input beam and by the circular dichro-
ism Γ′ (but not on the circular birefringence Γ) of the sample. Therefore, the
transverse irradiance profile of the input beam turns out to be modulated by
the function

ρ(r) =
Sout
0 (r)

Sin
0 (r)

= C
[
cosh(2 Γ′)− sin3 (r) sinh(2 Γ′)

]
, (38)

and the determination of Γ′ could be performed by exploiting the variations390

of sin3 across the beam profile.
If the input beam is chosen properly, a simple visual analysis of the trans-

verse irradiance pattern can give useful information about the circular dichro-
ism of the sample. Furthermore, using a beam whose transverse profile does
not change during propagation is also useful because in such a case the irra-395

diance pattern can be detected across any transverse plane after the sample,
or even after an ABCD optical system, and not necessarily at the output face
of the sample. The approach will be illustrated in the following example.

In order to observe spatial variations of the factor ρ, an input beam with
spatially varying sin3 must be chosen. To this aim the field of Eq. (23),400

although with nonuniform and propagation-invariant polarization pattern,
cannot be used because it is linearly polarized at any point and sin3 (r) = 0
for any r. Nonetheless, it is sufficient to multiply its y component by eiπ/2

to obtain

E0(r) = E0 e
−(r/w0)2

(
x
i y

)
, (39)
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for which, from Eq. (14),405 

Sin
0 (r) = |E0|2 r2 e−2(r/w0)2

Sin
1 (r) = |E0|2 r2 e−2(r/w0)2 cos(2ϑ)

Sin
2 (r) = 0

Sin
3 (r) = |E0|2 r2 e−2(r/w0)2 sin(2ϑ) ,

(40)

so that
sin1 (r) = cos(2ϑ) , sin2 (r) = 0 , sin3 (r) = sin(2ϑ) . (41)

The beam polarization pattern continues to be non-uniform and propa-
gation invariant, but its s3 normalized Stokes parameter takes values ranging
from −1 to 1 across the transverse plane. Furthermore, the irradiance profile
of the input beam is circularly symmetric because Sin

0 is independent of ϑ.410

From Eq. (37), the corresponding irradiance at the output of a chiral
sample turns out to be

Sout
0 (r) = C|E0|2 r2 e−2(r/w0)2 [cosh(2 Γ′)− sin(2ϑ) sinh(2 Γ′) ] , (42)

and is shown in Fig. 3 for different values of Γ′. For example, for a 20 mm
thick sample and wavelength λ0 = 632.8 nm, the selected values of Γ′ cor-
respond to ∆κ = 0, ∆κ ≃ 2.5 · 10−5, ∆κ ≃ 5 · 10−5, and ∆κ ≃ −5 · 10−5.415

A simple visual analysis of the pattern highlights the presence of circular
dichroism and gives a qualitative esteem of its entity. A more quantitative
analysis can be performed by measuring the irradiance at two points located
along a circle, centered on the origin of the axes and with an arbitrary radius,420

at the angles ϑ = π/4 and ϑ = −π/4, respectively, corresponding to the
angular positions with the minimum or the maximum irradiance. In fact,

Sout
0 (r,−π/4)− Sout

0 (r, π/4)

Sout
0 (r,−π/4) + Sout

0 (r, π/4)
= tanh(2Γ′) , (43)

which directly allows for the evaluation of Γ′. Note that | tanh(t)| saturates to
1 when |t| exceeds 2 (approximately). This means that to detect significant
changes in irradiance, the thickness d of the chiral medium should be of the425
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(a) (b) (c)

(d)

Figure 3: Irradiance at the output of the media with natural optical activity for different
absorptions for the example of Eq. (39). (a) Γ′ = 0; (b) Γ′ = 0.25 ; (c) Γ′ = 0.5; (d)
Γ′ = −0.5. Other parameters: λ0 = 632.8 nm, w0 = 1 mm. Green (red) ellipses represent
right-handed (left-handed) polarization.

same order of magnitude as the ratio between the wavelength used and ∆κ
(see Eq. (13)).

Analogous procedures can be devised to detect circular birefringence. In
the previous example, the output intensity did not depend on Γ, so the
scheme already presented must be suitably modified. A possible solution430

consists of inserting a linear polarizer after the sample, with its transmission
axis along x. The Mueller matrix for such an element is [47]

M̂x =
1

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 , (44)

so that the cascade of an active medium and the linear polarizer described
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above is represented by a Mueller matrix of the form

M̂AOL = M̂x M̂AO =


cosh(2Γ′) cos(2Γ) − sin(2Γ) − sinh(2Γ′)
cosh(2Γ′) cos(2Γ) − sin(2Γ) − sinh(2Γ′)

0 0 0 0
0 0 0 0

 , (45)

which, for a typical input Stokes vector, gives rise to following irradiance435

after the polarizer:

Sout
0 (r) = C Sin

0 (r) [cosh(2 Γ′) + cos(2Γ) sin1 (r)

− sin(2Γ) sin2 (r)− sinh(2Γ′) sin3 (r)] ,
(46)

with, again, C = exp [−k0d(κD + κL)].
The field in Eq. (39) is not a good choice in this case because, to recover

the birefringence term Γ, the coefficients multiplying cos(2Γ) and sin(2Γ)
must both be different from zero. A simple way to bring out Γ is to use440

a radially polarized input beam, of the form given in Eq. (23), for which
the irradiance profile is the same as that of the previous example (Sin

0 of
Eq. (40)), but

sin1 (r) = cos(2ϑ) , sin2 (r) = sin(2ϑ) , sin3 (r) = 0 . (47)

Such a field gives rise to the following irradiance:

Sout
0 (r) = C Sin

0 (r) [cosh(2 Γ′) + cos(2Γ + 2θ)] , (48)

which is shown in Fig. 4 for Γ′ = 0 (that is ∆κ = 0) and different values of445

Γ. The spot size is w0 = 1 mm and the wavelength is λ = 632.8 nm. Note
that the values of Γ = π/4, π/2, and 3π/4 correspond to those of a quartz
crystal with thicknesses of 2.26 mm, 4.52 mm and 6.78 mm, respectively.

In this case, too, a simple visual analysis of the profile gives information
about the presence of optical activity of the sample, which is responsible for450

a rotation of the intensity profile by an amount of −Γ. The same pattern is
obtained when Γ is increased by an integer multiple of π, corresponding to the
fact that phase differences between the two circularly polarized components
that are multiple of 2π produce the same effect.

Different values of ∆κ do not modify the angular dependence of the pro-455

file, but reduce the contrast of the image, as shown in Fig. 5, plotted for
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(a) (b)

(c) (d)

Figure 4: Irradiance at the output of the media with natural optical activity for the
example of Eq. (23), with different values of Γ: (a) Γ = 0; (b) Γ = π/4; (c) Γ = π/2; (d)
Γ = 3π/4. (w0 = 1 mm, ∆κ = 0).

∆n = 0. The selected values of Γ′ (that is, 0.25, 0.5, 0.75, and 1) corre-
spond to values of ∆κ ≃ 0.25 × 10−5, ∆κ ≃ 0.5 × 10−5, ∆κ ≃ 0.75 × 10−5,
and ∆κ ≃ 1 × 10−5, respectively, for a 20 mm thick sample at wavelength
λ = 632.8 nm. Therefore, the same pattern also gives information about the460

presence of circular dichroism. When |Γ′| ≫ 1 the profile becomes almost
annular. Moreover, since only cosh(2Γ′) appears in Eq. (37), the sign of Γ′

cannot be deduced.

6. An optical scheme for chiral media characterization

The two optical schemes presented in the previous section can be imple-465

mented in a unique setup, sketched in Fig. 6. A laser beam is expanded and
collimated by means of a microscope objective (MO) and a lens (L). Then, a
polarization converter (PC) is used to produce radial polarization. PC may
consist, for example, of a vortex half-wave retarder plate [54], an azimuthal
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(a) (b)

(c) (d)

Figure 5: The same as in Fig 4, but for Γ = 0 and different values of Γ′: (a) Γ′ = 0.25;
(b) Γ′ = 0.5; (c) Γ′ = 0.75; (d) Γ′ = 1.

dichroic polarizer [55], or a liquid-crystal converter [56]. The beam is sent to470

the sample (S). The emerging beam passes through a linear polarizer (P2)
with its transmission axis aligned with the x-axis. The transverse intensity
profile of the beam can be observed on a screen (Σ) placed at an (arbitrary)
distance from the sample, or recorded by a CCD camera.

This scheme reproduces the one presented to detect circular birefringence.475

The quantitative determination of Γ can be performed, for example, by mea-
suring the irradiance at three points of the output beam cross section, located
along a circle, centered on the origin of the axes and with an arbitrary radius,
at the angles ϑ = π/4, ϑ = 0 ϑ = −π/4, respectively. The irradiance values
at these points are, from Eq. (48),480 

I0 = Sout
0 (r, 0) = α [cosh(2 Γ′) + cos(2Γ)] ,

I+ = Sout
0 (r, π/4) = α [cosh(2 Γ′)− sin(2Γ)] ,

I− = Sout
0 (r,−π/4) = α [cosh(2 Γ′) + sin(2Γ)] ,

(49)
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Figure 6: Proposed setup to detect circular birefringence and dichroism of chiral media.
MO: microscope objective; L: lens; PC: polarization converter; P: linear polarizer; S:
sample; Σ: screen.

with α = C Sin
0 (r).

Solving Eq. (49) for cos (2Γ) and sin (2Γ) we have
cos(2Γ) =

1

α

(
I0 −

I− + I+
2

)
,

sin(2Γ) =
1

α

(
I− − I+

2

)
,

(50)

which allow for the unambiguous determination of Γ (except for the unavoid-
able periodicity of π) without measuring α.

Recovering Γ′ from Eq. (49) would be also possible, because485

cosh(2Γ′) =
I− + I+

2α
, (51)

but the knowledge of α is required and, moreover, only the absolute value of
Γ′ would be determined.

A more effective approach consists of slightly modifying the optical scheme
of Fig. 6, inserting a quarter-wave plate in front of the sample whose neutral
lines are aligned with the XY -axes, in such a way that the radially polarized490

input beam is converted into a beam of the form in Eq. (39). The presence
of the linear polarizer after the sample changes the expression of the output
beam irradiance, with respect to that obtained in Eq. (42) of Sec. 5, which
in this case turns out to be

Sout
0 (r) = C Sin

0 (r) [cosh(2 Γ′) + cos(2ϑ) cos(2 Γ)− sin(2ϑ) sinh(2 Γ′)] .
(52)
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Therefore, the irradiance values at two points across the output plane,495

located along a circle centered on the axes origin and with arbitrary radius,
at the angles ϑ = π/4 and ϑ = −π/4 are

I ′+ = Sout
0 (r, π/4) = α [cosh(2 Γ′)− sinh(2Γ′)] ,

I ′− = Sout
0 (r,−π/4) = α [cosh(2 Γ′) + sinh(2Γ′)] ,

(53)

whence

tanh(2Γ′) =
I ′− − I ′+
I ′− + I ′+

, (54)

from which Γ′ can be recovered unambiguously.

7. Conclusions500

The propagation of non-uniformly and totally polarized (NUTP) beams
inside chiral media has been studied. A paraxial vector beam has been
modeled as the superposition of Gaussian modes. For suitable choices of
the component modes, the resulting beams present transverse polarization
patterns that remain unchanged during propagation in free space or through505

ABCD optical systems. This property offers a significant advantage in many
applications, because it allows the same transverse polarization pattern to
be detected across any transverse plane. However, the property of being
propagation-invariant is lost when beams of this kind pass through a chiral
sample.510

In this paper it has been shown that, if the beam impinging on the
sample is suitably collimated, the Mueller formalisms can be used to derive
the polarization of beam emerging from the sample, and the latter remains
polarization-invariant during the subsequent free-space propagation.

The effects of chirality on the propagation of a NUTP incident beam have515

been studied under the above conditions. A significant result is that, by
suitably choosing the input beam, a simple visual analysis of the transverse
irradiance pattern of the output beam can give useful information about the
circular dichroism and birefringence properties of the sample. Quantitative
determinations of the optical parameters of the medium can be derived by520

measuring the irradiance at two or three distinct points (depending on the
parameter to be measured) across any transverse plane of the output beam.
A simple optical scheme has been presented to recover such parameters.
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Appendix

Here we derive the Jones matrix (Ĵ) and the Mueller matrix (M̂) of a
chiral medium of thickness d.530

To this aim, it is convenient to start from Jones vectors written in terms
of circular right- and left-polarizations, instead of the usual ones, which use
linear polarization states. With such a choice it is immediate to recognize
that the Jones matrix of the element is expressed as

Ĵc =

(
e−ikdñR 0
0 e−ikdñL

)
=

=

(
e−ikdnRe−kdκR 0
0 e−ikdnL e−kdκL

)
, (55)

which is separable into the product of two commuting matrices:535

Ĵc =

(
e−ikdnR 0
0 e−ikdnL

)(
e−kdκR 0
0 e−kdκL

)
. (56)

The first one, which contains the real part of the refractive index, gives
account of circular birefringence, while the other, with the imaginary part,
represents circular dichroism,

To covert the above matrix into the corresponding one, to be used with
usual Jones vectors, we have to introduce the unitary matrix P̂c→l, defined540

as [53]

P̂c→l =
1√
2

(
1 1
i −i

)
. (57)

which allows one to pass from circular to linear representations. Therefore

Ĵ = P̂c→l Ĵc P̂
−1
c→l. (58)

25



Applying this transformation rule to the Jones matrix given by Eq. (56)
the following Jones matrix is obtained in terms of linear polarization states:

Ĵ = e−i kd
2
(nD+nL)e−

kd
2
(κD+κL)

×
(

cos (Γ− iΓ′) − sin (Γ− iΓ′)
sin (Γ− iΓ′) cos (Γ− iΓ′)

)
, (59)

where the quantities Γ and Γ′ were defined in Eqs. (12) and (13).545

The Mueller matrix corresponding to a sample characterized by the Jones
matrix Ĵ can be obtained as [53],

M̂ = L̂
(
Ĵ ⊗ Ĵ∗

)
L̂−1 , (60)

where the matrix L̂ is defined as

L̂ =


1 0 0 1
1 0 0 −1
0 1 1 0
0 i −i 0

 , (61)

and ⊗ denotes the Kronecker product. Applying this relation to an optically
active medium described by the Jones matrix in Eq. (59) we obtain (see, for550

example, [49, 51, 52, 57])

M̂AO = e−kd(κR+κL)


cosh 2Γ′ 0 0 − sinh 2Γ′

0 cos 2Γ − sin 2Γ 0
0 sin 2Γ cos 2Γ 0

− sinh 2Γ′ 0 0 cosh 2Γ′

 . (62)

where cosh and sinh are the hyperbolic cosine and sine, respectively.
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Vector beams generated with a Fourier transform processor with geo-
metric phase grating, Optical Engineering 62 (1) (2023) 013104. doi:580

10.1117/1.OE.62.1.013104.
URL https://doi.org/10.1117/1.OE.62.1.013104

[7] E. J. Galvez, S. Khadka, W. H. Schubert, S. Nomoto, Poincaré-beam
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