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Quasinormal modes are excited during the ringdown phase of black holes after merger. Determination of
quasinormal modes of rapidly rotating black holes in alternative theories of gravity has remained a challenge
for a long time. Here we discuss in detail our recently developed method to extract the quasinormal modes
for rapidly rotating black holes in Einstein-Gauss-Bonnet-dilaton theory. We first obtain numerically the
exact rapidly rotating background solutions, which also clarify their domain of existence. Then we solve the
equations for the linear perturbations of the metric and the dilaton field by employing an appropriate set of
boundary conditions and a spectral decomposition of the perturbation functions. The resulting spectrum
agrees well with the known limits obtained for slow rotation and weak coupling, while it exhibits larger
deviations for stronger coupling.
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I. INTRODUCTION

The quest for a more fundamental theory of gravity
beyond general relativity has sparked numerous directions
of investigation and led to a rich variety of alternative
theories of gravity (see e.g. [1–3]). While any viable theory
needs to fulfill Solar System constraints, the strong gravity
sector is still far less constrained [4]. Thus current and
future observations of compact objects in the strong
gravity regime are of high significance to place bounds
on gravitational theories, or even rule them out, by
comparing with theoretical predictions obtained in these
theories.
Here we focus on gravitational waves from the merger of

compact objects and, in particular, black holes, as observed
by the LIGO/Virgo/KAGRA collaboration [5–7] and future
gravitational wave detectors (see e.g. [8–10]). In these
violent processes the gravitational wave emission features
three phases, inspiral, merger, and ringdown, where each
phase has its own signatures. In the final phase, the
ringdown phase, the newly formed compact object emits

a set of gravitational modes that are characteristic of the
object and the underlying theory, namely its associated
quasinormal modes [11–13].
The determination of quasinormal modes of rotating

compact objects is far more challenging than in the case of
static ones. Making use of the Newman-Penrose formal-
ism, the Teukolsky equation was derived long ago in order
to extract the quasinormal modes of the Kerr black holes of
general relativity (GR) [14]. The calculation of the
quasinormal modes of the Kerr-Newman black holes of
GR, however, was only achieved much more recently and
required numerical methods to solve a system of two
coupled partial differential equations (PDEs) [15–17].
Thus in alternative theories of gravity numerical methods
should also be typically necessary to extract the quasi-
normal modes of rapidly rotating black holes. Nonetheless
there has been progress made for higher derivative gravity
theories [18–20], and scalar and vector modes were
calculated under an effective field theory framework
[21] and in a braneworld scenario [22].
A well-motivated interesting class of alternative theories

of gravity are the Einstein-Gauss-Bonnet-scalar (EGBs)
theories. These theories may be seen from an effective field
theory point of view, since they feature quadratic gravity
terms that arise in a derivative expansion of the metric [23].
In EGBs theories the coefficients of the quadratic terms are
chosen to precisely yield the Gauss-Bonnet (GB) invariant
that is present in the higher-dimensional Lovelock theories
but does not contribute to the equations of motion in four
dimensions. Here it is the coupling to an additional scalar
degree of freedom that leads to nontrivial modifications of
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the Einstein equations and makes EGBs theories a subset of
Horndeski theories [24].
On the other hand, string theory also predicted

EGBs theories to arise in the low-energy limit [25,26].
In this case the scalar field is the dilaton, and it is coupled
to the GB term with an exponential coupling function,
fðφÞ ¼ exp ð−φÞ. For a finite GB coupling constant α the
theory no longer admits the black holes of GR, instead
hairy black holes arise [27–43]. The domain of existence
of Einstein-Gauss-Bonnet-dilaton (EGBd) black holes is
limited and yields a theoretical bound on the GB coupling
constant in terms of the black hole mass [27].
The quasinormal modes of the static EGBd black holes

were obtained earlier [38,41], showing already that iso-
spectrality is no longer present due to the presence of the
scalar field. Nevertheless, for small coupling α the devia-
tions from Schwarzschild remained small and increased
only substantially towards the boundary of the domain of
existence. Subsequent studies performed perturbative cal-
culations of the quasinormal modes in both the coupling
constant and the angular momentum [42,43].
Here we present our detailed study of the spectrum of

quasinormal modes of rapidly rotating EGBd black holes,
where both the coupling and the rotation are treated fully
nonperturbatively [44]. We thus start by recalling the exact
background solutions in Sec. II. We discuss the metric and
scalar perturbations together with the applied numerical
spectral method in Sec. III. We present the results for the
spectrum in Sec. IV and conclude in Sec. V.

II. ROTATING EGBD BLACK HOLES

We now present the action and field equations of EGBd
theory and briefly discuss the rapidly rotating EGBd black
holes [44] and their properties. In particular, we illustrate
the domain of existence of EGBd black holes [31,35,37].

A. Theory and field equations

The Einstein-Gauss-Bonnet-dilaton action in four
dimensions is given by

Sðg;φÞ ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p �
R−

1

2
∂μφ∂

μφþ αe−γφR2
GB

�
;

ð1Þ

where R is the curvature scalar, φ is the dilaton field, α is
the GB coupling constant, γ is the dilaton coupling
constant, and R2

GB is the Gauss-Bonnet term,

R2
GB ¼ RμνρσRμνρσ − 4RμνRμν þ R2: ð2Þ

Variation of the action leads to the coupled set of field
equations for the metric and the scalar field. The metric
field equations may be written in the following form

Gμν −
1

2
TðφÞ
μν þ αe−γφ½Hμν þ 4ðγ2∇ρφ∇σφ

− γ∇ρ∇σφÞPμρνσ� ¼ 0; ð3Þ

where

Gμν ¼ Rμν −
1

2
gμνR;

TðφÞ
μν ¼ ∇μφ∇νφ −

1

2
gμνð∇φÞ2;

Hμν ¼ 2ðRRμν − 2RμρRρ
ν − 2RρσRμρνσ þ Rμ

ρσλRνρσλÞ

−
1

2
gμνR2

GB;

Pμνρσ ¼ Rμνρσ þ 2gμ½σRρ�ν þ 2gν½ρRσ�μ þ Rgμ½ρgσ�ν; ð4Þ

and the dilaton equation reads

∇2φ − αγe−γφR2
GB ¼ 0: ð5Þ

In the following we choose for the dilaton coupling
constant the value γ ¼ 1 [31,35,37].

B. Stationary rapidly rotating background

The metric functions of the stationary axially symmetric
black hole background spacetimes depend only on the
radial coordinate r and the polar angle θ. As previously
[31,35,37] we work here with a quasi-isotropic radial
coordinate. The metric can then be expressed as follows

ds2 ¼ gttðr; θÞdt2 þ grrðr; θÞdr2 þ gθθðr; θÞdθ2
þ gϕϕðr; θÞdϕ2 þ gtϕðr; θÞdtdϕ; ð6Þ

with metric coefficients

−gttðr; θÞ ¼ fðr; θÞ − lðr; θÞ
fðr; θÞw

2ðr; θÞ sin2 θ; ð7Þ

grrðr; θÞ ¼
mðr; θÞ
fðr; θÞ ; ð8Þ

gθθðr; θÞ ¼
mðr; θÞ
fðr; θÞ r

2; ð9Þ

gϕϕðr; θÞ ¼
lðr; θÞ
fðr; θÞ r

2 sin2 θ; ð10Þ

gtϕðr; θÞ ¼ −
lðr; θÞ
fðr; θÞwðr; θÞr sin

2 θ: ð11Þ

Let us first address the case of a vanishing scalar field.
When the Kerr metric is parametrized analogously in quasi-
isotropic coordinates instead of the usual Boyer-Lindquist
coordinates, the metric functions fðr; θÞ, lðr; θÞ, mðr; θÞ,
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and wðr; θÞ read [37]

fðr; θÞ ¼
�
1 −

r2H
r2

�
2 F1ðr; θÞ
F2ðr; θÞ

; ð12Þ

lðr; θÞ ¼
�
1 −

r2H
r2

�
2

; ð13Þ

mðr; θÞ ¼
�
1 −

r2H
r2

�
2 F2

1ðr; θÞ
F2ðr; θÞ

; ð14Þ

wðr; θÞ ¼ 2J
r2F2ðr; θÞ

�
1þM

r
þ r2H

r2

�
; ð15Þ

F1ðr; θÞ ¼
2M2

r2
þ
�
1 −

r2H
r2

�
2

þ 2M
r

�
1þ r2H

r2

�

−
J2

M2r2
sin2 θ; ð16Þ

F2ðr; θÞ ¼
�
2M2

r2
þ
�
1 −

r2H
r2

�
2

þ 2M
r

�
1þ r2H

r2

��
2

−
�
1 −

r2H
r2

�
2 J2

M2r2
sin2 θ; ð17Þ

and the scalar field vanishes, of course. rH is the location of
the horizon, M is the total mass, and J is the total angular
momentum. Furthermore, the following relations hold for
Kerr (α ¼ 0),

ΩH ¼ wðrH; θÞ=rH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − 4r2H

p
2MðM þ 2rHÞ

; ð18Þ

J ¼ M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − 4r2H

q
: ð19Þ

Next we consider the general case of a nonvanishing
scalar field. First we discuss the behavior of the metric
functions and the scalar field in the asymptotic region, at
the horizon, and the boundary conditions. Then we turn to
the numerical construction of the global EGBd black holes.
Since we are interested in asymptotically flat black holes,
the spacetime has to approachMinkowski space for r → ∞.
The asymptotic expansion then yields

−gttðr; θÞ ≈ 1 −
2M
r

þ � � � ; ð20Þ

gtϕðr; θÞ ≈ −
2J
r
sin2 θ þ � � � ; ð21Þ

grrðr; θÞ ≈ 1þ f̂1
r
þ � � � ; ð22Þ

gθθðr; θÞ ≈ r2 þ f̂1rþ � � � ; ð23Þ

gϕϕðr; θÞ ≈ r2 sin2 θ þ � � � ; ð24Þ

φðr; θÞ ≈Qd

r
þ � � � ; ð25Þ

where Qd is scalar charge and f̂1 is a numerical parameter.
The horizon resides at a constant value of the radial

coordinate rH, that is determined by the condition fðrHÞ ¼
0 [45–47]. Requiring the horizon to be regular, the
asymptotic expansion for r → rH of the metric functions
and the scalar field becomes

gttðr; θÞ ¼ Ω2
Hk0ðθÞ þ k1ðθÞðr − rHÞ2 þOððr − rHÞ3Þ;

ð26Þ

gtϕðr; θÞ ¼ −ΩHk0ðθÞ þ k2ðθÞðr − rHÞ2 þOððr − rHÞ3Þ;
ð27Þ

grrðr; θÞ ¼ k3ðθÞ þOððr − rHÞÞ; ð28Þ

gθθðr; θÞ ¼ r2Hk3ðθÞ þOððr − rHÞ2Þ; ð29Þ

gϕϕðr;θÞ ¼ k0ðθÞ þ k4ðθÞðr− rHÞ2 þOððr− rHÞ3Þ; ð30Þ

φðr; θÞ ¼ k5ðθÞ þ þOððr − rHÞ2Þ; ð31Þ

with the horizon angular velocity wðrH; θÞ ¼ ΩHrH, and
the numerical functions kiðθÞ, i ¼ 0;…; 5, which satisfy
some complicated relations.
Furthermore, requiring regularity on the symmetry axis

yields the condition that the derivatives of the functions
with respect to the polar angle θ need to vanish on the axis,

∂θfjθ¼0;π ¼ ∂θmjθ¼0;π ¼ ∂θljθ¼0;π ¼ ∂θωjθ¼0;π

¼ ∂θφjθ¼0;π ¼ 0: ð32Þ

Now we turn to the global EGBd black hole solutions.
The resulting set of coupled PDEs were solved numerically,
using the professional package FIDISOL/CADSOL [48]. The
estimated numerical error for the functions is within 10−5.
For details of the numerical calculations, see [31,35]. When
solving the coupled PDEs for the unknown functions
subject to the boundary conditions, the domain of existence
of rotating EGBd black holes can be charted [31,35,37]. We
illustrate the domain in Fig. 1, where we show in Fig. 1(a)
the scaled horizon area aH ¼ AH=16πM2 versus the scaled
angular momentum j ¼ J=M2. This domain is bounded on
the left by the static EGBd black holes. Most of the lower
boundary is formed by critical EGBd black holes, where a
radicand vanishes, as already seen for the static black holes
[27]. Most of the upper boundary is represented by the Kerr
black holes. However, the Kerr and the critical boundary
cross for large j and then switch roles. Thus EGBd black
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holes slightly exceed the Kerr bound j ¼ 1. A last rather
small part of the boundary is given by extremal EGBd black
holes, as highlighted in the inset of the figure.
For our investigation of the quasinormal modes of the

EGBd black holes Fig. 1(b) is the most relevant. Here we
exhibit the domain of existence of the scaled angular
momentum j ¼ J=M2 versus the scaled coupling constant
ξ ¼ α=M2. The boundary curves of this domain of exist-
ence are formed by the static, critical, and extremal EGBd
black holes as well as the Kerr black holes and do not cross
but smoothly match. The figure illustrates the maximal
possible value of the scaled GB coupling for a given value
of the scaled angular momentum. We remark that beyond
the Kerr bound, i.e., for j > 1, the minimal value of the
coupling is no longer zero but greater than zero.

III. METRIC AND SCALAR PERTURBATIONS
OF ROTATING EGBD BLACK HOLES

We now discuss the metric and scalar field perturbations,
present our choice of parametrization of the perturbation
functions and the resulting PDEs, and then turn to the
discussion of the boundary conditions and the spectral
decomposition. Thus we proceed analogously to the Kerr
case where we tested our scheme thoroughly [49], and to
the case of rotating Ellis-Bronnikov wormholes [50].

A. Ansatz

The first step is to specify the metric and the scalar field
in terms of the background solutions and the perturbations.
The full metric can be written as

gμν ¼ gðbgÞμν þ ϵδhμνðt; r; θ;ϕÞ; ð33Þ

and the scalar field as

φ ¼ φðbgÞ þ ϵδφðt; r; θ;ϕÞ; ð34Þ

where the superscript ðbgÞ denotes the background sol-
utions, the δ signals the perturbations, and ϵ is the
perturbation parameter to keep track of the order of the
perturbations.
The metric perturbations δhμνðt; r; θ;ϕÞ can be further

decomposed into axial and polar components,

δhμν ¼ δhðAÞμν þ δhðPÞμν ; ð35Þ

where the superscripts (A) and (P) denote the axial-led and
polar-led perturbations. The ansatz for the axial and polar
metric perturbations is, respectively, given by

δhðAÞμν ¼ eiðMzϕ−ωtÞ

0
BBBBB@

0 0 a1ðr;θÞ a2ðr;θÞ
0 0 a3ðr;θÞ a4ðr;θÞ

a1ðr;θÞ a3ðr;θÞ 0 0

a2ðr;θÞ a4ðr;θÞ 0 0

1
CCCCCA

ð36Þ

and

δhðPÞμν ¼ eiðMzϕ−ωtÞ

0
BBBBB@

N0ðr;θÞ H1ðr;θÞ 0 0

H1ðr;θÞ L0ðr;θÞ 0 0

0 0 T0ðr;θÞ 0

0 0 0 S0ðr;θÞ

1
CCCCCA
:

ð37Þ
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FIG. 1. Rotating EGBd black holes (γ ¼ 1): scaled horizon area aH ¼ AH=16πM2 vs scaled angular momentum j ¼ J=M2 (a) and
scaled angular momentum j ¼ J=M2 vs scaled coupling constant ξ ¼ α=M2 (b). The shaded areas indicate the respective domains of
existence bounded by the Kerr, static, critical, and extremal EGBd black holes. Curves within the domains have fixed values of the
scaled horizon angular velocity ΩH

ffiffiffi
α

p
. The inset (a) highlights the large j region.
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Here we have separated the dependence on time t and
azimuthal angle ϕ, taking the remaining symmetries with
respect to these coordinates into account. Thus we have
introduced the complex mode eigenvalue ω and the
azimuthal number Mz of the mode. The eigenvalue ω ¼
ωR þ iωI describes the frequency of a mode in terms of its
real part ωR and the damping time of a mode via the inverse
of its imaginary part ωI .
For further calculations and, in order to fix the gauge, it

is convenient to employ the following definitions for the
metric perturbation functions,

a1ðr; θÞ ¼ −iMz
h0ðr; θÞ
sin θ

; ð38Þ

a2ðr; θÞ ¼ sin θ∂θh0ðr; θÞ; ð39Þ

a3ðr; θÞ ¼ −iMz
h1ðr; θÞ
sin θ

; ð40Þ

a4ðr; θÞ ¼ sin θ∂θh1; ð41Þ

N0ðr; θÞ ¼ ðgðbgÞrr ðr; θÞÞ−1Nðr; θÞ; ð42Þ

L0ðr; θÞ ¼ ðgðbgÞrr ðr; θÞÞLðr; θÞ; ð43Þ

T0ðr; θÞ ¼ ðgðbgÞθθ ðr; θÞÞTðr; θÞ; ð44Þ

S0ðr; θÞ ¼ ðgðbgÞϕϕ ðr; θÞÞTðr; θÞ; ð45Þ

while retaining H1ðr; θÞ. The scalar field perturbation, on
the other hand, is simply parametrized as

δφ ¼ eiðMzϕ−ωtÞΦðr; θÞ: ð46Þ

This leaves us with a set of seven unknown perturbation
functions, H1; T; N; L; h0; h1, and Φ1.

B. PDEs and parametrization in new coordinates

The general set of coupled equations for the metric and
the scalar field may be given in the form of

Gμν ¼ GðbgÞ
μν þ ϵδGμνðr; θÞeiðMzϕ−ωtÞ ¼ 0; ð47Þ

S ¼ SðbgÞ þ ϵδSðr; θÞeiðMzϕ−ωtÞ ¼ 0: ð48Þ

Since the background solutions satisfy the equations

GðbgÞ
μν ¼ 0 and SðbgÞ ¼ 0, the equations to be solved reduce

to δGμνðr; θÞ ¼ 0 and δSðr; θÞ ¼ 0.
We now introduce the compactified radial coordinate x

and the angular coordinate y,

x ¼ r − rH
rH þ 1

; y ¼ cos θ ð49Þ

with domains 0 ≤ x ≤ 1 and −1 ≤ y ≤ 1. In terms of the
new radial coordinate x ¼ 0 corresponds to the horizon and
x ¼ 1 to radial infinity, while the symmetry axis is located
at y ¼ �1.
We next express the perturbation functions in terms of

the new coordinates x and y and extract some factors that
allow us to incorporate the proper boundary conditions to
have purely outgoing waves at radial infinity and purely
ingoing waves at the horizon. Our choice of isotropic
coordinates for the EGBd black holes renders the para-
metrization slightly different from the one for Kerr black
holes [49]. We thus introduce the following parametrization
for the metric functions

H1 ¼ H̃1ðx; yÞ
1

xð1 − xÞ e
iR̂; ð50Þ

T ¼ T̃ðx; yÞeiR̂; ð51Þ

N ¼ Ñðx; yÞ 1

1 − x
eiR̂; ð52Þ

L ¼ L̃ðx; yÞ 1

x2ð1 − xÞ e
iR̂; ð53Þ

h0 ¼ h̃0ðx; yÞ
1

1 − x
eiR̂; ð54Þ

h1 ¼ h̃1ðx; yÞ
1

xð1 − xÞ e
iR̂ ð55Þ

and for the scalar field function

Φ ¼ Φ̃1ðx; yÞð1 − xÞeiR̂: ð56Þ

For notational simplicity we then introduce a vector
X⃗, that contains these newly defined perturbation functions,
X⃗ ¼ ½H̃1; T̃; Ñ; L̃; h̃0; h̃1; Φ̃1�. In terms of this vector the
resulting coupled system of seven linear homogeneous
PDEs in the coordinates x and y can be compactly
expressed as

DIðx; yÞX⃗ðx; yÞ ¼ 0; I ¼ 1;…; 7: ð57Þ

C. Boundary conditions

Next we specify the sets of boundary conditions more
explicitly. At radial infinity and at the horizon we here
present the expansion formulas for the perturbation func-
tions again in terms of the isotropic radial coordinate r and
the polar angle θ to provide more clarity. The calculations
and the compact formulations of the boundary conditions,
however, employ the new set of coordinates, x and y.
At radial infinity we require that the perturbation

functions behave like a purely outgoing wave. The
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perturbation functions therefore must have the well-known
form

T ¼ eiωR
�
�
TþðθÞ þO

�
1

r

��
; ð58Þ

H1 ¼ reiωR
�
�
Hþ

1 ðθÞ þO
�
1

r

��
; ð59Þ

N ¼ reiωR
�
�
NþðθÞ þO

�
1

r

��
; ð60Þ

L ¼ reiωR
�
�
LþðθÞ þO

�
1

r

��
; ð61Þ

h0 ¼ reiωR
�
�
hþ0 ðθÞ þO

�
1

r

��
; ð62Þ

h1 ¼ reiωR
�
�
hþ1 ðθÞ þO

�
1

r

��
; ð63Þ

Φ1 ¼
1

r
eiωR

�
�
Φþ

1 ðθÞ þO
�
1

r

��
; ð64Þ

where the function R� satisfies

dR�

dr
¼ 1þ 2M

r
þO

�
1

r2

�
; ð65Þ

with M being the total mass.
The general set of conditions can be written in operator

form,

AIðx; yÞX⃗ðx; yÞjx¼1 ¼ 0; I ¼ 1;…; 7; ð66Þ

where theAI are linear operators in the coordinates x and y.
At the horizon we follow a similar procedure. Here the

perturbation functions should correspond to purely ingoing
waves. Thus we require the perturbation function to have
the following expansion at the horizon

T ¼ e−iðω−MzΩHÞR� ðT−ðθÞ þOðr − rHÞÞ; ð67Þ

H1 ¼
rH

r − rH
e−iðω−MzΩHÞR� ðH−

1 ðθÞ þOðr − rHÞÞ; ð68Þ

N ¼ e−iðω−MzΩHÞR� ðN−ðθÞ þOðr − rHÞÞ; ð69Þ

L ¼ r2H
ðr − rHÞ2

e−iðω−MzΩHÞR�ðL−ðθÞ þOðr − rHÞÞ; ð70Þ

h0 ¼ e−iðω−MzΩHÞR� ðh−0 ðθÞ þOðr − rHÞÞ; ð71Þ

h1 ¼
rH

r − rH
e−iðω−MzΩHÞR� ðh−1 ðθÞ þOðr − rHÞÞ; ð72Þ

Φ1 ¼
1

r
e−iðω−MzΩHÞR� ðΦ−

1 ðθÞ þOðr − rHÞÞ; ð73Þ

where the function R� now satisfies

dR�

dr
¼ g1

ðr − rHÞ
þOð1Þ; ð74Þ

and the parameter g1 is obtained from the horizon expan-
sion of the background functions,

g1 ¼ κ−1H ; ð75Þ

where κH is the surface gravity.
The boundary conditions at the horizon ensuring a purely

ingoing wave can also be expressed in terms of a set of
linear operators BI,

BIðx; yÞX⃗ðx; yÞjx¼0 ¼ 0; I ¼ 1;…; 7: ð76Þ

We further need to require regularity on the symmetry
axis, θ ¼ 0; π. On the upper half-axis y ¼ 1 the perturba-
tion functions therefore need to have the regular expansion

T ¼ TNPðxÞ þOðy − 1Þ; ð77Þ

H1 ¼ HNP
1 ðxÞ þOðy − 1Þ; ð78Þ

N ¼ NNPðxÞ þOðy − 1Þ; ð79Þ

L ¼ LNPðxÞ þOðy − 1Þ; ð80Þ

h0 ¼ hNP
0 ðxÞ þOðy − 1Þ; ð81Þ

h1 ¼ hNP
1 ðxÞ þOðy − 1Þ; ð82Þ

Φ1 ¼ ΦNP
1 ðxÞ þOðy − 1Þ; ð83Þ

yielding a set of relations in an operator form

αIðx; yÞX⃗ðx; yÞjy¼1 ¼ 0; I ¼ 1;…; 7: ð84Þ

Analogously, on the lower half-axis y ¼ −1 the perturba-
tion functions need to have the regular expansion

T ¼ TSPðxÞ þOðyþ 1Þ; ð85Þ

H1 ¼ HSP
1 ðxÞ þOðyþ 1Þ; ð86Þ

N ¼ NSPðxÞ þOðyþ 1Þ; ð87Þ

L ¼ LSPðxÞ þOðyþ 1Þ; ð88Þ

h0 ¼ hSP0 ðxÞ þOðyþ 1Þ; ð89Þ
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h1 ¼ hSP1 ðxÞ þOðyþ 1Þ; ð90Þ

Φ1 ¼ ΦSP
1 ðxÞ þOðyþ 1Þ; ð91Þ

yielding yet another set of relations in operator form

βIðx; yÞX⃗ðx; yÞjy¼−1 ¼ 0; I ¼ 1;…; 7: ð92Þ

D. Spectral decomposition

We now turn to the spectral decomposition of the
perturbation functions, which allows us to solve the
coupled set of PDEs numerically with high accuracy, as
checked in detail for the Kerr case [49]. In particular, we
decompose the metric perturbations in a series of
Chebyshev polynomials of the first kind TkðxÞ in the
coordinate x with k ¼ 0;…; Nx − 1, and a series of
Legendre functions of the first kind PMz

l ðyÞ in the coor-
dinate y with l ¼ jMzj;…; Ny þ jMzj − 1,

H̃1ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C1;k;lTkðxÞPMz

l ðyÞ; ð93Þ

T̃ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C2;k;lTkðxÞPMz

l ðyÞ; ð94Þ

L̃ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C3;k;lTkðxÞPMz

l ðyÞ; ð95Þ

Ñðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C4;k;lTkðxÞPMz

l ðyÞ; ð96Þ

h̃0ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C5;k;lTkðxÞPMz

l ðyÞ; ð97Þ

h̃1ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C6;k;lTkðxÞPMz

l ðyÞ; ð98Þ

and likewise for the scalar perturbation,

Φ̃1ðx; yÞ ¼
XNx−1

k¼0

XNyþjMzj−1

l¼jMzj
C7;k;lTkðxÞPMz

l ðyÞ: ð99Þ

The above double expansion introduces the set of 7 ×
Nx × Ny constants Cn;k;l that are determined by solving the
PDEs subject to the above specified boundary conditions.
To that end we next need to discretize the domain
of integration. Here we choose for the x coordinate the

Gauss-Lobatto points defined by

xI ¼
1

2

�
1þ cos

�
I− 1

Nx− 1
π

��
; I ¼ 1;…;Nx; ð100Þ

and we select a uniform mesh for the y coordinate

yK ¼ 2
K − 1

Ny − 1
− 1; K ¼ 1;…; Ny: ð101Þ

While there is a lot of freedom in the choice of the grid, the
above grid is known to optimize the calculations in the case
of Chebyshev polynomials (as seen also in our calculations
of the Kerr modes [49]).
In order to obtain the final set of equations, we now

evaluate the corresponding boundary conditions on the
boundaries of the domain of integration and evaluate the
PDEs in the bulk of the domain. This provides us with a
total of 7 × Nx × Ny algebraic equations for the unknown
coefficients Cn;k;l. These algebraic equations represent a
standard quadratic eigenvalue problem, that may be
expressed in matrix form

ðM0 þM1ωþM2ω
2ÞC⃗ ¼ 0; ð102Þ

where the vector C⃗ consists of all Cn;k;l with n ¼ 1;…; 7,
and the matrices M0, M1, and M2 have size
ð7 × Nx × NyÞ × ð7 × Nx × NyÞ. The quasinormal modes
and the eigenvectors are then obtained with the same
numerical methods described previously [49], making use
of Maple and Matlab with the Toolbox Advanpix [51].

IV. SPECTRUM OF QUASINORMAL MODES
FOR ROTATING EGBD BLACK HOLES

We now present our results for the spectrum of quasi-
normal modes of the rotating EGBd black holes. We have
focused our calculations on the modes with azimuthal
numberMz ¼ 2 and the lower multipole numbers l, starting
with the quadrupole l ¼ 2. The label l of a mode only
signifies the dominant multipole contribution of a mode,
since rotation mixes the multipoles. Therefore we some-
times refer to the modes also as l-led modes. Moreover we
have restricted our systematic studies to the fundamental
modes, leaving the overtones still unexplored. For vanish-
ing GB coupling α the modes reduce to those of the Kerr
black holes. Thus the polar-led and axial-led modes
become degenerate, since the Kerr black holes feature
isospectrality, and the scalar-led modes reduce to the modes
of a test scalar field in the Kerr background. This α ¼ 0
limit together with the j ¼ 0 limit define our nomenclature
of the modes.
We show in Fig. 2 an example of the quasinormal mode

spectrum for rotating EGBd black holes. The spectrum
shows the scaled imaginary partMωI versus the scaled real
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part MωR for the fundamental quasinormal modes with
azimuthal numberMz ¼ 2 and multipole numbers l ¼ 2, 3,
4, and 5, for scaled angular momentum j ¼ 0.6 and positive
frequency. The colors indicated the three mode types: the
polar-led modes, the axial-led modes, and the scalar-led
modes. The figure demonstrates the breaking of isospec-
trality in EGBd, as the polar-led and axial-led modes
bifurcate. Furthermore, the overall increment of the abso-
lute value of the scaled imaginary part of the modes as l
grows indicates a mode stability of the spacetime. A
preliminary study indicates that the first overtones of the
polar-led, axial-led, and scalar-led modes typically possess
imaginary parts with MωI < −0.2.
In order to identify the type of a given mode, and classify

it as polar led, axial led, or scalar led, inspection of the
perturbation functions is constructive. We demonstrate this
with the help of Fig. 3, where we show the functions Re(T̃),
Re(h̃0), and Re(P̃) for the l ¼ Mz ¼ 2 fundamental polar-
led mode (left column) and the fundamental axial-led mode
(right column) for scaled angular momentum j ¼ 0.6 and
scaled GB coupling ξ ¼ 0.11.
Considering first the functions for the polar-led mode

(left column) we note that Re(T̃) (a) and Re(P̃) (e) are
predominantly even functions with respect to the y coor-
dinate, while Re(h̃0) (c) behaves predominantly like an odd
function. For the axial-led mode (right column), on the
other hand, this behavior is interchanged with Re(T̃) (b)
and Re(P̃) (f) being predominantly odd functions, and Re
(h̃0) (d) a predominantly even function. We further note that
for both modes the scalar function is non-negligible but
subleading.
We now turn to the systematic analysis of the quasi-

normal modes as shown in Fig. 4. Corresponding tables
(Tables I–XVI) are found in the Appendix. The figure
exhibits the dependence of the quasinormal modes of

rotating EGBd black holes on the scaled coupling constant
ξ ¼ α=M2 for scaled angular momentum j ¼ 0.2, 0.4, 0.6,
and 0.8. Shown are the scaled real part MωR (left column)
and the scaled imaginary part MωI (right column) for the
quadrupole (l ¼ 2-led) and the octupole (l ¼ 3-led) modes.
For both multipoles the polar-led, axial-led, and scalar-led
modes are included. The dotted vertical lines represent the
maximal value of the scaled coupling constant, for which
the corresponding background solutions exist (see Fig. 1).
Isospectrality, which is present for the Kerr black holes

at ξ ¼ 0, is clearly broken when the GB coupling is turned
on. Typically the breaking of isospectrality and thus the
splitting of the polar and axial modes increases toward the
larger couplings. Similarly the scalar modes typically
deviate from the corresponding Kerr scalar test field mode
the more, the larger the coupling is. While the deviations of
the real part ωR do not exhibit very large changes with
increasing ξ, this is often different for the imaginary parts
ωI , where significant changes are seen toward the boun-
dary of the domain of existence of rotating EGBd
black holes.
For the frequencies ωR of the modes we note that the

order remains the same, starting from the l ¼ 2 polar modes
up to the l ¼ 3 scalar modes, independent of the angular
momentum j and the coupling ξ. The only exception is
found for large j and large ξ, where the l ¼ 2 polar and
axial curves cross, making the axial modes the lowest
modes beyond the crossing. In contrast to the rather smooth
dependencies of the frequencies on j and ξ, the imaginary
parts, and thus the damping times of the modes τ ¼ 1=jωIj,
vary widely with j and ξ.
For the small angular momentum j ¼ 0.2 the axial

quadrupole-led mode is the dominant mode for most of
the range of the coupling ξ. However close to the boundary
of the domain of existence there arises a sharp drop of ωI of
this previously dominating axial mode. In fact, towards the
boundary of the domain of existence both scalar modes
cross all metric modes, with the l ¼ 2 scalar mode
becoming finally the longest lived mode and the l ¼ 3

scalar mode becoming the second longest lived mode. Thus
the order of the modes and hence their relevance in the
ringdown process is changing drastically.
As we increase the angular momentum, the order of the

modes keeps changing towards the boundary of the
domain of existence. For j ¼ 0.4 the scalar quadrupole
mode still becomes the dominant mode, but the scalar
octupole mode remains short lived, and instead the axial
octupole mode becomes the second longest lived mode.
For j ¼ 0.6 the polar quadrupole mode is always the
dominant mode, while the polar and axial octupole modes
become an almost degenerate pair of modes approaching
the polar quadrupole mode. Finally, for j ¼ 0.8 the scalar
octupole mode becomes the leading mode for large
coupling. We note, however, that for j ¼ 0.6 and 0.8

-0.11

-0.1

-0.09

-0.08

-0.07

 0.4  0.6  0.8  1  1.2

l=2
l=3 l=4 l=5

j=0.6, Mz=2

axial
polar

scalar
M

 
I

M R

FIG. 2. Example of the quasinormal mode spectrum for EGBd
black holes with scaled angular momentum j ¼ 0.6 and Mz ¼ 2,
showing the fundamental modes for multipole numbers
l ¼ 2;…; 5. The colors indicate the polar-led, axial-led, and
scalar-led modes.
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our calculations lose accuracy towards the boundary of the
domain of existence. We have therefore refrained from
showing their values there.
The physical reason for the change of order of the modes

and, in particular, the at first sight surprising dominance of
the scalar modes toward the boundary of the domain of
existence resides on the fact that toward this boundary the
scalar field of the background solutions increases consid-
erably. This then entails a stronger mixing of the metric

and scalar contributions of the modes. In any case, this
change of order of the modes reveals that the dominant
mode is only found by investigating all three type of
modes, polar, axial, and scalar, for the lowest fundamental
multipoles.
It is instructive to compare our exact results with

previously obtained perturbative results, which employ
perturbation theory both for the angular momentum j
and for the coupling ξ, going to second order in j and to
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FIG. 3. Perturbation functions for l ¼ Mz ¼ 2 fundamental modes for scaled angular momentum j ¼ 0.6 and scaled GB coupling
ξ ¼ 0.11: function Re(T̃) for the polar-led mode (a) and the axial-led mode (b), function Re(h̃0) for the polar-led mode (c) and the axial-
led mode (d), function Re(P̃) for the polar-led mode (e) and the axial-led mode (f).
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FIG. 4. Fundamental EGBd quadrupole (l ¼ 2)-led and octupole (l ¼ 3)-led quasinormal modes for Mz ¼ 2: scaled real part MωR
(left column) and scaled imaginary partMωI (right column) vs the scaled coupling strength ξ for j ¼ 0.2, j ¼ 0.4, j ¼ 0.6, and j ¼ 0.8
(from top to bottom).
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sixth order in ξ [43]. We exhibit this comparison in Fig. 5,
where we show our axial and polar quadrupole modes
(upper row) and octupole modes (lower row). Recall that the
domain of existence of the modes shrinks with increasing
angular momentum.
In addition, the figure includes the polar modes as

obtained in perturbation theory [43], while the axial modes
were not given in there. These modes as obtained from the
Taylor expansion are shown by dashed curves of the same
color as the associated exact modes (solid). We observe good
agreement for the small angular momenta, but increasingly
strong deviations for the larger angular momenta, as present
already for the Kerr case, since only second order perturba-
tion theory in j is employed [43]. If we make use of a Padé
approximation instead (dotted), the agreement improves
substantially. In particular, for j ¼ 0.2 the agreement is
excellent almost up to the boundary of the domain of
existence, and for j ¼ 0.4 the comparison still reveals an
amazingly good agreement for the frequency ωR.
We finally address the quasinormal modes for negative

frequencies ωR. These are depicted in Fig. 6 analogously
to Fig. 4 where the positive frequencies are shown. For the
negative frequencies we observe quite similar smooth
behavior as for the positive frequencies, i.e., the absolute

values exhibit the same order of the modes, with the polar
quadrupole mode possessing the smallest jωRj except for
j ¼ 0.8 and large coupling ξ. Similarly to the positive
frequency modes, the damping times of the negative
frequency modes show strong dependencies on the angu-
lar momentum and the coupling. For j ¼ 0.2 the scalar
l ¼ 2 and l ¼ 3modes become the longest lived modes for
large coupling, but now the l ¼ 3 mode becomes the
dominant one. For j ¼ 0.4 the scalar l ¼ 2 mode becomes
the dominant one here as well, for j ¼ 0.6 the polar and
axial l ¼ 2 are very close until toward the boundary of the
domain of existence the polar mode dominates. However,
for j ¼ 0.8 the polar l ¼ 2 dominates for negative modes
and large couplings, instead of the scalar l ¼ 3 mode as in
the positive frequency case.

V. CONCLUSIONS

We have presented a detailed derivation and discussion
of the quasinormal modes of rotating EGBd black holes,
where neither the GB coupling nor the rotation was treated
in a perturbative way. Our starting point is therefore the
construction of an appropriate set of rotating EGBd black
holes that serve as the background solutions for the
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FIG. 5. Comparison with second order approximation: fundamental EGBd (l ¼ 2)-led (upper row) and (l ¼ 3)-led (lower row)
quasinormal modes for Mz ¼ 2: scaled real part MωR (left column) and scaled imaginary part MωI (right column) vs scaled coupling
strength ξ for polar-led and axial-led exact modes (solid) and perturbative polar modes with Pade approximation (dotted) and Taylor
expansion (dashed), for scaled angular momentum j ¼ 0.2, j ¼ 0.4, j ¼ 0.6, and j ¼ 0.8.
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perturbations. This procedure also clarifies the domain of
existence of rotating black holes, if not yet known, and thus
indicates where perturbative procedures would break down.
We have focused on the calculation of polar, axial and

scalar l ¼ 2-led and l ¼ 3-led modes for Mz ¼ 2, for both
positive and negative frequencies. Our calculations reveal,
that the order of the modes can change with increasing
coupling strength, and thus the dominant mode in the
ringdown would depend on the GB coupling of the theory
and the angular momentum of the final black hole. In
particular, toward the boundary of the domain of existence
of background solutions, the scalar modes tend to dominate
due to the large background scalar field. Moreover, the
octupole modes may also dominate over the quadrupole
modes for large coupling.
Consequently, the gravitational radiation emitted in the

ringdown may differ strongly for EGBd theory (and
possibly other alternative theories of gravity) from the
radiation in GR. Future gravitational wave observations
will then allow us to put bounds on the coupling strength
from precision measurements of the ringdown. When
theories possess a scalar degree of freedom, however,
the resulting dipole radiation during the inspiral phase
can already now put new bounds [52].
Currently we are studying the exact quasinormal modes

of shift-symmetric EGB theory, which has coupling func-
tion fðφÞ ¼ φ. The static and rotating black holes of this
theory were constructed before [53–56]. Recently the
quasinormal modes of shift-symmetric black holes were
obtained for rapid rotation but only in second order
perturbation theory in the coupling constant [57,58].
Thus these results are no longer appropriate for the larger
couplings, in particular, close to the boundary of the
domain of existence of the background solutions. Our
calculations indicate the occurrence of rather large devia-
tions of the perturbative results from the exact ones in this
case [59].
Future studies will address the overtones of the modes of

rotating black holes in EGBd theory. They will address as
well the modes of rotating spontaneously scalarized black

holes in Einstein-Gauß-Bonnet-scalar theories, including
the spin-induced black holes. Indeed, the machinery can be
applied to the rotating black holes of all kinds of Horndeski
theories. Moreover, the quasinormal modes of other types
of compact objects can be tackled with these methods, like
rapidly rotating neutron stars, boson stars, and wormholes.
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APPENDIX

Here we present a set of tables containing the numerical
values of the fundamental (l ¼ 2)-led and (l ¼ 3)-led
quasinormal modes for the gravitational sector (polar,
axial) and scalar sector for Mz ¼ 2. For each angular
momentum j ¼ 0.2, 0.4, 0.6, 0.8, we provide both the
positive and negative real frequencies ωR of the modes and
their corresponding imaginary parts ωI in the tables. The
EGBd modes are computed for values of the scaled
coupling constant ξ up to the vicinity of its limit bounded
by each j. The first row of the tables gives Kerr quasinormal
modes where ξ ¼ 0.
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TABLE II. Gravitational (l ¼ 3)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength ξ for j ¼ 0.2.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.62974 −0.09212 0.62974 −0.09212 −0.57517 −0.09272 −0.57517 −0.09272
0.00196 0.62974 −0.09212 0.62973 −0.09212 −0.57517 −0.09272 −0.57517 −0.09272
0.00784 0.62975 −0.09212 0.62967 −0.09213 −0.57517 −0.09272 −0.57512 −0.09273
0.01763 0.62979 −0.09212 0.62941 −0.09216 −0.57520 −0.09272 −0.57493 −0.09276
0.03129 0.62989 −0.09211 0.62868 −0.09223 −0.57527 −0.09273 −0.57441 −0.09285
0.04872 0.63013 −0.09210 0.62715 −0.09241 −0.57543 −0.09273 −0.57330 −0.09304
0.06969 0.63059 −0.09207 0.62445 −0.09275 −0.57574 −0.09274 −0.57135 −0.09339
0.09370 0.63141 −0.09202 0.62037 −0.09332 −0.57629 −0.09277 −0.56836 −0.09392
0.11979 0.63280 −0.09195 0.61500 −0.09416 −0.57725 −0.09285 −0.56436 −0.09463
0.14613 0.63511 −0.09193 0.60892 −0.09516 −0.57891 −0.09305 −0.55962 −0.09540
0.15360 0.63607 −0.09196 0.60711 −0.09542 −0.57965 −0.09320 −0.55811 −0.09560
0.16061 0.63722 −0.09208 0.60535 −0.09560 −0.58056 −0.09336 −0.55659 −0.09576
0.16873 0.63933 −0.09272 0.60301 −0.09560 −0.58227 −0.09360 −0.55453 −0.09590
0.17185 0.64127 −0.09348 0.60145 −0.09551 −0.58365 −0.09366 −0.55367 −0.09604

TABLE III. Scalar (l ¼ 2)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength
ξ for j ¼ 0.2.

α=M2 ωR ωI ωR ωI

0.00000 0.51712 −0.09638 −0.45620 −0.09655
0.00196 0.51706 −0.09638 −0.45616 −0.09655
0.00784 0.51692 −0.09638 −0.45607 −0.09656
0.01763 0.51682 −0.09637 −0.45602 −0.09657
0.03129 0.51698 −0.09634 −0.45616 −0.09655
0.04872 0.51774 −0.09625 −0.45672 −0.09645
0.06969 0.51965 −0.09604 −0.45805 −0.09622
0.09370 0.52344 −0.09558 −0.46065 −0.09569
0.11979 0.53016 −0.09462 −0.46514 −0.09467
0.14613 0.54120 −0.09255 −0.47232 −0.09260
0.15360 0.54569 −0.09155 −0.47504 −0.09181
0.16061 0.55081 −0.09035 −0.47811 −0.09077
0.16873 0.55852 −0.08817 −0.48286 −0.08916
0.17185 0.56268 −0.08674 −0.48618 −0.08855

TABLE I. Gravitational (l ¼ 2)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength ξ for j ¼ 0.2.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0 0.40215 −0.08831 0.40215 −0.08831 −0.35105 −0.08918 −0.35105 −0.08918
0.00196 0.40217 −0.08830 0.40215 −0.08831 −0.35105 −0.08917 −0.35105 −0.08918
0.00784 0.40215 −0.08830 0.40213 −0.08831 −0.35105 −0.08918 −0.35104 −0.08919
0.01763 0.40218 −0.08830 0.40205 −0.08833 −0.35107 −0.08919 −0.35100 −0.08921
0.03129 0.40224 −0.08829 0.40182 −0.08838 −0.35110 −0.08920 −0.35087 −0.08926
0.04872 0.40238 −0.08827 0.40132 −0.08851 −0.35118 −0.08922 −0.35061 −0.08937
0.06969 0.40265 −0.08822 0.40037 −0.08877 −0.35132 −0.08927 −0.35013 −0.08961
0.09370 0.40312 −0.08812 0.39877 −0.08929 −0.35157 −0.08939 −0.34936 −0.09000
0.11979 0.40383 −0.08798 0.39656 −0.09029 −0.35199 −0.08967 −0.34825 −0.09063
0.14613 0.40471 −0.08785 0.39374 −0.09228 −0.35274 −0.09041 −0.34692 −0.09128
0.15360 0.40490 −0.08789 0.39311 −0.09296 −0.35312 −0.09086 −0.34655 −0.09139
0.16061 0.40493 −0.08809 0.39269 −0.09351 −0.35370 −0.09155 −0.34622 −0.09150
0.16873 0.40424 −0.08945 0.39254 −0.09371 −0.35513 −0.09326 −0.34524 −0.09143
0.17185 0.40334 −0.09270 0.39323 −0.09447 −0.35644 −0.09413 −0.34070 −0.09018
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TABLE V. Gravitational (l ¼ 2)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength ξ for j ¼ 0.4.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.43984 −0.08688 0.43984 −0.08688 −0.33246 −0.08913 −0.33246 −0.08913
0.02933 0.43997 −0.08688 0.43942 −0.08684 −0.33250 −0.08915 −0.33233 −0.08919
0.06548 0.44051 −0.08692 0.43778 −0.08673 −0.33270 −0.08925 −0.33177 −0.08938
0.10066 0.44161 −0.08699 0.43267 −0.08690 −0.33315 −0.08949 −0.33077 −0.08983
0.11349 0.44220 −0.08705 0.43089 −0.08752 −0.33341 −0.08964 −0.33029 −0.09003
0.13978 0.44390 −0.08737 0.42553 −0.08887 −0.33428 −0.09013 −0.32909 −0.09047
0.15264 0.44508 −0.08777 0.42486 −0.09090 −0.33508 −0.09053 −0.32827 −0.09063
0.16453 0.44654 −0.08864 0.42636 −0.09666 −0.33648 −0.09097 −0.32739 −0.09067
0.16871 0.44690 −0.08928 0.42841 −0.10406 −0.33745 −0.09096 −0.32696 −0.08996
0.17139 0.44642 −0.09239 0.43551 −0.11008 −0.33472 −0.08934 −0.32076 −0.08949

TABLE VI. Gravitational (l ¼ 3)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling strength ξ for
j ¼ 0.4.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.66892 −0.09062 0.66892 −0.09062 −0.55528 −0.09235 −0.55528 −0.09235
0.02933 0.66911 −0.09063 0.66786 −0.09067 −0.55537 −0.09236 −0.55472 −0.09244
0.06548 0.66998 −0.09065 0.66347 −0.09097 −0.55577 −0.09240 −0.55244 −0.09282
0.08830 0.67105 −0.09068 0.65925 −0.09126 −0.55620 −0.09243 −0.55017 −0.09321
0.10066 0.67186 −0.09070 0.65656 −0.09143 −0.55657 −0.09245 −0.54869 −0.09345
0.11349 0.67295 −0.09073 0.65348 −0.09169 −0.55703 −0.09249 −0.54701 −0.09372
0.13978 0.67645 −0.09079 0.64667 −0.09244 −0.55843 −0.09261 −0.54306 −0.09430
0.15264 0.67940 −0.09070 0.64322 −0.09280 −0.55952 −0.09269 −0.54083 −0.09453
0.16453 0.68362 −0.09020 0.63992 −0.09276 −0.56114 −0.09276 −0.53854 −0.09480
0.16871 0.68598 −0.08994 0.63848 −0.09241 −0.56286 −0.09212 −0.53751 −0.09492
0.17139 0.68403 −0.08822 0.63711 −0.09232

TABLE IV. Scalar (l ¼ 3)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength
ξ for j ¼ 0.2.

α=M2 ωR ωI ωR ωI

0.00000 0.70858 −0.09615 −0.64818 −0.09626
0.00196 0.70855 −0.09615 −0.64816 −0.09626
0.00784 0.70854 −0.09615 −0.64816 −0.09626
0.01763 0.70880 −0.09614 −0.64837 −0.09625
0.03129 0.70982 −0.09610 −0.64917 −0.09618
0.04872 0.71227 −0.09598 −0.65108 −0.09601
0.06969 0.71707 −0.09574 −0.65479 −0.09567
0.09370 0.72529 −0.09529 −0.66116 −0.09504
0.11979 0.73819 −0.09450 −0.67113 −0.09396
0.14613 0.75738 −0.09293 −0.68588 −0.09207
0.15360 0.76465 −0.09217 −0.69136 −0.09123
0.16061 0.77275 −0.09116 −0.69740 −0.09019
0.16873 0.78489 −0.08939 −0.70630 −0.08827
0.17185 0.79122 −0.08884 −0.71147 −0.08740
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TABLE VIII. Scalar (l ¼ 3)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.4.

α=M2 ωR ωI ωR ωI

0.00000 0.75052 −0.09481 −0.62547 −0.09561
0.02933 0.75162 −0.09480 −0.62620 −0.09555
0.06548 0.75851 −0.09468 −0.63039 −0.09516
0.08830 0.76626 −0.09458 −0.63515 −0.09468
0.10066 0.77166 −0.09450 −0.63851 −0.09434
0.11349 0.77828 −0.09442 −0.64264 −0.09389
0.13978 0.79591 −0.09412 −0.65377 −0.09266
0.15264 0.80727 −0.09393 −0.66100 −0.09188
0.16453 0.82047 −0.09400 −0.66970 −0.09068
0.16871 0.82627 −0.09420 −0.67351 −0.09003
0.17139 0.83371 −0.09431

TABLE IX. Gravitational (l ¼ 2)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling strength ξ for
j ¼ 0.6.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.49404 −0.08377 0.49404 −0.08377 −0.31678 −0.08889 −0.31678 −0.08889
0.01799 0.49409 −0.08379 0.49399 −0.08372 −0.31673 −0.08889 −0.31680 −0.08890
0.04040 0.49429 −0.08390 0.49309 −0.08347 −0.31687 −0.08893 −0.31656 −0.08916
0.07139 0.49489 −0.08428 0.49057 −0.08316 −0.31709 −0.08902 −0.31610 −0.08912
0.08600 0.49533 −0.08459 0.48868 −0.08282 −0.31726 −0.08909 −0.31574 −0.08930
0.10991 0.49632 −0.08540 0.48442 −0.08228 −0.31768 −0.08925 −0.31502 −0.08953
0.11832 0.49680 −0.08583 0.48229 −0.08222 −0.31790 −0.08935 −0.31464 −0.08937
0.12688 0.49750 −0.08634 0.48016 −0.08209 −0.31820 −0.08989 −0.31370 −0.08824
0.14424 0.49630 −0.08955 0.47480 −0.08144 −0.31911 −0.08911 −0.30131 −0.08448
0.15285 0.49365 −0.09319 0.48017 −0.08099 −0.32087 −0.08896 −0.29871 −0.08363

TABLE VII. Scalar (l ¼ 2)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.4.

α=M2 ωR ωI ωR ωI

0.00000 0.55965 −0.09493 −0.43306 −0.09598
0.02933 0.55933 −0.09485 −0.43299 −0.09601
0.06548 0.56186 −0.09469 −0.43432 −0.09577
0.08830 0.56632 −0.09453 −0.43632 −0.09541
0.10066 0.56868 −0.09426 −0.43757 −0.09502
0.11349 0.57243 −0.09395 −0.43927 −0.09452
0.13978 0.58371 −0.09269 −0.44425 −0.09312
0.15264 0.59154 −0.09139 −0.44776 −0.09201
0.16453 0.60105 −0.08947 −0.45201 −0.09023
0.16871 0.60409 −0.08695 −0.45377 −0.08952
0.17139 0.61548 −0.08590 −0.46267 −0.08415
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TABLE XI. Scalar (l ¼ 2)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.6.

α=M2 ωR ωI ωR ωI

0.00000 0.61736 −0.09125 −0.41315 −0.09520
0.01799 0.61674 −0.09115 −0.41304 −0.09524
0.04040 0.61719 −0.09107 −0.41325 −0.09530
0.07139 0.62016 −0.09114 −0.41448 −0.09488
0.08600 0.62282 −0.09113 −0.41544 −0.09468
0.10991 0.62926 −0.09112 −0.41752 −0.09407
0.11832 0.63206 −0.09125 −0.41859 −0.09374
0.12688 0.63520 −0.09154 −0.41988 −0.09324
0.13554 0.63794 −0.09274 −0.41578 −0.09354
0.14424 0.63664 −0.09862
0.15285 0.64529 −0.10742 −0.42470 −0.09036

TABLE XII. Scalar (l ¼ 3)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.6.

α=M2 ωR ωI ωR ωI

0.00000 0.80644 −0.09150 −0.60624 −0.09463
0.01799 0.80667 −0.09151 −0.60640 −0.09463
0.04040 0.80890 −0.09163 −0.60760 −0.09453
0.07139 0.81601 −0.09199 −0.61126 −0.09421
0.08600 0.82098 −0.09220 −0.61387 −0.09399
0.10991 0.83141 −0.09273 −0.61952 −0.09349
0.11832 0.83576 −0.09299 −0.62198 −0.09328
0.12688 0.84060 −0.09335 −0.62478 −0.09306
0.13554 0.84552 −0.09428 −0.62792 −0.09285
0.14424 0.84562 −0.09915
0.15285 0.81975 −0.10347 −0.63422 −0.09296

TABLE X. Gravitational (l ¼ 3)-led fundamental quasinormal modes withMz ¼ 2 for different scaled coupling strength ξ for j ¼ 0.6.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.72280 −0.08728 0.72280 −0.08728 −0.53880 −0.09164 −0.53880 −0.09164
0.01799 0.72291 −0.08730 0.72236 −0.08725 −0.53883 −0.09165 −0.53862 −0.09167
0.04040 0.72338 −0.08736 0.72050 −0.08721 −0.53895 −0.09168 −0.53791 −0.09177
0.07139 0.72477 −0.08762 0.71559 −0.08706 −0.53936 −0.09169 −0.53601 −0.09204
0.08600 0.72586 −0.08782 0.71252 −0.08692 −0.53966 −0.09172 −0.53477 −0.09220
0.10991 0.72870 −0.08826 0.70656 −0.08690 −0.54034 −0.09182 −0.53232 −0.09252
0.11832 0.73014 −0.08849 0.70426 −0.08692 −0.54064 −0.09191 −0.53134 −0.09263
0.12688 0.73194 −0.08874 0.70186 −0.08693 −0.54097 −0.09206 −0.53026 −0.09275
0.13554 0.73362 −0.08836 0.69948 −0.08686 −0.54131 −0.09235 −0.52911 −0.09285
0.14424 0.73913 −0.08545 0.69746 −0.08630 −0.54233 −0.09310 −0.52788 −0.09283
0.15285 0.75086 −0.08267 0.69648 −0.08257 −0.54801 −0.09351 −0.52690 −0.09217
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TABLE XIV. Gravitational (l ¼ 3)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling strength ξ for
j ¼ 0.8.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.80678 −0.07905 0.80678 −0.07905 −0.52505 −0.09061 −0.52505 −0.09061
0.00800 0.80682 −0.07906 0.80658 −0.07942 −0.52504 −0.09059 −0.52502 −0.09062
0.01152 0.80685 −0.07906 0.80658 −0.07900 −0.52505 −0.09055 −0.52504 −0.09060
0.03200 0.80736 −0.07923 0.80526 −0.07887 −0.52507 −0.09054 −0.52460 −0.09065
0.03872 0.80766 −0.07930 0.80464 −0.07880 −0.52511 −0.09036 −0.52443 −0.09066
0.04607 0.80811 −0.07943 0.80384 −0.07878 −0.52596 −0.09051 −0.52421 −0.09068
0.05407 0.80865 −0.07982 0.80268 −0.07902 −0.52667 −0.09097 −0.52404 −0.09096
0.06270 0.80910 −0.08084 0.80084 −0.07893 −0.52712 −0.09213 −0.52312 −0.09103
0.06725 0.80892 −0.08169 0.80003 −0.07886 −0.52791 −0.09332 −0.52281 −0.09095
0.07196 0.80777 −0.08269 0.79936 −0.07899 −0.52894 −0.09493 −0.52251 −0.09074
0.07683 0.80406 −0.08349 0.79874 −0.08017 −0.53055 −0.09710 −0.52238 −0.09052
0.08185 0.79761 −0.09028 0.79562 −0.08189 −0.53306 −0.09940 −0.52238 −0.09034
0.08703 0.79921 −0.09005 0.79087 −0.08096 −0.53624 −0.10072 −0.52245 −0.09018
0.09236 0.79955 −0.08743 0.79018 −0.07624 −0.53833 −0.10127 −0.52262 −0.09006
0.09509 0.80027 −0.08580 0.79062 −0.07585 −0.53915 −0.10241 −0.52282 −0.09004
0.09785 0.80165 −0.08402 0.79070 −0.07561 −0.54151 −0.10353 −0.52315 −0.09008
0.10348 0.80691 −0.08007 0.79060 −0.07521 −0.54284 −0.10168 −0.52433 −0.09032
0.10926 0.81497 −0.07484 0.79022 −0.07521 −0.54147 −0.10213 −0.52455 −0.09034
0.11221 0.81858 −0.07159 0.78942 −0.07549 −0.54146 −0.10087 −0.52407 −0.09013

TABLE XIII. Gravitational (l ¼ 2)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling strength ξ for
j ¼ 0.8.

Axial Polar Axial Polar

α=M2 ωR ωI ωR ωI ωR ωI ωR ωI

0.00000 0.58602 −0.07563 0.58602 −0.07563 −0.30331 −0.08851 −0.30331 −0.08851
0.00800 0.58602 −0.07563 0.58592 −0.07560 −0.30328 −0.08853 −0.30330 −0.08849
0.01152 0.58601 −0.07565 0.58543 −0.07571 −0.30324 −0.08867 −0.30339 −0.08852
0.03200 0.58605 −0.07590 0.58528 −0.07559 −0.30336 −0.08853 −0.30347 −0.08830
0.03872 0.58595 −0.07593 0.58508 −0.07552 −0.30341 −0.08853 −0.30360 −0.08829
0.04607 0.58592 −0.07611 0.58491 −0.07577 −0.30332 −0.08849 −0.30318 −0.08785
0.05407 0.58578 −0.07640 0.58351 −0.07460 −0.30339 −0.08866 −0.30425 −0.08836
0.06270 0.58568 −0.07671 0.58377 −0.07240 −0.30369 −0.08883 −0.30717 −0.08663
0.06725 0.58571 −0.07710 0.58525 −0.07052 −0.30403 −0.08891 −0.30888 −0.08319
0.07196 0.58578 −0.07805 0.58796 −0.07027 −0.30469 −0.08888 −0.30930 −0.07747
0.07683 0.58613 −0.07996 0.59014 −0.07137 −0.30597 −0.08843 −0.30709 −0.06595
0.08185 0.58799 −0.08276 0.59221 −0.07282 −0.30828 −0.08625 −0.31376 −0.05827
0.08703 0.59228 −0.08455 0.59566 −0.07371 −0.30887 −0.08088 −0.31181 −0.05421
0.09236 0.59702 −0.08448 0.60087 −0.07058 −0.30689 −0.07584 −0.31010 −0.05025
0.09509 0.59926 −0.08439 0.60251 −0.06804 −0.30539 −0.07377 −0.31170 −0.04963
0.09785 0.60129 −0.08472 0.60384 −0.06578 −0.30352 −0.07201 −0.31368 −0.05369
0.10348 0.60238 −0.08585 0.60658 −0.06229 −0.29802 −0.06949 −0.31163 −0.05601
0.10926 0.60176 −0.08430 0.60993 −0.06127 −0.28709 −0.06751 −0.30675 −0.04668
0.11221 0.60160 −0.08314 0.61105 −0.06271 −0.27783 −0.06444 −0.30145 −0.04049
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TABLE XV. Scalar (l ¼ 2)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.8.

α=M2 ωR ωI ωR ωI

0.00000 0.70682 −0.08152 −0.39573 −0.09429
0.00800 0.70628 −0.08146 −0.39568 −0.09431
0.01152 0.70600 −0.08156 −0.39566 −0.09430
0.03872 0.70536 −0.08169 −0.39579 −0.09432
0.04607 0.70570 −0.08154 −0.39571 −0.09445
0.05407 0.70550 −0.08113 −0.39602 −0.09361
0.06270 0.70548 −0.08141 −0.39584 −0.09376
0.06725 0.70551 −0.08165 −0.39553 −0.09314
0.07196 0.70558 −0.08197 −0.39569 −0.09174
0.07683 0.70605 −0.08258 −0.39726 −0.09013
0.08185 0.70885 −0.08435 −0.39999 −0.08993
0.08703 0.71532 −0.08279 −0.40207 −0.09150
0.09236 0.71865 −0.08071 −0.40262 −0.09371
0.09509 0.72027 −0.08054 −0.40262 −0.09481
0.09785 0.72189 −0.08036 −0.40293 −0.09581
0.10348 0.72462 −0.07817 −0.40502 −0.09641
0.10926 0.72825 −0.07111 −0.40404 −0.09695
0.11221 0.73147 −0.06804 −0.40642 −0.09250

TABLE XVI. Scalar (l ¼ 3)-led fundamental quasinormal modes with Mz ¼ 2 for different scaled coupling
strength ξ for j ¼ 0.8.

α=M2 ωR ωI ωR ωI

0.00000 0.88948 −0.08309 −0.58983 −0.09336
0.00800 0.88943 −0.08308 −0.58982 −0.09336
0.01152 0.88947 −0.08308 −0.58984 −0.09336
0.03200 0.89060 −0.08341 −0.59046 −0.09332
0.03872 0.89098 −0.08300 −0.59083 −0.09330
0.04607 0.89193 −0.08323 −0.59134 −0.09330
0.05407 0.89311 −0.08329 −0.59198 −0.09325
0.06270 0.89455 −0.08325 −0.59283 −0.09320
0.06725 0.89541 −0.08312 −0.59334 −0.09317
0.07196 0.89640 −0.08288 −0.59391 −0.09314
0.07683 0.89755 −0.08249 −0.59453 −0.09313
0.08185 0.89891 −0.08189 −0.59520 −0.09315
0.08703 0.90056 −0.08099 −0.59582 −0.09323
0.09236 0.90259 −0.07957 −0.59609 −0.09332
0.09509 0.90381 −0.07854 −0.59585 −0.09321
0.09785 0.90523 −0.07717 −0.59523 −0.09266
0.10348 0.90888 −0.07274 −0.59368 −0.08899
0.10926 0.91344 −0.06379 −0.59151 −0.08761
0.11221 0.91475 −0.05660 −0.59199 −0.09133
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