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Abstract

In recent years, neutrino physics has become one of the most active areas of scientific research.

It has been firmly established that neutrinos oscillate and hence are massive particles. However,

several fundamental questions related to them remain open, such as the neutrino mass hierarchy,

the nature of the neutrino mass and charge-parity violation in the leptonic sector. Aiming at

solving these puzzles, a next generation of accelerator-based neutrino oscillation experiments is

being developed, leading to the precision era. These experiments require an unprecedented level

of accuracy to succeed in determining neutrino properties. One of the main sources of systematic

uncertainty arises from the modeling of neutrino interactions with the target nuclei. Therefore,

achieving a precise description of these reactions has become one of the top challenges for the-

oretical nuclear physics. Neutrinos are produced in accelerator-based experiments as the decay

products of successive reactions, resulting in broad energy fluxes. Hence, neutrino-nucleus inter-

actions involve multiple reaction mechanisms, each dominating in different kinematic regimes,

requiring robust models that properly describe these interactions over the whole experimental

range. Among the possible interaction channels, our focus is placed on quasielastic scatter-

ing, which represents a significant contribution in both current and future neutrino oscillation

experiments.

In this thesis, we present a fully relativistic and quantum mechanical model for the de-

scription of lepton-nucleus quasielastic scattering. The initial ground state nucleus is modeled

through an unfactorized representation of the spectral function, allowing to include effects be-

yond the mean-field approximation, like the depletion of the occupation of the shell model states

and the appearance of nucleons at higher missing energies due to nucleon-nucleon correlations.

Meanwhile, the final-state nucleon is described within the relativistic distorted wave impulse

approximation as a solution of the Dirac equation in the continuum using the energy-dependent

relativistic mean-field potential, accounting for final-state interactions with the residual system.

The main advantage of this description of the final state is that it preserves orthogonality and
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consistency between the initial and final states at low energies of the final nucleon, while ap-

proaching the behavior of the phenomenological optical potentials at larger energies. We observe

that this accurate and consistent treatment of the final nucleon is essential to correctly reproduce

the experimental data.

The main aim of this work is to explore how pion exchange contributes to one-particle one-

hole final states. We extend the usual treatment of quasielastic scattering within the impulse

approximation, based on a one-body current operator, and include interactions between nu-

cleons through one pion exchange by incorporating a two-body meson-exchange current oper-

ator. Meson-exchange currents include the ∆-resonance mechanism (electroweak excitation of

the ∆(1232) resonance and its subsequent decay into Nπ) and the background contributions

deduced from the chiral perturbation theory Lagrangian of the pion-nucleon system. The one-

particle one-hole final state contribution stemming from these two-body meson-exchange currents

involve an intermediate bound-nucleon state, for which different modeling strategies have been

explored. We show results obtained with the most general expression of the two-body operator,

in which the intermediate nucleons are described by relativistic mean-field bound states; then,

we propose two approximations consisting in describing the intermediate states as nucleons in a

relativistic Fermi gas, preserving the complexity and consistency in the initial and final states.

These approximations simplify the calculations considerably, allowing us to provide outcomes in

a reasonable computational time. The results obtained when the description of the intermediate

nucleon is simplified are validated by comparing with those where the intermediate calculation

is described by the relativistic mean-field.

Finally, the reliability of the model has been evaluated by comparing our theoretical predic-

tions with electromagnetic inclusive data for a variety of nuclei, as well as with charged-current

neutrino–nucleus cross section measurements from T2K and MiniBooNE collaborations. The im-

pact of two-body meson-exchange currents with a one-particle one-hole final state is found to be

significant only in the transverse channel, where the response is increased, while the longitudinal

component remains largely unaffected. Overall, there is good agreement with the experimen-

tal data, which supports the predicted enhancement of the transverse channel by the two-body

currents. These results pave the way for further applications of the model and contribute to a

deeper understanding of lepton–nucleus interactions, thus advancing toward the precision era of

neutrino physics.
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Resumen

En los últimos años, la física de neutrinos se ha convertido en una de las áreas más activas de la

investigación científica. Se ha establecido firmemente que los neutrinos oscilan y, por tanto, son

partículas con masa. Sin embargo, siguen abiertas varias cuestiones fundamentales relacionadas

con ellos, como la jerarquía de masas de los neutrinos, la naturaleza de su masa y la posible

violación de la simetría carga-paridad en el sector leptónico. Con el objetivo de resolver estos

enigmas, se está desarrollando una nueva generación de experimentos de oscilación de neutrinos

basados en aceleradores, que marcan el inicio de una era de precisión. Estos experimentos re-

quieren un nivel de exactitud sin precedentes para poder determinar con éxito las propiedades

de los neutrinos. Una de las principales fuentes de incertidumbre sistemática proviene del mod-

elado de las interacciones entre los neutrinos y los núcleos del blanco. Por tanto, lograr una

descripción precisa de estas reacciones se ha convertido en uno de los principales desafíos de la

física nuclear teórica. Los neutrinos se producen en experimentos basados en aceleradores como

productos de desintegraciones sucesivas, lo que da lugar a flujos energéticos amplios. Por con-

siguiente, las interacciones neutrino-núcleo implican múltiples mecanismos de reacción, cada uno

dominante en diferentes regímenes cinemáticos, lo que requiere modelos robustos que describan

adecuadamente dichas interacciones en todo el rango experimental. Entre los distintos canales

posibles de interacción, nuestro estudio se centra en la dispersión cuasielástica, que constituye

una contribución significativa en los experimentos de oscilación de neutrinos tanto actuales como

futuros.

En esta tesis se presenta un modelo completamente relativista y cuántico para la descripción

de la dispersión cuasielástica leptón-núcleo. El estado fundamental del núcleo inicial se modela

mediante una representación no factorizada de la función espectral, lo que permite incluir efectos

más allá de la aproximación de campo medio, como la disminución de la ocupación de los estados

del modelo de capas y la aparición de nucleones a mayores energías perdidas debido a correlaciones

entre nucleones. Por su parte, el nucleón en el estado final se describe dentro de la aproximación
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de impulso relativista de ondas distorsionadas, como solución de la ecuación de Dirac en el

continuo utilizando un potencial de campo medio relativista dependiente de la energía, que tiene

en cuenta las interacciones finales con el sistema residual. La principal ventaja de este tratamiento

del estado final es que preserva la ortogonalidad y coherencia entre los estados inicial y final a

bajas energías del nucleón saliente, y reproduce el comportamiento de los potenciales ópticos

fenomenológicos a energías más altas. Observamos que esta descripción precisa y coherente del

nucleón final es esencial para reproducir correctamente los datos experimentales.

El objetivo principal de este trabajo es explorar cómo contribuye el intercambio de piones a los

estados finales partícula-hueco. Extendemos el tratamiento habitual de la dispersión cuasielás-

tica dentro de la aproximación de impulso, basada en un operador de corriente a un cuerpo,

e incorporamos interacciones entre nucleones mediante el intercambio de un pion, incluyendo

un operador de corriente de intercambio de mesones a dos cuerpos. Estas corrientes incluyen

el mecanismo de la resonancia ∆ (excitación electrodébil de la resonancia ∆(1232) y su poste-

rior decaimiento en Nπ), así como las contribuciones deducidas del lagrangiano de la teoría de

perturbaciones quiral del sistema pion-nucleón. La contribución al estado final partícula-hueco

que proviene de estas corrientes de intercambio de mesones a dos cuerpos implica un estado

intermedio de nucleón ligado, para el cual se han explorado distintas estrategias de modelado.

Mostramos resultados obtenidos con la expresión más general del operador a dos cuerpos, en

la que los nucleones intermedios se describen mediante estados ligados de campo medio rela-

tivista; posteriormente, proponemos dos aproximaciones en las que estos estados intermedios se

describen como nucleones en un gas de Fermi relativista, preservando la complejidad y coherencia

entre los estados inicial y final. Estas aproximaciones simplifican considerablemente los cálculos,

lo que nos permite obtener resultados en tiempos computacionales razonables. Los resultados

obtenidos al simplificar la descripción del nucleón intermedio se validan mediante la comparación

con aquellos en los que dicho estado intermedio se describe utilizando el campo medio relativista.

Finalmente, la fiabilidad del modelo se ha evaluado comparando nuestras predicciones teóricas

con datos inclusivos electromagnéticos para diversos núcleos, así como con medidas de secciones

eficaces neutrino-núcleo de corriente cargada obtenidas por las colaboraciones T2K y MiniBooNE.

Se ha observado que el impacto de las corrientes de intercambio de mesones a dos cuerpos en el

estado final partícula-hueco es relevante únicamente en el canal transversal, donde la respuesta

se ve incrementada, mientras que la componente longitudinal permanece prácticamente inalter-

ada. En conjunto, se obtiene un buen acuerdo con los datos experimentales, que respaldan la

predicción del incremento de la respuesta transversal debido a las corrientes a dos cuerpos. Estos

xii



resultados abren la puerta a futuras aplicaciones del modelo y contribuyen a una comprensión

más profunda de las interacciones leptón-núcleo, avanzando así hacia una era de precisión en la

física de neutrinos.
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Chapter 1

Introduction

The existence of neutrinos was first proposed in 1930 by Wolfgang Pauli, who suggested their

existence to explain the continuum energy spectrum observed for the emitted electron in β-decay

processes. In this way, having an additional neutral and light particle in the process,

AZ
N → AZ+1

N−1 + e− + ν̄e, (1.1)

would allow continuous sharing of the reaction energy between the two particles, the electron

and the antineutrino. Pauli initially referred to this particle as a neutron (before the actual

neutron was discovered by Chadwick in 1932). Later, in 1934, Enrico Fermi developed a theory

of β-decay that formally included this particle, giving it the name neutrino (meaning little

neutron in Italian) to distinguish it from the neutron. The detection of this particle was a major

experimental challenge due to its extremely weak interaction with matter. It was not until 1956

that Clyde Cowan and Frederick Reines successfully confirmed the existence of the neutrino

through the observation of inverse β-decay [1],

ν̄e +AZ
N → AZ−1

N+1 + e+. (1.2)

Since then, the study of neutrinos has led to groundbreaking discoveries in particle physics.

It has been firmly established that neutrinos oscillate and hence are massive particles (Nobel

Prize in Physics, 2015). However, absolute neutrino masses, the neutrino mass hierarchy and

the nature of the neutrino mass, whether neutrinos are Dirac or Majorana particles, are still

open questions in physics. The Standard Model (SM) of Particle Physics is one of the essential

theories in Modern Physics. However, the observation of neutrino oscillations have brought some
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1. INTRODUCTION

limitations on the validity of this model, which does not contain any mechanism to account for

the neutrino masses.

In this context, understanding neutrino interactions becomes crucial. The nature of neutrinos,

being electrically neutral and weakly interacting, makes them very elusive. Neutrino experiments

rely on the interaction of neutrinos with complex nuclei to detect them. This requires a com-

mensurate effort in the understanding and modeling of the hadronic and nuclear physics involved

in these interactions to correctly analyze the experimental output. Therefore, reconciling theory

and data is essential to walk on firmer grounds in the determination of neutrino properties [2].

Additionally, neutrinos are interesting by themselves, but also because they open the door

to investigate new physics. The Universe is made of matter, instead of equal parts of matter

and antimatter, but the reason why almost no antimatter survived after the Big Bang is still

unknown. A necessary condition to generate such asymmetry is the violation of charge-parity

(CP) symmetry in nature [3], i.e. the matter-antimatter transformation, which means that

production and decay rates of particles and antiparticles are not equivalent. Therefore, there must

be CP-violating processes that favor the production of matter over antimatter. CP-violation has

been observed experimentally in the quark sector, for example, in the decay of K and B mesons [4].

However, the amount of CP-violation observed is not enough to explain the matter-antimatter

asymmetry in the Universe. This leads to the search for other possible CP-violating processes

beyond the SM, and the answer could lie in the lepton sector, particularly among neutrinos.

Experimentally, a violation of CP-symmetry for neutrinos would manifest as a difference in the

oscillation rates of neutrinos and antineutrinos. For example, if an electron neutrino changes

into a muon neutrino at a different rate than an electron antineutrino changes into a muon

antineutrino, this would be a direct sign of CP-violation. Also, neutrinos have the potential

to solve other open problems, such as the dark matter search through sterile neutrinos, proton

decay and supernovae analysis. Then, neutrino physics provide an extraordinary opportunity for

fundamental discoveries in the near future.

1.1 Neutrino properties and oscillations

Neutrinos are produced through weak interactions in flavor eigenstates νe, νµ and ντ , which are

labeled by the particular charged lepton produced in association, e, µ or τ . Weak interactions

occur either via neutral currents (NC), where the neutrino couples to a Z0 boson in an elastic

2



1.1 Neutrino properties and oscillations

process that only changes its four-momentum,

Z0 → νℓ + ν̄ℓ (1.3)

or via charged-currents (CC), with the coupling to a W± boson, additionally exchanging an

electric charge,

W+ → ℓ+ + νℓ , W− → ℓ− + ν̄ℓ, (1.4)

where ℓ = e, µ, τ . Therefore, charged-current interactions lead to a clear distinction between

neutrinos and antineutrinos, given by the charge of the produced charged lepton.

Within the framework of the SM, neutrinos are massless leptons and exhibit purely negative

helicity (spin antiparallel to their momentum), implying that antineutrinos have positive helicity

(spin parallel to their momentum), i.e. only left-handed neutrinos and right-handed antineutrinos

exist. Therefore, weak interactions break parity symmetry. In this massless particle limit, one

can relate helicity to chirality, providing a foundation for the vector-axial structure of weak

neutrino interactions. We distinguish a part of the interaction that transforms under rotations

as a vector, γµ, and shares the same structure as electromagnetic interactions, and an axial-vector

part, γµγ5, that depends on helicity and is characteristic of weak interactions.

Neutrinos propagate through space as mass eigenstates ν1, ν2 and ν3, i.e. neutrino states

with definite mass, which do not correspond to the flavor eigenstates. The association between

the neutrino flavor and mass eigenstates can be generally described in terms of an unitary 3-by-3

complex matrix as (
νe
νµ
ντ

)
=

(
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

)(
ν1
ν2
ν3

)
, (1.5)

such that a flavor state can be expressed as a linear combination of propagating states and

vice-versa. A common parametrization of this mixing matrix is given by the Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) matrix [5; 6], and it is parametrized by three mixing angles

(θ12, θ23, θ13) and one CP-violating complex phase eiδCP as

UPMNS =

1 0 0

0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδCP

0 1 0

−s13eiδCP 0 c13

 c12 s12 0

−s12 c12 0

0 0 1

 (1.6)

with cij ≡ cos(θij) and sij ≡ sin(θij).

Neutrino oscillations, predicted by Bruno Pontecorvo [5], correspond to the phenomenon

where a neutrino changes its flavor as it propagates. Given that the particle state responsible for

3



1. INTRODUCTION

the weak interaction (flavor eigenstate) is not the one that propagates (mass eigenstate), neutrino

oscillations occur. The first hint of neutrino oscillations appeared while studying neutrinos

originating in the Sun. In the 1960s, the Homestake experiment reported an unexpectedly

small flux of detected solar neutrinos [7]. Conclusive evidence of this phenomenon came in 1998

with the Super-Kamiokande experiment [8], which observed flavor transitions in atmospheric

neutrinos. This discovery was later supported by results from the Sudbury Neutrino Observatory

(SNO) [9], which attributed the loss of incoming solar electron neutrinos to neutrino oscillations.

Over the following years, additional confirmation came from experiments employing reactor and

accelerator-based neutrino sources [10].

A mass eigenstate i can be expressed as a plane wave with its time evolution given by

|νi(t)⟩ = e−iEit|νi⟩, (1.7)

where Ei is the energy of a neutrino with mass mi. Then, the evolution of an initial flavor

eigenstate α can be represented as a linear combination of mass eigenstates, using Eq. 1.5, as

|να(t)⟩ =
∑
i

Uαie
−iEit|νi⟩, (1.8)

and, substituting the mass eigenstate, we get

|να(t)⟩ =
∑
β

∑
i

U∗
βiUαie

−iEit|νβ⟩. (1.9)

This result means that, if mass eigenstates are different from flavor states such that the U matrix

is not diagonal, a neutrino produced initially with a flavor α can be detected some time later in

a different flavor β. The probability that a neutrino with flavor α and energy E created in some

weak interaction change its flavor to β after traveling a distance L in vacuum is then given by

Pνα→νβ (t) = |⟨νβ|να(t)⟩|2 =
∑
ij

UαiU
∗
βiU

∗
αjUβje

−i(Ei−Ej)t ≃
∑
ij

UαiU
∗
βiU

∗
αjUβje

−i
∆m2

ij
2E

L. (1.10)

where the last term have been obtained by assuming that the neutrino masses are small compared

to their energy, such that Ei ≃ p +m2
i /2p with p the momentum, and that t ≃ L. Finally, the
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1.1 Neutrino properties and oscillations

oscillation probability can be rewritten as

Pνα→νβ (L,E) = δαβ − 4
∑
i>j

Re(UαiU
∗
βiU

∗
αjUβj) sin

2

(
∆m2

ijL

4E

)

+ 2
∑
i>j

Im(UαiU
∗
βiU

∗
αjUβj) sin

(
∆m2

ijL

2E

)
, (1.11)

with ∆m2
ij ≡ m2

i −m2
j the mass square difference. Given this dependence of the oscillation prob-

ability on neutrino masses, a fundamental consequence of the observation of this phenomenon is

that neutrinos must be massive particles, implying new physics beyond the Standard Model. A

review of the up-to-date values of the neutrino oscillation parameters from [11; 12] is shown in

Fig. 1.1. However, although the mass squared differences could be measured with precision in

neutrino oscillation experiments, the sign of the mass splitting between m2 and m3 mass eigen-

states is still unknown. The actual ordering of the masses remains uncertain, a question referred

to as the neutrino mass hierarchy problem. If m3 is the heaviest, this configuration is termed

as normal hierarchy; if instead m3 is the lightest, the hierarchy is called inverted. Additionally,

∆m2
ij is the only mass parameter that can be measured in neutrino oscillation experiments.

Therefore, these experiments cannot provide information about the absolute values of the in-

dividual neutrino masses, and their determination is then addressed with other experimental

approaches. One of the most direct methods to access the absolute neutrino mass scale relies on

precision measurements of the electron energy spectrum in β-decay. In particular, the KATRIN

experiment [13] analyzes the endpoint of tritium β-decay to constrain the effective mass of the

electron neutrino.

It remains the open question whether neutrinos are Majorana particles, meaning that neu-

trinos and antineutrinos would be the same particle. If neutrinos are Majorana particles, two

more complex phases α1 and α2 would be added to the PMNS matrix,

U = UPMNS

eiα1 0 0

0 eiα2 0

0 0 1

 . (1.12)

However, the effects of these parameters cannot be observed in neutrino oscillation experiments.

A potential method to investigate this property is the search for the hypothetical neutrinoless

double β-decay [16], a process that can be interpreted as two beta decays occurring simultane-

ously, with the resulting antineutrinos annihilating each other, but there is not yet experimental
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NuFIT 6.0 (2024)

IC
1
9
w
it
h
o
u
t
S
K

a
tm

o
sp
h
er
ic

d
a
ta

Normal Ordering (∆χ2 = 0.6) Inverted Ordering (best fit)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.307+0.012
−0.011 0.275 → 0.345 0.308+0.012

−0.011 0.275 → 0.345

θ12/
◦ 33.68+0.73

−0.70 31.63 → 35.95 33.68+0.73
−0.70 31.63 → 35.95

sin2 θ23 0.561+0.012
−0.015 0.430 → 0.596 0.562+0.012

−0.015 0.437 → 0.597

θ23/
◦ 48.5+0.7

−0.9 41.0 → 50.5 48.6+0.7
−0.9 41.4 → 50.6

sin2 θ13 0.02195+0.00054
−0.00058 0.02023 → 0.02376 0.02224+0.00056

−0.00057 0.02053 → 0.02397

θ13/
◦ 8.52+0.11

−0.11 8.18 → 8.87 8.58+0.11
−0.11 8.24 → 8.91

δCP/
◦ 177+19

−20 96 → 422 285+25
−28 201 → 348
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 6.1)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.308+0.012
−0.011 0.275 → 0.345 0.308+0.012

−0.011 0.275 → 0.345

θ12/
◦ 33.68+0.73

−0.70 31.63 → 35.95 33.68+0.73
−0.70 31.63 → 35.95

sin2 θ23 0.470+0.017
−0.013 0.435 → 0.585 0.550+0.012

−0.015 0.440 → 0.584

θ23/
◦ 43.3+1.0

−0.8 41.3 → 49.9 47.9+0.7
−0.9 41.5 → 49.8

sin2 θ13 0.02215+0.00056
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Figure 1.1: Three-flavor oscillation parameters from different global analysis of neutrino data
available in September 2024 [11; 12]. The results shown in the upper (lower) section are obtained
without (with) the inclusion of the tabulated χ2 data on atmospheric neutrinos provided by the
Super-Kamiokande [14] and IceCube [15] collaborations. The numbers in the 1st (2nd) column
are obtained assuming normal ordering (inverted ordering), i.e. m3 > m2 (m1 > m3). Note that
∆m2

3ℓ ≡ ∆m2
31 > 0 for normal ordering and ∆m2

3ℓ ≡ ∆m2
32 < 0 for inverted ordering.
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1.2 Accelerator-based neutrino oscillation experiments

evidence of such process.

To conclude, the oscillation probability for antineutrinos, P (ν̄α → ν̄β), can be obtained from

the corresponding probability for neutrinos, P (να → νβ), by considering the complex conjugate

of U , i.e. substituting U by U∗ in Eq. 1.11. If U is a real matrix, the neutrino and antineutrino

probabilities satisfy P (να → νβ) = P (ν̄α → ν̄β). However, this is not the case for the PMNS

matrix, which contains the complex phase δCP , implying a violation of CP symmetry in the

leptonic tensor unless δCP is either 0 or π or any of the mixing angles are trivial. This can

be clearly seen when computing the difference between neutrino and antineutrino oscillation

probabilities, referred to as the CP-violating asymmetry ACP ,

ACP
αβ = P (να → νβ)− P (ν̄α → ν̄β)

= 4
∑
i>j

Im
(
UαiU

∗
βiU

∗
αjUβj

)
sin

(
∆m2

ijL

2E

)
, (1.13)

and it is commonly written as

ACP
αβ = 16Jαβ sin

(
∆m2

21L

4E

)
sin

(
∆m2

32L

4E

)
sin

(
∆m2

31L

4E

)
, (1.14)

where Jαβ is called the Jarlskog invariant and can be expressed in terms of the elements of the

PMNS matrix as

Jαβ = c12s12c23s23c
2
13s13 sin(δCP )

∑
γ

ϵαβγ , (1.15)

where the Levi-Civita symbol, ϵαβγ , accounts for the sign. Then, CP-violation requires the

Jarlskog invariant to be non-zero, implying that all sines and cosines of the 3 mixing angles and

the sine of the δCP phase should not vanish.

1.2 Accelerator-based neutrino oscillation experiments

Neutrino sources employed in oscillation experiments are diverse, going from nuclear reactions in

the center of the Sun, collisions of highly energetic cosmic rays with the atmosphere, supernovae,

nuclear reactors and particle accelerators. Current experimental efforts focus on accelerator-

based neutrino oscillation experiments, where L and E can be optimized to maximize the sensi-

tivity to neutrino oscillations. These facilities aim to measure the neutrino oscillation parameters,

but also produce data that can help to reduce the systematic and theoretical uncertainties related

to neutrino-nucleus scattering.
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1. INTRODUCTION

Figure 1.2: Neutrino beam production in an accelerator-based neutrino oscillation experiment.

Accelerator-based neutrino oscillation experiments create neutrino beams in accelerator fa-

cilities as the decay product of pions and kaons, covering the intermediate range of neutrino

energies bewteen several hundreds of MeV up to a few GeV. As shown in Fig. 1.2, the process

initiates with protons accelerated in a synchrotron, which are then extracted and directed to-

ward a heavy, fixed target, where pions and kaons are produced. Subsequently, a set of magnetic

horns isolates the produced mesons with either positive charge, to generate a neutrino-dominated

flux, or negative charge, to produce an antineutrino-dominated one. The selected mesons pass

through a long decay volume where they decay into leptons and neutrinos, and a final region

with absorbing material stops unwanted particles from propagating with the produced neutrino

beam. The dominant decay channels contributing to the neutrino-dominated flux correspond to

π+ → µ++νµ and K+ → µ++νµ(+π
0), while for the antineutrino case these are π− → µ−+ ν̄µ

and K− → µ− + ν̄µ(+π
0). However, the resulting neutrino fluxes inevitably include contam-

ination from both neutrinos with opposite helicity and different flavors. Undesired neutrinos

mainly appear from subsequent muon decay, µ+ → e+ + ν̄µ + νe and µ− → e− + νµ + ν̄e, and

alternative decay modes of kaons, K+ → e+ + νe + π0 and K− → e− + ν̄e + π0. Therefore,

accelerator-based experiments produce non-monochromatic beams with broad energy distribu-

tions, consisting predominantly of muon neutrinos or antineutrinos but, despite experimental

setups can be optimized to reduce contamination to the percent level, these beams still include

neutrinos of other helicities and flavors. As an example, the T2K flux corresponding to neutrino

and antineutrino beams is shown in Fig. 1.3, consisting of a mixture of νµ, ν̄µ, νe and ν̄e.

Finally, the neutrinos travel through the Earth towards a set of detectors placed strategically:

a near detector and a far detector (see Fig. 1.4). The near detector is located close to the

production region and measures the initial flavor composition and intensity of the neutrino beam.

This measurement establishes a baseline for the number and type of neutrinos before oscillation,

serving as a reference point. Additionally, near detectors serve a complementary role as a valuable

resource for studying neutrino-nucleus cross sections. The far detector is located hundreds of

kilometers from the source. During this journey, neutrinos oscillate, changing from one flavor to
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1.2 Accelerator-based neutrino oscillation experiments

Figure 1.3: Predicted flux as a function of energy at the ND280 detector of T2K for the neutrino
beam (left) and antineutrino beam (right). In each case, the νµ, ν̄µ, νe and ν̄e components of the
beam are shown. Figure from [17].

another depending on their energy, travel distance and oscillation parameters. The far detector,

usually located at the place where a maximum or minimum oscillation is expected, measures the

flavor composition and intensity of the neutrino beam after oscillation, allowing comparison with

the initial measurement from the near detector. In this way, neutrino oscillations are inferred

from flavor transitions between the source and detector by measuring either the disappearance of

muon (anti)neutrinos or the appearance of electron anti(neutrinos). The disappearance method

measures the reduction of the expected number of muon (anti)neutrinos in the detector due

to oscillations to electron or tau flavor. Meanwhile, the electron (anti)neutrino appearance

measurement searches for an enhancement of electron (anti)neutrinos with respect to the initial

beam.

As neutrinos only interact through the weak force, their direct observation is not possible

with traditional particle detectors. Instead, one measures the particles that are produced in the

interaction of the neutrino with the detector material. Given the relatively low scale of weak

cross sections, huge amounts of detector material are required in order to detect neutrinos with

the desired statistics. All present and future generations of neutrino oscillation experiments use

complex nuclei as target material, which allows for the accumulation of tons of it, significantly

increasing the number of events in the detectors. Mineral oils (CHx), water and liquid argon are

examples of the targets used. This highlights the need to study neutrino-nucleus interactions, as

well as the importance of the nuclear physics involved. Another challenge is that the neutrino
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Figure 1.4: Representation of the T2K accelerator-based neutrino experiment. Figure from [18].

energy is known only as a broad distribution. As the oscillation probability depends on the

neutrino energy, this has to be reconstructed in every neutrino-nucleus scattering event. Ideally,

the neutrino energy would be reconstructed by measuring the energy deposited by final-state

particles in the detectors. However, due to the limited detector acceptances, it is experimentally

unfeasible to fully capture the complete final state. The gaps in information are addressed by

using Monte Carlo (MC) event generators, which rely on theoretical models to simulate neutrino

interactions and reconstruct the neutrino energy, which, however, faces further complications.

Despite these significant scientific and technical challenges, accelerator-based neutrino ex-

periments provide an outstanding opportunity to investigate the fundamental nature of these

elusive particles. Precise measurements of neutrino properties are among the highest priorities

in fundamental particle physics, involving worldwide efforts through current experiments (e.g.

T2K [19], NOνA [20], MINERνA [21] and MicroBooNE [22]) and next-generation facilities (e.g.

Hyper-Kamiokande [23] and DUNE [24]). With the future generation of neutrino experiments,

the field will enter the precision era. The statistical errors will be largely reduced and the exper-

iments will become much more sensitive to the details of neutrino-nucleus interactions. In what

follows, some neutrino experiments are briefly described.

T2K and T2HK

The Japanese neutrino program started with the Super-Kamiokande detector, which provided

the first experimental evidence of atmospheric neutrino oscillations [8]. The collaboration con-

tinued with the K2K project [25], focusing on confirming the previous observations from Super-
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1.2 Accelerator-based neutrino oscillation experiments

Kamiokande, but with the main difference of using a well understood muon neutrino beam. Now,

its successor, the current T2K (Tokai to Kamioka) experiment [19], is a neutrino oscillation pro-

gram that operates over a long-baseline between the J-PARC accelerator-based muon neutrino

source in Tokai and the Super-Kamiokande detector in Kamioka, at a distance of 295 km.

T2K studies neutrino oscillations with two separate detectors, both of which are 2.5 degrees

away from the center of the neutrino beam. This method significantly narrows the flux energy

distribution, with a peak around 0.6 GeV, constraining the kinematical range of neutrino-nucleus

interactions. The ND280 near detector, made of hydrocarbon and hybrid water-hydrocarbon

targets, is located at 280 meters of distance from the source, and measures the number of muon

neutrinos in the beam before any oscillation occurs. It allows for monitoring the beam direction

as well as a precise measurement of neutrino interactions. As for the far detector, T2K uses the

water Cherenkov Super-Kamiokande detector. The walls of Super-Kamiokande are lined with

more than 10.000 sensitive photo-multipliers which detect the Cherenkov light from charged

particles. Its main advantage is that this detector has an excellent ability to distinguish muons

produced by muon neutrinos from electrons produced by electron neutrinos.

In addition to neutrino oscillations, the collaboration has also worked on understanding the

structure of neutrino-nucleus interactions and its impact on the systematic uncertainties in oscil-

lation analyses. Many ND280 cross sections measurements with different event topologies, kinds

of scattering neutrinos and targets have been performed, providing highly valuable experimental

data for the developing of theoretical interaction models.

Next step in the Kamiokande investigations is the Tokai to Hyper-Kamiokande (T2HK)

experiment [23], which will operate on the same beamline as T2K, using the upgraded Hyper-K

far detector. This large size detector, equipped with improved detection techniques, will provide

an enhanced sensitivity to neutrino oscillation parameters, particularly to CP-violation.

NOvA

The NOvA (NuMI Off-axis νe Appearance) long-baseline experiment [20; 26] studies neutrino

oscillations using the NuMI beamline from Fermilab with an off-axis configuration for the near

and far detectors. The far detector, made of mineral oil, is located at Minnesota, 810 km

away from the muon neutrino source, which presents a narrow-band energy spectrum peaked

around 2 GeV. This optimizes the sensitivity to electron neutrino appearance and muon neutrino

disappearance, as the oscillation from muon neutrinos to electron neutrinos is expected to be at

maximum with this configuration.
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The main focus of the NOvA experiment is to measure the θ23, ∆m2
32 and δCP oscillation

parameters, as well as to determine the neutrino mass ordering. The latter modifies the effects

of matter when neutrinos travel through the Earth and, therefore, the oscillation rates are also

affected. Due to the large baseline used by the experiment, matter effects are important for

NOvA, allowing to determine the sign of ∆m2
32 and thus the mass ordering.

MINERνA

MINERνA (Main INjector ExpeRiment ν−A) is a neutrino-scattering experiment [27; 21] based

at Fermilab, with its detector located on-axis of the NuMI beam. It measures neutrino interac-

tions in an energy range from 1 GeV to 20 GeV and on a variety of nuclear targets (C, CH, Fe,

H2O, Pb), allowing to achive precise measurements of nuclear effects. MINERνA focuses on im-

proving the modeling of neutrino-nucleus interactions in order to reduce systematic uncertainties

in neutrino oscillation experiments.

MiniBooNE and MicroBooNE

MiniBooNE (Mini Booster Neutrino Experiment) [28] was a short-baseline neutrino experiment

at Fermilab designed to investigate neutrino oscillations, focusing on detecting the electron neu-

trino appearance from the muon neutrino beam. Neutrino and antineutrino beams were produced

in the Booster Neutrino Beamline (BNB) with a flux peaked around 0.7 GeV. The experiment

used a single Cherenkov detector setup made of mineral oil (CH2). Over its run, the Mini-

BooNE collaboration reported a low-energy excess of electron-like events in both neutrino and

antineutrino modes [29].

The BooNE experiment continued with MicroBooNE [30; 31], also located along the BNB

at Fermilab. MicroBooNE has been established to further investigate this low-energy excess

using more advanced detection technology. Employing a Liquid Argon Time Projection Cham-

ber (LArTPC), this detector offers high spatial resolution and accurate particle identification

capabilities. Additionally, MicroBooNE plays a key role in providing precise measurements of

neutrino–argon cross sections, which are essential for the interpretation of results in current and

future LArTPC-based experiments, as DUNE.

DUNE

DUNE (Deep Underground Neutrino Experiment) [24] is a next-generation neutrino oscillation

experiment currently under construction, and expected to start taking data in 2030’s. The
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collaboration is aimed at making definitive determinations of CP-violation in neutrinos, the

neutrino mass hierarchy as well as searching for neutrinos beyond the currently known three.

Neutrino and antineutrino beams produced at Fermilab will be detected at a LArTPC far detector

located 1.5 km underground at the Sanford Underground Research Facility (SURF) in South

Dakota, at 1300 km from the source, and at a near detector installed in the Long-Baseline

Neutrino Facilify (LBNF) at Fermilab. DUNE is also expected to achieve important discoveries

in forthcoming years related to physics beyond the Standard Model, such as the possibility of

proton decay and supernova neutrino detection.

1.3 Neutrino interactions

To carry out accurate oscillation analyses, it is essential to understand the complexities of

neutrino-nucleus interactions and how nuclear effects influence the measurements obtained by

neutrino experiments in the detectors. Theoretical uncertainties derived from our limited under-

standing on neutrino-nucleus scattering propagate into systematic uncertainties in the oscillation

analyses. In the next decades, the future generation of experiments will quickly accumulate an

unprecedented number of neutrino interaction events and, instead of statistics, systematic un-

certainties will be limiting the physics reach of the experiments. Reducing these uncertainties by

improving our ability to describe neutrino-nucleus cross sections with high accuracy is therefore

fundamental for the success of neutrino oscillation experiments.

As the incoming neutrino beam spans a broad energy range in present and next-generation

experiments, theoretical models must be able to provide reliable descriptions of the various

neutrino-nucleus reaction mechanisms that can occur. These mechanisms range from coherent

interactions with the entire nucleus, to scattering off individual nucleons, and, at the highest

energies, to processes that probe the internal structure of nucleons through interactions with

their constituent quarks. At the lowest neutrino energies, the only available channel is elastic

scattering, in which the neutrino probes the entire nucleus as a single coherent object that recoils

intact. As the energy increases to a few MeV, additional channels become accessible, allowing

the excitation of the nucleus into its low-lying resonant states. When the neutrino energy reaches

the range from hundreds of MeV to several GeV, which corresponds to the energy range relevant

for neutrino oscillation experiments, the dominant channels are:

• Quasielastic (QE) scattering. The neutrino scatters off a nucleon, bound by the nuclear

potential, that is knocked-out from the nucleus.
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• Multi-nucleon contributions. Nuclear effects such as short-range correlations in the nuclear

medium and meson-exchange currents between nucleons can produce the ejection of more

than one nucleon from the nucleus. The main contribution in this case comes from two-

nucleon knock-out processes.

• Single-pion production (SPP) in the resonance region. The scattering off a bound nucleon

produces its excitation into a resonance state, which subsequently decays into a pion and a

nucleon (and possibly other hadrons) that are ejected from the nucleus. The main contri-

bution comes from the ∆(1232) resonance, but also contributions from heavier resonances

(N∗) are important in high energy experiments as DUNE. Other non-resonant reaction

mechanisms also contribute to this pion production channel.

• Deep-inelastic scattering (DIS). A high-energy neutrino directly interacts with the con-

stituent quarks of the nucleon, including those that make up the quark–antiquark sea,

which continually emerges and vanishes due to quantum fluctuations. At relatively low

momentum transfer, nucleons contain mostly up, down, and strange quarks, but at higher

momentum transfer, heavier and shorter-lived quarks also come into play. This high-energy

impact causes the nucleon to break apart, releasing quarks and gluons. As these particles

reassemble, a cascade of hadrons is produced in the final state. The region between DIS

and SPP mechanisms, referred to as shallow-inelastic scattering (SIS), is an extremely

difficult-to-model part of phase space, involving a smooth transition between the different

scales of physics.

A scheme of the different mechanisms discussed as a function of the energy transfer is shown

in Fig. 1.5. At the kinematics of most current and future experiments, the most relevant contri-

bution to the cross section comes from charged-current quasielastic (CCQE) scattering and pion

production. In particular, the quasielastic channel is the the dominant one in the low-energy

experiments T2K and MicroBooNE, and a major contribution in MINERνA, NOvA and DUNE.

Motivated by this situation, in this work, we focus on quasielastic scattering in order to provide

a more realistic description of this mechanism.

The interaction of a neutrino with a nucleon bound in the ground state nucleus—a strongly

interacting many-body system—typically leads to a final state in which hadrons are ejected

and may further interact with the residual nuclear system. Accurately modeling this process is

extremely challenging, and therefore neutrino-nucleon interactions have to be described within

a theoretical framework that captures the complexity of the nuclear structure and dynamics.
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Figure 1.5: Electroweak nuclear response as a function of the energy transferred by the neutrino
to the nucleus. From low to high energy transfer, the mechanisms are: elastic interaction, nuclear
giant resonances (GR), quasielastic (QE) scattering, pion roduction (∆ and N∗), multi-nucleon
contributions (dominated by two-nucleon knock-out reactions, 2N) and deep inelastic scattering
(DIS).

For that, several models have been proposed over the years [32; 33]. The simplest choice is

the global relativistic Fermi gas model, where the bound nucleons are described as free on-

shell particles constrained to have a momentum below the Fermi momentum. This is the most

employed model in oscillation analyses [34; 35; 36] and it allows to describe the neutrino-nucleus

interaction process within a fully relativistic framework, conserving the fundamental symmetries

of quantum field theory and capturing the gross features of the nuclear response. However, it is an

oversimplified approach that does not reach the level of precision required by the next generation

of neutrino oscillation experiments [37]. Improvements of this model have been proposed within

the local Fermi gas [38; 39; 40] approach. Other models based on the factorized spectral function

formalism [41; 42] have also been widely employed, offering a more realistic description of the

nuclear framework. More recently, ab initio models have allowed quantitative and successful

‘first-principles’ understanding of many nuclear properties [43], but the extensive computational

time they require greatly limits their practical application.

In this thesis, we employ a fully relativistic and quantum mechanical framework by means

of an unfactorized representation of the spectral function. This spectral function is represented

as a combination of single-particle momentum distributions computed within the relativistic

mean-field (RMF) model. The mean-field approach simplifies the study of many-body systems
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by replacing the complex interactions between individual particles with an average, or mean,

field. Within this framework, each nucleon is treated as moving independently in an effective

potential generated by the other nucleons, rather than explicitly accounting for all individual

interactions, which are replaced by their effect in the average potential. Therefore, nucleons

are now described as independent-particle wave functions that are solutions of the mean-field

equations with an effective potential, allowing an easier treatment of the problem [44; 45]. The

single-particle momentum distributions obtained within the RMF, when compared to the cross

sections measured in exclusive (e, e′p) experiments, where it is assured that one and only one

nucleon is present in the final state, display the right shape. However, the mean-field fails to

allocate or describe the observed missing energy and momentum when the energy employed

in excitations of the target nucleus, to unbind one or more nucleons, is above the two-particle

emission threshold. Under these conditions, correlations in the initial state, as well as final-state

interactions, make it possible to knock out more than one nucleon. From the experimental point

of view, in (e, e′p) experiments, this appears as a contribution at large missing energies, because

there is energy not detected in the final state (missing), carried by the additional knocked out

nucleons that are not detected. This multi-nucleon emission generally also shows a noticeable

increase in strength compared to the mean-field prediction in the high missing momentum region.

This is also due to the momentum carried away by the additional knocked out nucleons that are

not detected in the experiment, and thus their energy and momentum are not accounted for,

thus they are ‘missing’.

The probability of knocking out one nucleon from a given nucleus, i.e., the probability of one-

nucleon removal with a given energy and momentum from the target nucleus, can be computed

from many-body calculations in what is usually named as ’the spectral function’, S(E, p). Theo-

retical spectral functions have two contributions. The first is computed within the independent-

particle shell model, that is, the contribution to the final states where only one nucleon is knocked

out, thus made of single-hole states in the initial nucleus. This contribution can be compared

to (e, e′p) and other exclusive experimental data, in order to ascertain the shape and strength

of it. The second is the ‘correlated contribution’, which accounts for nucleon-removal processes

involving additional nucleons. This would be coming from, for instance, short-range correla-

tions of deeply bound nucleons. These are thought to be quite universal, depending only on

the nuclear density. This contribution can be easily computed in nuclear matter, and then built

into the theoretical spectral function. To determine the spectral function for finite nuclei, ini-

tial nucleon occupancies are shared in between the independent-particle content of the spectral
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function, which would then contain ‘less nucleons’ than in the calculation without correlations,

and the correlated part. Occupancies of different shells and of the correlated part, as well as the

momentum distributions (the shape of each contribution) are tuned to experimental data. This

prescription builds a so-called ‘semi-phenomenological spectral function’. This object would de-

scribe everything that contribute to knocking out a nucleon from the target nucleus, and would

have a distinct missing energy and momentum content, in accordance with the observations in

experiments, compared to simple mean-field calculations.

Thus, in order to achieve a more realistic description of our lepton-nucleus scattering process,

we go beyond the mean-field approximation by including correlation effects, taking the semi-

phenomenological spectral function formalism as reference. Contrary to other works along similar

lines, we do not factorize the cross section into the spectral function times the phase space and

the elementary lepton-nucleon cross section. Instead, we use a representation of the spectral

function amenable to our relativistic distorted wave and unfactorized calculations.

Finally, it is worth noting that studying neutrino-nucleus interactions is of great interest

in itself, beyond their relevance to the neutrino oscillation program. Such investigation offers

unique insights into the weak response of nuclei and nucleons, providing crucial information

that complements what is obtained through electromagnetic probes. In particular, it enables

the study of the axial structure of the nucleon, which is not directly accessible via electron or

photon scattering. Charged-current neutrino-nucleon interactions, in this context, are especially

valuable for constraining the axial form factor of the nucleon.

1.4 Outline

This thesis focuses on the study of lepton-nucleus interactions using a realistic theoretical frame-

work for the treatment of nuclear effects. In particular, quasielastic scattering is studied using an

unfactorized representation of the spectral function, where the momentum distributions of bound

nucleons are obtained from a relativistic mean-field model for finite nuclei, and the final-state

nucleon is described as a scattering solution of the Dirac equation with relativistic potentials.

Then, the contributions from every matrix element to the total process are consistently computed

using solutions of the Dirac equation with scalar and vector potentials for the initial and final

nucleons. This approach includes effects beyond the mean-field description, taking as reference

the semi-phenomenological spectral functions. Our calculation is fully relativistic and includes

a full quantum mechanical description of both the initial and final nucleon states. Additionally,
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1. INTRODUCTION

the usual treatment of quasi-elastic scattering, based on one-body currents, is extended by in-

corporating the contribution from two-body meson-exchange currents with a final one-particle

one-hole state.

In Chapter 2, we present the general formalism for quasielastic lepton scattering on nuclei, as

well as the approach adopted to describe the nuclear structure of the nuclei considered: 12C, 16O,

and 40Ca. In Chapter 3, we focus on the hadronic part of the interaction, describing the modeling

of the initial nuclear state, the interaction dynamics and the final-state interactions undergone

by the outgoing nucleon within the residual system. In Chapter 4, we introduce the contribution

from two-body meson exchange currents to particle-hole excitations, accounting for those pro-

cesses where the initial nucleon is interacting with another bound nucleon in the target nucleus

through meson exchange. The modeling of this contribution is discussed at length, proposing

three different approaches and evaluating their differences. Then, our theoretical predictions

are compared with experimental data from both electron and neutrino scattering, presented in

Chapters 5 and 6, respectively. Electromagnetic hadronic responses and cross sections are com-

puted for 12C, 16O, and 40Ca, providing a solid benchmark to validate our model before its

application to neutrino interactions. Charged-current (anti)neutrino-nucleus cross sections are

calculated both at fixed neutrino energy and averaged over the neutrino and antineutrino fluxes

of the T2K and MiniBooNE experiments. Comparisons with the experimental results from these

collaborations are presented for νµ and ν̄µ reactions. Finally, conclusions are given in Chapter 7.
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Chapter 2

Quasielastic lepton-nucleus scattering

Quasielastic scattering corresponds to the lepton being scattered by a single nucleon that is

consequently ejected from the target nucleus. In Fig. 2.1, the Feynman diagrams corresponding to

lepton-nucleon interactions are displayed. The electromagnetic (EM) interaction occurs through

the exchange of a photon, while weak interactions are distinguished between charged-current

processes, where a charged lepton is emitted, and neutral-current ones, where the neutrino does

not change in the final state.

ℓ− ℓ−

γ

N N

(a) Electromagnetic scattering

νℓ ℓ−

W+

n p

(b) Charged-current scattering

νℓ νℓ

Z0

N N

(c) Neutral-current scattering

1

Figure 2.1: Lepton-nucleon scattering processes. N denotes either a proton or a neutron.

In this chapter, we present the kinematics and general formalism for the calculation of the

quasielastic lepton-nucleus scattering cross section. Given the connection between electron and

neutrino scattering, and the wealth of electron scattering data with well-defined beam energies, an

effective way to enhance our understanding of neutrino-nucleus interactions is through electron-

nucleus scattering experiments. Accordingly, in this work, electron-nucleus scattering will be

used as benchmark to assess the validity of our theoretical neutrino interaction approach. On

the other hand, CC processes are the primary contributors to the signals observed in neutrino
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

oscillation experiments, as they produce charged leptons that are readily detectable and provide

clear flavor identification. The experimental study of NC neutrino processes is significantly more

challenging than that of CC reactions, due to the smaller cross sections involved and the absence

of charged leptons in the final state. As a result, event identification relies solely on hadron

detection. Therefore, this work focuses on the study of the electron-scattering processes

e− +A→ e− + p+ (A− 1),

e− +A→ e− + n+ (A− 1), (2.1)

and the corresponding charged-current (anti)neutrino-scattering ones,

νℓ +A→ ℓ− + p+ (A− 1),

ν̄ℓ +A→ ℓ+ + n+ (A− 1), (2.2)

with ℓ ≡ e, µ, τ , A the nuclear target and (A− 1) the residual nucleus after the interaction. The

resulting expressions are general and can be directly applied to both interactions.

The leptonic part of the interaction is readily described within the plane-wave Born approx-

imation, treating the leptons as plane waves. In contrast, the hadronic part is more complex, as

it contains all the information related to the boson-nucleon interaction and the nuclear model.

The chapter concludes with a discussion of the approach used to describe the nuclear structure

of the target nucleus, while further details on this part of the interaction are provided in the

following chapter.

Finally, it is also important to stress that due to the fact that the energy (ω) and momentum

(q) transfer between the lepton and the nucleus are in some cases comparable or larger than the

mass scale set by the nucleon mass, relativistic effects, both in the kinematics and dynamics, are

relevant.

2.1 Kinematics

The kinematics for the quasielastic lepton-nucleus scattering are shown in Fig. 2.2. The incoming

lepton has four-momentum Ki = (Ei,ki), and its interaction with the target nucleus leads to

a scattered lepton in the final state with four-momentum Kf = (Ef ,kf ). In this work, we

appeal to the first-order Born approximation, where only one boson is exchanged between the

lepton and the hadronic system. The four-momentum transferred to the hadronic system is
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2.1 Kinematics

Figure 2.2: Kinematics for the one-nucleon knock-out lepton-nucleus interaction.

Q = Ki−Kf = (ω = Ei−Ef ,q = ki−kf ) and leads to the invariant quantity Q2 = ω2−q2 < 0.

We work in the coordinate system with the z axis along the transfer momentum q, such that

Qµ = (ω, 0, 0, q), and the lepton scattering plane coincides with the xz plane. The target

nucleus has four-momentum PA = (EA,pA) and the residual nucleus and outgoing nucleon have

PB = (EB,pB) and PN = (EN ,pN ), respectively. We chose the laboratory reference frame for

the calculation, in which the target nucleus is at rest, such that PA = (MA, 0).

The residual nucleus may be left in an excited state rather than in its ground state. To

account for this possible scenario, we define a missing energy

Em =MB +MN −MA ≈ E∗
B +M0

B +MN −MA, (2.3)

where MB is mass of the excited state, and we have approached it as MB ≈ E∗
B +M0

B
1 with

M0
B the mass of the residual nucleus in its ground state and E∗

B the internal excitation energy.

In this way, the missing energy refer to the part of the transferred energy, ω, that transforms

into internal energy of the residual nucleus.

It results convenient to study and understand the number of independent variables needed to

describe lepton-nucleus quasielastic scattering. The initial state consists in an incoming lepton

and the target nucleus, while in the final state we find the scattered lepton, the knocked-out

nucleon and the undetected residual nucleus. This means that there are 20 unknown variables, 4

for every particle involved. However, there are constraints in the process that reduce the number

of independent variables. Energy-momentum conservation gives 4 constraints. The energy-mass
1The relation MB ≈ E∗

B+M0
B is obtained when the kinetic energy of the recoiling nuclear system is neglected.

The residual nucleus is heavy, so its recoil energy is small in comparison to its mass at rest, i.e. it can gain
momentum with a relatively small gain in kinetic energy. It allows us to simplify the kinematics of the problem
such that E∗

B = EB − E0
B ≈ MB −M0

B .

21



2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

relation of the on-shell particles (E2 = p2 + M2) provides 4 additional ones. Note that the

masses of all particles are known, except for that of the undetected residual system. After the

interaction, the nucleus may be left in an excited state, therefore, this constraint does not apply

to it. Finally, the three-momenta of the initial state particles are assumed to be fixed: we work

in the laboratory reference frame, where the target nucleus is at rest; we fix the the coordinate

system relative to the lepton beam, such that its direction is known; and we select the incoming

lepton energy, being a fix value for electrons and an average according to the flux distribution for

neutrinos. This eliminates 6 variables and, then, the number of independent variables reduces to

6. All the four-vectors involved in the scattering can be written in terms of these 6 independent

variables and the fixed three-momentum of the incoming particles.

2.2 Cross section

The general formula for the cross section is given by

dσ =
|Sfi|2

Φinc T
dNf . (2.4)

where |Sfi|2 is the squared matrix element, T is a normalization time, Φinc is the incident flux

and dNf represents the number of final of states in phase space. A general Lorentz-invariant

expression of the cross section is possible if one uses the definition of the flux [46]

Φinc =
1

V

√
(Ki · PA)2 −m2

i M
2
A

EiEA
, (2.5)

where V is the normalization volume. In this work, we consider the target nucleus at rest and

neglect the mass of the leptons, in which case the incident flux simplifies to

Φinc =
1

V
. (2.6)

The number of states within a momentum range dpf for each on-shell fermion in the final state

is

dNf = V
dpf

(2π)3
. (2.7)
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2.2 Cross section

(a) Electron-nucleus interaction. (b) CC (anti)neutrino-nucleus interaction.

Figure 2.3: Feynman diagrams for lepton-nucleus quasielatic scattering. The initial nucleus is
denoted by I, meanwhile the final hadronic system, containing both the knocked-out nucleon and
the residual nucleus, is denoted by F .

In our case, the particles in the final state are the scattered lepton, the knocked-out nucleon and

the residual nucleus, then

dNf =
V

(2π)3
dkf

V

(2π)3
dpN

V

(2π)3
dpB ρ(Em)dEm, (2.8)

where ρ(Em) is the missing energy profile of the target nucleus. The term ρ(Em)dEm accounts for

the fact that the residual nucleus may not necessarily appear in its ground state, as a result, there

is no direct correlation between its energy and momentum. This term represents the number of

accessible final states for the residual system within a given missing energy range dEm, hence,

ρ(Em) is a probability density distribution.

The matrix element, Sfi, contains the dynamics of the process. The interaction is schemat-

ically represented by the Feynman diagrams in Fig. 2.3, where we distinguish between electro-

magnetic and charged-current interactions. Using the Feynman rules given in Appendix B, it is

given by

Sfi = i

∫
d4X i

∫
d4Y jµℓ (X)Sµν(X,Y ) Jν

H(Y ), (2.9)

where jℓ and JH are the leptonic and hadronic currents, respectively, and S is the boson propa-

gator.

The modeling of the scattering process is performed within the first-order Born approxima-

tion, in which one considers that only one boson is exchanged between the lepton and the nuclear
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

system. The boson propagator is given by

Sµν(X,Y ) =

∫
d4Q

(2π)4
−igµν

Q2 −M2
Q

eiQ(X−Y ), (2.10)

where MQ denotes the mass of the exchanged boson. Then,

SEM
µν (X,Y ) =

∫
d4Q

(2π)4
−igµν
Q2

eiQ(X−Y ) (2.11)

in the EM case and

SCC
µν (X,Y ) =

∫
d4Q

(2π)4
−igµν

Q2 −M2
W

eiQ(X−Y ) ≈
∫

d4Q

(2π)4
igµν
M2

W

eiQ(X−Y ) (2.12)

in the CC case, where we have neglected Q2 with respect to M2
W (MW ≃ 80.4 GeV/c2), as the

energies involved in the process are significantly smaller than the mass of the W boson.

The leptonic current, jℓ, is defined as

jµℓ (X) = Ψℓ,f (X)Oµ
QℓℓΨℓ,i(X). (2.13)

In the electromagnetic process, the leptonic current involves only vector components. Meanwhile,

in charged-current interactions, it is constructed as a sum of vector and axial terms, where the

axial part leads to parity violation in weak interactions. Then, the leptonic current operator,

O
µ
Qℓℓ, is given by

Oµ
γee = eΓµ

γee = eγµ (2.14)

for the EM interaction and

O
µ
Wνℓℓ

=
−g
2
√
2
Γµ
Wνℓℓ

=
−g
2
√
2
γµ(1 + hγ5), (2.15)

for the CC interaction, with h = −1(+1) for (anti)neutrinos and the projection operator, 1
2(1 +

hγ5), selects right-handed neutrino or left-handed antineutrino. Considering the leptons as plane

waves (Plane Wave Born Approximation, PWBA), such that their wave function is given by A.23,

we get

jµℓ (X) =

√
mimf

V
√
EiEf

u(kf , sf )O
µ
Qℓℓu(ki, si)e

i(Kf−Ki)X . (2.16)
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2.2 Cross section

Finally, the hadronic current, JH , is computed as

Jν
H = ⟨f |Ôµ|i⟩, (2.17)

where i refer to the initial A-body nuclear ground state and f to the final scattering state, i.e. an

A−1-body residual nucleus and a scattered nucleon. Ôµ is the hadronic current operator, which

ideally includes all processes that lead to a final one-particle one-hole (1p-1h) state. Factoring

out the coupling constants, we write it as

Ô
µ
EM = −eΓ̂µ

EM (2.18)

for the EM interaction and

Ô
µ
CC =

−gcos θc
2
√
2

Γ̂µ
CC (2.19)

for the CC interaction, with cos θc = 0.974 the Cabibbo quark mixing angle.

We can now introduce the expressions of the propagator, Eq. 2.10, and the leptonic current

within PWBA, Eq. 2.16, in the S-matrix element, Eq. 2.9. Then, the integral over X can be

performed immediately using Eq. A.40, leading to an energy-momentum conservation Dirac delta

for the leptonic vertex that, integrating over Q, gives the relation Q = Ki −Kf . The resulting

expression for the S-matrix is

Sfi = −iFX
1

V
√
EiEf

jµ ×
∫
d4Y e−iQY ⟨ΨF |Γ̂µ

X |ΨI⟩, (2.20)

with X ≡ EM,CC,

FEM =
e2

Q2
=

4πα

Q2
, FCC =

g2 cos θc
8M2

W

=
GF cos θc√

2
, (2.21)

with α the fine structure constant and we have redefined the leptonic current as

jµ =
√
mimf u(kf , sf )ΓQℓℓ,µu(ki, si). (2.22)

Now, we focus on the hadronic current. In our framework, the contributions to the process

will be obtained as matrix elements of an independent-particle shell model calculation, where

each nucleon is subjected to a central potential created by the others. Then, the initial and

final nuclear states can be described in terms of single-particle wave functions orthogonal to each

other. In addition, factorizing the center of mass, the initial nuclear state is given by the product
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

of a single-nucleon independent-particle wave function coupled to the rest of the initial nucleus,

and the wave function for these remaining A−1 nucleons. The final state is given by the product

of a wave function for the A − 1 residual nucleus, which we assume to be a hole state of the

initial A-body nucleus, and a distorted wave describing the ejected nucleon. Taking into account

all these considerations, the hadronic current can be expressed in terms of the initial and final

single-particle states [47; 48], we finally get

∫
d4Y e−iQY ⟨f |Γ̂µ

X |i⟩ =
√

MA

V EA

√
MB

V EB
(2π)4δ4(PA +Q− PB − PN )×

×
∫
dyeiq·y ⟨αN ;α|Γ̂µ

X |F ⟩. (2.23)

where |F ⟩ denotes the ground state of the target nucleus and |α⟩ and |αN ⟩ represent the initial

bound nucleon and the knocked-out final nucleon, respectively. Further, most often the impulse

approximation (IA) is employed in the QE region, meaning that the lepton interacts only with

one nucleon, that is subsequently knocked-out from the nucleus. Then, the hadronic current

operator reduces to a one-body current operator and the hadronic matrix element is given by∫
dyeiq·y ⟨αN ;α|Γ̂µ

X |F ⟩ =
∫
dy eiq·yΨ

sN (pN ,y)Γ
µ
1b,XΨ

mj
κ (y). (2.24)

For convenience, we change the hadronic wave functions in position space to momentum space

using the Fourier transform, A.38, and redefine the hadronic current as

Jµ
κ =

√
V

∫
dy Ψ

sN (pN ,y)Γ
µ
1b,Xe

iq·yΨ
mj
κ (y) =

√
V

∫
dp Ψ

sN (pN ,p
′
N = p+ q)Γµ

1b,XΨ
mj
κ (p).

(2.25)

The initial nucleon is described by a bound wave function, Ψmj
κ , where p is its momentum, κ

represents the nuclear shell and mj is the third-component of its total angular momentum j.

The wave function of the knocked-out final nucleon, ΨsN , is a distorted wave function with pN

the asymptotic momentum, p′
N its momentum inside the nucleus, which is related by momentum

conservation to the other particle states involved in the hadronic vertex, and sN its spin. It is

described as an energy-eigenstate with energy E2
N = E′2

N = p2N +M2
N . The form of the one-body

current operator, as well as more details about the bound and distorted wave functions are given

in Chapter 3. An extension of this model by including two-body meson-exchange currents is

presented in Chapter 4.
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The matrix element for a given initial shell κ reads

Sfi,κ = −iFX
1

V 5/2

1√
EiEf

√
MAMB√
EAEB

(2π)4δ4(PA +Q− PB − PN )jµJ
µ
κ , (2.26)

and the squared matrix element is given by

|Sfi,κ|2 =
∑

i,f
|Sfi,κ|2 = F2

X

T

V 4

1

EiEf

MAMB

EAEB
(2π)4δ4(PA +Q− PB − PN )LµνH

µν
κ , (2.27)

where
∑

i,f denote the appropriate sum over the final and average over the initial particles’

unobserved degrees of freedom. The squared matrix element have been decomposed in terms of

leptonic and hadronic tensors, Lµν and Hµν
κ , respectively. Therefore, introducing the first-order

Born approximation—–assuming the exchange of a single boson–—and applying the plane-wave

Born approximation for the leptons allows us to treat the lepton and hadron parts separately.

The leptonic tensor for the electromagnetic interaction is computed as

LEM
µν =

1

2

∑
si

∑
sf

jµj
†
ν =

m2
e

2

∑
si

∑
sf

u(kf , sf )γµu(ki, si)[u(kf , sf )γνu(ki, si)]
†, (2.28)

where me denotes the electron mass. The sum over initial and final helicities allow us to use the

closure relation of Dirac spinors, A.35, then

LEM
µν =

1

8
Tr[( /Ki +me)γµ( /Kf +me)γν ], (2.29)

and, using the properties of the γ matrices, we finally obtain

LEM
µν =

1

2
[Ki,µKf,ν +Ki,νKf,µ − gµν(Ki ·Kf +m2

e)]. (2.30)

The result for the CC interaction can be readily derived by following the same steps, leading to

LCC
µν =

∑
si

∑
sf

jµj
∗
ν = 2[Ki,µKf,ν +Ki,νKf,µ − gµν(Ki ·Kf )− ihϵµναβK

α
i K

β
f ], (2.31)

with ϵµναβ the Levi-Civita symbol. Note that in the (anti)neutrino case only left(right)-handed

(anti)neutrinos interact. There is no average over the two spin states, but we can sum over it

because the V +A term will only give contribution to the adequate case. Then, there is a factor

2 with respect to the ordinary sum and average.
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The hadronic tensor for the interaction with a nucleon in the κ shell is defined as

Hµν
κ =

1

2j + 1

∑
mj

∑
sN

Jµ
κ (J

ν
κ )

†. (2.32)

In contrast to the other particles, for the initial bound nucleon we average over the 2j+1 possible

mj states, rather than over the spin.

Finally, the differential cross section reads

d10σκ
dkfdpNdpBdEm

= ρκ(Em)F2
X

1

EiEf

MB

EB

1

(2π)5
δ4(PA +Q− PB − PN )LµνH

µν
κ , (2.33)

where, since the target nucleus is at rest, we have taken into account that EA = MA. We use

the delta of 3-momentum to integrate over the undetected residual system, then

d7σκ
dkfdpNdEm

= ρκ(Em)F2
X

1

EiEf

MB

EB

1

(2π)5
δ(EA + ω − EB − EN )LµνH

µν
κ . (2.34)

The remaining energy-conservation delta is used to integrate over pN . This integration is carried

out by taking into account that EB is a function of the independent variables and using the

property of the delta function given in equation A.42,

δ[f(pN )] =
δ(pN − p0N )

|∂f(pN )/∂pN |pN=p0N

(2.35)

with

f(pN ) =MA + ω −
√
(Em −MN +MA)2 + q2 + p2N − 2qpN cos θqN −

√
M2

N + p2N , (2.36)

and p0N satisfies f(p0N ) = 0. Then, it is given by

p0N =
Cq cos θqN −A

√
q2 cos θqN

2M2
N + C2 −A2M2

N

q2 cos θqN
2 −A2

(2.37)

where

A ≡MA + ω, C ≡ 1

2
(q2 +M2

B −A2 −M2
N ). (2.38)

The derivative of f(pN ) with respect to pN yields,∣∣∣∣∂f(pN )

∂pN

∣∣∣∣ = ∣∣∣∣pN − q cos θqN
EB

+
pN
EN

∣∣∣∣ = EApN
ENEB

∣∣∣∣1 + ωpN − qEN cosΘN

EApN

∣∣∣∣ (2.39)
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with EA = EB + EN − ω and, from this result, we define the recoil factor

frec =

∣∣∣∣1 + ωpN − qEN cosΘN

EApN

∣∣∣∣
pN=p0N

, (2.40)

which is a correction to the phase space due to the kinetic energy carried away by the residual

nucleus. The most differential cross section reads,

d6σκ
dkfdΩfdΩNdEm

= ρκ(Em)F2
X

k2f
EiEf

pNENMB

EAfrec

1

(2π)5
LµνH

µν
κ . (2.41)

The inclusive cross section corresponds to the case where the outgoing nucleon is not detected.

This implies the summation over all active occupied nuclear shells of the target nucleus and the

integration over the outgoing nucleon variables. The inclusive cross section is then given by

d3σ

dkfdΩf
=
∑
κ

∫
dϕN

∫
d cos θN

∫
dEm ρκ(Em)F2

X

k2f
EiEf

pNENMB

EAfrec

1

(2π)5
LµνH

µν
κ . (2.42)

Note that, in the electromagnetic interaction, the electron can scatter on a neutron or a proton,

so both possibilities must be summed, while in the (anti)neutrino case the charged-current in-

teraction occurs only with neutrons (protons). Therefore, the sum over κ runs over neutron and

proton occupied shells for the EM case and over neutron (proton) shells for the (anti)neutrino

CC interaction.

To conclude, it is convenient to define a hadronic reference system {1̂, 2̂, 3̂} with its axes

oriented such that the transferred momentum is aligned with the 3 (z) axis and we perform a

rotation over ϕN along the 3 axis. Then, the system is defined by the following vectors

3̂ = ẑ =
q

q
, 2̂ =

q× pN

|q× pN |
, 1̂ = 2̂× 3̂. (2.43)

The hadronic tensor is independent of ϕN in this hadronic reference system. Therefore, the

dependence on ϕN in the {x̂, ŷ, ẑ} system is factorized in the Lorentz transformation that relates

both coordinate systems. The rotation does not affect the time-like and longitudinal (parallel

with q) elements, then

H00 = H00
123, H03 = H03

123, H30 = H30
123, H33 = H33

123, (2.44)

meanwhile, the purely transverse components of the hadronic tensor and the mix up with the
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time-like and longitudinal ones change according to

H11 = cos2 ϕNH
11
123 + sin2 ϕNH

22
123 − cosϕN sinϕN (H12

123 +H21
123),

H22 = sin2 ϕNH
11
123 + cos2 ϕNH

22
123 + cosϕN sinϕN (H12

123 +H21
123),

H12 = cos2 ϕNH
12
123 − sin2 ϕNH

21
123 + cosϕN sinϕN (H11

123 −H22
123),

H21 = cos2 ϕNH
21
123 − sin2 ϕNH

12
123 + cosϕN sinϕN (H11

123 −H22
123),

H01 = cosϕNH
01
123 − sinϕNH

02
123 , H10 = cosϕNH

10
123 − sinϕNH

20
123,

H02 = sinϕNH
01
123 + cosϕNH

02
123 , H20 = sinϕNH

10
123 + cosϕNH

20
123,

H31 = cosϕNH
31
123 − sinϕNH

32
123 , H13 = cosϕNH

13
123 − sinϕNH

23
123,

H32 = sinϕNH
31
123 + cosϕNH

32
123 , H23 = sinϕNH

13
123 + cosϕNH

23
123, (2.45)

with H and H123 the hadronic tensor in the {x̂, ŷ, ẑ} and {1̂, 2̂, 3̂} reference systems, respectively.

In the inclusive cross section (Eq. 2.42), only the hadronic tensor depends on ϕN , so the integra-

tion over this variable can be analytically performed. It implies a straightforward integration of

sines and cosines, obtaining

H00 = 2πH00
123, H03 = 2πH03

123, H30 = 2πH30
123, H33 = 2πH33

123,

H11 = πH11
123 + πH22

123, H22 = πH11
123 + πH22

123, H12 = πH12
123 − πH21

123, H21 = πH21
123 − πH12

123,

H01 = 0, H10 = 0, H02 = 0, H20 = 0,

H31 = 0, H13 = 0, H32 = 0, H23 = 0. (2.46)

Therefore, the computation of the hadronic tensor in the hadronic reference system allows us to

avoid the numerical integration over ϕN by simply substituting it according to Eq. 2.46.

2.2.1 Hadronic Inclusive Responses

The coordinate system used in this work, with the z axis along the transferred momentum,

allows us to decompose the contraction of leptonic and hadronic tensors in physically meaningful

variables [49]. In this way, the differential cross section can be expressed as a linear combination

of hadronic responses, which includes all the information about the nuclear dynamics.
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2.2 Cross section

Electromagnetic inclusive responses

The electromagnetic inclusive cross section can be expressed as [48]

dσ

dEfdΩf
= σMott[vLRL + vTRT ], (2.47)

where the subindices L and T refer to the longitudinal and transverse components of the currents

with respect to the direction of the exchanged boson. The factor is the Mott cross section

σMott =
4α2

Q4
E2

f cos
2 θe/2. (2.48)

The functions vk contain all the lepton kinematic information,

vL =

(
Q2

q2

)2

, vT = tan2 θe/2−
1

2

Q2

q2
. (2.49)

RK are the inclusive hadronic response functions,

RK =
∑
κ

2π

∫
d cos θN

∫
dEmRκ

K , (2.50)

where K ≡ L, T and the sum over κ includes both neutron and proton occupied shells. Rκ
K are

the exclusive hadronic response functions for each particular shell, which are obtained by taking

the appropriate components of the hadronic tensor as

Rκ
L =

q2

Q2

[
W00

κ − ω

q
(W03

κ +W30
κ ) +

ω2

q2
W33

κ

]
,

Rκ
T = W11

κ +W22
κ , (2.51)

where

Wµν
κ = ρκ(Em)

MBENpN
MAfrec

Hµν
123,κ. (2.52)

Note that the integration over the angle ϕN have been already performed in Eq. 2.50 taking into

account the results of Eq. 2.46, this leads to the global 2π factor.

Charged-current inclusive responses

In the (anti)neutrino case, the charge-changing inclusive cross section can be written as [50]

d2σ

dEfdΩf
= σ0[vCCRCC + 2vCLRCL + vLLRLL + vTRT + h(2vT ′RT ′)], (2.53)
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

where we have an expression of the cross section with charge-charge (CC), charge-longitudinal

(CL), longitudinal-longitudinal (LL) and two types of transverse (T, T ′) responses. The cross

section factor is given by

σ0 =
G2

F cos θc
2

2π2
kfEf cos

2 Θ̃/2, (2.54)

with Θ̃ the generalized scattering angle. It reads

tan Θ̃/2 =
|Q2|
v0

, v0 = (Ei + Ef )− q2 = 4EiEf − |Q2|. (2.55)

The lepton kinematic functions are given by

vCC = 1− δ2 tan2
Θ̃

2
,

vCL = ν +
δ2

ρ′
tan2

Θ̃

2
,

vLL = ν2 + δ2 tan2
Θ̃

2

(
1 +

2ν

ρ′
+ ρδ2

)
,

vT =

[
1

2
ρ+ tan2

Θ̃

2
,

]
− δ2

ρ′
tan2

Θ̃

2

(
ν +

1

2
ρρ′δ2

)
,

vT ′ =

[
1

ρ′
tan2

Θ̃

2

]
(1− νρ′δ2), (2.56)

where the neutrino mass has been assumed to be zero and we have defined

δ =
mf√
|Q2|

, (2.57)

ν =
ω

q
, (2.58)

ρ =
|Q2|
q2

= 1− ν2, (2.59)

ρ′ =
q

(Ef + Ei)
=

tan (Θ̃/2)√
ρ+ tan2 Θ̃/2

∈ [0, 1]. (2.60)

The inclusive hadronic response functions are given by

RK =
∑
κ

2π

∫
d cos θN

∫
dEmRκ

K (2.61)
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2.3 Nuclear structure

with K ≡ CC,CL,LL, T, T ′ and the sum over κ includes the neutron (proton) occupied shells

for the (anti)neutrino interaction. As in the electromagnetic case, the integral over ϕN have been

analytically performed using the results obtained in Eq. 2.46. The exclusive hadronic responses

are computed in terms of the components of the hadronic tensor as

Rκ
CC = W00

κ ,

Rκ
CL = −1

2
(W03

κ +W30
κ ),

Rκ
LL = W33

κ ,

Rκ
T = W11

κ +W22
κ ,

Rκ
T ′ = − i

2
(W12

κ −W21
κ ), (2.62)

where Wκ is obtained according to Eq. 2.52.

2.3 Nuclear structure

We now introduce the framework employed to describe the structure of the target nucleus. In

this work, we adopt a shell model description basis space, so to say. This allows the hadronic

current to be easily computed from the added-up contribution of single-particle-like matrix el-

ement calculations. We can use an extreme independent-particle shell model (IPSM), where

occupancies and momentum distributions for each nucleon in the bound state are taken from the

mean-field calculation, or we can go beyond this IPSM picture which does not fully capture the

complexity of nuclei. Indeed, we introduce a more realistic treatment of the nuclear structure

by employing a missing energy profile, ρ(Em) (see Eq. 2.8), based on the semi-phenomenological

spectral function (SF) formalism. This study focuses on three nuclear targets, 12C, 16O and
40Ca, all of which have a closed-shell structure and are isospin symmetric nuclei, making them

a suitable choice for the initial development of the model. 12C is particularly relevant, as it is

used as the target material in the near detectors of several neutrino experiments, including Mini-

BooNE, MINERvA, T2K and NOMAD [28; 27; 19; 51]. Moreover, the availability of extensive
12C-electron scattering data makes it possible to benchmark our model against well-established

electromagnetic measurements. While the experimental data for electron scattering on 16O is sig-

nificantly more limited, studying this nucleus remains essential for T2K and Hyper-Kamiokande

neutrino oscillation experiments, which use water Cherenkov detectors [19; 23]. Finally, 40Ca is
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

interesting by itself, but also because its close similarity to 40Ar, the target material in several

neutrino experiments: ICARUS, MicroBooNE, SBND and DUNE [52; 22; 24; 53].

2.3.1 Missing energy profile

In an independent-particle shell model, also referred to as pure shell model, 12C is made of 2 and 4

nucleons in the 1s1/2 and 1p3/2 states, and accordingly for 16O and 40Ca, as shown in Tables 2.2

and 2.4. Each shell has a unique binding energy, Eκ
m, which means that the missing energy

distribution predicted by the model would be the sum of one Dirac delta per shell, normalized

to its occupancy (see Fig. 2.4),

ρIPSM (Em) =
∑
κ

Nκδ(Em − Eκ
m), (2.63)

with Nκ = 2j + 1 the occupation of the shell in the pure shell model. However, the IPSM is a

very crude approximation to describe the missing energy distribution of nuclei, which has been

measured for carbon, oxygen, calcium and other nuclei in (e, e′p) and (p, 2p) experiments [54;

55; 56; 57; 58; 59]. The experimental data reveals that the energy response of each shell exhibits

a finite width. Additionally, it is observed that the occupancy of the shells is depleted with

respect to the independent-particle shell model predictions [60; 61; 62], and that these ‘missing

nucleons’ re-appear in deeper missing energy (Em) and missing momentum (pm) regions [63; 64].

This behavior is due to effects beyond the independent-particle approach, ascribed to short- and

long-range correlations [65; 66; 67; 68]. To say it in a few words, whenever there is enough

energy transferred to the nucleus, so that more than one nucleon may be knocked-out (that is,

beyond the two nucleon emission threshold), correlations in the initial state would make possible

the emission of additional nucleons (spectators in the impulse approximation), which will carry

energy and momentum.

The analysis of (e, e′p), both below and above the two nucleon threshold, made it possible to

obtain a semi-phenomenological spectral function [69; 70], composed from discrete and continuum

contributions. The discrete spectral function arises from the mean-field contribution at low and

intermediate missing energy regions, it is sharply peaked in Em around the bound energy values

of the single-particle states in the nuclear shell model. The continuum contribution, coming from

strongly correlated nucleons, produces the depletion of the discrete part of the SF, with a shift of

strength (that is, probability of knocking out nucleons from the initial state) to higher excitation

34



2.3 Nuclear structure

	0

	0.5

	1

	1.5

	2

	2.5

	3

	3.5

	4

	0 	20 	40 	60 	80 	100

ρ(
E m

)	(
M
eV

-1
)

Em	(MeV)

1s1/2
1p3/2

Figure 2.4: Missing energy profile of protons in 12C within the independent-particle shell model.

energies, among other reasons because correlations allow to knock-out additional nucleons, even

if the exchanged boson interacts only with one nucleon.

The spectral function, S(Em, pm), incorporates the probability of finding the nucleon in the

initial state with certain energy and momentum. Within a fully factorized scheme, it is easy to

incorporate this formalism in a plane wave calculation [37], with the exclusive 6-differential cross

section given by
d6σ

dkfdΩfdpNdΩN
= KS(Em, pm)σℓN , (2.64)

where K is a function containing kinematical factors and σℓN is the elastic lepton-nucleon cross

section for an off-shell nucleon with initial momentum pm.

In this work, following Ref. [71; 72], we take as reference the semi-phenomenological spectral

function formalism, but using a representation of the spectral function amenable to our relativis-

tic distorted wave and unfactorized calculations. We substitute the discrete component of the

momentum distribution by the one given by RMF single-particle states and construct a contin-

uous missing energy profile, including the depletion of the shell model occupations, inspired by

the one of the spectral function

ρSF (Em) = 4π

∫
dpmp

2
mS(Em, pm). (2.65)

Thus, we reproduce the SF missing energy profile by identifying each discrete contribution with
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2. QUASIELASTIC LEPTON-NUCLEUS SCATTERING

the corresponding shell, taking into account the missing energy region where it appears, and

artificially construct the missing energy distribution of each shell using a Gaussian distribu-

tion normalized to the SF occupation, together with a representation of the contribution from

correlations. The resulting missing energy profile is of the form,

ρ(Em) = ρSM (Em) + ρcorr(Em) =
∑
κ

ρκ(Em) + ρcorr(Em), (2.66)

with

ρκ(Em) =
Sκ√
2πσκ

exp

[
−
(
Em − µκ

2σκ

)2
]
, (2.67)

where µκ is the mean value, σκ is the standard deviation and Sκ is the occupation number from

the SF approach. We use the same occupations for protons and neutrons in all cases.

For 12C and 16O, the missing energy profiles of protons are constructed to reproduce those

of the Rome spectral function for each nucleus [69; 73]. The contributions from the shells are

parametrized using the Gaussian function of Eq. 2.67 with the parameters given in Tables 2.1

and 2.2. We use the same missing energy profile for neutrons, but with a shift in the energy

peaks to account for the Coulomb interaction in the proton case. This shift is computed as the

difference between proton and neutron separation energies from nuclear mass tables [74]. For
12C, we get

Ep
s =M12C −M11B −Mp = −15.96 MeV, (2.68)

En
s =M12C −M11C −Mn = −18.72 MeV, (2.69)

and for 16O,

Ep
s =M16O −M15N −Mp = −12.13 MeV, (2.70)

En
s =M16O −M15O −Mn = −15.67 MeV, (2.71)

with MAX the nuclear mass.

For 40Ca, the missing energy profile has been constructed taking as reference the results

from several analysis [56; 58; 57; 62; 60; 61; 59]. For the most external shell, 1d3/2, we use

the separation energy from nuclear mass tables [74] to set the peak in the proton and neutron
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2.3 Nuclear structure

κ Nκ nκ µκ,p (MeV) µκ,n (MeV) σκ (MeV)

1p3/2 4 0.82 16.0 18.7 2.0

1s1/2 2 0.90 36.0 38.7 10.0

Table 2.1: Parameters of the missing energy profile for the 12C shells. κ is the shell model state;
Nκ is the occupation of the shells according to the independent-particle shell model; nκ is the
occupation probability of the shells from the SF approach, the corresponding occupation is computed
as Sκ = nκ ×Nκ; µκ,N and σκ are the parameters of the Gaussian function in Eq. 2.67, where the
subscript N indicates the isospin of the nucleon.

κ Nκ nκ µκ,p (MeV) µκ,n (MeV) σκ (MeV)

1p1/2 2 0.76 13.0 16.5 1.0

1p3/2 4 0.87 19.0 22.5 1.0

1s1/2 2 0.81 45.0 48.5 15.0

Table 2.2: Parameters of the missing energy profile for the 16O shells. κ is the shell model state;
Nκ is the occupation of the shells according to the independent-particle shell model; nκ is the
occupation probability of the shells from the SF approach, the corresponding occupation is computed
as Sκ = nκ ×Nκ; µκ,N and σκ are the parameters of the Gaussian function in Eq. 2.67, where the
subscript N indicates the isospin of the nucleon.

distributions. These are

Ep
s =M40Ca −M39K −Mp = −8.46 MeV, (2.72)

En
s =M40Ca −M39Ca −Mn = −15.62 MeV. (2.73)

For the internal shells, the peaks of the proton distribution have been taken from [58], and for

neutrons, as done in the case of 12C and 16O, we shift the proton values to account for the

Coulomb interaction using the difference between the neutron and proton separation energies.

Again, the missing energy distribution for each shell is parametrized as the Gaussian distribution

in Eq. 2.67, narrower for the external shells, and wider for the deeper ones, with the parameters

given in Table 2.3. Nevertheless, we stress that the inclusive observables that are studied in this

work, responses and cross sections, are mostly sensitive to the overall occupation probability of

the shells and not to fine details of the missing energy profile. Finally, in this case, occupation

ranges for the shells have been introduced to account for the uncertainties and discrepancies of

the different studies, the used values are shown in Table 2.4.

Until now, only the discrete part of the spectral function, coming from the shell model states,
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κ µκ,p (MeV) µκ,n (MeV) σκ (MeV)

2s1/2 11.0 18.3 2.0

1d3/2 8.5 15.6 2.0

1d5/2 15.7 23.0 4.0

1p1/2 29.8 37.1 8.0

1p3/2 34.7 42.0 8.0

1s1/2 53.6 60.9 15.0

Table 2.3: Parameters of the missing energy profile for the 40Ca shells. κ is the shell model state,
µκ,N and σκ are the parameters of the Gaussian function in Eq. 2.67, where the subscript N indicates
the isospin of the nucleon.

nκ

κ Nκ (e,e’p) (e,e’p) (e,e’p) (e,e’p) (p,2p) This work
[56] [62] [60] [61] [57]

2s1/2 2 0.58 - 0.70 0.57 - 0.63 0.48 - 0.54 0.51 0.49 - 0.57 0.50 - 0.70

1d3/2 4 0.58 - 0.72 0.67 - 0.75 0.72 - 0.8 0.49 - 0.69 0.60 - 0.70 0.50 - 0.70

1d5/2 6 0.78 - 0.88 0.76 - 0.94 0.60 - 0.80

1p1/2 2 0.42 - 0.56 0.60 - 0.80

1p3/2 4 0.42 - 0.56 0.60 - 0.80

1s1/2 2 0.80 - 0.98 0.70 - 0.85

Table 2.4: 40Ca shell model states (κ), their occupations according to the independent-particle
shell model (Nκ), and occupation probabilities (nκ) from the references [56; 62; 60; 61; 57] and the
ranges used in this work, the corresponding occupation is computed as Sκ = nκ ×Nκ.
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2.3 Nuclear structure

has been considered. This implies that a fraction of nucleons remains unaccounted for in the

model, corresponding to the continuum contribution. To incorporate this missing component,

an additional contribution is included to represent knock-out of correlated nucleons, i.e., more

than one nucleon is knocked-out in the process due to correlations, and that shows up in the

high missing energy and momentum regions. In what follows, we refer to this contribution as the

background. The momentum distribution of this contribution is modeled as an s-wave, broad

in momentum space, fitted to reproduce the correlated part of the Rome spectral function. A

comparison between the resulting momentum distribution and that of the Rome spectral function

for 12C is shown in Fig. 2.5. Notably, for the kinematical settings included in this work, inclusive

cross sections and responses are anyway very insensitive to the actual shape of the momentum

distribution of this background component. With respect to the missing energy profile, the

background contribution starts at the two-nucleon emission threshold, it has a soft maximum

at around 100 MeV and follows an exponential decay extending to high momentum [71; 72].

In the region 25 ≲ Em ≲ 100 MeV, both the discrete contribution from the deeper shells and

the continuum one from the background coexist. The missing energy profile in this region is

parametrized as

ρcorr(Em) = Scorr
a exp(−100b)

exp[−(Em − c)/w] + 1
. (2.74)

Meanwhile, in the region Em ≳ 100 MeV, we assume that there is only background, which is

well described by an exponential fall-off

ρcorr(Em) = Scorr a exp(−bEm), (2.75)

where a = 0.022078 MeV−1, b = 0.0112371 MeV−1, c = 40 MeV, w = 5 MeV and Scorr represents

the number of nucleons in the background such that, after summing over all shells, the 12, 16

and 40 nucleons of 12C, 16O and 40Ca, respectively, are recovered.

Finally, the missing energy profiles of carbon, oxygen and calcium used in this work are

shown in Figs. 2.6, 2.7 and 2.8. In the case of calcium, the missing energy distribution, as

well as the results of this work, are presented as bands that account for the uncertainty in the

occupation probability of the single-particle states. To obtain these bands, we have generated

104 random configurations for the 40Ca shell occupations within the limits shown in Table 2.4,

and the number of nucleons in the background is set such that the total number of protons

and neutrons is 20. However, using this method, we can get configurations with up to 42% of

nucleons in the background, which is clearly unrealistic. Therefore, a certain configuration is only
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Figure 2.5: Momentum distribution of protons in 12C from the Rome spectral function [69; 73] and
from our representation.

accepted if satisfies the constraint that the amount of nucleons in the background is between

20% and 35% of the total number of nucleons. The two extremes of these 104 configurations,

which correspond to the limits of the bands, are taken as those with the most and least nucleons

in the background within the allowed values (see Table 2.5). Nonetheless, we stress that a

background containing the 35% of the total amount of nucleons may still be an overestimated

scenario. Recent works have estimated about 20% [63; 64] of short-range correlated pairs in

nuclei, therefore, when considering a larger contribution, we should take into account that our

large background is effectively accounting for other mechanisms, as long-range correlations. A

more accurate modeling of these effects would be required to fully capture the complexity of

nuclear dynamics. For instance, short- and long-range correlations have been investigated using

microscopic approaches that incorporate correlation functions [75; 76; 77; 78; 79]. However, a

detailed treatment of such effects lies beyond the scope of the present work and is left for future

investigations.
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Figure 2.6: Missing energy profile of protons in 12C from the Rome spectral function [69; 73] and
from our representation.
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Figure 2.7: Missing energy profile of protons in 16O from the Rome spectral function [69; 73] and
from our representation.
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Figure 2.8: Missing energy profile of protons in 40Ca from our representation.

κ
nκ

Lower limit Upper limit

2s1/2 0.69 0.67

1d3/2 0.68 0.50

1d5/2 0.78 0.67

1p1/2 0.77 0.76

1p3/2 0.79 0.64

1s1/2 0.85 0.76

Background 0.24 0.35

Table 2.5: 40Ca shell model states (κ) and their occupation probabilities (nκ) in the limits of the
bands of the missing energy profile.
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Chapter 3

Hadronic current

In our approach, considering the first-order Born approximation and describing the leptons within

the plane wave Born approximation, the cross section can be expressed as the contraction of lep-

tonic and hadronic tensors. The leptonic part can be readily obtain in this scenario. Meanwhile,

the hadronic tensor requires further study, as it contains all the information about the boson-

nucleus interaction as well as the hadronic final-state interactions. As shown in Sec. 2.2, the

hadronic tensor is computed in terms of the hadronic current which, within the independent-

particle shell model, is given by

Jµ
κ =

√
V

∫
dp Ψ

sN (pN ,p
′
N )ΓµΨ

mj
κ (p). (3.1)

We distinguish three components: the initial bound nucleon, Ψ
mj
κ (p); the hadronic current

operator, Γµ; and the final knocked-out nucleon, Ψ
sN (pN ,p

′
N ). In this chapter we discuss in

detail how we describe these three parts of the computation.

3.1 Initial bound nucleon

Within the independent-particle shell model, bound nucleons occupy discrete shells that are

eigenstates of a spherically symmetric potential. These states are labeled by the angular mo-

mentum quantum numbers κ and mj , with a fixed energy eigenvalue for every κ, while there is

a degeneracy in mj . Depending on the level of detail required, the chosen potential can vary

from a simple harmonic oscillator to a sophisticated microscopic model with realistic nucleon-

nucleon interactions. In this work, we consider a potential derived from a relativistic mean-field

model. This model extends the original σ–ω framework by including non-linear couplings of
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the σ meson [80]. Its starting point is the construction of a phenomenological Lorentz-covariant

Lagrangian density that includes the nucleon-nucleon interaction through meson exchange. The

parameters are adjusted by fitting general properties of nuclear matter and some finite nuclei

(see Appendix E for more details). Finally, the bound wave function is given by the general

solution of the Dirac equation in the presence of scalar and vector central potentials,

Ψ
mj
κ (r) =

(
gκ(r)Φ

mj
κ (Ωr)

ifκ(r)Φ
mj

−κ(Ωr)

)
, (3.2)

where the spin-spherical harmonics, Φmj
κ (Ωr), contain the angular dependence of the wave func-

tion and are given by

Φ
mj
κ (Ωr) =

∑
ml,ms

⟨l,ml;
1

2
,ms|j,mj⟩Y ml

l (Ωr)χms . (3.3)

The relativistic quantum number κ is related to the total angular momentum by j = |κ| − 1/2

and to the orbital angular momentum by

l =

{
κ if κ > 0,

−κ− 1 if κ < 0.
(3.4)

ml and ms are the projections of the orbital angular momentum and the spin, s = 1/2, re-

spectively. ⟨l,ml;
1
2 ,ms|j,mj⟩ are Clebsch-Gordan coefficients, Y ml

l are the spherical harmonics

and χms is a Pauli spinor of two components, with χ+1/2 =
(
1
0

)
and χ−1/2 =

(
1
0

)
. The radial

functions gκ(r) and fκ(r) are solutions of the following coupled differential equations

dfκ(r)

dr
=
κ− 1

r
fκ(r)− [E −MN − S(r)− V (r)]gκ(r),

dgκ(r)

dr
= −κ+ 1

r
gκ(r) + [E +MN + S(r)− V (r)]fκ(r), (3.5)

with S(r) and V (r) the relativistic mean-field scalar and vector potentials, respectively. Although

an explicit dependence on the isospin has not been introduced, the difference between neutron

and proton wave functions is given by the vector potential (Eq. E.8).

The Fourier transform yields the bound state wave function in momentum space,

Ψ
mj
κ (p) = (−i)l

(
gκ(p)

Sκfκ(p)
σ·p
p

)
Φ
mj
κ (Ωp). (3.6)
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3.2 Hadronic current operator

where Sκ = κ/|κ|, σ is a row vector containing the Pauli matrices and

Φ
mj

−κ(Ωp) = −σ · p
p

Φµ
κ(Ωp). (3.7)

The radial functions in momentum space are obtained from the respective functions in coordinate

space as

gκ(p) =

√
2

π

∫ ∞

0
dr r2gκ(r)jl(pr),

fκ(p) =

√
2

π

∫ ∞

0
dr r2fκ(r)jl̄(pr), (3.8)

with jl the Riccati-Bessel functions and l̄ is defined as

l̄ =

{
κ− 1 if κ > 0,

|κ| if κ < 0.
(3.9)

Finally, the relativistic wave functions in either space are normalized as∫
dr r2(g2κ(r) + f2κ(r)) =

∫
dpp2(g2κ(p) + f2κ(p)) = 1, (3.10)

and the integral over the solid angles is trivial as the spin-spherical harmonics are normalized to

one.

3.2 Hadronic current operator

The hadronic current operator ideally includes all the processes that lead to a final 1p-1h state.

However, this computation poses a significant challenge, so it results necessary to appeal to

some approximations. The usual treatment of the quasielastic scattering relies on the impulse

approximation, in which one considers that the boson couples only to the knocked-out nucleon

(see Fig. 3.1). It gives the main contribution to the QE response, through the one-body current.

An extension of the model, going beyond IA and including one-pion exchange effects by incorpo-

rating two-body meson-exchange currents with a final paticle-hole state is presented in the next

chapter.

45



3. HADRONIC CURRENT

ℓi

ℓf

Q

A B

Ni

Nf

FSI

1

Figure 3.1: Scheme for the process A(ℓ, ℓ′N)B within the impulse approximation.

3.2.1 One-body current operator

The one-body current is computed as

Jµ
1b =

√
V

∫
dp Ψ

sN (pN ,p+ q)Γµ
1bΨ

mj
κ (p), (3.11)

with Γµ
1b the one-body current operator. In this work, it is computed using the CC2 prescrip-

tion [60; 81; 82].

The one-body current operator for the electromagnetic interaction, as in the leptonic case,

only contains vector current contributions. It is given by

Γµ
1b,EM = Γµ

γNN = F p,n
1 (Q2)γµ + i

F p,n
2 (Q2)

2MN
σµαQα, (3.12)

where σµσ = (i/2)[γµ, γα]. Unlike the leptonic current, where the involved particles are point-

like, nucleon form factors are now introduced in the hadronic current operator to account for the

inner structure of nucleons. F p/n
1 and F p/n

2 are, respectively, the Pauli and Dirac electromagnetic

form factors of proton or neutron and they are computed using Kelly’s parametrization [83].

In the charged-current case, the one-body current operator now contains vector and axial

terms,

Γµ
1b,CC = Γµ

WNN = Γµ
V − Γµ

A. (3.13)
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3.3 Final knocked-out nucleon

The vector current operator is

Γµ
V = F V

1 (Q2)γµ + i
F V
2 (Q2)

2MN
σµαQα, (3.14)

being F V
1,2 the weak vector form factors, which are related to the electromagnetic ones for protons

and neutrons by the conserved vector current (CVC) hypothesis as F V
1,2 = F p

1,2 −Fn
1,2. The axial

current operator is

Γµ
A = GA(Q

2)γµγ5 +
GP (Q

2)

M2
N

/QQµγ5, (3.15)

with GA the axial form factor and GP the pseudo-scalar axial form factor. A standard dipole

parametrization is used for the axial form factor, which is computed as

GA(Q
2) =

gA
(1−Q2/M2

A)
2
, (3.16)

where gA = 1.26 is known from β-decay and we use a value of the axial mass, MA, of 1.05 GeV

extracted from neutrino-deuteron scattering and pion electro-production experiments [84; 85; 86;

87; 88]. However, it is worth noting that recent Lattice-QCD calculations and measurements of

antineutrino-proton scattering from MINERνA collaboration suggest a significantly larger axial

form factor, as well as a shallower fall-off for Q2 > 0.3 GeV2 [89; 90; 91; 92; 93]. Axial form factors

consistent with these results have been introduced in theoretical GFMC and spectral function

calculations, and in the Monte Carlo neutrino event generator GENIE, obtaining an increase of

the inclusive cross section [43; 94; 92]. Finally, partial conservation of the axial current (PCAC)

and pion-pole dominance allow us to write the pseudo-scalar form factor in terms of GA as

GP (Q
2) =

GA(Q
2)M2

N

m2
π −Q2

, (3.17)

where mπ denotes the pion mass.

3.3 Final knocked-out nucleon

In a particle-hole excitation, the outgoing nucleon may interact with the remaining A−1 nucleons

in its way out of the residual system, leading to a different final state compared to one created

in the interaction vertex. For instance, transitions to unobserved channels, that produce a

reduction of the cross section, or elastic interactions with the nuclear medium can occur. We
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3. HADRONIC CURRENT

refer to these processes as final-state interactions (FSI) and, in our framework, the scattered

nucleon is described within the relativistic distorted wave impulse approximation (RDWIA).

The distorted wave function of the knocked-out nucleon, ΨsN , is obtained as a solution of

the Dirac equation in the continuous with central scalar and vector potentials. It is expressed as

a partial wave expansion [47]

ΨsN (p′
N ,pN ) = 4π

√
EN +MN

2ENV

∑
κ,mj ,ml

ile−iδ∗κ⟨l,ml;
1

2
, sN |j,mj⟩Y ml∗

l (ΩpN )Ψ
mj
κ (p′

N ), (3.18)

where pN is the asymptotic momentum of the outgoing nucleon, p′
N is its momentum inside

the nucleus and sN corresponds to its spin. The scattered nucleon is described as an energy

eigenstate, therefore, E2
N = E′2

N = p2N +M2
N . Ψ

mj
κ (p′

N ) are spinors as in Eq. 3.6 [60; 82; 95].

The distorted wave function is normalized such that in the absence of a potential it would be a

plane wave.

There are several choices for the potential used to describe the final state, depending on

whether or not the outgoing nucleon is detected. For exclusive experimental signatures, where

the scattered nucleon is detected and the kinematics ensure that it is the only possible nucleon in

the final state (i.e. below the two-nucleon knockout threshold; see, e.g., Refs. [56; 54; 55]), only

elastic propagation of the nucleon in the residual nucleus needs to be considered. Contributions

from inelastic channels are either forbidden (if the residual system is left in its ground state) or

strongly suppressed. In this case, FSI are introduced through relativistic optical potentials (ROP)

that include both real and imaginary terms. The imaginary part removes inelastic channels,

which means that the knocked-out nucleon in its way out of the nucleus only interacts elastically

and no other hadrons are created in the process. Meanwhile, in the context of this work, where

only inclusive processes are considered, the distorted nucleon is computed using real potentials

that conserve the total flux, i.e., the real potential makes sure that all strength is retained. The

outgoing nucleon may rescatter, be absorbed, knock out additional nucleons, and undergo any

type of FSI in general, but any of these cases should still contribute to the cross section. In what

follows, we discuss the various possible approaches.

Relativistic optical potentials obtained from phenomenological fits to elastic proton-nucleus

scattering data has been shown to be quite effective in describing inclusive observables when only

its real part (rROP) is considered. The total flux is conserved, and the energy dependent real

part becomes weaker in a way which is empirically found to describe the inclusive quasielastic

cross section [96]. Nevertheless, at small nucleon energies, one has to deal with the fact that
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3.3 Final knocked-out nucleon

the rROP will produce wave functions which are inconsistent and non-orthogonal with respect

to the initial state described by the RMF.

Then, another possibility is to describe the outgoing nucleon using the same RMF potential

that is considered for the bound nucleon. This results in good model consistency, with the

initial and final nucleon wave functions being orthogonal as they are both solutions of the same

Dirac equation. It seems to be a reasonable framework at least at low energies and momenta,

like those of bound nucleons, where we can expect a similar effect from the residual nuclear

system. However, when the nucleon energy becomes larger, the RMF potential is too strong. The

phenomenology tells us that the interaction of the nucleon with the residual system should weaken

at large energies. This lead us to the next proposal, the energy dependent relativistic mean-field

(ED-RMF) potential. The ED-RMF potential is constructed as the RMF potential used in the

bound state but multiplied by a phenomenological function that weakens the scalar and vector

potentials for increasing nucleon momenta [97; 98; 96]. The ED-RMF parametrization is inspired

by the SuSAv2 analysis of inclusive (e, e′) scattering data [99; 100; 101]. Within SuSAv2, the

description of the quasielastic peak relies on scaling functions for inclusive nuclear responses

derived from calculations within RDWIA, using the RMF potential, and the relativistic plane

wave impulse approximation (RPWIA), where the final nucleon is described as a plane wave.

These scaling functions are combined using weights which depend on the momentum transfer such

that, at low q, the RMF contribution dominates, while at higher q, the cross section approaches

the RPWIA prediction. These weights are then used to determine the energy-dependent function,

which multiplies both vector and scalar RMF potentials, leading to the ED-RMF approach. This

empirical blending function, shown in Fig. 3.2, was obtained as a fit to the SuSAv2 RMF-to-

RPWIA transition functions for 12C. For TN < 100 MeV, the RMF model agrees with data well,

so the function is close to 1, while as TN increases the magnitude of the RMF potentials is reduced.

Although this ED-RMF function has been fitted to electron scattering data on 12C, this method

can be safely applied to other nuclei independently of their mass and isospin [97]. The main

advantage of this choice is that it preserves the orthogonality between the initial and final states

at low energies of the final nucleon, while approaching the behavior of the phenomenological

optical potentials at larger energies.

Finally, in some cases, it results convenient to simplify the problem introducing the relativis-

tic plane wave impulse approximation. We neglect the effect of final-state interactions on the

outgoing nucleon, describing it as a relativistic plane wave. Although RPWIA is an oversimpli-

fied description of the process that is not suitable for realistic predictions, it is a very common
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Figure 3.2: Function that scales the RMF potentials in the ED-RMF approach [97]. It is
parametrized as f(TN ) = 0.85

(TN/200)2+3.5 + 0.48
exp[(TN−90)/23]+1 + 0.29 with TN the kinetic energy of

the outgoing nucleon in the laboratory frame and in MeV.

first-order theoretical estimate that can help in improving our understanding. Additionally, this

approximation results particularly convenient, as it simplifies the hadronic current to

Jµ
κ = (2π)3/2

√
MN

EN
u(pN , sN )ΓµΨ

mj
κ (pN − q), (3.19)

where pN = p′
N = p + q and u(pN , sN ) is the free Dirac spinor representing the outgoing

nucleon.

A comparison of the electromagnetic inclusive responses of 12C computed using the real

part of the relativistic optical potential EDAI-C, RMF and ED-RMF potentials, as well as

within RPWIA, is shown in Fig. 3.3. Our theoretical results are compared to experimental data

extracted by means of a Rosenbluth analysis by Jourdan [102] and Barreau et al. [103].

As expected, RPWIA calculations overestimate the data, especially at low values of momen-

tum transfer. Furthermore, the low-energy behavior of the responses significantly deviates from

the experimental results. This may be attributed to the distortion of the final nucleon that is

not being included in RPWIA, which, among other effects, gives rise to spurious contributions

to the responses due to the lack of orthogonality between initial and final states. The effect

of distortion, as shown in the EDAI-C, RMF and ED-RMF approaches, is to shift the peak of

the responses to the correct position, according to the data, to reduce the total strength and to

redistribute it from the peak to the tails, particularly to the low energy end of the responses.

On the other hand, the RMF computation is able to reproduce the data at relatively small
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Figure 3.3: Longitudinal (left) and transverse (right) electromagnetic inclusive responses of 12C
within the ED-RMF, RMF, EDAI-C and RPWIA models. The transferred momentum q is (from up
to bottom) 300, 380 and 570 MeV/c. The theoretical predictions are compared with experimental
data from [102; 103].

momentum transfers. However, consistent with expectations, this energy independent potential

predicts too much reduction of the quasielastic peak when the transferred momentum reaches

400–500 MeV/c, with the strength moved to the high-ω tail and a departure from the experi-

mental data. When the ED-RMF potential is employed, these effects are mitigated, leading to a

remarkably good agreement with the data in the longitudinal sector.
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For the calculation with rROP, we employ the phenomenological energy-dependent A-independent

carbon relativistic optical potential EDAI-C [104]. This type of potentials depends on the energy

of the scattered nucleon but lacks an explicit dependence on the mass number, A, as they are

fitted to data from a single nucleus. Despite this, they generally provide an excellent description

of the observables included in the fit. The EDAI-C potential was extracted by fitting elastic

proton-carbon scattering data in the range 30 < Tp < 1040 MeV, Tp being the proton kinetic en-

ergy. This approach provides very similar results to the ED-RMF ones for large enough values of

the momentum transfer, q > 300 MeV/c [96]. However, the EDAI-C, unlike the ED-RMF, does

not preserve exact orthogonality between the initial and final states; hence, when the momentum

of the final nucleon is comparable to the momentum of the bound nucleon (i.e., approximately up

to pN < 300 MeV/c), the spurious non-orthogonality contributions become an issue for EDAI-C

as well as for RPWIA. This is confirmed by our results, in which one observes that even though

EDAI-C and ED-RMF calculations are similar both in shape and magnitude, the agreement

with the data is slightly better for ED-RMF, specially, at the low energy tails. Meanwhile, for q

larger than around 500 MeV/c, the overlap between the initial and final states is negligible and

orthogonality is not an issue, obtaining essentially the same predictions.

To conclude, we stress that these results have been computed considering only the one-body

current operator. However, our theoretical predictions significantly underestimate the transverse

responses. In order to improve the description of the transverse channel, the next chapter goes

beyond the impulse approximation and includes the contribution from two-body meson-exchange

currents with a final particle-hole state.

3.4 Current conservation

The conserved vector current hypothesis postulates that the isovector part of the vector current

in electromagnetic and weak interactions corresponds to the same current [105]. An implication

of this hypothesis is that, since the electromagnetic current is conserved, also the vector part of

the weak current must be conserved. Current conservation is expressed by the relation

∂µJ
µ
V = QµJ

µ
V = ωJ0

V − qJ3
V = 0, (3.20)

with q along the z-axis, and JV denotes the vector component of the hadronic current. Since

the electromagnetic interaction only occurs through vector currents, in this case we identify

Jµ
V = Jµ. Meanwhile, the weak interaction has both vector and axial components, and the
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3.4 Current conservation

CVC hypothesis applies only to the former. The axial component of the weak current exhibits a

divergence proportional to the pion mass [106; 107],

∂µJ
µ
A(x) = QµJ

µ
A(q) = fπm

2
πϕπ(Q), (3.21)

where ϕπ is the pion field. This relation implies that the axial current is conserved in the chiral

limit mπ → 0, which is known as the partially conserved axial current hypothesis.

Vector current can be conserved if the initial and final states are described within the same

potential—in our case, the RMF potential. However, this does not hold when using the energy-

dependent potentials introduced above, or even when using the RMF potential in charged-current

interactions, where an initial-state proton is converted into a final-state neutron (or vice-versa).

In such cases, the Coulomb potential, which only affects protons, leads to a violation of current

conservation. Additionally, the use of single-nucleon current operators derived for free nucleons in

nuclear matrix elements introduces a degree of ambiguity, as they are applied to bound nucleons

that are generally off-shell. As a result, the current operators for scattering on free nucleons

are not entirely consistent in this case. In fact, there is no rigorous prescription that fully

incorporates the off-shell dependence of the nucleon into the hadronic current. This often leads

to violation of vector current conservation.

Hence, CVC violation may arise from the fact that the initial and final states are not treated

consistently, but also from the off-shellness of the initial state. Then, vector current conservation

can be explicitly imposed by removing the longitudinal component in favor of the temporal one

as

J3
V =

ω

q
J0
V . (3.22)

This approach is adopted throughout this work unless explicitly stated otherwise. The procedure

to restore current conservation is not unique, and other option is the opposite approach, where

J0
V is defined in terms of J3

V . However, the former is the usually employed one as the 0 component

is related to the conserved charge and is assumed to be more accurately described.

In Fig. 3.4, we compare the longitudinal electromagnetic responses of 12C within RPWIA,

RMF and ED-RMF models, with and without explicitly imposing CVC by setting J3
V = (ω/q)J0

V .

If both descriptions differ, current conservation is violated. Results for the transverse response

are not included, as this component is not affected by CVC, i.e., the results are exactly the

same as previously obtained. In the RMF approach, both calculations yield essentially identical
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Figure 3.4: Longitudinal electromagnetic inclusive responses of 12C within RPWIA, RMF and ED-
RMF models, with and without explicitly imposing CVC by setting J3

V = (ω/q)J0
V . The transferred

momentum q is (from left to right) 300, 380 and 570 MeV/c. The theoretical predictions are compared
with experimental data from [102; 103].

results, except for the background contribution, for which the discrepancy is ascribed to the over-

simplified treatment of this correlated component of the spectral function. In contrast, RPWIA

results present significant differences between the two prescriptions, given by the inconsistent

description of the initial and final states using different potentials, leading to the violation of

current conservation. Finally, in the ED-RMF case, the violation is much less pronounced, with

only a minor deviation observed at large momentum transfers.

54



Chapter 4

Two-body meson-exchange currents

The strong interaction between nucleons, through the nuclear force, is commonly described in

terms of the exchange of virtual mesons, such as π, ρ and ω [106]. Therefore, when an electroweak

boson interacts with a nucleon, the latter can also be interacting through meson-exchange with

another nucleon, bound in the target nucleus. We refer to this interaction as a two-body meson-

exchange current (MEC), and it can result in the knock-out of one or both nucleons from the

nucleus. The pion plays a special role since it is the lightest of the mesons (mπ ≃ 135 MeV),

meaning that the range for the interaction is much larger than that for the heavier mesons ρ and

ω (mρ ≃ 775 MeV, mω ≃ 782 MeV). Therefore, in this work, we focus on those interactions with

one pion exchange.

We distinguish two different contributions to MEC: i) the ∆-resonance mechanism and ii)

the contributions deduced from the chiral perturbation theory (ChPT) Lagrangian of the pion-

nucleon system (ChPT background terms in what follows). The Feynman diagrams for two-

nucleon knock-out reactions through these two-body meson-exchange currents are shown in

Figs. 4.1 and 4.2.

Nucleon resonances are excited states of the nucleon that exist for a short time before decay-

ing. They are characterized by their invariant mass, width, isospin, spin and parity. Resonance

excitation provides significant strength in scattering experiments, as is the case in lepton-induced

single-pion production on nuclear targets, where the resonant reactions dominate over the non-

resonant background [108]. Here, the resonance contribution corresponds to the electroweak

excitation of the nucleon to a resonance and its subsequent decay into a nucleon and a pion,

the latter being captured on another nucleon in the nuclear medium. We limit this work to

the contribution from the ∆(1232) resonance. Although electroweak reactions can excite higher
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Figure 4.1: Direct [(a) and (b)] and cross [(c) and (d)] ∆-resonance diagrams contributing to the
two-body meson exchange currents.
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Figure 4.2: ChPT background diagrams contributing to the two-body meson exchange currents:
seagull or contact [CT, (a) and (b)], pion-in-flight [PF,(c)] and pion pole [PP, (d) and (e)].
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resonances, they are of little significance within the energy range studied [109; 110].

The ChPT background contribution corresponds to those interactions in which no nucleon

resonance excitation occurs. These terms are required by chiral symmetry. Starting from an

SU(2) non-linear σ model involving pions and nucleons, which implements the pattern of sponta-

neous chiral symmetry breaking of QCD, the corresponding vector and axial currents are derived,

determining the structure of the chiral non-resonant terms [109]. They are commonly referred

to as the seagull or contact, the pion-in-flight and the pion-pole terms.

Previous works have computed the contribution from pion-exchange currents to 1p-1h and

2p-2h responses and cross sections within different frameworks. There is a consensus that the

effect of MEC in the 2p-2h sector leads to a significant contribution in the dip region between the

QE and the ∆-resonance peaks within a shell model approach [111], a global relativistic Fermi

gas [112; 113; 114], a local Fermi gas [38; 109] and a factorized spectral function scheme [115; 42].

The role of MEC in the 1p-1h responses has been, however, much less explored. In [116],

within a non-relativistic shell model that incorporates final-state interactions, it was obtained

that the two-body current produced a small decrease of the transverse electromagnetic response

(RT ). Similar results were found in [117] but the exclusive (e, e′p) responses were studied in

this case. In [118], using a similar nuclear model as in [116], it was found that the two-body

currents enhance RT by around 20-30%. In both approaches, by construction, the two-body

operator does not affect the longitudinal response (RL). More recently, the non-relativistic

ab initio Green’s function Monte Carlo (GFMC) model of [119; 120; 121; 122] has confirmed

the essential role of two-body mechanisms to describe the electromagnetic responses of light

nuclei. They observed a slight reduction of the longitudinal response in the threshold region,

meanwhile an enhancement of the strength is generated in the transverse sector when two-body

contributions are incorporated. Similar results have been also obtained in recent computations

within the variational Monte Carlo method with the short-time approximation [123]. Ab initio

GFMC calculations have been also carried out in the case of charged-current interactions [43],

obtaining a significant increase in the magnitude of the response functions that consequently lead

to an increase of flux-folded inclusive cross section results. These previous works employed non-

relativistic approaches subjected to hold only at relatively low momentum transfer. Hence, MEC

contributions to 1p-1h final states have also been studied within fully relativistic frameworks, for

example [124; 125; 126; 127; 128]. However, these approaches, based on the relativistic Fermi gas

model, oversimplify the nuclear structure and dynamics. Another relativistic approach is that

of [94], based on the factorized spectral function formalism, where it was found that two-body
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contributions enhance the transverse electromagnetic response functions and the charged-current

cross sections. Spectral function approaches incorporate nuclear complexity beyond mean-field

predictions, thus representing a more realistic response of the nucleus to the external lepton

probe. They require, however, to compute the cross section in a factorized fashion, which is not

always a good approximation [129; 98] and that precludes including final-state interactions in a

consistent way [97]. This motivated us to develop this work, where the contribution of the two-

body meson-exchange currents with one-nucleon knock-out is studied within a representation of

the spectral function without resorting to factorization.

4.1 Particle-hole excitation

In this work, we go beyond the impulse approximation and explore the contribution from two-

body meson-exchange currents to 1p-1h excitations, i.e., with a final particle-hole state. Then,

the hadronic current now reads

Jµ
κ = Jµ

1b + Jµ
2b. (4.1)

1p-1h excitations occur through two-body meson-exchange currents when, in the two-particle

two-hole interactions of Figs. 4.1 and 4.2, one of the outgoing nucleons remains bound to the

nucleus. In what follows, we refer to this nucleon as an intermediate bound-nucleon state. Hence,

the hadronic final state consists in just one scattered nucleon. The resulting contributions are

shown in Figs. 4.3 and 4.4. N ′ denotes the intermediate bound-nucleon state, Ni the initial bound

nucleon and Nf the final scattered nucleon. Therefore, for electromagnetic interactions, Ni and

Nf could be either both protons or both neutrons, meanwhile, in charged-current interactions,

Ni corresponds to a neutron (proton) and Nf to a proton (neutron) for (anti)neutrinos.

Within the second quantization formalism, the general expression for any two-body operator

is

Ĵ =
1

2

∑
α1,α1′ ,α2,α2′

c†α1′
c†α2′

cα2cα1J(α1, α1′ , α2, α2′), (4.2)

where, denoting F as the ground state of the target nucleus,

cα =

{
aα if α > F,

b†α if α < F,
(4.3)

therefore,

cα = Θ(α− F )aα +Θ(F − α)b†α, (4.4)
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Figure 4.3: Exchange [(a),(b),(c),(d)] and direct [(e),(f),(g),(h)] ∆-resonance diagrams contributing
to the two-body meson exchange currents with a final one-particle one-hole state. N ′ denotes the
intermediate bound-nucleon state.
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1 Figure 4.4: Exchange [CT, (a) and (b); PF, (c); and PP, (d) and (e)] and direct [CT, (f) and (g);
PF, (h); and PP, (i) and (j)] ChPT background diagrams contributing to two-body meson exchange
currents with a final one-particle one-hole state. N ′ denotes the intermediate bound-nucleon state.
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4. TWO-BODY MESON-EXCHANGE CURRENTS

with a†α (aα) and b†α (bα) the particle and hole creation (annihilation) operators, respectively.

Holes, α < F , are described by bound wave functions in the target nucleus and particles, α > F ,

by distorted wave functions in the continuous. The subindex α represents the quantum numbers

that label the single-particle states of the system, thus, they are different in each case. For holes,

the quantum numbers are κ, mj and the isospin and, for particles, the momenta, the spin and

the isospin.

We are interested in a particle-hole final state, in which a nucleon of the target nucleus in

state |α ≡ κ,mj , τ⟩ is knocked-out and detected in state |αN ≡ PN , sN , τN ⟩,

|αN ;α⟩ = a†αN
b†α|F ⟩. (4.5)

Then, the matrix element of a two-body operator between the ground state and a particle-hole

excited state, taking into account Eqs. 4.2 and 4.5, reads

⟨αN ;α|Ĵ |F ⟩ = 1

2

∑
α1,α1′ ,α2,α2′

J(α1, α1′ , α2, α2′)× ⟨F |bαaαN c
†
α1′
c†α2′

cα2cα1 |F ⟩. (4.6)

Rewriting cα in terms of particle and hole operators according to Eq. 4.4, taking into account

the property

aα|F ⟩ = 0, bα|F ⟩ = 0, (4.7)

and the anticommutation relations,

{aβ, a†γ} = δβγ , {bβ, b†γ} = δβγ ,

{aβ, aγ} = {a†β, a
†
γ} = {bβ, bγ} = {b†β, b

†
γ} = 0,

{bβ, aγ} = {b†β, aγ} = {bβ, a†γ} = {b†β, a
†
γ} = 0, (4.8)

we finally get

⟨αN ;α|Ĵ |F ⟩ = 1

2

∑
α′<F

[J(α, αN , α
′, α′) + J(α′, α′, α, αN )− J(α′, αN , α, α

′)− J(α, α′, α′, αN )],

(4.9)

where antisymmetrization is implicitly included in the second quantization formalism. Addition-

ally, taking into account the symmetry of the hadronic current J(α1, α1′ , α2, α2′) = J(α2, α2′ , α1, α1′),
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4.1 Particle-hole excitation

the two-body hadronic current with a final particle-hole state reads

⟨αN ;α|Ĵ |F ⟩ =
∑
α′<F

[J(α, αN , α
′, α′)− J(α′, αN , α, α

′)]. (4.10)

α′ denotes the quantum numbers of the intermediate bound-nucleon state and its summation

runs over all occupied levels in the ground state. The terms J(α, αN , α
′, α′) and J(α′, αN , α, α

′)

represent the direct and exchange contributions, respectively. In the exchange terms, the 1p-1h

excitation results when one of the outgoing nucleons of the 2p-2h process fills in the hole left by

the other, so that it remains bound. In the direct terms, one of the final nucleons remains in its

initial bound state after the interaction.

In the general case, the intermediate bound particles are described using the RMF model, so

α′ ≡ κ′,m′
j , τ

′, and we refer to it as the intermediate RMF-nucleon approach. Other possibility

is the simplification of the computation by describing the intermediate bound nucleons as free

Dirac spinors in a relativistic Fermi gas, with quantum numbers α′ ≡ p ′, s′, τ ′. This is referred

to as the intermediate RFG-nucleon approximation. Then, an important difference between the

RMF and the RFG approaches is that the momentum is not a quantum number of the RMF-

bound states, i.e., there is no restriction to the momentum of the intermediate nucleons to be

the same in the RMF calculation.

Finally, the one-particle one-hole hadronic currents involving two-body meson-exchange are

obtained by substituting into Eq. 4.10 the two-particle two-hole hadronic currents derived from

the Feynman diagrams shown in Figs. 4.1 and 4.2. For the ∆-resonance diagrams in Fig. 4.1,

the two-particle two-hole hadronic currents are given by

Jµ
∆ =

∫
dz Ψ2′(z)O

µ
∆πN

∫
dp∆2

(2π)3
eip∆2

(z−y)S∆,αβ

∫
dy eiqy O

βµ
Q∆NΨ2(y)

×
∫

dkπ2

(2π)3
eikπ2 (w−z)

K2
π2

−m2
π

∫
dw Ψ1′(w)OπNNΨ1(w) + (1 ↔ 2), (4.11)

Jµ
C∆ =

∫
dy eiqy Ψ2′(y)O

αµ
Q∆N

∫
dp∆2

(2π)3
eip∆2

(y−z)S∆,αβ

∫
dz O

β
∆πNΨ2(z)

×
∫

dkπ2

(2π)3
eikπ2 (w−z)

K2
π2

−m2
π

∫
dw Ψ1′(w)OπNNΨ1(w) + (1 ↔ 2), (4.12)

where the J∆ and JC∆ refer to the contributions from the direct and cross diagrams, respectively,

O denotes the interaction vertices and S∆ is the propagator of the ∆-resonance. For the ChPT

61



4. TWO-BODY MESON-EXCHANGE CURRENTS

diagrams in Fig. 4.2, we have

Jµ
CT = −

∫
dy eiqy Ψ2′(y)O

µ
QπNNΨ2(y)

∫
dkπ2

(2π)3
eikπ2 (z−y)

K2
π2

−m2
π

∫
dz Ψ1′(z)OπNNΨ1(z) + (1 ↔ 2),

(4.13)

Jµ
PF =

∫
dy eiqyOµ

Qππ

∫
dkπ1

(2π)3
eikπ1 (z−y)

K2
π1

−m2
π

∫
dkπ2

(2π)3
eikπ2 (w−y)

K2
π2

−m2
π

×
∫
dz Ψ2′(z)OπNNΨ2(z)

∫
dw Ψ1′(w)OπNNΨ1(w)

=

∫
dz

∫
dw

∫
dkπ1

(2π)3
O
µ
Qππ

eikπ1z

K2
π1

−m2
π

Ψ2′(z)OπNNΨ2(z)
eikπ2w

K2
π2

−m2
π

Ψ1′(w)OπNNΨ1(w),

(4.14)

Jµ
PP =

∫
dy eiqyOµ

Qπ

∫
dkπ′

2

(2π)3
e
ikπ′

2
(z−y)

K2
π′
2
−m2

π

∫
dz Ψ2′(z)OππNNΨ2(z)

×
∫

dkπ2

(2π)3
eikπ2 (w−z)

K2
π2

−m2
π

∫
dw Ψ1′(w)OπNNΨ1(w) + (1 ↔ 2)

=

∫
dz

∫
dw

∫
dkπ2

(2π)3
eiqzOµ

Qπ

Q2 −m2
π

Ψ2′(z)OππNNΨ2(z)
eikπ2 (w−z)

K2
π2

−m2
π

Ψ1′(w)OπNNΨ1(w) + (1 ↔ 2).

(4.15)

The final expressions for the pion-in-flight and pion pole diagrams have been obtained by inte-

grating over y using Eq. A.40. This leads to a momentum conservation Dirac delta that is used

to integrate over kπ2 and kπ′
2
, respectively. Then, taking into account energy conservation in the

vertices, we have the relations Kπ2 = Q−Kπ1 and Kπ′
2
= Q.

To conclude, we use the Fourier transform of the hadronic wave functions, given by Eq. A.38,

to get expressions in momentum space,

Jµ
∆ =

1

(2π)3

∫
dp2′

∫
dp2

∫
dp1

[
Ψ(p2′)O

α
∆NπS∆,αβO

βµ
Q∆NΨ(p2)

1

K2
π2

−m2
π

Ψ(p1′)OπNNΨ(p1)

+ Ψ(p1′)O
α
∆NπS∆,αβO

βµ
Q∆NΨ(p1)

1

K2
π1

−m2
π

Ψ(p2′)OπNNΨ(p2)

]
, (4.16)

Jµ
C∆ =

1

(2π)3

∫
dp2′

∫
dp2

∫
dp1

[
Ψ(p2′)O

αµ
Q∆NS∆,αβO

β
∆πNΨ(p2)

1

K2
π2

−m2
π

Ψ(p1′)OπNNΨ(p1)

+ Ψ(p1′)O
αµ
Q∆NS∆,αβO

β
∆πNΨ(p1)

1

K2
π1

−m2
π

Ψ(p2′)OπNNΨ(p2)

]
, (4.17)

with P1′ = P2+P1+Q−P2′ , Kπ2 = Q+P2−P2′ , P∆2 = P2+Q, PC∆2 = P ′
2−Q, Kπ1 = Q+P1−P1′ ,
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4.1 Particle-hole excitation

P∆1 = P1 +Q and PC∆1 = P ′
1 −Q, and

Jµ
CT = − 1

(2π)3

∫
dp2′

∫
dp2

∫
dp1

[
Ψ(p2′)O

µ
QπNNΨ(p2)

1

K2
π2

−m2
π

Ψ(p1′)OπNNΨ(p1)

+ Ψ(p1′)O
µ
QπNNΨ(p1)

1

K2
π1

−m2
π

Ψ(p2′)OπNNΨ(p2)

]
, (4.18)

Jµ
PF =

1

(2π)3

∫
dp2′

∫
dp2

∫
dp1

O
µ
Qππ

(K2
π2

−m2
π)(K

2
π1

−m2
π)

Ψ(p2′)OπNNΨ(p2)Ψ(p1′)OπNNΨ(p1),

(4.19)

Jµ
PP =

1

(2π)3

∫
dp2′

∫
dp2

∫
dp1

[
O
µ
Qπ

Q2 −m2
π

Ψ(p2′)O
µ
ππNNΨ(p2)

1

K2
π2

−m2
π

Ψ(p1′)OπNNΨ(p1)

+
O
µ
Qπ

Q2 −m2
π

Ψ(p1′)O
µ
ππNNΨ(p1)

1

K2
π1

−m2
π

Ψ(p2′)OπNNΨ(p2)

]
, (4.20)

with P1′ = P2 + P1 +Q− P2′ , Kπ2 = Q+ P2 − P2′ and Kπ1 = P ′
2 − P2.

4.1.1 Intermediate RMF-nucleon approach

We begin this study by using an RMF-bound state to describe the intermediate bound-nucleon

state of the two-body meson-exchange hadronic current with a final particle-hole state, following

the same approach as for the initial bound nucleon. Then, the sum over the quantum numbers

of the intermediate bound-nucleon state in Eq. 4.10 corresponds to

∑
α′

→
∑

κ′,m′
j ,τ

′

(4.21)

and it runs over all occupied shells in the ground state. Substituting the two-particle two-hole

hadronic currents of Eqs. 4.16, 4.17, 4.18, 4.19 and 4.20 into Eq. 4.10, with the corresponding

wave function for each nucleon, we get

Jµ
2b =

√
V

∫
dp

∫
dpp

(2π)3/2

∫
dph

(2π)3/2
Ψ

sN (p+ ph + q− pp,pN )Γµ
2bΨ

mj
κ (p), (4.22)

with pp and ph the momenta of the intermediate outgoing and ingoing nucleons, respectively. The

two-body meson-exchange current operator is the sum of the ∆-resonance and ChPT background
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contributions

Γµ
2b = Γµ

ChPT + Γµ
∆. (4.23)

Introducing the explicit expressions of the interaction vertices, which are obtained from the

Lagrangians in Appendices C and D, the hadronic current operators for the ∆-resonance terms

of Fig. 4.3 read

Γµ
∆,(a) = −FπNNFπ∆N

gA
2fπ

/Kπγ
5Λ(ph,pp)

K2
π −m2

π

Γα
∆πNS∆,αβΓ

βµ
Q∆N , (4.24)

with P (a)
∆ = P +Q and K(a)

π = P +Q− Pp,

Γµ
∆,(b) = −FπNNFπ∆N

gA
2fπ

Γα
∆πNS∆,αβΓ

βµ
Q∆N

Λ(ph,pp)

K2
π −m2

π

/Kπγ
5, (4.25)

with P (b)
∆ = Q+ Ph and K(b)

π = Pp − P ,

Γµ
∆,(c) = −FπNNFπ∆N

gA
2fπ

/Kπγ
5Λ(ph,pp)

K2
π −m2

π

Γ̄αµ
Q∆NS∆,αβΓ

β
∆πN , (4.26)

with P (c)
∆ = Pp −Q and K(c)

π = P +Q− Pp

Γµ
∆,(d) = −FπNNFπ∆N

gA
2fπ

Γ̄αµ
Q∆NS∆,αβΓ

β
∆πN

Λ(ph,pp)

K2
π −m2

π

/Kπγ
5, (4.27)

with P (d)
∆ = P + Ph − Pp and K(d)

π = Pp − P ,

Γµ
∆,(e) = FπNNFπ∆N

gA
2fπ

Λπ(ph,pp,Kπ)

K2
π −m2

π

Γα
∆πNS∆,αβΓ

βµ
Q∆N (4.28)

with P (e)
∆ = P +Q and K(e)

π = Pp − Ph,

Γµ
∆,(f) = FπNNFπ∆N

gA
2fπ

Λ∆(ph,pp, P∆)

K2
π −m2

π

/Kπγ
5, (4.29)

with P (f)
∆ = Q+ Ph and K(f)

π = Q+ Ph − Pp,

Γµ
∆,(g) = FπNNFπ∆N

gA
2fπ

Λπ(ph,pp,Kπ)

K2
π −m2

π

Γ̄αµ
Q∆NS∆,αβΓ

β
∆πN (4.30)

64



4.1 Particle-hole excitation

with P (g)
∆ = P + Ph − Pp and K(g)

π = Pp − Ph,

Γµ
∆,(h) = FπNNFπ∆N

gA
2fπ

Λ̄∆(ph,pp, P∆)

K2
π −m2

π

/Kπγ
5, (4.31)

with P (h)
∆ = Pp −Q and K(h)

π = Q+ Ph − Pp. The vertex function

Γ̄αµ
Q∆N (Kµ, Qµ) = γ0

[
Γαµ
Q∆N (Kµ,−Qµ)

]†
γ0 (4.32)

has been introduced in the cross ∆-resonance diagrams, with K the momentum of the outgoing

nucleon in the vertex. The explicit expressions for the strong ∆πN and electroweak Q∆N

vertices and the ∆-resonance propagator are given in Appendix D.

Continuing with the ChPT background contribution, the hadronic current operator for the

exchange contact term diagrams contains vector and axial contributions, Γµ
eCT = Γµ

eCT,V +Γµ
eCT,A,

with

Γµ
eCT,V = FCT

g2A
2f2π

[
F 2
πNN,1 /Kπ1

γ5
Λ(ph,pp)

K2
π1

−m2
π

γµγ5 − F 2
πNN,2γ

µγ5
Λ(ph,pp)

K2
π2

−m2
π

/Kπ2
γ5
]
, (4.33)

Γµ
eCT,A = − gA

2f2π

[
Fρ,1F

2
πNN,1 /Kπ1

γ5
Λ(ph,pp)

K2
π1

−m2
π

γµ − Fρ,2F
2
πNN,2γ

µ Λ(ph,pp)

K2
π2

−m2
π

/Kπ2
γ5
]
, (4.34)

for the exchange pion-in-flight diagram, the contribution is purely vector, with

Γµ
ePF = FPFFπNN,1FπNN,2

g2A
2f2π

(Q+ 2P − 2Pp)
µ

(K2
π1

−m2
π)(K

2
π2

−m2
π)
/Kπ1

γ5Λ(ph,pp) /Kπ2
γ5, (4.35)

and for the exchange pion pole diagrams, the contribution is purely axial, with

Γµ
ePP =

gA
4f2π

Qµ

Q2 −m2
π

[
Fρ,1F

2
πNN,1 /Kπ1

γ5
Λ(ph,pp)

K2
π1

−m2
π

( /Kπ1
+ /Q)

−Fρ,2F
2
πNN,2( /Kπ2

+ /Q)
Λ(ph,pp)

K2
π2

−m2
π

/Kπ2
γ5
]
, (4.36)

where Kπ1 = Q+P −Pp and Kπ2 = Pp−P . For the direct contact term diagrams, the hadronic
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current operator is computed as Γµ
dCT = Γµ

dCT,V + Γµ
dCT,A, with

Γµ
dCT,V = −FCT

g2A
2f2π

[
F 2
πNN,1d

Λπ(ph,pp,Kπ1d
)

K2
π1d

−m2
π

γµγ5 − F 2
πNN,2d

Λµ
γµ5(ph,pp)

K2
π2d

−m2
π

/Kπ2d
γ5

]
, (4.37)

Γµ
dCT,A =

gA
2f2π

[
Fρ,1dF

2
πNN,1d

Λπ(ph,pp,Kπ1d
)

K2
π1d

−m2
π

γµ − Fρ,2dF
2
πNN,2d

Λµ
γµ(ph,pp)

K2
π2d

−m2
π

/Kπ2d
γ5

]
, (4.38)

for the direct pion-in-flight diagram, the current operator is given by

Γµ
dPF = −FPFFπNN,1dFπNN,2d

g2A
2f2π

(2Pp − 2Ph −Q)µ

(K2
π1d

−m2
π)(K

2
π2d

−m2
π)

Λπ(ph,pp,Kπ1d
) /Kπ2d

γ5, (4.39)

and for the direct pion pole diagrams,

Γµ
dPP = − gA

4f2π

Qµ

Q2 −m2
π

[
Fρ,1dF

2
πNN,1d

Λπ(ph,pp,Kπ1d
)

K2
π1d

−m2
π

( /Kπ1d
+ /Q)−

Fρ,2dF
2
πNN,2d

Λ /K(ph,pp,Kπ2d
+Q)

K2
π2d

−m2
π

/Kπ2d
γ5
]
, (4.40)

where Kπ1d
= Pp − Ph and Kπ2d

= Q+ Ph − Pp.

To shorten the expressions we have introduced the intermediate RMF projectors,

ΛX =
∑
τ ′

IN ′ΛXN ′ = IpΛXp + InΛXn, (4.41)

with

ΛN ′(p,p ′) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p)Ψ
m′

j

κ′ (p
′), (4.42)

ΛπN ′(p,p ′,Kπ) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′) /Kπγ

5Ψ
m′

j

κ′ (p), (4.43)

Λ∆N ′(p,p ′, P∆) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′)Γα

∆πNS∆,αβΓ
βµ
Q∆NΨ

m′
j

κ′ (p), (4.44)

Λ̄∆N ′(p,p ′, P∆) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′)Γ̄αµ

Q∆NS∆,αβΓ
β
∆πNΨ

m′
j

κ′ (p), (4.45)

Λµ
γµ5N ′(p,p

′) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′)γµγ5Ψ

m′
j

κ′ (p), (4.46)
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4.1 Particle-hole excitation

Λµ
γµN ′(p,p

′) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′)γµΨ

m′
j

κ′ (p), (4.47)

Λ /KN ′(p,p ′,K) =
∑
κ′,m′

j

Ψ
m′

j

κ′ (p
′) /KΨ

m′
j

κ′ (p). (4.48)

The sum over the isospin of the intermediate nucleon state is explicitly done in Eq. 4.41, where

the contribution from an intermediate proton or neutron is weighted by an isospin coefficient

(IN ′), and the sum over κ′,m′
j in Eqs. 4.43-4.48 runs over all occupied shells of the corresponding

intermediate nucleon. The isospin coefficient of each diagram, given in Tables 4.1 and 4.2,

depends on the process and the isospin of the involved nucleons.

For the EM interaction, the direct terms of the ChPT background diagrams vanish due to the

isospin dependence of the ChPT Lagrangian. Hence, only the exchange terms contribute. On

the other hand, the ∆-resonance part has contributions from both exchange and direct terms.

Additionally, note that only vector contributions should be considered due to the nature of the

EM interaction. In the CC case, both direct and exchange terms of the ChPT and ∆-resonance

diagrams, as well as their vector and axial components, contribute.

To conclude, a variety of form factors have been introduced in the hadronic current operators

to account for different effects. In the vector component of the ChPT background, we include

form factors to account for the nucleon structure, with

FCT (Q
2) = FPF (Q

2) = F V
1 (Q2). (4.49)

The isovector nucleon form factor, F V
1 , has been introduced following the single-pion production

model of Ref. [108], where it was originally included to ensure consistency with the conserved

vector current hypothesis. This leads to the condition

Qµ(J
µ
CT + Jµ

PF + Jµ
NP ) = 0. (4.50)

Here, JNP refers to the contribution from nucleon pole diagrams, which are typically excluded

in mean-field calculations because they represent correlations already accounted for in the cor-

responding wave functions. Consequently, in the present work, vector current is not directly

conserved. Nevertheless, we retain the same vertex structure for the contact term and pion-in-

flight diagrams as in Ref. [108], and thus include the form factors in the same way. In the pion

pole terms, to account for the ρ-dominance of the ππNN coupling [130; 131], we have introduce
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Channel eCT ePF ePP dCT dPF dPP ∆ (a, d, e, g) ∆ (b, c, f, h)

p → p (N’=p) 0 0 0 0 0 0 1/
√
3 1/

√
3

p → p (N’=n) 1 1 0 0 0 0 −1/
√
3 1/

√
3

n → n (N’=p) -1 -1 0 0 0 0 1/
√
3 −1/

√
3

n → n (N’=n) 0 0 0 0 0 0 −1/
√
3 −1/

√
3

Table 4.1: Isospin coefficients (IN ′) for the meson-exchange contributions to the different reaction
channels in the case of EM interactions. N ′ denotes the intermediate bound-nucleon state. CT, PF
and PP refer to the exchange (e) and direct (d) ChPT background diagrams in Fig. 4.4, while ∆(a-h)
refers to the ∆-resonance diagrams in Fig. 4.3.

Channel eCT ePF ePP dCT dPF dPP ∆(a, e) ∆(b, f) ∆(c, h) ∆(d, g)

n → p (N’=p) 1 1 1 1 1 1 −1/
√
3

√
3 1/

√
3 1/

√
3

n → p (N’=n) 1 1 1 -1 -1 -1 1/
√
3 1/

√
3

√
3 −1/

√
3

p → n (N’=p) 1 1 1 -1 -1 -1 1/
√
3 1/

√
3

√
3 −1/

√
3

p → n (N’=n) 1 1 1 1 1 1 −1/
√
3

√
3 1/

√
3 1/

√
3

Table 4.2: Isospin coefficients (IN ′) for the meson-exchange contributions to the different reaction
channels in the case of CC interactions. The first two rows correspond to neutrino-induced reactions.
The second two rows correspond to their antineutrino counterparts. N ′ denotes the intermediate
bound-nucleon state. CT, PF and PP refer to the exchange (e) and direct (d) ChPT background
diagrams in Fig. 4.4, while ∆(a-h) refers to the ∆-resonance diagrams in Fig. 4.3.

the form factor

Fρ(K
2) =

m2
ρ

m2
ρ −K2

, (4.51)

with K = Q−Kπ and mρ = 775.8 MeV. This form factor has also been introduced in the axial

component of the contact term to preserve partial conservation of axial current (PCAC). Lastly,

we add a strong form factor in the QπNN and πNN vertices, FπNN , and in the π∆N vertex,

Fπ∆N , which accounts for the off-shell nature of the pion,

FπNN (K2
π) =

Λ2 −m2
π

Λ2 −K2
π

, Fπ∆N (K2
π) =

Λ2
π∆N

Λ2
π∆N −K2

π

, (4.52)

with Λ = 1.3 GeV [127; 124] and Λ2
π∆N = 1.5M2

N [113; 124].

However, the computation of the two-body meson-exchange hadronic current with a final
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4.1 Particle-hole excitation

particle-hole state within the intermediate RMF-nucleon approach, Eq. 4.22, implies the calcu-

lation of a 9-dimensional integral and several operators with a complex structure. This requires

high computational effort and time, making it unfeasible to obtain predictions for several kine-

matics and nuclei, and motivating us to introduce two approximations: the description of the

intermediate state as free Dirac spinors in a relativistic Fermi gas (RFG) and its extension in-

cluding modified mass and energy that account for the relativistic interaction of nucleons. These

two approaches are described in what follows.

4.1.2 Intermediate RFG-nucleon approximation

In this subsection, we approximate the intermediate bound-nucleon state by describing it as free

Dirac spinors in an RFG, in the same way as done in infinite nuclear matter [127]. We refer

to this approach as the intermediate RFG-nucleon approximation. Then, the summation over

the occupied levels of the ground state in Eq. 4.10 now implies a sum over the intermediate

momentum, pph, spin, s′, and isospin, τ ′,

∑
α′

→
∑

pph,s′,τ ′

Θ(pF − pph) (4.53)

with pF the Fermi momentum of the target nucleus. In contrast with the RMF-nucleon case

discussed above, here one has the constraint that the momentum of the intermediate nucleons

must be the same.

Substituting the two-particle two-hole hadronic currents of Eqs. 4.16, 4.17, 4.18, 4.19 and 4.20

into Eq. 4.10, and introducing the corresponding wave function for each nucleon, we get expres-

sions with the general form

Jd ∝
∫
dp

∫
dpp

∫
dph

∑
pph,s′,τ ′

Θ(pF − pph)

×Ψ
PW

(pp,pph)OΨ
PW (ph,pph) Ψ

sN (p+ ph + q− pp,pN )OΨ
mj
κ (p), (4.54)

for the direct terms and

Je ∝
∫
dp

∫
dpp

∫
dph

∑
pph,s′,τ ′

Θ(pF − pph)

×Ψ
sN (p+ ph + q− pp,pN )OΨPW (ph,pph)Ψ

PW
(pp,pph)OΨ

mj
κ (p), (4.55)
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for the exchange terms. The Dirac plane wave function in momentum space for a nucleon with

momentum p is given by

ΨPW (p ′,p) = (2π)3/2δ(p ′ − p)

√
MN

EV
u(p, s), (4.56)

leading to two Dirac deltas that can be used to integrate over ph and pp. Then,

Jd ∝ 1

V

∫
dp

∑
pph,s′,τ ′

Θ(pF − pph) ū(pph, s
′)Ou(pph, s

′) Ψ
sN (p+ q,pN )OΨ

mj
κ (p), (4.57)

Je ∝
1

V

∫
dp

∑
pph,s′,τ ′

Θ(pF − pph)Ψ
sN (p+ q,pN )Ou(pph, s

′)ū(pph, s
′)OΨ

mj
κ (p), (4.58)

where the discrete summation over the intermediate momentum can be converted into a contin-

uous integration with the usual phase-space factor

∑
pph

→ V

∫
d3pph

(2π)3
, (4.59)

and we can introduce in the exchange diagrams the relation
∑

s′ u(pph, s
′)ū(pph, s

′) =
/P ph+MN

2MN
.

Taking all this into account, the two-body meson-exchange current with a final particle-hole

state within the intermediate RFG-nucleon approximation can be finally written as

Jµ
2b,RFG =

√
V

∫
dp

∫
dpph

(2π)3
Θ(pF − pph)Ψ

sN (p+ q,pN )Γµ
2b,RFGΨ

mj
κ (p), (4.60)

reducing the computation to a 6-dimensional integral. Note that, now, we can reorganize the

expression of the two-body current and write the hadronic current including one- and two-body

contributions, Eq. 4.1, as

Jµ
κ =

√
V

∫
dp Ψ

sN (p+ q,pN )ΓµΨ
mj
κ (p), (4.61)

with

Γµ = Γµ
1b +

∫
dpph

(2π)3
Θ(pF − pph)Γ

µ
2b,RFG. (4.62)

As in the previous case, the two-body meson-exchange current operator is the sum of the

∆-resonance and ChPT background contributions from Figs. 4.3 and 4.4,

Γµ
2b,RFG = Γµ

ChPT + Γµ
∆. (4.63)
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4.1 Particle-hole excitation

However, since the wave function for intermediate neutrons and protons is the same within this

approximation and, in this work, we are considering isospin symmetric nuclei, with the same

Fermi momentum for protons and neutrons, the ChPT direct terms contributing to the CC

interaction and the ∆-resonance diagrams (a), (d), (e) and (g) vanish due to the sum over the

isospin of the intermediate bound-nucleon state.

For the contributing ∆-resonance terms, the hadronic current operators read

Γµ
∆,(b) = −IFπNNFπ∆N

gA
2fπ

MN

Eph
Γα
∆πNS∆,αβΓ

βµ
Q∆N

Λ(Pph)

K2
π −m2

π

/Kπγ
5, (4.64)

with P (b)
∆ = Q+ Pph and K(b)

π = Pph − P ,

Γµ
∆,(c) = −IFπNNFπ∆N

gA
2fπ

MN

Eph

/Kπγ
5 Λ(Pph)

K2
π −m2

π

Γ̄αµ
Q∆NS∆,αβΓ

β
∆πN , (4.65)

with P (c)
∆ = Pph −Q and K(c)

π = P +Q− Pph,

Γµ
∆,(f) = IFπNNFπ∆N

gA
2fπ

MN

Eph

Λ∆(pph, P∆)

K2
π −m2

π

/Kπγ
5, (4.66)

with P (f)
∆ = Q+ Pph and K(f)

π = Q,

Γµ
∆,(h) = IFπNNFπ∆N

gA
2fπ

MN

Eph

Λ̄∆(pph, P∆)

K2
π −m2

π

/Kπγ
5, (4.67)

with P (h)
∆ = Pph −Q and K(h)

π = Q.

For the ChPT background terms, the vector and axial contributions of the exchange contact

term diagrams, with Γµ
CT = Γµ

CT,V + Γµ
CT,A, are given by

Γµ
CT,V = IFCT

g2A
2f2π

MN

Eph

[
F 2
πNN,1 /Kπ1

γ5
Λ(Pph)

K2
π1

−m2
π

γµγ5 − F 2
πNN,2γ

µγ5
Λ(Pph)

K2
π2

−m2
π

/Kπ2
γ5
]
, (4.68)

Γµ
CT,A = −I gA

2f2π

MN

Eph

[
Fρ,1F

2
πNN,1 /Kπ1

γ5
Λ(Pph)

K2
π1

−m2
π

γµ − Fρ,2F
2
πNN,2γ

µ Λ(Pph)

K2
π2

−m2
π

/Kπ2
γ5
]
,

(4.69)

for the exchange pion-in-flight diagram, the purely vector contribution is given by

Γµ
PF = IFPFFπNN,1FπNN,2

g2A
2f2π

MN

Eph

(Q+ 2P − 2Pp)
µ

(K2
π1

−m2
π)(K

2
π2

−m2
π)
/Kπ1

γ5Λ(Pph) /Kπ2
γ5, (4.70)
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and for the exchange pion pole diagrams, the purely axial contribution is given by

Γµ
PP = I

gA
4f2π

MN

Eph

Qµ

Q2 −m2
π

[
Fρ,1F

2
πNN,1 /Kπ1

γ5
Λ(Pph)

K2
π1

−m2
π

( /Kπ1
+ /Q)

−Fρ,2F
2
πNN,2( /Kπ2

+ /Q)
Λ(Pph)

K2
π2

−m2
π

/Kπ2
γ5
]
, (4.71)

where Kπ1 = Q+ P − Pph and Kπ2 = Pph − P .

To shorten the expressions we have introduced the intermediate RFG projectors,

Λ(Pph) =
/P ph +MN

2MN
, (4.72)

Λ∆(p, P∆) =
∑
s′

ū(pph, s
′)Γα

∆πNS∆,αβΓ
βµ
Q∆N,Au(pph, s

′), (4.73)

Λ̄∆(p, P∆) =
∑
s′

ū(pph, s
′)Γ̄αµ

Q∆N,AS∆,αβΓ
β
∆πNu(pph, s

′), (4.74)

where the contribution from the Λ∆ and Λ̄∆ projectors is purely axial, as the vector part of

the terms
∑

s′ ū(pph, s
′)Γα

∆πNS∆,αβΓ
βµ
Q∆Nu(pph, s

′) and
∑

s′ ū(pph, s
′)Γ̄αµ

Q∆NS∆,αβΓ
β
∆πNu(pph, s

′)

vanishes. This means that the two direct ∆-resonance diagrams (f) and (h) only contribute to

the CC interaction.

The isospin coefficient (I) of each diagram is given in Tables 4.3 and 4.4. It already includes

the sum over the isospin of the intermediate bound-nucleon state, as the operator for a particular

diagram is the same for an intermediate neutron or proton except for this quantity. We remark

that, for the EM interactions, only vector contributions should be taken into account, meanwhile

both vector and axial terms contribute to the CC interactions.

Channel CT PF PP ∆ (b, c) ∆ (f, h)

p → p 1 1 0 2/
√
3 0

n → n -1 -1 0 −2/
√
3 0

Table 4.3: Isospin coefficients (I) for the meson-exchange contributions to the different reaction
channels in the case of EM interactions. CT, PF and PP refer to the exchange ChPT background
diagrams in Fig. 4.4, while ∆(b, c, f, h) refers to the ∆-resonance diagrams in Fig. 4.3.
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4.1 Particle-hole excitation

Channel CT PF PP ∆ (b, c) ∆ (f, h)

n → p 2 2 2 4/
√
3 4/

√
3

p → n 2 2 2 4/
√
3 4/

√
3

Table 4.4: Isospin coefficients (I) for the meson-exchange contributions to the different reaction
channels in the case of CC interactions. The first row corresponds to neutrino-induced reactions. The
second row corresponds to their antineutrino counterparts. CT, PF and PP refer to the exchange
ChPT background diagrams in Fig. 4.4, while ∆(b, c, f, h) refers to the ∆-resonance diagrams in
Fig. 4.3.

4.1.3 Intermediate modified RFG-nucleon approximation

The intermediate RFG-nucleon approximation reduces the two-body meson-exchange hadronic

current with a final particle-hole state to a 6-dimensional integral, Eq. 4.60, with a reduced

number of contributing diagrams and a simpler structure of their operators. Therefore, this ap-

proach results useful to reduce the computational effort and time required by these calculations.

However, considering the intermediate bound nucleons as free Dirac spinors could be an over-

simplification. In this subsection, we propose a more realistic description, without affecting the

computational improvement obtained, by extending the RFG-nucleon approximation to account

for the relativistic interaction of nucleons with the mean-field potential through modified mass

and energy terms arising from the scalar and vector potentials.

The attractive scalar potential is accounted for in the relativistic effective mass,

M∗
N = m∗MN < MN . (4.75)

Meanwhile, the vector potential produces a repulsive energy, which is added to the on-shell

energy to obtain the modified nucleon energy,

E∗ = E + Ev, (4.76)

where E =
√
p2 + (M∗

N )2 is the on-shell energy with effective mass M∗
N . Then, the two-body

meson-exchange current is computed as in the intermediate RFG-nucleon case, with the substi-

tutions MN → M∗
N and Eph → E∗

ph in the intermediate nucleon variables and wave functions.

The only exception is the ∆QN vertex, which retains the unmodified mass [132].

The values of the effective mass and vector energy are set following Ref. [133; 134; 135].

The effective mass is obtained from the superscaling approach with relativistic effective mass
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(SuSAM*), where 1p-1h quasielastic cross sections are constructed by multiplying single nucleon

averaged cross sections by a phenomenological scaling function. Within this approach, in the par-

ticular case of 1p-1h excitations computed with only one-body currents, the hadronic responses

depend on the difference between initial and final energies. Therefore, the vector energy cancels

and does not appear, only the effective mass can be obtained. The scaling function, as well as

the effective mass and Fermi momentum for a nucleus, is get from fits to electron scattering cross

section data, leading to m∗ = 0.8, 0.79 and 0.73 for 12C, 16O and 40Ca, respectively, [133]. With

respect to the vector energy, its value is obtained in [134] from the 2p-2h meson-exchange cur-

rent contributions to the cross section. The 2p-2h MEC component is computed using the model

developed in [136] for the RFG, with the same contributions presented in this work (Figs. 4.1

and 4.2), but modifying it by including the nucleon effective mass and vector energy. In this

case, the dependence on the vector energy is canceled in the ChPT contributions, but not in the

∆-resonance part, appearing in the ∆ propagator. The inclusion of the vector energy affects the

position of the ∆ peak in the cross section, which allows to determine its value from experimental

data. Alternatively, the vector energy can also be constrained by the following argument. In

the direct ∆-resonance diagram, which corresponds to the dominant contribution to the 2p-2h

cross section, the maximum of the propagator occurs approximately for (P + Q)2 −M2
∆ = 0.

Considering the initial nucleon at rest, in the RFG, this implies that

ω − ES =
√
M2

∆ + q2 −MN , (4.77)

with ES ≃ 40 MeV the separation energy of two nucleons. On the other hand, introducing the

modified mass and energy of the nucleons, the condition is

ω =
√
M2

∆ + q2 −M∗
N − Ev, (4.78)

where the separation energy is not included as it is implicitly done in the scalar potential that

leads to the relativistic effective mass. Finally, combining Eqs. 4.77 and 4.78, we get

MN − ES =M∗
N + Ev (4.79)

obtaining Ev = MN − M∗
N − ES ≃ 148 MeV for 12C. In [134], the value of Ev fitted from

12C-electron scattering data, and the one used in this work, is 141 MeV, so the result from this

estimation is in agreement. In the cases of 16O and 40Ca, there are not available values for Ev
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obtained from experimental data, so we use the estimation above, yielding Ev ≃ 162 and 210

MeV, respectively.

To validate this approach, in Figs. 4.5, 4.6 and 4.7, we compare electromagnetic inclusive

responses computed within RPWIA and a relativistic Fermi gas with a modified initial nucleon

(RFG∗), both cases evaluated with only one-body currents. In RPWIA, the initial nucleon is

described by a bound wave function within the RMF model, so one would expect the results of

RFG∗ and RPWIA to be similar. Indeed, modifying the mass and energy of the initial nucleon

in the RFG produces a slight decrease of the strength and a shift of the response to higher

transferred energy, looking more like the RPWIA result. Motivated by these findings, we have

adopted this procedure for the study of two-body meson-exchange current contributions. In what

follows, we will refer to it as the intermediate RFG*-nucleon approximation.
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Figure 4.5: 12C longitudinal (up) and transverse (bottom) electromagnetic inclusive response func-
tions considering only one-body currents. The transferred momentum q is (from left to right) 300,
380 and 570 MeV/c. We show results for the relativistic Fermi gas (RFG), the relativistic Fermi
gas with a modified initial nucleon (RFG∗) and the relativistic plane wave impulse approximation
(RPWIA).

4.1.4 Comparison of approaches

Fig. 4.8 shows the comparison of the 12C electromagnetic inclusive responses at q = 380 MeV/c

using the different approaches that can be taken to describe the intermediate bound-nucleon

state: the simplest case, RFG nucleons, its extension including scalar and vector potentials and,
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Figure 4.6: 16O longitudinal (up) and transverse (bottom) electromagnetic inclusive response func-
tions considering only one-body currents. The transferred momentum q is (from left to right) 335,
400 and 570 MeV/c. We show results for the relativistic Fermi gas (RFG), the relativistic Fermi
gas with a modified initial nucleon (RFG∗) and the relativistic plane wave impulse approximation
(RPWIA).
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Figure 4.7: 40Ca longitudinal (up) and transverse (bottom) electromagnetic inclusive response
functions considering only one-body currents. The transferred momentum q is (from left to right)
300, 380 and 550 MeV/c. We show results for the relativistic Fermi gas (RFG), the relativistic Fermi
gas with a modified initial nucleon (RFG∗) and the relativistic plane wave impulse approximation
(RPWIA).
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finally, the most complete approach with intermediate RMF nucleons. Our predictions, computed

using the ED-RMF potential to describe the final nucleon, are compared to data extracted by

Jourdan [102] by means of a Rosenbluth separation. In general terms, the two-body meson-

exchange current operator leads to an increase in the transverse response, while its effect on the

longitudinal sector is negligible. The more realistic the treatment of the intermediate bound-

nucleon state, the lower the increase. Specifically, the transverse response rises by up to 31%,

25% and 19% for the intermediate RFG-nucleon case, its extension including scalar and vector

potentials, and the RMF one, respectively. Since the longitudinal channel is not affected by

the two-body meson-exchange contribution, the agreement of our results with data keeps being

outstanding, whereas it is improved in the transverse sector with the introduction of the two-body

currents.
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Figure 4.8: 12C longitudinal (left) and transverse (right) electromagnetic inclusive response func-
tions. The transferred momentum q is 380 MeV/c. We show our results, computed using the
ED-RMF potential to describe the final nucleon, when the intermediate bound-nucleon state is de-
scribed in terms of free particles in an RFG, including a modified mass and energy (RFG*), and
RMF nucleons. Data are from Jourdan [102].

An additional comparison of these three approaches for four different kinematics is made in

Fig. 4.9. We show the responses computed within the intermediate RFG-, RFG*- and RMF-

nucleon approaches, but given the extremely high computational cost only a few points are

shown for the latter. At low q, the RMF description of the intermediate nucleons reduces

the transverse increase, especially, at low energy transfer. However, the difference between the

RFG*- and RMF-nucleon approaches decreases as the value of q increases, obtaining essentially
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identical results for momentum transfer around and above 500 MeV/c. Meanwhile, the increase

obtained in the intermediate RFG-nucleon computation remains consistently larger in all cases.

These differences between approaches can be attributed to two main effects. Firstly, at low q,

only certain regions of the intermediate projectors appearing in the two-body current operators

contribute, i.e., the kinematics do not encompass the entire objects. Therefore, when summing,

the involved parts may differ between approaches. For instance, RMF wave functions exhibit

tails that are absent in the RFG ones. At large q, the complete objects are accounted for,

making any differences disappear, as observed in the RMF- and RFG*-nucleon cases. Secondly,

the remaining mismatch with the RFG approximation, even at large q, can be explained by the

lack of distortion of the intermediate nucleons. This is consistent with our study of the effect of

using different potentials to describe the final-state nucleon in Sec. 3.3. The use of the ED-RMF

potential reduces the total strength in comparison with RPWIA, in which the final nucleon is

described by a relativistic plane wave. We understand that, analogously, when the intermediate

RFG-nucleon approach is used instead of the RMF one, spurious contributions appear due to

the lack of the bound condition of the nucleons.

As mentioned, the intermediate RFG*-nucleon approximation has the advantage of reducing

the two-body meson-exchange current from a 9- to a 6-dimensional integral with fewer contribut-

ing diagrams, compared to the RMF case. While the 12C inclusive responses can be computed in

a manageable amount of time using the RFG* approach, the computational effort required by the

RMF one makes it impractical for predicting neutrino-nucleus cross sections, which additionally

involve an integral over the neutrino flux. We have verified that this simplified treatment of the

intermediate state yields, at large enough q, the same results as the calculation with intermedi-

ate RMF-bound states, but at a fraction of the computational cost. At lower q,the discrepancy

remains small, up to about 7%. Luckily, in most of accelerator-based neutrino experiments, the

neutrino energy centers at around 1 GeV or above, and for those energies most of the strength

of the cross section comes from q > 500 MeV/c [101]. Therefore, the RFG* approach would be

an excellent approximation to the complete model, which consequently led to the choice of this

framework for the following calculations.

Finally, we point out that it is expected to underestimate the inclusive data, especially in

the high energy transfer region, where other processes, as 2p-2h MEC and pion production,

contribute.
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Figure 4.9: 12C longitudinal (left) and transverse (right) electromagnetic inclusive responses. The
transferred momentum q is (from up to bottom) 300, 400, 550 and 570 MeV/c. We show our results
when the intermediate bound-nucleon state is described in terms of free particles in an RFG, including
a modified mass and energy (RFG*), and RMF nucleons. Data are from Jourdan [102] and Barreau
et al. [103].
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Chapter 5

Electron-nucleus scattering

Electron scattering is one of the most precise methods to determine the internal structure of

atomic nuclei and, due to its connection with neutrino-nucleus interaction, the interest on it has

been renewed [114; 33; 137; 138]. The exponentially growing experimental effort in neutrino-

nucleus scattering, related to neutrino oscillation experiments, makes it necessary to understand

the nuclear interactions in the target nuclei, which otherwise would prevent the extraction of

neutrino properties from these experiments [2; 33].

At the very least, the theory employed to describe nuclear effects when analyzing neutrino-

nucleus experiments should compare fairly well when put at test against the available electron

scattering data under similar kinematics. In contrast to neutrino beams, where the incident

neutrino energy is not known a priori and only flux distributions are available, electron scattering

has the advantage of nearly monochromatic beams. Therefore, before applying any model in

neutrino oscillation analyses, the comparison with electron experimental data provides a first

and necessary benchmark for the validation of the common vector component of electromagnetic

and weak interactions. However, while essential, such a test is not sufficient to ensure the validity

of the model, as the additional axial-vector component of the weak interaction cannot be tested

in parity conserving electron scattering from nuclei.

Of particular interest are the few experimental data available on which not only the cross

sections, but also the different contributions from separated nuclear responses have been mea-

sured. Nuclear responses, while should be similar in electron and neutrino scattering, would be

combined differently in both processes. This means that a good agreement with just electron

scattering cross sections would not be enough to ascertain the reliability of the model, while

agreement to every separate nuclear response would be a much more compelling evidence of
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5. ELECTRON-NUCLEUS SCATTERING

adequacy of the model. These data allow for a robust validation of theoretical nuclear models

by the simultaneous comparison with the different components of the electromagnetic responses

rather than with just the cross section.

In this chapter, longitudinal (RL) and transverse (RT ) responses, as well as cross sections,

for inclusive electron scattering off 12C, 16O, and 40Ca nuclei are computed within our fully

relativistic model with one- and two-body current operators leading to a final particle-hole state.

5.1 Carbon responses

Our results for the inclusive longitudinal and transverse responses of 12C, computed with one-

and two-body operators, are shown in Fig. 5.1. The theoretical responses are compared to

experimental data extracted by means of a Rosenbluth analysis by Jourdan [102]. We also show

the ab initio non-relativistic Green’s function Monte Carlo responses of [121], based on realistic

two- and three-nucleon interactions and associated one- and two-body currents. We highlight

the following features. The main effect of two-body meson-exchange currents with respect to

the one-body approach appears in the transverse channel, while in the longitudinal one the

1p-1h MEC contribution is hardly visible. The transverse response increases by up to 30% in

our calculation using the ED-RMF potential. The agreement of our results with data is good,

outstanding for the longitudinal response. It is also remarkable the good agreement between

ED-RMF and GFMC calculations, despite the fact that they represent quite different theoretical

approaches.

Additionally, this same Fig. 5.1 also shows the two-body contribution only. For the transverse

and longitudinal responses, it is nearly two and four orders of magnitude smaller than the one-

body contribution, respectively. Therefore, it is clear that the increase of the transverse response

is due to the interference between one- and two-body contributions.

A comparison of our ED-RMF predictions with 12C longitudinal and transverse electromag-

netic response functions extracted from a global analysis of all available electron scattering data

on carbon has been performed in [139] (see Fig. 5.2 and figures therein). In contrast to previ-

ous extractions by Barreau et al. [103] and Jourdan [102], which were based on a limited set of

cross-sectional data and thus only available for a narrow range of q and ω values, the analysis

in [139] provides 12C longitudinal and transverse responses at 18 distinct values of both q and Q2

by including the full set of electron scattering measurements available on carbon. The extracted

response functions span the nuclear excitation, quasielastic, resonance, and inelastic continuum
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Figure 5.1: 12C longitudinal (left) and transverse (right) electromagnetic inclusive response func-
tions computed with one- and two-body operators. The transferred momentum q is 380 MeV/c. We
show our ED-RMF results and the GFMC responses taken from [121], showing a fair agreement of
both calculations. The theoretical predictions are compared with experimental data from [102].

regions. Therefore, we expect our model to agree with the experimental data in the kinematic

regimes where QE scattering dominates. Among the theoretical predictions considered in [139],

the ED-RMF approach provides the best description of RL and RT for QE scattering, covering

the largest kinematic range in Q2 and ω. At larger energy and momentum transfers, however,

our theoretical predictions underestimate the data, indicating the need to incorporate processes

with two nucleons or pions in the final state to correctly reproduce the full response.

In Fig. 5.3, we proceed as in Sec. 3.3 and study the sensitivity of our calculations including

two-body currents with the description of the knocked-out nucleon, i.e., we address the effect

of the treatment of final-state interactions and issues related with the (lack of) orthogonality

between initial and final states. Our theoretical predictions are given within the RPWIA, EDAI-

C and ED-RMF approaches. For the sake of simplicity, the RMF result is omitted from the figure.

Results are consistent with previously established conclusions. Within RPWIA, the absence of

final-state interactions and the lack of orthogonality between the initial and final nucleon states

lead to an overestimation of the data. In contrast, in the ED-RMF approach, the nucleon wave

functions are eigenstates of the same Hamiltonian, ensuring orthogonality, and obtaining a good

agreement with data. This orthogonality condition is not fully satisfied in the EDAI-C model,

whose results, although similar to those of ED-RMF, exhibit spurious contributions at low q.

Therefore, accurately accounting for nucleon distortion while maintaining orthogonality between
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Figure 5.2: 12C longitudinal (left) and transverse (right) electromagnetic inclusive response func-
tions computed with one- and two-body operators within the ED-RMF model. The transferred
momentum is (from up to bottom) 300, 380, 475, 570 and 649 MeV/c. The theoretical predictions
are compared with experimental data from [139].
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5.1 Carbon responses

initial and final states is essential to reproduce both the magnitude and shape of the nuclear

responses in carbon. Taking this into account, all subsequent results in this work have been

computed using the ED-RMF potential.
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Figure 5.3: Longitudinal (left) and transverse (right) electromagnetic inclusive responses of 12C
within the ED-RMF, RPWIA and EDAI-C models. The transferred momentum q is (from up to
bottom) 300, 380 and 570 MeV/c. The theoretical predictions are compared with experimental data
from [102; 103].

Finally, in Fig. 5.4, we address the impact of current conservation on the longitudinal re-

85



5. ELECTRON-NUCLEUS SCATTERING

sponse when two-body meson-exchange currents are included. Given the small contribution of

the two-body operators, the effect of current conservation remains essentially unchanged from

the one-body case. Only a minor impact is observed at large momentum transfers, with the

exception of the correlated background contribution, for which the discrepancy is attributed to

its oversimplified description.
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Figure 5.4: Longitudinal electromagnetic inclusive responses of 12C including two-body currents
within the ED-RMF model, with and without explicitly imposing CVC by setting J3

V = (ω/q)J0
V .

The transferred momentum q is (from left to right) 300, 380 and 570 MeV/c. The theoretical
predictions are compared with experimental data from [102; 103].

5.2 Oxygen responses

Our predictions for the inclusive responses of 16O are shown in Fig. 5.5. To our knowledge, no

Rosenbluth separation has been carried out to obtain experimental longitudinal and transverse

responses for this nucleus, owing to the limited amount of available experimental cross section

data. Therefore, it is not possible to separately compare the resulting longitudinal and transverse

response functions with experimental measurements. However, we can compare our theoretical

predictions with the recent ones obtained from the Bayesian artificial neural network (BNN)

framework presented in Ref. [140] and the coupled-cluster theory in conjunction with the Lorentz

integral transform method (LIT-CC) of [141]. The BBN is trained on (e, e′) scattering data

of several symmetric nuclei to perform the extraction of longitudinal and transverse response

functions, which are obtained directly as the output of this architecture. Its predictions are

presented with the corresponding uncertainty, which is quite large in this case due to the scarcity

of data. This method captures all reaction mechanisms contributing to the training datasets

and, therefore, its results cover processes ranging from elastic and quasielastic scattering to

the deep inelastic scattering region. Meanwhile, the ab initio quantum many-body LIT-CC
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5.2 Oxygen responses

method employs nuclear forces derived from chiral effective field theory, considering two- and

three-nucleon interactions optimized to simultaneously reproduce low-energy nucleon-nucleon

scattering and selected nuclear structure data. The electromagnetic transition operator comprises

only one-body current contributions in this case.

At momentum transfer q = 335 MeV/c, the main difference between our predictions and those

from BNN and LIT-CC appears at low energy transfers and, in particular, in the longitudinal

channel. In this region, excitations of low-lying nuclear states occur. While these contributions

are present in the BNN and LIT-CC curves, such interaction mechanisms cannot be described

within the relativistic mean-field model used in our approach, explaining the observed discrep-

ancy. In the transverse sector, we obtain a good agreement between our one-body results and

those of LIT-CC, as two-body contributions are not included in the latter. Meanwhile, when

comparing with the BNN prediction, which includes the contributions from all reaction mech-

anisms, there is better agreement with our complete calculation including two-body currents.

Nevertheless, the BNN result appears to be above our ED-RMF prediction at energies larger

than the quasielastic peak. This behavior is reassuring, as it leaves room for pion production in

the ∆ peak, which is not included in this work and will produce strength in that region.

For the second kinematic considered, at q = 400 MeV/c, the results follow a similar trend.

Again, and more noticeably for this higher momentum transfer kinematic, the BNN prediction for

the transverse response remains consistently larger than ours beyond the quasielastic peak, due

to the absence of pion production mechanisms in our framework. Furthermore, the agreement

in the longitudinal sector remains affected by contributions from low-lying nuclear states. In

that sense, comparisons to kinematics with larger momentum transfer would be especially mean-

ingful, minimizing these low-energy contributions and allowing us to disentangle other possible

differences. Finally, we remark that the extraction of the longitudinal and transverse responses

from BNN for 16O is particularly subject to larger uncertainties, due to the scarcity of cross

section data for this nucleus.

One last result is shown at q = 570 MeV/c. Although it is not possible to compare our

predictions with the theoretical ones from the BNN and LIT-CC methods, we observe a similar

behavior to the 12C case, with a significant effect of two-body currents in the transverse sector.

Although a comparison with experimental data would be necessary to ensure the validity of

the model, the overall agreement with BNN and LIT-CC responses provides an initial validation

of our approach. This is especially relevant considering how different these frameworks are.
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Figure 5.5: Longitudinal (left) and transverse (right) electromagnetic inclusive responses of 16O
within the ED-RMF model. The transferred momentum q is (from up to bottom) 335, 400 and 570
MeV/c. The theoretical predictions are compared to those from the Bayesian artificial neural network
(BNN) of [140] and the coupled-cluster theory in conjunction with the Lorentz integral transform
method (LIT-CC) of [141].

5.3 Calcium responses

The electromagnetic inclusive responses of 40Ca are shown in Fig. 5.6. Our results are now pre-

sented as bands that incorporate the uncertainty associated with the occupation probability of

the single-particle states. Following the procedure described in Sec. 2.3, the limits of the bands
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corresponds to the occupations given in Table 2.5, which have been obtained as those configu-

rations with the most and least nucleons in the background among 104 random configurations

generated within the limits of Table 2.4 and with the constraint that the amount of nucleons

in the background is between 20% and 35% of the total number of nucleons. An additional

dark-solid line is shown, it corresponds to the case with the mean value of the occupations of

Table 2.4, this means 32% of the nucleons in the background. The results are compared to the

available experimental data from [102; 142; 143; 144].

For the longitudinal responses, at momentum transfer q = 300 MeV/c, the data from Jour-

dan [102] and Williamson [144] agree fairly well with each other, and with our results. At

q = 350 MeV/c, we underestimate the quasielastic peak with respect to the predictions from

Williamson [144]. Meanwhile, at q = 380 MeV/c, there is a good agreement with Jourdan

data [102]. Regarding the transverse response, for these three kinematics, we observe a good

agreement of our one-body results with the experimental data, leading to an overestimation when

two-body meson-exchange currents are introduced. Nevertheless, our one-body current results in

the transverse sector are similar to those obtained with the mean-field approach of [145] and the

different ab initio approach of [146; 147]. Hence, it is expected that these other calculations also

show an overestimation of the responses similar to what we get here when two-body currents are

included. We stress that the transverse enhancement due to two-body currents is supported by

the analyses of inclusive EM responses for 3He, 4He and 12C [119; 120; 122; 121; 148].

The fourth kinematic corresponds to q = 400 MeV/c, which is compared with data at q =

400 MeV/c from [144] and q = 410 MeV/c from [142; 143]. Our longitudinal result lies in between

both datasets, which are in large disagreement. Meanwhile, the transverse response including

two-body currents seems to agree better with [143], although it would be necessary to have a

better control of the occupations, and then obtain a narrower band, to draw a clear conclusion.

The large difference between the two datasets is remarkable and cannot be explained by the

10 MeV difference in momentum transfers, which is illustrated by showing in the same figure

our 1b+2b current calculation for q = 410 MeV/c (short-dashed red line, the mean value of the

occupations was employed).

For the last momentum transfer considered, q = 550 MeV/c, there is a fair agreement between

our results and the data from [144] and [142] up to an energy transfer around 150 MeV. In the

transverse sector, the situation is similar to the results obtained for carbon, with an increase of

the transverse response up to 25% which improves the agreement with data.
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Figure 5.6: 40Ca longitudinal (left) and transverse (right) electromagnetic inclusive responses using
the ED-RMF model. The transferred momentum q is (from up to bottom) 300, 350, 380, 400 and 550
MeV/c. The theoretical predictions are compared with experimental data from [102; 142; 143; 144].
In the case of q = 400 MeV/c, Meziani data and red line correspond to q = 410 MeV/c, the theory line
was computed with 1b+2b currents. Results are presented as bands accounting for the uncertainty
in the occupation probability of the single-particle states and with a dark-solid line that corresponds
to average occupations of Table 2.4.
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We recall that the extraction of the responses from inclusive cross section data was performed

using a Rosenbluth procedure, which is very sensitive to the treatment of Coulomb distortion

effects in electrons. In carbon, this is expected to be a very small correction. But in calcium, it is

a non-negligible effect which introduces uncertainties that are difficult to quantify. The disagree-

ment among different datasets for the separated responses in calcium may point to unadequate

treatment of Coulumb distortion. For this reason, in the next section we compare directly with

inclusive cross section data.

5.4 Cross sections

In Figs. 5.7, 5.8, 5.9 and 5.10 we show inclusive electron-12C, -16O and -40Ca cross sections at

various beam energies and scattering angles. Our 1p-1h 1b and 1b+2b ED-RMF predictions are

compared to experimental data from [103; 149; 150; 151; 152; 153; 154] for carbon, [155; 150] for

oxygen and [142; 144; 149] for calcium.

For the studied kinematics, the two-body meson-exchange contributions to particle-hole exci-

tations produce an increase of the cross section coming from the increase in the transverse part.

The relative increase is larger for larger values of beam energy, Ei, and lepton scattering angle,

θe, as the contribution of the transverse response is more significant in those cases. We stress

that our calculation is only for the QE 1p-1h channel. Thus, there is strength in the experimen-

tal data unaccounted for in our prediction, coming from other reaction channels, such as 2p-2h

meson-exchange currents and pion production (see e.g. the review article [114]). Aiming at

making comparisons more meaningful, we include the 2p-2h MEC contribution (dashed-dotted

purple line) from [113; 156], which should be added incoherently to the QE result. We point

out that this 2p-2h MEC corresponds to a relativistic Fermi gas model, it is expected that a

shell model calculation of this channel [157; 75] and the incorporation of in-medium effects in

the ∆-resonance decay width [158] yield a somewhat smaller contribution.

Since the longitudinal part of the cross section is basically not affected by the two-body cur-

rents, we identify kinematics with a small transverse contribution to benchmark our occupation

probabilities. For carbon, Fig. 5.7, the panels corresponding to Ei = 200 MeV at θe = 60 deg,

and 320 and 400 MeV at 36 deg are mostly longitudinal. In these cases, we find good agreement

with data. For oxygen, Fig. 5.9, the most longitudinal kinematic, although with a significant

transverse contribution yet, corresponds to Ei = 537 MeV at θe = 37.1 deg. The quasielastic
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peak appears to be shifted to higher energy transfers compared to the experimental data, result-

ing in poor agreement and a considerable amount of missing strength at low energy transfers.

For the Ei = 700 MeV at θe = 32 deg kinematic, a significant discrepancy is also observed,

with the data in the quasielastic peak being inconclusive. However, the remaining kinematics

exhibit good agreement in the position of the quasielastic peak. The scarcity of data at lower

energies and different scattering angles makes it difficult to draw clear conclusions. For calcium,

Fig. 5.10, the most longitudinal kinematics correspond to Ei = 160, 200 and 240 MeV at 60

deg. The agreement with data is good for energies larger than 30 MeV, where the quasielastic

contribution dominates. For energies below 30 MeV, there is qualitative agreement, but in this

region one would have to include discrete resonances in the calculation to agree with data. To

conclude, current conservation is analyzed in Fig. 5.11 for these kinematics, as the dominance of

the longitudinal response makes them the most suitable for its study. The results obtained with

and without explicitly enforcing CVC are essentially identical, indicating that our calculation

largely preserves current conservation.

Analogously, we identify kinematics that are essentially transverse. For carbon, these are

560 MeV at 145 deg and the recent measurement from the Mainz Microtron (MAMI) experiment

at 855 MeV and 70 deg [154] shown in Fig. 5.8. For oxygen, these are 1080, 1200 ad 1500 MeV

at 32 deg. For calcium, these are 320, 327 and 400 MeV at 140 deg. In all these cases, the data

support the enhancement of the cross section due to the two-body contributions.

In the case of calcium, for most of the kinematics studied, the upper part of our 1b+2b bands

is often above the data, or it would be if one introduces the contribution from other reaction

channels, such as 2p-2h MEC. In other words, our results fit better the data when around 30−35%

of the nucleons are placed in the background, which contributes mostly in the high-ω tail and

little in the QE peak. Recent works have estimated about 20% [63; 64] of SRC pairs in nuclei.

Therefore, the relatively small occupation probabilities that our comparison with data suggests

and, consequently, our large background are effectively accounting for other mechanisms that

lead to a reduction of the cross section in the QE peak. Our approach, based on simply reducing

the occupancies of the mean-field shells and placing those nucleons in the background, reveals

its limitations. At this point, it becomes both preferable and necessary to employ microscopic

models that dynamically describe these nuclear effects, such as long-range correlations, which

are particularly relevant in relatively heavy nuclei, like 40Ca, and at low Q2 [159; 145].

Additionally, different 40Ca datasets, corresponding to the same lepton scattering angle and

similar or identical beam energy, allow us to asses possible inconsistencies between them. At 140
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deg and 320 and 327 MeV, 90 deg and 200 MeV, and 90 deg and 360 and 372 MeV, we found

datasets from Meziani [142] (black points) and Williamson [144] (blue points). In these cases, we

obtain a better agreement with Meziani’s sets, which are systematically larger than those from

Williamson. At 60 deg and 480 and 500 MeV, we found datasets from Meziani and Whitney [149]

(gray points), which seem to be consistent with each other and with our predictions using the

intermediate value for the occupations.

Finally, in Fig. 5.12, we compare our results obtained using full shell occupations from the

IPSM, where correlations are neglected, with those from the spectral function approach employed

in this work. Cross sections computed within the IPSM overestimate the data, making clear that

a more realistic treatment of the nuclear structure results fundamental to correctly describe the

experimental cross sections.
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Figure 5.7: 12C electromagnetic inclusive cross sections at various beam energies and scattering
angles. We show the 1b and 1b+2b ED-RMF cross section (total), its longitudinal and transverse
contributions, and the 2p-2h MEC from [156]. Theoretical predictions are compared with experi-
mental data from [103; 149; 150; 151; 152; 153].
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Figure 5.8: 12C electromagnetic inclusive cross sections at beam energy 855 MeV and scattering
angle 70 deg. We show the 1b and 1b+2b ED-RMF cross section (total), its longitudinal and
transverse contributions, and the 2p-2h MEC from [156]. Theoretical predictions are compared with
the recent experimental data from [154].
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Figure 5.9: 16O electromagnetic inclusive cross sections at various beam energies and scattering
angles. We show the 1b and 1b+2b ED-RMF cross section (total), its longitudinal and transverse
contributions, and the 2p-2h MEC from [156]. Theoretical predictions are compared with experi-
mental data from [155; 150].
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Figure 5.10: 40Ca electromagnetic inclusive cross sections at various beam energies and scattering
angles. We show the 1b and 1b+2b ED-RMF cross section (total), its longitudinal and transverse
contributions, and the 2p-2h MEC from [156]. Theoretical predictions are compared with exper-
imental data from [142; 144; 149]. The bands represent the uncertainty in the occupation of the
single-particle states according to Table 2.4, and the dark-solid line corresponds to the case with the
average value of these occupations.
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Figure 5.11: 12C (top), 16O (middle) and 40Ca (bottom) electromagnetic inclusive cross sections
at various beam energies and scattering angles. We show the 1b+2b ED-RMF cross section, with
and without explicitly imposing CVC by setting J3

V = (ω/q)J0
V . The theoretical predictions are

compared with data from [103; 150; 155; 142].
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Figure 5.12: 12C (top), 16O (middle) and 40Ca (bottom) electromagnetic inclusive cross sections
at various beam energies and scattering angles. We show the 1b and 1b+2b ED-RMF cross section
computed with shell occupations from the independent-particle shell model (IPSM) and the spectral
function approach (SF). The theoretical predictions are compared with data from [103; 151; 150;
155; 142].
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Chapter 6

Charged-current neutrino-nucleus
scattering

Next-generation of accelerator-based neutrino oscillation experiments, DUNE [24] and T2HK [23;

19], require an unprecedented level of accuracy to succeed in extracting neutrino oscillation

parameters. However, one of the main sources of systematic uncertainties comes from the limited

precision in the modeling of neutrino-nucleus interactions. Neutrino beams are produced in

accelerator-based experiments with a broad flux distribution, making the exact energy of the

interacting neutrino unknown. In order to extract the oscillation parameters, it is necessary to

reconstruct the incident neutrino energy from the reaction products. The reconstruction method

depends strongly on neutrino interaction physics, as the interactions observed in the detector

result from the folding of the energy-dependent neutrino flux, cross section and nuclear (strong-

and electroweak-interaction) effects. The wealth of electron scattering data available, along

with the growing collection of measurements from accelerator-based neutrino experiments, have

revealed limitations in the models of lepton-nucleus cross sections that are commonly employed

in neutrino event generators [160; 161; 162; 138]. Therefore, an accurate description of these

reactions has become one of the top challenges for theoretical nuclear physics [2].

The broad energy range of neutrino fluxes in both current and future experiments, spanning

from a few hundred of MeV to several tens of GeV, implies that measured neutrino-nucleus cross

sections may encompass contributions from distinct energy- and momentum-transfer regions of

the nuclear weak response, where different dynamical regimes govern the interactions. These

range from the structure and collective behavior of low-lying nuclear excitations to the quark

substructure of individual nucleons in the deep inelastic scattering region. Therefore, reliable
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analyses of neutrino-nucleus interactions present significant challenges, requiring all possible

reaction channels that contribute to the experimental signal to be accurately taken into account.

Among all mechanisms, quasielastic scattering provides a significant contribution to the signal

in current and future oscillation experiments, being the dominant one in T2K and MicroBooNE.

In this chapter, we carry out our fully relativistic and within a quantum mechanical framework

calculations for charged-current quasielastic interactions off 12C and 16O. Accurately modeling

(anti)neutrino-nucleus scattering, essential for extracting neutrino oscillation parameters from

long- and short-baseline experiments, requires retaining as many quantum-mechanical effects as

possible. The good agreement with electron scattering experimental data supports the use of our

approach to describe the analogous neutrino-induced scattering reaction, allowing us to include

the contribution from two-body meosn-exchange currents. We compute inclusive cross sections

for fixed values of the initial (anti)neutrino energy, as well as integrated over the (anti)neutrino

flux of accelerator-based experiments. While for electromagnetic interactions a vast amount

of data exists, allowing to benchmark lepton-nucleus reaction models, the amount of available

data for charged-current weak processes is much more limited and with poorer quality. Apart

from the limited statistics, the complicating factor in these datasets is the fact that the incoming

neutrino energy is not well-defined, but is instead given by a broad distribution. Then, in order to

compare theoretical predictions with experimental measurements, it is necessary to integrate the

cross section over all possible initial neutrino energies weighted by the normalized experimental

neutrino flux. The flux-folded cross section is computed as〈
dσ

dpfdΩf

〉
=

∫
dEνϕ(Eν)

dσ(Eν)

dpfdΩf
, (6.1)

where the inclusive cross section for a fixed neutrino energy is given by Eq. 2.42, ϕ(Eν) is the

normalized (anti)neutrino flux and the integral over ϕf can be trivially done yielding a factor 2π.

The experimental data are usually binned in cos θf bins, thus, when comparing to these data,

the calculated cross sections are averaged over the corresponding bin.

The extraction of cross section data based on the interaction mode involves significant model-

dependent corrections. In particular, charged-current quasielastic scattering measurements are

affected by two main backgrounds: multi-nucleon knock-out and pion absorption. On the one

hand, multi-nucleon knock-out processes, in which 2p-2h excitations constitute the dominant

contribution, can mimic CCQE interactions in detectors, as they produce similar final-state

signatures—namely a charged lepton and two or more nucleons—making them difficult to dis-
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tinguish from genuine 1p-1h quasielastic events. On the other hand, interpreting events with no

pions in the final state as purely quasielastic is not correct. A major complication arises from the

fact that pions can be not seen in the detector or initially produced at the interaction vertex but

subsequently undergo reabsorption within the nuclear medium [163], leading to their misiden-

tification as quasielastic events. The correct identification of these contributions is problematic

and model-dependent, requiring a detailed and accurate description of both the cross section

for pion production and the mechanisms governing their reabsorption. At present, these effects

are primarily estimated through Monte Carlo event generators, introducing additional sources

of uncertainty. Consequently, the CCQE cross sections extracted from experimental data are

subject to significant systematic uncertainties, further complicating their interpretation. There-

fore, experimental collaborations have shifted toward publishing data of a more objective nature

by focusing on the topology of the final state observed in the detector. CCQE cross section

measurements have been replaced by inclusive CC or CC0π experimental signatures, where only

a final-state charged lepton (i.e., an electron or a muon) is detected in presence or not of pions

in the final state, respectively.

Our predictions for 12C and 16O flux-averaged inclusive cross sections, differential in the

outgoing lepton energy and scattering angle, are compared with experimental datasets corre-

sponding to charged-current interactions from MiniBooNE and T2K collaborations [164; 165;

166; 167; 17; 168; 169], whose main features have been discussed in Chapter 1. As previously

stated, when considering the CC0π experimental signature, datasets tend to have a mix of con-

tributions characterized by the absence of pions in the observed final state. This includes CCQE,

2p-2h and those pion production processes where the pion is absorbed. Therefore, it is expected

that our 1p-1h predictions underestimate the data when 2p-2h excitations and pion absorption

are relevant.

6.1 Cross sections at fixed neutrino energy

Before comparing our predictions to neutrino scattering data, which are averaged over experi-

mental fluxes, we examine inclusive cross sections at a fixed energy of the initial (anti)neutrino,

close to the mean flux energy of the experiments considered. This allows us to isolate and ana-

lyze the effect of two-body meson-exchange currents, providing a deeper understanding, without

blurring the results due to the flux-folding in the neutrino energy.
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Fig. 6.1 present our results for charged-current inclusive cross sections with an incoming muon

(anti)neutrino of energy 750 MeV and fixed values of the outgoing (anti)muon angle θµ = 15, 30

and 60 deg. The separation in longitudinal and transverse components is also shown according

to Eq. 2.53, where the longitudinal component (L) includes the contributions from the CC,

CL and LL channels. In all cases, the dominant contribution to the cross section comes from

the T channel. The two-body currents lead to an increase in the magnitude of both T and

T ′ responses, while the longitudinal contribution remains unchanged, with practically no effect

on the CC, CL and LL responses separately. Differences between neutrino and antineutrino

cross sections arise from the nuclear charge of the involved nucleons in each case, but the most

significant effect appears in the leptonic tensor and affects the sign of the T ′ contribution, which

adds up for neutrino scattering but reduces strength in the antineutrino case, almost canceling

out the T component at high enough scattering angles. Therefore, the relative increase in the

cross sections due to two-body currents is larger for neutrinos compared to antineutrinos as, for

the latter, the enhancement of the T and T ′ responses has opposite signs, diminishing the overall

effect. Additionally, the negative T ′ contribution for antineutrino reactions increases the relative

importance of the longitudinal channel, making it essential to correctly interpret antineutrino

scattering at backward angles, even though its overall contribution is the smallest among the

response functions.

Electromagnetic inclusive cross sections at the same kinematics are shown in Fig. 6.2. Here,

the relative strength of the longitudinal and transverse components depends on the kinematics,

in contrast to the charged-current case, where transverse dominance is consistently observed.

In charged-current cross sections, the contribution from the longitudinal channel is significantly

smaller compared to the electromagnetic case, and the transverse component dominates across

all kinematics. Consequently, the effect of two-body currents becomes more significant, especially

in neutrino scattering.

Current conservation is addressed in Fig. 6.3. In this case, charged-current inclusive cross

sections contain vector and axial contributions, but the conserved current hypothesis only applies

to the former. We present results for both neutrino and antineutrino scattering, along with their

longitudinal components, which are the only ones sensitive to CVC. As in the electromagnetic

case, the impact of explicitly imposing current conservation is minimal, with the longitudinal re-

sponse remaining practically unchanged. Additionally, this effect on the cross section is further

mitigated by the fact that, in charged-current reactions, the longitudinal contribution is sub-

dominant across all kinematics, making it even less significant. In antineutrino scattering, the
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Figure 6.1: Charged-current inclusive cross sections for neutrino (top) and antineutrino (bottom)
scattering off 12C at beam energy 750 MeV and various scattering angles. We show the 1b and 1b+2b
ED-RMF cross section (total), and its longitudinal (L) and transverse (T and T’) contributions.
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Figure 6.2: Electromagnetic inclusive cross sections for electron scattering off 12C at beam energy
750 MeV and various scattering angles. We show the 1b and 1b+2b ED-RMF cross section (total),
and its longitudinal (L) and transverse (T) contributions.
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negative contribution from the T ′ response slightly enhances the relative importance of the lon-

gitudinal component, leading to a marginally more visible impact from CVC. Nevertheless, even

under these conditions, the differences remain negligible. In conclusion, no significant violations

of the conserved vector current hypothesis are observed in our calculations.
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Figure 6.3: Charged-current inclusive cross sections for neutrino (top) and antineutrino (bottom)
scattering off 12C at beam energy 750 MeV and various scattering angles. We show the 1b+2b ED-
RMF cross section (total) and its longitudinal (L) contribution, with and without explicitly imposing
CVC by setting J3

V = (ω/q)J0
V .

Finally, in Figs. 6.4 and 6.5, we show the separation of the cross section, along with its

longitudinal and transverse components, in terms of the vector and axial contributions of the

hadronic responses. At forward scattering angles, the cross section is dominated by the axial

contribution, while as the scattering angle increases, the vector-axial interference becomes more

significant, and the vector and axial terms remain comparable. The L channel is always domi-

nated by the vector component, with a small contribution from the axial one. This explains the

transverse dominance of charged-current cross sections, as the T channel is now enhanced by the

axial component of the responses, whereas such enhancement does not occur in the longitudinal

sector. The main contribution to the T response comes from the axial part at small scattering
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angles, but it eventually becomes comparable to the vector component as one moves to more

backward angles. None of these L and T components have any contribution from the vector-axial

interference term, whose strength is entirely contained in the T ′ channel.
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Figure 6.4: Charged-current inclusive cross sections for neutrino scattering off 12C at beam energy
750 MeV and scattering angle 15 deg (top), 30 deg (middle) and 60 deg (bottom) separated in terms
of vector (VV), vector-axial (VA) and axial (AA) components of the responses. We show our 1b
and 1b+2b ED-RMF results for, from left to right, cross section (total), and its longitudinal (L) and
transverse (T and T’) contributions.
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Figure 6.5: Charged-current inclusive cross sections for antineutrino scattering off 12C at beam
energy 750 MeV and scattering angle 15 deg (top), 30 deg (middle) and 60 deg (bottom) separated
in terms of vector (VV), vector-axial (VA) and axial (AA) components of the responses. We show
our 1b and 1b+2b ED-RMF results for, from left to right, cross section (total), and its longitudinal
(L) and transverse (T and T’) contributions.
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6.2 T2K

Quasielastic scattering represents the dominant contribution to the cross section in the energy

regime of T2K, shown in Fig. 6.6, making experimental measurements from this collaboration

particularly relevant for validation purposes. Additionally, the near detector ND280 includes

hydrocarbon and water targets, allowing us to test our model across different nuclei. Thus, in

this section, we compare our theoretical predictions to T2K experimental data for CC0π and

CC inclusive (anti)neutrino scattering on 12C and 16O. As mentioned above, CC0π scattering

refers to interactions where no pions are detected in the final state, while the number of outgoing

nucleons remains unrestricted. Therefore, pion absorption, as well as multi-nucleon excitations—

primarily driven by 2p-2h contributions—also play a role in the measured cross sections, leading

to a strength that is not accounted for in our approach.
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Figure 6.6: Normalized νµ and ν̄µ fluxes of T2K.

6.2.1 νµ reactions

In Figs. 6.7, 6.8 and 6.9, we present our results for the flux-averaged double differential muon

neutrino scattering cross section on hydrocarbon, while Figs. 6.10 and 6.11 show the correspond-

ing results on water. Cross sections are plotted against the muon momentum, and each panel

corresponds to a certain bin in the scattering angle. The theoretical predictions are compared to

experimental measurements without pions in the final state from T2K [164; 166; 167]. Ref. [164]

includes two datasets for the cross section on hydrocarbon obtained through different analyses,
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labelled I and II, both of which are considered equally valid and mutually consistent. Meanwhile,

Ref. [166] reports the first measurement on water. Finally, in Ref. [167], cross sections on hy-

drocarbon and water have been simultaneously extracted. Measuring interactions on these two

nuclear targets at the same time provides a better understanding of their differences and serves

to complement, validate and improve the previous data obtained separately for each nucleus.

This approach also allows for a consistent treatment of correlations, as scattering on carbon

constitutes the main background for oxygen measurements. Therefore, given that interactions

with both nuclei are governed by the same underlying physics, assuming that carbon reactions

are known in order to extract those on oxygen would lead to inconsistencies. A joint extraction

is thus the most reliable method to disentangle the oxygen contribution from that of carbon. It

is worth noting that, although this measurement additionally permits the calculation of the cross

section ratio, which provides a way to validate the models’ ability to extrapolate between carbon

and oxygen nuclear targets, the differences between these nuclei are so small, and the uncertain-

ties so large, that the data have very limited constraining power. Therefore, this comparison is

not included in the present work.

In general, experimental measurements are well reproduced by our theoretical predictions.

Due to the large uncertainties shown by the data, both one-body results and those including two-

body contributions are in accordance with the experiment in several kinematic regions. However,

the data seem to prefer the incorporation of two-body meson-exchange currents, leading to

an increase in strength that improves the agreement with data when the one-body calculation

underestimates it, while never causing an overestimation. As the cross section is averaged over the

neutrino flux, the contribution from two-body currents remains approximately constant across all

cos θµ bins, leading to an increase by up to 12%. Of particular interest is the behavior observed at

the most forward angles. While in other cases the cross section significantly decreases as the muon

momentum increases, at small scattering angles it remains stabilized at non-zero values. This

effect arises due to the high-energy tail of the T2K neutrino flux (see Fig. 1.3). As a final point,

the results present little room for the contribution from higher-energy reaction mechanisms. In

Ref. [170; 171], the 2p-2h contribution has been computed within the SuSAv2 model, obtaining

a relative small effect, which supports the agreement of our 1p-1h results with data. This is

attributed to the shape of the T2K neutrino flux, with a narrow distribution around a peak

energy of 0.6 GeV, significantly reducing the contribution from the energy regime where this

reaction channel appears.
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Figure 6.7: T2K flux-folded double-differential cross sections per nucleon for νµ-CC0π scattering
on hydrocarbon displayed as a function of the muon momentum pµ for different bins of cos θµ.
Theoretical predictions are compared with experimental data from the Analysis I of Ref. [164].

To conclude, Fig. 6.12 shows a comparison of our theoretical predictions with measurements

of muon neutrino charged-current inclusive cross sections on hydrocarbon from T2K [165]. In

contrast to the previous datasets, the experimental signature now consists in one charged lepton

and any number of nucleons and pions in the final state. Therefore, as expected, our predictions

underestimate the data, requiring the addition of pion production processes to correctly describe

it [170; 172; 173].

6.2.2 νµ and νµ combined reactions

In Figs. 6.13-6.17, we compare our theoretical predictions with the T2K results from Ref. [17]

for the combined measurement of muon neutrino and antineutrino charged-current cross sections

on hydrocarbon without pions in the final state. These data were obtained using neutrino and

antineutrino beams, both centered at the same energy peak, and their combination allows for

a robust antineutrino cross section measurement, effectively accounting for the relatively large

background of neutrino interactions in the antineutrino sample. Furthermore, the correlation

between the datasets can be exploited to further improve the accuracy of the results. In ad-

dition to the individual cross sections, their sum, difference and asymmetry are computed to
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Figure 6.8: T2K flux-folded double-differential cross sections per nucleon for νµ-CC0π scattering
on hydrocarbon displayed as a function of the muon momentum pµ for different bins of cos θµ.
Theoretical predictions are compared with experimental data from the Analysis II of Ref. [164].
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Figure 6.9: T2K flux-folded double-differential cross sections per nucleon for νµ-CC0π scattering
on hydrocarbon displayed as a function of the muon momentum pµ for different bins of cos θµ.
Theoretical predictions are compared with experimental data from Ref. [167].
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Figure 6.10: T2K flux-folded double-differential cross sections per neutron for νµ-CC0π scattering
on water displayed as a function of the muon momentum pµ for different bins of cos θµ. Theoretical
predictions are compared with experimental data from Ref. [166].
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Figure 6.11: T2K flux-folded double-differential cross sections per nucleon for νµ-CC0π scattering
on water displayed as a function of the muon momentum pµ for different bins of cos θµ. Theoretical
predictions are compared with experimental data from Ref. [167].
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Figure 6.12: T2K flux-folded double-differential cross sections per nucleon for νµ-CC inclusive
scattering on 12C displayed as a function of the muon momentum pµ for different bins of cos θµ.
Theoretical predictions are compared with experimental data from Ref. [165].
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obtain a better understanding of the nuclear effects involved in charged-current interactions.

The neutrino-antineutrino cross section asymmetry is computed as the ratio of the difference to

the sum. This quantity results particularly relevant in the search for CP violation in neutrino

oscillations, as most uncertainties and nuclear medium effects cancel out.

The comparison with the neutrino data leads to the same conclusions as in the previous sub-

section, showing good agreement between our predictions and the experimental measurements,

which is improved when the contribution from two-body currents is included. The antineutrino

results, in addition to the scattering cross section on 12C, now also include the interaction on

the hydrogen of the hydrocarbon molecule. This reaction is modeled as the interaction of the

antineutrino with a free proton and, therefore, only occur through one-body currents. The re-

sults show a much smaller increase from two-body currents compared to the neutrino case, as

the opposite sign in the T ′ term removes strength rather than adding it. In the same way, the

2p–2h contribution is expected to be less significant for antineutrinos than for neutrinos. This

further supports the agreement with the data, which is already well reproduced without requiring

a sizable 2p–2h component.

In a purely theoretical framework, and neglecting the small isospin differences between nu-

cleons, the flux-folded double differential cross section of Eq. 6.1, hereafter denoted by ⟨σ⟩, can

be expressed as ⟨σν⟩ = ⟨σV V+AA⟩ + ⟨σV A⟩ and ⟨σν̄⟩ = ⟨σV V+AA⟩ − ⟨σV A⟩. Then, the sum and

difference of neutrino and antineutrino flux-folded cross sections reads

⟨σν⟩+ ⟨σν̄⟩ =
∫
dEνϕν(Eν)σν(Eν) +

∫
dEν̄ϕν̄(Eν̄)σν̄(Eν̄)

=

∫
dE[(ϕν + ϕν̄)σV V+AA + (ϕν − ϕν̄)σV A] (6.2)

and

⟨σν⟩ − ⟨σν̄⟩ =
∫
dEνϕν(Eν)σν(Eν)−

∫
dEν̄ϕν̄(Eν̄)σν̄(Eν̄)

=

∫
dE[(ϕν − ϕν̄)σV V+AA + (ϕν + ϕν̄)σV A]. (6.3)

As a result, given the T2K neutrino and antineutrino fluxes, which have very similar shapes, the

sum of neutrino and antineutrino cross sections mostly eliminates the vector-axial interference

term, whereas the difference isolates it. This allows us to have a deeper insight into the two-

body contributions, as the increase they produce is no longer canceled out in any case. We

note that some bins exhibit a negative cross section difference. This is due to the additional
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antineutrino interaction with hydrogen, which lead to a higher antineutrino cross section than

that of neutrinos.

For the sum, our results show a good agreement with the experimental measurements when

two-body contributions are included, leaving small but enough room for the 2p-2h contribution.

Meanwhile, the results for the difference are less conclusive, specially at forward angles where

the experimental data present significant uncertainties and dispersion. Additionally, the various

2p-2h models considered in [17] have quite different predictions for the vector-axial component,

making it difficult to determine the impact of this contribution on the final result.

Lastly, in [17], it has been observed that the neutrino-antineutrino cross-section asymmetry

shows little dependence on the 2p-2h contribution, except in the low-momentum region and

at forward angles. This makes it an interesting observable to compare with our purely 1p-1h

predictions. Although our theoretical results seem to reproduce the experimental data, the

latter are quite scattered and subject to large uncertainties, making it difficult to draw definite

conclusions or determine whether the two-body contribution plays a significant role.
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Figure 6.13: T2K flux-folded double-differential cross sections per nucleon for νµ-CC0π inclusive
scattering on hydrocarbon displayed as a function of the muon momentum pµ for different bins of
cos θµ. Theoretical predictions are compared with experimental data from Ref. [17].
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Figure 6.14: T2K flux-folded double-differential cross sections per nucleon for ν̄µ-CC0π inclusive
scattering on hydrocarbon displayed as a function of the muon momentum pµ for different bins of
cos θµ. Theoretical predictions are compared with experimental data from Ref. [17].
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Figure 6.15: Sum of T2K flux-folded double-differential cross sections per nucleon for νµ+ν̄µ-CC0π
inclusive scattering on hydrocarbon displayed as a function of the muon momentum pµ for different
bins of cos θµ. Theoretical predictions are compared with experimental data from Ref. [17].
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Figure 6.16: Difference of T2K flux-folded double-differential cross sections per nucleon for νµ− ν̄µ-
CC0π inclusive scattering on hydrocarbon displayed as a function of the muon momentum pµ for
different bins of cos θµ. Theoretical predictions are compared with experimental data from Ref. [17].
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Figure 6.17: Asymmetry of T2K flux-folded double-differential cross sections for CC0π inclusive
scattering on hydrocarbon displayed as a function of the muon momentum pµ for different bins of
cos θµ. Theoretical predictions are compared with experimental data from Ref. [17].
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6.3 MiniBooNE

Neutrino and antineutrino fluxes in MiniBooNE experiment peak at 0.788 GeV and 0.665 GeV,

respectively, extending from 0 up to approximately 7 GeV, with the most significant contribu-

tions concentrated below 3 GeV (see Fig. 6.18). Within this energy range, quasielastic scattering

represents the dominant contribution to the cross section. Therefore, we now compare our theo-

retical predictions with the muon neutrino and antineutrino CCQE-like and CCQE cross section

measurements on hydrocarbon from the MiniBooNE collaboration [168; 169]. CCQE-like events

correspond to the CC0π experimental signature, being defined as those processes containing no

pions in the final state. Meanwhile, CCQE observables are obtained by subtracting the back-

ground contribution from pions created at the interaction vertex and subsequently reabsorbed in

the nuclear medium. Although this background is partially constrained by their own measure-

ments [34], its extraction from the experimental signal introduces a degree of model dependence

in the resulting data. Moreover, discrepancies have been identified between the MiniBooNE π+

production data and the corresponding results reported by T2K [36] and MINERνA [174], [175].

Thus, to better assess the uncertainties related to this procedure, both CCQE and CCQE-

like datasets are included in our comparisons. Additionally, in both cases, due to the lack of

experimental sensitivity to the outgoing hadrons in the final state, multi-nucleon excitations

are inseparable from the experimental measurements. Even though these contributions are not

CCQE, they should also be taken into account for a proper interpretation of the data.
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Figure 6.18: Normalized νµ and ν̄µ fluxes of MiniBooNE.
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6.3.1 νµ and νµ reactions

Figs. 6.19 and 6.20 show our theoretical predictions for the flux-averaged double differential

muon neutrino and antineutrino scattering cross section on hydrocarbon. The results are plot-

ted against the kinetic energy of the final muon, and each panel corresponds to a certain bin

in the scattering angle. The experimental data correspond to the CCQE and CCQE-like mea-

surements from MiniBooNE [168; 169], where the CCQE-like data are constructed by adding

the reported background to the CCQE cross section. Antineutrino scattering data on 12C have

been also obtained in [169] by subtracting the hydrogen component, which stems from scattering

on a quasifree proton. However, we do not include a comparison with these data, as the sub-

traction procedure used to isolate the 12C component introduces additional model dependence

into the results. Finally, one should keep in mind that the MiniBooNE collaboration reports a

normalization error which is not taken into account in the error bars.

Our theoretical predictions provide a good description of the neutrino experimental data

at forward scattering angles. This agreement is improved by including the two-body current

contribution, which produces a sizable increase. Moving toward more backward angles, the

calculations tend to saturate the data at low Tµ, while underestimating it at higher values.

Similar observations have been pointed out in [145; 43; 176]. This underestimation can be

partially solved by including the 2p–2h contribution, although it would introduce an overall

increase across the entire Tµ range, leading to an overestimation where the calculations already

match the data. In contrast with the analysis of the T2K experiment, the relative impact of the

2p–2h mechanism is expected to be more significant here, given the broader distribution of the

MiniBooNE flux with a substantial contribution up to 3 GeV. In particular, within the SuSAv2

model [170], the 2p–2h contribution enhances the neutrino and antineutrino cross sections up to

25–35% compared to the pure quasielastic prediction.

On the other hand, the antineutrino data tend to be systematically larger than our predic-

tions, except for the high Tµ tail at backward scattering angles, which is well reproduced in this

case. Now, the agreement with data is not improved when two-body currents are included, hav-

ing a significantly smaller effect compared to the neutrino case, in line with the trend observed

in previous calculations. Meanwhile, it can be expected that this improvement would come from

the contribution of 2p–2h mechanisms.

Overall, these results contrast with the generally good agreement obtained with T2K data.

However, uncertainties in the MiniBooNE analysis limit the ability to extract firm conclusions

from the comparison with theoretical predictions. The model dependent background subtraction
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method adopted makes comparison with CCQE data difficult whereas, in the CCQE-like case,

the comparison is hampered by the lack of 2p-2h and pion absorption contributions in our

predictions. Additionally, it is worth noting that the estimated uncertainties in MiniBooNE data

did not account for full correlation information, and unresolved tensions with other experiments

still persist. Nevertheless, given the high quality of these data, a reanalysis of the events using

more modern approaches would be highly valuable [175].
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Figure 6.19: MiniBooNE flux-folded double-differential cross sections per neutron for νµ-CCQE
inclusive scattering on hydrocarbon displayed as a function of the muon kinetic energy Tµ for different
bins of cos θµ. Theoretical predictions are compared with CCQE and CCQE-like experimental data
from Ref. [168], where the latter have been obtained by adding the reported background.
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Figure 6.20: MiniBooNE flux-folded double-differential cross sections per proton for ν̄µ-CCQE
inclusive scattering on hydrocarbon displayed as a function of the muon kinetic energy Tµ for different
bins of cos θµ. Theoretical predictions are compared with CCQE and CCQE-like experimental data
from Ref. [169], where the latter have been obtained by adding the reported background.
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Chapter 7

Conclusions

The precise measurement of neutrino properties is nowadays one of the highest priorities in

fundamental particle physics. It has been firmly established that neutrinos oscillate and hence

are massive particles. However, absolute neutrino masses, the neutrino mass hierarchy and the

nature of the neutrino mass are still open questions in physics. Additionally, neutrinos open the

door to investigate new physics, as the determination of charge-parity violation in the leptonic

sector. Current experimental efforts focus on accelerator-based neutrino oscillation experiments,

with large collaborations all over the globe. As neutrinos only interact weakly, the detection of

these particles relies on their interaction with nuclear targets. Therefore, accurate oscillation

analyses require a precise knowledge of the complexities of neutrino-nucleus interactions. Under-

standing the hadronic and nuclear physics of these interactions constitutes a challenging source

of uncertainty, being one of the limiting systematic errors in neutrino oscillation physics. In the

coming decades, next-generation experiments will accumulate an unprecedented number of neu-

trino events, shifting the main limitation from statistical to systematic uncertainties. Improving

the theoretical description of neutrino–nucleus cross sections will therefore be essential for the

success of neutrino oscillation experiments.

In the energy regime of accelerator-based experiments, the neutrino-nucleus interaction is

driven by several reaction mechanisms. Our focus is placed on the quasielastic (QE) region,

which represents a significant contribution in both current and future neutrino oscillation exper-

iments. Several models have been proposed to study this process. In this thesis, we present a

fully relativistic and quantum mechanical framework based on the relativistic mean-field (RMF)

solutions. The ground state nucleus consists of single-particle orbitals with fixed energy and

angular momentum, where the initial state is described by an unfactorized representation of the
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spectral function based on single-particle solutions of the RMF. This approach allows to include

effects beyond the mean-field approximation, like the depletion of the occupation of the shell

model states and the appearance of nucleons at higher missing energies due to nucleon-nucleon

correlations. Final-state interactions (FSI) between the outgoing nucleon and the residual nu-

cleus are included within the relativistic distorted wave impulse approximation, with the final

nucleon being described by a solution of the Dirac equation in the continuous with the energy-

dependent relativistic mean-field (ED-RMF) potential [97; 98; 96]. This potential is constructed

as the RMF potential used in the bound state but multiplied by a phenomenological function

that weakens the scalar and vector potentials for increasing nucleon momenta. The main advan-

tage of this choice is that it preserves orthogonality and consistency between the initial and final

states at low energies of the final nucleon, while approaching the behavior of the phenomenolog-

ical optical potentials at larger energies. The sensitivity of the calculations with the description

of the knocked-out nucleon has been addressed by considering the relativistic plane wave im-

pulse approximation (RPWIA), where FSI are neglected, and other choices for the potential, in

particular, RMF and a relativistic optical potential. We observe that accurately accounting for

nucleon distortion while maintaining orthogonality between initial and final states is essential to

correctly reproduce the experimental data.

The key contribution of this work is the incorporation of two-body meson-exchange currents

with a final particle-hole state. We extend the usual treatment of QE scattering within the im-

pulse approximation, based on a one-body current operator, and include the interaction between

nucleons through one pion exchange by incorporating a two-body current operator. It includes

the contribution from the ∆-resonance mechanism (electroweak excitation of the ∆(1232) reso-

nance and its subsequent decay into Nπ) and the background contributions deduced from the

chiral perturbation theory (ChPT) Lagrangian of the pion-nucleon system [177]. Particle–hole

excitations through two-body meson-exchange currents involve an intermediate bound-nucleon

state, for which different modeling strategies have been explored. We begin by describing the

intermediate nucleons as bound wave functions using the same RMF potential as that of the

initial and final nucleons. The key point of this approach is that orthogonality is preserved

between all particle states. However, computing the hadronic current involves the evaluation of

a 9-dimensional integral with contributions from numerous diagrams, which demands extremely

high computational time. To address this, we consider two possible approximations that reduce

the complexity of the problem. First, the intermediate bound-nucleon state is approximated

using free Dirac spinors in a Relativistic Fermi Gas. This simplification reduces the hadronic
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current to a 6-dimensional integral with fewer contributing diagrams, thus significantly reducing

the computational effort. However, this approach leads to the lost of consistency between the

intermediate state and the initial and final ones, as well as the bound aspect of the nucleons.

Then, to partially restore the bound character of the intermediate state, we have modified its

energy and mass, accounting for the influence of the mean-field potential. When effective values

for the intermediate nucleon energy and mass are introduced, the differences with respect to the

full RMF treatment become significantly reduced. Therefore, this improved approximation has

been employed in the calculations presented in this work.

Electron scattering provides a useful tool for validating nuclear models, with plenty of avail-

able experimental data with well-defined energies of the incident beam, unlike in the neutrino

case where only flux distributions are known. For this reason, the comparison with electromag-

netic data has been an essential step and the first one in our analysis. However, we stress that

such a test is necessary but not sufficient to ensure the validity of a model, since only the vector

part of the weak response can be tested through the electromagnetic response.

In this context, our relativistic mean-field based model, with one- and two-body current con-

tributions, has been shown to be capable of simultaneously describing the inclusive longitudinal

and transverse electromagnetic responses of 12C in the quasielastic regime, and further the ex-

perimental cross sections. We find that the effect of two-body meson-exchange currents is only

significant in the transverse channel, where the response is increased up to a 30%, while the

longitudinal sector remains unaffected. The increase in the cross section depends on the relative

contribution of the transverse response, which depends on the kinematics. The agreement with

data is good in general and very good for RL, for which isolation of the longitudinal contributions

suppresses other processes not considered in the calculation, such as real pion production. Fur-

thermore, the increase of the transverse component due to two-body meson-exchange currents is

supported by carbon data on separated RT response and cross sections.

The electromagnetic responses and cross sections have also been computed for 16O, given the

importance of this nucleus in current and future neutrino oscillation experiments. In this case, the

available experimental data is significantly more limited, and to our knowledge, no Rosenbluth

separation has been performed to extract longitudinal and transverse responses. Then, as a first

step, our theoretical predictions for the nuclear responses have been compared with recent results

from the Bayesian artificial neural network (BNN) [140] and coupled-cluster theory (LIT-CC)

[141] approaches, showing good agreement despite the very different nature of these frameworks,

which supports the consistency of our model. When comparing to cross section data, the scarcity
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of measurements makes it difficult to draw clear conclusions. Our results show poor agreement

with data for the very small energy kinematics, particularly in the position of the quasielastic

peak, whereas at medium and higher energies the discrepancies vanish.

The computation of electromagnetic responses and cross sections concludes with the case

of 40Ca. For this nucleus, the results are presented as bands that account for the uncertainty

associated with the modeling of the spectral function used to describe the initial state. In this

case, the agreement of our model with the experimental RL and RT data is generally poor.

Significant discrepancies exist between different experimental datasets. The interaction of the

electron with the Coulomb field affects the Rosenbluth separation, causing a redistribution of

the strength attributed to longitudinal and transverse responses and changing their shape [178;

179; 60]. This leads to considerable uncertainties in the extracted responses. Therefore, the

study of the inclusive cross sections seemed to be more convenient in this case. For most of

the kinematics studied, the data favor smaller shell occupations, with around 30 − 35% of the

nucleons contributing to the background. This makes clear the relevance of correlations that

reduce the strength of the QE peak.

Motivated by the general good agreement with electron scattering experimental data, we

extended our model to describe the analogous charged-current neutrino-induced scattering re-

action. The complicating factor in neutrino experiments is the fact that the incoming neutrino

energy is given by a broad distribution. Then, in order to compare theoretical predictions with

experimental measurements, it is necessary to compute flux-folded cross sections.

We have started our study by computing inclusive cross sections for a fixed value of the initial

(anti)neutrino energy and different scattering angles, allowing us to isolate and analyze the effect

of two-body currents, without blurring the results due to the flux-folding in the neutrino energy.

In all cases, the dominant contribution to the cross section comes from the T channel. Two-body

meson-exchange currents lead to an increase in the magnitude of both T and T ′ responses, while

the longitudinal contribution remains unchanged. The main difference between neutrino and

antineutrino cross sections appears in the sign of the T ′ contribution, which adds up for neutrino

scattering but reduces strength in the antineutrino case, almost canceling out the T component

at high enough scattering angles. Therefore, the relative increase due to two-body currents

is larger for neutrinos compared to antineutrinos as, for the latter, the enhancement of the T

and T ′ responses has opposite signs, diminishing the overall effect. Additionally, the negative

T ′ contribution for antineutrino reactions increases the relative importance of the longitudinal
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channel, making it essential to correctly interpret antineutrino scattering at backward angles,

even though its overall contribution is the smallest among the response functions.

Finally, our predictions for 12C and 16O flux-averaged inclusive cross sections are compared

with T2K and MiniBooNE experimental datasets corresponding to charged-current interactions

without pions in the final state. In general, T2K measurements for neutrino and antineutrino

cross sections on hydrocarbon, as well as neutrino cross sections on water, are well reproduced

by our theoretical predictions. Due to the large uncertainties shown by the data, both one-

body results and those including two-body contributions are in accordance with the experiment

in several kinematic regions. However, the data seem to prefer the incorporation of two-body

meson-exchange currents, leading to an increase in strength that improves the agreement with

the data when the one-body calculation underestimates it, while never causing an overesti-

mation. Additionally, the sum, difference and asymmetry of neutrino and antineutrino cross

sections on hydrocarbon have been also computed. Our results for the sum of cross sections

show a good agreement with the experimental measurements when two-body contributions are

included. Meanwhile, the results for the difference and asymmetry of cross sections are less

conclusive, although our theoretical results seem to reproduce the experimental data, the latter

are quite scattered and subject to large uncertainties, making it difficult to draw definite conclu-

sions or determine whether the two-body contribution plays a significant role. Finally, we find

discrepancies between our theoretical predictions and MiniBooNE experimental measurements

for neutrino and antineutrino cross sections on hydrocarbon, which contrast with the generally

good agreement obtained with T2K data. However, uncertainties in the MiniBooNE analysis

limit the ability to extract firm conclusions.
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Chapter 8

Outlook

We conclude this thesis by exploring potential applications of the results obtained and outlining

directions for future research.

Beyond the inclusive processes studied in this work, where only the final-state lepton is

detected, semi-inclusive experiments, in which an outgoing nucleon and lepton are detected in

coincidence, are also of special interest for neutrino energy reconstruction [71]. An extension of

the present model, describing the final nucleon using relativistic optical potentials that include

both real and imaginary terms, has previously been applied to reproduce exclusive electron

scattering (e, e′p) data [60; 81; 180; 61; 181; 182]. The same approach can be employed in

neutrino scattering processes corresponding to the experimental signature of having one proton

detected and no other hadrons. Thus, the model provides a lower bound for semi-inclusive

samples in which a lepton is detected in coincidence with (at least) one proton [183; 71; 72; 184].

An alternative strategy to address semi-inclusive predictions is the use of intranuclear cas-

cade models, which are commonly employed in experimental analyses to simulate final-state

interactions and predict the multiplicity and kinematics of outgoing hadrons. Neutrino event

generators, such as NEUT [185], GENIE [186], ACHILLES [187] and NuWro [188], commonly

treat the initial interaction at the vertex and the final-state propagation of the hadrons as discrete

steps, assuming a temporal separation between them. In one-nucleon knock-out, for example, an

outgoing nucleon with a given four-momentum is generated according to a model describing the

primary interaction. In this context, RDWIA calculations with a real potential provide a realistic

description by incorporating elastic FSI at the interaction vertex, and serve as the starting point

for the cascade model. The outgoing nucleon is then introduced into the cascade, and propa-

gated through the residual nucleus to model final-state interactions. The cascade redistributes
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strength across various hadronic channels in the final state, such as multi-nucleon emission or

pion production, by simulating further interactions within the nucleus. The result of this process

is a complete prediction of the multiplicity of hadrons in the final state, including the kinemat-

ics of each particle. The cascade is implemented as a unitary process in the sense that it does

not modify the inclusive cross section, i.e., after summation and integration over all final-state

configurations resulting from the cascade, the inclusive cross section predicted by the primary

interaction model is recovered. Therefore, it is important to start with a description of the pri-

mary vertex that already provides a good agreement with inclusive observables. To this end, the

ED-RMF model employed in this work has already been implemented in the NEUT event gener-

ator [189]. Its predictions, based solely on one-body current interactions, yield a generally good

agreement with T2K, MINERνA and MicroBooNE data. Work is currently ongoing to extend

this approach by incorporating two-body meson-exchange current contributions. Importantly,

events in which the nucleon exits the nucleus without interacting define an elastic channel whose

cross section is expected to match that of RDWIA predictions employing a complex optical

potential. This correspondence allows for benchmarking between the two frameworks [190; 191].

Lastly, extending this model to study isospin-asymmetric nuclei with partially filled shells

would be particularly valuable, allowing its application to 40Ar scattering, which is of great

interest for the neutrino oscillation experiments MicroBooNE and DUNE.
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Appendix A

Notation and conventions

This appendix summarizes the notation and conventions used through-out this work. We follow

Bjorken and Drell convention (see Appendix A in [192]), which is the same as in Greiner and

Reinhardt [46].

In this thesis, we use natural units, setting the reduced Planck constant and the speed of

light equal to unity

ℏ = 1, c = 1, (A.1)

and, then, the transformation between energy and length is given by the factor ℏc = 197.33 MeV fm.

Under these conditions, the fine structure constant is expressed as

α =
e2

4π
=

1

137.04
, (A.2)

where e > 0 denotes the electron charge.

Four-vectors and metric

Four-vectors are represented with capital letters, and sometimes, for clarity, with greek super-

or sub-index, Aµ. Corresponding three-vectors are represented as a, and their modules simply

as a. Then,

Aµ ≡ (a0, a1, a2, a3) ≡ (a0,a), (A.3)

where a0 is the time-like component and ai, i = 1, 2, 3 are the spatial components, which form a

vector in 3-dimensional space. In this way, the four-position in space-time of an event is denoted

as

Xµ = (t,x), (A.4)
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and the four-momentum of a particle is

Pµ = (E,p), (A.5)

which satisfies

P · P = E2 − p2 =M2, (A.6)

with M the invariant mass. As energy and momentum are separately conserved in interactions,

the four-momentum is also a conserved quantity.

The metric tensor is given by

gµν =

 1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 =
(

1 0
0 −11

)
. (A.7)

Four-vectors with an upper index are referred to as contravariant, while the corresponding four-

vector with a lower index is referred to as covariant, and it is obtained as

Aµ = gµνA
ν . (A.8)

Thus, the scalar product of four-vectors is

A ·B = AµB
µ = gµνA

νBµ = a0b0 − a1b1 − a2b2 − a3b3. (A.9)

We define the Levi-Civita symbol ϵαβγδ, a totally antisymmetric tensor, with

ϵ0123 = 1, (A.10)

where if the indices (αβγδ) are an even permutation of (0,1,2,3) the sign is positive while for

uneven permutations the sign is negative, the tensor is zero if any indices are repeated. Its

covariant form is given by

ϵαβγδ = −ϵαβγδ. (A.11)

Free Dirac equation

The Dirac equation for a free particle with rest mass M and spin 1/2 is(
iγµ

∂

∂Xµ
−M

)
Ψ(X) = 0, (A.12)
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where γµ = (γ0, γ1, γ2, γ3) are referred to as the Dirac matrices. These matrices satisfy the

anticommutation relation

{γµ, γν} = 2gµν (A.13)

and its conjugation is given by

(γ0)† = γ0 , (A.14)

(γk)† = −γk ,with k = 1, 2, 3 , (A.15)

(γµ)† = γ0γµγ0 , (A.16)

such that γ0 is Hermitian while γi with i ̸= 0 are anti-Hermitian.

As a standard representation of the Dirac matrices, we use the 4× 4 matrices

γ0 =
(
σ0 0
0 −σ0

)
, γi =

(
0 σi

−σi 0

)
(i ̸= 0), (A.17)

with σ the 2× 2 Pauli matrices

σ0 =
(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.18)

γµ matrices may be effectively treated as a four-vector, such as its scalar product with other

four-vector is given by

/P = Pµγ
µ = p0γ0 − p1γ1 − p2γ2 − p3γ3, (A.19)

where the Feynman slash notation has been introduced due to the common occurrence of such

products.

In addition, the following combinations occur frequently,

σµν =
i

2
[γµ, γν ] , (A.20)

and

γ5 = γ5 = iγ0γ1γ2γ3 =
(
0 σ0
σ0 0

)
, (A.21)

which is Hermitian and anticommutes with the four gamma matrices,

{γ5, γµ} = 0 . (A.22)
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Free solutions to the Dirac equation are given by plane waves for particles

Ψ(+)(X) =

√
M

E V
u(p, s) e−iP ·X , (A.23)

and antiparticles

Ψ(−)(X) =

√
M

E V
v(p, s) eiP ·X , (A.24)

where V is the volume containing the wave function, p is the 3-momentum and s the third

component spin projection, which can assume the values ±1/2. u(p, s) and v(p, s) are referred

to as free Dirac spinors and the Dirac equation yields

(/p−M)u(p, s) = 0, (A.25)

(/p+M)v(p, s) = 0. (A.26)

Explicitly, we have

u(p, s) =

√
E +M

2M

( χs

σ · p
E +M

χs

)
, (A.27)

v(p, s) =

√
E +M

2M

( σ · p
E +M

χ−s

χ−s

)
, (A.28)

with χs the bispinor defining the spin projection. The choice of χs is arbitrary, and allows for

two independent solutions which correspond to the spin degrees of freedom of the Dirac spinor.

One can choose two orthogonal two-component vectors, the two simplest options are

χ+1/2 =
(
1
0

)
, χ−1/2 =

(
0
1

)
. (A.29)

With this convention, the two spinors corresponding to χ+1/2 and χ−1/2 are spin-up and down

solutions where the spin quantization axis is along the z-axis in the particle’s rest frame.

The normalization of the spinors is such that

u†(p, s)u(p, s′) =
E

M
δss′ , (A.30)

v†(p, s)v(p, s′) = − E

M
δss′ , (A.31)

134



and

ū(p, s)u(p, s′) = δss′ , (A.32)

v̄(p, s)v(p, s) = −δss′ , (A.33)

where ū(p, s) = u†(p, s)γ0 and v̄(p, s) = v†(p, s)γ0 are referred to as adjoint spinors.

Other useful relations are

∑
s

u(p, s)ū(p, s) =
̸P +M

2M
, (A.34)

∑
s

v(p, s)v̄(p, s) =
̸P −M

2M
. (A.35)

This leads to the completeness relation

∑
s

[u(p, s)ū(p, s)− v(p, s)v̄(p, s)] = 1. (A.36)

Fourier transform

The Fourier transform of a wave function Ψ(x) is defined as

Ψ(p) =
1

(2π)3/2

∫
dx Ψ(x)e−ix·p , (A.37)

while the inverse transform is given by

Ψ(x) =
1

(2π)3/2

∫
dp Ψ(p)eix·p . (A.38)

From these, one gets the following normalization,∫
dx |Ψ(x)|2 =

∫
dp |Ψ(p)|2 = 1. (A.39)

Dirac delta

The Dirac delta function can be written in the form∫
d4X ei(P

′−P )·X = (2π)4δ4(P ′ − P ). (A.40)

Therefore, in the limit P ′ = P , (2π)4δ4(P ′ − P ) → V · T . The term V · T represents the total
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volume of integration, with V the spatial volume and T the total time interval. Similarly, the

squared Dirac delta satisfies

[
(2π)4δ4(P ′ − P )

]2
= TV (2π)4δ4(P ′ − P ). (A.41)

More generally, the Dirac delta distribution may be composed with a smooth function f(x).

In this case, a useful property is

δ(f(x)) =
∑
i

δ(x− xi)

|∂f/∂x|xi

, (A.42)

where xi is such that f(xi) = 0.
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Appendix B

Feynman rules in coordinate space

The amplitude of a Feynman diagram for a given scattering process is computed using the

following Feynman rules in coordinate space.

1. Vertex: i
∫

d4XL̄, where L̄ is the Lagrangian without the fields.

2. Particle propagating from X to Y with 4-momentum Pµ:

• W boson:

DW (X − Y ) =

∫
d4P

(2π)4
−igµν

P 2 −M2
W

eiP (X−Y ) .

• Photon:

Dγ(X − Y ) =

∫
d4P

(2π)4
−igµν
P 2

eiP (X−Y ) .

• Pion:

Dπ(X − Y ) =

∫
d4P

(2π)4
i

P 2 −m2
π

eiP (X−Y ) .

• Nucleon:

DN (X − Y ) =

∫
d4P

(2π)4
i(/P +MN )

P 2 −M2
N

eiP (X−Y ) .

3. External free particle with 4-momentum Pµ = (E,p):

• Incoming fermion: Ψ(X) =
√

M
VEu(p, s)e

−iPX .

• Outgoing fermion: Ψ(X) =
√

M
VEue

iPX

• Incoming pion: Φ(X) = 1√
2EV

e−iPX .

• Outgoing pion: Φ∗(X) = 1√
2EV

eiPX .
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Appendix C

Pion-nucleon system in ChPT:
Non-resonant vertices

The ChPT Lagrangian for the pion-nucleon system provides all the necessary vertices for com-

puting the ChPT background Feynman diagrams considered in this model. In this appendix, we

present a detailed derivation of those vertices. We closely follow the procedure and convention

of Ref. [177].

The effective Lagrangian of ChPT for the pion–nucleon system, including couplings to ex-

ternal fields and implementing the pattern of spontaneous chiral symmetry breaking in QCD, is

given by

Leff = Ψ
(
i /D −MN + igAγ

µγ5Aµ

)
Ψ+

f2π
4

Tr
[
DµU(DµU)†

]
, (C.1)

with gA = 1.26, fπ = 93 MeV the pion weak decay constant and

Ψ =

(
ψp

ψn

)
(C.2)

the nucleon field. The covariant derivative Dµ is defined as

Dµ = ∂µ + Vµ − iv(s)µ , (C.3)

and

Vµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u

†
]
, (C.4)

Aµ =
1

2

[
u†(∂µ − irµ)u− u(∂µ − ilµ)u

†
]
. (C.5)
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The 2× 2 matrix field u is the square root of the matrix field U containing the pion fields ϕ,

U = exp

(
i
τ · ϕ
fπ

)
, u = exp

(
i
τ · ϕ
2fπ

)
. (C.6)

The pions are the Goldstone bosons associated with the spontaneous breaking of the SU(2)V ×SU(2)A

chiral symmetry.

The fields rµ, lµ and v(s)µ provide the coupling to the external boson fields,

rµ = −eτz
2
Aµ +

g

2 cos θW
sin2 θW τzZµ, (C.7)

lµ = −eτz
2
Aµ +

−g cos θc√
2

(
τ+W

+
µ + τ−W

−
µ

)
+

−g
2 cos θW

(1− sin2 θW )τzZµ, (C.8)

v(s)µ = −e
2
Aµ +

g

2 cos θW
sin2 θWZµ, (C.9)

where Aµ, W±
µ and Zµ are the fields of the photon, W+/− boson and Z boson, respectively.

An expansion of the effective Lagrangian in Eq. C.1 in terms of the pion weak decay constant

fπ results in

Leff = Ψ[i/∂ −MN ]Ψ +
1

2
∂µϕ∂

µϕ− 1

2
m2

πϕ
2 + Lint, (C.10)

where only the interaction terms of the Lagrangian which contribute to the two-body meson-

exchange currents at first order in fπ are kept,

Lint = LπNN + LππNN

+ LγNN + Lγππ + LγπNN

+ LWNN + LWπ + LWππ + LWπNN

+ LZNN + LZπ + LZππ + LZπNN . (C.11)

Each of these terms provides a different vertex function.

In what follows, we present the explicit expressions for each term of the Lagrangian in

Eq. C.11. The physical fields of the pion are defined as ϕ0 ≡ ϕz, ϕ+ ≡ 1√
2
(ϕx − iϕy) and

ϕ− ≡ 1√
2
(ϕx + iϕy)

1. The convention is such that ϕ0 creates or annihilates a π0, and ϕ+(ϕ−)

annihilates a π+(π−) or creates a π−(π+). The same convention is used for the boson fields. The

1The reciprocal relations are ϕx ≡ 1√
2
(ϕ+ + ϕ−) and ϕy ≡ i√

2
(ϕ+ − ϕ−).
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Pauli matrices correspond to τz, τ+ ≡ 1
2(τx + iτy) and τ− ≡ 1

2(τx − iτy)
1, with

τz =
(
1 0
0 −1

)
, τ+ =

(
0 1
0 0

)
, τ− =

(
0 0
1 0

)
. (C.12)

The scalar product of the cartesian pion fields with the Pauli isospin matrices leads to

τ · ϕ = ϕ0τz +
√
2(ϕ+τ+ + ϕ−τ−). (C.13)

To conclude, we replace the derivatives of the pion fields in the Lagrangian with the corresponding

particle four-momenta, as pions appear in the studied matrix elements through propagators. This

replacement is performed considering that the four-momentum Kµ
π of the particle is incoming

at the vertex, then, we use ∂µ = −iKµ
π . If the pion is outgoing, we must further apply the

substitution Kπ+(−) → −Kπ−(+) and Kπ0 → −Kπ0 .

Pion-nucleon Lagrangians

The πNN interaction is described by

LπNN = − gA
2fπ

Ψγµγ5∂µϕτΨ

= − gA
2fπ

[
ψp(γ

µγ5∂µϕ
0)ψp − ψn(γ

µγ5∂µϕ
0)ψn

+
√
2 ψp(γ

µγ5∂µϕ
+)ψn +

√
2 ψn(γ

µγ5∂µϕ
−)ψp

]
. (C.14)

Replacing the derivative of the pion field by the momentum of the particle, we have

LπNN =
igA
2fπ

[
ψp( /Kπγ

5ϕ0)ψp − ψn( /Kπγ
5ϕ0)ψn

+
√
2 ψp( /Kπγ

5ϕ+)ψn +
√
2 ψn( /Kπγ

5ϕ−)ψp

]
. (C.15)

The ππNN interaction is described by

LππNN = − 1

4f2π
Ψγµ(ϕ× ∂µϕ) · τΨ

= − i

4f2π

[
ψpγ

µ(ϕ−∂µϕ
+ − ϕ+∂µϕ

−)ψp − ψnγ
µ(ϕ−∂µϕ

+ − ϕ+∂µϕ
−)ψn

+
√
2 ψpγ

µ(ϕ+∂µϕ
0 − ϕ0∂µϕ

+)ψn +
√
2 ψnγ

µ(ϕ0∂µϕ
− − ϕ−∂µϕ

0)ψp

]
. (C.16)

1The reciprocal relations are τx ≡ τ+ + τ− and τy = −i(τ+ − τ−).
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Replacing the derivative of the pion fields by the momenta of the particles, we have

LππNN =
−1

4f2π

[
ψp( /Kπ+ − /Kπ−)ϕ−ϕ+ψp − ψn( /Kπ+ − /Kπ−)ϕ−ϕ+ψn

+
√
2 ψp( /Kπ0 − /Kπ+)ϕ+ϕ0ψn +

√
2 ψn( /Kπ− − /Kπ0)ϕ0ϕ−ψp

]
. (C.17)

Couplings to external fields: photon

The γee interaction is described by

Lγee = eΨeγ
µΨeAµ. (C.18)

The γNN interaction is described by

LγNN = −eΨγµ1+ τz
2

ΨAµ = −eψpγ
µψpAµ → −e(ψpΓ

µ
pψp + ψnΓ

µ
nψn)Aµ, (C.19)

where the point-like coupling have been replaced by a vertex function, which takes into account

the inner structure of the nucleon. The vertex, Γµ
p,n, is described in Sec. 3.2.

The γππ interaction is described by

Lγππ = −eϵzabϕa∂µϕbAµ = −ie(ϕ−∂µϕ+ − ϕ+∂µϕ−)Aµ. (C.20)

with ϵxyz = 1. Replacing the derivative of the pion fields by the momenta of the particles, we

have

Lγππ = −e(Kπ+ −Kπ−)µϕ−ϕ+Aµ. (C.21)

The γπNN interaction is described by

LγπNN =
−egA
2fπ

ϵzabΨγ
µγ5τaϕbΨAµ =

−iegA√
2fπ

(ψpγ
µγ5ϕ+ψn − ψnγ

µγ5ϕ−ψp) Aµ. (C.22)

Couplings to external fields: W boson

The Wνℓℓ interaction for particles is described by

LWνℓℓ =
−g
2
√
2
[Ψℓγ

µ(1− γ5)ΨνℓW
−
µ +Ψνℓγ

µ(1− γ5)ΨℓW
+
µ ], (C.23)
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and, for antiparticles,

LWνℓℓ
=

−g
2
√
2
[Ψℓγ

µ(1 + γ5)ΨνℓW
+
µ +Ψνℓγ

µ(1 + γ5)ΨℓW
−
µ ]. (C.24)

The WNN interaction is described by

LWNN =
−gcos θc
2
√
2

[
ψpγ

µ(1− gAγ
5)ψnW

+
µ + ψnγ

µ(1− gAγ
5)ψpW

−
µ

]
→ −gcos θc

2
√
2

[
ψp(Γ

µ
V − Γµ

A)ψnW
+
µ + ψn(Γ

µ
V − Γµ

A)ψpW
−
µ

]
, (C.25)

where, as in Eq. C.19, we have replaced the point-like coupling by vector (V) and axial (A)

vertex functions, which takes into account the inner structure of the nucleon. The vertices, Γµ
V

and Γµ
A, are described in Sec. 3.2.

The Wπ interaction is described by

LWπ = −g
2
fπcos θc(∂

µϕ−W+
µ + ∂µϕ+W−

µ ). (C.26)

Replacing the derivative of the pion field by the momentum of the particle, we have

LWπ =
ig

2
fπcos θc(K

µ
π−ϕ

−W+
µ +Kµ

π+ϕ
+W−

µ ). (C.27)

The Wππ interaction is described by

LWππ = i
g

2
cos θc

[
(ϕ−∂µϕ0 − ∂µϕ−ϕ0)W+

µ − (ϕ+∂µϕ0 − ∂µϕ+ϕ0)W−
µ

]
. (C.28)

Replacing the derivatives of the pion fields by the momenta of the particles, we have

LWππ =
g

2
cos θc

[
(Kπ0 −Kπ−)µϕ−ϕ0W+

µ − (Kπ0 −Kπ+)µϕ+ϕ0W−
µ

]
. (C.29)

The WπNN interaction is described by vector and axial contributions,

LV
WπNN =

g gAcos θc

2
√
2

i√
2fπ

[ (√
2 ψpγ

µγ5ϕ0ψn − ψpγ
µγ5ϕ−ψp + ψnγ

µγ5ϕ−ψn

)
W+

µ

+
(
ψpγ

µγ5ϕ+ψp − ψnγ
µγ5ϕ+ψn −

√
2 ψnγ

µγ5ϕ0ψp

)
W−

µ

]
, (C.30)

LA
WπNN =

gcos θc

2
√
2

−i√
2fπ

[ (√
2 ψpγ

µϕ0ψn − ψpγ
µϕ−ψp + ψnγ

µϕ−ψn

)
W+

µ

+
(
ψpγ

µϕ+ψp − ψnγ
µϕ+ψn −

√
2 ψnγ

µϕ0ψp

)
W−

µ

]
. (C.31)
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Appendix D

Delta resonance

In this appendix, we provide explicit expressions for the ∆-resonance strong decay vertex, the

electroweak excitation vertex, the form factors, the propagator and the decay width.

While all vertices that do not involve a resonance are derived from the ChPT Lagrangian [177]

(Appendix C), this model does not provide the coupling with the ∆-resonance, which has to be

introduced ad hoc from the formalism for the coupling to a spin-3/2 particle. Being separated

pieces of the Lagrangian that are not derived from a common framework, the relative phase

between the ∆-resonant and non-resonant terms is not unambiguously defined.

In the case of single pion production, hints on the relative phase can be inferred assuming Wat-

son’s theorem [193; 194], which follows from unitarity and time reversal invariance. Specifically,

Watson’s theorem states that the transition amplitude for a single pion production multipole

with angular momentum ℓ, Aγπ
ℓ , is such that

(Aγπ
ℓ )∗Aππ

ℓ ∈ ℜ, (D.1)

where Aππ
ℓ is the corresponding pion-nucleon elastic scattering mutipole with the same quantum

numbers. Hence, unitarity demands the following relation between the single pion production

phase, ϕγπ, and elastic pion-nucleon phase, ϕππ,

ϕγπ = ϕππ , or ϕγπ = ϕππ + π . (D.2)

The phases of the elastic π−N elastic scattering amplitudes are experimentally determined and

depend only on the total energy, W , thus allowing one to infer the phases of the single pion

production amplitudes. Moreover, working in the center-of-mass frame, the direct ∆-resonance
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contribution appears exclusively in the J = 3/2 and ℓ = 1 multipoles. In this case, the ∆-

resonance contribution dominates, while the ChPT background becomes negligible. As a result,

Watson’s theorem effectively constrains the phase of this amplitude, which is the relative phase

between the ∆-resonant and non-resonant diagrams.

In principle, one could consider employing this phase obtained from single pion production in

the calculations involving two-body meson-exchange currents with a 1p-1h final state. However,

as mentioned above, the phase is a function of W , which for the processes we deal with in

this work (virtual pions), this ∆-resonance energy is significantly different from the values of

W relevant for real single pion production. Most important, Watson’s theorem constrains the

relative phase only up to an overall sign, see eq. D.2. This leads to the following implication.

Suppose that a given model, using the choice ϕ(W ), yields the best agreement with data. If an

alternative approach includes the ∆-resonance contribution with an overall minus sign relative to

the first, then the appropriate phase would be ϕ(W ) + π. Both models would produce identical

predictions for the real single pion production case, and they both satisfy Watson’s theorem.

Thus, there is no theoretical indication on which to lean to determine the choice of a positive

or negative sign in the ∆-resonance amplitudes employed in this work for the two-body opera-

tors. The choice of this sign, however, has a direct impact on the interference with the one-body

current contribution, thereby modifying the transverse response. The convention adopted in this

work produces a constructive interference of the one-body and ∆-resonance contributions, result-

ing in an enhancement of the transverse channel, whereas the opposite-sign choice would produce

a noticeable quenching of such response. Our choice of sign is supported and motivated by the

agreement with experimental data, which clearly shows increased transverse strength with respect

to the one-body-only results. This is further justified by previous studies on the effect of two-body

currents on the transverse response in inclusive scattering. In particular, the enhancement of the

transverse response has been observed within several frameworks, such as the relativistic Fermi

gas model [124], a non-relativistic shell model that incorporates final state interactions [118],

non-relativistic ab initio Green’s Function Monte Carlo calculations [119; 120; 121; 43; 122], a

variational Monte Carlo method with the short-time approximation [123], and the factorized spec-

tral function formalism [94], among others. Notably, non-relativistic ab initio Green’s Function

Monte Carlo calculations, based on realistic two- and three-nucleon interactions and containing

one- and two-body currents, have confirmed that the same choice of sign for the ∆-resonance

contributions that leads to an increase in the transverse response also yields improved predic-

tions of magnetic moments and M1 transitions in A ≤ 9 nuclei [195]. In these cases, two-body
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currents introduce significant corrections to the calculated observables, bringing them into ex-

cellent agreement with experimental data, further supporting our choice of sign. Additionally,

the enhancement in the transverse response persists in GFMC calculations even when employ-

ing simplified ground-state wave functions that neglect strong tensor correlations [119], thus

reinforcing the expected effect of this contribution in our approach, where correlations are not

explicitly introduced via operators, but are effectively accounted for with the representation of

the semi-phenomenological spectral function. This result contrasts, however, with earlier expec-

tations based on Fermi-gas calculations of nuclear matter [196; 197; 127; 128; 198]. In these

works, an opposite sign for the ∆-resonant contribution was adopted, resulting in a suppression

of the transverse response. As a consequence, an alternative mechanism was required to account

for the enhancement in the transverse channel necessary to reproduce the experimental data. In

particular, in [197], it is attributed to the interplay between two-body currents and the presence

of strong tensor correlations in the ground-state wave function.

Strong decay vertex

The πN∆ interaction is described by

LπN∆ =
fπN∆

mπ
ΨµT

†(∂µϕ)Ψ + h.c. (D.3)

where fπN∆ = 2.18, Ψµ is the ∆-resonance field, described as a Rarita-Schwinger Jπ = 3/2+ field,

and T is the 1
2 → 3

2 isospin transition operator, defined in terms of Clebsch-Gordan coefficients

as [106]

⟨∆|T †
λ|N⟩ =

〈
3

2
, λ∆

∣∣∣T †
λ

∣∣∣1
2
, λN

〉
=

〈
3

2
, λ∆

∣∣∣1, λ; 1
2
, λN

〉
, (D.4)

with λ∆ = −3/2,−1/2, 1/2 and 3/2 for ∆−, ∆0, ∆+ and ∆++, λN = −1/2 and 1/2 for neutron

and proton, and λ = −1, 0, 1 with T †
0 ≡ T †

z , T †
+1 ≡ −1√

2
(T †

x + iT †
y ) and T †

−1 ≡ 1√
2
(T †

x − iT †
y ) 1.

Explicitly, the isospin transition operators read

T †
z =

√
2

3

−
√
3 0

0 −1
1 0

0
√
3

 , T †
+ =

1√
3


√
3 0
0 1
0 0
0 0

 , T †
− =

1√
3

0 0
0 0
1 0

0
√
3

 . (D.5)

Replacing the derivative of the pion field by the four-momentum of the particle, Kµ
π , considering

1The reciprocal relations are T †
x ≡ −1√

2
(T †

+ − T †
−) and T †

y ≡ i√
2
(T †

+ + T †
−).
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that it is incoming at the vertex, we have

LπN∆ = −ifπN∆

mπ
Kµ

πΨµT
†ϕΨ+ h.c. (D.6)

We now study the isospin 1
2 → 3

2 transition term ΨµT
†ϕΨ. The scalar product of the pion field

and the 1
2 → 3

2 isospin transition operator leads to,

ϕ ·T† = −ϕ+T †
+ + ϕ−T †

− + ϕ0T
†
0 . (D.7)

Then,

ΨµT
†ϕΨ =

(
Ψ

++
µ Ψ

+
µ Ψ

0
µ Ψ

−
µ

)
(−ϕ+T †

+ + ϕ−T †
− + ϕ0T

†
0 )
(
Ψp

Ψn

)
, (D.8)

and, using Eq. D.5, we get

ΨµT
†ϕΨ = −Ψ

++
µ ϕ+Ψp+

√
2

3
Ψ

+
µ ϕ

0Ψp−
√

1

3
Ψ

+
µ ϕ

+Ψn+

√
1

3
Ψ

0
µϕ

−Ψp+

√
2

3
Ψ

0
µϕ

0Ψn+Ψ
−
µ ϕ

−Ψn.

(D.9)

Finally, we define the ∆πN vertex function Γα
∆πN as

Γα
∆πN =

√
2fπN∆

mπ
Kα

π . (D.10)

The isospin coefficients associated with this vertex, combined with those from the electroweak

Q∆N vertex, are given in Tables D.1 and D.2 for the possible Q+N → π +N ′ processes.

Electroweak excitation vertex

The electroweak Q∆N vertex, where Q stands for the boson, is given by the parametrization

Γβν
Q∆N = Γβν

Q∆N,V + Γβν
Q∆N,A. (D.11)

The vector part is given by

Γβν
Q∆N,V =

[
CV
3

MN
(gβν /Q−Qβγν)+

CV
4

M2
N

(gβνQ ·P∆−QβP ν
∆)+

CV
5

M2
N

(gβνQ ·P −QβP ν)+CV
6 g

βν

]
γ5,

(D.12)

and the axial part is

Γβν
Q∆N,A =

CA
3

MN
(gβν /Q−Qβγν) +

CA
4

M2
N

(gβνQ · P∆ −QβP ν
∆) + CA

5 g
βν +

CA
6

M2
N

QβQν , (D.13)
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with P∆ the four-momentum of the ∆-resonance.

The determination of the form factors of the resonance, CV,A
i (Q2), follows from general

principles and experimental results [130; 199]. The vector form factors are fitted to reproduce pion

photo- and electro-production data given in terms of helicity amplitudes for the electromagnetic

current. The information on the axial form factors is limited to restrictions provided by the

PCAC hypothesis and BNL and ANL experimental data. Here, we use the parametrization

proposed in [110]. The vector form factors are

CV
3 =

2.13 GV
D

1− Q2

4M2
V

,

CV
4 =

−1.51

2.13
CV
3 ,

CV
5 =

0.48 GV
D

1− Q2

0.776M2
V

, (D.14)

with GV
D = (1 − Q2/M2

V )
−2 and MV = 0.84 GeV, and from the imposition of the conserved

vector current hypothesis it follows that CV
6 = 0. The axial form factors are

CA
5 = CA

5 (0)
1(

1− Q2

M2
A,∆

)2 ,

CA
4 = −C

A
5

4
,

CA
6 = CA

5

M2
N

m2
π −Q2

, (D.15)

with CA
5 (0) = 1.12 and MA,∆ = 953.7 MeV, and CA

3 is set to zero.

Since the excitation of the ∆-resonance is a purely isovector transition, the electromagnetic

form factors that parameterize the N → ∆ vertex are the same for neutrons and protons and,

due to isospin symmetry, also for charged-current and electromagnetic interactions, i.e., Cp
i =

Cn
i = CV

i . Note that in the case of electromagnetic interactions, only vector form factors

contribute. The difference between the possible ∆-resonance excitation channels is contained in

the isospin Clebsch–Gordan coefficients associated with the 1
2 → 3

2 isospin transition operator.

The electromagnetic ∆+ and ∆0 excitations share the same isospin coefficient, while the charged-

current vertex differs from the electromagnetic one by a factor of −
√
3 for the ∆++ excitation,

and by −1 for the ∆+ excitation [199]. Finally, the isospin coefficients associated with this
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vertex, combined with those from the πN∆ vertex, are listed in Tables D.1 and D.2 for the

possible Q+N → π +N ′ processes.

Channel ∆P C∆P

p→ π0 + p
√
1/3

√
1/3

p→ π+ + n −
√

1/6
√
1/6

n→ π− + p
√
1/6 −

√
1/6

n→ π0 + n
√
1/3

√
1/3

Table D.1: Isospin coefficients for the different channels of the EM process γ + N → π + N ′

occurring through ∆-resonance excitation.

Channel ∆P C∆P

p→ π+ + p
√
3/2

√
1/6

n→ π0 + p −
√

1/3
√
1/3

n→ π+ + n
√
1/6

√
3/2

n→ π− + n
√
3/2

√
1/6

p→ π0 + n
√
1/3 −

√
1/3

p→ π− + p
√

1/6
√

3/2

Table D.2: Isospin coefficients for the different channels of the CC processW+N → π+N ′ occurring
through ∆-resonance excitation. The first three rows correspond to neutrino-induced reactions. The
second three rows correspond to their antineutrino counterparts.

∆-propagator

A ∆-resonance propagating from X to Y is introduced in the matrix element as

D∆(X − Y ) =

∫
d4P∆

(2π)4
iS∆,αβe

iP∆(X−Y ), (D.16)

with P∆ the four-momentum of the resonance, and the propagator is described by the Rarita-

Schwinger spin-3/2 field propagator,

S∆,αβ =
−(/P∆ +M∆)

P 2
∆ −M2

∆ + iM∆ΓπN (W )

(
gαβ − 1

3
γαγβ − 2

3M2
∆

P∆,αP∆,β − 1

3M∆
(γαP∆,β − P∆,αγβ)

)
.

(D.17)
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ΓπN is the pion-nucleon resonance-decay width computed in the rest frame of the resonance [200],

ΓπN (W ) =
1

12π

(
fπNR3

mπ

)2 (k∗π)
3

W
(E∗

N +MN ), (D.18)

where W is the π −N invariant mass, k∗π is the pion center of mass momentum,

k∗π =

√
s+m2

π −M2
N

2W
−m2

π , (D.19)

and E∗
N =

√
(k∗π)

2 +M2
N . The value of the strong coupling constant fπN∆ is obtained from

Eq. D.18 by imposing ΓπN (W = MR) = Γexp = 120 MeV, with Γexp the experimental value of

the resonance-decay width. We use this value of fπN∆ both in the decay width and in the decay

vertex.
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Appendix E

Relativistic mean-field model

The relativistic mean-field (RMF) model considered in this work is an extension of the linear σ−ω

model originally introduced by Walecka [201], where the exchange of the scalar meson σ gives

rise to the attractive part of the interaction, while the repulsive part is mediated by the exchange

of the vector meson ω. The model is extended by including the ρ meson, the photon field Aµ and

non-linear couplings of the σ meson [80]. The ρ meson accounts for the isospin dependence of the

nuclear force through its isovector coupling to the nucleon field, while photon exchange describes

the Coulomb interaction between protons. These contributions lead to the differences between

proton and neutron wave functions. The non-linear couplings of the σ meson are introduced to

improve the agreement with experimental data and represent the self-interaction of the scalar

field. Finally, the ground state is assumed to have a well-defined parity, such that pion exchange

is not considered. Then, the first step is the construction of a phenomenological Lorentz-covariant

Lagrangian density that includes these fields and the nucleon-nucleon interaction through meson

exchange,

L = Ψ̄(iγµ∂
µ −MN )Ψ +

1

2
(∂µσ∂

µ −m2
σσ

2)− U(σ)− 1

4
ΩµνΩ

µν +
1

2
m2

ωωµω
µ

− 1

4
RµνR

µν +
1

2
m2

ρρµρ
µ − 1

4
FµνF

µν

− gsΨ̄σΨ− gωΨ̄γµω
µΨ− gρΨ̄γµτρ

µΨ− e
1 + τ3

2
Ψ̄γµA

µΨ. (E.1)

MN , mσ, mω andmρ are the masses of the nucleon and the mesons. gσ, gω and gρ are the coupling

constants of the mesons and e of the photon field. U(σ) = 1
3g2σ

3 + 1
4g3σ

4 is the non-linear term
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for the σ meson. The tensor fields are

Ωµν = ∂µων − ∂νωµ, (E.2)

Rµν = ∂µρν − ∂νρµ, (E.3)

Fµν = ∂µAν − ∂νAµ. (E.4)

Now, by applying the Euler–Lagrange equation,

∂µ

(
∂L

∂(∂µq)

)
− ∂L

∂q
= 0, (E.5)

one obtains the equations of motion for the meson and nucleon fields. However, the resulting

set of coupled equations is difficult to handle. The coupling constants take relatively large

values, making perturbative expansions unfeasible. Therefore, it becomes necessary to introduce

certain approximations to simplify the Lagrangian. The mean-field approach is implemented

by replacing the meson fields by classical fields, such that only the nucleon field have to be

quantized. When this approach is applied to finite nuclear matter, the meson fields only have a

time-like component and are constant, while for finite nuclei the spatial dependence is necessary.

Considering spherical symmetry and static nuclear states, the vector fields only depend on r and

their spatial components vanish. Thus, ωµ(r) = δµ0ω0(r) and ρµ(r) = δµ0ρ0(r). Finally, we

consider that isovector current is conserved, the nucleon states do not mix isospin, so only the

third component of the isospin operator and the neutral meson ρ, referred to as ρ3, contributes.

Under these approximations, the equations of motion are significantly simplified, allowing their

resolution within the Hartree approach.

The nucleon wave function corresponds to the solution of the Dirac equation in presence of

scalar and vector potentials,

[−iα ·∇+ V (r) + β(MN + S(r))]Ψi(r) = EiΨi(r), (E.6)

where we have assumed Ψ(X) = Ψ(r)e−iEt, and α and β are the Dirac matrices. The subscript i

indicates that Ψi is the single-particle wave function of a nucleon i, with well-defined isospin and

charge (i.e. a proton or a neutron), and Ei is its energy. Each nucleon is also characterized by

its own set of quantum numbers. The scalar and vector potentials that enter the Dirac equation
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are given in terms of the fields as

S(r) = gσσ(r), (E.7)

V (r) = gωω
0(r) + gρτ3ρ

0
3(r) + e

1 + τ3
2

A0(r), (E.8)

with τ3 = +1(−1) for protons (neutrons). For the mesons and the photon, the equations of

motion reduce to Klein-Gordon-like equations,

(∇2 −m2
σ)σ(r) = gσρs(r) + g2σ

2(r) + g3σ
3(r), (E.9)

(∇2 −m2
ω)ω

0(r) = gωρB(r), (E.10)

(∇2 −m2
ρ)ρ

0
3(r) = gρρρ(r), (E.11)

∇2A0 = −eρe(r), (E.12)

where the scalar, baryon, isovector and charge nuclear densities, namely ρs, ρB, ρρ and ρe, have

been introduced. They are defined as

ρs(r) =
A∑
i

Ψ̄i(r)Ψi(r), (E.13)

ρB(r) =
A∑
i

Ψ†
i (r)Ψi(r), (E.14)

ρρ(r) =

A∑
i

Ψ†
i (r)τ3Ψi(r) =

Z∑
i

Ψ†
i (r)Ψi(r)−

N∑
i

Ψ†
i (r)Ψi(r), (E.15)

ρe(r) =
A∑
i

Ψ†
i (r)

(
1 + τ3

2

)
Ψi(r) =

Z∑
i

Ψ†
i (r)Ψi(r). (E.16)

These equations, together with the nucleon Dirac equation, are then solved self-consistently

until convergence is reached. First, given some initial values for the S and V potentials, the

nucleon Dirac equations are solved. Then, the resulting nucleon wave functions, Ψi(r), are used

to compute the nuclear densities ρs, ρB, ρρ and ρe, which are subsequently introduced into the

meson and photon field equations. The solutions for these fields yield a new set of vector and

scalar potentials, which are then used to start again the procedure. This process is iteratively

repeated until convergence is achieved for both the fields and the nucleon wave functions.

The masses of the mesons mρ, mω and of the nucleon MN , as well as the electromagnetic

coupling constant e/4π, are fixed to their experimental values. The coupling constants gω, gρ,
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gσ, g2 and g3, together with the mass of the scalar meson mσ, are chosen to reproduce properties

of nuclear matter and finite nuclei. In this work, we use the NLSH model [80], which fits the

parameters to reproduce the charge radius, the binding energy and the neutron radius of 16O,
40Ca, 90Zr, 116Sn, 124Sn and 208Pb. The complete set of parameters is shown in Table E.1.

Finally, the values of the S and V potentials depend on the specific nucleus under study, as the

nuclear densities are determined by the number of neutrons and protons.

MN (MeV) mσ(MeV) mω(MeV) mρ(MeV) gσ gω gρ g2(fm−1) g3

939 526.059 783 763 10.444 12.945 4.383 -6.9099 -15.8337

Table E.1: RMF parameters from the NLSH model [80].
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