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Abstract. For each positive integer k, the bundle of k-jets of functions from a smooth manifold,
X, to a Lie group, G, is denoted by Jk(X,G) and it is canonically endowed with a Lie groupoid
structure over X. In this work, we utilize a linear connection to trivialize this bundle, i.e., to build
an injective bundle morphism from Jk(X,G) into a vector bundle over G. Afterwards, we give the
explicit expression of the groupoid multiplication on the trivialized space, as well as the formula
for the inverse element. In the last section, a coordinated chart on X is considered and the local
expression of the trivialization is computed.

1. Introduction

For each k ∈ Z+, the family of k-jets of smooth curves, c ∶ R → G, where G is a Lie group, is
naturally a Lie group fiber bundle over R. We denote it by Jk(R,G), and its fiber over each t ∈ R by
Jk
t (R,G). In fact, these spaces are frequently known as higher-order tangent spaces and denoted by

T kG. In [8], the Lie group structure of Jk
0
(R,G) was investigated. Namely, the space was trivialized

by the right, yielding an isomorphism of bundles over G,

Jk
0
(R,G) ≃ G × (g⊕

k
⌣. . . ⊕ g),

where g is the Lie algebra of G. Following that, the explicit expression of the multiplication, as well
as the inverse element, were studied under this identification.

The aim of this work is to generalize the results in [8] when an arbitrary smooth manifold, X,
is considered instead of R. As we will see, a linear connection on the cotangent bundle of X is
necessary in order to trivialize the jet bundle, Jk(X,G). It is important to point out that the
generalization analyzed here goes beyond a mere complications of the computations occurring in
higher order tangent bundles of Lie groups. The situation for dimX ≥ 2 implies qualitative and
important differences that entail the structure jet bundles in their full complexity. In particular,
in this case the trivialization is not an isomorphism any more, but only an injective morphism.
Notwithstanding, we take advantage of this injection to compute explicit formulas for the fibered
multiplication and the inverse element.

Jets of curves on Lie groups are essential in the analysis of higher order Lagrangian mechanical
systems over Lie groups [2], as well as in the higher order Euler–Poincaré reduction procedure [3]
and its applications to optimal control theory [1]. For that reason, we expect that our generalization
to jets of functions defined on arbitrary manifolds will have great relevance in the field theoretical
counterpart of such systems, i.e., higher order Lagrangian field theories on principal bundles and
the corresponding Euler–Poincaré field equations.

The paper is organized as follows. In Section 2, some notions about jet bundles, Lie algebras and
anti-lexicographically partitions are recalled. Besides, partly ordered partitions are introduced and
some properties about them are proved. Next, we present the main results of the paper: the right
trivialization of Jk(X,G) is defined in Section 3, and the fibered product, together with the formula
for the inverse element, are computed under this trivialization in Section 4. Lastly, in Section 5, the
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local expression of the trivialization is given after choosing a coordinated chart of X. In particular,
this enables us to compute the image of the injective morphism for k = 2.

In the following, every manifold or map is assumed to be smooth, meaning C∞, unless otherwise
stated. We assume that dimX = n. The space of (smooth) sections of a fiber bundle, πY,X ∶ Y →X,
is denoted by Γ(πY,X) = Γ(Y →X) = Γ(Y ). In particular, vector fields on a manifold X are denoted
by X(X) = Γ(TX), where TX is the tangent bundle of X. Likewise, p-forms on X are denoted by
Ω
p(X) = Γ(T ∗X), where T ∗X is the cotangent bundle of X. The derivative, or tangent map, of a

map f ∈ C∞(X,X ′) between the manifolds X and X ′ is denoted by (df)x ∶ TxX → Tf(x)X
′ for each

x ∈ X. When working in local coordinates, we will assume the Einstein summation convention for
repeated indices.

2. Preliminaries

2.1. Jet bundles. We summarize the notation on jet bundles that we will use in the following
(for the corresponding definitions, the author can go, for example, to [6]). Let πY,X ∶ Y → X be

a fiber bundle and k ∈ Z+. The k-th order jet bundle of πY,X is denoted by πJkY,X ∶ J
kY → X

and its elements by jkxs. Similarly, its fibers are denoted by Jk
xY , for each x ∈ X. The k-th jet lift

of a section s ∈ Γ(πY,X) is denoted by jks ∈ Γ (πJkY,X) and it is called holonomic section. Recall

that, for 0 ≤ l < k, the maps πk,l ∶ JkY → J lY , πk,l(jkxs) = j
l
xs, are fiber bundles, where we denote

J0Y = Y . In particular, the first jet bundle of πY,X may be regarded as

J1Y = {γy ∶ TxX → TyY ∣ γy linear, x = πY,X(y), (dπY,X)y ○ γy = idTxX} .

On the other hand, the k-th order jet bundle of a trivial bundle πX×F,X ∶ X × F → X is known
as the k-th order jet of functions from X to F . Since any section s ∈ Γ(πX×F,X) is of the form

s = (idX , f) for some function f ∶ X → F , elements of Jk(X,F ) = Jk(X × F ) are denoted by jkxf .

2.2. Universal enveloping algebra. We recall the main notions about the universal enveloping
algebra of a Lie algebra. For an in-depth exposition see, for example, [4; 7]. Let G be a Lie group
and g be its Lie algebra. For each g ∈ G, we denote by Rg ∶ G→ G the right multiplication by g, by
Adg ∶ g → g the adjoint representation of G, and by ad(ξ) ∶ g → g the the adjoint representation of
g, where ξ ∈ g.

Theorem 2.1. Let g be a Lie algebra. There exists an associative algebra with identity, which is
called universal enveloping algebra of g and denoted by U(g), and a linear map ι ∶ g → U(g) such
that

(1) ι([ξ, η]) = ι(ξ)ι(η) − ι(η)ι(ξ) for each ξ, η ∈ g.
(2) U(g) is generated, as a algebra, by {ι(ξ) ∣ ξ ∈ g}.
(3) If A is an associative algebra with identity and i ∶ g → A is linear and i([ξ, η]) = i(ξ)i(η) −

i(η)i(ξ) for each ξ, η ∈ g, then there exists a unique algebra homomorphism φ ∶ U(g) → A
such that the following diagram is commutative,

g A

U(g)
ι

i

φ

Universal enveloping algebras are useful in representation theory, but we do not develop this topic
here.
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Theorem 2.2 (PBW Theorem). Let {B1, . . . ,Bm} be a basis of g, then

span {ι(ξ1)α1 . . . ι(ξm)αm ∣ αi ∈ Z, αi ≥ 0, 1 ≤ i ≤m} ,
where ι(ξ)0 = 1, the identity of U(g), is a basis of U(g) as a vector space. In particular, the map
ι ∶ g→ U(g) is injective.

Thanks to the above theorem, henceforth we identify g ∋ ξ ≡ ι(ξ) ∈ U(g) and we regard g ⊂ U(g)
as a vector subspace.

2.3. Partly ordered and anti-lexicographically ordered partitions. Let j ∈ Z+. A partition
of {1, . . . , j} of length l ∈ {1, . . . , j} is a tuple λ = (λ1, . . . , λl) where λ1, . . . , λl ⊂ {1, . . . , j} are
disjoint subsets such that λ1 ∪ ⋅ ⋅ ⋅ ∪λl = {1, . . . , j}. We denote by P(j) the family of all partitions of{1, . . . , j}. Likewise, we denote ji = ∣λi∣, the cardinality of λi, 1 ≤ i ≤ l. Of course, j1 + ⋅ ⋅ ⋅ + jl = j for
each partition λ = (λ1, . . . , λl) ∈ P(j).
Definition 2.1. A partition λ = (λ1, . . . , λl) ∈ P(j) is partly ordered if αi

1
< ⋅ ⋅ ⋅ < αi

ji
for each

1 ≤ i ≤ l, where we denote λi = {αi
1
, . . . , αi

ji
}.

Observe that we ask for the integers to be ordered only within each subset λi, 1 ≤ i ≤ l. The set
of all partly ordered partitions of {1, . . . , j} is denoted by P+(j). At last, we consider the family of
partly ordered partitions with α1

1
= 1, i.e.,

P+1 (j) = {λ = (λ1, . . . , λl) ∈ P+(j) ∣ 1 ∈ λ1} .
Proposition 2.1. Let j ∈ Z+ and 1 ≤ l ≤ j. Fixed j1, . . . , jl ∈ {1, . . . , j} such that j1 + ⋅ ⋅ ⋅ + jl = j,
there are exactly

c(j1, . . . , jl) = ( j − 1
j1 − 1

) l

∏
i=2

(ji + ⋅ ⋅ ⋅ + jl
ji

)
different partitions λ = (λ1, . . . , λl) ∈ P+1 (j) with ∣λi∣ = ji, 1 ≤ i ≤ l. In particular, the cardinality of
P+
1
(j) is

∣P+
1
(j)∣ = j

∑
l=1

∑
j1+⋅⋅⋅+jl=j

c(j1, . . . , jl).
Proof. For the first part, we write λ1 = {α1

1
= 1 < α1

2
< ⋅ ⋅ ⋅ < α1

j1
} for each λ = (λ1, . . . , λl) ∈ P+1 (j).

Thus, there are ( j−1
j1−1
) ways of choosing the elements α1

2
, . . . , α1

j1
. We have n−j1 remaining elements,

whence there are (j−j1
j2
) choices for the elements of λ2. Generally, there are (j−j1⋅⋅⋅−ji−1

ji
) choices for

the elements of λi, 2 ≤ i ≤ l. In short, the number of partitions in P+
1
(j) with ∣λi∣ = ji, 1 ≤ i ≤ l, is

exactly

c(j1, . . . , jl) = ( j − 1
j1 − 1

) l

∏
i=2

(j − j1 ⋅ ⋅ ⋅ − ji−1
ji

).
We conclude by recalling that j1 + ⋅ ⋅ ⋅ + jl = j. The second part is a straightforward consequence of
the first one. �

Given a partition λ = (λ1, . . . , λl) ∈ P(j), we consider two ways to derive a new partition of{1, . . . , j + 1}. Namely, fixed 1 ≤ s ≤ l we define

(1) λ+[s] = (λ1, . . . , λs−1, λs ∪ {j + 1}, λs+1, . . . , λl).
(2) λ−[s] = (λ1, . . . , λs,{j + 1}, λs+1, . . . , λl).

For instance, given λ = ({23},{1}) ∈ P(3), we have λ+[1] = ({234},{1}) and λ−[1] = ({23},{4},{1}).
We have the following lemmas.

Lemma 2.1. Let j ∈ Z+, λ = (λ1, . . . , λl) ∈ P+1 (j) and 1 ≤ s ≤ l. Then λ+[s], λ
−

[s] ∈ P
+

1
(j + 1).
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Lemma 2.2. Let j ∈ Z+ and λ = (λ1, . . . , λl) ∈ P+1 (j + 1). Then there exists a unique λ̂ ∈ P+
1
(j) and

1 ≤ s ≤ l such that λ = λ̂+[s] or λ = λ̂−[s].

Proof. Let 1 ≤ s ≤ l be such that j + 1 ∈ λs. If ∣λs∣ > 1, we pick

λ̂ = (λ1, . . . , λs−1, λs − {j + 1}, λs+1, . . . , λl) ∈ P+1 (j).
It is thus clear that λ̂+[s] = λ. Analogously, if ∣λs∣ = 1, then s ≥ 2 and we choose

λ̂ = (λ1, . . . , λs−1, λs+1, . . . , λl) ∈ P+1 (j).
It is straightforward that λ̂−[s−1] = λ.

Lastly, observe that if we have two different partitions λ̂, λ̃ ∈ P+
1
(j), then λ̂+[s], λ̂

−

[s], λ̃
+

[s] and λ̃−[s]

are all distinct, whenever they are defined. Hence, the partition λ̂ yielding λ is unique. �

The previous lemmas have the following straightforward result.

Proposition 2.2. Let j ∈ Z+ and denote by ⊔ the disjoint union. Then

P+1 (j + 1) = ⊔
λ∈P+

1
(j)

l

⊔
s=1

({λ+[s]} ⊔ {λ−[s]}) .
Additionally, we are interested in anti-lexicographically ordered partitions.

Definition 2.2. A partition λ = (λ1, . . . , λl) ∈ P(j) is anti-lexicographically ordered if maxλ1 <
⋅ ⋅ ⋅ < maxλl, that is to say, if each subset contains the highest available number when going from
right to left.

We denote by Pa(j) the set of all anti-lexicographically ordered partitions. In order to illustrate
both definitions, consider P(3). Then λ = ({12},{3}) is both partly and anti-lexicographically
ordered, λ = ({3},{12}) is partly ordered but not anti-lexicographically ordered, λ = ({21},{3})
is anti-lexicographically ordered, but not partly ordered, and λ = ({3},{21}) is not partly nor
anti-lexicographically ordered.

Proposition 2.3 ([8]). Let j ∈ Z+ and 1 ≤ l ≤ j. Fixed j1, . . . , jl ∈ {1, . . . , j} such that j1+⋅ ⋅ ⋅ +jl = j,
there are exactly

N(j1, . . . , jl) = l

∏
i=2

(j1 + ⋅ ⋅ ⋅ + ji − 1
ji − 1

)
different partitions λ = (λ1, . . . , λl) ∈ Pa(j) with ∣λi∣ = ji, 1 ≤ i ≤ l.

Given a partition λ = (λ1, . . . , λl) ∈ P(j), we derive a partition of {1, . . . , j + 1} as follows. Fix
1 ≤ s ≤ l and define

λ[s] = (λ̂1, . . . , λ̂s ∪ {1}, . . . λ̂l) ,
where λ̂i = {αi

1
+ 1, . . . , αi

ji
+ 1} for each 1 ≤ i ≤ l. Similarly, we define

λ[0] = ({1}, λ̂1, . . . , λ̂l) .
Lemma 2.3. Let j ∈ Z+, λ = (λ1, . . . , λl) ∈ Pa(j) and 0 ≤ s ≤ l. Then λ[s] ∈ P

a(j + 1).
Lemma 2.4 ([8]). Let j ∈ Z+ and λ = (λ1, . . . , λl) ∈ Pa(j + 1). Then there exists a unique λ̂ ∈ Pa(j)
and 0 ≤ s ≤ l such that λ = λ̂[s].

Proposition 2.4. For each j ∈ Z+ we have

Pa(j + 1) = ⊔
λ∈Pa(j)

l

⊔
s=0

{λ[s]} .
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3. Trivialization for the higher order jet bundle

Let G be a Lie group bundle, g be its Lie algebra and X be a smooth manifold. In the following,
we regard the jet defined by a (local) function g ∶ X → G as an element of the vector bundle
j1xg ≡ (dg)x ∈ T ∗X ⊗ TG over X. Let ∇X

∶ Γ(TX) → Γ(T ∗X ⊗ TX) be a linear connection on
the tangent bundle of X, and consider the dual connection, ∇ ∶ Γ(T ∗X)→ Γ(T ∗X ⊗ T ∗X), on the
cotangent bundle. For each k ∈ Z+, let

∇
(k)
∶ Γ( k⊗T ∗X → X)Ð→ Γ(k+1⊗ T ∗X →X)

be the corresponding tensor product connection on ⊗k T ∗X →X, which is again a linear connection
[5, §2.4]. Note that ∇(1) = ∇. At last, we extend our linear connections to maps,

∇̃
(k)
∶ Γ( k⊗T ∗X ⊗ g→X) Ð→ Γ(k+1⊗ T ∗X ⊗ g →X) ,

Observe that this works although ∇(k) is not tensorial, since g is not a vector bundle, but a vector
space. Indeed, if (U,x) is a coordinated chart of X, where we write x = (xµ) = (x1, . . . , xn), and{B1, . . . ,Bm} is a basis of g, we set

∇̃
(k) (ξαµ1,...,µk

dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk ⊗Bα) = ∇(k) (ξαµ1,...,µk
dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk)⊗Bα,

for each ξαµ1,...,µk
∶X → R, 1 ≤ µ1, . . . , µk ≤ n, 1 ≤ α ≤m.

Theorem 3.1. For each k ∈ Z+, the following is an injective morphism of bundles over X ×G,

(1) Jk(X,G) ↪ G ×
k⊕

j=1

( j⊗T ∗X ⊗ g) , jkxg ↦ (g(x), ξ(1)(x), . . . , ξ(k)(x)) ,
where

ξ(1)(x) = (dRg(x)−1)g(x) ○ (dg)x ∈ T ∗xX ⊗ g,

and

ξ(j)(x) = (∇̃(j−1)ξ(j−1))(x) ∈ j⊗T ∗xX ⊗ g, 2 ≤ j ≤ k.

Proof. We show the result by induction in k. For k = 1, the first jet defined by a (local) function
g ∶ X → G is given by j1xg = (dg)x ∶ TxX → Tg(x)G. Subsequently, the map is given by composing
this jet with the right trivialization TgG ∋ Ug ↦ (g, (dRg−1)g(Ug)) ∈ G × g. Namely,

J1(X,G) ↪ G × (T ∗X ⊗ g), j1xg ↦ (g(x), (dRg(x)−1) ○ (dg)x),
which is injective since it is an isomorphism of fiber bundles.

Now, given k > 1, we assume that (1) is injective for k − 1. Let jkxg, j
k
xh ∈ J

k(X,G) be such that

(g(x), ξ(1)(x), . . . , ξ(k)(x)) ≠ (h(x), η(1)(x), . . . , η(k)(x)) ,
where ξ(1) = (dRg−1)g ○ dg, η(1) = (dRh−1)h ○ dh, ξ(j) = ∇̃(j−1)ξ(j−1) and η(j) = ∇̃(j−1)η(j−1), 2 ≤

j ≤ k. If either g(x) ≠ h(x) or ξ(j)(x) ≠ η(j)(x) for some 1 ≤ j ≤ k − 1, then jkxg ≠ jkxh by the

induction hypothesis. At last, suppose that g(x) = h(x), ξ(j)(x) = η(j)(x), 1 ≤ j ≤ k − 1 and

ξ(k)(x) ≠ η(k)(x). Recall that, in coordinates, we may write (cf. [5, §2.4]) ∇(k−1) = d + Γ(k−1),
where d ∶ Γ (⊗k−1 T ∗X)→ Γ (⊗k T ∗X) is the exterior derivative (which is well-defined, since we are

working on a coordinated chart) and Γ
(k−1) ∈ Γ (T ∗X ⊗End (⊗k−1 T ∗X)), where End (⊗k−1 T ∗X)

is the bundle of endomorphisms of ⊗k−1 T ∗X. We have Γ
(k−1) (ξ(k−1)(x)) = Γ(k−1) (η(k−1)(x)) and

∇̃
(k−1)ξ(k−1)(x) ≠ ∇̃(k−1)η(k−1)(x). Thence (dξ(k−1))

x
≠ (dη(k−1))

x
. Subsequently, jkxg ≠ j

k
xh, and

we conclude. �
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By means of this map, we denote elements of the k-th order jet bundle by

(g, ξ(1), . . . , ξ(k)) ∈ Jk(X,G),
for some g ∈ G and ξ(j) ∈⊗j T ∗X ⊗ g, 1 ≤ j ≤ k, all of them projecting to certain x ∈ X.

Remark 3.1. Except for k = 1, the morphism (1) need not be surjective, that is, there are elements
in G×⊕k

j=1 (⊗j T ∗X ⊗ g), k ≥ 2, that does not represent an element of Jk(X,G). However, Example

5.1 below will show that (1) is always bijective for the particular case X = R.

4. Lie groupoid structure of the higher order jet bundle

Since G is a Lie group, for each k ∈ Z+ the jet bundle Jk(X,G) → X is endowed with a natural
fibered multiplication. More specifically, the following map is well-defined:

Jk(X,G) ×X Jk(X,G) → Jk(X,G), (jkxg, jkxh)↦ jkx(gh),
where ×X denotes the fibered product of bundles over X. Therefore, Jk(X,G) ⇉X is a Lie groupoid
with both the source and the target maps being πJk(X,G),X . The aim of this section is to compute

the expression of the fibered multiplication under the identification (1). We start with the following
technical lemma.

Lemma 4.1. Let j ∈ Z+, g ∶ X → G and χ(j) ∈ Γ (⊗j T ∗X ⊗ g →X), and denote χ = (dRg−1)g ○dg ∈
Γ (T ∗X ⊗ g). Then

∇̃
(j) (Adg ○ χ

(j)) = ad(χ)(Adg ○ χ
(j)) +Adg ○ ∇̃

(j)χ(j).

Proof. Let U,U1, . . . ,Uj ∈ X(X), and recall that we denote by ∇X the linear connection on the
tangent bundle, TX. We pick a curve γ ∶ (−ǫ, ǫ) → X such that γ(0) = x and γ′(0) = U(x). For

the sake of brevity, we denote by ϕ ∶ X → g the map defined as x ↦ χ(j)(x)(U1(x), . . . ,Uj(x)).
Therefore,

U (Adg(ϕ)) (x) = d

dt
∣
t=0

Ad(g○γ) (ϕ ○ γ) (t) = d

dt
∣
t=0

Ad(g○γ)g(x)−1 (Adg(x) (ϕ ○ γ)) (t)
= ad (χ(x) (U(x))) (Adg(x) (ϕ(x))) +Adg(x) ((dϕ)x(U(x)))

= ad (χ(x) (U(x))) (Adg(x) (ϕ(x))) +Adg(x) (U(x) (ϕ(x))) .
As a result, we get

U (Adg(ϕ)) = ad (χ(U)) (Adg(ϕ)) +Adg(U(ϕ)).
By using this, we conclude

∇̃
(j)
U (Adg ○ χ

(j)) (U1, . . . ,Uj)
= U ((Adg ○ χ

(j)) (U1, . . . ,Uj)) − j∑
i=1

(Adg ○ χ
(j)) (U1, . . . ,∇

X
U Ui, . . . ,Uj)

= ad (χ(U)) (Adg(ϕ)) +Adg(U(ϕ)) −Adg

⎛
⎝

j∑
i=1

χ(j) (U1, . . . ,∇
X
U Ui, . . . ,Uj)⎞⎠

= ad (χ(U)) (Adg(ϕ)) +Adg

⎛
⎝U(ϕ) −

j∑
i=1

χ(j) (U1, . . . ,∇
X
U Ui, . . . ,Uj)⎞⎠

= ad(χ(U))((Adg ○ χ
(j)) (U1, . . . ,Uj)) +Adg (∇̃(j)U

χ(j)(U1, . . . ,Uj)) .
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Recall that for each k, r ∈ Z+ there is an injective map Jk+r(X,G) ↪ Jk (Jr(X,G)) , jk+rx g ↦
jkx (jrg). This allows us to identify

(2) Jk(X,G) ∋ jkxg ≃ j1x(jk−1g) ∈ J1 (Jk−1(X,G)) .
Theorem 4.1. Let x ∈ X and (g, ξ(1), . . . , ξ(k)) , (h, η(1), . . . , η(k)) ∈ Jk

x (X,G). Then their fibered

product is given by (g, ξ(1), . . . , ξ(k)) (h, η(1), . . . , η(k)) = (gh, ζ(1), . . . , ζ(k)), where

(3) ζ(j) = ξ(j) + ∑
λ∈Pa(j)

ad(ξ(jl−1)) . . . ad (ξ(j1))(Adg ○ η
(jl)) , 1 ≤ j ≤ k.

Proof. We prove it by induction in k. For k = 1, consider two (local) functions g̃, h̃ ∶ X → G

such that g̃(x) = g, h̃(x) = h, (dRg−1)g ○ (dg̃)x = ξ(1) and (dRh−1)h ○ (dh̃)x = η(1). Recall that

(g, ξ(1)) (h, η(1)) ≃ j1x(g̃h̃). By using this, (1) and the Leibniz rule, it can be checked that

(g, ξ(1))(h, η(1)) = (gh, (dR(gh)−1)gh ○ d (g̃h̃)x) = (gh, ξ(1) +Adg ○ η
(1)) = (gh, ζ(1)) .

Now, given k > 1, we assume that the result holds for k−1 and we pick a (local) function g̃ ∶X → G

such that jkx g̃ ≃ (g, ξ(1), . . . , ξ(k)) via (1). Moreover, we have jk−1g̃ ≃ (g̃, ξ̃(1), . . . , ξ̃(k−1)). In the

same vein, we pick a (local) function h̃ ∶ X → G such that jkx h̃ ≃ (h, η(1), . . . , η(k)). By the induction

hypothesis, (jk−1g̃) (jk−1h̃) ≃ (g̃h̃, ζ̃(1), . . . , ζ̃(k−1)). Thanks to this and (2), we may write

(g, ξ(1), . . . , ξ(k))(h, η(1), . . . , η(k)) ≃ j1x ((jk−1g̃) (jk−1h̃)) ≃ (gh, ζ(1), . . . , ζ(k−1), ∇̃(k−1)ζ̃(k−1)(x))
By recalling that ∇̃(j)ξ̃(j)(x) = ξ(j+1), 1 ≤ j ≤ k−1, and analogous for η̃(j), and by using Proposition
2.4, we finish

∇̃
(k−1)ζ̃(k−1)(x) =

∇̃
(k−1) ⎛⎝ξ̃(k−1) + ∑

λ∈Pa(k−1)

ad(ξ̃(jl−1)) . . . ad (ξ̃(j1))(Adg̃ ○ η̃
(jl))⎞⎠ (x)

= ξ(k) + ∑
λ∈Pa(k−1)

l−1∑
s=1

ad (ξ(jl−1)) . . . ad (ξ(js+1)) . . . ad (ξ(j1))(Adg ○ η
(jl))

+ ∑
λ∈Pa(k−1)

ad (ξ(jl−1)) . . . ad (ξ(j1))(ad (ξ(1))(Adg ○ η
(jl)) +Adg ○ η

(jl+1))
= ξ(k) + ∑

λ∈Pa(k)

ad (ξ(jl−1)) . . . ad (ξ(j1))(Adg ○ η
(jl)) = ζ(k).

For the second equation, we have used that for each j ∈ Z+ and j1, j2 ∈ Z+ such that j1 + j2 = j we
have

(4) ∇̃(j)ad (χ(j1)) (Adg ○ χ
(j2)) =

ad (∇̃(j1)χ(j1))(Adg ○ χ
(j2)) + ad (χ(j1)) (ad (χ)(Adg ○ χ

(j2)) +Adg ○ ∇̃
(j2)χ(j2))

for each (local) section χ(ji) ∈ Γ (⊗ji T ∗X ⊗ g→ X), i = 1,2, and each (local) function g ∶ X → G,

where χ = (dRg−1)g ○ dg ∈ Γ (T ∗X ⊗ g→X). This is a straightforward consequence of the Leibniz

rule, Lemma 4.1 and the associativity of the tensor product of linear connections, i.e., ∇̃(j) =
∇̃
(j1) ⊗ ∇̃

(j2). �

Observe that the identity element is given by (e,0, . . . ,0) ∈ Jk(X,G), where e ∈ G is the identity
element.
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Corollary 4.1. Let (g, ξ(1), . . . , ξ(k)) ∈ Jk(X,G). Then its inverse is given by (g, ξ(1), . . . , ξ(k))−1 =
(g−1, ω(1), . . . , ω(k)), where

(5) ω(j) = ∑
λ∈Pa(j)

(−1)l Adg−1 ○ (ad (ξ(j1)) . . . ad (ξ(jl−1))(ξ(jl))) , 1 ≤ j ≤ k.

Proof. For k = 1, given (g, ξ(1)) ∈ J1(X,G), it is easy to check using (3) that

(g, ξ(1))(g−1,−Adg−1 ○ ξ
(1)) = (e,0) ,

whence (g, ξ(1))−1 = (g−1,−Adg−1 ○ ξ
(1)).

Now, given k > 1, we assume that the result holds for k − 1. Let g̃ ∶ X → G be a (local) function

such that jkx g̃ ≃ (g, ξ(1), . . . , ξ(k)) via (1). Thanks to (2) and the induction hypothersis, we may
write

(g, ξ(1), . . . , ξ(k))−1 ≃ (jkx g̃)−1 ≃ j1x (jk−1g̃)−1 = j1x (g̃−1, ω̃(1), . . . , ω̃(k−1)) .
Hence,

(g, ξ(1), . . . , ξ(k))−1 = (g−1, ω(1), . . . , ω(k−1),(∇̃(k−1)ω̃(k−1)) (x)) .
By recalling that (∇̃(j)ξ̃(j)) (x) = ξ(j+1), 1 ≤ j ≤ k − 1, and by using Proposition 2.4, we conclude:

(∇̃(k−1)ω̃(k−1)) (x) = ∇̃(k−1) ⎛⎝ ∑
λ∈Pa(k−1)

(−1)l Adg̃−1 ○ (ad (ξ̃(j1)) . . . ad (ξ̃(jl−1))(ξ̃(jl)))⎞⎠ (x)
= ∑

λ∈Pa(k−1)

(−1)l+1 ad (Adg−1 ○ ξ
(1)) (Adg−1 ○ (ad (ξ(j1)) . . . ad (ξ(jl−1))(ξ(jl))))

+ ∑
λ∈Pa(k−1)

(−1)l Adg−1 ○

l−1∑
s=1

(ad(ξ(j1)) . . . ad(ξ(js+1)) . . . ad(ξ(jl−1))(ξ(jl)))
+ ∑

λ∈Pa(k−1)

(−1)l Adg−1 ○ (ad (ξ(j1)) . . . ad (ξ(jl−1))(ξ(jl+1)))
= ∑

λ∈Pa(k)

(−1)lAdg−1 ○ (ad (ξ(j1)) . . . ad (ξ(jl−1))(ξ(jl))) = ω(k),
where we have used (4) and the fact that ad (Adh(ξ)) (Adh(η)) = Adh (ad(ξ)(η)) for each h ∈ G
and ξ, η ∈ g. �

Thanks to Proposition 2.3, we may rewrite (3) as

ζ(j) = ξ(j) +
j∑
l=1

∑
j1+⋅⋅⋅+jl=j

N(j1, . . . , jl) ad(ξ(jl−1)) . . . ad (ξ(j1))(Adg ○ η
(jl)) , 1 ≤ j ≤ k.

Similarly, (5) may be expressed as

ω(j) =
j∑
l=1

∑
j1+⋅⋅⋅+jl=j

(−1)l N(j1, . . . , jl) Adg−1 ○ (ad (ξ(j1)) . . . ad (ξ(jl−1))(ξ(jl))) , 1 ≤ j ≤ k.

Example 4.1 (Second order jet). Let us compute the explicit expressions for the case k = 2. Let(g, ξ(1), ξ(2)) , (h, η(1), η(2)) ∈ J2
x(X,G) and denote by [⋅, ⋅] the Lie bracket on g. An easy check from

(3) yields

(g, ξ(1), ξ(2)) (h, η(1), η(2)) = (gh, ξ(1) +Adg ○ η
(1), ξ(2) +Adg ○ η

(2)
+ [ξ(1),Adg ○ η(1)]) .
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In the same vein, from (5) we obtain

(g, ξ(1), ξ(2))−1 = (g−1,−Adg−1 ○ ξ(1),−Adg−1 ○ ξ
(2)
+Adg−1 ○ [ξ(1), ξ(1)]) .

5. Local expression of the trivialization

In this section, we work in a coordinated chart (U,x) of X, where we write x = (xµ) = (x1, . . . , xn).
This enables us to (locally) identify X = Rn and, hence, ⊗k T ∗X = X ×⊗k

R
n. Note that sections

of that bundle are of the form ξ(k) = (idX , ξ̂(k)) for some function ξ̂(k) ∶ X → ⊗k
R
n. By abusing

the notation, we identify ξ(k) = ξ̂(k). This way, if we pick the canonical flat connection on the trivial
bundle T ∗X =X ×Rn →X, then we have ∇(k)α = dα for each α ∈ Γ (X ×⊗k

R
n →X).

Example 5.1. Let X = R and denote by t ∈ R its global coordinate. In this case, a function g ∶ R→ G

is a just curve on G and, thus, its derivative, dg ∶ TR→ TG, is uniquely determined by its velocity,
ġ ∶ R→ g∗(TG). Namely, for each t ∈ R we have

(dg)t ∶ TtR ≃ R→ Tg(t)G, v ↦ (dg)t(v) = ġ(t)v.
By using the velocity instead of the derivative, we get a map analogous to (1),

Jk(R,G) → G × kg, jkt g ↦ (g(t), ξ(1)(t), . . . , ξ(k)(t)) ,
where kg = g⊕

k
⌣. . . ⊕ g and

ξ(1)(t) = (dRg(t)−1)g(t) (ġ(t)) ∈ g,
ξ(j)(t) = ξ̇(j−1)(t) ∈ g, 2 ≤ j ≤ k.

Note that the information about the base point t ∈ R is lost and, subsequently, the new map is not
injective anymore. Nevertheless, if we restrict ourselves to a single fiber —for instance, the fiber
over t = 0— we obtain an isomorphism of bundles over G: Jk

0
(R,G) ≃ G × kg. The group structure

of Jk
0
(R,G) under this identification was originally investigated in [8].

Additionally, we now assume that we are working with a matrix group, i.e. G ⊂ GL(N,R) and
N ∈ Z+. Hence, (dRh)g(Ug) = Ugh, is the matrix multiplication for each g,h ∈ G and Ug ∈ TgG.

Let g = (gab)Na,b=1 ∶ X → G be a (local) function, where gab ∶ X → R, 1 ≤ a, b ≤ N . Then, for each

multi-index J , we may consider the partial derivative of g as the following (local) function

∂ ∣J ∣g

∂xJ
= (∂ ∣J ∣gab

∂xJ
)
N

a,b=1

∶X → gl(N,R).
Subsequently, the tangent map of g is given by dg = (∂g/∂xµ)dxµ, and analogous for higher order
tangent maps: d2g ≡ d(dg) = (∂2g/∂xµ∂xν)dxν ⊗ dxµ, and so on. In order to keep the notation
simple, it will be useful to define the maps

ξµ1...µj
=

∂jg

∂xµ1 . . . ∂xµj
g−1 ∶ X → gl(N,R), 1 ≤ µ1, . . . , µj ≤ n, j ∈ Z+.

Observe that ξµσ1(1)
...µσj(j)

= ξµ1...µj
for any permutation σ = (σ1, . . . , σj) ∈ Sj . Hence, we can

always rearrange the indices to be in ascending order. By the Leibniz’s rule, it is easily checked that

(6)
∂ξµ1...µj

∂xν
= ξµ1...µjν − ξµ1...µj

ξν , 1 ≤ µ1, . . . , µj , ν ≤ n, j ∈ Z+.

Lastly, given 1 ≤ µ1, . . . , µj ≤ n and a subset κ = {κ1, . . . , κr} ⊂ {1, . . . , j}, 1 ≤ r ≤ j, we denote

ξκ(µ1...µj) = ξµκ1
...µκr

.
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This way, given a partition λ = (λ1, . . . , λl) ∈ P(j) we denote

ξλ(µ1...µj) =
l∏

i=1

ξλi(µ1...µj) = ξλ1(µ1...µj) . . . ξλl(µ1...µj).

Lemma 5.1. For each k ∈ Z+, k ≥ 2, 1 ≤ µ1, . . . , µk ≤ n and λ ∈ P+
1
(k − 1) we have

∂

∂xµk
ξλ(µ1...µk−1) =

l∑
s=1

(ξλ+
[s]
(µ1...µk) − ξλ−[s](µ1...µk)) .

Proof. It is a computation using (6), as well as the definitions of λ+[s] and λ−[s]. Indeed,

∂

∂xµk
ξλ(µ1...µk−1) =

∂

∂xµk

l∏
i=1

ξλi(µ1...µk−1)

=
l∑

s=1

((s−1∏
i=1

ξλi(µ1...µk−1))( ∂

∂xµk
ξλs(µ1...µk−1))(

l∏
i=s+1

ξλi(µ1...µk−1)))
=

l∑
s=1

((s−1∏
i=1

ξλi(µ1...µk−1))(ξ(λs∪{k})(µ1...µk) − ξλs(µ1...µk−1)ξµk
)( l∏

i=s+1

ξλi(µ1...µk−1)))
=

l∑
s=1

(ξλ+
[s]
(µ1...µk) − ξλ−[s](µ1...µk)) .

�

We are ready to compute the coordinated expression of the injective morphism Jk(X,G) ↪
G ×⊕k

j=1 (⊗j T ∗X ⊗ g).
Theorem 5.1. For each k ∈ Z+, the components of the map (1) with ∇ being the canonical flat
connection on the trivial bundle T ∗X = Rn

×R
n are given by

(7) ξ(j)(x) = ∑
λ∈P+

1
(j)

ǫ(λ) ξλ(µ1...µj)(x) dxµ1
⊗ ⋅ ⋅ ⋅ ⊗ dxµj , 1 ≤ j ≤ k,

where ǫ ∶ P+
1
(j) → {−1,1} is defined by recurrence as follows: ǫ({1}) = 1, ǫ(λ+[s]) = ǫ(λ) and

ǫ(λ−[s]) = −ǫ(λ) for each j ∈ Z+, λ ∈ P+
1
(j) and 1 ≤ s ≤ j.

Proof. Again, we show the result by induction in k. For k = 1, we have

ξ(1)(x) = (dg)xg(x)−1 = (∂g/∂xµ)(x)g(x)−1dxµ = ξµ(x)dxµ.
Note that this expression agrees with (7) since P+

1
(1) = {({1})} and ǫ({1}) = 1.

To conclude, given k > 1, we assume that the result holds for k − 1. Hence,

ξ(k)(x) = (dξ(k−1))
x
= d
⎛
⎝ ∑
λ∈P+

1
(k−1)

ǫ(λ)ξλ(µ1...µk−1)dx
µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk−1

⎞
⎠
x

= ∑
λ∈P+

1
(k−1)

ǫ(λ)( ∂

∂xµk
ξλ(µ1...µk−1))(x)dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk

= ∑
λ∈P+

1
(k−1)

l∑
s=1

ǫ(λ)(ξλ+
[s]
(µ1...µk)(x) − ξλ−[s](µ1...µk)(x))dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk

= ∑
λ∈P+

1
(k)

ǫ(λ)ξλ(µ1...µk)(x)dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk ,

where we have used Proposition 2.2 and Lemma 5.1.
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Remark 5.1. As a straightforward consequence of this theorem, we deduce that the maps ξµ1...µj
take

values in the universal enveloping algebra of g. More specifically, for each j ∈ Z+, ξµ1...µj
∶X → Uj(g),

where we define

Uj(g) = g + span{Bi1 . . . Bij ∣ (i1, . . . , ij) ∈ Sj} ⊂ U(g),
the sum being the one of vector subspaces. Note that the sum becomes direct sum, ⊕, for j > 1,
whereas U1(g) = g + g = g. In any case, despite expression (7), the elements ξ(j) lie in g by
construction.

Lastly, we use the previous theorem to compute the image of the map (1) for k = 2. We denote
by

Sym ∶
k⊗T ∗X →

k

⋁T ∗X, Skew ∶
k⊗T ∗X →

k

⋀T ∗X

the symmetrization and skew-symmetrization maps, respectively. Recall that for k = 2 these maps
induce the decomposition T ∗X ⊗ T ∗X = (T ∗X ∨ T ∗X)⊕ (T ∗X ∧ T ∗X). Similarly, for each ξ1, ξ2 ∈
U(g) we denote by [ξ1, ξ2] = ξ1ξ2 − ξ2ξ1 the commutator, and by {ξ1, ξ2} = ξ1ξ2 + ξ2ξ1 the anti-
commutator.

Corollary 5.1. We have that

J2(X,G) ≃ G × V2 ⊂ G × (T ∗X ⊗ g)⊕ (T ∗X ⊗ T ∗X ⊗ g),
where V2 is the affine sub-bundle defined as

V2 = {(ξx, αx) ∈ (T ∗X ⊗ g)⊕ (T ∗X ⊗ T ∗X ⊗ g) ∣ Skew(αx) = −1
2
[ξx, ξx]}.

In particular, Sym(αx) = ξµν(x)dxµ ⊗ dxν − 1

2
{ξx, ξx}.

Proof. Since the map (1) is an injective morphism, it is enough to show that its image is, precisely,
G × ((T ∗X ⊗ g)⊕ V2). Thank to the previous theorem, we know that (1) is given by

j2xg ↦ (g(x), ξ(1)(x) = ξµ(x)dxµ, ξ(2)(x) = (ξµν(x) − ξµ(x)ξν(x))dxµ ⊗ dxν) ,
where ξµ(x) = (∂g/∂xµ)(x)g(x)−1 and ξµν(x) = (∂2g/∂xµ∂xν)(x)g(x)−1. It is clear that the first
and second components of the map are surjective onto G and T ∗X ⊗ g, respectively. Additionally,
it is easy to check that

Skew (ξ(2)(x)) = −1
2
[ξ(1)(x), ξ(1)(x)] ,

Analogously,

Sym (ξ(2)(x)) = ξµν(x)dxµ ⊗ dxν −
1

2
{ξ(1)(x), ξ(1)(x)} ,

and we conclude.
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